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GuHAMMEL, REFMILE B OAMMERE T 5. BIR RG IIHERZ TR THDH. ERFEERT T
BB

o RGIIG#EKLETHAMRMETHD

RG 1IXIF LR TH D

RIFFEMGB e : RG — R399 = 2 yeq g (o LD, RG-IETHD
o Bt H < GIZxt LT RG IXAH RH-MEETH S

e RGIX A: RG— RG®RG;g— g®g &#fEL LT Hopf (¥ Tdh2

RG-M#E U 2R EBEE 45 G OakEr o—f %

H*(G,U) = Exth(R,U) = @) Exthe (R, U)

n=0
LEXRTD. ARBOaREr P—FEOERFFEEFT LD ¢
H*(G,R) 1% cup B2 &V WHAKEAM LR TH .

o U,V # RG-MEE7 51F Extlye (U, V) 1% Yoneda FIC X 0 H*(G, R)-MEETH .
o WINEEH <G, jtg€ GITHLTROBEBPERSND :

resy : H*(G,U) — H*(H,U), % : H*(H,U) — H*(G,U),
cond : H*(H,U) — H*(YH,U).

o ZNLDEMITROME A SO
— W5EE H < GIZH L TAR 1% oresy : H*(G,R) — H*(G,R) 13 |G:H | 5 Th 5.
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— W H, K < GIZOWTERDOWbW D Mackey 43 fiEARARL Y ST,

*(G,U)
K}
H*(H, O “(K,U)
HgKEH\(,/K rebgHm gKeH\G/k
b “(FH N K,U)
HgKeH\G/K

I EE /B & LT norm B4, inflation B2 ENRH L. ZD &5 wBHEZOMEITE Y AREO =R
R Y—REENRIRE S TV D, BAERIME Vo THROEILTH .

EH (Evens [2] , Venkov [22]). R 7\ Noether i7¢ bl zdREn ¥ —8 H*(G, R) b Noether () TH 5.
< G % Sylow p-#aREL 375, 65| G:S| 23 R TH M7 b #xI

H*(G,R) ok H*(G, R)

resg o
H*(S,R)
DELND G, BN H*(S,R) = Imress @ Kertr® 23351 5. & 512, bW 5 stable elements
theorem (2 & Y
H*(G,R) ~Imresg = {¢ € H*(S,R) | respnsp ¢ = resgnes % Vg € G }
BEVILEL, IHIZ, ThEE Wiz T
={¢e H*(S, )\IesQC—lengCVQ S, Vg e Na(Q)}

={Ce H*(S,R) | ¢ 1% Fs(G)-ZE }.

ZIZT, Fs(G) 1 S O EEE k5 &3 5 T Frobenius B & Ji¥nTnd

2 XMZITER®D Hochschild a/REQ D —IR

HIRBEOREER ITAHL TER TH Y, Z® Hochschild 2kt o V—RIIEHOarEtr V—BaEt. 22
RIS

T, 22T, —RICKFRZ 0B O Hochschild A€ o O —BIZHOWT, MERHF CHETOHEL
A B %% R-% & 5.
(A, B)-WRMEE X 134 A-BEE LTH, £ B-IEEE LTHLARER, HENTHD LRETS
o %t (¢, 7) € HH*(A) x HH*(B) 1341

(®1x =1x @7 € Ext*ag 5o (X, X).

iz L & X-stable THDH LD,
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o transfer 5% & LIINGHRNERIND :
tx : HH*(B) — HH*(4), tx-:HH"(A) — HH*(B).

2T, X*=Homg(X,R) Ths. Z0OFHIL, ABNIHELRETHS L E X N AMEEL
LTH, A B-IEEE LTHAEMAERNENTHL LD ZLIESNTERIND.

HRIZ, AREEG OoakEr Y —5 H(G, R) 1Z Hochschild =24/ % 7 ¥ —8 HH*(RG) I diagonal
embedding d¢ : H*(G, R) — HH*(RG) \Z X WV H®»iAEh 5. ZhIIZsiROBEHFHEREITH 5.
H<G#8ARELT 5. (RH, RG)-TiMNEEE LCO RG # X L#< &, X* ~ rgRGry Thsb. 27k
FuU—RICEIT 554 tr, resy 13 rpRGra, RaRGrir 73 < Hochschild =7 1 & —B O transfer 5
8 & compatible TH 5 :

L Je! da
H*(G,R) —— HH*(RG) . H*(G,R) — HH*(RG),
respg l O J U rHRGRG) & I O T YraRGRH)
H*(H,R) — HH*(RH) H*(H,R) — HH*(RH)

Sm %

6T
Im((5110 resH) C HH*(RH) D ru RG rp-stable #4578,

G @ Sylow p-#/38E S O | G:S | 28 R TR 51E, ¢ € H*(S,R) lZ2\ T
¢ 2 Fs(GQ)-stable <= 6s¢ € HH™(RS) 13 rsRGRrg-stable.
EBIE, EOZOORHRKAZ G L T

ds
H*(S,R) —— HH"(RS)

resg o tr® l O J t(rsRGRs)

H*(S,R) —— HH*(RS)

3%

DB, D
Imresg o tr& ~ H*(G,k)

ThD.

3 Jovy%aiR

ARENCIRE, FREERE LTS p > 0 OREWAK E 280 5. #H8p i3 G OEOERETH L &
+5.



12

1 22 AT

BEBR kG IFEBERI 22 WA 7 7 A OEFN RS

kG=By®B1® D B,.

COERMETEGOT Ry s A FTAEEET 0y s STEE LR, o070y 7 STEO BN
Glg e kG - kICEoTRILSNAN. 20T 0y SRRELETuy 7 L LR By #X7uy s L y5.
k ORI S HENREET < TET 1 7 ICBT 5005, H*(G,k) = Extig(k, k) = Exty, (k, k) 5
Do, o T, GOaRERV—BRET By DT VB ThS. EELEHSES L

By ®=kE n O—8 = Extly, (k, k) = Extg(k, k) = H*(G, k).

TNTHE, 7Ry 7SR RICOVWTIE S 2DTEA 5 1 ?

71y 7 %eBICiE defect BEE JIEN D p-EB0 BN ED HILD. E7 1 v 7 O defect BEl Sylow p-#foEE
Td 5. Sylow p-tBm N G THETH B L H1Z, defect L G THETHS.

B%kGoD7uyr%uxEE L, D%TO defect BEL T 5.

ET Ry AWML BB L TWER, —ROT ey s ZrEIEED XD 2 TREERRINEE (377
ELZ2V. Zhex, TRy 70X Ext BEAWTREr V—REMICERT L LT ien

(71 y 74508 BOaRErV—E]| ZEHXRT DOIITETICH T TV —2RENERH 5.

LEZRORICE LD THD

AR E T F7mv7 By B
defect #f P Sylow p-#53EE S D
Ext Extp, (k, k) L
aRERT—

H*(P, k) l2BW\T H*(S, k) O Fs(G)-ZEH /B H*(D, k) | ?1 |-LEIR
A ERT S (k) (S, k) O Fs(G)-%EH 5 (D, k) o [ 71 | -zziemmsys

7=z I 5s I 5p

HH(kP) iz C || Imds N (kskGrs-Z5E85) | Imép N (ko KD- BRI

aRERV—BRELLZHTZDIC ress o tr& 73

(21 ][22 Jleiams Az, Ap~&p? ThpHEThHD.

7y 7 %5eE B IZid source M & KT 5 EEEK K[G x DP] B3E®H bvd. ZiE B @ k[G x DP]-I
L L COEFMKFTA(D) & vertex £ T2 bDTHD. 20 source MFFIZFE TH 2 L IXR S A2 23,
Ne(D) oic L0 #5%Th 5. source M defect HZIHREL TEX DD THLH0E, (B, kD)-source
ML F Rz EicT 5.

X % (B, kD)-source Mt E 3 5.

A=X*®@pX £BL. AlX B D source itk & LITN TN, 7 2 7 —REBITBW T REREE 2%
FERIZL TS, ZHEROEEPR ) OB TH .

E# (Puig [14]). A & B % Morita FHETH %.
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PO Q < G L k[QCe(Q) 7 vy 7 £ bQ L D%t (Q,bg) % subpair % 721% Brauer pair & &
5. (ARGETIEENETNE %, Brauer Xt 72528, ZZCIHEEOZTEHEDLETHH D)

subpairs IZIFNEFEFR S, £E {(Q,b0) | Q <G Ep-BoE, b X E[QC:(Q)] D7 vy 7 Z}
WHIEFSES CTH 2. subpair IFHRBEOMETRICIT D p- Mok L AFOEEZET 2 7 —RERICBW TR
=7

EE. SO0 H <G EEH D7 vy 7 %ukCIlconT
C 28 (kH, kH)-mfingt s U< B OBEBEEN 1 OEfK IR TH 5

Lx, B & CliBraver S THE LTS E W, B=CC L#EL. 2oL x, COED defect #EH B D
% defect BEIZEEND.

subpair (Q,bg) (2Tl bg @ Brauer xHMEHICEHZIND. B = bQG DL & (Q,bg) % B-subpair
R SN

P,Q < G%p#limnftL 5. subpair (Pbp) X LT E[QC:(Q)] D7 m v 7 %t bg T (Q,bg) <
(P,bp) £725 b O —BIIIFIES 5. (P,bp) 7S B-subpair 2 51E, Z® (Q,bg) b B-subpair Th %

ST, D% B @ defect B Tdh-7-. B-subpair (D,b) % Sylow B-subpair & £.5. Sylow B-subpair %
TUTE E 2 subpair [ZOWTHEERICIS 1T 5 Sylow OEFLL FERD Z &30 32D, ST, (B, kD)-source
e X CHBEL T, 254N T X512, k[DCe(D)] o7 vy 7 %5u8 bp BNEHBND. 2O bp I
D % defect B & LCHH, B=0bp% BV, T72bb, (D,bp) & B-subpair Td 5. bp X X I2k-
TEDBND MDD, Sylow (B, X)-subpair & L7z

. BEEKGOTmyrZuEl L, defect Bt (DOED) & D &3 5. B® (B, kD)-source It (O
U&O) Z X LL, (D,bp) % Sylow (B, X)-subpair &3 %. Brauer B F(p,)(B,X) 2RO X DIZER
T5.

o KMBUTH QKD THD.
« Q. R<DISHLT (Q.bo). (Ribr) < (Dybp) 5 5. i 01 Q — R1Z9(Q.bg) = (R,br) k47
T g€GROXRITHETLTHS.

# (Linckelmann [8]). 7 u v 27 %%k B ® D, X (KT 2akEnY—8 H*(G,B;X) % H*(D,k) ®
F(pbp)(B, X)-stable #/y8 & E#T 5. $72bb

H*(G,B;X)={{ € H(D,k) | resg¢="9resq¢ VQ < D Vg e Ng(Q,bg) }

S M Sylow p-#i53#£ T Xo % (Bo, kS)-source NMfEL §2 &

H*(G,By; Xo) ={¢ € H*(S,k) | ¢ 1T Fs(G)-stable } ~ H*(G, k)

MALY LD, fesC, HIED DI Fip ) (B, X) BAD.
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£ 1 (Linckelmann [8]). 4 TLFLLST, ROWMHABHOLND ¢

ép Tx
H*(D,k) ———— HH*(]CD) ——— HH"(B)

] o J o ]

H*(G,B; X) —— (rpArp-stable #5735 »—— (X-stable 55t

IITTx E X IZXkoTHlEED SNDELRENT transfer L TH 5.
zzw, DHTIE A BADRETHD EBDILTOM, Es
EIE 2 (Sasaki [18]). ¢ € H*(D, k) iIc2W\WT
0pC € HH*(kD) » kpAgp-stable = ¢ € H*(G, B; X).

DRV LS, ZhIZE->TT Yy 7 Z RO ARER V—ROEXRDGHENTH L Z PRI NIZEV-T
Fu.
WROPBITARTHD.

BE 1. A= X"®p X O (kD, kD)-THEEE L COMEE Y 72\,

COMEIIET 2 7 —RBEMICBWTHEER, LAbEERREE L T2 TND.
Try %R Ext ZAAWTERBETLZLEITERY. SFY, RErV-REEBWETREITEMT
ERVWOTHD. L, £y r0aReEn V—RTOHRELE L

|E 2. Gt HY(D, k) > H*(D, k) 289 &% L, 20t LT H G, B; X) iR L.

WIZ, 7ay 7 S0 arEn Y —ROMIIEGEZER L. MOBFRL2NT 1y 7 ZRBROMT
X, ST, #HETHD. LoLl, 9T, Brauer G THIG L TWE 7 2 v 7 ZLBRICH LT EH 72
A2

HE 3. H< Gzt d 2. kH ©O7 vy 27 %58 C O Braver sUSHAEF SN, £iUd Biz—HL,
BT, DIFCDdefect BETHHDH LT D, ZDLERDED REBEEFR LIV

resg : H*(G,B; X) — H*(H,C;Y), tP:H*(H,C;Y)— H*(G,B;X)

H 55, Frobenius O A &, YRIFF SN DMHE 2 2 2B T I biew. £z, (B,kD)-
source I X & (C,kD)-source MEEY 1T TXv ) BIRICARTIUIEZR S0,

4 JTOwvwyETEBO source ZTLBOMNEEE

(B, kD)-source M X 1 B ®, #t>T, kG @ (kG, kD)-F AN & L COBEMEFCATCTH D015,
A=X*"®p X 1T kG Qrg kG = kG ® (kD, kD)-WAlMEE L L COEMEAFIZAMTHD. E->T, Gtk
1% (D, D)-EHRIAHE DgD NED 5 (kG, kD)-Wifngt k[DgD]) OEMCFERTH 5.

kpAkp = k0 X" ®p Xkp ~ @ W< DD k[DgD].

6
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Y& K[DgD] #3\< SO RMETHASL 72 ZhSHEThH 5.
Puig 12 £ 2 %k D#EH & Linckelman [7], Kiilshammer—Okuyama-Watanabe [6] LAAMTIEEN & Tuhzgn
EVHOBREETHD (LED).

£ (Puig [15]). 4F TORLFDOTFT

(1) (kD, kD)-mifgiinit L L<

A~ P k[Dg] | @ N. *)
gDCq(D)eENg(D,bp)/DCq(D)

2T, NiZxe G~ Ng(D) D k[DxD] DERTH%.
(2) k[Dg] (¢DCG(D) € Na(D,bp)/DCq(D))) OROMBED £D =5 b RA TR,

D NIZHOW T, J. Thévenaz [FFEE [21] 392p TRD K D IZHBRTWND -

”..., the summands of (OGb), isomorphic to OPgP for some g ¢ Ng(P) seem much more
difficult to handle.”

i, aBEr =i (Lo THHERAFEREOR) ZHWTRB DN

#32 3 (Sasaki [19]). G, B, D, X, A 34 £ CEAET 5. (Pbp), (Q.bo) C (D,bp) 1% g € G THET
b5 (9(Pbp) =(Q,bg)) &7T%. PCp(P) 1Zbp @ defect BETH 27, QCp(Q) 1% by P defect FETH
L LEETD. 5

ty: H*(D, k) — H*(D,k); ¢ — trP resg 9¢
20 B ThRT AT

(1) Q=DN9D ThY
(2) (kD, kD)-mMIni# k[DgD] 14 source ZJcB A OEMEFICFEETH 5.

DEBDGAL tg DRRITKOE TE~S L 512, AMNEL transfer TRIH 5.
BIT, flr, WKABEHRIZ.

S

£ 4 (Okuyama and Sasaki [13]). (Q,bg) < (D,bp) £75. (Q,bg) 1T essential B-subpair &
T 5. Na(Q,bo) ICREEIHE M > Np(Q)Ca(Q) T M/QCa(Q) 1t Na(Q,bq)/QCa(Q) @ strongly
p-embedded #NFEL 725 b OBFET 5.

z € Na(Q,bg) ~ M IZ>W\T

(1) *DND=Q,
(2) (kD, kD)-FIMEE k[DxD] 1% (kD, kD)-Filimit L LT A OERE TSR TH Y, 2 DEMHED p
L LTLICARTHS.

5 JOvs/EZTBOaAREDS —BIZNT S trace B2

G,B,D, X, AZ5ETLREMKLT 2.
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source %Itk A & (kD,kD)-mMINEE & 7072 L CES S 5 Hochschild =2 4RE v v —8 HH* (kD) @
transfer 44 t4 1X H*(D, k) @ transfer G4 t Z5/ZE27 :

op

H*(D,k) — HH*(kD) .

tl 0 lm

H*(D,k) —— HH*(kD)
op

FERTIIH DM, KBV ILSEFELTND !

P8,
H™(G, B; X) = t(H"(D, k)).

5l 1. Ng(D,bp) ={g € Ng(D) | 9(D,bp) = (D,bp) } 28 (D,bp) IZFI} 2% subpair OFLA % #3572
LI kO P FELWL. flE
o D HNF[HL
e DG TEHTHD
LalihEnbs.
transfer 548 t iX A ® (kD, kD)-FIN#E L L COEMSMHE (*) ICE VRO Ly IZiBEns :
t: H*(D,k) — H*(D,k);( — > 9% + > trPresprop €. (*2)
gDCq(D)ENG(D,bp)/DCq(D) N~@p,p k[DgD]
L L7en s, Rifi T2 X512, (kD,kD)-WfAmEE s L N ORF1Zh0 b 7200 CEEMICHNTT 5
ZLIREETHD.
Bl 2. B%7 A LARHH (OF W EBENNEROESDONRTA—ZERANTRETED) O7 0 v 7 Lk
EFH. ZorE, p=27THY, defect BT 4 i, “HFRE, MEmEERE, (k) NaHHETHS.
Kawai-Sasaki [3] & EH 4 LI12L8D
(1) transfer 54t : H*(D,k) — H*(D, k) &5tk L,
(2) Imt = H*(B,D; X) BV > (DFEV, 2072y Z7IZOWTETENIELY)

ZEBMRTE L., ZOBNETENEY Lo THRTRY BOIOHITH 5.

M 3. p=2&L, 7y ” B defect Bt D 1% wreathed 2-1f (Z/2" X Z/2") x Z/2 AT 5 L+ 5
D= {(a,bt|a® =b*" =1,ab=ba,t> =1,tat = b).

Kawai-Sasaki [3] TIX 07 r vy 7 Z B0 akEn Y —RICOVWTHLEHEL, 5% TvD « H*(D,k) —

H*(D,k) TImTr3 = H*(G,B; X) Th 2 L0k L=,

U = (ab),V = (a® "abt) < D 5%, (Uby) < (D,bp), (V,by) < (D,bp) &+ %. 4
& {(D,bp), (U, by), (V,by) } IR L XiZh 25 b0 TH Y, (D,bp) ICE&ENS B-subpair Ofil4 %
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Ne(D,bp), Na(U, by), Na(V, by) 1B+ 5 7610 & 2 3450 amR L LCRiB&h%. wreathed 2-8E0 1 CIF
BT 2B Tdh 5 = L vb, Ng(D,bp)/DCq(D) REAEETHS. #->C, Ne(U,by), Na(V,by) DY
£ 912X 5T subpair OFEOH Y NN RED.

Nea(U,by)/Ca(U) < Aut U ~ GL(2,2), Ng(V,by)/VCa(V) < Aut V ~ GL(2,2) TH5HM, I T
1%, &EHIZGL(2,2) KA THD EREL LS.

oL X, (Uby), (V,by) I essential 7 subpair TH Y, It go € Na(U,by), g1 € Na(V,by) TENE
w(U,by), (V,by) O3 oM ZBI T HOELD.

B TrB . H*(D, k) — H*(D, k) #kD L5122 5

Trg ( (= CFtrPresy 9°¢ 4+ trPresy 91 ¢ + trP resp 9190¢ + trP resyy 9091 ¢ + trP resp 919091 C.

2T, T=(a,b> "), W={(aba® 't), F=(t(ab)> ') Ths. ZOFKREBOaRERr—HE
2<% :
ImTrB = H*(G, B; X).
ZOEROERSTE LoV,
(1) TvB 0% 1 EOBA% ¢ — (13 No(D,bp)/DCq(D) "HBIXHE Shb.

(U,byr), (V,by) 1% essential 72 subpair TH 525, Gg Trd 0% 2 H, # 3 EIZ>WTIZEM 412k b,
Puig OERIZEIT D N OEMEF2HHG6NL 6D THL Z LR3DI5.

(2) EBES (kD, kD)-wifimEs k[DgoD], k[Dg1D] 1% A= X*@p X OEMRAFIZFAATHL. TOEE
EiXEhZhaiThs.

(3) (D, kD)-wi{Wn# k[DgoD], k[Dg1D] 51 & i Z3 HH (kD) O transfer 5420 H*(D, k) ~offl
MR ¢ — trP resp noop 9¢, ¢ +— trPrespnap ¢ IZENZEN, - trPresy 9¢, ¢ — trPresy 91¢ &

5.
F4, #HHOBBHIIOWTCLER 3 MW TE T, WADND.

(4) EBEXY (KD, kD)-Wifni k[Dg1go D], k[Dgogi1D]1d A= X*@p X OEFEFICFAETHDS. L
L7235 k[Dg1goD], k[DgogiD] DEEEIIARATH%.
(5) (kD,kD)-mW{MN#E k[Dg1goD], k[Dgog1D] 2351 &# 23 HH* (kD) O transfer 518 ® H*(D, k)
~DHIR ¢ — trPrespnoisop 9199, ¢ — trPrespnoosp P9C IFEFNEN, ¢ — trPresp 9199,
¢ trPresyy 9091¢ 72 5.
%56 HIZOW T
(6) B DEDF ( — trPresp 1909¢ L A OB T L DD Y IZOWTIEHEL FHTH 5.
—7%, AL transfer 544 ¢ : H*(D, k) — H*(D.k) 1% (D.bp) IZ31F % subpair OflE & D5 ST~
52828, BDHEE my, ma,ms 2 012LD
t: ¢ ¢ trPresy 90¢ + trP resy 91¢ + my trD resy 9190¢ + ma trP resyy 9091 ¢ + my trD vesp 919091 ¢

LRBREND ZERDND. RED my,me 1T ETHERT (4), (5) 12XV 1L ETH DR, BEMGTE,IEE
EAHTHD. B ms IZOVWTEESAHTHS.
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6 Brauer 3t
T, RORBTELRT L.

e DCe(D)<HKLG
o ClZkH 71 v 7 %508 TC ® G~ Brauer xti5iE B Th5 : C¢ =B

e DI C ® defect HETH 5.

H*(G,B; X) & H*(H,C;Y) & ORISR & T~ |

b HAA, B D source NIEE X & C @ source MFE Y ITERBIERSHE Lt b vy, S5, 7ay

7 B, C%HEODTHIMERLETHS.
WDEHTX, Y & (B,C)-WMmeE L %L 5.

(1) B o source MEFIZELRER k[G x DP]-IEFTH Y, C @ source MFHIFERER) k[H x DP]-JIETH

5. X &Y i Green S THIELTWD L HITHEET 5.
(2) C % K[H x HPJHIBEE 2T, C 0 G x H® ~0 Creen 5% L — L(B,C) &45< . L 1XIHBE

(B, C)-FilimEE T 5.

GxGP B
Gx HP L=L(B,C)
/
X GxD°P Green XfJis
|
HxH°P C

Green Xfhii

e

Y HxD°P

AD

(B, C)-WH{INGEE L 1% B-IfE L COMBEZ RSO 5. Green MGORELEZ 52D L W2 5.

B L ClzonThdiEOFTE HN(G, B X) 1t H*(H,C;Y) L& ENs. —0k>hLx, A&F
% resc : H*(G,B; X) — H*(H,C;Y) L £ CTEWThsS. ZOWEGEE ETERLEL O kW
%t L* 735] & # Z 3 Hochschild 2 4E€m V—B O transfer 544 HH*(kB) — HH*(C) » 6l Inb

(Sasaki [17]).

10
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sl
T 5 ([18)]).

H*(G,B; X) C H*(H,C;Y) <= 6pH* (G, B; X) C HHy g -5, x (kD).

ZOEIERE YN X, WIZFHRTH S.

o Tx
H*(G,B; X) —— HH}*®BL®CY(ICD) — HH2®CY(B)

H*(H,C;Y) ——— HHY}.(kD) ——» HH3(C)
5o Ty
G resc : H* (G, B; X) — H*(H,C;Y) I\ T, B & C 230 defect % &85 A 1 B LA SN
Tel o TRNnERES.
LaL, B H*(H,C;Y) — H*(G, B; X) IZ2W\TI%, Kawai-Sasaki [3] IZ#HFFIEH D LOD, ok
THTHD.

7 Varieties

i E CIX7 7y 7 ZERO 2R v PO LD 2 BUZ OV TR~z RBART7 O T
H DA, AlbAFE O M. Linckelmann 132 A7 2 LIZIFBHE WL, LWHREEZH X TWD. g, 7ry s
D ARE R P—ERITEIT % support variety IZBT 245 7], [9], [11] (34FEITMES 5. L4 D Hochschild
akEr U—RIZBIT 5 support variety DFFFEOMERIC /> TWAH LB S, ZOFITIE, To—H (bbA
AFRERRDIr) ZABT LT, RREEZM LD L1275,

FEBR D Hochschild 2R € v V—ROFHEII/A LWV - TH, HEO KT P—BN 5O diagonal embed-
ding &2 &5 2L THD. S. Siegel & S. Witherspoon (% [20] 1231 T

(1) 8 : H*(G, k) — HH*(kG) [E~ % FiRIE% L LCRMA O X 524702
(2) Bk 0 : H*(G, k) — HH*(kG) — HH*(Bo) 3% BAIEAIEE LTRMEOEHBT72 (B X
ES A=)

LW E L.
WO B RS ‘
7 HY (G, B; X) 22 HH g, x (kD) 25 HH(B)

%% 2%. Linckelmann (IO ERZ R L, EOFEZ R L.

£ 6 (Linckelmann [11]). FO 5L

H*(G, B; X)/{ *& %L} ~ HH*(B)/{ ~& %7}

ZRIEE T, R

H*(G,B; X) OMiKkA T T« 27 b T A~ HH*(B) OWKA T TV« AT KT A,

11
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Hochschild cohomology and support varieties for
finite-dimensional algebras

0000 (0000000)
0000 (000000000)

1 0

gooooOoooooooooooOoO0oooooOoO0O0O0noD “000”000ooo0o00ooo
gooooooooooobooboobooooooooooOoOoObObOObOOOUObObOOOOOoUbDb
gooooooooooooooooOoOobObOOo0ooooooooOoOobobOOobooooooooooo
00000000o0o0ooooOoO0O000000000000o00000oo0oo0ooo0ooDODO000000
goooooooooooboooooooo

0000000000 000000000000000 (20040)00000000000000
goooooooOooooOooOoOoO0oOoOoOoOoboOO0O0O0OOO00O0O0O000O0O00O0O000O0
gooooooOooOoO0oooooOoOoOoOO0O0O0OO0ObooOOO0OO0OO0O0OO0O0O0ObOOOOO0b0O
goooooooooooOoOoO0oOoOoOoO0OO0OO0O0OOOOOO0OO00OO0O@mMOoOOOOOOoO
gooooooo0oo «booooOo”bO0o0000O0OOoOO0OO0OO0OOOOOOOOCCODOOO
gooooOoOo0oO0oOo2pe090000000000000CO0O0O0O0O0O0O0O0COOOOOOOO
[ERERERNE

goooobooooooooobooooboobooboOoOooooooOoboOoOooooobooOoDooooo
00000000000000000000000000D0O000000000OO0 (stacked
monomial algebra) 0 000 0000000000000O0O0O0O0ODO0OO0O0OOOOOO

0oo0000oo00oo0o000 KoooooooBO KOOODOOOOOOOOOOooOOoO
goooooo0ooooo0o0oOooooOoOoBR 0 BOOOODOO B*»BOOOOOO

gooooooboboOooooooobooobOoOo0oooooooobOoObOOoOoDbOOOb0O0000ooO

2 DQUbodoooobbboooon

000000000000 000000000000000000000000000000
000000 KOOOODOOODOOO0000BO00000000000000 HHY(B) (i > 0)
0o
HH(B) := Ext.(B, B)
000000000 K-0000O0 (3)0000000000000000
HH*(B) := Ext"(B, B) = @) Ext'(B, B)
i>0

000D x0000O0000000000 (graded commutative)d 000 O

0xn=(-1)""yx0eHA™™(B) (heHH™B), n e HA"(B))
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00000000000000000000000 (19)0HEYB)0 BOOODOODO0O0D0000
0oooooo
0O0OANOHHYB)ODOODOODOO0DO00D0D0000000000000000N OOO
0000000000000 HEYB)/N 00000000000000 ([23))0HA*(B)/N O B
000D00000000000000000000000

00000000 100000000000000000000000000000000

e HH*(B)=Z(B) BOOODOODOOOOD
e« HHY(B)OO(BD)000000 (B0)000000000000000

DDDHHQ(B)DDBDDDDDD (infinitesimal deformation) 00 0000000000000
goooooooOoO0ooOooOo0OOoOoO0O0OoOO00OOO0OO00OO0O0O0O0O0O0O0O0000O
0000000000 (oooUo)oo000D0O0oLO00O0O00ObOO0O0DO0OO0OoDOoOo
00o00D0oo00oo0o00oo0oo0oo0ooUooooooDoo(@OooD 260000

3 00000000000000000 (K[z]/(")

0000000000000 D00000000000000000000000000000
000D000D0000D000D0000D000000000 (j5),(6)00000000000 ([9))
000D00000000000000000000000000000

0000D000000000000000000000000000000000000000
00000 (000D0)00000000000000000000000000000000 1
0000000000000000000000 Kz]/(e")0000000000000000
000000 (17)00000000000000000000000000000000000
000000000000000

000D000KOOOOOOOOn>2000000000 A:=K[z]/(x")00000000
00A0DDDOODOOOOO0OO0D00O0O00

OO0 1. (7)) A0D0DO0D020000000000000
d3 d? d* d°
c— ARA —ARA —ARA—A—0
DDDDdi(iZO)DDDDDDDDDDDDDDDDDDD:d0(1®1):1,

dl®l)=1@zr—z®l (GO00),
di(lel)=> 2/ @as" "' (000).
j=0
00.00[700000000000000 K[z]/(f(z))00000000000000000
00000000000000000000 f(z)=2"0000000000
000000000 000000000000000000000000000000

002 (17) 00000000000000000000:



(a) charK |nO0O00O0O

Klz.y.2]/(z",y?)
if char K # 2, or if char K = 2 and n = 0 (mod 4),
HH*(A) ~
Klzy.2]/(a",y? — 2"2)
if char K = 2 and n = 2 (mod4).
000 degz=1,degy=2and degz=30000
(b) charKtnDOOOO

HH*(A) ~ K[z,y, 2]/ (2", na" "z, yz™ 1, y?).

000 degz=1,degy=2and degz=30000

goooooooooooooooOooOooOoO0ooOoOoOoooOOoOoOoOOOobDODOOO0ODOOn
gooooooOooooOoO0ooOoOoO0O0oOO0O0O0OO00bOO000C0cO00COO0O0O00OBO
gooooooooooobooOoOoOoOooooOooOoOoOoOoOoobooboooo

00 3. (14) BOODODOODOOODDO0O0O0DO000DHAY(B)/NO0OODO0OO0D00000 KO
00 K[z)]0DO0OOD0O0

4 000b0OO0OO0OOoOoOooobooobood

000000000000000000000000000000 (2)0000000000
goooooooooooooooooboooDbOOOOOObOObOO0O0O0OobOOOoOoooooooo
goooooo0oooooOooOoooooobOooooooboOo0oooooboo

MO B-O0O0OODOOOOOOOOOOOOOOO

Exty(M, M) = @ Extz (M, M)
i>0

goooooOo0ooooo0o0o00ooooOo0O0000 Mep—000000O00C0COOO

H - HHY(B) 2225, Exty (M, M)

0000000000000000 Exty(M,M)0 H-OOOODODOOAN'O HOOOOODOOOO
gooooooooooooogon

0O0. ((23) MO H/A’0000000000000
Vi (M) = {m € MaxSpec H/N" | AnngExtp (M, M) C m'}

00000000wWOwO HOOOOOOODOODOOO H=HHEYB)OOOO Vyg(M) DO V(M)
000000 MODOODOOODOOOO000DO
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41 00000 (Fg)

8000000000000 00000000000000000000000000000
000000 (Fgl)O(Fe2) 0000000000 (Fegl)d(Fg2) 000000000000000
0000000000000 00000000000 (2]00)0000000000

(Fgl) HH*(B)0OOODO0OO0D0000D00000 HOOH®=HHYB)(=2(B)00OOOO
0ooooo

(Fg2) 00000 (Ext algebra) Exty(B/rad B, B/rad B)0 0000 H-OODOODO

23000000000 AODOO0000m,, 000000000 B-00 MOOOO mg, € V(M)
gooooooooooOoOoOoOoOooOoOoOOOOOOoOOOOO0OO0OOOOOO0OOO0OCODOOO

00.(23) MO H/N’OOOODO0D0D00000000000Vy(M)={m,}00000
oooo

00000000000000000000000000000000 [23)00000000
goooOoOo0o0o0ooooOoo0o0ooooobog

00.((23))B-00 MODOOOOOOOOOOOOOOOODODOOOOOOO0OO0O0OO0O000O0

0000000o00oo0oon (Fgl)O(Fg2)DOODOODOODOOO BOOODOOOOO
gooooooooooOoOoOooOoOoO0ooOoOOoOoOoOOO0OOOO0OOOOOO0OO0OO0COO
goooooooOooooooOoO0OOO0O0OO0O0OOOOO0OO0O0OO0O0OOOOOOOO0OO0O0O0 BOO
goooooooooooo

00 1. (23)) B-00 MOOOODOODOOODOO0O0D0000000000O
00000000000 (Fgl)O(Fe2) 0000000000000 0000000
002 000 BO (Fel)O(Fg2) 00000000 0000000

00000000000 (9)boo00000003000000000000D00000D0O0O0O0
00000 (FghO(Fg2)OOUOOODOOODODODODOODOOOOOOOOOO

4.2 OO0000ODOOO0OODbOOObObOOObDOOO

gooooooooOooOoOoOooOoooooooOooOO0OO0100000000000C0O0O0O0
goooooooooooooooOoOOOO0OO0O0OO0O0OO0O0O0O0O0O0O0O0O0O0O00000000
oooooooo0o QooOooo0ooOO000I000000D0 KEOOOOODOoOoOOoooo
JECICJ?0+>20J000000000000 KQDODOOODDOOODDOODDOODOO

00. ([13))

(i) 000000 KQ/IDOODODO (monomial algebra) 0000000000000
gooooooooooo
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(i) 00000 A:=KQ/IO (D,A)-000000000 ((D, A)-stacked monomial algebra)
O00000A/adAODOOOOOOOOOOOOOOOOOOOOODOODOOOODOOO
0ooooobD>2, A0 0000000000000 DOOOOOMO

0.(x) 0000000000000000000000000000 (overlap) 0000000
0D>204>10000000000000000 [(13)0000000

(b)) 0000O0D0000D00000000000000000 p-0000000000000
00000000000000000 (2,1)-00000000000000D-000000000
00 (P,1)-00000000000000 ((13]00)0

000o0o0oo0ooOoooo oooooooooo

00.QO0000p0000o(p) 0 pl0000OD0p) 0 pO000DD00QOIDO »OD
00 (closed pathy 000000000 CO C=vCv € KQOOOODOODOOOOODOOODO
A>10000QUOOTO AD0D0DODO0OO0O0OO T =apa;- - am_1(€ KQ)O
000000 ag...am 0000000 mOO0OO0O0T, =707 = @; Q100 -~ Qi1
(i=1,...,m—-1)0000

00000d>20000d=Nm+100000000<N,0<I<m-10000000¢
00000¢t0 NOODOOOOO {0000A-000700000W =Tdag--a_, 0000
O000ON=00007T =0(ap)000I=0000W =7¥N00000000WOODODO
oF (W) =T Naragsr - app—1 (k=0,1,...,m—-1)000000000

(a) t>2m 0000 = ap,
(b)y N=00D0O0OTY = o),
(c)l=000000*W)=TY

0O00pr = {W,o(W),...,em™ Y (W)} 00000

A=KQ/I0D000000000 (D,A-000000000000p0 7000000000
000000000000 D=dA000000O000O ((11]00)0

C;(i=1,...,u)0 QD00 000000000000 00O000: () QOODOO p; O
000 Ci#p (r; >2). (il) C¢ep. (i) 000 p\{Cd}00D0O00O0 C{0OOOODOODO
(ovarlap) 000000000 v, 00000 A0D0CDOO0 G,0000000000000

00007, j=uw+1,...,r )0 QO0OO000O0DO00 A-ODDODOOOODOOOD0OOOC(G)
pr, Cp. (1)) 00 ADD a; 000007 = qjoqji - Qm,—1 00000000 i=u+1,...,7
0000 p\pr, 000000 o 000000000000000000k=0,...,m;—1(j=
j+1,...,r)000000(Ty) 00000 ADODDOOODO 7;0000000000000

gooooOooooooooOoOoO0oOoooooooo

004. (B)A=KQ/IO (D,A-00000D0000DO0O0O0ADODOOODOOOOODOO
goooooooooooooooooobooOoooooobooboooon:

HH*(A)/N ~ K[z1,...,z.]/(zqzp | 1 < a,b<7; a#Db)

00D0D0r=00000 HA*(A)/N ~K 0000
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goooooooooooo:

0O 5. () A=KQ/I0 (D,A-0000000000000ACOODOO SOO0DO0OOO0
0V(S)0O00D00000000000000S0C,,...,C,000 Tyy,...,7, 000000
0000000000

0.(x000000000000000DO00D00ODO00D00D0ODODO0DO0OO0OOO0ODOO
ooooo
(b) (D,A)-0D00000D0D0O00O0DODODO (Fel), (Fg2)DOOODODOOOODOOO

5 Obhuoodobbobboooooobobbooooon

roooo0o040000e (0=0,1,2,3) 08000 a,, (1=0,1;, m=0,1,2,3) 0000
oooobood:
ai,o
€0 Z e
ao,0
a1,3]10ao,3 Go,1||0a1,1
ap,2

e3 = €g
ay 2

0000=0,10000 2, =Y jas € KITOOOOg € K* (i =0,1,2,3) 0000000
T(>2)00000001 = Ir(q,q1,92,93) 0 40000 e;xox1, €;21%0, ej(qjxéT"'Z + x‘llT"'Z),
er(qretT P a2yt (1=0,1,2,3,j=0,2,k=1,3) 0000000 KITOOODOOOOOOO0O
000 A= Ar(go,q1,42,93) 000000 KI'/Ir(go,q1,42,gs) 000 00000000AD0O0O
000000000000000000000000000000000000000007T=2
0000000000000000000000000000 ADDOOOOOOOOO0O0O00
0000000000000000000000000000000000

gooooooooooooOoO0oOoO0oO0oOooOobOOoO0O0OO0O0OoooOoOOoO0O0:

00 3. (0000000 [16)000i>000000HA(B)=0000 BOOOOOOOOO
oooo

200600 (1000000000000 O0O00O00OO0O0OO0O0O0OOOO0OOO0O0OODO0O0OOO
0000000000000 BOOOOOO B*OOUOODUOO BOOODOODODODODOOOOOO
gooooo

0002300 000000000000000000O00LO0ODOO0DO0O0DO0OOOUOO
oo:

004. 000000 BOOOOOHHEY(B)/NOOODOOOODOOOOOO

0000000000000000000000000000000000:
e 0000D0DODOD ([4))

e 000DDO0DDOOD ([16])
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e« 0000D00D (4)(0000000000D00D000)
e 00DOD ([15)

gooboooooooooOoOoOOOOO0OO0O0O0OoOoOoooooooooooooooODDOOO
00 ([24,25,18,20))00000200500000 ([27)000000 (21) 0000000000
0000000 ((28)000)000D00000DO000000O0O000DO0OO0O0ODOO0

00 5.(21]) 000 BOOODODOHHEY(B)/NOODODOOODOOOODOOODOOOOOOO
00 6. BOOODDDDOOOODOOHHEY(B)/NOOOOOOODOOOOOO
ooooooooooO0booO A0DOOO0OOO0OO0OOO0OO0O0DOOODOOOOODOObODOOOO

006 ((10) ¢ =1k (¢=10,1,2,3), T=000000000000000000000000
oooooo:

HH*(A)/Na =~ K20, 21, 22, 23, 24]
[{zoz2 — 21, 2023 — 2122, 2024 — 23, ZoZa — 173, Z1Z4 — 273, Z2F4 — Z3).

0000degz; =4 (j=0,...,4 000000000 HE*(A)/M, 000000000000 (0
060000)0

007 ([12])) O goq1q2¢s 0 1, 000000000000 00OODOO0OODO

() 00 m>0,r=0,1,2,30000

2T+1 ifm=r=0
2T +3 ifm=0,r=1and charK | 2T +1
2I'+2 ifm=0,r=1and char K {27 +1
2I'+2 ifm=0,r=2andchar K | 2T +1
2I'+1 ifm=0,r=2and char K {27 +1
dimyg HH™ (A 41 10) = { 2T if m>0andr=3,
orifm>1andr=0
2T +2 ifm>1,r=1and char K | 2T + 1,
orifm>1,r=2and char K | 2T+ 1
2T ifm>1,r=1and char K t 2T + 1,
orif m>1,r=2and char K t 2T + 1.

(b) 000 n>300000HH(A)=000000000007T=00000

0.0000000000A00O0O0DDOOOOOOOOOO30000000000O0O0OO

0.0 gqaaz 0 1x 0000000000000000 HH*(A)D400000000000
0 HH*(A)/N ~K 0000
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ATOM SPECTRA OF GROTHENDIECK CATEGORIES

RYO KANDA

ABSTRACT. This paper explains recent progress on the study of Grothendieck categories using
the atom spectrum, which is a generalization of the prime spectrum of a commutative ring.
As a part, we give a classification of localizing subcategories which can be applied to both
locally noetherian schemes and noncommutative noetherian rings. It is shown that the atom
spectrum of a Grothendieck category can have a rich poset structure compared with the prime
spectrum of a commutative ring. We also show some properties on minimal elements of the
atom spectrum for noncommutative noetherian rings.

1. INTRODUCTION

The aim of this paper is to explain recent progress on the study of Grothendieck categories.
We investigate a Grothendieck category by using a kind of spectrum, which we call the atom
spectrum. A typical example of a Grothendieck category is the category of modules over a ring.
In the case where the ring is commutative, the atom spectrum of the module category coincides
with the prime spectrum of the commutative ring. Therefore this theory can be regarded as
an attempt to generalize the notion of the prime spectrum to noncommutative rings. It seems
possible to understand and reformulate some classical noncommutative ring theory from the
categorical viewpoint.

The theory of atom spectrum is not only for the study of noncommutative rings. Another
example of a Grothendieck category is the category of quasi-coherent sheaves of a scheme. We
can show that the atom spectrum of the category of quasi-coherent sheaves of a locally noetherian
scheme coincides with the set of points of the scheme, and as a consequence, we can show a
classification of localizing subcategories in a general setting including both the case of locally
noetherian schemes and the case of noncommutative noetherian rings.

The reader may find the details of this paper in [Kanl2a], [Kan12b], [Kanl3], and [Kanl4].
The reader who is unfamiliar with terms of abelian categories may be referred to [Pop73] or
[SteT5].

We start with the definition of a Grothendieck category.

Definition 1.1. An abelian category A is called a Grothendieck category if it satisfies the fol-
lowing conditions.

(1) A admits arbitrary direct sums (and hence arbitrary direct limits), and for every direct
system of short exact sequences in A4, its direct limit is also a short exact sequence.

(2) A has a generator G, that is, every object in A is isomorphic to a quotient object of the
direct sum of some copies of G.

As we mentioned, the category Mod A of right modules over a ring A and the category QCoh X
of quasi-coherent sheaves on a scheme X (see [Con00, Lemma 2.1.7]) are Grothendieck categories.

2010 Mathematics Subject Classification. 18E15 (Primary), 16D90, 14A22, 13C60 (Secondary).

Key words and phrases. Grothendieck category; atom spectrum; localizing subcategory.

This paper contains an announcement of our results. The detailed version concerning the results will be
submitted for publication elsewhere.
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One might think the notion of Grothendieck categories is quite an abstract setting given in
order to include module categories. However, it is shown that every Grothendieck category is a
part of some module category.

Theorem 1.2 (Gabriel and Popescu [PG64, Proposition|). Let A be a Grothendieck category.
Then there exist a ring A and a localizing subcategory X of Mod A such that A is equivalent to
(Mod A4)/X.

In this paper, we adopt Grothendieck categories as main objects to study. Recall that for a
commutative ring R, the prime spectrum Spec R plays an fundamental role. For a Grothendieck
category A, we will consider the atom spectrum ASpec A.

2. ATOM SPECTRUM

From now on, let A be a Grothendieck category. The atom spectrum of a Grothendieck
category is defined by using the notion of monoform objects.

Definition 2.1. A nonzero object H in A is called monoform if for each nonzero subobject L
of H, no nonzero subobject of H is isomorphic to a subobject of H/L.

In the case of a commutative ring, the following result shows how monoform objects are related
to prime ideals.

Proposition 2.2 ([Sto72, Lemma 1.5]). Let R be a commutative ring and a an ideal of R. Then
R/a is a monoform object in Mod R if and only if a is a prime ideal of R.

We state basic properties of monoform objects.

Proposition 2.3. Let H be a monoform object in A.

(1) ([Kanl2a, Proposition 2.2]) Every nonzero subobject of H 1is again monoform.
(2) ([Kanl2a, Proposition 2.6]) H is uniform, that is, for every nonzero subobjects L1 and
Ly of H, we have L1 N Ly # 0.

Even in the case of a commutative ring R, the collection of monoform objects is quite different
from the set of prime ideals. Indeed, it is known that the residue field k(p) = R,/pR, is a
monoform object in Mod R for each prime ideal p of R ([Sto72, p. 626]). Hence all its submodules
are monoform. See [Kanl2a, Example 8.3] for an example of a noncommutative ring. In order to
obtain a generalization of the prime spectrum of a commutative ring, we introduce an equivalence
relation between monoform objects.

Definition 2.4. We say that monoform objects H; and Hs in A are atom-equivalent (denoted
by Hy ~ Hs) if there exists a nonzero subobject of Hy isomorphic to a subobject of Hs.
Definition 2.5. The atom spectrum ASpec A of A is defined by

ASpec A — { monoform objects in A }

~

Each element of ASpecA is called an atom in A. For each monoform object H in A, the
equivalence class of H is denoted by H.

The notion of atoms was originally introduced by Storrer [Sto72], and the generalization to
abelian categories was stated in [Kanl2a).

The following result shows that the atom spectrum is a generalization of the prime spectrum
of a commutative ring.
Theorem 2.6 (Storrer [Sto72, p. 631]). Let R be a commutative ring. Then the map

Spec R — ASpec(Mod R)
given by
p— R/p

is bijective.
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For a locally noetherian scheme X, the atom spectrum of QCoh X coincides with the set of
points of X.

Theorem 2.7 ([Kanl4, Theorem 7.6]). Let X be a locally noetherian scheme. Then the map
|X| — ASpec(QCoh X)

given by

T Ju, k()
is bijective, where k(x) is the residue field of x, and j,: SpecOx , — X is the canonical mor-
phism.

Matlis’ correspondence between the prime ideals and the indecomposable injective modules
can be generalized to a wide class of Grothendieck categories including the category Mod A for a
right noetherian ring A.

For an object M in a Grothendieck category A, the injective envelope E(M) of M always
exists and it is unique up to isomorphism (see [Pop73, Theorem 10.10]).

We recall the statement of Matlis’ correspondence.

Theorem 2.8 (Matlis [Mat58, Proposition 3.1]). Let R be a commutative noetherian ring. Then
the map

Spec R { indecomposable injective R-modules }
p —

o~

given by
p— E(R/p)
is bijective.
In order to generalize Matlis’ correspondence, we need to consider some noetherianness of a
Grothendieck category. The notion of the locally noetherianness is well-investigated one.

Definition 2.9. A Grothendieck category A is called locally noetherian if there exists a gener-
ating set G of A consisting of noetherian objects, that is, .4 admits a set G of noetherian objects
such that Py g G is a generator of A.

For a ring A, the Grothendieck category Mod A is locally noetherian if and only if A is right
noetherian. Therefore the following generalization can be applied to right noetherian rings.

Theorem 2.10 ([Kanl2a, Theorem 5.9]; see also [Sto72, Corollary 2.5]). Let A be a locally
noetherian Grothendieck category. Then the map

{ indecomposable injective objects in A}

ASpec A —

given by

is bijective.

3. CLASSIFICATION OF LOCALIZING SUBCATEGORIES
In this section, we state a classification of localizing subcategories.
Definition 3.1. A full subcategory X of A is called a localizing subcategory if the following
conditions are satisfied.
(1) X is closed under subobjects, quotient objects, and extensions. In other words, for every
exact sequence
0—-L—-M-—=N=—0
in A, we have M € X if and only if L, N € X.
(2) X is closed under arbitrary direct sums, that is, for every set S of objects in X, we have
Dirres M € X.
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We recall a classification of localizing subcategories for a commutative noetherian ring. This
classification given by [Gab62] is regarded as an origin of many kinds of classification of subcat-
egories.

For a commutative ring R, we say that a subset @ of Spec R is closed under specialization if
for every p C q in Spec R, the assertion p € @ implies q € D.

Theorem 3.2 (Gabriel [Gab62, Proposition VI.4]). Let R be a commutative noetherian ring.
Then the map

{ localizing subcategories of Mod R } — { specialization-closed subsets of Spec R }
given by

X - U Supp M
Mex
is bijective. The inverse map is given by

®+— {M e ModR | SuppM C P}.

The key notion to generalize Gabriel’s classification is the “support” of an object in a
Grothendieck category. It is defined in terms of atoms as follows.

Definition 3.3. For each object M in A, define the subset ASupp M of ASpec.A by
ASuppM = { H € ASpec A| H= L'/L for some L C L' C M }.
This is called the atom support of M.
Proposition 3.4 ([Kanl3, Proposition 3.2]). The set
{ASuppM | M € A}
satisfies the axioms of open subsets of ASpec A.

This simple proposition is quite impressive from the viewpoint of ring theory. For a commu-
tative ring R, the set of subsets of the form Supp M is exactly the set of specialization-closed
subsets, and hence it is also closed under infinite intersection. However, this is not necessarily
true for a Grothendieck category. Indeed, Example 4.3 gives a counter-example.

We call the topology on ASpec A defined by Proposition 3.4 the localizing topology.

We define maps which will be used in the generalized classification of localizing subcategories.
Definition 3.5.

(1) For a full subcategory X of A, define the subset ASupp X’ of ASpec.A by
ASuppX = | J ASupp M.
Mex
(2) For a subset @ of ASpec A, define the full subcategory ASupp ! @ of A by
ASupp '®={M c A| ASuppM C &}.

We introduce a class of Grothendieck categories, which includes all locally noetherian
Grothendieck categories, in particular Mod A for a right noetherian ring A, and QCoh X for
a locally noetherian scheme X (which is not necessarily a locally noetherian Grothendieck cate-
gory. See [Har66, p. 135, Example]).

Definition 3.6. We say that a Grothendieck category A has enough atoms if A satisfies the
following conditions.
(1) Every injective object in A has an indecomposable decomposition.
(2) Each indecomposable injective object in A is isomorphic to E(H) for some monoform
object H in A.

See [Kanl14] for more details on Grothendieck categories with enough atoms. It is shown in
[Kan14, Theorem 7.6] that the Grothendieck category QCoh X has enough atoms for every locally
noetherian scheme X.
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Theorem 3.7 ([Kanl4, Theorem 6.8]; see also [Her97, Theorem 3.8], [Kra97, Corollary 4.3], and
[Kanl12a, Theorem 5.5]). Let A be a Grothendieck category with enough atoms. Then the map

{ localizing subcategories of A} — { specialization-closed subsets of ASpec A}

given by
X — U ASupp M
Mex
is bijective. The inverse map is given by
P—{MecA|ASuppM C ¢ }.

For a localizing subcategory X of A, it is known that the categories A and A/X are
Grothendieck categories (see [Pop73, Corollary 4.6.2]). It is natural to ask how their atom
spectra are related to each other.

Proposition 3.8 ([Kanl3, Proposition 5.12 and Theorem 5.17]; see also [Kra97, Corollary 4.4
and [Her97, Proposition 3.6]). Let X be a localizing subcategory.

(1) ASpec X is homeomorphic to the open subset ASupp X of ASpec A.

(2) ASpec(A/X) is homeomorphic to the closed subset ASpec A\ ASupp X of ASpec A.

In particular, under the identifications by these homeomorphisms, we have
A
ASpec A = ASpec X 11 ASpec 5y
as a set.

4. PARTIAL ORDER
In this section, we introduce a partial order on the atom spectrum and investigate its structure.

Definition 4.1. Let «, 5 € ASpec A. We write a < 3 if a belongs to the topological closure m
of 8 with respect to the localizing topology.

In fact, the relation < is a partial order on ASpec.A (see [Kanl3, Proposition 3.5]). The
following result shows that this is a generalization of the inclusion relation between prime ideals
of a commutative ring.

Proposition 4.2 ([Kanl3, Proposition 4.3]). For a commutative ring R, the bijection in Theo-
rem 2.6 gives an isomorphism

(Spec R, C) = (ASpec(Mod R), <)
of posets.

For a commutative ring R, the open subsets of Spec R with respect to the localizing topology
is exactly the specialization-closed subsets. Therefore the localizing topology on Spec R and the
poset (partially ordered set) structure of Spec R can be recovered from each other. However, as
the next example shows, the localizing topology cannot necessarily be recovered from the poset
structure for a Grothendieck category.

Example 4.3 ([Pap02, Example 4.7]). Let k£ be a field. We consider the graded ring k[z]
with degz = 1. The category GrMod k[z] of Z-graded k[z]-modules with degree-preserving
homomorphisms is a locally noetherian Grothendieck category. For each object M in GrMod k[z]
and ¢ € Z, the object M (i) in GrMod k[z] is defined by M (i); = M;;;. Let S := k[z]/(z). Then
we have L L

ASpec(GrMod k[z]) = {k[z]} U{S(i) | i € Z}.

Note that k[z] = k[z](i) for each i € Z and that S(i) = S(j) if and only if i = j.
A subset @ of ASpec(GrMod k[z]) is open if and only if k[z] ¢ @ or there exists n € Z such
that @,, C @, where

&, = {k[z]}U{S()|i<n}.
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Although all &,, are open, their intersection

ﬂ b, = {m}

nez
is not open. Since every element of ASpec(GrMod k[z]) is a closed point, we have a < § in
ASpec(GrMod k[z]) if only if a = .

Since we have the naturally defined partial order on ASpec A, it is expected to investigate its
general property. Let us recall the case of commutative rings. For every commutative ring R, the
poset Spec R has a maximal element and a minimal element. Some other properties of Spec R
were also known (see for example, [Kap74, Theorem 11]). The next theorem, essentially shown
by Hochster [Hoc69], states all general properties of the poset Spec R. The precise statement was
given by Speed [SpeT2].

Theorem 4.4 (Hochster [Hoc69, Proposition 10] and Speed [Spe72, Corollary 1]). Let P be a
poset. Then the following assertions are equivalent.

(1) There exists a commutative ring R such that P = Spec R as a poset.

(2) P is an inverse limit of finite posets.

We establish the same type of result for Grothendieck categories, but the conclusion is quite
different from the case of commutative rings.

Theorem 4.5 ([Kanl3, Theorem 7.27]). For every poset P, there exists a Grothendieck category
A such that P = ASpec A as a poset.

The construction uses colored quivers. See [Kanl13] for the details.

Theorem 4.5 shows that there are quite various kinds of Grothendieck categories compared
with commutative rings. By combining this theorem with Theorem 1.2 and Proposition 3.8, we
also realize a diversity of noncommutative rings.

Corollary 4.6 ([Kanl3, Corollary 5.19]). For every poset P, there exists a ring A such that P
is homeomorphic to a closed subset of ASpec(Mod A).

From now on, we state some results on the poset structure of the atom spectrum of a
Grothendieck category with some noetherian property.

Proposition 4.7 ([Kanl3, Proposition 4.6]). Let A be a locally noetherian Grothendieck category.
Then ASpec A satisfies the ascending chain condition.

The previous proposition is expected from the analogous result on commutative noetherian
rings. On the other hand, we will see a different phenomenon about minimal elements. Denote
by AMin A the set of minimal elements of ASpec A.

Proposition 4.8 ([Kanl3, Proposition 8.2]). There exists a locally noetherian Grothendieck
category A such that AMin A = ().

We regard this proposition as a consequence of the weakness of the condition of the locally
noetherianness. Instead of this condition, we consider a Grothendieck category having a noether-
ian generator. Note that for every right noetherian ring A, the Grothendieck category Mod A has
the noetherian generator A. We obtain the following result with an impressive proof.

Theorem 4.9. Let A be a Grothendieck category with a noetherian generator.
(1) ([Kanl3, Proposition 4.7]) For each 8 € ASpec A, there exists « € AMin A such that
a<p.
(2) ([K]) AMin A is a finite set.

Sketch of proof. (2) It can be shown that @ := ASpec. A\ AMin A is an open subset of ASpec A.
Let X := ASupp *&. Then we have ASpec(A/X) = AMin A. Let G be a noetherian generator
of A and G its image in A/X. Then G’ is a generator of A/X which is of finite length. Therefore
ASpec(A/X) = ASupp G’ is a finite set. O
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Note the following result on Grothendieck categories.

Theorem 4.10 (Nistasescu [Nas81, Theorem 3.3]). Let A be a Grothendieck category with an
artinian generator. Then there exists a right artinian ring A such that A = Mod A.

For a given right noetherian ring A, the category Mod A is a Grothendieck category with
the noetherian generator A. By the above argument, there exists a right artinian ring A’ such
that A/X = Mod A’, where X = ASupp™!(ASpec.A \ AMin A). In particular, AMin(Mod A) =
ASpec(Mod A’). Consequently, we obtain a right artinian ring (unique up to Morita equivalence)
from a right noetherian ring in a categorical way.
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Boundary of Cohen-Macaulay cone and

asymptotic behavior of system of ideals

Kazuhiko Kurano

Meiji University

1 Introduction

On a smooth projective variety, we can define the intersection number for a
given divisor and a given curve. By this pairing, we can define the numerical
equivalence on divisors and curves. We get a (finitely generated) lattice if
we divide the set of Weil divisors or curves by the numerical equivalence. In
order to study the intersection pairing, we have some concepts of ”positive”
elements, e.g., ample, base point-free, nef, etc.. Consider the cone spanned
by positive elements in the lattice tensored with the field of real numbers.
This cone gives us many informations on the given algebraic variety.

In this note, we are interested in the intersection pairing around a fixed
singular point of a scheme, or the vertex of the affine cone of a smooth
projective variety. Let R be a Noetherian (Cohen-Macaulay) local ring cor-
responding to the given point. We first define a pairing between a finitely
generated module, and a module of finite length and finite projective dimen-
sion. Consider the Grothendieck group of finitely generated R-modules, and
divide it by the numerical equivalence. Then, we get a finitely generated
lattice. It is natural to think that Cohen-Macaulay modules are positive ele-
ments under the pairing. So, we study the cone spanned by Cohen-Macaulay
modules in the numerical Grothendieck group tensored with R.

We always assume that R is a d-dimensional Noetherian Cohen-Macaulay

local domain such that one of the following conditions are satisfied!:

f either (a) or (b) is satisfied, there exists a regular alteration of Spec R by de Jong’s
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(a) R is a homomorphic image of an excellent regular local ring containing

Q.
(b) R is essentially of finite type over a field, Z or a complete DVR.

In this note, modules are always assumed to be finitely generated.

2 Intersection pairing on Spec R and the Cohen-

Macaulay cone

Let Go(R) be the Grothendieck group of finitely generated R-modules. The
symbol [M] means the element in Go(R) corresponding to an R-module M.
Let Cgr be the category of modules of finite length and finite projective di-
mension. Here, note that R/(z1,...,24) € Cg for a system of parameters
21,...,7q4. In particular, C is not empty.2 For L € Cg, we define

Yo Go(R) —Z by xu([M]) = X, (~1)0(Tor™(L, M1)).
Consider the map
Cr x Go(R) = Z defined by (L, [M]) — xr([M]). (1)
Here, we define numerical equivalence as follows. For «, 8 € Go(R),
a=p & xr(a@) = xr(B) forany L € Ck.

Here, we put
Go(R) == Go(R)/{Oé S G()(R) | o= 0}
By Theorem 3.1 and Remark 3.5 in [9], we have the following result.

Theorem 1 Go(R) is a finitely generated torsion-free abelian group.

theorem [6].
2By the new intersection theorem due to Roberts, we know that, for a Noetherian local

ring R, Cp is not empty if and only if R is Cohen-Macaulay.
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Remark 2 MCM (Maximal Cohen-Macaulay) modules behave as ”positive
elements” under the pairing (1) by the following reason.
Let L be an object in Cg. Then, by Auslander-Buchsbaum formula, we
have
depth L + pdyp L = depth R = d.

Then, we have pdy L = d. Let F. be the minimal free resolution of L. Then,
it is very easy to check that the complex F. has a depth sensitive property,

i.e., for any module N, we have
depth N = d — max{i | H;(F. ®g N) # 0}.

We say that M is a MCM module if depth M = d. By the depth sen-
sitivity, if M is MCM, then Tor?(L, M) = 0 for any i > 0. Therefore, we
have

xr([M]) = lr(L ®r M) > 0.

By Auslander-Buchsbaum formula, any MCM module over a regular local
ring is free. We say that a ring R is of finite (Cohen-Macaulay) representation
type if there are only finitely many isomorphism classes of indecomposable
MCM’s. If R is of finite representation type, then R has only isolated sin-
gularity. It was proved that a Gorenstein local ring of finite representation
type has a simple singularity. Simple singularities are of finite representation
type. We refere the reader to Yoshino [17] for the representation theory of
MCM’s.

Bad Cohen-Macaulay rings have many MCM’s in general. But, if we do
not assume that R is Cohen-Macaulay, it is not known whether there exists

an MCM module. This open problem is called the small Mac conjecture [5].

Example 3 1. If L = R/(x1,...,xq) for asystem of parameters z1, . . ., zg4,
then x([R]) # 0. Hence, Go(R) # 0.

2. If d <2, then rank Go(R) = 1. See Proposition 3.7 in [9].

3. Let X be a smooth projective variety with embedding X < P™. Let
R (resp. D) be the affine cone (resp. the very ample divisor) of this
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embedding. Then, we have the following commutative diagram:

~

Go(R)g — A.R)g <— CH (X)o/D-CH (X)q
! ! !
Go(R)g — A(R)y ¢ CHpp(X)o/D CH,pp(X)g

num

(a) By the commutativity of this diagram, ¢ is a surjection. Therefore,

we have

rank Go(R) < dimg CH,,,,,,(X)o/D - CH,,,,,(X)g.  (2)

(b) If CH (X)g ~ CH,,,,(X)g, then ¢ is an isomorphism ([9], [15]).

num

In this case, the equality holds in (2).

(¢) There exists an example such that ¢ is not an isomorphism [15].

Further, Roberts and Srinivas [15] proved the following: Assume
that the standard conjecture and Bloch-Beilinson conjecture are
true. Then ¢ is an isomorphism if the defining ideal of R is gen-
erated by polynomials with coefficients in the algebraic closure of

the prime field.

4. It is conjectured that Go(R?)g =~ Q if R is complete intersection isolated
singularity with d even.
It is true if R is the affine cone of a smooth projective variety X over

C ([2]). In fact, since we have an injection

CHlixom

(X)o — H*(X,Q) =Q
and the natural surjection
CHiZ‘wm(X)Q — CH:mm(X)@ # 07

we know CH}  (X)g = Q for each i = 0,1,...,dim X. Here, remark

that H*(X,Q) = Q since the dimension of X is odd. Then, we have

CH,\n(X)o/D - CH,,pp (X))o = Q.

Therefore, the rank of Go(R) is one by 3 (a) as above.
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Definition 4 We define the Cohen-Macaulay cone as follows:

CC]W(R) = Z RZO[A[] - Go(R)R
M:MCM

Here Go(R)g = Go(R) @z R.

We refer the reader to [1] for basic properties on Cohen-Macaulay cones.

It is easy to see that the dimension of the cone is equal to the rank of Go(R).

Further, we have

GO(R)R D) CCM(R)7 D) CCA[(R) D) Im‘(C’(;M(R)*) = Int(CCM(R)) > [R],

where Cear(R)™ is the closure of Ceopy(R) with respect to the classical topol-

ogy on Go(R)g, and Int(—) is the interior.
If R is of finite representation type, then Ccp(R) is a strongly convex
polyhedral cone, in particular Cop(R)™ = Com(R).
We have no example that Cep(R)™ is not equal to Coa(R), or Con(R)
is not a polyhedral cone.
Remark that, for any L € Cg, xr induces Yz which makes the following
diagram commutative:
Go(R) & 1z
{ Xt
Go(R)

The map 7 induces

(E)R : Go(R)R — R.

Let x1, ..., 24 be a system of parameters. Consider the map

XR/(z) - GO(R) — 7.
Let K. be the Koszul complex with respect to x. This map satisfies

Xr/(@)([M]) = rank M - X/ ([R]),

since K. is the minimal free resolution of R/(z) and K. admits this property.
Therefore, we have a map

rk: Go(R) — Z
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and
tkg : Go(R)g — R
defined by rk([M]) = rank M. (Here, rk = mxlg/@).)

Let F' be the kernel of the map rk. Then, F is generated by cycles [M]
with dim M < d. Thus, we have

Go(R)=Z[R|®F and Go(R)y =R[R] @ Fr.

Example 5 1. Put R = k[z,y, 2, w](sy,:w)/(2y — 2zw), where k is a field.
Then, F = Z[R/(x, z)] ~ Z. This ring has only three indecomposable
MCM modules, R, (x,z) and (x, w).

Then, the Cohen-Macaulay cone is spanned by

[(z,2)] = ([B], =[R/(x,2)]) and [(z,w)] = ([R], [R/(z,2)])

in Go(R)g = R[R] & F.

2. Put R = E[z1, 22, .-, T6)(a1,00,....00)/ (T1%2 + T3T4 + 526), where k is
a field. Then, F = Z[R/(x1,x3,25)] ~ Z. This ring has only three
indecomposable MCM modules, R, M; and M,, where M; and M, are
MCM modules of rank 2.

Then, the Cohen-Macaulay cone is spanned by

[Mi] = 2[R], [R/ (21, 73, 25)]) and  [Ma] = (2[R], —[R/ (21, x5, 75)])
in Go(R)z = R[R] ® Fr.
The Cohen-Macaulay cone of this ring is not spanned by classes of
MCM modules of rank one.

3. Put R =k[z,y, 2, W(ay,2u)/(y—fifo - - - fi), where k is an algebraically
closed field of characteristic zero. Here, we assume that fi1, fo, ..., f;

are pairwise coprime linear forms in k[z, w]. In this case, we have

F=(Z[R/(x, f)]) JZ(R/(z, Ol + -+ + [R/ (. f1)]) =~ 2.
We can prove that the Cohen-Macaulay cone is minimally spanned by
the following 2! — 2 MCM’s of rank one.

{{(I7f21f12fzs)|1§s<t7 1§Zl<22<<25§t}

This ring is of finite representation type if and only if ¢ < 3.
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3 Maximal Cohen-Macaulay modules of rank

one

Let R be a Noetherian standard graded normal domain such that Ry is a
field of characteristic zero. Assume that R has at most isolated singularity,
and [Hp, (R)Jo = 0. Then, it is known that R has at most finitely many
MCM modules of rank one. (Prof. Flenner kindly taught me this result.)

If R is a Noetherian local ring with at most isolated singularity. Assume
that R is a complete intersection and dim R > 4. Then, R is factorial. In
particular, R is only one MCM modules of rank one.

Assume that R is a Noetherian local ring of dimension 2. Even if R is a
hypersurface with at most isolated singularity, R may have infinitely many
MCM modules of rank one. (For example, the affine cone of an elliptic curve
actually has infinitely many MCM modules of rank one.)

So, it is important to consider the case of dim R = 3. In this section
(Theorem 9), we show that R has only finitely many MCM’s of rank one if R

is a 3-dimensional isolated hypersurface singularity with desingularization.

By the following result, we know that Cop(R)™ is a strongly convex cone,
that is, Copn(R)™ does not contain a line through the origin.

Lemma 6 Let R be a d-dimensional Cohen-Macaulay local domain which
satisfies (a) or (b) in the introduction. Then, (tkg) 'NCon(R)™ is a compact
set.

Corollary 7 Assume that R is a Cohen-Macaulay local domain. Then, for

any positive integer r,

{[M] € Go(R) | M is a« MCM module of rank r }

is a finite subset of Go(R).

Further, assume that R is a normal domain. Then, we have the determi-
nant map (or the first Chern class map) ¢1 : Go(R) = Ag—1(R).
We can also define numerical equivalence on Ag_1(R). Then, we define

the class group modulo numerical equivalence to be

Ad,l(R) = Ad,l(R)/ =.
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By Proposition 3.7 and Example 4.1 in [9], we know that it is also a finitely
generated torsion-free abelian group.
Here we can prove that there exists the map ¢; which makes the following

diagram commutative:

Go(R) - Ay 1(R)
\ 1

Go(R) 5 As4(R)
By the commutativity of the above diagram, we have the following:

Corollary 8 Let R be a d-dimensional Cohen-Macaulay local normal do-
main. Assume that

(*) the kernel of the natural map Ag_1(R) — Ag_1(R) is a finite group.
Then, for any positive integer r,
{c1([M]) € Ag—1(R) | M is a MCM module of rank r }

is a finite subset of Aq_1(R).
In particular, R has only finitely many MCM modules of rank one up to

isomorphism.

Theorem 9 (Dao-Kurano, [2]) Let R be a 3-dimensional isolated hyper-
surface singularity with desingularization. Then, the natural map

is an isomorphism. In particular (*) in Corollary 8 is satisfied. Therefore R

has only finitely many MCM’s of rank one.

Remark 10 Put B = GB’HZOB”L = (C[Bl] = (C[yo,yl,...,yn]/l, R = BB+;
and X = Proj(B). Assume that X is smooth over C. (Since dim R = d,
dmX =d-1.)

CHY(X) —  CHYX)/e1(Ox(1))CH(X) = As(R)
4 1f
CHL, (X) — CH., (X)/c1(Ox(1)CH®, (X) L A, (R)

num num num
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1. Assume that R is a Cohen-Macaulay local normal ring with d > 3.
Then, CH'(X) is finitely generated and f ® Q is an isomorphism.

2. Assume that the ideal I is generated by some elements in Q[yo, y1, - - -, Yn)-

If some famous conjectures (the standard conjecture and Bloch-Beilinson

conjecture) are true, then gQ is an isomorphism. (Roberts-Srinivas [15])

Therefore, if R is a Cohen-Macaulay local normal ring with d > 3 such that
X is defined over Q, and if some conjectures are true, then (*) is satisfied.
It is also proved in the case of positive characteristic.
If we remove the assumption that X is defined over Q, then there exists
an example that g ® Q is not an isomorphism (Roberts-Srinivas [15]).
However, remark that if R is a standard graded Cohen-Macaulay normal
graded domain over C with dim R > 3. Then, there exist only finitely many
MCM modules of rank one.

4 The fundamental class of a Noetherian lo-

cal ring

We define the strictly nef cone SN(R), and the fundamental class fig for a
Noetherian local domain R. They satisfy the following:

Go(R)g D SN(R) D Ceum(R)—{0}
U
Go(R)g > Tr
The fundamental class is deeply related to the homological conjectures as in

Fact 15.

We are mainly interested in the problem whether 71z is in such cones or

not. Theorem 18 is the main result in this section, which states that if R
is FFRT or F-rational, then fig is in Cop(R). We shall give a corollary
(Corollary 21).

Definition 11 We define the strictly nef cone by

SN(R) ={a| xz(a) >0 for any L € Cg}.
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By the depth sensitivity, x.([M]) = ¢r(Ho(L ® M)) > 0 for any MCM
module M (3 0) and L € Cg. Therefore,

SN(R) B} CCM(R) — {O}

We can also define SN (R) for non-Cohen-Macaulay local ring R using some

perfect complexes instead of Cg.
Definition 12 We put
pr =Tr '([Spec R]) € Go(R)q,

where 75 : Go(R)g — A.(R)g is the singular Riemann-Roch map.

GQ(R)Q — Go(R)@

MR = HR

We call the image fig in Go(R)q the fundamental class of R.

Remark that fig # 0 since rankg ug = 1.

Put R = T/I, where T is a regular local ring. The map 7g is defined
using not only R but also 7. Therefore, up € Go(R)g may depend on the
choice of T.3 However, we can prove that iz € m(@ is independent of T'
(Theorem 5.1 in [9]).

We shall explain why we call i the fundamental class of R.

Remark 13 1. If X = Spec R is a d-dimensional affine variety over C,
we have the cycle map cl

Go(R)g % A(R)q -5 H.(X,Q)
IR — [SpecR] +~ 1hx

such that cl([Spec R]) is the fundamental class pux in Hog(X, Q) in the
usual sense, where H, (X, Q) is the Borel-Moore homology. Here px is
the generator of Hay(X,Q) ~ Z.

Hence, we call ig the fundamental class of R.

3There is no example that the map 7x actually depend on the choice of T. For some
excellent rings, it had been proved that 7 is independent of the choice of T' (Proposition 1.2
in [8]).



2. Let R have a subring S such that S is a regular local ring and R is
a localization of a finite extension of S. Let L be a finite-dimensional
normal extension of Q(S) containing Q(R). Let B be the integral

closure of R in L. Then, we have
1R = g B in Go(R)qg.

In particular, fi = —2— in Go(R)q-

rankp B

3. Assume that R is of characteristic p > 0 and F-finite. Assume that
the residue class field is algebraically closed. By the singular Riemann-

Roch theorem, we have

€

or = lim
e—00

] in Go(R)yg,

pde
where °R is the eth Frobenius direct image.

Example 14 1. If R is a complete intersection, then ug is equal to [R)
in Go(R)g, therefore iz = [R] in m(@. There exists a Gorenstein
ring such that 7ixg # [R]. However there exist many examples of rings
satisfying iz = [R]. Roberts ([12], [13]) proved the vanishing property

of intersection multiplicity for rings satisfying g = [R].
2. Let R be a normal domain. Then, we have

Go(Rlg % Au(R)g=Aa(R)g ® As-1(R)g & - -
(R] +  [SpecR] — £ 4 ...
wr] +— [SpecR]+ £E +-..

If 7' (Kg) # 0 in Go(R)g, then [R] # Tig.

Sometimes fig = 3 ([R] 4 [wg]) is satisfied. But it is not true in general.

3. Let R = k[z;;]/I2(xi;), where (z;;) is the generic (m + 1) x (n + 1)-
matrix, and £ is a field. Suppose 0 < m < n.
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Then, we have

§
)
(=]
I
3
E)
(=}
I

Qla]/(a™*)
7 = (==)" ()"
=1+ (m_n)a+i(...)a2+...
wr] = ()" (=)
ar — 1
7 (Kr) = (n—m)a

Here, we shall explain the relationship between the fundamental class fig

and homological conjectures.

Fact 15 1. The small Mac conjecture is true if and only if iz € Con(R)
for any R.

FEven if R is an equi-characteristic Gorenstein ring, it is not known
whether fig is in Cop(R) or not. If R is a complete intersection, then
r = [R] € Com(R) as in 1) in Example 14.

2. If ;g = [R] in Go(R)g, then the vanishing property of intersection
multiplicity holds (Roberts [12], [13]).

3. Roberts [14] proved g € SN(R) if ch(R) = p > 0. Using it, he proved

the new intersection theorem in the mixed characteristic case.

4. 7ig € SN(R) if R contains a field (Kurano-Roberts [11]). Even if R is
a Gorenstein ring (of mized characteristic), we do not know whether
Ir € SN(R) or not.

5. If ig € SN(R) for any R, then Serre’s positivity conjecture is true in
the case where one of two modules is (not necessary maximal) Cohen-

Macaulay.

If ig € Cop(R) for any R, then small Mac conjecture is true, and so

Serre conjecture is true in the case.

Remark 16 1. If R is Cohen-Macaulay of characteristic p > 0, then R
is a MCM module. Since fig is the limit of [*R]/p™ in Go(R)g, Iir is

contained in Ceopy(R)™. In the case where R is not of characteristic
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p > 0, we do not know whether ig is contained in Ccop(R)™ even if R

is Gorenstein.

2. Aswe have already seen, if R is Cohen-Macaulay, then [R] € Int(Com(R)) C
Com(R).
There is an example of non-Cohen-Macaulay ring R such that [R] ¢
SN(R).* On the other hand, it is expected that 7ig € SN(R) for any
R. Therefore, for the non-Cohen-Macaulay local ring R, fig behaves
better than [R] in a sence.

The fundamental class figz is deeply related to homological conjectures.

Therefore, we propose the following question.

Question 17 Assume that R is a”good” Cohen-Macaulay local domain (for

example, equi-characteristic, Gorenstein, etc). Is g in Ceop(R)?
We can prove the following:

Theorem 18 (Kurano-Ohta [10]) Assume that R is an F-finite Cohen-
Macaulay local domain of characteristic p > 0 with residue class field alge-

braically closed.
1. If R is FFRT, then fig is contained in Cop(R).

2. If R is F-rational, then fig is contained in Int(Ccop(R)).

The most important point in this proof is to use the dual F-signature
defined by Sannai [16].

Remark 19 If the rank of Go(R) is one for a Cohen-Macaulay local domain
R, then g € Com(R).

If R is a toric ring (a normal semi-group ring over a field k), then we can
prove fig € Cop(R) as in the case of FFRT without assuming that ch(k) is

positive.

41t was conjectured that [R] € SN(R).
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Problem 20 1. As in the above proof, if there exists a MCM module
in Int(Copm(R)) such that its generalized F-signature or its dual F-
signature is positive, then Jig is in Int(Cop(R)7).

Without assuming that R is F-rational, do there exist such a MCM
module?

2. How do we make mod p reduction? (the case of rational singularity)

3. If R is Cohen-Macaulay, is fig in Cop(R)™7 If R is a Cohen-Macaulay
ring containing a field of positive characteristic, then fig in Cop(R)™

as in 1) in Remark 16.
4. If R is of finite representation type, is fig in Cop(R)?

5. Find more examples of Ccp(R) and SN(R).

In order to prove the following corollary, we use the fact iz € Int(Con(R))
for some F-rational ring R.

Corollary 21 (Chan-Kurano [1]) Letd be a positive integer and p a prime

number. Let €y, €1, ..., €q be integers such that

1 i=d,
=< —1,00rl d/2<i<d,
0 i<d/2.

Then, there ezists a d-dimensional Cohen-Macaulay local ring R of char-

acteristic p, a mazimal primary ideal I of R of finite projective dimension,

and positive rational numbers o, Bq_1, Ba—2,- .., Po such that
d—1
Cr(R/TP") = egap™ + Z eiBip™
=0

for any n > 0.
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0. INTRODUCTION

In this survey, we shall explain some properties of moduli spaces of stable
sheaves on smooth projective surfaces. We first explain classical results on the
moduli spaces briefly. Then we explain recent development in detail. Thus we
shall explain geometry associated to the derived category of coherent sheaves,
which was started by Mukai and developed by Orlov, Bridgeland and other people.
For other aspects of derived category of coherent sheaves, we recommend excellent
articles [20], [38].

Due to lack of the author’s ability and also enough time to write, this article is
not written well. Moreover there will be many misunderstanding on the results in
particular references. So if you are interested in these topic, it is better to check
the detail as students do before seminar.

0.1. Stability. Let X be a smooth projective surface over C. For a coherent
sheaf E on X, v(F) denotes a topological invariant of E. Typical topological
invariants are

(i) the Chern character v(E) = ch(E) € H*(X,Q),
2010 Mathematics Subject Classification. 14D20.

The author is supported by the Grant-in-aid for Scientific Research (No. 26287007), JSPS.
1
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(ii) Mukai vector v(E) = ch(E)vtdx € H**(X,Q), if Kx is numerically
trivial.
(iii) the class in the numerical Grothendieck group
K(X)pum = K(X)/ ker(ch),
where ch : K(X) — H*(X,Q) is the Chern character map or
(iv) v(E) = tk E,c1(E), x(E)) € Z®& NS(X) @ Z.

Definition 0.1. Let H be an ample divisor on X and 8 € NS(X)g. A coherent
sheaf F is [-twisted semi-stable if E is torsion free and

X(F(-=8+nH)) _ x(E(=8+nH))
rk F - rk B

for all non-trivial subsheaf F' of E. If § = 0, then g-semi-stability is nothing but
the semi-stability of Gieseker.

(0.1) (n>0)

Remark 0.2. Roughly speaking, torsion freeness means locally free except finitely
many points of X, since X is smooth of dimension 2. Although we are mainly
interested in locally free sheaves, in order to get a compact moduli space, we need
to add torsion free sheaves in the boundary.

Theorem 0.3 (Gieseker [16], Matsuki-Wentworth [27]). There is a coarse moduli
scheme M fl(u) of B-twisted semi-stable sheaves with topological invariant v. It is
a projective scheme.

If 8 = 0, then we denote the moduli space by My(v). If H is general in
Amp(X), then Mf[(v) is independent of the choice of 3, and hence M g(v) =
My (v). [-twisted semi-stability is a generalization of a more restrictive notion
slope stability, which is defined by looking the coefficient of n in (0.1). The
famous Kobayashi-Hitchin correspondence connects the algebro-geometric notion
with the differential geometric notion:

(0.2) slope stable vector bundles < irreducible Hermite-Einstein connections.

For smooth 4-manifolds, Donaldson constructed a very powerful invariant called
Donaldson invariant by using the moduli of Hermite-Einstein connections. Then
the Kobayashi-Hitchin correspondence says that the computations of Donaldson
invariants of Kéhler surfaces can be reduced to study Mg (v). By this reason, the
structure of My (v) was extensively studied until a more useful invariant called
Seiberg- Witten invariant appeared in 1995.

0.2. Classical results. We first pick up some general results on the structure of
My (v) which were obtained until 1995. There are many examples of smooth and
irreducible moduli spaces if X is not of general type. However My (v) is singular
in general, and may be non-reduced and reducible. On the other hand, if ¢, > 0,
then the singular locus of My (v) is higher codimension, My (v) is irreducible and
locally complete intersection [34], [17]. In particular, My (v) is a normal variety.
If the geometric genus py is positive, then Jun Li [Li] and O’Grady proved that
My (v) is of general type under mild conditions. In order to prove the claim, a
section of H°(X, K) is used to construct many canonical sections on a resolution
of My (v). Hence the proof does not work if p; = 0. Indeed there is no general

results of the moduli spaces for the case p, = 0, as far as I know.
2
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Problem 0.4. Study My(v) for a surface of general type with p, = 0.

For special surfaces such as P2, K3 surfaces, abelian surfaces, or elliptic sur-
faces, there are many works on the structure of My (v). They were started in early
80’s and continued after 1995. For these cases, there are many examples of smooth
or normal moduli spaces, and we can expect beautiful properties of the moduli
spaces. As examples, we pick (1) Drezet and Le Potier’s result for P? [15] and
(2) Mukai’s fundamental results for abelian and K3 surfaces [31],[32]. (1) In [15],
they described the condition for the existence of stable sheaves. Although they
only treated the case of a projective plane, their method! are powerful enough to
be applied to other surfaces. We mention in section 2.6 recent developement on
their work. For Mukai’s works and related results, we shall explain them in next
paragraph. For other results, I would like to recommend to see Huybrechts and
Lehn’s book and its references [21].

Assume that X is an abelian surface or a K3 surface. Then we usually use
Mukai vector v(E) € H*(X,Z)ag = Z @ NS(X) & Zox, where px is the funda-
mental class of X. We have an integral bilinear form (, ) on H**(X,Z)q:

(0.3) ((zo, 1, T2), (T, 77, T5)) = (T1, 7)) — ToT2 — T2y € Z.

If v =(r,&, a) is primitive, i.e., ged(r,,a) = 1 and H is a general ample divisor,
then Mukai showed Mpy(v) is a holomorphic symplectic manifold of dimension
(v*) + 2. Moreover the deformation class of My (v) is determined by (v?) [42].
The main idea to determine the deformation class is to use the symmetry of X.
For abelian surfaces and K3 surfaces, we have big symmetries to determine the
deformation classes. More concretely, we use the following symmetry:

(i) Deformation of the pair (X, H): For a polarized deformation of X, we
have a monodromy representation on H2(X,Z). By this action, we can
change €.

(ii) Equivalences of the derived category (Fourier-Mukai transforms): By
these actions, we can change r.

Let us explain (ii) more. A non-trivial example of equivalences ® : D(X) —
D(X’) of derived categories was first constructed by Mukai for abelian varieties
[30]. Later similar equivalences were constructed for other varieties, e.g., a K3
surface [36], [10]. Here non-trivial implies the category of coherent sheaves are
not preserved under ® and the rank of objects change. Although these kind of
equivalences are quite useful, technically it is not so easy to deal with: Indeed
we need to find deformations (X', H') of (X, H) and Fourier-Mukai transforms
® : D(X') — D(X"”) which induce isomorphisms Mg (v') = My (v"). This
can be achieved by solving some indeterminate equations on Mukai vectors. It
was elementary but not interesting, since there was no systematic treatment, and
which may make the topic of stable sheaves on surfaces unattractive.

0.3. Recent development. A method to improve the situation is to appreciate
the symmetries of the derived category and apply them to classical problems.
For this purpose, we may need to consider complexes and their moduli spaces.

!The author imagines that they were influenced by the work of Atiyah and Bott [3], and
Harder and Narasimhan to compute the Betti numbers of the moduli spaces on curves.
3
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However derived categories of coherent sheaves themselves are too big to con-
trol, it is desirable to introduce good subcategories which is easier to control and
capture rich geometric and algebraic structures. Bridgeland’s theory of stability
conditions is very suitable for this purpose. Before explaining Bridgeland’s sta-
bility conditions and their applications, let us start with related results before
Bridgeland’s theory of stability conditions appeared.

First of all, we note that Beilinson constructed a derived equivalence

(0.4) D(P") = D(A),

where A is a non-commutative algebra and D(A) is the derived category of A-
modules. In the theory of vector bundles, it is famous as Beilinson’s spectral
sequence, which was a very useful tool to study vector bundles on projective
spaces. As we mention in section 2.6, instead of Beilinson’s spectral sequence,
the equivalence (0.4) itself plays important roles recently.

Similar equivalences are also found for some rational varieties by Russian math-
ematicians. Moreover many interesting results on the derived categories were
proved. For the relation with this survey, Bondal and Orlov’s contributions
([8],19]) are noteworthy. They proved that the underlying manifold X can be
recovered from D(X) if Kx or —Kx is ample. They also studied the relation of
3-fold flops with the derived categories, and conjectured that 3 fold flops preserves
the derived categories. Bridgeland [11] solved this conjecture by using the geom-
etry of derived categories. Thus he constructed 3 fold flops as moduli spaces of
some objects in D(X) and used the technique of Fourier-Mukai transforms which
was developped mainly by Bridgeland. Since this work is the first well-known
application of moduli problem of objects in D(X), we shall explain the construc-
tion in detail. Derived category of coherent sheaves also appears in Homological
mirror symmetry, which also influenced recent development.

1. CONSTRUCTION OF 3 FOLD FLOPS

1.1. Idea of the construcion. Let us explain the idea of Bridgeland construc-
tion of 3 fold flops. Let ¢ : X — Z be a flopping contraction of a smooth 3-fold.
Let X’ be a moduli space of stable O0-dimensional sheaves £ with v(£) = v(C,)
(x € X). Then E = C, for some = € X, and we get X' = X. By perturbing the
stability condition, we would like to get a different moduli space giving the flop of
X. For simplicity, we first assume that ¢ is a contraction of (—1, —1)-curve, that
is, a contraction of a smooth rational curve C' with the normal bundle O¢(—1)%2.
Since C, is an irreducible object of Coh(X), there is no choice to modify the
stability. For o € C, we have an exact sequence in Coh(X).

(1.1) 0= 0c(-1) = 0Oc—=C,—=0
In the derived category, it can be understand as an exact triangle
(1.2) 0— Oc—C, = Oc(—1)[1] = Oc[1]

If there is an abelian category C such that Og, Oc(—1)[1] € C, then we may
have a stability condition such that C, is not stable. Bridgeland introduced
a modification of Coh(X) called a category of perverse coherent sheaves, and
constructed the flop as a moduli space of stable perverse coherent sheaves. As

the name indicates, this notion is influenced by Beilinson, Bernstein and Deligne’s
4
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article [7]. In their paper, they introduced the notion of ¢-structure, which has
been useful in representation theory and the theory of non-commutative algebra.
By this work of Bridgeland, the importance of ¢-structure may be noticed by
general algebraic geometer.

In the remaining of this section, let us explain a more detail of the construction
of the flop. So it is possible to skip to the next section.

1.2. Perverse coherent sheaves. Let ¢ : X — Z be a flopping contraction of
a smooth 3-fold X. Then we have

Ry.(Ox) = Oy, dimp () <1 for any 2 € Z.

For simplicity, we assume that there is one singular point p of Z. Let C4,...,C,
be the irreducible components of the exceptional locus ¢~!(p). C; are smooth

rational curves. We set
L3 T :={F € Coh(X) | Hom(E, O¢,(-1)) = 0},
(1.3) F :={F € Coh(X) | FE is generated by O¢,(a;), a; < —1}.

Then (T, F') is a torsion pair of Coh(X), that is, there is a unique exact sequence
(1.4) 0—+E—-FE—=E —0

such that By € T and Fy € F for any £ € Coh(X). Let ~!Per(X/Z) be the
tilting: For E € ~* Per(X/2),

HY(E)=0,i# —1,0,}

(1.5)  ~'Per(X/Z) = (T, F[1]) = {E € D(X) ’Hl(E) € FLHYE)eT

Thus we have an exact sequence in ~! Per(X/Z):
(1.6) 0— H ' (E)l] - E— H°E)—0.

There is a locally free sheaf G such that Ry.(GY ® E) € Coh(Z) for E €
“tPer(X/Z) and R, (GY ® E) = 0 if and only if E = 0. G is called a local
projective generator of 1 Per(X/Z) and Rp.(GY ® e) induces a Morita equiva-
lence [39]
(1.7) ! Per(X/Z) — Cohy(2),
where A = ¢, (GY ® G) is a sheaf of Oz-algebras. Then we define the dimension
of E € "1 Per(X/Z) by the dimension of Ry,(GY ® E). X’ is constructed as a
moduli space of A-modules on Z.

We choose a divisor D on X. For O-dimensional objects of ~* Per(X/Z), we
have a notion of stability.

Definition 1.1. A 0-dimensional object E is D-semi-stable, if

MG, By(=D)) _ x(G, E(~D))
\G.B) = x(G.E)

(1.8)

for all subobject F; of E.

Then there is a moduli space MP(v) of D-twisted semi-stable objects E of
~1Per(X/Z), where v is the Chern character of E [43, Prop. 1.5.4] (the assump-

tion of dim X in [43, Prop. 1.5.4] is not needed).
5
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We note that x(G, E(—D)) = x(G, E) — (ch2(E), D). Hence (1.8) is equivalent
to

—(chy, D) _ —(cho(E), D)
X(G, E) xX(G.E)

Let ox € H3*(X) be the fundamental class of X. Then ox = v(C,). For
v(E) = ox, (1.9) implies E is D-semi-stable iff (chy(F'), D) > 0 for all subobject

Fof E.
From now on, we assume that —D is ¢-ample. Then

(1.9) <

Lemma 1.2. C, is not D-twisted semi-stable for x € ¢~ (p).

Proof. We have an exact sequence in Coh(X)

(1.10) 0—c— ¢ (ps(Cy)) = C, — 0,

where R, (c) = 0. We note that ¢*(¢.(C;)) = Ou-1() and c is generated by

Oc,(—1). Since chy(Oyp-1,)) = —¢ 1 (p) and chy(Oc,) = —C;,
(1.11) (chz((’)wl(p)), D) >0, (cha(O¢[1]),D) <0
for all 7. Hence the claim holds. O

In the paper [11], Bridgeland constructed the moduli space of perverse coherent
subsheaves I of Ox with v(Ox/I) = v(C,). As we shall see below, these two
moduli spaces are the same.

Lemma 1.3. Let E be a perverse coherent sheaf with v(E) = v(C,). E is D-
semi-stable if and only if there is a surjective morphism f: Ox — E.

Proof. Assume that F is a quotient of Ox. Let I be the kernel. Since
Hom(Ox, O¢,(—1)[1]) = Hom(I, O¢,(—1)) = 0,

E satisfies Hom(E, O¢,(—1)[1]) = 0. Hence if v(E) = v(C,), then it is D-twisted
stable.

Conversely for a D-stable object E with v(E) = v(C,), x(E) = 1 implies there
is a morphism f: Ox — E. Since Og,[1] and O,-1(, are the irreducible objects
supported on p~!(p), we have

im f = Z n;0c,[1] + nOyu-1(), (ni,n > 0)

(1.12)
coker f = Z m;Oc,[1] + mOy-14), (mi,m > 0).

Since 1 = x(E) = x(im f) + x(coker f), we get (n,m) = (1,0) or (0,1). Since
Hom(im f, O¢,(—1)[1]) = 0 for all 4, (n,m) = (1,0). By the D-stability of E,
coker f must be zero. Thus f is surjective. |

We set X' := MP(ox).

Remark 1.4. There is a universal family £ on X’ x X. Since L := px.(€) is a
line bundle on X’| replacing &€ by € ® p%. (L), we have a surjective morphism
Oxixx — € in 7' Per(X’ x X/ X' x Z). Thus € is a quotient of Oxry x.

6
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Since 7. (E) (E € X') is a structure sheaf of a point of Z, we have the following
diagram:

X' X

(1.13) N\ e
Z

~

Then Bridgeland proved that the universal family £ induces an equivalence D(X)
D(X") and also proved that X’ — Z is the flop of X — Z.

2. BRIDGELAND’S STABILITY CONDITION

2.1. Definition of stability condition. Bridgeland introduced a notion of sta-
bility for objects of D(X). Moreover he showed that the space Stab(X) of stability
conditions has a structure of a complex manifold. In this section, we shall briefly
explain stability condition ([12], [13]). We start with the definition.

Definition 2.1. A stability condition o = (Z,, P,) on D(X) consists of a group
homomorphism Z, : K(X) — C and full additive subcategories P,(¢) C D(X)
for all ¢ € R satisfying the following conditions:

(i) For E € P,(¢) \ {0}, we have
(2.1) Z,(E) = m(E)e™ 1

with some m(E) € Rxo.
(il) Pr(¢p+1) = P,(¢)[1] for all ¢ € R.
(lll) If (;51 > ¢2 and E; € Pa’(d)l) (’L = 17 2), then HOIHD(X)(E‘l7 E2) =0.
(iv) For any £ € D(X) \ {0}. we have the following collection of triangles

OIE(] ...En71 En:E

£y Ly
k / k / 1] /
Ay Agy A

such that A; € P,(¢;) with ¢ > ¢ > -+ > ¢,.
A non-zero object E € P,(¢) is called o-semi-stable of phase ¢.

Definition 2.2. M, (v) denotes the moduli space of o-semi-stable objects E with
v(E) = v in a suitable sense (e.g. a scheme, an algebraic space or a stack). Since
the phase is not determined by v, shift functor [2] acts on M, (v). We denote the
quotient by M, (v).

We explain another formulation of the stability condition, which resemble
Gieseker semi-stability: For a stability condition o, let A, := P,(0, 1] denotes
the extension closed full subcategory of D(X) generated by E € P,(¢) with
¢ € (0,1]. Then A, is an abelian category and the phase ¢(FE) € (0,1] is de-
fined for a non-zero object E € A, by (2.1). Moreover E € A, is o-semi-stable
ifft p(F) < ¢(F) for any subobject F' of E in A,. Conversely for an abelian
subcategory A (which is the heart of a t-structure) and a group homomorphism
Z : K(X) — C such that

Z(A\A{0}) € {Rupe™ ™ | ¢ € (0,1]} = HUR
7
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and satisfying some conditions like the Harder-Narasimhan property, we have a
stability condition o = (Z,,P,) with Z, = Z and A = P,(0,1]. Therefore we
have one to one correspondence:

(2.2) 0=(Z,,P,) «— (Zs, As).
As in the B-twisted stability in Definition 0.1, the phase ¢ plays the role of a
slope function on the abelian category A,. Thus we have the correspondence

(As, @) «— (Coh(X), XeComl),

Remark 2.3. Gieseker semi-stability is not a stability condition in the sense of
Definition 0.1 if dim X > 2.

The space Stab(X) of stability conditions has a structure of complex manifold.
For a stability condition o, we have (o) € H*(X,C),, such that Z,(e) =
(Il(0),e). Then II : Stab(X) — H*(X,C),) is a covering map over the image.
We require that imII is an open subset from now on.?

Proposition 2.4. We fiz a Mukai vector v. There is wall/chamber structure on
Stab(X) and M,(v) is constant on each chamber.

2.2. Group actions on Stab(X). On the space of stability conditions, there

is a natural right action of the universal cover (’}1+(2,R) of GL™(2,R). By an
identification C = R + Ry/—1, g € GL"(2,R) acts on Z, : K(X) — C by the
composition g7' o Z,. In order to get an action on the phase function ¢, we need
to take the universal cover of GL1(2,R). Here we only explain the action of a

subgroup C C Cf}\ff(Q, R):

C c éTf(ZR)
(2.3) 1 {
C* c GL*(2,R).
For \ € C,
(24) Ao) = (72, P'), P(¢) = Pold + Re(N)).

Remark 2.5. The second formulation of the stability condition may be familiar to

—
whom working on vector bundles. However the description of GL (2,R) is not
easier for this formulation. Indeed it seems there is no simple relation of abelian
categories P'(0,1] and P, (0, 1] unless Re(\) € Z, where A € C.

There is also an action of Aut(D(X)). For an equivalence ® : D(X) — D(X")
and a stability condition o = (Z,,P,) on X, we define a stability condition ®(o)
on X' by

(2.5) P(0) == (Zs 0 @71, Paio)); Paio)(9) = B(Ps(0)).

By this property (and the first formulation of stability condition), ® induces an
isomorphism

(2.6) O« M,(v) = Mao)(®(v)).

2Thus we require the support property.
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Assume that X is a K3 surface or an abelian surface, so that there are enough
Fourier-Mukai transforms. The stability conditions of Matsuki-Wentworth (clas-
sical stability) are parameterized by

(2.7) (8,H) € NS(X)g x Amp(X)g.

We would like to extend the notion of stability which behaves well in the derived
category. However we don’t want to generalize the notion of stability blindly,
since it makes hard to analyse. In order to minimize our consideration, we would
like to impose the following conditions for our parameter space S of stability
conditions:

(a) For each Mukai vector v, there is a wall/chamber structure on S and the

stability is constant on each chamber.
(b) For a general (8, H), there is o € Stab(X) such that Mj(v) = M,(v).
(c) Stability is preserved under any Fourier-Mukai transform

d:D(X) = D(X').
Thus for o € S, there is ®(0) € S such that £ € D(X) is o-semi-stable
if and only if ®(F) is ®(c)-semi-stable.
(d) For each chamber C, there is a Fourier-Mukai transform ® which induces

an isomorphism M, (v) — M2, (w), where o € C and M2, (w) is a moduli
space of B'-twisted semi-stable sheaves.

Theorem 2.6. Bridgeland stability conditions satisfy (a)-(d).
For (a), (b), see [13]. (c) is (2.6). (d) is in [5] and [26].
Remark 2.7. For other surfaces, we cannot expect property (d) in general.

2.3. Examples of stability conditions. Let us explain examples of stability
conditions in [13]. Let X be a K3 surface or an abelian surface. Assume that
(B,w) € NS(X)g x Amp(X)g. For E € K(X), we set

i3 (E) =57 o (E)).

Let A(g,, be the tilt of Coh(X) with respect to the torsion pair (T(s.), F(sw))
defined by
(i) T(.w) is generated by S-twisted stable sheaves with Zg,)(E) € HUR.
(ii) F(aw) is generated by S-twisted stable sheaves with —Z 4, (E) € HUR .
A3, is the abelian category in [13] and it depends only on § and the ray Qsow.
Then the pair o) = (Z(gw), Apw)) satisfies the requirement of stability
conditions on D(X)? [13]. By the action of (’}Tj(Q, R) and Aut(D(X)), a general
stability condition is represented by o(s.,). Moreover if X is an abelian surface,
then

(2.8) Stab(X)/GL " (2,R) 22 NS(X)z x Amp(X)sz.
Every object E € A(g,,) fits in an exact sequence in Ag,:
(2.9) 0— HYE)1] = E— HE)—=0

3We need one more condition if X is a K3 surface.
9
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where HY(E) € F.) and H(E) € T(3.). Thus E is a two-term complex. If
X is a K3 surface, more complicated complexes appear by applying autoequiv-
alences. On the other hand for an abelian surface, (2.8) implies only 2-terms
complexes appear.

Definition 2.8. For a Mukai vector v, Ms.y(v) denotes the moduli stack of
0(3,w)-semi-stable objects E of A g, with v(E) = v. M(3,,(v) denotes the moduli
scheme of the S-equivalence classes of o(g,)-semi-stable objects £ of A(g,y with
v(E) = v, if it exists.

As we claimed, there is a region called large volume limit, where Bridgeland
stability coincides with the classical stability.

Proposition 2.9 (Large volume limit). For a Mukai vector v = (r,&, a) withr >
0, assume that (w?) > 0 (depending on v). If (£ —rB,w) > 0, then M.y (v) =
MPB(v).

2.4. Birational geometry of My(v). In this subsection, we shall explain the
birational geometry of My (v) in [6], [26], [44]. These results are the significant ap-
plication of Bridgeland stability conditions to the structure of the moduli spaces.
We start with some definitions.

Definition 2.10. Let f: M — S be a projective morphism.
(1) D € Pic(M) is f-movable, if

codim coker(f* f,(On (D)) — O (D)) > 2.

(2) A relative movable cone Mov(M/S) is a cone generated by f-movable
divisors.

We shall consider relative cones over the albanese map.

Definition 2.11. (1) Two albanese maps a' : M" — Alb(M’) and a : M —
Alb(M) are equivalent if there is a birational map f : M'--- — M and
an isomorphism g : Alb(M’) — Alb(M) with a commutative diagram

M L m

(2.10) l l

Alb(M') —2— Alb(M)

(2) For anormal variety M, Amp,q (M) denotes the relative ample cone of the
albanese map a : M — Alb(M). We set Mov,e (M) := Mov(M/ Alb(M)).
Mov,e(M)o denotes the interior of Mov,e (M).

For the moduli space My (v), all the (relative) minimal models are the moduli
spaces of Bridgeland’s stable objects. Thus by extending our consideration from
sheaves to complexes, we get a desirable description of birational properties.

We take o € C. Then we have a map &, : Stab(X) — P*(M,(v)). Up to
the action of Ry, &, is surjective. Then &,(C) = Amp.a(My(v)). So we set

Camp := C. There is another chamber decomposition of Stab(X) such that each
10
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chamber Cyo, containing o corresponds to the movable cone via &,.

Stab(X) =% PH(M,(v))

U U
(211) CMov — 1\/1(:"71re1(]\40(v))0
U U

CAmp — Amprel(Ma' (’U))
We also have a decomposition.
(2.12) Movial(M,(v)) = | Ampea(M).
Mo Mg (v)
By the characterization of walls for nef cones of each birational models, we get

the following result.

Corollary 2.12 ([24]). Kawamata and Morrison’s Nef cone conjecture holds:
There is a rational finite polyhedral fundamental domain for the action of Aut(K,(v))
on Nef(K,(v)), where K,(v) is a fiber of the albanese map.

2.5. Abelian surface with NS(X) =ZH and (H?) = 2.

2.5.1. Stability condition. In order to give an easy example of Stab(X), we assume
that X is a principally polarized abelian surface with NS(X) = ZH, i.e., (H?) = 2.
In this case, we have an identification
NS(X)r x Amp(X)g = H
(s,1) & s+tv/-1
Then the action of the autoequivalence group Aut(D(X)) on H factors through
the natural action of SL(2,Z):

Aut(D(X)) Aut(H)

~

SL(2,7Z)
So we have
SL(2,Z)\ Stab(X)/GL" (2,Z) 2 SL(2, Z)\H = C.
By adding a cusp*co, we get a compactification.
SL(2,Z)\(HU Pg) = P".

Remark 2.13. If n = (H?)/2 > 1, we still have Stab(X)*/GN[i(Q,R) =~ H, and
Aut(D(X)) acts as the action of T'g(n) C SL(2,Z).

The large volume limit (Proposition 2.9) corresponds to a neighborhood of
oo € PL. M. (r,dH,a) = Mg(r,dH,a) for |z] > 0 and 2z < d/r (M,(r,dH,a) =
{EY | E € My(r,—dH,a)} for |z| > 0 and z > d/r). Each wall is a semi-circle C
in HU {oo}. If co € C, then C' is a half line (rz —d = 0). Walls do not intersect
each other.

4Cusps are related to Foourier-Mukai transforms [23]
11
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We illustrate walls for v = (1,0, —3) (see Figure 1). Cj is a wall passing oo.
By the action of linear fractional transformation®

=22

Cy is transformed to C; and C is transformed a semi-circle Cy which is in-
side of Cy. Applying f"(z), we have infinitely many walls C,, = f"(Cy) (n €
Z). We also have infinitely many walls W,, = f"(Wy). C, (n > 0) and W,
(n > 0) are semi-circles in the left hand side of Cy. Let C; be the chamber
bounded by Cy and Cy, and Cj the chamber bounded by Cy and C_;. We set
CE = f*(CF). These are the walls and chambers for v = (1,0, —3). The walls
and chambers are symmetric with respect to t-axis. Each bounded chamber C
(n # 0) is annulus. There are two unbounded chambers Ci. The chamber C;
parameterizes My (1,0,—3) and the chamber Cj parameterizes the dual. For
% € CZ, by a Fourier-Mukai transform @ inducing an isomorphism f(z) of P!

with f(q/p) = oo, CF is transformed to an unbounded chamber, which gives
the claim (d). In this example, the movable chamber is a single chamber. In
particular, Mov,e (M, (v))o = Amp,a (M, (v)) = &, (CE), where o € CE.

Fiaure 1. Walls for v = (1,0, —3) between Cy and C4.

2.5.2. Relation with binary quadratic form. Let @ be the space of binary qua-
dratic forms:

(2.13) Q = {rz* + 2dzy + ay® | r,d,a € Z}.

If X is a principally polarized abelian surface with NS(X) = ZH, then the
Mukai lattice H*(X,Z),), is isomorphic to @ via

HYX,Z)ay — Q

(2.14) (r,dH,a) +~ ra?+ 2dzy + ay?.

Then for v = (r,dH,a), (v?)/2 = d*> — ra is the discriminant of rz? + 2dzy +
ay?. Under this identification, the cohomological action of the Fourier-Mukai

transforms factors through the natural action of SL(2,Z) on Q.

5f(2) is the generator of the action of D(X) on H preserving 4(1,0, —3). It is related to the
fundamental unit of Z[/3].
12
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Theorem 2.14 ([40],[25],[44]). Let (X, H) be a principally polarized abelian sur-
face with NS(X) = ZH.

(1) The birational equivalence class of My(v) depends on the equivalence
class of the associated quadratic form. In particular,

(2.15)  #{My(v) | ged(r,d,a) = 1, (v*)/2 = D}/(birational equiv.) < hp,

where hp is the class number of quadratic forms of discriminant D.
(2) There is a birational map

My(v) -+ — X x Hilb{/?

if and only if
re? + 2dzy + ay® = +1

has a solution.

Remark 2.15. Finally we would like to remark that almost all results on Mg (v)
in this subsection are found or conjectured by Mukai around 1980 ([28],[29]).
It is really surprizing to the author that these discoveries were done without
Bridgeland stability condition.

2.6. Related results and some problems. The example of stability condition
O(3w) In section 2.3 is generalized to arbitrary surface by Arcara and Bertram
[1]. If X = P2, then Arcara, Bertram, Coskun and Huizenga [2] studied moduli
spaces Mg (v) of stable objects. By the equivalence (0.4), we can use the
theory of quiver in order to study Bridgeland stability condition. In particular,
we can use King’s result to construct the moduli space Mg,y (v) as a projective
scheme. Moreover they showed that Mg,)(v) is a log Fano variety, which implies
Msy(v) is a Mori dream space. In particular, the movable cone is rational finite
polyhedral cone. Moreover for a non-commutative P2, Li and Zhao [22] studied
moduli spaces of stable objects, and showed that they are Fano varieties. See
also [14] for recent development.

For the stability condition on Enriques surface, Nuer [33] studied moduli of
stable objects.

Finally we list the following problems.

Problem 2.16. (1) Construction of moduli space.
(2) Smoothness of the moduli spaces. In birational geometry, smooth varieties
do not form a good category. So it may not be so important.

As we explained, Bridgeland stability condition is related to birational geom-
etry of moduli spaces. So it is desirable to have projective moduli spaces. Note
that Inaba [18] constructed moduli of simple complexes M (v)*.. Let M, (v) be
the subset consisting of o-stable objects. On the other hand, Bayer and Macri
[5] constructed nef line bundle £, on M, (v). For all known cases, £, is ample.
For example, if X is a K3 surface or an abelian surface, £, is nothing but &, in
(2.11). It is interesting to show the ampleness of £, for general cases.
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Auwt(X)OOOOOOOOOODODODODOO

(A) 0000000000000 f00000000000000000000PeX(k)00000P
0 f000000000000PO fOD000000000 POOOD f00000000000
000000000000P 0000 Of(P)={P,f(P),f(f(P)),..} 000000000 Os(P)
0 XO0OOOOOOOODO0000000k=CO0000 Eudid000000000000000
oooo

(B) D0DODODOODODODODOOODODOONONONDD kO CODO000000000000000
000000000000

(A) 000000000000 O0000 XO000O0ODOoOo0ooooo f:X—-X000O0oooooo
00000 hep(f) 0000000000000 00 2500@Cantat 000000000000000OO
00oooooooooooooooooooooooooooonooooonon

00 1.1 (Cantat [16], [17]). X 000000000 0DO0O00O0DOO00O0OO0O0OOODOOOOOOOOOO
00 f: X —-X000O00O00O00X 00000000000 0000000MO000X O Kahler O
oo

e X 0 K30UOUODOUO blow-upd

e X 0 Enriques 000000 blow-upO
e X 0 Abel 000D ODO blow-upO

e X OOOODOO

0000(A)DDDDDf: X —>X0O0O0O0O0O0 Kahler 000000D0000McMullen 0ODODO PO
0000000000000 000D0O0OO0SilegelDOD0DODO0OOOOO0ODODODOOODOOODODOOD
0000000000000 Siegel0ODDOODOOODO

00 1.2 (000000Siegel00). (1) C2 00000 F(21,22) = (M21,M222) 0000000 irra-
tional rotationd OO0 [\ = [A] =1 00000 (i,5) # (0,00 € Z> 0000 MM, #10000
ooo

(2) f: X—>X0O0O0O0ODOOO Kdhler 000000000000 U C X O Siegel 00O Siegel diskO
0000000 000000 A%:={(21,22) €C? | |21| < 1,|22| <1} 00000000000000
000000000000 f]y 0 000000 Fl,. 000000000000

00 1.3 (McMullen [51], [52]). (1) K3 0O0OOODO0OO0O00Siegel 1000000000000
(2) 00000000000 0Siegel 0000000000000

00 11,00 1300000000000000000000O00000O0O0O0O0O0O0DOOOOOOO
0o00oo0o00oobb0O000O0000000D0000O0000O0fO0O0O00D0000DODO00DO0O0OOO
0ooooooooooooooooonod

(B)0OoOoOoO0Oo0OOOOX 0000 KODDODOODODOOOPO X0ODODODOOD f0O00OO0O0DOOO
O00PO KODOODOODDDDODODODOODO G(P)ODGalois00ODDDDDODODODODDOODODOOODODOOOO
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oo0o0oo0omoo00oo0o00o0oo0o00ooO000oo0o00300000000

2 DoOooo

gbooooobooooooooooobooboooooooboooooooboobooooobboOoboooooDobOobo
gooo00 f0O00000000DOO0OO0O0O0DOOOOOO0OO0DOOOOOOODOOOOOOOOOD
00000000000000000
210000000000000D000000O0O00002200000000000000000000
0000D0000000000000000 Gromov [29], Yomdin [61] O Dinh-Sibony [21] 000000
000230000 f000000000000000000000000O00O0OO0OOOOOOOOOO0
000000 2300000000000

21 OD0OOOOOOoOoOoOoO

O000000Odynamical degree0 0000000000000 O00O0O0O0O0O0O0OODOOOOOOOOOO
poo0oooooooOo0oooooooo

(1) DODOoODoOoDooOoo
e 19800000000 [27] DO Friedland-Milnor 000000000000 DDDODOODODOOOO
100000000000
¢ 19970000000 [53] OO Russakovskii-Shiffman 0 N 0O0O000OOOO0DOD0OO0O0O00O0OO
Jo0o000ooO0o0UooO0Op0OO0OO0OODOOOOOOLSp< NI
e JO000DOOODODODODOODDODOODOUODDOOLODDOUOODDOODODLDDODODODD
Bedford-Kim [5], [6], [7], [8], Boucksom-Favre-Jonsson [14], Diller-Favre [20], Dinh-Sibony
[21], Favre-Jonsson [24], Guedj [28], Takenawa [57], (58] 00000000 240000000
00000000 DOHasselblatt—Propp 000 monomial map 00 000000000000
[BojooooOo0OO0O0OODOOOn
(2 00DO0O00OOOOO
19990000000 [10] OO Bellon-Viallet O Russakovskii-Shiffman 000000100000
00000000000000000000000000 (algebraic entropy) 00000000
0000000000000 D000000000DOOBellon [9], Hientarinat—Viallet [31], [32],
Lafortune-Ramani-Grammaticos-Ohta-Tamizhamani [43) 000000

00oooooo0ooooooooooooCO000o0DoooOoUo00 X 00000000 Dinh-
Nguyén [22], Dinh-Nguyén—Truong [23] 00 0000000000000 OO0OO 28000000000
O00o0oo0oo0oX ooooooooooooooooooooooo

00 2.1 (p000000). X0 COOODDO00000000000wD X OO0 Kihlee 000000
f:X--»X0 X000000O0O00O0ODO00O0000000f000000 [;0000000/"0 f0
n000000000peZ 0<p<dmXOOODO

1) flxvy @ (X\Iy) » X 00000 XxX 0000000 ;000000 ;0000
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000D000m : Iy - X000 10000000m:1y, - X00 20000000000
F*(wP) == (m)u(m3(w?)) 00000000 f*(wP) 0 C®° 00 m3(wP) 000000000m 000
000 X 00 (pp)-000000000000

dp(f):= | frwP) AwtmXP
X
goood
(2) X, f000000000
(2.1) Ap(f) == lim d,(f™)V/"

n—00

00000MN(f)0 fO0p0000000p-th dynamical degreed 0000

00 2.2.0000000000p000000 Ay (f) O Kéhler formw 0000000000000000
p0000000 (X,f)0000000000([21]0000)\,(f)000 (21)000000000000

0oooo0oX 0O coooooOoooOoooOoooDf:X---X0O X0O00OOOooOooooooooo
00000wO X 0O Kéhler fom 0000000000000000d0000000d=dimX100
0000o0ooooooooooooooo

0000000
do(f") = [ywd™¥ >00n 00000000

Mo(f) == lim do(f™)/" =1

n—o00

ooo0oooOooooo00ooOoO0bO0 10000

d0000000d =dimX0O
X0O0oOoooda fDDDDDDDDDDDDDDDtOpOlOgicaldegreeDDDDDe(f)DDDDDDDDD
e(f") = e(f)" DOOD
damx (") = [ (£ @) = () [
X

X

wdimX — e(f)n / wdimX

X
0ooo
Adim x (f) := lim_ daim x (f")'/" = e(f)

0000000000d0000000d=dimX00 fO00D000O0DOO0ODOOO

1000000

X=PNOOOD100000000O000000

PNO COONDOOOOODOf:PYN--»PVO PVNOOOODOODOOODO00D0000000ODwgs O
PN O Fubini-Study 000000

oooooooood F,...,Fy € C[Xo,...,Xy] OO0OGCD(Fy,...,Fy) =1 000000000
f=(Fy:Fy:---: Fy)0DOOOOalgdeg(f) :=deg(F;) DODODODO

)= [ £ (wrs) A (}5") = alader()

4
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00000000010000000 A (f) = lim, e algdeg(f™)/" 0000000

023. (1) N=20000Ff:P?— P?Dalgdeg(f) =200

FiP?P P2 (z:xy:an) > (22 2?:2d)

0000000000 f*(xg: 21 :a2) = (23 :23 :23) 000000algdeg(f*)=2" 0000
0000 f00 100000000M(f) = lim algdeg(f")"=20000

n—r 00
N=20000g:P?--» P20 algdeg(g) =200

g:P? -5 P2, (zo : 21t @2) = (122 : ToT7 * x%)

000000 0000¢*(zo @ @1 ¢ 22) = (zow123 : zoxiag : 23) = (vomi2e @ Tox? @ 23) OO
000 ODalgdeg(g?) =3 0000 {a,}3, O Fibonacci 00000000000 a3 = az = 1,
Gn42 =ans1+a, 0000000000000

n . . _ Ap—1_ Ay, On—1 , _Qp, On+l . _Gnt2
9" (o s w1 i @2) = (wg" 21wy A my" )

000000 algdeg(g") =ant2 0O00DO
0000g¢00 10000000 A(g) = lim,_, algdeg(¢™)/» = (1++/5)/200000 0O0OO

poo0oooOoO0obooOo0oooOoOoboooo

00 2.4. (1) Bellon-Viallet [10] 001000000 A(f) D00D00000000000000000

3)

0dooooooooooooooooooooooooooooooooooooooomooon

00bo0o1<p<dmX OOOOOpOOOOODOOOOOOOOOODOOOOODOOOOOOOO

ooooooot

X0OOoooooof:X---X0O000O0000000000 [, 0000000000000

00000000 (520000 McMullen O0OA(f) O Lehmer 0000000000 OODOODO

00000 (9 00Weyl 0OOOOOOO0O SalemOd ANOOOOOODOODODOODOODOOOOO

f:X--X0O0O0OOOOM(f)=A000000000000

dmX >3000000000p+£0,1,dmX 00000M(f)000000 M(f)0000000

0000000000000 00000X =PV 0 fO0000000f00000 I, 000000

0000d=algdeg(f) 000000000 A(f)=d? 00<p<NOOODOOOODOOOOfOD

oooooXoOoooooooooooooooooooooooooooo

e« COO0O0DDO0O0ODONOON XOOOO00O00D0 f£:X --»X 0000 p_1(f)hpsr(f) <
M (f)?0 1<p<dimX —-10000000 Guedj 28]

e f O PY O monomial map 0000 A\,(f) 000000000 Favre Wulcan [26], Lin [45],
[46]m

e 000000D0DOO0 XODOOOO f:X—-X0O0O000OpODOOOO A(f) O Salem
00 1000000000 0000 Oguiso [47]0
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22 0D0OOoOOOOODOOoOoOOoOooo

X0 ccoooooooooooooof:X---X0 X000000000000000000001y
Of000000000Qf:=X\U,ef"(Uy)0000
0000000000 topological entropyD0 000000 0Ow O X O Kéhler 0000w OO X OO
Odist: X xX—->RO0OOOO

n€Z-o0 e>0000000Q,00000 FO (n,e)-0000 (n,e)-separatedd 000000

000 z,ye F(z#y) 0000 max dist(f'(z), fi(y)) > e
0<i<n—1
goooooono

00 25 (000000000). X,f0000D0O0O0O000000O0fD00000O00ODOODOOO
1

(2.2) hiop(f) := sup (limsuplogflogmax{#F|FD Q0 (n,e)-00000000 })
e>0 \ n—oo n

poooooo
ooooobOo0obooO0o0oOO0oO0b0oO00b0O000000000

00 2.6 (Gromov [29], Yomdin [61]). f: X - X 0D COOO0D0D0000D000 X0O0OOODOOO
000000000f00000 ;0000000000000

huop(f) = |_max  logAp(f)

oooooo

Gromov, Yomdin 00000 f 000000000000 0O0O0DO0O0ODOO0ODOOODOOODOODOOODOO
000000pO0O0D0D0OO0ODDOOSfO (pp) D0DDODOO APP/(X)0D0DDODDOODODOOOOODOOOOO
00000 COo00O000D00000 VOoOOO0O0 ¢: V=V DOO00O0e 000000000 spectral
radius0 O p(¢) =max{|a| |a 0 ¢ 0000 }EIEIIZII]DDDDEIIZIAP(f):p(fﬂHP,,,(X))DEIEIIZIDD

htop(f):maXOSpgdimXIng(f*‘Hp,p(X)> oooo
f0000000000O000DO0O0OO0OOOO0OOOOOOODOOOOOOOOOODOOOODOODOO

00 2.7 (Dinh-Sibony [21]). f: X --» X 0 COO0OD0DOO0OOO0O0OOD XOOOOOOODOOOO
ooooooooooooo

(23) htop(f) S OS;?%?EHXIOg )‘p(f)

oooood

00 2.8. 000000000ODOOO (23)000000000DDOOOOOCOOOOOOOOOOOO
Jo00o0o000oX oY QOoooooofo Yoo yYyOoooOooooOoooooOooooOo gooooo
Mp(f) =Ap(¢) 00000000 O0Dinh-Nguyén [22], Dinh-Nguyén-Truong (23] 00000000000
}Ltnp(f)DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
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23 1000000O0ODDOOOD

210000000000220000000000000000000000000000000G0O0O01
oboo0oooo0boOoo0ooo0o0o0ooO0o0oOooOoO0oooon
KOO0DOODOODOOQUOOOOODODOMKDO KOODOODOOX 0O KO00000000000000
LO XO0O0O0OUOO0OUOOoOOoOooUoOoL 0000000000 height functionOd

(2.4) hr : X(K) =R

ooooooooooo

hy0 LOODOOO0O0000M, 0 LO00000000000000Buppex g, lhe(P)—hy(P)|<

+0000000000000X(K)DOD000000000000A, O LOOODOOOOOO

A, 000000000000000000D044],[33]0 (1300000000000 00000000
000 [55|000m

0000 Onaive 00 hpaine 000000000 PY O0O0DO0DO00O0O0OO0O0O0O00 21300 2140 1
00000000000000000000000000000 Apwe 00000 2900000000

00 2.9 (0000 naive 00). PN 0 QOO NODODODOODOOPePY(QOOOP = (z: 2 :
crzy)0 2, €200 GCD(xg,...,zx)=1000000000

hnaive(P) = log max{|zo|, ..., |zn]|}
ooooad

0000P20000 (1/2:1/3:1) 0 naive 000 Angive ((1/2:1/3: 1)) = hpgive ((3:2:6)) = log 6
good

00 210. (1) 00D00DK OOO0OODOOOOOOO0OO0O0 PePVK)ODOOODDOOO naive 00
hnaive(P) 0000031 00000000000000Mg 0O KOODOOOOODOOO]|-|, 0 v0O
000000000000 »-0000000000
1

hnaive(P) : [K . Q}

Z log max{|xo|v, ..., |zN|o}

VvEMK
oooooon
(2) hnaive : PVN(@Q) =R OOPVN(1) 0OD0OO0O0O Opv(1) 0000000000000
(3) 000D0LOD0OD0 KOOODODODDODOODOOD X0000000O0000Oh,:X(K)—ROL

000000000000 0AL(P)D0ODOO Pe X(K)OOOODODODOOOO arithmetic sizeID
000000000 arithmetic complexityl 00000000000

XO00O0o0o KOooODOooOooooooooof:X---X0 X0000000o0oo0o0o00000aa0ly
0000000000

X (K):={PeX(K)|f"(P)¢I(for all n > 0)}

0000X/(K)DO0O000000(10
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0odoooooooooooooooooooooooooooooooooooooooooooon
pboo0oooOoOoooOoO0ooOoOooooo

00 2.1 (00000). LO X 0000000000000 000X(K)O0O h,>1000000 hy

0000D000000Pe Xy(K)OODO

@ (P) = limsup hy, (f"(P))"/"

n—00

0000f0 POOOODOOOAOarithmetic degreed 0000

00 2.12. ay(P)00 PO fO0O00CODOO0OO00ODOOOCODOOOOODOOOOOG(P)D LO hrO

000000000000000000000000a;(P)00(X,f)0 PeX(K)000D0000000
100000000000000 230000010000000000000000000

0 2.13.023(1)00000f:P2—P20 200

FiP2 P2 (z0:a):wo) > (22 a?:2d)

O0000L=0peqy 000k 000 hpaiwe +10000P3(Q) 00 A, >10000000M0
(1) P=(1:1:1)0000f(P)=(1:1:1)0000hL(f*(P)) = hnaive(f*(P)) +1=10000
0000a(P):=limsup, . hy (f*(P)/"=10000
2)Q=01:3:1)0000/Q) =(@1:3":1)0000,(f"Q)) = Fnaive(f*(@Q)) +1 =
log(32") +1=2"log3+100000000a(Q):=limsup,_,. h (f*(Q)/"=20000

0 23(1)0000000f0 10000000 A(f)=200000000000a(P) < M(f),
(@) <M(f)oooooooOoon

0 2.14. 0 23(2) 00000¢g:P?2 -+ P20
FiP?2 s P2 (2021 a0) > (@12 : Ty @ 23)
D0000L=0p) 000h; 000 hpaive +1 0000
(1) P=(1:1:1)0000g¢%P)=(1:1:1)0000h(g"(P)) = hnaive(¢"(P))+1=10000

0000a,(P) :=limsup,_,. hy (¢"(P))/" =10000
(2)Q=(1:3:1)0000{a,}>2, 00 23(2) 0000 Fibonacci 00O0000O0¢"(Q) = (3% :

n=1

3% 2 1) D000AL(g™(Q)) = hnaive(@™(Q)) +1 = aylog(3) +1 0000000 D07(Q) :=
limsup, . hz (¢"(Q)™ = (1++/5)/2000000000

0232)0000000¢g0 10000000 M(g)=(1++6)/200000000000a,(P) < A(g),
@,(Q)<\i(g) 00D0DODODOO

0213,0 21400000000000000 1000000000000000000000O000OO0

00 2.15 ([40). f: X --»X 00000 KOOOOODOOOOOODOO X0OO0OOOODOoOoooooo

000000000000000 PeXy(K)OOOOO

ap(P) < A(f)
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oooood

goo0oO0o0oo0ooUOoU0OooO0oDO0X 000D KoooooooooooooOf:X--»X0X
0oo0oo0oo0o0o0Oo0O0O0O0O0OO0O00b0O00O0X 00000000 LOo000o00 A, >10000

00 2.16 ([54], [40])). (1) 000 P e X;(K) D000 (P) = lim, o hr(f*(P)) 000000
OO0O0limsup 000 lim 00000
(2) 000 PeXy(K)OOOOay(P)0 DODODOOOOODO
(3) 00000 (X,f)0000{ap(P) | PeXy(K)} 0ODDOOOOOO
(4) PeXy(K)ODOOOO Of(P):={P,f(P),f*(P),...} 0 X O Zariski0OODOOODODOOOOOO

00000a(P)=\(f) 000000

00 2.17. 00 2.16(1) 0 limsup 0 lim 00 0000000000000 OOOOOOOOOOO 2.16(1)
000000000000 of(x) 0 20000 Op(¢) D0D0ODODODODODOOO0O0O000O0OOOOOODO

goooog
o W EO) ) <BY 1
B—oo log B log avy ()

000000000000 ay(r)=10000000 co0000O00MMIOO 216(2) 000 100000
0000 Bellon-Viallet 000000 24(2)000000000000000

00 216000000000000O

00 2.18 (Silverman [54]). f:PY - PN 00000 KOOOOOODOOODOODOODO monomial map
000000000000 (1)(2)(3)(4) 00000

00 2.19 (K. Silverman [41], [42]). f: X - X 00000 KO0OOOOOOOOO0OO0O0 X0OOO
00000000000000000 I; 000000000

(1) 00000000 (1)(2)(3) 00000
() 00000000 (4)00000
() 00000000 LOOODODODO00D000d>20000 f(L)~L®000MmO000
000000000 3.600
(b) dmX =20 f00000000
() X0DOOOODODf000000000000

00 2.20. (1) 00 2190 (a) 0000 Call-Silverman [15] 0000000000 2190 (b)000O
0 37100000000
(2) 00O 2.19(1) 000 Call-Silverman [15] 00 0000000000000000000000000O
0000000000000000000 219(c)00000000 R-O0D0OO0OO 0000000
0 Néron-Tate 0000000 00000000000000O0O
(3) “000”00000 f:AYN AN DODODODOODOOOOOOOOO f:PY-»PYOOOOOO
[35],[38) DOOUOOOOOODO (1)(2)(3)(4) 0000000000041 00M
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3 0D0OO0OoO

0000000000000000D0dequidistribution theoremO 0000000000000 DO0O00O
O000OYuan [62) 0000000000000O00OO0OOOOOOOOODODOOOOODOOO0OO 313000
oooom

3100 Yuan [62] 00000000320 00000000000000000000000000OCODO
003200 Yuan [62] 00000000000000003.300 Yuan-Zhang (63000 200000
00000000003400 DeMarco-Wang-Ye [19) 00000000000 OOOOOOOOOOOO
0000000000000 00000000000D00000 3.13()000 3160000000000
ooo

31 0O0OOO

Yuan [62] 000000000000000000000000000
KO0ODODDO0OO0OQOOOO0000000000x 0 KO0OOOOO000M{™ = Spec(Ox)\{0}0
Mp={v:K—C|00000}0000Mgx=M"UMPOOOOM,OD v0 KOOOOOOO
00000veMP OOODO00000000000000000000000@veM{" 000 v00
000D00D000ve MPOOOD v000000000000veE Mg 0000 K,O0KO v-0000
|-, 0000000000C,0K,0000000000000

X00O00 K0OOOOOO0O0000000000000L0O XO000000000K OO0 v00
000 X¢, := X Xgpee(k) Spec(Cy)0 Le, := Loxg C, 0000

X3 0 Xe, 0000000000 analytic spaced 00000 0000000000000X& 0000
000000 X,(C)0000v00000000000000X3" 0000000

X& :={(z,]-]) |z € Xc,, || 0000 k(z) 000000C, 0000000}

000000 Xe, 00000 Berkovich 000000[11]00M»000000000000000000
00000000X3 000000000000000000

z€X(C,)0oooo|-flu(z) 0 Le,(x) 0 C-000000000000] [lo :={ll" lo(z)}sexc,) O
ooo

XD00000 L0000 ve Mg 0000 |||l 00 L:= (L, {|l - llo}verr,,) 00000000000
0000MO0000000000000000000000000000Zhang [66]000000000 0

0000L00000000000000000000 ZO000000semipositived 00000000
000. 00000 Zhang [66) 00000000000000000000L000000000w € Mg
00000000000000]-|,0 Le, D C*0000000000000000000000000
ODD0ve Mg ODODDOOOOODODOOOO|-|,0(X,L)0 K, 0000D00O00000000000
000000000000000000000000Spec(Ox) 0 ZariskiDOD U#0000000000
veU D000 |-,0 (X,L)0 U0D000000000000000000000

00ob0oo0oXOoOo0Oo KoooooooooooooooooOooooOLO XOoooooooooooo

L:=(L,{lv}vemy,) 0 X 0000000000000 00000D0000000

10
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00 3.1 (GaloisO0O). x € X(K)0OOOO2 O Galois 00 0 Galois orbitd 0 0O
Gla) = {o(x) € X(R) | o € Gal(F/K)}
gooogo
00 3.2 (0000). 000000DDOOOO LOo0oooooooo
hy: X(K)—R
O0reX(K)OOOOO

(3.5) hz () —log|[s]l.(2))

v:00 zEG(ac)

000000000s0 Gx)OD 000000 LOOODODOO00O000000000 hg(z)D0 s0O0O
ooboooooooo

00 3.3. h; 02300000 LOOO0OO0O0O0O0D00000000A, 0 LO00000O00OO0
1000000 0sup,cx g, he(@) — hz(z)| < +00 00D000L000000000000000000
000000D00A0LOODOD0ODODDOO0O0

ooooooooboooo
LO000000000000000000000 vO00O000XE 00poog

s = AT L)
deg,(X)
000000000Monge-Ampére O 00 Chambert-Loir 0 00000 Ody, 00000000 OChambert-
Loir [18) 00000000
YO X000000000OOs0O LO000000Y O0divsOODOODODO0O000000000OO

YOooooooooooooooo

dle
B (¥) = (Y - div) — z/ loglsllvex (.- )™ oy

vEMK

00000Y 00O A(Y)eROOOOOOODOOOOOOOB4 0000000

00 3.4 (00000000000000000). X,L000000000{z,}®_,CcX(K)0oDO0OO
0000000000000 Ogeneric sequence of small height0 00000000 2000000000
ooo

(i) limyy_yo0 hp(z) = h(X) 00D OO0
(ii) ooo X?DDDDDDDDYDDDDDDD mo 000000000 m>me 0000 z, €Y
ogooao

reX(K)DOOOKOOOO v00000G(z)={o(z)|oeGal(K/K)} O Xg" 00000000
0000o000o0oooon

Moz 1= Z 0, 00,0 DiracO0ODO

z€G(x)

#G(z)

11
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0000w, 0 X O0OOoooooooo
000000000 MO0000Yuan [62]000000000000000O0O0O0OO

oo 3.5(Yuan[62],|:||:||:|EIEI).KDDDD,XD KOoOooOooooooooooooooooLo X
000000000000Z := (L,{|-|lv}verm,) 00X 0000000000000000000000
{zm}_, c X(K)DO00DDO0O0000000000000000000000K 0000 v00000Xg
000 {@m}_, O Galois 00000000000 py,,, O Monge-Ampére 00 dp, = &L b

deg, (X)
oooood

32 00O0O0O0OoOooooo
Yuan [62] 0000000000000 D000O0ODOOOO0OOOOOOOOOOOOO

00 3.6 ([6400). XOOODODOODODDOOOO, f:X—-X0 X0O0O0OOOOOOOOOoOOX OO
000000 LO000000000 d>20000 fAL~L®000000(X,f,L)0 000000
0 O polarized dynamical system 0 0O O O

037 (1)AD0DDOO0DODOO[2:4— AQ0 [2-000000L0000000O0O0O0O0O0
[~ L=L000000000000RFLEL® 000000(A4,[2,L) 000000000000
(2 f:PN PN OO0O0 20000000000(PN,f,0,v(1)) 000000000000

000K OOODDODDODODOKDOOOOOOOOD (X,f,L)0000000000X 0 KOOOOODOOO
jooo0opooooUoof;X—-X0 X0000OoOooOOooooooL O X0ooOooooooooo
oo0od>200000000 gp:f*L%L‘@dDDDDDDDDD

OzeX(K)OOf(x)=f"(»x) 000 0<m<n00000000f000000000 preperiodic
point00 000000000 f(x)=2000 0<mO00000D0Df000000OOperiodic pointd

000000o0ooooo0ooooooooooo

(3.6) Prep(f) :={z € X(K) |20 f0D0000O00OO }
gooooooooooooooon

00 3.8 (Zhang [66]). (1) 000 ve Mgk 00000, : f*Le, L 0000000 L, 00O
I lloean DOOOOOODO
2 (1)ooDo00L™ := (L, {|| |lv.can}ver,) D 000000000000000000
(3) hy:=hzer 000000 (35)00MA; 0000000 00000000000000f0000

oooooooooooooooooooooo

{r € X(K) | hy(x) = 0} = Prep(/)

oooooo
(4 X000 A, 0000000 0000000000A(X)=0000000

oo 3.9. ﬁf ‘=hper 0 0000000 (X,f,L)00000 00000000 canonical height functionO
ooog

12
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00 38000000000000 (X,f,L)0 YranOOO 350000000000000000

00 3.10 (Yuan [62), 0000000000000). (X,f,L)0 000 KOOOODOOODOOOODO
I := (L,{ll - lv.can}vem,) 0000D00000000000000000000000hy := hgeen
X(K)—»ROODDDOOD00000 {2}, c X(K) DOO0D000000%imy, e hf(zy,) =0000
0000000000K 0000 veE Mg D0D000XE 000{z,}3-; 0 Galois 000000000

m=1
ex (L[| flg7) X

e — 0000000

00 poz,, O Monge-Ampere 00 djty can =
0000000 3.r00oooooooooooooog

0 3.11 (cf. Szpiro-Ullmo-Zhang [56]). ADODDODO KOOOOOODOOOOOOODOOLOODOOOOOO
00000000 3.70000000000000(A,[2,L) 000000000000(4,[2,L)0000
000000MMLO0O0OOONéron-Tate 000 /};NTDDDDDDDD[Q]—DDDDDD K-0ooooo
AD00000Otorsion pointD 0000000

v0 KOOOODOOOODOoooooooC, 00000 COo0ddew 0000 KO COoOoooooog
0000000000 O0Monge-Ampere 00 dyycqn 00000000 AC)DOOOODOO Haar OODO
000000 {zn}S, C AK)D00000000NM 0 hyr(2,) =000000000000000
0 3.1000{zm} 0 Galois 00000000000 gy, D0AC) 0000000 Haar 00000
gobooooooboo

O0oooAOOOO xEA(F)D ENT(:C):ODDDDDDDDDDDDDDDDDDDDDDDDDD
000 200000020 KOOOOOOOO AC OODODODOOOOOOOOODOOODOD

O 3.12 (cf. Bilu[12]). K OOODOOOOOf:P' P 0200 (w:21)— (z:22) 0000000
O0f*0p(1) 2O (2) 000000(P, f,0m(1)) 00000000000000000(PY, f,0p(1)) 0
0000000000naive 00 hpawe 000000000 29000 000PYK)=KU{cc}DODODO
0 OKronecker 00000 Prep(f)={r € K |20 10000 }uU{0,00} 0000

{&m}ee—y CPY(K) 00000000 0imn—00 Anaive(zm) =00000000000000000 10
000000000 {2,}%.,,000000000000

() »0 KOODOOOOOOOOOODOO0O0C, 00000 CO000v0000 KO COO0O0000
0000000000000 Monge-Ampére 00 ditycan 00000 {z=¢? |0<9§<27} 000
00000 Haar 00 £ 000000000000000 31000 {2,}3_; 0 Galois 0000D
000000 gy, 00000000000000 Haar 00 £000000000000000

0000K=QUODO00x, 01000 nO00D0O00O0OO0OO0O0OD®,0QOOO0O00OO

G(zm) = {exp (%) eC ' 1<k <m, GCD(k,m) = 1}

0000000000 m—o00o0000G(z,,) 000000 {|z|=1}000Haar 00000000
goooboboooboobooo

(2)v000000000000000000000Monge-Ampere 00 dpycen 30000 {|z], <1}
00000 Berkovich OO P&“D 100Gauss 0000000 DiracO0O0DO0ODOOODOOOO
0 310 00{zn}_, O Galois 00000000000 fy,, 00 PE0 Gauss00O0DOOD
Dirac 000000 DOOOOOODOODOO

13
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oo 3.13. (1) »OOOODODDOOOODODODDOOOOOOOOOO0OO0OO00D0O Szpiro-Ullmo—Zhang [56]
0000 Arakelov 00000000 0OO0O0DODOOOO 3.11 000 Ullmo [60] O Zhang [65] OO
000000000000000000000Bogomolov DOOOOOOOOO

(2) 0 3.120000000000000000O GmDDDDDDD’UDDDDDDDDDDDDG%D
0000000 Bilu (120000000000

(3) 000 10000000 350000000000 0Baker—Rumely [4], Chambert-Loir [18], Favre—
Rivera-Letilier [25] 0000000000000 OO O Autissier [2], Baker-Hsia (3] 0000000
0000000000 48)00000oooo

(4) Yvan OO0 3.5 00Arakelov 0000000000 D0OO0O0O0ODOO0OOODODOOOOOOOD
00000 100000000000000000000[4)0 [25)D0000000O0O0OOOOOO

(5) D0O0O0CODOOO0DODOOODOODODOOODOOON >200000000000 (]P’N7f,OPN(1))
0000000000000 000000000000000(34) 000 0000000000000
000 Latte 0ODOOO PN OooOOO f0000000000000D00000O00000(56]0
000000mOoOoO@B6)00 Yvan OODO 310000000

33 20000000000000
00000DDYuan—Zhang [63] 000 200000000000000000D0D0D00ODODOOO

00 3.14 (Yuan-Zhang’s unlikely intersection [63]). X 0000 K ODODOOOOOODOOOOLDO X
000000000000 f:X—-X0y¢:X—>X000O0O0O(X,L)0DDOD0O0O0O0O0O0000000OO0
00000000000000 df >20 d_qZZDDDDDDf*L%L@if,g*L%L@d-‘? poooooo
0Mmooooooooooooo

(i) Prep(f) NPrep(9) 0 X 00000000000MO000Prep(f) 0 f00000000000
0000000036000 0

(ii) Prep(f) =Prep(g) DODDODODO

(i) 0000000 hy 0 hy 0 X(K)OOODOODMA; 000000 39000

00 3.1400P' 0 200000000000000

0 3.15. KOOODOOOf:P'—-P' 0200 (zo:7) ¢~ (x3:2?) 00000 312000000000
DDDEIIZIiALfDnaiVCEID hpaive 00000Prep(f)={z € K |20 10000 }u{0,00} 0000
g:Pl>Pl0O00D0d>2000000000000000 314000 30000000000000
oooooo

(i) Prep(g) 0 100000000000
(ii) Prep(g) ={zx € K |20 10000 }uU{0,00} 0000
(iii) 7y O naive 00 Apgive 000000

0000000000 (G) () (i) 00D00000000000[39]00m

(iv) 10000 €1,e0 € KOOODOOOg O g(x0 : 71) = (6108 : £02) 0000 g(wo : 21) = (12§ : e128)

14
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oooooo

Yuan-Zhang 00000 314 0000000000000000z€ X(K)0OODOOO 3.8(3) 00
hp(x)=0000000 z€Prep(f) 0000000000000D0

(iil) = (ii)) = (1)
00000000000 () = (ii)0 00000003G) 000000000000000 {2.}%, C

X(K) O 0l 00 h (@) = 000 Timy, o0 hg(z,) =000000000000000000000 3.10

N (L5 X el g
O0000KODOD v»0000O0f 0O g0 Monge-Ampere 00O dcg;(X) dcgi(X)

000000000000000000 Hodge0ODOOOOO00e (L[| [$) 0 ex(L,|-]5%) DOO

00000000000000000 v00000]-|%r0|-||¢ 000000000000000000
000000 v0000000000000000000 hyO hy 0000000 (3.5) 0000 (i) 000

ooo

00 3.16. [39) 00000000 Silverman 00000000 hy O h, 000000000000
000000O0O0000000000 3.140000000000000 f0 0000 PYO 40O
(zo::zy)— (zf: - :2%)00000f000000000 100 400000Lattes 00000
000 31800000000 (1)()() D000000000000100000000 Laurent 00000
000000000000000 Rawnaud D00D000MO000000000h;=h, 000 ¢g000
00000000 (v)00DO00000000000

34 00O0OO0OOOoOoo

DeMarco-Wang-Ye [19) 00 P! O Lattés 00000000 3.1800000000000000000
000000000 00MasserZannier 0000000000000 O0O0O0O0O0OOODOOOOOOOO
Masser-Zannier 000 00000000000 0000000000000 DOOOO0OOOOODOOO
ooo0ooO0o0oboo0o0o00O000b0O0O000O000b0O0000O00000000O0

OO0 0Masser—Zannier 0 0000000000

00 3.17 (Masser—Zannier’s unlikely intersection [49], [50]). t € C,¢ # 0,1 00000F, 000000
P2000
B ylz=a(r—2)(z —tz2)

0 Legendre form000000000000000a#beQ\{0,1} 00000P; :=(a:+/ala—1)(a—1t):
1), Q:=(0b:bb-1)b—-t):1)000000000

{teC|P,Q, 0000 E, 000D }

oooooooon

wla—1N)(a—#) 000000000000 : Vala—D)(e—+¢) :1)0 E, 000000000 (a:
—Vala—1)(a—1):1)0000000000000000000000000000000

DeMarco-Wang-Ye [19) 0000000000 Lattes 000000000

15
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00 3.18. FO00O00O0O0OOg: F — ED isogenyD0000000000000000000O0
f0000000000000D0e O [-1-00000000000e 0000 E/[-]JO00D0O0O0O
f:E/[-1]—= E/[-1]00000000CE/[-1]0 P'00000000O0O0O0O0O0O0000 fO0POOO
00000000D0DO0000 f:P'—P O Lattées 00 0000

0000000 O Legendre form B, CP2 000000000000 0F, O [-1-0000E, 3 (z:y:
)= (z:—y:2) € B, 0000000000000 n: B —»PLE>@:y:2)—(x:2)eP 0000
E, - E/[-1]=P'00000000000E, O isogeny 000 [2-00000000([2-000000 4
000000000000 Lattes OO ft:[Pﬂ*)PlDDD 40000000000000000O

(3.7 fo P Pz 2) = (22 = t22)? s daz(z — 2)(z — t2))

ooog
Lattes 000000000 Masser—Zannier 0000000000000 O0OOO

00 3.19 (00 3.1700000). teC,t#0,100000f:P' -P'0 (3.7) 000000 Lattes O
0000000000000 a#beQ\{0,1} 00000

{teCle,b0D00 f,00000}
000000000

teQ,t+£0,100000hy;, :PY(K)—»RO £ 000000000000¢(t) = hy,(a), $(t) == hy, (b)
000000000e,¢ 000000000 (A'\{0,1})(@) 0000000 0DeMarco-Wang-Ye [19] 00
¢,y 000000000000000Lattés 000000000000 3190000000 3.1700000
ooooo
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Minimal model theory for surfaces over an imperfect field

RN

0 [FL&IC
ARIRBEROT LTI b [T 1220 T, REF VU R LATHELIZNEEE L DO TH D,

1 FEHE

EE 1.1 (EEH). k2 EEHOKRET S, (X,A) %k ED log canonical 7e 4 ilim & 3%,
1 (X, A) IR LT, MMPRRRYLT 2, 2F 0, KTIHERHOFINRS V| KZRIIIMNET VE 2138k
77 AN D,

2. bLKx +ARR T EBELRD,

ERIPBNET AT T AEMEEINRD DT, 2BT N Z R EMEND LD TH D, ATEILH
BB IO e CIHBRCHMON TWIEERTH D, FRROEEATEH L L5 LB, FFEN-oL
DIFRD 2 H>DFETH D,

a. FROEEOFEA 2§ 5,

b. PAKDELEITRAET 5,

BlAE, EFE 1(MMP) i3 a OFETIER S5, EEE GERIE [T1] SIZEAERETH DO THIET D,
FRR2ATARF U R) Fa0JRTHEATE R, FIXIE, BAROSGEIET AR — RO R —F —D AKX
xRNSR, T BT regular ZZHIICITEH TE 2y (E b D) o THD, FERRITIE, T
XU AX b DB Lo CEE SN D, ZOBDOFIILLTOEIHTH 5,

FIE 1.2. k2EKp > 00K L, X &k Lo regular RS L T5, Y & X x3, kYP™ ORRIMEDTE
HibE L, [Y > X 2FEShiH T2, 3§58, Y LOFPRT C BFEEL,

Ky +C=f"Kx
NS RYAG RN

FROBEICBNT, YIIQ UM THD, £ f*Kx XNV T 4 /T 72D T, FROFEFZIRT &
LTD%ESThHD, 12717, Ky BEBHFELTEE> TWAHRTIERL . BIBRIEDS OREWNH D D
T, ERESFEIRTEZBRERE TEH -2 LNV TOESTHSD Lo REpbahian, WIhlctk, &
EIZY OEERFOHN X OEERFLV /IS, 0o b0ThHhD, RELTHIZIEKREES,

% 1.3. k28 p > 0DkE L, X &k Lo regular 2K L 75, YV % X x, kV/P7 OoEED
ERLET 5, 728 REX

KZ(X, Kx) Z I{(YV7 Ky)
N RYAS R

*tanakahi@math.kobe-u.ac.jp
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A

2 12

2 EFEEDIIEADEIE

FEHON, MM PIFGEARPAEDORE LA DT, TR F U RZOWTHAT 5, RE-IFICE D &
TN ADFENEY v 7 4 — ROBEAOFER L EH 1.2 12 K> TRED, 20T, EH 1.2 OFERIZD
WO 5, 9 X ABTERICHE e DBEMORERN DIE D, KB, ZOEAITIER LI OV TH
LB OB Z38 5 2 TRV, 20T, MEIXSMENICENTRWEETH L, R ThRnIL v
A UTR AR — ARG 2 BT, OIS - 728, fE ORHEE % 2 O LV, 70T,
BAITROVAF—APRBENZVE )T HIEL V. ZOBITROMENREETH 5,

W 2.1 kA2 p>0DKE L, K ELELEGDERET D, RO2OEET S,

o [k k] =p.

o L/kIIMIFEDHERNCB L TS, DFEV, ze LhoaP €k 2bidz € k BT 2,
T5L. Lok 13K,

RCOMY | AHIKICETHERETH D, EEICKREEES> TOITITRERTE 5, bk EEHOKE LT,
X%k LOERBREHAELT D, L:i=K(X) LT ELOWMMEEZEAT2HEE2E25, 2280 [L/kixH
FETBERIZPAL TV D, ] W) FfFid a: X — Speck & WO HEEH DY 0, Ox = Ospeck &9 Gl &7
HIXOKTH D, /DT, k % Stein 73fi# X — Speck; — Speck (2B D ky THV Mz X, LS
RS d, T2&, LalofisEL, W p OMIESBEILR k' /k .2 & > T base change L7 A% — A
X xp k' X integral 12725 ] EWIHIHEEZTRLTND, Lo T, TIZX x, kK DEHL X 2L 5, T5&,
# (X k) B LIER Lok Lo (X K) BELNTFICRD, TnEEALAMYIRL T, »omblic
LR Lo TS & FRREHEZAT > 72t O (X7, k") 28 BWEE (EREIZIE X7 23 k7 B2
BRI E VAR &L, HEITE D kY/PT E T base change L TR EfEmnEoh s,

3 ZTOnTEE

EH 1.2 (IMBEAR TERO T, IS HIEARSHRETIF RN ? EEZXDOIFTARRELLE Y, £
12, B2 ITRD 2 SOFERNE LI,

FE 3.1. k ZEEHONREARLET S, f: X =Y ZEBRRZHEEOBOHNELREH T £,.0x = Oy &
Wiled 92, Kx WQANVT A& L, Kx=,0&T2, bL—R7 7 A AA—DRERTRINZE, X E
uniruled T&H %,

EE 3.2. k Z FEEOREPAKRET S, f: X =Y ZEBRRZREOBORE L& T f.0x = Oy %
T ed2d, XBRQuME L, —Kx B f-BETopX/Y)=1¢,F5%, T2L. fO—KT 74—
rationally chain connected T& %,

L2077 A RN=ERITEL L VN ET VR CTEETH D, b5 b generic fiber Z#E> T b
ERL 1250, EHL 1.2 EF R WA 2 FIC L > TEENG LN D,

HiEE

RECHE L VKDY ACHIEOBRE T & o fo A — I 1 F— O RRIIH LT E T,
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SINGULARITIES OF MODULI OF STABLE SHEAVES
ON SOME ELLIPTIC SURFACES

KIMIKO YAMADA

ABSTRACT. Let X be some type of elliptic surface X over C with x(X) = 1,
and M (c) the coarse moduli scheme of rank-two stable sheaves with Chern classes
(c1,¢2) = (0,¢) on X. Then M(c) allows only canonical singularities. By using it,

we hope eventually to calculate the Kodaira dimension of M(c).

1. INTRODUCTION

Let be O(1) an ample line bundle on a non-singular projective surface X over
C. A torsion-free sheaf F on X is O(1)-stable (resp. semistable) if for any proper
subsheaf F' of E one has x(F(n))/tk(F) < x(E(n))/tk(E) (resp. <) when n > 0.
There exists the coarse moduli scheme M (c) of O(1)-stable rank-two sheaves with
Chern classes (¢, ¢2) = (0, ¢) € Pic(X) X Z by Gieseker-Maruyama. If ¢ is odd, then
M ((c) is projective over C. By Donaldson and Zuo, if ¢ is sufficiently large w.r.t. X
and O(1), then M(c) is normal, l.c.i., and of dimension ext!(E, E)? — ext?(E, E)°
with E € M(c).

In this article, we shall consider the following question, and report the following
theorem.

Question 1.1. (1) How is the birational property of M(c), e.g. its Kodaira dimen-
sion k(M (c))?  (2) Does M(c) allow only canonical singularities?

(See Definition 2.1 for definition of terms)

Theorem 1.2. Let X be a minimal elliptic surface over P! s.t. (i) x(Ox) =
1, (ii) its singular fibers are either rational integral curve with one node (Iy) or
multiple fiber with smooth reduction (nly), and (i) X has just two multiple fibers
with multiplicities (2, m), where m is odd and m > 3. In particular, k(X) is 1. Let
O(1) be c-suitable, that is, O(1) is so close to the fiber class f of the elliptic fibration
X — Pl that O(1) and § is not divided by any c-wall (|1, Def. 2.1]).

Then M (c) admits only canonical singularities.

For some history of Question 1.1, see Section 3. As explained there, this question
is settled mainly in the one case where py(X) # 0 and one can use generically non-
degenerate two-forms, or in the another case where moduli of sheaves is related to

This work was supported by the Grants-in-Aid for Young Scientists (B), JSPS, No. 23740037.
1
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some more-clarified scheme, e.g. Hilbert scheme of points, but neither case fits the
situation of Theorem 1.2. Expecting to calculate Kodaira dimension of M(c) by
using its original definition and Theorem 1.2, the author is now trying to estimate
the dimension of pluricanonical maps of M(c), and hopes to report it somewhere
else. We end with notifying that such a plan worked well in the following.

Fact 1.3. [6, Y] Let M be a moduli scheme of stable sheaves with fized Chern classes
on an Enriques surface or a hyper-elliptic surface. If its expected dimension is not
less than 7, then M admits only canonical singularities. Moreover, if M is compact,
then its Kodaira dimension is zero. Also the characteristic of singular points of M
is obtained at [6, Lem. 13(a)].

Notation. For a line bundle L, Ext'(E, E ® L)° denotes the kernel of trace map
Ext'(E, E® L) — H'(L). Denote dim Ext'(E, F') and dim Ext*(F, E®)° by ext!(E, F)
and ext!(E, E ® L)° respectively.

2. IDEAS IN THE PROOF OF THEOREM 1.2

Let us begin with recalling the definition of some terms.

Definition 2.1. (1) Given any variety Vj, define its Kodaira dimension x(Vp) to
be max{dim (I)mKV | m € N}, where Visa desingularization of a completion of V.
Kodaira dimension is birational invariant.

(2) A normal variety V is said to admit only canonical singularities when (i) Ky is
Q-Cartier, and (ii) if ¢ : V — V is a desingularization with except divisors E;, then

K"/ =¢"Ky + Zl a; B (ai > 0).

When V' does so and V' is complete, £(V') equals max{dim @,z | m € N}, so we
need not consider its desingularization V in calculating x(V/).

Lemma 2.2. Under assumptions in Theorem 1.2, any sheaf E € M satisfies that
ext’(E,E)° = hom(E,E(Kx))° < 1.

The next fact results from deformation theory of sheaves and singularities theory.

Fact 2.3 ([6] Lem. 2.5.). Let E be a stable sheaf on a projective surface.

(1) If hom(E, E(Kx))° = 0, then moduli M is non-singular at E.

(2) Suppose hom(E, E(Kx))° = 1 so Hom(E, E(Kx))° = C- f. Then f : E —
E(Kx) define a map H*(f_) : BExt'(E,E) — Ext'(E,E(Kx)) by H'(f_)(a) =
foa—aof. IftkHY(f_) >3, then M admits only canonical singularity at E.

Thus it’s important to estimate tkH'(f_). Let k(P') denote the function field

of P! and k(P') its algebraic closure. We set = n(P') = Spec(k(P')),7 =
Spec((k(P1))), X, = X xp1 7, and Xz = X xp1 7. Xj is a nonsingular elliptic
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curve over 7. Any sheaf F' on X induces F, on X,, and F; on X;. For E € M(c),
Ej5 is degree-zero semi-stable vector bundle on Xj since O(1) is c-suitable, and so
Atiyah’s classification of vector bundles on an elliptic curve deduces the following.

Lemma 2.4. For E € M(c), one of the following holds:

(A) Ej is decomposable, that is, Ez ~ Ox, (F) ® Ox, (=F) on Xj. Moreover,

(A-1) Ox, (F) is not rational over k(P'). Let C'— P! be the double cover con-
sisting of nonsingular curves which corresponds to the stabilizer subgroup of Ox, (F)
in Gal(k(P1)/k(P')). Then Ox, (F) is rational over nf = Spec(k(C)).

(A-2) Ox,(F) is rational over k(P').

(B) Ej is indecomposable on Xj.

Let E be a singular point of M (c), and then there exists a traceless homomorphism
f:+E— E(Kx) by Fact 2.3 (1). We study F and f with Lemma 2.4 in mind, and
get the following.

Proposition 2.5. Under assumptions in Theorem 1.2, any singular point E €
M((c) satisfies the following: In Lemma 2.4, only Case (A-1) occurs; any traceless
homomorphism f : E — E(Kx) satisfies det f # 0; the determinant det f € I'(2Kx)
induces double covers C — P and v :Y = X xp1 C — P, and decompositions of
v*E onY

(1) 0—FL, —~vE— Gy —0,
that extend decompositions of E5 on Xj

0— Ker(fxs) — E; — Im(f+s) —0,
where £s are eigenvalues of f; : E; — E(Kx)z ~ Ej.

To estimate the rank of H!(f_) : Ext'(E, F) — Ext'(E, E(Kx)), we look into
RHom(Fy,Gy), and so on. Since only Case (A-1) occurs by Proposition 2.5, sub-
sheaves F, C v*E do not descend to subsheaves of E. Consequently several coho-
mology groups coming from RHom(Fy,G) etc. vanish, and thus we can obtain
good estimation of tkH'(f_) from below. In such a way, we can prove Theorem 1.2.

3. APPENDIX: HISTORY OF QUESTION 1.1

Here we note some historical background of Question 1.1; refer to [4, Section 11]
for more. When X is a minimal surface with Kx = 0, i.e. a K3 surface or a
torus, moduli scheme M of rank-two stable sheaves is of Kodaira dimension zero
by [4, Thm. 11.1.7.]. If X is a minimal surface of general type, the expected
dimension of moduli scheme ext!(E, E)° — ext?(E, E)° is even, and |Ky| contains
a reduced curve, then M is of general type for co > 0 by [5]. In these works, they
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utilize generically non-degenerate two-forms, a generalization of symplectic forms
introduced by Mukai. When X is an Enriques surface or hyper-elliptic, see Fact 2.3.

Let X be an elliptic surface. When ¢;(E) - f is odd, M is non-singular. If in
addition X has just two multiple fibers, then moduli M is birationally equivalent to
Sym*(J¢™ (X)) by [2, Thm. 3.14], where ¢;(E) - f = 2e + 1. This work uses the fact
that F € M is obtained by a sequence of elementary transforms of a special sheaf
Vo s.t. Voly is stable for every fiber f.

When ¢; - f is even and X is an elliptic surface over P! with just two multiple
fibers (plus some conditions), then M birationally fibers over some projective space
whose fibers are isomorphic to finite union of Jacobian of some hyperelliptic curves
by [1, Section 7]. They construct this fibration using the spectral cover induced by
a stable sheaf (cf. [3, p. 229]). Some upper bound of x(M) is obtained there, but
k(M) itself is still unknown.

Question 1.1 is unsolved yet in the following cases: (a) X is an Enriques surface,

but moduli of stable sheaves is not compact. (b) X is of Kodaira dimension one,
but ¢ (E) - f is even. (c) X is of general type, but conditions in [5] do not hold;
for example, the expected dimension of moduli is odd, or p,(X) = 0. (d) Most of
results above holds when ¢, > 0. How is the case where ¢, is not sufficiently large?
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SRELUKMSEAD EEERACHEEL L 0=0 &) HAHLERIR>TLE ).
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ThH, EI0) ZyHERITHPET 2 b D THEIZE -7 ® b, Koo 2 K D Zy- 15K E
T2, Koo/ K IZMEET 2 E D pie L-BABO NAERIZ T —NUEE E(Ko) EHVD7%08
DDH 5. ZOFEIUREZIT 0D K ISk > THEDPERL . B2 A% 5 (HERRA
BURZE DY) BIRAER 7 — VB, —HRMAS % S BEIZEIRC Tth 5. BRERZE 7L L
THZDWEBIZEA TS Koo THREZ S, 20X ) I pitt L-BI%UZ Hasse-Weil L-BI%D
B2 £\ 9 b TId R\, T —J7 Hodge filtration @ splitting 13 F— 7 D p-itEfy
deformation D LT I L -TE D, ZDOHD /5T &k - TR D pEN R B O LM X
WL 5T 5. phiordinary 7 & I splitting & L C unit root ZEfASE 4, 2D & EIZIEH
12 E N\ 7% deformation 235 5415 . p A3 non-ordinary d & & b splitting & L T7 @ R="7
D%/ %Z & 2 LETBOKTBHELT V. L, (f,a,8) D ald a-EHZHEIC X % splitting
WAL T 3. L2 L non-ordinary D56, A 22T X % splitting 1& functorial Tld %
WO Tordinary DEZD LI ITHT LD IVHDEIRVR R, piE L-BIZ C, ICfEiz b
OBIFE LT T4 <, #2247 p-ifE de Rham cohomology IZfH% D7 MVEBE & L
TZ 2 XYW AENZERD H 5. 2 DA 1E Hodge filtration D splitting % #2405 1%
72\, 7272 Gross-Zagier N0 & ) EHREIC X 232179 Bi&E, X7 FAETIR %R C C,
Wiz b OB EEZ 2 APEAEP I EEbNS.

2 Heegner R & Heegner cycle

Z 2 Tl3 Heegner i & Heegner cycle Z fiiHLUCFIIH S 5. (cf. [7].) Heegner i & (Z R4
KWZIEY 27—l CM KD Z & THS. 2F D EY 27 —hifHEMliROEY 2
F7 412> TE D, CMFEMEFR IS WG T % 5idY Heegner M TH 5. HIZIFL V1 DEY 2
5 — i X (1) 1%, BB X ) Y —= VAR 25 TE D, OM RO j Rt 4
%) — = VBRI _E D 553 Heegner 5 C% %. singular moduli £ VI FWHHTEL DD L
g, KCAS TS X 91 CM MR D j- A2 IZREN () k> Tw 50
T, Heegner RUFEY 2 7 —HOREN LR Z2ED 5.

BSD A & BHE L <l v 0, SNAILF ORI X ), ARER FEE I g
R E1ZZDEFZ N E$T2L, BV 27—l Xo(N) 5 EH TR VG Xo(N) —» ED
BIETHILETHD. XD Xo(N) DOFHEPROD 5 L, COFICK2BELTED
HHEZHEKTE S, Hl Z 138 RIE K 28 Heegner &2 A7: 9735, ZDEE O D

SEARINICIZ p-%EE T D Heegner MDY AT LEEA TS,
T TRARIC IS Zp- S KOMEIRICTFAE T % 73, Gross-Zagier AFOBLED 5\ 9 L KIAIERD & & 72 1 FF 5
BRI D, ZNLADIEKRTE 2 2HRRIAEWICHEL &) iclbin s,

4
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T (N)=NN* Ox /N XZ/NZ £ L) FATTNAVAETES. (bBAAIDE)
BORDOMITIE—ETIE B V.) 2oL AR

C/Ox — C/NT

X O ZHEFMIBR & 32 CM MM IR DAIE N D cyclic isogeny &% 5. Tk D D
isogeny %% Xo(N) D CM KEED 525, ZOH4A K @ Hilbert k% H £ 35 & Xo(N) D
H-EG8E LS. k> TID Heegner ki 6 E(H) DRBFEELI N, K Q % T trace ZH
N E(K)® EQ) DHERBETES. 2D X)L TTE 2EMINRD M % Heegner 5 &
WH T ELL.

Euler RO #Eim2m B RN R D 72 0121%, —D2 D Heegner 1% #% 2 572513 T% £, Heeg-
ner OV AT LEZEZEZLL I EDVEBETHS. K Dorder O #EZ 5. Z1Ut K DIEFT
HWABRICZ>TwEHDTHS. O3 O KHEEBERTEEN, 20K cZEFLvbh
%. Lo Heegner MOFEMICE VT O & O OWHiA 77 IVICIE EHZ TH FERDFEIT
5. ZDLHITLTTE S Heegner W%z ETF ¢ D Heegner il 9. BV 2 7 4 fRIRTIX
EndE = O &7 % CM MBS ISR T 2. EF ¢ D Heegner MIFETF ¢ @ ring class field
H. FEFEIND. 2% D Xo(N)(H.) DEZED 5. ring class field i Gal(H,./K) = Pic O
& BT, BRI j-B 2 o T K(j(C/0)) & LTERENS. 7 K DT Z,-
PRI UpHpn B ENS. 2D K HIZ L TKRED Heegner KAITE %28, TN 3K H. D
2V LIZBI LT Euler A7 & B 2 Kl 2 BRI TR IFN T 5. D% D Euler ¥ A7 A
Y. pEEIDFETD, MDDk c =1 D Heegner M TH 5203, TNEEFHET S
DD VAT AT LAPEELREE R T

RIZ Heegner cycle IZDWTHHT 5. fliHiD 7% ® Q-scheme DETHEZ S I LIZT 5. £

BABE- RS EZ BT, f: £ = Y(N) % full level & DB, £ — X(N)
M EMR s T2, $ERE5%E Y (N) = X(N) &L k% 2D ok
ELX(N) Eo7 74 3—F

W, k>4 0IEX(N)DARATDT7 74— LK% D, 2% Deligne IZ X 21
R RN ZT> T TE Db OB AE MRS HIAKS,_1 TH 5. 8 “FRUER” RERN
FEIS IR TRHHET 2 K WIEEZ b0, FTHARK

S(k_2) =& Xy(N) Xy (N) E CKSp_1
Sindex IFXTLICBbE BT LI L 7.
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EoTWE, RICT = (Z/NZ)? x {£1})F 2 xSy B &, ZORHZ EFD Iz ~L
I & 2 PATRER —1 6%, RO DEEIC X > THRIMER L TWw»3. 2 LTI oA
KSp 1 ICHRICHE DN S, T — {1} 2 Z/NZ % 112, {£1} BEEEHRT, &, o &
RERETEL LIk D EERT S, ZOEBICHET 25 1 ¢ € Z[m]m 2HEZ
5. ZDLEAEEHEEED AR TS — D DR RIAET 2 EF—7 £ %
5. P2y —narend—nEE
Vp = Hy (X (N)g, juSym" (R £.Qp)) = e Hfy (KSk-1)g Qp) = e H(KSk—1) g, Qp)

BHB. RBEOHENTIRE>2 LRET 3. ZN% Hecke fEHFETH 2 7R fITHIET 3
2D U f @ Galois REIMTE 5. £7: Hodge Wiz 2 % & H 2 7RO 25
B s, (REMIC Eichler-Shimura [FH.)

& T Heegner &1 27— RIE K ZEE L, 7 % Xo(N) DEF ¢ ® Heegner K & F
3. HHNCHALZARE X(N) - Xo(N) ICk 3 7 DGz 0 Db, 2hb i &
HLHICT 2. B, 2 1 ICHBT 2 H, Eo CMAGHIIRE T2, 2D L & c/dk € Endg B,
ThbhH, 20777, CE,; xg, E: %% %. Heegner cycle Z, IR TEHEI NS KSy_1
D cycle TH 5.

Z.,-::F.,-X-~~><F7—CE7-><~~~><E7—C8Xy(N)~-'><y(N)€CKSk,1

(7 7 A N—BUSRIE & — 1, Rz k —2MT H, L. 713 Spec H, — Y(N) ZE®,
E 3ZNCk3 EDRIERLICESTWD.) £k > 2458561 cHFKS, 1) =0&D,
ez, € CHg(KSkfl)o RQPb 5. (T2Z 0% cycle map D%, 2EH 0lCHERY —
Ffifi.) 2 L C p-itk étale Abel-Jacobi BARDR & LT HY(H,, Vy(%)) DILHEE 553, Fix
Block-Kato Selmer # H} (H., V(%)) ®Jtick o T3 2 BRISENTV S, (pf N LE
LT\ %.) Heegner cycle i Heegner xi & [AIFRIC Euler & 2 7 A% KT 5. (cf. [17])

3 pESIE
F2RBUE (QOBRXIER) L T2, F EERINT — LSRR AT L CIEFEE
12 % 5> Néron-Tate D S X
(,)y: AV(F)x A(F) — R

BHY, IFRAER ED I OHEEE R > T3 2 EPAISNTWVE,. 22 TAY I ADIT
T—_NVEHAETH 5. 1980 FAUTHEETIE % { piERIfiZ b D p-itEE S X

() AYF) x A(F) — Q

6
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%3, Néron [18], Schneider [21], Mazur-Tate [14], Zarhin [25] 512 & > THZE S 7. F 7244
Bl ic 3 L T Coleman-Gross [6] DAL H 5.
KHAED & SIT3 70\ pfii S BIBORE LRHBIEIRD 20 TH 5.

o pIENEENEL, Thb LA T — VRS ORI AL /FX — Z, DI TTITRE.
e Hodge filtration @ splitting D33 N7 ITHKFE.

DEDINSDEV S RLZ D LR LHIBBEENS DT, piER S BIBIZ SR
U THEEAAET 52 Lic 2. O RYIOFERIZEARICKY FOZ IEREEZL L L
KEMICFAETH 2. Lo TINSE piE LPIBZERT 27 0DFRE—HELTED, p-
i L-BAB D RREA . (p-3 Birch and Swinnerton-Dyer P47 &) BT 52 P EO U2
EDHoT S, pETIFRIBBN—RICEL SR VHEE, Q) It Z, KEa vy X7 b
T BEDE S (IR H 2006 L A2 50 Lz, Néron-Tate 5 S OHFRTIE, &
AMTIFEL 2 ERBBOBRS 2, THEE L O 2R T2 2 L THRDRVLTWS. £
7RG R I B 2 RATE & O— BRI IR ZE R ERT AR) - RDBFEL A2 &
ICHKBLL T 5.

R p-teid S O—BALIZ DV TR E . — D EF — 7 LHERIT cycle 1K L T, &
S BIEE AP R L 2 OB 2 TR T 2 O I3 2 EH3% . Lo L &dss piic
13 p-itf Galois B & v ) IR T WRNRDH 1 | Bloch-Kato OB (3] I2 Xk b R
K % p-ift Galois RELDFIETE T I L b ABEIC & > T\ 5. Nekovar IF Zarhin 5D 7 —
VSRR BT % p-iiid S O % Bloch-Kato DHFETHEET I LIk ), Mo (%
SRS T 2 E PSR D) pitt Galois RBLV IS L, p-iER S K

(,)p H{(PVQ) x HE(EV) — Q

Z5EF L 7. H} 13 Block-Kato @ Selmer B C& D, Tate-Shafarvich £t p-part OH BRI
ERDDE, T EHED £ ZIAHNOES AF)@Q, L HRICHEIZ 2 5. V*(1)
($V O Kummer BNTH Y, V 237 — XV EERIRD Tate NIfEZR 5 Z DI 7 — LS HkfE
D Tate MAEFIHYL T 2. ZOXTY ¥ 71300 D WEBIBOID /5 & Hodge filtration D
splitting DO TTITHAFT 5. Heegner cycle D piER I 13V = V,(k/2) & L, 2, D p-it
étale Abel-Jacobi & L TEE S H} OILORES & L TEEINS. Z DY canonical IZ
V)2V E-oTwB I LICHERT 5.

INFTRFERKIBEESICOVTEHZ L CTELY, MIBEBOBECHEEZHANS & &2,
KBRS ZRARIOMNE LTHE, L DRFTHEEZFE TSI I LItk £XIp Lok

9Mazur-Tate [14] IFi3(D ¥ 4 F LT, canonical & DITEHEIE 2> T2 2 LITERL TV 3.

7
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FICBT S p AR S BEETH DT, TNUOWTH LIBR B, F FEEEN Y &
L CARBulfR (V —= vif) OERFEMICE T 2 KRR S B EE 2 Ta k). BTG
13 Weil B2 £ 2 -V TR S LD 2 E %0, pafEfbd - o121 & b BRI
BREVBBETHS. X %Y —< Vi, BHO L divisor D1 = [P] - [Q], D2 = [R] — [5]
TP QR SIFTRTHELZLDEEZLS. ZDEE D, & Dy DIERFEHICE T 5 EBMH
JRIPTE & 1

R

[
S

DEHTEZONDE. 2 I Twpg ld P, Q TOHR—NOMZE HOE=MMIBR1 TP, Q
TORBBZENZNL -1t B2bDTHS. L IDEMLETNS 1 wpg B—RITE
54D TRD & I T Hodge filtration @ splitting DIFEHRD (I INZ 5.

=R U3 de Rham cohomology H, (X — {P, Q}) @ Hodge filtration F! DJL &
BZ DY, GR T FUHL (X —{P,Q}) — Hiz(X) THR#y 0% FLHL (X) LTk
HENICR>TWwE2HD0H 5. O U ITARBENICES Hodge Mgz fioTfEohn s,
CCHEELD 1 5T 2 HiR(X) = Hiyu(X) ® C OFEHI 7 PVZERZE W &
T5EE, wpg ICW(wpg) €W EVIFMEEDIFE. TDL Ewpg F—RICEED, By
DIFFILEDOHLD 712 L 57 well-defined 127 5. Z DHERRIE TR A Hodge Mi&i®D Deligne
@ canonical splitting & WL T 5. (cf. [8]). FEMHEIKE (HE L — 7 R)E D & FITEMAEN
IZHS RS, wpg 1

P
(cC-P-ce-@+ )
ThH5. FEEINIBE MM THMEREAM 2R >Tw5s. 22 Ta(E) 1d EDHAR
PR DM, ¢*(2)dz AT [0] ICHBET 2 1IE8L (B89) 7 — 5 BIE 0(2) DONEISTTH 5.
(d¢*(z) € HOY(X).) T2TH(z) = exp(—&'zEZ))G(z) = exp(—%(z))a(z) EEL. (o) &
Weierstrass o-Bi#.) @ & EMBPFEAUTE T 2w S 13,

O(R—P)O(S - Q)

log| —————+
O(R—Q)0(S— P)

THIN%. ([13, Chapter 13], [22, Chapter VI].)

REUFRD & & Z ORERD p-3EHMLL %W > 72 b DA Coleman-Gross D p-i (JaT) M & T
H5. (K@ IFEFESoMeE LTERT 5.) B p-iED Coleman BT ICE SR 5.
e O =M TR 2 ST 2 72D p-lEWBBIBOEEL, LoWw oflbh LT
Hodge filtration @ splitting DIENJT (7 B R =7 ADEAZRM L &) ICEREEIEE N 5.

E A O b OEHRHAIER. & S ICRHBDERE VIFEEOTB I bH S,
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U O DORERL & L T Coleman-Gross Tl rigid BMFEEIZ I 2 23, Besser [1]12&k D 7
T R= ARG E - 72 & D RENRMEKD 5 240 T\w» 5. Heegner cycle [T % 7912
&, REUERORFIR & arEuY — %252 208036 5. £ D IEMECIZ, higher weight
DRI 2 ) L EiE, AR TRILL TWwW3B & I % locally free TRWEEZHKH) DT
BLIEATHS. (LD b Hodge MG DETE 2T ) D H 3.) pifh Tl overconvergent
F-isocrystal 2SRATRDHLITIEH 223, 213 D SRR~ DIEHD 72 012126 T 2 175
i) BEDH 5. S AlL p-iE Gross-Zagier KD FEHD 72 D ICHEFARIR D ad hoc 7k
WTTER T, (REAF E Coleman-Gross D p-ERFTE S O— MGz A5 2 L1k Lo
7o, (FEBUED L E 13 Brylinski [4] Ik > T TN T %)) JHUISBEOTEE S 5. B
SADHHEELHELTw3 EbNs.

Y —2 VHD L EDRFTE S HERIEA Hodge M5iE & BHICBD 5 Z L33 Tz 7l
DTh 5. BiTE S EE SRS TH 508, - (IEH) awog&als, 2o
FEDOREST 13T Abel-Jacobi BARTH % . Carlson 12 & D Abel-Jacobi G4 IXIEA Hodge it
D extension & > THRRI LTV 223, FHTE I b Scholl 1T & D KA Hodge #iE D mixed
extension ( SGA 7/I, 1X.9.3 @ extension panachée) % fli> TR N TV 5. I LDY —
< Y DOHITIF mixed extension ZFra v 7 rADEakERY - HY(X - P;Q) &
Gysin?ﬂ& ExRffioTEo s, ZOXH %I Lotk aren Y —HmobiulRnE S

PiEmI R T E 5. (%F%g Motivic 7 JaiiE & 2% Scholl IZ X > TEFKE I 1TV 5.) Fontaine
% Bloch-Kato D F a5 & 1 | p-# Galois ¥ (étale cohomology) D mixed extension % ffi-
TERI NS DA, Nekovar D p-itk (JAAN) WS HHTH 2. (FIAIF T ISHYE T2 HDIF
Bz 7B R=7 2D weight (3 H L 7z Dieudonné M#FD splitting & L THEK Z 415 .)

4, Coleman-Gross #1 & Nekovatr D 2 DD p- /AT S DRERRIZ DWW THAL 223, X
Vo PEFT4 XYy MEROMY TH 5. F3 Nekovai DAFED XY v ik p-iE Galois 2
Wo—Gaz R 2 7210 o, BV hcmuiliy b 2 CRBTE,
BEAWEZRT I LOESTH S, L CICEITE KIBOMEED &, BINOBAXHA
IZER D LD, D F D KR S Y Abel-Jacobi 2 MY 5. (HI21XY —< VHOEG, RFT
ESBRFETRRCNTZO b DI L TER SN2 DT, Abel-Jacobi iz #EH17 5
b DTIE7\.) TS Gross-Zagier AHXDFEHICE W THikd TRENRWETH 5. Zhdd
72> & Heegner cycle @ height 2> 6 p-iffRIEA 2 E e (% 5. 74 XV v M d Galois #
BNTH 270, pilERFEORVEEZEZICC CFBEIRLAVLTLARVWEIATHS. £
72 Zp- WA RICBH S 28RS D3 HT03C & 72>, Coleman-Gross TD X Y v 3 p-iEfitriy©
rigid cohomology 7% & & DML R, L7255 T Katz @ p-ERIIIE G Coleman @
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p-IERETEAPLED M L DD kv, pE AR BHEETE D Lo 3 <, Rikld (EBRE
DEEFR) AV E2L—F 70T T80 ZOMBRICEICTEPN TS, 74 XY v FIEK
BE S OERBTERNIETHS. bEAARATHOME L TRIEES 2EET I LI
TE %%, Abel-Jacobi 2T 275 & ) WAL FES R TE V. (EERBO &
ERT—RNVOEBIZKDRIRTE S.) £ Z,- BRI T 2BREEDO IS TE R\, p-
HE Hodge HER DO HIEH (a0 b EDOE) 2RDZLEID2O00OHES ZHIKTE S
DT, BFizENP LREZHVH I 2 &b TE 208, IEOMBEAIL, Z,-1EKICBI 2 54
EEIHTELVEIATH . pilliE 3L Z,-ROWEIKET 213 THDI, WHFD
RIS Zy- B RDIAE RIS BNz . BB OER & L TEMNICEL T 204 TH 5.
CDORMEM D) BZOWRED D 5. Z UL T — VSR OBH FE R OB G D Schneider
[21] 12 X BRERRICHEZ FET 2/ WV AREBRIECTH 5. T OREIETIE, Z,-15K13 2 OA 11 p-
EFIBEBOEERE 2B L L EORE) LT TEL T 5. FERHRIBRIETDH
%. Heegner cycle D p-3EiH X DFIMEIE Z O ZFHOMEEZ TXRTHEL TfTHDTH %
D, VORI ICHE D R B ECE A TH B DT, TOMEIEIC>HBTH I DL
EUOEHT 5. 7 VARBIEL, 7 —XVEHAED & E I3 ordinary 7 5 [21], non-ordinary
%5 [12], MDA a 7 R L TE, 419 Perrin-Riou D¥Ew %9 Z & Tk L 7.

JOVAREEGRIC BT, IR L7\ eycle &2, H 5D 2 VA ROREEEFZ L L THZ 2
CEDMTHS. ZLTED/ IIVLARD D ZHBTHIMIS NS 2 L 2R L, Z DRMEZ
fioTRIZMR GIHE) T2 L) ik TH 5. Coleman FMMBGRIIMEEILE L S->TH &
V2. Coleman FEfREGH 13 explicit reciprocity law LA THEL b} TH%2%, 22 ThH
SR L 2 WE 2 FE TR L, Z OFERE D By 72 £ % 5 T reciprocity law % F15
LT/, Pl ZRRFEEUC B L TIREMEED > 27 4 (Buler R) 236 D, 12 E A EWEE
» 6, 2Nz T 5 Coleman M EIE T — & B (AEHIIC Weierstrass o-B#) DI
FRBUERTH 5. 20T — YBIED log BWEEMICRIIEGSIBERTH 22 06, S
& Coleman FEfRBGR E DOBBD ZELETH S X 57259 H.

Heegner cycle ® / )V ARERIC X 25 S DFFUCBI L THHT 2. Hifii T4 7 X 9 IZ Heegner
cycle ZHBFED /) VL% %E B L TVRBEDT, ZN2HiMT 2 “Coleman HE{E # o1 3
CEDEEOFEDHE 2 5. U ordinary D & F 1 2 AUIARERYIHEH D Coleman FEALEL
FCHED 5. non-ordinary @ & & H, EHI D2 % 6 IF, #EH D Coleman FEAkEGH % LR X
¥3ZETENUEEWEEZ CfTHI B, higher weight D & ZFDWEEX 1ZZ Z DETICH 3.
INFTITTETL 2561, BANOEAROME 2> ORINTE D, #iftlixFzM %

HIEREIZ I3 23U Abel-Jacobi (8% 35T 28 TH 2. WP S DEAIF, DD Heegner cycle 2EAE )
mixed ZIRWT I DRTEZHZ 2 2 0END 5.

10
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FRRBGRD & KE CRBET 2 b DT Z ., ZHUSH L cycle DRI, Hf DIGE VS p-
i etale Abel-Jacobi 5§ & Fontaine D F k% > THRNIZTE 202 b lE %z o7,
HARICEIRE T 2 00BN ch 2. LoD 70123 d 2O G HE A BEH D
T integral 7 p-iff Hodge Ml b A3 E %2 5. F 72 non-ordinary @ & Fi3—MKIZ k — 1HD
twist s = 1,...,k — 1 LOGEADBSBIIZ K 508, s = k/2 LI LD Heegner cycle 23f£7E L
2. AN cycle Z i § % Coleman HAEGH DO — MO H Z 6 &, AL WEHRE
ZEERRT 2 FEREZH - 7. Perrin-Riou DM [20] & h HEhk#E 52 s s & (BTN
B)VHE DILDOY AT L ZHRTE D Z EDHISN T 5. Serre-Tate O local moduli D B,
Katz @ p-tEREE O B, Bertollini-Darmon-Prasanna, Castella @ p-itf Abel-Jacobi {4
@ Coleman #73 Zffio 75 HZHAGHE 5 T £ T, Heegner cycle D AT L&A T
WAL TE S, FHTIED IP LI L VHHZIT > 728, 2 2 TIEFFEMIEAE LR
BT WXPEE LS XL THIHSE T TEENTH .
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00 5.4 ([A5]). 000 keC, feNDIDOODOODODO.
XH9(Li(a) = XL(kAo) N Sy
0 5.5. HY(Li(g)) #0 < f € XLkay)-

0 5.6. k0000 ¢eNODDODOD,fe0,000. 0000 Xuowman = {f}-
000 HY(L(kAp)) O C,00. 00 Wi(g,f)0 Co0D. ’

6. wiooooooo
gbobviobobobobobooobobobooooooog.

00 e6.1. VODOOOODO C,00,CFTOOOODOOOOOOODO.

(i) ([Zhu], Dong-Lin-Ng]) {M;,...,M,} 000 VOOOODOOO,ve VO
0000 k00000000000 {g % tra, (o(v)gk)} 00000 kO
0000D000000.000,0()0 VOODOOOOOO v(z)0000
ooo.

(i) (H1])) VOOOOODOO0OO00O00000000. 000000 Reshetikhin-
Turaev 0000 30000000000000.



161

00000 Oy, DNODOODODDOD GUOOOOO. ODOD0OD KOODOO
gooooboooooooo.

XLk(g):@prin(:N)-
qeNDO kDOD0DODOODOODOODOODOODOODOOOO.

{h ((¢:r)=1000),
>
“\rVERY ((¢,rY)=rvVOO0O).

00 6.2 (FKW]). k000000000000 We(g, fprin) D000 (00 Cy O
o).

g=sL000,0000000000000 Wi(g, forin) O Virasoro0 O 000
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gooooo
0000CO00000(C=CcHO0000F(G,Q) 000000

F(G,Q) c C c CG,Q)
oooooo

gbooobooboooobbooboobooobooobooboobobbobon
gobbooobooboboboobuoobuoobbooboobobbobobooo
gbobobooobogooboon

00 9.000000 GUOOOOO008000 0000000000O0O0OF(G,n) O
cobOOOOOO0OOOObOOOOoOOoOOOOoOobObOOOoDnn

G = My, n =144, 220,

= My, n =22, 330, 672,
= My, n =24, 2024,
=Jy, n =100, 10080,
= Ru, n = 4060.

QA QQ

O00000(Me,144), (My,672) 000000000000 OO0OOOOOOOOOOO
00000000 (My,2024), C(J,,10080) 000D OO0O0DOOOOOOOOOOOOOO
O0000000000G-0000000000000000000 (Ma,22), (Mas,330),

10
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LS E8T

(My,,24) 000000000000 (Jy,100)([4]), (M, 220), (Ru,4060) 000000
00000

O0O00Rudvalis 000000000000000000000000000000
0000000000000000000Magma 000000 F(Ru,4060) O 2029 O
0000000000000000000000000000000000000000
000000000000000000000
000000DRudvals 000000 HoS OOOOODOODOOO0ODOD00O0
000000000000 short vector 0000000000 4060 00000000
000000000000000D0000000

00 10. HoSOOOOOOOOOODODDO pentagon 0 12600000000 12600
short vector 00000 F(Ru,4060) 00000000000 R-000000O0OOOO
ggog

co200000000C0000DO0OCOOO0OOOOOOOOOOODOOOODnOO
oobooooo

oo
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minimal affinization @
Jacobi-Trudi B4FEEE/ARUZ DWT

Bz

ES

BTV — TREOA BRTMBL LR % 2D 58 & BEE2 RS | EERA SIS
NREINTVWSE, AT, BT V- TREOERIGTEENMBEOR N 2 ETH B
minimal affinization IZ2WT, #® Jacobi-Trudi MIELARZHEN TS, £/ %
DFEZ DOV T HIB 2R E -5,

1 minimal affinization
1.1 EFIL—TRH#

FTERLNV—TREBUZ DV TRIRITERRTE L, EfMRERIZ DV TIE [CPY4, Section
12.2) & SN2 E 72\,

g % rank n OFRIRTEREHM Lie A¥ 2 §5, g & Laurent ZIHREO 7 >V VEE
g @ C[t,t7 12K L, bracket Bi% [z ® f,y @ g] = [z,y] @ fg LTEDH S & T Lie RED
EHETEDL, ThE)I—TREETP Lg & KT,

BTV — 7TRE U, (Lg) A MK Clq) LofEamRETHD, £l
{af, kT him | 1< i < nyr € Zym € Z\ {0}} WL D2 0BFRR (f [CPY4,
Theorem 12.2.1]*) iz kb EFI N5, £7z Uy(Lg) 1&, V— FRE Lg Ok @& 5
UlLg) 2 ¢ T 52 THONIMAE, WO ZeHTES, EHE ETRARZERTLH
5 A =Clg,q '] EAERENS Uy(Lg) O A RE%E Us(Lg) ET & &, Bz LT

ULg) 2CoaUa(Lg)/(1®k;—1®1|1<i<mn) (1.1)

BRD D (C=A/(g—1)12ED C % A MBEE B2 L),

*1 R 1%, [CP94, Theorem 12.2.1] 1 Ug(Lg) DHMERTH B ERTT 7 1 VUK Uq(g) OBIGRRT
b3, ZOBBRRCBWTCEE =1 2358, Uy(Lg) DEEBRRNES NS,

1
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7z {afy k| 1< i < n} AVERT B Uy(Lg) OESREE Uy(g) L ET. Zhid
Ulg) D gEETH Y, g DETRFIREITIENZRETH 5,

1.2  minimal affinization

Chari & evaluation JIFE* Kirillov-Reshetikhin I (Z 40512 DWW TR TR AR
%) Ok e LT, minimal affinization & FEIXN 2 HBRIRICEER U, (Lg) MO % E %
U7z [Cha95], AFDHMWIE, g AL DEEIZ Z D minimal aflinization DFHFEAR
252562 THB, %I TAHEITIE minimal affinization DEFIZDWVWTHERZ W&
A5,

TN L LT, Uy(g) ODAEBRKTIMBEZOWTHRERI L2 BRTEL FELLIE
[Jan96, Chapter 5] %2 SR W/272 & W), P2 gD = MEr& L, PTCP %%
BHEEY =« FOEEG LT B, £72(, ) TP LD Weyl BARZE R Z fHIERRARILE R
R, U,(g) NBEV A

V= @VA, W={veV| kiv = ¢y forie I}
AeP

(o FHFML—N) 2hATEE, VIZ1IETHI WS, RTOERIKIC U,(g) MEEZ
1 BNEEA 2 A AR TOR -7 ODEME LTERIND DT, % 1 BINEHCER
ELUTHRAS—RIEIREDNZRN, I CTUTARZEL T, HRRIG U,y (g) NEE (B
LU, (Lg) ) BET1IRTHLLH/EL, WEWHKIS LW LIZT 5,

(1 84) BIRIRTG Uy (g) MMBEDBEIZABRIXTE g MAEOBE L IEFIZLSBTE D, ITFOE
YN A RVASN

R 1.1, (i) DN e PTICHL, &7 =1 b\ TH 3 & S5 A RREHER
Uy (g) MIEE Vo (N) DAEELZ RN T 72 :eoﬁﬁﬁéo
(ii) ARXIE U,(g) MEEOBEIZYH-MTH v, AREOBFMEEH 5 V,(\) CFHET
»H5,
(iii) Vo(\) OEMEE chV,(\) = 3, (dmV,(\) et € Z[P] LiEH B, ZDL &,
chV,(\) iZm@ ™Y =1 & X OBERY g MEE V(A) OfFE chV(\) & —83 %,

%\ T affinization DEFIZ D W TR S, minimal affinization & Z @ affinization ®
T BN IRbDE LTERINDS,
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TE 1.2, (i) R U, (Lg) IEEV 5% U, (g) MBEE LT

V=V, e @ V() (mu(V) € Zso)
<A
R RT B & &, VI Vy()\) @ affinization TH 5 &\ 5*2,
(i) V& W % V,(\) @ affinization & § 5, ZNo6D Uy(g) ML LTHETH S L
E,VEWRRETHZEND, £/ V OFMEEE [V] TKRT,

V,(A\) @ affinization DFMEMDOESEZ Dy L E£T &, fERD N € PTIZXHL D)y 3%
THVWHERESGL %5, £7- D) Lith2MORERETIC L2 LIEFS2EDS Z &
T, PIERA EHEE (D), <) VEHTE S,

# 1.3 ([Cha95]). V,(A) @ affinization V 2 L, ZDFREE [V] 2% (Dy, <) IZBW
TN 725 & & V % Vy(X) ® minimal affinization & IF.,

EO < ERIEF TlERWzd Dy ORUNGIE—E LIRS §, Uy(g) M L THET
72\ Vg (A) @ minimal affinization 138 H Y 5 %, LU 5% L DGEIC—EED
YLD Z EHHISNT WS, BIZIXELFOEBD K D LD,

EHE 1.4 (|[CP95]). g @ Dynkin HMENEMED L & (le.,, ABCFGHED L &), £ED
A € PHIZH U Vi (X\) ® minimal affinization O FfEMIE—ETH 5,

EoRHEIZEZENRWEE, ThbD DE BITIEFEPRIZ minimal affinization O [EfE4H
N—ReRoLWEERH S (DE BB LU TFL <1 [CP96a, CPI6b] & B8\ /272 &
720 ULAL, BIZIEA RO & 5 2R72 A € PT Iz U TidXeid b —ZMEDK D 32D,

WE 1.5. gh D, BorE Xe PP 2 (hy_1,\) =0 £721F (hy,, \) =0 2Wi725 456
£, V,(A\) ® minimal affinization OFEEEHIF—ETH 5, Z I T hy_1, hy 1& spin node
AT 2RV — b E2ERT,

AFGoBAE T D #LO minimal affinization 12D WTHEKEZ1T 5 A, TOBEICIE L

*2 T OHBRRTTIER Ug(Lg) MBI H 2 (7272 —2 D) Vg(N) @ affinization &5 Z L HHHNTH
%,
3 ERERERFIUATOREY : [V], [W] € DAL my(V),mu(W) (n € PF) T Vo(p) KBT 320 E
NOBEBEEERTLE, FREDO p e PTITHL
(1) mup(V) <mp(W), £7213 (i) % v > u BFELTm, (V) <m, (W) &5,
DWTNRDED DR SIE [V < (W] LED D,

3



179

DEDNE M= TIHERZTEERAD I LI2T 5, ZTDOARMEIZEET 5 minimal
affinization (DRMEME) I, BIZH&Y 21 FEINPSEEHLDTH 5,

1.3  minimal affinization M5l

Bl 1. ETHRVaeCr T, MEEH ev,: Lg > g Z evy(z ® f) = fla)r LEHT
5%, Zhi Lie R O¥RIEI L 725, ZD ev, % evaluation map & I35,

UT g=sl41 CIRETS, ZD& & Lie REDGE LRBRIZ, LED a € Cg)* I
o UREBHERIT ev,: Uy(Lg) — Ug(g) BEFETE S [Jim86, Section 2] (Z#1H XL D
evaluation map &IFEN D), D& ERER U,y (g) MEE Vy(N) DEIERELU evy (Vo(N)) 1&
BE# U, (Lg) MMif L 725 (evaluation module & FEIEN5), Z4h V,(N) © (FfE%E
PRV CHE— D) minimal affinization TH 2 Z L IFEBPSHSPTH A5, ZDLIIC
g =sl,1 D& ZiZl, minimal affinization & evaluation module (X[ UBE&TH 5,

AR 1.6. V—7REDIGEIZIE evaluation map I3 & TORTEHRTESD, BF I —
TREDGEITIE g # 51,01 DL E evaluation map IFTEELBRWV, TDd g # sl,01
DEEITIE, EOFEFFARDIZE A LD minimal affinization & U, (g) M#EE U Ty
LB, ¥1-FOBMNRERD D DIZ— IR TRV,

Bl 2. DT g ZEROHEMN Lie RBETD. meZs &1 <i<niZHL A=
mw; (w; BEART 1 ) B L, Vo(A) FFEEZBRWTH—O affinization % % 2,
Z 1 5 % Kirillov-Reshetikhin (KR) & & 1785, KR M#EE [T Rz 729 (cf.
[KNS09, Nak03, Her06]) | , 7 =l I BUARARE 73 (cf. [HKO+99, HKO02)) ,
ML 2 FE D (of. [0S08])) 7 CBULEZEWIEE 2 8% < Fi b, ARGt U, (Lg) b
HOFTH L DDITEELMETH 5,

minimal affinization &, EOHITHERIHED HARZILEE UTERINZHMETH
B, U LEND (—RAED 7DD —RALTIE 2 <) EICBEIREDA R TH B 72812 1,
N5 D% 8 A 7= — %@ minimal affinization BXRWHEEZR > TWD Z L BARAIKT
55, GDEIAHTDEIWREMRBIRMEONT VD LIIBT UEF0WEWA, &
EA LT DM D minimal affinization DR OWEE W DOH > TE T3S (minuscule M
[Her07, CH10], #iKk T & [MY12] ), F72 AR TH 3 5 Jacobi-Trudi BUIEREANXD,
—f%® minimal affinization BFFORVWHEHD L SX5TH A 5,

25 TRITNEATROMRIIE S £ W KO R VEDIZR->TLE D,

4
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I

2  minimal affinization @ Jacobi-Trudi B35

P

2.1 Jacobi-Trudi &A=

FITEAL LT, KA Jacobi-Trudi Az
sx(x) = det (h&,i+j(x))1§i7j§n (2.1)
ZRWHEZS, ZZTA=(A 2 X > > A\, > 0) X2#E, 3 74b b Ik &k
5l &2, F7z s5(x) 1 Schur ZIHR, hy(x) 1 k REEENTZIEA %2 KT,

(2.1) S BER sl g MBEOREARXDSLATO X512 LTHSNEC, s, OXEH
B R AEPH IR, ST BHE (M > A > > A\) B A=Y, (i A)
YEDD (FATOFREENAEOLT ), TONEERIEY A RS L, MIETS
Schur BEEL s (x) 1ZBERT s, IIBE V() OFgEE L (GEY72H —H0b & T) 5T 57,
E72 hy(x) 1 ch V(kwy) &80T 3 (o BEAY 1 1), TOIEhs (2.1) 1, T
ol 1 MIBEDFEREAR

ch V() = det (ch V(O —i +g)w1))1w§n (2.2)
L EMREXTH B,

(22) Ixg=sl,41 DEZTHHVEDORNTH D, OB TIF—MITIFHD LZ200, L
M UZELD V(A) % minimal affinization (2@ &2 2 &, FKORPMMORTE KD L
D, VD DOPIREITIHRRD ETHDOERTH 5,

22 XEHE

DFARMEZBLC g FHMBMEKET D (BHML— MR EDFEAFT I [Kac90,
Section 4.8] 125 ). /& X € PTITH L, V,(A\) ® minimal affinization % — D& E
U L,(\) %7,

Ny =0 g: BC#
EIE 2.1 ([Saml4, Naol4d]). A € PT EiE7-5
(1, A) = (ha, A) =0 g: D B

*5 ZOARI (2.2) DEIHO7ZDITHRRZIZTERVDOT, THEUBVHIFEEL TOW 20 THED R,
*CEHL gl, EEBR DD, BOFTOWME LI ZTlsl,y1 2EXBILI2T 5,
*T 5l TlZELTWADT, EMICIE z120 - py1 = 1 LW BRATEH > TR 208D 5,

5
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EREL, Ni = 3 icpan(he, A) (1<i<n) &BL, ZOLE,

det (chV(()\Z— —i+j)w1))1<_ . g: ABD #
ch Ly(\) = sha=n
det ( Sosarerivs MV (i —iti—20)m)) g O
T (2.3)
LN RVACR

[ERD k€ Zso KU, Uy(g) MBEL LT

Vq(k’?ﬂl) g: ABD El_-{
Bo<orcr Va((k —20)w1) ¢ CH

ME DD, koT (2.3) &, MTOM—AaBETEL I TESS:

Lq(kwl) = {

ch Ly(A) = det (ch Ly (A — i +j)w1))1§i7j§n.
itk@ﬁ@#&LAMKBH%%%UM@M%V“@@%@E{%QL%mﬂ:
SVWTUFOARNESNS.,

% 2.2 ([NNO06, Sam14]). A € PT 2VEH 2.1 DIREZHZT LT D, DL ELED
pePTIzxL,
Ip g AR
e Vo) = S dee o BDH
ch‘%),# g: C 14

MDD, 22Tk BDEOREEES, 7z ¢, 1 Littlewood-Richardson %
(cf. [Mac98]), k' 1 k DILEZ KT,

WE 2.3, (1) 1L3HOF 155, g=sl,, ODLELED N e PHIZHLU chL,(\) =
chV,(\) (= ch V(X)) DD D, £oT AMD Y XiF, I (2.2) D¥ASB S
WA ZIZHEE R,
(2) BH (BLUR)DINEEZES>DALHFDD Z LB KD, Thbb, B, MOGEX
(A ) € 2Z50, Dy BOBEE (hy_1, A) = (hy, A) LWV RED FTHEHAL
DD, 2ELIDEENZHBHLDUEBIETIHEND S,

*8 M 1.1 (iii) &V chVy(u) =ch V() TH o7z,

6
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EH

FoEBEedH - fEIC LB PR OBBRIZOVWTHRRTE L, [NNO6) IZBWT, 5
IZ minimal affinization ® ¢ FEEOFTFIRIC LB EREFHE UTRIBLZY, ZZTq
RN D DU, Uy(Lg) MEED (k! by | 1< i <nym € Z\ {0}} 2B 25— AL
KEAEOT— 2% 522560 TH2*0, KT ¢ IIEEELIRERMET 2 Z & T, lH D
BEIROoND,

HoDFRMULARERHRLT S L, (23) DALLFELVWRERE, ZOZ &IXEH
2.1 05, 5 OFHORMAIME 2 5HEHTHE I L2 ERLTWS, £72 ABHOEE
i, BRI PR E X ST n 5,

EIH 2.4 ([Her07, Theorem 6.1]). g A AB T D & &, diff - PO FHUZIEL W,

FRD ST 2.1 XBRBIZHKED DT, AB BIOGEIZITER 2.1 X TiZdils T\
ANRTHD, —FHCDEIZODWTIEHH - FHEHOFRITISDE ZAREHTH O, EH-
2.1 I LWEERTH B,

3 EEEODIH
3.1 RS EABR

EFHMICEWTEEZRGE % B2 30O EMRIZOWTRAR S, Ua(Lg)
U,(Lg) 2 11 MiTEHL B0 A REE %, % minimal affinization Ly(A) 12 L,
TAWT A M ADRY MLy € Ly(A\)x &—2BE L, La()) = Ua(Lg)vs C Ly(A
Y5, THLEM (1.1) I2E 0 Li(\) = C®a La()) i Lg L 723 (2 Ly(\
DHBBR LML), ZDLEHD ae CX BFMELT,

M N

-

ga@(t+a)Li(\) =0 (N>0)

Zi7z8, ZOa it LAl Y MBIg[t] = g@C[t] C Lg DHER 7, & 74(z ®
() =@ f(t+a) LED, g[t] MEE L) & LX) = 1;Li(\) KLV EET 2, 20
L(X\) & Ly(\) ORBASEBRENILS, ZDE EEHEPSEZIZUTIRE S,

*9 4 5 D FA81F minimal affinization & RS2 WIEHZET2HDEEATWS,

10 SEE ORI (B} T 3 RAMEGEO T -2 251560 TH o7z, £oT g HBELE, MBHCEL
THEFEOEEL VL OFHRERI > T3,

*11 g 28 ADE BLOBEITIE, HEIC K D 2 TOHRKTYER Uy (Lg) MEHIN L, 20 q %2525 7V
TYRLAESNTVS [Nak04], LALIZOTLVTY XARAEVEREEDTHY, ZhEHNT D
MOBEITHE - PP (2IFER 2.1) 2HPTIILRELVTHA S LEbNS,

7
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&% 3.1. chL,(\) = chL;(\) = ch L(\) 23 D %0,

ZDZenS chLy(N\) 2KDBIZIE, chL(\) BahhiE+oThsd, ZORERFEEH
T, Iminimal affinization D% D TIEMR <, ZOWBT SR ZFARDZ | LW D5 DOIE
21 OFHDELRT A T T TH S,

FEREASE L 2\ S 21 THIIEE BRE L)) EBTH 25 WO OHES S
LON) O /D Li(\) CHARORES TH B, FIZEERRE LT L) 3 Z REA &
olt] MBETH V2 Z OWEMEL A L(N) &R DBITHE 4 2 fI TR O3, iz s
Ly(N) 1 Ly(X) DEOHITHD A LX) 13RS\, g[t] BFERIZT 7« >~ Lie ¥ g ©
W4 Lie (REB(E B85, %55 L(N) TRAL L) 2~ 2 ERMETH B,

3.2 minimal affinization D EHRER

513 [Naol3, Naold] IZHEWT L(A\) DEHRMBREZRE L7z, T ORRITEHR 2.1
DB W TEERZH A2 R /-3TOT, AHTIRIO/RIZOVWTHRRS Z LT 5,
g D= g=n, dhdn_ ZEET S, £/, EL— FOES AL OHFHES AL
ELLTFOLDIZERT 2:
Ai:{a€A+|a: Z niaiwithnigl}.
1<i<n
EHE 3.2 ([Naol3, Naold]). A€ PTizxfL, M(A\) X7 b v 6 FORKNIZ &
DEHZEIND g[t] MEL T 5:
nyftlo =0, (h®t*)v=4d50(h,\)vfor h € h,s >0,
fi<’\’h"'>+lv =0for1<i<n, (fa®@t)lv=0forac A}r-
ZOE EME L(N) = M(\) DED LD,
ZOEHOIHIZOWTE, g2 ERTE S\, SO ZHDIZE, —D>04ekH
M(X) = L(X\), L(\) —» M(\)

DIFFER R RV, —DHERTIE L) A M) OF#EFRR 273 2 & 2 HEh
HREEC, TRIRFNEEEEL <AV,

12 g4 13 CJt] DWW X 0, Z WU ¥ Lie RBO M % RO,
*13 KR MIBEDSHEIZIE, T D Z-grading 1345 HIEEE O T 3 )L ¥ -k e B d 5, 3L <1 [Naol2] &
ZIWEE W,
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— o OHOEROEFEEZEERT I LIRS TIERW, I T—#%{k Demazure il
BED(&,. .., &) 2MIZIETAT,

L) = D(&1,...,&,) — M())

RRT LIRS,

Z 2Tk Demazure MEEHZDWTE 5> OENTH I LIZT 5, §=geC[t,t7]®
CcpCd 27 7« ¥ Lie ¥tk 92 (cf. [Kac90])e D& & g[t] IXEARIZ G DI Lie
RE L BT, A% GOLRMEY o« M2 U, V(A) TR =1 b gz
T, WET 714> Weyl BEE L, £ € WA ITHLU 1KY =1 MR V(A)e DETHRWN
R MVE v 8RT, AL AP 2 gOXEINEY A b, £1<i<kITHL
& e WA 233 & %, —f2ft Demazure MEE D(&,. .., &) 1%

D(&,....&) =gltl(ve, ® - @ve,) CV(A) @ - @ V(AY)

CEHIND,

E1, . 6 BHEYNTEAL L E, 2 L) — D(&1,...,&) DIFERMTOLSIZLT
MEHE NG, DD g BHTHD LNET D, £9 KR MEED T > VLRI
Ly\) BHdAD B L, Tbb

Ly(X) = Lg(miwr) ® -+ - @ Lg(my,wy,)

ERT. 2ELUN = Yomm 5, T5E L) OMKIZED, BTHRVEH
®: L(\) = L(mim) @ -+ ® L(mpw,) BME6N5, £72% Limw,) 125 L, bk
AT BEAEL T L(mgm;) < V(AD) ARES 2 25| Hl

v L(mymy) @ -+ @ Limpwn) < V(A) ® -+ @ V(A™)

PR TE S, ZDLE 10d DEM ML Demazure MEE D(Ey, ..., ) £ B I EN
M 5N DT, L(N) = D&, ..., &) WRES 21T 5,

— 7 D(&1,..., &) DG MDD gt MFTHEILE2HVD L, HEEDT 7 4
v Weyl BHZBES 2 FMEIC & 0, IRz 2 0@ RBABRRNEZRET 2 Z LAk 5, b
LT OEHEBRE M\ OEBICHTELZT I 2 ERTHIET, 5 —D20448
D(&y,...,&) — M(\) DIFEERT Z 2 Ak B,

U DRITE KRB TH 595, Ly(N) ZHDAGT VY VOB 240 UBEYT 5 6815 5.,

9
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33 ch M(\) DRE

L3212 80, 2.1 AT 2121k ch M(\) 2RDNIE X0, TD M(N) iIZ2W0
T, EENEH 3.2 23T 5 LLATA & 8512 Chari & Greenstein 12 & D i X
THED, LFOMENPRINT W,

@& 3.3 ([CG11]). A€ PT HVEH 2.1 DIRERT & &,
> (=1)*dim Homg (V (1), /\ g ® V(N))ch M(p) = ch V(})
(1,5)EL(N)
DD LD, LT = {(18) € P* x Lo | A= pi+ Logar nact, Y, na = s}
95,
(2.3) DA% Hy L RTZLI2T 5, 20X E Sam 2k 0, LR OGBSI S hrz,

& 3.4 ([Saml4]). A € PT 2.1 DIRER T L &,

(—1)* dim Homg (V (1), /\ g ® V(X)) H, = ch V(})
(k,s)ET(N)

NEIVASR
IS TODRBELS ch M(\) = Hy Bt 5, &o CRRIOHIDICRRZEY | EH
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Deformation quantization and localization of noncommutative
algebras and vertex algebras

TOSHIRO KUWABARA!

The present paper is a report for the proceeings of 59th Algebra Symposium
held at the University of Tokyo on 8-11th September 2014.

0. INTRODUCTION

We discuss certain infinite-dimensional noncommutative associative algebras.
One well-known class of infinite-dimensional associative algebras is universal en-
veloping algebras of Lie algebras. For a semi-simple Lie algebra g, the central
quotient of its universal enveloping algebra U(g)/Z(g) is naturally isomorphic to
the algebra of differential operators D(G/B) on the corresponding flag manifold
G/B. Such an isomorphism connects the representation theory of the Lie alge-
bra g and geometrical properties of the flag manifold G/B and/or its cotangent
bundle 7*(G/B). Namely, the isomorphism leads an equivalence of categories be-
tween the category of (U(g)/Z(g))-modules and the category of Dg,p-modules
where D¢/ p is the sheaf of differential operators. The equivalence is known as the
Beilinson-Bernstein correspondence and it is one of the most fundamental facts of
the representation theory of semi-simple Lie algebras.

The above situation can be generalized, and it achieve the notion of quantiza-
tions. Note that, in the above, the universal enveloping algebra U(g) is equipped
with a natural filtration, and the associated graded algebra grU(g)/Z(g) with re-
spect to the filtration is naturally isomorphic to the coordinate ring C[T*(G/B)].
The commutator [a,b] = ab—ba on U(g) induces a Poisson bracket on gr U(g)/Z(g),
while C[T*(G/B)] is also equipped with a Poisson bracket induced from the sym-
plectic structure of the cotangent bundle 7*(G/B). The isomorphism between
grU(g)/Z(g) and C[T*(G/B)] is not just an isomorphism of commutative algebras,
but it is an isomorphism of Poisson algebras. We say that U(g)/Z(g) is a quan-
tization of C[T*(G/B)] (or T*(G/B)). Namely, in general cases, for a symplectic
manifold X, a filtered associative algebra is called a quantization of C[X] (or of
X), if the associated graded algebra is isomorphic to C[X] as a Poisson algebra.

In the past decades, several noncommutative algebras which give quantizations
of certain symplectic manifolds were introduced. These algebras are constructed
by using so called the quantum Hamiltonian reduction, which is noncommutative
analogue of Hamiltonian reduction in symplectic geometry. These algebras, con-
structed by the quantum Hamiltonian reduction, include finite WW-algebras and
rational Cherednik algebras, which play important and fundamental roles in the
representation theory of semi-simple and/or affine Lie algebras and Ariki-Koike
algebras.

When an associative algebra A is a quantization of a certain symplectic manifold
X, a natural question is if we can localize A as a sheaf of noncommutative algebras
on X: Namely, does there exist a sheaf of noncommutative algebras on X whose
algebra of global sections is isomorphic to A? And if one exists, is there an equiv-
alence of categories between their module categories like the Beilinson-Bernstein
correspondence? If the algebra A is constructed by the quantum Hamiltonian re-
duction, such problems were well studied and now we know when such a method
of localization works well.

INational Research University Higher School of Economics, Department of Mathematics and
International Laboratory of Representation Theory and Mathematical Physics, 20 Myasnitskaya
Ulitsa, Moscow 101000, RUSSIA. email: toshiro.kuwa@gmail.com
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The present paper is a brief and introductory survey which is intended to show
an outline of the constructions of quantizations and their localization, and also
known results and applications. We also discuss quantizations of certain infinite-
dimensional manifolds, called arc spaces, and their localization. Such a quantization
is equipped with a certain infinite-dimensional algebraic structure, called a vertex
algebra. On the other hand, while we will discuss the construction by quantum
Hamiltonian reduction in a general setting, the detail of constructions of certain
concrete algebras, e.g. the rational Cherednik algebras, will not be included in the
present survey. In [K3], we have a catalog of several algebras obtained by quantum
Hamiltonian reduction such as the rational Cherednik algebras and quantized toric
algebras. Also, for the finite WW-algebras, we have a nice survey [Lol]. Refer them
for these examples.

1. QUANTIZATION OF POISSON STRUCTURE

Consider a complex symplectic manifold X and let Ox be its structure sheaf.
Its symplectic form makes Ox a sheaf of Poisson algebras on X. Namely, Ox
is equipped with a C-bilinear form {—,—}, called a Poisson bracket, such that
{—,—} is a Lie bracket on Ox and {f,—} is a derivation on Ox for any f € Ox.
In particular, the coordinate ring C[X] = I'(X, Ox) is a Poisson algebra. In this
survey, we consider noncommutative algebras connected with such a Poisson algebra
structure.

Let A be a noncommutative associative algebra over C, and we assume that
there exists a filtration {F;A};>¢ of algebras, satisfying the condition:

(1) [a,b] = ab—ba € Fij 1A, for any a € F;A, b € F}A.

In this situation, the associated graded algebra grp A turns out to be a Poisson
algebra whose the Poisson bracket is given by

{a,b} = [a,b] mod F;y; »A, forac F;A be F;A

where @ (resp. b) is a class in grp A in which @ € A (resp. b) belongs. Then,
we say that the noncommutative algebra A is a quantization, i.e. noncommutative
analogue, of the Poisson algebra C[X] if there exists an isomorphism grp A and
C[X] as Poisson algebras with the above Poisson bracket.

1.1. Examples. Since Lie algebras are an algebraic structure which appears as an
algebra consisting of vector fields on a certain manifold, such a situation appears
frequently in Lie algebra theory. For example, here we see two classical and typical
examples of quantization:

1. The algebra of differential operators with polynomial coefficient (the Weyl
algebra) D(C?) on C¢. The algebra D(C?) is equipped with a filtration given by
order of differential operators. Namely, the filtration given by degz; = 0 and
degd/0x; = 1 where 1, ..., x4 is the standard coordinates of C?. The associated
graded algebra is naturally isomorphic to the coordinate ring C[T*C%) of the cotan-
gent bundle 7*C?, and moreover the isomorphism is an isomorphism of Poisson
algebras. Thus we regard the noncommutative algebra D(C?) as a quantization of
the Poisson algebra C[T*C?]. Note that we can choose a different filtration given
by degz; = 1/2 and degd/dx; = 1/2, and this filtration also induces the same
associated graded Poisson algebra C[T*C9].

2. The universal enveloping algebra U(g) of a finite-dimensional simple al-
gebra g. Let X = G/B be the flag manifold associated with a Lie group G
with the Lie algebra g (where B is its Borel subgroup). We have an action of
G on X = G/B by left-multiplication. This action induces a homomorphism
of Lie algebras up : g — Vect(X) where Vect(X) is a Lie algebra consisting
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of vector fields on X. This homomorphism induces an isomorphism of algebras
up = U(g)/Z(g) = D(X), where Z(g) is the center of U(g). That is, the quotient
algebra U(g)/Z(g) is a quantization of the coordinate ring C[T™*X] ~ C[N] where
N C g is the nilpotent cone of the Lie algebra g. Note that there exists a resolution
of singularities T*X — N called the Springer resolution, and this resolution in-
duces the isomorphism between the coordinate rings C[T*X] and C[N/] as Poisson
algebras. Namely, U(g)/Z(g) is a quantization of C[T*X].

2. LOCALIZATION OF QUANTIZED ALGEBRAS

Let X be a symplectic manifold with structure sheaf Ox. Assume that we have
a noncommutative algebra A which gives a quantization of the coordinate ring
C[X] =T(X,0Ox). Theory of algebraic geometry allows us to consider localization
of the commutative algebra C[X], that is the structure sheaf Ox. Namely, local-
ization of C[X] is a sheaf of commutative algebras whose algebra of global sections
turns out to be C[X]. Since our quantization A is a natural noncommutative ana-
logue of the coordinate ring C[X], it is a natural question if there exists a sheaf
of noncommutative algebras on X whose algebra of global sections turns out to
be our algebra A. We call it localization of the noncommutative algebra A. We
will require that localization A of A is a sheaf of noncommutative algebra on X,
equipped with a filtration satisfying the condition (1), and the associated graded
algebra is isomorphic to the structure sheaf Ox as a sheaf of Poisson algebras. We
also require that the following diagram commutes:

A—5C[X)

F(X,*)T TNX,*)
er

A——0Ox

In such a situation, we also call A a quantization of the structure sheaf Ox.

To be precise, we need to consider a sheaf of C[[h]]-algebras on X equipped with
a certain C*-action, and consider the C*-finite part of the algebra of its global
sections to extract a C-algebra from it. In the following example, we see why we
need to consider a sheaf of C[[A]]-algebras, not a sheaf of C-algebras.

2.1. Microlocalization of sheaves of differential operators. Consider the sec-
ond example of the quantizations. If we consider the flag manifold X = G/B asso-
ciated with the simple Lie algebra g = Lie(G), the algebra of differential operators
D(X) on X is isomorphic to the quotient algebra of the universal enveloping algebra
U(g)/Z(g). Thus, if we consider the sheaf of differential operators Dx on X, we
have a natural isomorphism I'(X, Dx ) ~ U(g)/Z(g). Nevertheless, the sheaf Dy is
not localization of U(g)/Z(g) in the above sense, because the sheaf Dy is a sheaf

on X, not on its cotangent bundle X = T*X. Thus, to construct localization of
€

U(g)/Z(g) in the above sense, we need to construct a sheaf on X, i.e. we need to
localize Dy in the cotangent direction. Now we consider how such a localization A
of D(X) on the cotangent bundle X = T*X looks like.

Assume that we have local coordinates (z1,...,zq) of X. Let 9y, ..., 0q € Dx
be the partial differential operators 9; = 8/9x; associated with this coordinates.
We denote the equivalent class of 0; in gr Dx ~ Op-x by y; and the equivalent class
of z; by the same symbol z;. Then (z1,...,24,¥1,...,Y4) gives local symplectic
coordinates of X = T*X. On the open subset {y; # 0} C X, the localization sheaf
A has a local section 0; ', which is the inverse of 9;. Since A is localization of
D(X), it is natural that the multiplication - in A satisfies the Leibniz rule. Then,
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by the Leibniz rule, we have

o7t ayt = a7t o F 22072 4 2273070 4L
and RHS turns an infinite sum. Here each term of RHS means symbols of differential
operators. Thus, to construct localization of D(X) on X = T*X, we need to allow
such infinite sums. Algebraically, it can be obtained by introducing a Rees algebra
with respect to the filtration of Dx and taking completion of it.

Now we introduce the precise definition of deformation-quantization of the struc-
ture sheaf Ox. Let /i be an indeterminate and let A be an associative C[[A]]-algebra
such that the quotient algebra A/hA is a commutative C-algebra. Then, for any
a, b € A, a,b] = ab — ba lies in hA, and hence {a,b} = +[a,b] is well-defined on
A/RA, where a (resp. b) be the class to which a (resp. b) belongs. It is easy to see
that {—,—} is a Poisson bracket on the quotient algebra A/hA.

Definition 2.1. For a symplectic manifold X, a deformation-quantization of Ox
(or of X) is a sheaf A of associative C[[h]]-algebras, which is flat over C[[h]] and
complete in h-adic topology, such that

(A/RA B = —]) =~ (Ox,{——})
as a sheaf of Poisson algebras.

A basic example of deformation-quantization is the following h-deformed Weyl

algebra Ap.ca. As a vector space, we define
Ap-ca = C[[W)][x1, ..., za, 91, -, yal,

and its defining relations are given by [y;, ;] = yix; — x4 = hdyy, [@5, 5] =
[y, y;] = 0 where 0;; is Kronecker’s delta. With localizing it in a straight-forward
way, we have a sheaf Ap-ca ~¢ Op-ca @c C[[h]], and this sheaf gives a deformation-
quantization of the structure sheaf Op.ca. Note that in Ap.ca, we have a local
section x; b and Y; ! and their product is given by the infinite sum

gt eayt = a4 Ry Ryt 4 20 Ry
which is well-defined in Ap«ca.

To construct the localization of D(X) for the manifold X on its cotangent bun-
dle X = T*X, we patch up Ap.ca with local symplectic coordinates by gluing.
Let {Us}a be an affine open covering of X. Then we have the open covering
{T*Uy}a of X = T*X, and on each T*U,, we have local symplectic coordinates
(xf,..., 25,97, ...,y5). Now we can introduce a sheaf Ap-y, on T*U,, which is a
restriction of Ap.ca with respect to the symplectic coordinates. These sheaves can
be glued together into a sheaf of C[[A]]-algebras Ar-x ~¢ Orp«x ®c C[[h]]. This
sheaf Ap-x gives a deformation-quantization of Or-x.

One natural and fundamental problem of deformation-quantizations is if there
exists a deformation-quantization of Ox and how many deformation-quantizations
exist for given complex symplectic manifold X. In this survey, we do not care this
problem and consider deformation-quantizations which can be constructed explic-
itly. For the existence and classification problem of deformation-quantization, refer
[BeKa], [Lo2|] and references therein.

2.2. Quantum Hamiltonian reduction. As the above example, for a symplectic
manifold X which is the cotangent bundle X = T*X of a complex manifold X, we
have a deformation-quantization of Ox. But an important point of deformation-
quantization is that we can also construct a deformation-quantization on a sym-
plectic manifold which is not a cotangent bundle of a certain manifold. Quantum
Hamiltonian reduction is a method to construct a noncommutative algebra which
is a quantization of a certain Poisson algebra.



200

SR

First we review the notion of Hamiltonian reduction. It is a method to construct
a symplectic variety. The quantum Hamiltonian reduction is noncommutative ana-
logue of the Hamiltonian reduction.

Let X be a complex manifold. We assume that an algebraic/Lie group M acts on
X. Then this action naturally induces an action of M on 7*X and on its structure
sheaf Op.x, and the action preserves the Poisson bracket on Or-x. Moreover, by
differentiating the induced action of M on the structure sheaf Ox of X (not T*X),
we have a homomorphism of Lie algebras

up :m= LieM — Vect(X) C D(X),
and a homomorphism of C-algebras,
i Ulm) — D(X).

The homomorphism pp induces a homomorphism of commutative algebras between
their associated graded algebras

i 2 S(m) = Clm*] — C[1"X]

where S(m) is the symmetric algebra over the vector space m, and m* is the dual
vector space of m. By considering associated morphism with p* between algebraic
varieties, we have a morphism p : 7*X — m*, called a moment map associated
with the M-action on T*X. By the construction, this morphism g is compatible
with the M-action on 7*X. Namely, the subset y~1(x) C T*X is closed under the
action of M for x € m*. Then, we set

Xy = u (0//M = SpecClu ().

The affine scheme XQ may have singularities, but it is a Poisson variety, whose
Poisson bracket is naturally induced from the Poisson bracket on C[T*X]. We may
also construct nonsingular symmetric manifold associated with the M-action by
using geometric invariant theory. Here we do not care details of geometric invariant
theory, and we assume that we can take a Zariski open subset of 1 ~1() denoted
by u~1(x)** such that the group M acts free on p~1(x)**. The subset pu=1(x)**
is called semistable locus with respect to the action of M. Since the M-action on
u~1(x)* is free, the quotient with respect to the M-action

Xy =p () /M

turns out to be a nonsingular scheme. Moreover, the symplectic form on 7*X
induces a symplectic form on X, and thus X, is a symplectic manifold. The
symplectic manifold X, is called Hamiltonian reduction of T*X with respect to
the M-action. Note that X, is a quotient of subset of the original symplectic
manifold 7% X with respect to the M-action.

Important known algebras are obtained by quantum Hamiltonian reduction for
the case where X is a linear representation of the group M (thus is a C-vector
space), and x = 0. For known examples of such algebras, refer [K3, Section 5].
Below we consider such a case and denote X = X simply.

The structure sheaf of the new symplectic manifold X can be constructed ex-
plicitly from the structure sheaf of 7*X. While X is a quotient of subset of T* X,
its structure sheaf Ox can be written in the form of the M-invariant subalgebra of
the quotient of Or-x as follows:

Ox = (p(Oz-x)0e | O xyeem”(m))) ™

where p : p71(0)** — X is the projection. Namely, the structure sheaf Oy is the
algebra of M-invariants of M-coinvariants of the structure sheaf Op-x.
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The quantum Hamiltonian reduction is quantization of the Hamiltonian reduc-
tion. Namely, we consider noncommutative analogue of the above construction by
replacing the structure sheaf Op-x by its deformation-quantization Ap«x. Let
¢:m — C be a linear function on m which is invariant under the adjoint action
of m. This function c¢ is a parameter of the quantization. Consider the following
sheaf of C[[h]]-algebras on the symplectic manifold X, which is a subquotient of the
deformation-quantization A(p«xyss:

Axe = (p(Aexye | Acrexyes (pp — he)(m))™

The construction naturally implies that the sheaf of C[[h]]-algebras Ax . is a
deformation-quantization of Ox. Indeed, under the following geometric conditions,
we can show that Ax . is a deformation-quantization of Ox:

(1) p=1(0)>= #0,

(2) the moment map g is a flat morphism,

(3) the action of M on p=1(0)*® is free,

(4) the morphism X — X is birational and X has only normal singularities.

2.3. Algebra of global sections. Now we make precise the connection between
the quantization of the coordinate ring C[X] and the deformation-quantization of
the structure sheaf Ox.

Let X be a symplectic manifold obtained by Hamiltonian reduction, and let Ax .
be a deformation-quantization of Ox as in Section 2.2. Note that Ax . is a sheaf
of C[[h]]-algebras and thus its algebra of global sections I'(X, Ax ) is also a C[[h]]-
algebra. By construction, we have I'(X, Ax .)/hI'(X, Ax ) ~ C[X]. In Section 1,
we defined a quantization of the Poisson algebra C[X] as a filtered C-algebra. Thus
the algebra of global sections I'(X, Ax ) is not a quantization in that sense. But
we can obtain a quantization of C[X] by modifying the notion of “the algebra of
global sections” a little.

Recall that we assumed that X is a linear representation of M and thus X is a
C-vector space. Consider a C*-action on T*X such that the induced equivariant
C*-action on Or-x makes the coordinate functions x;, y; of T*X semi-invariant
elements of weight one. By letting & be also a semi-invariant element of weight two,
the C*-action lift to an equivariant action on the deformation-quantization Ar-x.
These C*-actions induce a C*-action on the symplectic manifold X, and also an
equivariant C*-action on the sheaf Ax . on X. Then the algebra of global sections
A, = T'(X, Ax,) is a C[[h]]-algebra with a C*-action.

The algebra EC is decomposed into a direct product of weight spaces with respect
to the C*-action: /TC = Hm(ﬁc)m where (gc)m is the weight space of weight m.
Consider the direct sum € (A,)ym. Then, it is a C[h]-subalgebra of A.. We call
it the finite part of AC with respect to the C*-action, and denote (A\C)C*,ﬁn‘ Now
consider the specialization & = 1, and we obtain a C-algebra

(Ae)cw-in/ (h = 1)(Ac)cogin-

m

Ac = FF(X7 AX.C) dff

The C[[h]]-algebra A, is graded by the power of A, and the grading induces a
filtration of the C-algebra A..

Proposition 2.2. Under the conditions (1)-(4) in Section 2.2, the algebra A. =
I'r(X, Ax.c) is a quantization of the Poisson algebra C[X].
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We also have the following commutative diagram:

A, —2- C[X]

FF(XV*)T TF(X»*)

h=0
Ax,c —— Ox

Similarly, we can construct “the algebra of global sections” also for the deformation-
quantization Az« x of the cotangent bundle 7% X for a manifold X.

3. DEFORMATION-QUANTIZATION OF ARC SPACES

3.1. Arc spaces. The notion of deformation-quantization and quantum Hamil-
tonian reduction works also for certain infinite-dimensional manifolds, not only
finite-dimensional ones. For a finite-dimensional manifold X, consider an infinite-
dimensional manifold J,, X, called an arc space or a oo-Jet scheme on X. We
regard X as a scheme of finite type over C. Then the arc space Jo.X is a scheme
whose R-valued points for a C-algebra R is given by

JooX (R) = Hom(Spec R, Jo X) = Hom(Spec R[[t]], X) = X(R[[t]]).

Namely, the arc space JoX is a scheme, whose C-valued points are infinitesimal
arcs on X. Then, for an R-valued point z(t) of JooX, we can regard z(t) as an
infinite-dimensional arc on X and its head z(0) is an R-valued point of X. Thus,
we have a canonical projection Joo X — X, x(t) — x(0).

‘We consider a finite-dimensional symplectic manifold X. Then its structure sheaf
Ox is equipped with a Poisson bracket {—,—}. Along with it, the structure sheaf
O x has an additional structure, called a vertex Poisson algebra. Vertex Poisson
algebras are vertex algebra analogue of Poisson algebras, which are naturally ob-
tained as an associated graded algebra of a certain vertex algebra. First, we review
briefly the definition of vertex algebras.

A vertex algebra is a quadruple of data (V,1,T,Y (—, z)), where

V — a vector space,

1€V — avector in V, called the vacuum vector

T:V—V a linear operator, called the translation operator

Y(—z2) : V — EndV][[z,27!]] — a linear operator, where Y (4,z2) =
Y onez A(n)z_"_l is a formal series of linear operators A,y on V for each
vector A € V. The operator Y (A, z) is called the vertex operator associated
with A.

These data are subject to the following axioms:

e (vacuum axiom) The vacuum vector satisfies Y (1,z) = idy, and for any
A €V, we have Y (A, z)1 € V[[2]], so that Y (A4, z)1 can be specialized at
z = 0. Then, we have Y (4, 2)1|.—0 = A. In other words, we have A¢,)1 = 0
for any n >0 and A_)1=Ain V.

o (translation axiom) For any A € V, we have

[T,Y(A, 2)] =0.Y(A,z),

and 71 = 0.
o (locality axiom) For any A, B € V, the vertex operators Y (A4,z) and
Y (B, w) are mutually local: Namely, there exists N € Zxg

(z—w)N[Y(4,2),Y(B,w)] = 0.
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From the above definition of vertex algebras, we obtain the following identity be-
tween coefficients of vertex operators Y (4, z) and Y (B, z) for A, B € V, so called
Borcherds’ identity:

m
> <j ) (Am+i)B) m+1-7)

j=0

=Y (-1) (?) {Amin—i)Barj) = (1" Bayi—j)Aimti }
Jj=0
for any [, m and n € Z.

A vertex algebra V' is called a commutative vertex algebra if A(,) = 0 for any
A€V andn € Zyo. In this situation, operators A(_,,) and B(_,) commute for any
A, B €V and m, n € Z>1, and we can identify the commutative vertex algebra V'
as a commutative C-algebra in infinitely many variables with the derivation 7. For
any manifold X, the structure sheaf O x of the arc space Jo, X has a structure
of a sheaf of commutative vertex algebras with variables f(_ny = (1/n)T"f for
f € Ox and n € Z>1. The canonical projection Joo X — X induces an embedding
Ox — Oy x given by f — f_y) for f € Ox.

A vertex Poisson algebra is a tuple (V,1,T,Y,(—,z),Y_(—, z)), such that the
quadruple (V,1,T,Y, (—, 2)) is a commutative vertex algebra with the vertex oper-
ator Yy (A, 2) =3, «_1 Az~ "1, and coefficients of Y_(A,2) = 3 oq Amyz """
satisfies a truncation of the Borcherds’ identity. It is vertex-algebraic analogue of
Poisson algebras in the following sense; if (V,1,T,Y(—)) is a vertex algebra with
filtration and the associated graded vertex algebra gr V' with respect to the filtra-
tion is commutative, we can define the structure of a vertex Poisson algebra on the
associated graded vertex algebra gr V.

Assume that X is a symplectic manifold. Consider the arc space J,, X, and
then the structure sheaf O;__ x is a sheaf of commutative vertex algebras as above.
Moreover, the Poisson bracket {—,—} on Ox induces a structure of a vertex Poisson
algebra on O x which satisfies

Fog = {{f,g} if n =0,

0 ifn>1,

for f, g € Ox and also satisfies the (truncated) Borcherds’ identity.

3.2. Deformation-quantization of J,X. As deformation-quantization of the
vertex Poisson algebras, we obtain the notion of h-adic vertex algebras, which are in-
troduced by H. Li in [Li]. An h-adic vertex algebra is a quadruple (V,1,T,Y (—, z))
where V is a flat C[[]]-module which is complete in h-adic topology, such that
(V/WNV,1,T,Y (—, 2)) is a vertex algebra over C for any N > 0. Note that a
h-adic vertex algebra need not a vertex algebra over C[[R]].

Assume that, for an h-adic vertex algebra (V,1,T,Y (—, z)), the quotient vertex
algebra (V/RV,1,T,Y (—, z)) is a commutative vertex algebra. Then, V/hV has
naturally the structure of vertex Poisson algebra defined by

d(n)l_J = hila(n)b mod &

for a, b € V and n € Z>o, and where @ = a mod k€ V/AV is the equivalent class
of a.

Now we introduce the notion of deformation-quantization for vertex algebras.
Let X be a symplectic manifold, and consider the structure sheaf O;_ x of the arc
space Joo X as a sheaf of vertex Poisson algebras. We say that the sheaf of h-adic
vertex algebras A%L on Joo X is a deformation-quantization of O x (or of Joo X) if
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its quotient A2 /hASE is isomorphic to O x as a sheaf of vertex Poisson algebras
on Jyo X.

As the usual deformation-quantization, we can construct a deformation-quantization

of O, x as a sheaf of h-adic vertex algebras in the following two cases:

(1) When X is the cotangent bundle of a certain manifold X, i.e. X =T*X, we
may have a sheaf of vertex algebras called an algebra of chiral differential operators
(CDO) on X, denoted by D2, which was introduced in [BD] and [GMS] indepen-
dently. Note that there exists an obstruction for existence of such a sheaf, but it
is known that if the second Chern class cho(7x) vanishes, such a sheaf D! exists.
See [GMS] for details. o

By a similar method for localizing the sheaf of differential operators Dx on T X
as a deformation-quantization of X = T X, we can construct localization of the
sheaf of vertex algebras D as a sheaf of h-adic vertex algebras on X = 7* X, and
moreover, as a sheaf on its arc space JoX. This construction gives a deformation-
quantization of the structure sheaf O_x in the above sense. We denote it A ;.

(2) When a symplectic manifold X is constructed by Hamiltonian reduction
X = p~Y(x)*/M as above for an action of a certain unipotent Lie group M on a
manifold X and the CDO D$ exists, we can construct a deformation-quantization
of O _x as quantum Hamiltonian reduction of Aggh. In [AKM], with using a
certain cohomological and quantum Hamiltonian reduction, called a BRST coho-
mology, a deformation-quantization of O;_ x is constructed for a Slodowy variety
X, a symplectic manifold which is obtained by Hamiltonian reduction of a flag
variety.

As “a vertex algebra of global sections” with respect to a certain C*-action, we
obtain (1) a vertex algebra at critical level associated with the affine Lie algebra cor-
responding to the flag variety, or (2) an affine W-algebra at critical level associated
with the Slodowy variety X, respectively. Namely, these deformation-quantizations
are regarded as localization of such vertex algebras.

4. APPLICATIONS OF LOCALIZATION TO REPRESENTATION THEORY

When an associative algebra A is localized by a deformation-quantization of a
certain symplectic manifold X, the representation theory of A may be connected
with the geometrical structure of the underlying manifold X. And indeed many
applications of such a localization to the representation theory are known. In this
section, we summarize some of such results which are recently studied for algebras
obtained by quantum Hamiltonian reduction.

Throughout this section, we use the following notation. Let X be a symplectic
manifold, and let Ax . be a deformation-quantization of the structure sheaf Ox
with a parameter of quantization c. Set A, = I'(X, Ax c)finln=1 be an associative
C-algebra which is obtained as “the algebra of global sections”. In this section, we
may assume that the symplectic manifold X is obtained by Hamiltonian reduction,
and the Hamiltonian reduction satisfies the assumptions (1)—(4).

4.1. Beilinson-Bernstein type correspondence. The most fundamental results
are certain equivalences of categories between the category of A.-modules and the
category of Ax .-modules with an equivariant torus action, which the functor of tak-
ing “global sections” gives. In the classical case of the universal enveloping algebra
of simple Lie algebra U(g), such an equivalence of categories essentially coincides
with an equivalence of abelian categories known as the Beilinson-Bernstein corre-
spondence. In the case of quantum Hamiltonian reduction, we have (1) equivalence
of triangulated categories between derived categories of module categories and (2)
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equivalence of abelian categories which is direct analogue of the Beilinson-Bernstein
correspondence.

(1) Let A.-mod be the abelian category of finitely-generated A.-modules, and
let Ax c-modc+_equiv be the abelian category of coherent Ay .-modules with the C*-
equivariant action, which are torsion-free over C[[A]]. Then an object of Ax -modc=-equiv
are a sheaf on X and thus we can consider the module of its global sections. For an
object M € Ax -modc=-equiv, the module of global sections I'(X, M) is a C[[h]]-
module with C*-action, since M is equipped with the equivariant C*-action. Then,
taking finite part with respect to C*-action, denoted I'(X, M)c-fin, we have a
C[h)-module. Finally, substituting & = 1, we obtain a C-vector space

T'p(X, M) = (X, M)ce_fin|a=1 = T(X, M)c+-fin @c[r) Cu,
where Cy is the C[h]-module by augmentation at h = 1. Since T'p(X, Ax ) =~ A,
I'r(X, M) is an A.-module. This construction gives a functor of abelian categories
Tp(X,—) : Ax,c-modc+_equiv — Ac-mod.
Consider the derived functor, and we have
RTp(X,—) : D*(Ax c-modc-_equiv) — DP(A-~mod)

where D(—) is a bounded derived category.

The following result is due to I. Gordon and I. Losev [GL]. Independently,
K. McGerty and T. Nevins also studied essentially the same result independently
in a little different manner in [MN1].

Theorem 4.1. If the algebra A. has finite global dimension, we have an equivalence
of triangulated categories

RTp(X,—) : D*(Ax c-mode- equiv) —= DP(A.-mod)
with the quasi-inverse functor Ax . ®% (—).
(2) Under a certain condition, the above functor I'p(X,—) also gives an equiva-

lence of abelian categories, not only the derived equivalence. Note that the Hamil-
tonian reduction X is defined as a projective variety over X0:

X = Proj @ Clp~ (013, — X° = SpecC[p~1(0)|M
m>0

where 6 is a certain character of the group M. From the definition, we have a line
bundle O(1) which is associated with the €9, C[1~*(0)]3%.-module €D,,, C[1 1 (0)]5,...).
Moreover, we can construct a sheaf Aﬂw which gives a quantization of this line bun-

dle O(1) in the sense that A‘;{?C ®c(in)) Co = O(1) where Cy is a C[[h]]-module on C

by augmentation at i = 0. This sheaf is an (Ax, ct+40, Ax,c)-bimodule where df is

a character of the Lie algebra m obtained by differentiating 6. By considering the
tensor product with A“;('TC over Ay ., we have a functor

o . N
AX,C ®.AX.C (7) . AX,C‘HIOdC*-equiv «AX,c+md9‘In0dC*—equiv

for each m € Z. We have A%, Qcqn Co = O(m) ~ O(1)®™, and the functor is

an equivalence of categories whose quasi-inverse functor is given by Ag{wm 40- BY
applying “the functor of taking global sections” I'p(X,—), we have functors

FF(X, Ag:fc) XA, (—) 1 Ac-mod — Ay nap-mod

for each m € Z.
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Theorem 4.2. Assume that the functor T'p(X, Ag(":c) ®a, (—) is an equivalence of

abelian categories (with the quasi-inverse given by I'p(X, Ag;;_mds) ®Aemao (—))
for allm € Z>q. Then,

T'p(X,—) : Ax,c-modc equiv — Ac-mod
is an equivalence of abelian categories with the quasi-inverse Ax . ®a, (—).

The theorem is analogue of well-known theorem in the representation theory of
simple Lie algebras, so called the Beilinson-Bernstein correspondence, studied in
[BB1, BB2|, and also in [BrKa]. For algebras obtained by quantum Hamiltonian
reduction, it was first established for the rational Cherednik algebra of the sym-
metric group &,, by M. Kashiwara and R. Rouquier in [KR], and later for some
other cases in [BeKu|, [DK] separately. Recently, K. McGerty and T. Nevins in
[MN2] gave a general criterion when such an abelian equivalence holds by using
Kashiwara’s equivalence and Kirwan-Ness stratification.

In known cases of quantum Hamiltonian reduction, the sheaf of C[[h]]-algebras
Ax . is locally isomorphic to the i-deformed Weyl algebra

D(C"’,h = C[[fl]][iﬂh---71‘d7y17---7yd]

with defining relation given by [y;,z;] = §;;h, (i, 2;] = [yi,y;] = 0. Thus the
above equivalences connect the representation theory of A, with microlocal analysis
on the symplectic manifold X through the sheaf Ax ., and hence we have many
applications in the representation theory of A..

First, for an A.-module M, the support of the corresponding sheaf of modules
Ax,c®a, M in the symplectic manifold X is an invariant of modules. It is analogue
of characteristic varieties in D-module theory. We also have analogue of charac-
teristic cycles, cycles on X (with multiplicities) associated with the module. For
certain quantum Hamiltonian reduction A, characteristic cycles of some important
A,-modules were studied in [GS] (for the rational Cherednik algebra for &,,) and
in [K1] (for the rational Cherednik algebra for Z/IZ).

Moreover, for the rational Cherednik algebra for Z/IZ, we can construct explicitly
sheaves of modules corresponding to irreducible modules and standard modules
in the category O of A., a highest weight category analogous to the Bernstein-
Gelfand-Gelfand category for a simple Lie algebra. ([K2]) As a consequence, it
follows that sheaves of modules corresponding to modules in the category O are
regular holonomic in the sense of microlocal analysis. Conjecturally the same fact
holds for the category O of other type of rational Cherednik algebra, but it is still
an open problem.

4.2. BRST cohomologies. The construction of the algebra A. as quantum Hamil-
tonian reduction associated with the M-action on Ap«y induces a certain coho-
mology, called a BRST cohomology. The BRST cohomology (or so called BRST
reduction) is first introduced by theoretical physicist in the area of quantum field
theory. Mathematically, it is known that the BRST cohomology gives a cohomo-
logical interpretation of the (quantum) Hamiltonian reduction (cf. [KS], [F]). In
[K3], the explicit description of the BRST cohomology associated with the quantum
Hamiltonian reduction is given in the case where X is a linear representation of the
group M. We denote the BRST cohomology associated with the action of M on
the ring of differential operators D(X) by Hgrgr (m,D(X)), where m is the Lie
algebra of M and c is the parameter of the quantum Hamiltonian reduction A..
We can also define the sheaf version of the BRST cohomology, and it is denoted
Hyrsr,o (M, Az x)ss). Then, we have the following two isomorphisms of graded
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algebras (with respect to the degree of cohomologies) under certain conditions:

(2) HBrsT,c(M Are x)s0) = Ax c @c Hpp(M),
3) Hppsr,(m, D(X)) = Ac ®c Hpr(M),

where H},p(M) is the de Rham cohomology of M. The former isomorphism fol-
lows from the geometrical conditions in Section 2.2, and indeed it is essentially a
geometrical fact. On the other hand, to prove the latter isomorphism we need to
make advantage of the representation theory of A.. Indeed, by using the abelian
and derived equivalences of categories in Section 4.1, we obtain (3) from (2).

4.3. Isomorphism of quantizations. Some noncommutative algebras give quan-
tizations of the same Poisson algebra. In such a case, it is a natural problem if these
quantizations are isomorphic with each other. But usually it is not easy to compare
their different constructions directly. On the other hand, the deformation theory for
deformation-quantization of a symplectic manifold is studied by R. Bezrukavnikov
and D. Kaledin in [BeKa]. As an application of their result, I. Losev proved iso-
morphisms between certain noncommutative algebras, which are constructed by
quantum Hamiltonian reduction in [Lo2]. For example, deformed preprojective
algebras introduced in [CBH] and finite W-algebras associated with a subregular
nilpotent orbit in simple Lie algebra of type ADE are isomorphic with each other.
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