Juboodootdbb 20

oogd

Ooo0oogog /JST CREST

0000000000200 (?)

gobobooooobbboooobbob2o0d0bobbboooobob
O000000200000000000000000000Sturmfels 000
000000 [22) 0D00OHerzog 00 19700000 [10] O “early reference”
gobbbogbbobooboogobob2bbbooooboboboouobn
oboo300b00bgz200000

(1) 000000000000 0000O0O0DoODoooOOoOUOOOoOOooOOd

1991 0 O Sturmfels [21] O O Gel’fand—Zelevinskii-Kapranov [9] 0 0 0O O
gugdoobbobbbboooob bbb oooooooooooon
goobooooobobobooooboobobooooobobbooon

(2) 0000000000000 00OO0OoOoooooOoOoOoOoOoOoOod

1991 0 0Conti-Traverso 5| 000 00000000000 OOOOOO
Oo0oobooooobobboboooboobobooooooboboog Conti-
Traverso DO ODOO0OO0OOO0DOOOO

(3) D0000O0O0OO0ODOOO0OODODUUUOUObOOoODOOoODOO

Diaconis-Sturmfels [7] 000 0000000000000 O0OOOOO
oboobooooboobuoobooboobuoobuooboooDo
gobboobouoboobooboobboobobouboonbiggs
ooogm

suguogbbobbbboobbbbouooobbooobbooobboo

00000000 sturmfels 000000000 2200000000000
0000000 [12]000000000M0O0000000000000Od
obogbobooobooobb200b000b0bOo0obooobbOoOn
gbobobooogoboobod



1 OJoooooood

D000D000000000A={ay,...,a,}CZ¢0 R 000000
0000000 we RROODDOO0OOW: - =+ =w-a, =1000
000000000 ADO0OODODOOODOODOOOOdxn OO0O0DOO0OO
D00 KODODDODOOOOO0O K[, T7Y = K[ty,t7', ..., te,t;'] 00000
a=(ay,...,qq) €Z40000T2 =ty € KT, 771000000000
semigroup ring K[A] = K[T®,...,7*] Cc K[I,T7'|0 ADO0OOOOOOO
000 KOO nO0O0O0O00OO K[X]=K[zy,...,r,)]00000000000
7 K[X] — KA O n(x;) =T% (1<i<n) 00000000 Iy :=kernw
0 ADDOO0ODODOOOOOO0DOO0

0 1.1 00
111000
000111
A=1100 100
010010
001001

|:| |:| |:| |:| |:| K[A] - K[tltg,t1t4,t1t5,t2t3,t2t4,t2t5] |:| |:| |:| D
Iy = (2105 — woxy, T106 — T3Ts, Tollg — T3Ts)

gooo

000000000000000000000002000000000
In=(p—qeK[X]|pqO m(p)=n(¢) 0000000 ).

oooA0O0O0OOO0OO0ODOOOOL,O00DOOO0O0OO0O0ODOOODOOOO
OO00000AOdxnOOO0OOOODOO

Iy = (X" =XVeK[X]|uvell, Au= Av)
:<X“—XfeKwﬁueZEAu:®

0000000000000 0wt0 wO00O0O0O00Ow O wOO00OO0O000O
O000000000000000uw=uw"—uw 00000MOOOOOOO
a, UDOooogooooooooboon

Iy= (@, —T1T*,...,0, —T?*)NK[X]

goooog



2 Ooobobooobooboobobd

O00000000000oo0o0o0ooo0ooooooo0O KXjJooo
oboobobbobbdob <bobbobobobbobbobo20000
gooboogon

(1) 00000 w#1000001<w000000O

(2) 000000 wyv,wDO000Du<v=uww<ovwd 000000

0210000 K[X|]O2000000
1. 000, 0000000000000 0Db00bOo00

2.00000 = b ODbOO0OO0OO0O0ObOOO0OO0OobLObODbDOO

3. 00000 «zz 000D O0ODOOO0O0O0ODODO O

gbboogdgbboobbooogbobogbboobobobbobuoonon
rn>--->2, 000000000000O0O0O00O00O0O00O0O00O0O0O00OD0
gbobobooogoboo

00000 <010000000000000+£f€eK[X]00000f0
000000000 <0000000000 in(f) 00000000 K[X]
00000 I00000in () :=(n(f)|0£fe)0 10000000
0000000000{g,...,¢}Cc/0<0000 70000000000
000Oinc(I) = (inc(g1),...,inc(g)) 00 000000000000 700
0000000000000/0000000000000000000/0
00000000 /000000

0000000000000000000000000000000000
00000000000000000002000000000000000
00000000000000000000000000000000000
00oo00

() 000000000000, 00000000020020000000
(ii) K[A] O “Koszul 007 0000
(i) 7, 02002000000000

0000() = (i) = (i) 0000000(3G) = (1) 000 (i) = (i) 000
000000000000000 1500000000 “Koszul D07 O
0000000000000000 ()00000000000000000
00000000D0000000000000000000 11]00000
0000000



3 Uoobobogobogo

00 A={a),...,a,} CcZ¢00000

Conv(A) := {Z roa; € Q1

=1

OSHEQ, inzl}

i=1

0A0D00000D0O0O00 PCcQXOOODO00OOOOOOOP =Conv(A)
00000000 Acz‘000000o0oooo

0101 1

03100A=]00 11 -1 |O0O0O00OConv(A)0ODODOOOOO
1111 1

oboogog

mt:;7om

ap ap

gooboobo pO0OOUOO0O0OOPOOLODLDD 1+4dmPOODODOOO
OO0000OoO0oDOO00000m@o0 ADODOOoOoOoOooboDoOo A0OD
0000000000 AOOConv(A)=Up,FO0OO0O0DOOO0DODOOODO
AD0D0O0 A0 DOOOOOODOOOO

(1) FeAQOUOODF O FOOOOODOF €AO

(2) FFFFe ADODOOFNF' O FOOOOOOF OOO

OO0b000b00b000Gel'fand DO00OOO00O0O0O0DO0OOODO0O0O0 welkR?
OoboooAdDO0OD0O A, 000000000 DOODODOOODOODOO
oboobobobooboooboboboboooboboboboooan
000000000000 A={ay,...,a,}CZ¢000000 <000O0OO

B C A, Hxﬁw%JQ%

a;,eB

A(inc (1y)) :== {COHV(B)

0AD<0O0000D000D00000O00Sturmfels0 19910000 [21] 00
D000 weR'OOOOOOOO0O00000000000A(ing(I4) = Ay
00000000000000000000000000000000000
000000000000000000000



00 320000000 A(inc({4))0 ADDDOOOOO0OO

033031000
1

01 01
A=1001 1 -1
1111 1

00000000000 Iy = {09 — 2375, 1124 — ToZz, 22 — x4w5) 0000
000000000 <, (@ >a1 >33 >a,>a5) 0000 [,000000

000 {17y — 1335, Tolz — T1T4, T3 — Tals, viwg — x3205 OO0 00

. 2 2
ing, (I4) = <x1x2,x2x3,x2,x1x4>, Ving, (14) = (x124, T2)

Oo0ooogoooooogoon A(in<l(lA))DDDDDDDDDDDDD
00000000 <y (zs>a3>ay>20>2) 0000 1,000000
000 {375 — 21T, ToTz — T1T4, T4T5 —v3} 0000

ing,(1a) = Ving, (L) = (w23, 0325, £425)

O0000000000000000 Afng,(ly))00000000o0oooon

az a az ay

ay as

)
N\
&
2

O0 ADOO0O0DOOCO00D00 AO unimodular O O0OO0OD0OO0AQOOODO
OO0bo0o0b0 o0O0O0O00O BOOODOOZA=ZBUODOOOOOOOOOO

gogdd
:{Zzzaz ZZGZ}
=1

000000000000 A(ing (£4)) O unimodular 000 0 0 OA(ine,(Z4))
O unimodular OO OOOOOOOOCO wmimodularOOOQOQOQOQOOOO
000000000000 ooooooooooo-

00 3.4 0000000 A(inc(La)) O unimodular <= \/in<(14) = in. (1)

OO000000000 wimodular 0000000000 OO0OOOOOODO
oboobooboobo



(i) A0 unimodularD (D000 OO000QO unimodular()
O« 00000000 <00000Vinc(I4) =inc(14)0

(i) A O compressed[
O« 000000000 <O00000inc(I4) =inc(14)00

(iii)) A QO unimodular 000D O0O0O0O0ODOOOO
O« 0000000 <00000 y/inc(Iy) =in(I4)M

(iv) A O unimodular 0000000000
(v) AO unimodular 0000000

00000000(G) = (i) = (i) = (iv) = (v)= (vij 00000000
0000000000000 00000000000Sullivant [23] 00000
0 (i) 0000 ADDODO0O0000000000000000000000
00000000000000000000000000000000000
0000000000000000000000000000000000

3.1 0J00o0oboooooobobod

1997 O O Gel'fand-Graev-Postnikov (8] D0 ADDOOOOOOOO
Ad,lz{ei—ej | 1§Z<]§d}

00000e€z000000000000000

Ag

1L 1

0 unimodular 00000000 A(inc(/—)) 0 Dinc(/x—) 0 20000
N0000000000000'N00004,,000000000000
00000000000000000000000000000 Conv(Ay )

obobobOooooooboo %(25_12> obooOboOooooooboboboog

l0D0000000000D0D0000000000O0D0D0O00D000000000000
ooooooog




0000000000000 000000000O00000U00O0O0OKI[A]O
“Cohen-Macauley” 0000000000000 K[AJjOOOOOOoooOO
000200200 Ohsugi-Hibi [17] 0 0000000000000 O0OO

D, = {ez:te]|1§2<]§d}

By = {ei,...,eq} UDy

Cd = {2e1,...,2ed}UDd
0o0oooooooooo20000fddonooooooooooooooo
goodoobbobooooo

3.2 JUbobooooooo

oooo {1,2,...,d} 000000000 GOO000000000000
0000000000 0000000EG) 0 GOO000000000 G
000 e={i,j}€ B(G)00000p(e) :=e;+e; €Z¢000000000
00 Ag:={ple) |e€c B(G)} cZ¢0000000000 Conv(Ag) O GO
000000000000000 13]000000000000000000
2000 (i) < (i) 000000000

Oo0 35 0000000 GLOOODOOobODOoOooboOon
(i) K[A;] 0O D
(1)) Ag O unimoduler 000000

(i) G OOOOODOO0000000000 20000000 ¢, Cc’ 00O

Oocooooooocc'oogoo0oooogbo oobooooodg

gboooboobobobobobooboboboooobooooobobo
oboooboobobbobbobbooboobon

0 3.6 ([14]) 000000 GOO0000Ag O unimodular 1000000

0000000000000 0oo0oooooooogenO ()0 (vipoo
O0((Gv) 000000 G) OD0O0o0O0O0O0o000oooom



4 O0O0O0O0O0OOO0OOO

0000000000000 (60 (12000000000 00ooooo
OO00oo0ooooob0ooboobooobooboboogbbdConti-Traverso
goboobooogobooobod

0 4.1 ([6] §8) ADDDD10000 400kg, 2m*0BOOOO10000O 500
kg, 3m* 0000000000000 0000100000000ADODO 11
O00BODO 15, 000000000000000003700kg,20m® 000
gbooboboboboobobooboboboboobobobooog

gboboboobooooobboooon

4a + Db < 37
2 + 3b < 20
a,b > 0

O000lle+ 1500000000000 e, b00DOO0O0DODOOODODO
OOoo00ooooooboobooboooobboobobobde,bezinO

8

6

oboobobogbooobobz2b0b0booboobobobobooon
000000 (11/2,3) 0000000000000 0000

O000Conti-Traverso D 00000000000 ODOOOOOOOOO
obogobobogobbooobbd e, d0bbooobboobbboon
O“Ccobo”0ooboogn

da + S0 + ¢ = 37
20 + 3D + d = 20
a, b, c,d > 0

Oob0-1le—15000000000000 a,b,c, d000O0OCOO0OOO0O

gooboogd
A 4 510
2 3 01



gboobooboobo

(37
L 20
0DO0o0o00do (—11,-15,0,0) - (a,b,¢,d) 0000000000000 0O0O

O (a,b,c,d) 0000000COOO0O0O0OOO0OOOD ADDOOOOO
obooboobooboboboobobooboboobooboo

QL o oL

w = (=11, -15,0,0) + 2 (6,8,1,1) = (1,1,1,1)
goobobooooboboobooo ,gobobobuoooooobobooa
G = {307 — 71, DoTazy — T2, 310374 — Ty, TITy — Tow3, TETE — 25}

000moooo I,0 0000 (6,8,1,1) 0000000000000 @
000000 (a,b,¢,d) =(0,0,37,20) 000000000000000000
0000000 #7220 ¢00000000000 a2, 00000000
000000000 (a,b,¢,d) = (4,4,1,00 0000AO0D00400B0O00
4000000000000000000000
0000000000000 00000000000000000000
D000000000000000000 Conti-Traverso 00000000
0000000000000 000000000000000000000
D000000000000000@mO00000O00 00 CConti-Traverso
00000000000 000000000000000000000000
0 Conti-Traverso 0 0000 000000000000 0000000000
O Conti-Traverso 0 000 0000000000000 0O00000CO0O0O
00000000000 00000000000000

5 Uoobobooboo

gbobobouogogbbobooooobobg

oo\Noo |5 4 3 2 1|0
5 2 1 1 0 0] 4
4 8§ 3 3 0 0|14
3 0 2 1 1 1|5
2 0 00 1 1] 2
1 0 00 0 1]1
N 10 6 5 2 3|26




ObOd0sxs50000000000000000O00O0O0OO0 2000000
obo2000000000b0D0bOOobOo0bOoODOg

gboboboobooooobbooboooogn

gbboogbbooobboobbuoobbuoobboobbooobood
oboobod

( 1 W

tz'j 5)
9 )

B
I
N~
I

OgtijGZ

10 6 5 2 3|26 )
\

0000000000000000 000000000 “Fisher 0000
O”000000000000000b00b0b00b00O00ob0Oob0OobD00n
0000 FOO0OODOOOOOOOOOOO0O0O04F|=229,17400000
obgrFO0DOO0OO0DOODODOODDODOFODOODOODOODOODOOD0
gboogdbbogbuogbbuouoooboooboogboogbobooobon
oboobobobooooboboboboobooooobobobobod
oboogboboboooobobobuooooboboboobrFbObLOn
gboobobbobbod2x3b0000000

artay=0+P+ =N

0000 o, 0000000

tin tie tiz |
F=ST=(tyj) [|tar t tez|a) 0<t;€Z
Br B P3| N

gbooogo

(e )

gbobobgoboobobobo 0000200 FOOOODOOOOODO
obooobodb MmoOoobooooboobobooboobooboobo
gbooboobooboooobooboobon

10



05101100000

111000
000111
A=]11 001 0 0
010010
001 001

gdododododoz2x3tbdouoooooonoonoooon
fu t11 + o + 13
t1s lo1 + to + to3
A - = ti1 + 1t
lig + 22
lig + 123

t12

92

ta3

gboobooboobdd I,00bodb2x300000000000
ob1g01000

Iy = (x125 — Tow4, T1Te — T3T4, Tolg — T3Ts)

M- 1 -1 0 7 1 0 -1 7 0 1 -1
-1 1 0 -1 0 1 0 -1 1
oboobooobgd

00 5.2 (Diaconis—Sturmfels) 00 000000000000 0O000O00O
Oobooboobdboboobooboobdoobouobd e00bonoOiOl,
gbobobooogobobod

oboob2000000000000D0DOD2000000O0O0O0DOOO0
000 K[A|OOOOOO Segre 00000 I, 0200200000000
000000000000 0O00O000300D0DoDoDoooooD@B)oOO
obooboobobboobobobobb,boobbobboboobo
gboobobbobbobbobb4ci2dboobooobooboon
oboooobod

5.1 O /0000000000000000
D000 r Xxrgx---xpr, D 0000O0r >r9>-->1r,>20

T = (tili2"'il)ik:1,2,...,rk , 0< tili2"'ie ez

11



000000 ¢000000000000000000000000000
000000000000 Aypyer, 100000
D me® g6

i203++0g (ARERET (ARCRETE)

00000 i 0 {1,2,...,n, 0000e" 0 RrL-The1mirre [ 0 [

i1 1igg 1

OO00D0000000000 Segre DODOOO0OODODOODOO Segre OO
OO00000D0002x2x20300000000000000 Ay O

o o o X X x X
o o X X
O X 0o X o o X
oo 1 1
o X 1 1
X O 1 1
X X 1 1
oo 1 1
o x 1 1
X O 1 1
X X 1 1
oo 1 1
o X 1 1
X 0 1 1
X X 1 1

O00000oooooooooooo ()0 (vipooooooooooooo
Sullivant [23]0 Ohsugi-Hibi [18]00 000 00 Normaliz 000 4ti2 000
000 4 0000000000000 0000000O00OoooooO

1 X g unimodular
Ty X Tg X2 X o X2

ry X 3 %3 compressed,
not unimodular
DX dX3 normal
hx4x3 (4ti2 & Normaliz)
4x4x3 not compressed

otherwise, i.e.,
¢{>4and ry3 >3 not normal
¢=3and ry >4

(=3,r3=3,r >6and ry >4

12



5.2 UUOUOLObOd

00 A0000DOO0O0D0O0D0OMO0O000000000000
000000 »00000000i=1,2,...,d00000,,000000
_KhﬂuwﬁqDDDDDDDliDDDDDsm%mwﬂ%

i

7 Hi

MM:Kﬁﬁ%wmﬂcKhﬂmwﬂ
000o0ooooon

iy -t € {T™,...,T*}

1 Ir lgjkg)\zkforlgkgr

KMBHHJML:K[mWHWMJ

00000000 A(By,...,B) 0 A By,..,B,0000000000000
00000000000000000000000000000000000
oooooooooon

Algebras of Veronese type

!
Segre—Veronese [ O [16]
!
000 Segre—Veronese 00 [1]
!

0ooooooo (2], [19]

0000000000000 0000UUoDoDoDooOoOR,Yooooo
obooboobooboon

o Iy, Ip,...I5, 000000000001yp,,. 5, 0000000000
00000

o K[A], K[B],...,K|B) 0000000K[A(B,,...,B)]0000000
000000000000

OO00o0000bO00oO0o0ob0bD0ooo0obuonooonJST CREST OO
0000 “00000000000000UUUO0” (D0 oDooo, 20080
100 0 20140 30)00000000001000000O0O0OOOOO

13



Ooon

1]

2]

3]

S. Aoki, T. Hibi, H. Ohsugi and A. Takemura, Markov basis and Grobner
basis of Segre—Veronese configuration for testing independence in group-

wise selections, Annals of the Institute of Statistical Mathematics 62
(2010), 299 - 321.

S. Aoki, T. Hibi, H. Ohsugi and A. Takemura, Grobner bases of nested
configurations, J. Algebra, 320 (2008) no. 6, 2583 — 2593.

S. Aoki and A. Takemura, The list of indispensable moves of the unique
minimal Markov basis for 3x4xK and 4x4x4 contingency tables with fixed
two-dimensional marginals, METR Technical Report, 03-38 (November
2003).

W. Bruns, R. Hemmecke, B. Ichim, M. Koppe, and C. Soger, Challenging
computations of Hilbert bases of cones associated with algebraic statistics,
Ezp. Math., in press.

P. Conti and C. Traverso, Buchberger algorithm and integer programming,
in Proceedings of AAECC-9 (New Orleans) Springer LNCS 539 (1991),
130 — 139.

D. Cox, J. Little and D. O’Shea, “Ideals, Varieties and Algorithms,” Sec-
ond Edition, Springer—Verlag, New York, 1996. 0 00000000000
0000000bOO0o0Oo0o0bO0bOooOoOooboooboboooooag
0000

P. Diaconis and B. Sturmfels, Algebraic algorithms for sampling from con-
ditional distributions, Annals of Statistics, 26 (1998), 363 —397. (Received
June 1993; revised April 1997.)

I. M. Gelfand, M. I. Graev and A. Postnikov, Combinatorics of hyper-
geometric functions associated with positive roots, in “Arnold—Gelfand
Mathematics Seminars, Geometry and Singularity Theory” (V. 1. Arnold,
I. M. Gelfand, M. Smirnov and V. S. Retakh, Eds.), Birkhduser, Boston,
1997, pp. 205 — 221.

[. M. Gel'fand, A. V. Zelevinskii and M. M. Kapranov, Hypergeometric
functions and toral manifolds, Functional Analysis and Its Applications,
23 (1989), 94 — 106.

14



[10]

[11]
[12]

[13]

[14]

[16]

[17]

18]

[19]

[20]

[21]

J. Herzog, Generators and relations of abelian semigroups and semigroup
rings, Manuscripta Math., 3 (1970), 175 — 193.

ggobobh,oubobbobuogbobobbogog sgooboo2o0030.
gogboob,g0bbobbougooboag,bbodg20060.

H. Ohsugi and T. Hibi, Normal polytopes arising from finite graphs, J.
Algebra 207 (1998), 409 — 426.

H. Ohsugi and T. Hibi, A normal (0,1)-polytope none of whose regular
triangulations is unimodular, Discrete and Computational Geometry 21
(1999), 201 — 204.

H. Ohsugi and T.Hibi, Toric ideals generated by quadratic binomials, J.
Algebra 218 (1999), 509 — 527.

H. Ohsugi and T. Hibi, Compressed polytopes, initial ideals and complete
multipartite graphs, Illinois J. Math. 44 (2000), 391 — 406.

H. Ohsugi and T.Hibi, Quadratic initial ideals of root systems, Proceedings
of the AMS 130 (2002), 1913 — 1922.

H. Ohsugi and T.Hibi, Toric ideals arising from contingency tables, in
“Commutative Algebra and Combinatorics” (W. Bruns Ed.), Ramanujan
Mathematical Society Lecture Notes Series, Number 4, Ramanujan Math.
Soc., Mysore, 2007, pp. 91 — 115.

H. Ohsugi and T. Hibi, Toric rings and ideals of nested configurations, J.
commutative algebra, 2 (2010), 187 — 208.

A. Simis, W. V. Vasconcelos and R. H. Villarreal, The integral closure of
subrings associated to graphs, J. Algebra 199 (1998), 281 — 289.

B. Sturmfels, Grobner bases of toric varieties, T6hoku Math. J. 43 (1991),
249 — 261.

B. Sturmfels, Grébner bases and convex polytopes, Amer. Math. Soc.,
Providence, RI, 1995.

S. Sullivant, Compressed polytopes and statistical disclosure limitation,
Tohoku Mathematical Journal (2) Volume 58, Number 3, 433 — 445.

15



