GT-ADMISSIBLE VARIETIES

Pl RS

1. INTRODUCTION

—{0,1, oo} DHEARBF DI & ZHEHY — Z lihBiN 5, F 7= Mixed Tate
motlf 0). B % extension group & K-theory 1LV EHHaJER DT, £
DIFIEH HFEEITD N> Thb e s Th L, Ik d R hVZER
DIRTLDORET D6, Z D mixed Tate motif DN T X T LEY — Z (ET
KshbzenTansg, P —{0,1,00} o&EAREOHCRMOINEE L
L CTEN % Grothendieck-Teichmuller group & mixed Tate motif OFEAEF &
DRIk > TENMEE NS, Z 1A Deligne-Thara T/H & 11X 5 TAEHT,
FICHT 72T RXTD Z D mixed Tate motif DN LE Y — ZHTHT S
M. &) TAET Deligne-Thara TAIC BN 2 51§ @ injectivity & L TS
N5, Z o injectivity I Z F® mixed Tate motif %457 5 object TZ 5
P —{0,1,00} ICHEKRTHLDEHERT L., WO BEHICEWIEZ 6N 5,
ORI E RICTHERERE R TR nAY, ZOWETIE Z D mixed
Tate motif % £ 9 2 HEL D0 9 object R T2 & &, YD kD
7278 M2 0T MY Grothendieck-Teichmuller group ICHSRT 27, &y I
DTNz Z ek EH &S,

2. ALGEBROID ¢ GROTHENDIECK-TEICHMULLER Af

Z O TlE Algebroid IZ{H% & D functor @ functorial isomorphism & L T
Grothendieck-Teichmuller §% E#&KT 5., ZDEFRDHRIL L T algebroid 7
SRR S NS B DITIZHIAIC Grothendieck-Teichmuller B£2MEHT 2% 2 & WVE
FRIPOTZIZBITHED,

EF 2.1 (Algebroid). (1) S Z28E.K 280 ok d5., S Lo K-
algebroid U (8 % \NFHIZ algebroid) & 1%
(a) a,b € SITKY index (11 SNiz K-X7 NVZER Uy, &
(b) associative 72 FE Upe @ Uy — Uge % 0 5,
(c) ®ﬁ KU Upg W FHRATCZ B ORERD,
(d) Ugp 13 [a,b] ZHERKTTE T 5 free right Uy, module (free left Uy
module) of rank 1 725 H D
DZELTHbH,
(2) comultiplication A : Uy, — Ugpy @ Uy FHHEZXDHZ EITEY,. Hopf
algebroid B[AFHITEFR S NS,
(3) Uy, Us G S1,S2 ED algebroid &9 5., algebroid O morphism f :
U — U, & TS f:585 — 5 & I E 1% fab : Z/[l,ab — u2,f(a)f(b) D
HTH & compatible \IC72 5 b DTH B,

1
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B 2.2. (1) X Z2MzEfe LTS = X &35 & 0,y € XITHL
TQm(X,z,y)] 2EADLZNIE S Lo algebroid &755, 22T
T (X, 2, y) 1T 2,y ZAES path DRE RN E—FATH L., & HIT augmen-
tation ideal 12 & 5 ML UX)E = Q[m(X,z,y)] 2 EZA5 &, 2h
Y algebroid & 725, Zi%E Betti fundamental algebroid & L 5.,

(2) X % affine algebraic variety, x,y € X &9 %, Nilcon(X) % nilpo-
tent connection 729 Tannakaian category &35, x,y LV IEE D fiber
fuctor Fy, Fy @ tensor endomorphism U(X )2 = End®(F,, F,) %%
A5 &, algebroidl72b, 2% de Rham fundamental algebroid &
W,

(3) X MUK EITIE S & X D geometric point DEE DERTHE
G& LTS koD etale fundamental groupoid FOEFR%Z H X 5 Z &1
£V l-adic etale fundamental algebroid U(X)! MEIFRICEFR SN 5,
ZhiE S Lo Qi-algebroid & 7%,

(4) Eo=>oELHIRIC Hopf algebroid DFELEMN TS, S HIT X M C
OERR K FICEEFRS N TV 5 & &, comparison isomorphism

UX)P 0q C~UX)" ok C
W5, LIT tensor Kl completed tensor product % Zkd 5,

(5) LofErktilE X @ tangential point DY EI— LI N5,

& T Grothendieck-Teichmuller group % EF¢Y 5 72®1Z category (Fund) %
(KD & 512 object & morphism % EH TEFRT 5,

(1) Object 1% Mg 4,A*(=punctured disk), Mg 5, P —{0,00} IZ N Zh
Z FEF S N7 tangential point Z /L THRX /=D D,

(2) Morphism ¥ A* — Mg4, M4 — P' — {0,00} & infinitesimal in-
clusion Mo 4 — My 5, %0 tangential point % f£> H 6 TAK S
ns,

S OIZA* DI E725 (Fund) O full sub categroy % (A*) &FE L, 3 DDHAK
o (l-adic etale realization, Betti realization, de Rham realization) 12
U C. fundametal algebroid % %% % Z 12k D, (Fund) % Hopf algebroid
DE D functor U, UB U WEFTEND,

E#F 2.3 (Associator,GT). (1) x =1, B,dRII%T L T x-Grothendieck- Teichmuller
group GT, % R® functorial automorphism \Z & > CEFRT 5,

GT* - AUtfunctor(U*)
Y EGT I LT o % (A ICHIFRT B2 212k GT, 5
Gm - AUtfunctor(U* |(A*))

“\@%iﬂ AN:GT, — G, WTZ5, \D kernel & GTE) LEL,
(2) &G Ass Z KD functorial isomorphism & L TEFRT b,
Ass = I50m funciorU” @ C, U & C)
FEfatfic (A*) ~DfllfREHRHZ 212k D X Ass — C* -(comp) 75
LHAE % A D, Z 2T (comp) V& A* DIEREHTIHTT 5 Betti —deRham

comparison isom &9 5, A"(comp) DIT associator & v,



GT-ADMISSIBLE VARIETIES 3

GT \ZH L TIRDFGHEIE Ly,

EIE 2.4 (Lochak-Thara). ¢ € GT, 1Z My, (n > 4) BLUOZN 6O
infinitesimal inclusion, projection {2 & O RS N D EN S Hopf algebroid -~
D functorial isomorphism | —EMIZER IN 5,

& 512 Z @ mixed Tate motif & DML DXL S, MTMy % Z Lo
unramified mixed Tate motif DE & 44, Z1ld Tannakian category & 720,
MT Mgz @ Hopf algebroid object 72 EWEFRINDL, S HIC

12 2.5 (Deligne-Goncharov). (Fund) @ object X 1%t L TZ D tangential
base point DEE | X | LD MTMz L fundamental algebroid U(X )™ 73
functorial \2EFRSND, S B UX)™ D x-realization (x = [, B,dR) 1%
UX) & BRI 2 2,

WF x =1[,B,dR £ LT MTMgz @ fiber functor w, % base point & I 5
Tannaka fundamental group % m (MTMz,w,) &5 & LOEH LY IRDON
B OTF GRS 5.

Wl(MTMz,w*) £> GT*
N
Gn,

F18 2.6 (Deligne-Thara). Fo o IX[EIHTHA D,
FoFHICE L Cld numerical 7% evidence 2% %,

AR 2.7, (1) Lo o o BEMIL Z E unramified 7% mized Tate motif 1
(M()A,Ol, 10) THEKEINLEEWRZONS, DITZhZRZEICL
72,
(2) LoOHEHED profinite version1E Belyi D EFIC LV I6 N TS, D
F TR To Q OHRKAREII KL P —{0,1, 00} DIEAREEANDIEH
moFEeNs,

3. HOPF ALGEBROID |CHIK7 % DGA & GaLols B EH

CZOETIFEBAKELIQ & T4, U % S ® Ed Hopf algebroid & 75,
Complex C*(U), %

Dpo,p1.p2€sUpy,q @ Up g OUpy g = Opoprestpoq @Up g —  Dpyestpg
e(a)b® c
aRb®c — —€e(b)a®c
+e(c)a® b
a®b —  €(a)b—e€(b)a

ISk > TEFKT 5, 22T complex @ degree L C~HU) = UL ITLSTHAS
N5, ZZTcoproduct A : Uy, — Uy @ 2T U,-0C™HU)y — CTHU),
7% homomorphism AVEE U, THIZ k- T C*(U) I3 1eft U module @ complex
EIRD,
E# 3.1 (DGA of Hopf algebroid). (1) U © DGA Q*(U) %

Q*(U) = Homy(C*(U),Q)
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ICEDERT S, Q°U) oiEIZw e Q' ne W ITHL T
(W MEo® - ®@Titj) = (W) (0@ @1 @ A(T;) @ Tiy1 @+ @ Tiyj)

CED D, I DOFERIET associative TH V. up to homotopy T greded
commutative TH 5,

(2) algebroid ® homomorphism f : Uy — Us KT L T contravariant 12
Q*(Us) — Q*(Uy) MIEFE D, > T semi-simplicail Hopf algebroid
Ue = {UI}IEL MIe Ip_H,J € Ip Ur — Uy tﬁéﬁ%f%?l 5D &,
QU,)® 3

Q(L{.)' : @[EIOQ(Z/{]>. — @]61'19([/{[). — ...
ICE->TEFE S,

VEE 3.2. UL base point O pair T vector space DNEF LMY QU)® 13 base
point i L HTITEFE B, base point IZBT 5 compatibility DIERZ algebroid O
base point set S ICEZFEN TS, fiE> T LD functoriality l% up to homotopy O
7259 strict 12 functorial TH 5, algebroid TlE7% < algebra 7> HFET 5
&, T base point DPFRA & B 22137267, functoriality & up to homotopy
TLARZ L 22, E-> CTZ D F £ Tldk simplicial object 1231 L T simplicial
complex DMENTL N,

X, & C Offn Kk K EIZ/EF S N/ simplicial scheme & § 4, ZD& &
Xo % K OfXEBIGAD base change & L T, U(X ) Z N biFEIND
semi-simplicial Hopf algebroid & 9" 5%,

&HRE33. 5 X 1€Z,) 7 Q— Kmy space THDHETH, DL
H'(QU(XW))®) — Hiy(Xe, Qu)
705 BIRRAAMEET b, S HICZ UL Gal(K/K) fEFE compatible TH 5.,

4. GT-ADMISSIBLE VARIETIES

FokEaT: & Galois #f & @ compatibility % #- C. Galois & Gal(Q/Q) »*
GT.: DIF%ZiBL TEHT % variety 27 7 2 & EFRL 72\,

Mo, @ tangential point #EFKT 5, £7 outer edge DAY n {[flD planer
trivalent graph DG % E A TZ N6 OIS mirror TH A Z &1 & L [E{ESH
BEADLE. FHUE M O tangential point 52 5, b H graph D[a/{HE
R AT L T ZNid cross ratio ¥ 525 Z &1k

[( Mo, O) = Qlta, .., tul[t; ', (t — 1)1 (8 — t5) 7]

@ subalgebra Ry = Q[uy, . .., u,_3] WEFRTE D, u; OEF(TT 1T inner edge
IHIEL T b, 2 R = Qluy,. .., u,s]][u; 1] £BE. ROK

R - Q[[ul, R un—3]][uil_e7ui_1]€
KO Z"3 - R 2 BERDHEINN M, D tangential point £72%5, Z 2T
[ LEnHA %2 B & 503, tangential point IIX[EHE & WO TN ST 5T s,
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Z D & D 72O tangential point Z M, , @ standard 7% tangential point & X
S EHIR A BLGng, ..., n, 1L T

A[ED AN () — 1),
PEARMEEERADL, QPO AL TLELOBREZFVIRL THLNATRIC
|% standard tangential point ODEGWEFRINDL, ZO LI LRELZTD Lo
standard tangential point £KDHE G D % standard tangential ring & \»
7. (I'(Mo,n, O), the set of planer graph modulo mirror) I3 standard tangen-
tial ring O TH 5., S 51T A, B /¥ standard tangential ring & 9% & X, ring
hom A — B 7% standard & 9 L& H KD stratified space @ formal ring of
flag # HOTEFRIND,

ITINEDIED Spec ik V) & T simplicial scheme k9 5., 9
X = (X,S) % stratified space £ 9§ %, PIFTTNTDstrata Z e S D X IIB
(7% closureZ |3 smooth T2 L ETH, 2D & Z % center &5 X D
blow up 1% S 26 EF % strata WHIRICEFE 5, 2o EHICLTHHND
stratified space % admissible blow up £ 9, A" FiZx; =0,(i=1,...,n),
i =x;(i # 7) I K VIEE D strata # H A Z 1A 6 admissible blow up % 4% 0
IRL TH 55 stratified space % standar stratifed space &9,

stratifed scheme (X,S) 7* affine stratified scheme TH 5 L1375 Z € S &
' X 7% affine scheme THHZ &xHWH, Z € SITHLTI(Z,0) % Ay &
F <, —IC affine stratified scheme X = (Spec(A),S) 73 -7z & =, strata
O o Xp, Xpn-1,..., X1 TX=X,DX,1D-DXg 2ililcT bz X
® flag £v9H, o @ formal ring of flag A, ZIRD LD ICEFT S, I 2 X; D
defining ideal, A/I; DFEENES S; & Ax, = (A/L)[S; '] £7b kHice b,
ZDEE A &

Ay = (lm(lm(A/ 1) ST/ 1372)(S57) -

m2  m2

Ik > TEFRT S, flag D refinement 125 L T formal ring @ homomorphism
MIEFs S5, standard stratified space @ flag @ refinement 7> 55 55
tangential ring homomorphism & A™ — A™ 72 % projection, inclusion 75
A S 5 tangential ring @ morphism O &% % standard homomorphism &
EFT D

I TZNT GT-admissible variety DEFRMNTE 5,

E# 4.1 (GT-admissible variety). (1) X =(X,S) # Q Lo affined strat-
ified scheme CTHPRME D tangential point DEE T NG5 5N Tn5
5%, I GT-admissible TH 2 L TP T ORM 2R/ 8 T
H5,
(a) & flag o WXL TZ D formal ring A, 13 LT A, % dominate
T2 T OENEG T, 1FZE TR,
(b) A, & T, & standard tangential ring 12725,
(¢) flag D refinement £V 2 6N 5 formal ring @ homomorphism 13
tangential ring @ homomorphism & L C standard CTH %,
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(2) & 612 GT-admissible variety O morphism &% stratification & tan-
gential scheme @ morphism Tt formal ring 7)¥ standard homomorphsism

EIRHIETH D,

TR 4.2. X, % GT-admissible variety & GT-admissible 7% morphism 76725
semi-simplicial scheme &9 5, Z D & 57 simplicial scheme % GT-admissible
simplicial scheme &\ 95, 2D & & HL (X, Q) IIE GT; ofFHMEE D, 2
DI % Gal(Q/Q) ~HIFRL 7= b 0B IRZEH & — T 5.

5. MOTIF @ UNIVERSAL OBJECT

Z O TlE Bar construction % Beilinson O /5% & L IZEFRT 5, simplex
A" %
A"={0<z1 - <z, <1}
CEFRTH, 20T A, Dface DEG o(A™) 1

E:{617"'76n+1}
DLERTRONEBNEGE L1LICHIET 5, 22T
e1 ={0=mz},ea={z1 =22},...,6p = {Tn—1 = Tn}, €41 = {zn =1}

20 =21 =20 < 23 =24 < 25 < 26 = 1} 725 face L5 T
(b12 | 34| 5] 6e) & HFRIcEL, A* % DGA &35, (LIT DGA IZ# (VT
Z1FH associative lIINET 5,) A® — By, A* — By % DGA homomorphism
E9 %, Teo(AM) IS/ LT AL 2IEFRT S, Tt xldr=(b12]34|5] 6e)
DY EIE
A; = Bopi12 @ A3, @ AL ® Bj 6e

W) EHBIEFRT S, 22T By I By dak—, A%, AE A o —,
Bige & By D —To %, By, B < <Th DGA of begining, DGA of
ending L\ 9, DD face 11,72 € 0(A") Tr < 12 THDH, Tbb M D
face IC7> T 5 & T4, ZDE & A% By, By DFEORIEE A* — By, A* — B
ZHWT A, — A, 7% complex homomorphism 2V EE 4, ZhoxGHbt
T, By Tk ) A® Zifi—> C. By Ci#d % bar complex Bar,(By | A® | B1)
%

Ddim T:nAT — Ddim T:n—lA'r — -+ — Ddim T:1A’T — ©Ddim TIOA’T — 0
12k > TEFKT S, Bary(By | A* | By) @ n BT 23R %E & 572 o
%. Bar(By | A® ) £ EL,

EF 5.1, €1,62 & A* D DD augmentation &%, i # 010 L T HY(Bar(e |
A*|€))=0 %5 %% DGA A* 13 Kny THDH LD,

H 5.2. X AR 2 RE LT A® & O°-HEREM IO DGA &
95, xg, 71 € X | J"JLL'C augmentation €; : A* — C M¥x; TD evaluation |
FVEE D, Bar(eg | A® | 1) 1T 29 = 1 D & Zl& Chen D reduce bar complex
L quasi-isomorphic TH 5, Fiz

HO(BCLT(EO | A* | 61))* = C[ﬂ'l(X, .’Bo,xl)]A
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Z ORI A® & L T Bloch @ cycle complex % & ) augmentation & L T
1% %4 7% realization X motif ZTNWHHICE 5 Z LMW TEL, ZOLIICLTTE
%7 Bar object” |d universal 7% object & 725 &b s, & <12 Q LD mixed
Tate motif % Beilinson-Soule T8 % 7= L, Ky property Z§f-> T\ % DT
ZD L HITL TTE 5 object I & mixed Tate motif @ — f[E T d abelian ojbect
(97 b Levine DEF L 72 t-structure @ heart) 12724, abelian object @
7279 category & MT Mgz &EL,

Universal object DFERICDWNTDONRL, LIT S = Spec(Q) % H:pft ke 4
%, £9Qs(i) (i € Z) THEKE Nz DG-category S &

ZH(O9), (i 41)
0, (i=1)

Hom? (Qs(k), Qs(i + k)) = Hom? (Qs, Qs (7))

DEFRTH, 22T Z°(10°) i Bloch @ (cubic) cycle complex Téh b, F
71 composrce

Hom’(Qs, Qs(i)) ® Hom’ (Qs, Qs(i')) — Hom’ ™' (Qs, Qs(i +1'))
I% cycle DEFEIC L > TED S, S @ DG-complex 13U DG-category & 72
LHheD=KS B, ZOEDIHDIZEFL /- Bar complex 127265 C
motivic bar complex % EFT 5. A& E D sild Tate twist 12 L % grading »°
DNTVLEZATHL, TEd(A") BLT iy, ...,in €Z0=3"_ 110 ﬁzlh
72T HDITHT LT D @ object A, (in,...,0,) ZIROFICEFRT L, 722 21X
T7=(b12]34|5]|6e), D& XITLBNWT, i3 =iy =0D & Ti&

Ar(i1,...,16) = Homp(Qs, Qs(is +1i4)) @ Homp(Qs, Qs(is)) ® Qs(is)

EEFL. (i1,12) # (0, 0) DFFIE 0 L EFKT 5., O & DD face D codimension
1 D face 12 DERIRITBNTUR ) OFfn % O & DY Rz b Dlilind, <
Nb ZE0HE. be & VICEERWEEITZTNZ T augmentation & 5 W ME
cycle complex @*Eé’ﬁ’) ek ZFUHEITERELET L, AT = (b12]
34 |5 6e) @ face 7/ = (b12 | 34| 56e) D & Tl

Hom, ( Hom?,(Qs, Qs(is)) © Qs(is), Qs(is + i) )

=Homi q (Homp(Qs, Qs(is)), Homb(Qs(is), Qs(is + o))

Hom’ (Qs, Qs(i) = {

EHNTid ISHIET5TL2 L > TETCERTSH, 22T DGE/Q 1F Q vec-
tor space @ complex D729 DG-category &5, ZDEHIZLTD D DG-
complex

Barn(wgr | A.(Q) | mot) = DBrean @il+"'+in_0 A, (il, ce 'Ln)

IEFRT D, Bary(wgr | A%(e) | mot) ® n I T 2IRMERZ & > 7-b D%
Bary(wg, | A*(e) | mot) &3 <, Z @& E Bloch cycle complex 7% Beilinson-
Soule conjecture 7= L, Km THdHZ & ZAIE

U = H°(Bar(wg, | A*(e) | mot))*
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1 MTMZ @ object TH 2 Z &Mfiims b, 22 TCM e MTMz 2L T,

*13Z D dual object TH 5, & 56512 A* % Bloch @ cycle complex, wy, %
associated graded realization |ZX19 % augmentation homomorphism & 9%
. HYBar(wg | A* | wgr)) @ dual vector space (213 Hopf algebra O ff§itins
EE D, (ROET U-module DE & MT Mz OEOBERICOWTIRRS,

JEE 5.3. Bar complex @ coalgebra strucuture Z {5 &,
UsU, - U® QS(—’i)

2% MT Mz @ homomorphism & 5N, ZhEFWTU = U®Q(( s(—1)
11X U-right module DFEENHINCEE S, 22T Q((Qs( D) 1EQs(—1)
O Laurent power series ring Cé . URQs(—m) LI X e QX offf & A—™
ETERASE2 2 2Icky U LI QX offfAvES é

)

6. GRADED TANNAKIAN CATEGORY & O[5

MT Mz ®73:5>7C pure Tate motif 7479 full subcategory % PT Mz & EHL &
Z @ inclusion 1& X : m(MTMz,wy,) — Gy, = 1 (PT Mz, wy,) 725514 %E
9 5, fiber functor wy, |3 graded vector space @ category % factor 9% DT,
ZOFRE w : Gy — T (MTMz,w,,.) & factor T5. 7 (MTMz,w,, ) =
Ker(\) 1% unipotent 72 (B2 DT, m (MT Mz, wy, )V O KU 20 KBLOE
& < @ Lie algebra

QMTM = Lie(m (MTMz, wgr)(l))

ORBOENL[EME L 705, & XTE D splitting w % % X 5 & adjoint action |
&0 G, 2 Gpyry @ Universal envelope algebra U(Gyra ) WCIFHT 4, T
TEFIC &Y U(Gyra) 1 graded algebra & 724, % @ grading %

UGnrm) = Disod (Grrra )i
&<,
E% 6.1 (Graded module). Left U(Grrar)-module M & Z D D grading
M = @ij 73"512 H5NTW5E & X, u(gMTM)z . Mj C Mi—|—j %(ﬁ%f:j‘k =,
M 1% graded left U(Gprrar)-module T A &y, graded module DENS Tan-
nakian cateqory\l78 %,
ZOLERDZ LITEET 5,

£viER 6.2. (1) Category MTM & graded left U(Grrra )-module O EIE[G]
HCTHD,
(2) AIOEICH &bz HO(Bar(wy, | A® | wgr)) 1IEHEIRIC grading 237E
¥ 0. graded Hopf algebra O T

H"(Bar(wgr | A* | wgr))™ ~U(Gurnm)

Z @ & = Beilinson-Soule condition % #+7=9 Kn1-DGA @ Bar complex @
HEm O — i & O KD EHEASRT T 5,

£viER 6.3. (1) U(Gurm) BE % graded left U(Garrar)-module & FL7z &
T ZHISHIET S5 MTMz (3 ETHRL - U & —8d 2, &<
wgr(U) ZU(QMTM) .(37)%)0
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(2) graded left U(Grrar)-module M = &M; 12T L T QX offH % M; L
TEHEANHICEYEDD, HIOETERLE U = U Q((Q(-1)))
~NOUDEHERCT Uy M 2 %25 % QX ® diagonal 22 {FFIE
Uy M ~OEFfZHET 2, = O % AWT MISHIET 2 MT My,
D object 1%

(U ey M)
Ik 5xeNn5, 22TQX I diagonal IFHT 20D &7 5,

7. BGL-BAR COMPLEX

ST ETHRL 72 U Z AT, U(Moa)™ M I2E > TTNTD MT Mg 7
ERRESNS, W) 2 EIRT DI, UM GT-admissible TH D Z & 2RE
Tl eilnd, INTYO ELFLEMEPHZESNIZDY TR0, 2
DET# A % BGL-bar complex % % 2 UL, U 2% GT-admissible TH 5 Z &
o9 b DI, BGL-bar complex 7% GT-admissible TH NI L2 & 127
%, BGL-bar complex (& MT Mz ' C/K® object & morphism TR I NS
subcategory IC&EEND,

(1) Object & L CTl&. GL,/Spec(Z). G, BLTFZNE DEFE
(2) Morphism & L Cl&,
(a) diagonal embedding GL,, — GL, 1,
(b) direc sum GL(V) x GL(W) — GL(V @& W),
(¢) tensor product GL(V) x GL(W) — GL(V @ W),
(d) product GL(V) x GL(V) — GL(V), inverse GL(V) — GL(V)

(e) section Spec(Z) — GL(V).

Z O TlE BGL-bar complex H°(Bar(wg, | Co(LBGL(Z))) | Che
" morphism

) Bk

mot

HO(Bar(wgr | Co(LBGL(Z)) | Chy,oy)) — U

IR 5%, 2 Z TIEEEIRIFR N7 A%, 2 @ morphism 13 surjective TH 5 =
ENIRES,

F 9. W LAY 7 higher Chern class map D /EFe & Z @ Levine |C & 5 FifiE
W% 9., BGL,/Z 1% semi-simplicial scheme TROHRXNTH A 5
niz,

80 81 82 83 80 81 82 8O 81

GL*3/A(GL,) GL**/A(GL,) =% GLX'/A(GL,)

2T (BGLy); = BGL:* ™Y /A(GL,) T A(GL,) I+ GL, ® diagonal image
TH5H, 2L T2 Q-complex WEFRENL, 0& DT Co(BGL,(Z))
THRME

Ci(BGL,(Z)) = ©ge(BGL.):(2)Q
THABNA, b0 Lo Hom®(Qper., Qs) T2t

- Hom*(QparL,),, Qs) = Hom®*(Q(par,), s Qs) — Hom*(QsarL,),, Qs) —
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? associated simple complex Cd 5. C;(BGL,(Z)) — Hom®*(Q(pcL,),» Qs)
74 % homomorphism £ ¥

Ce(BGL,(Z)) — Hom*(QpBcrL,,Qs)

745 homomorphism WVEF 5, Z 2 Tn il T % inductive limit Z & 0, i/
@ i {K cohomology % & 1E, H;(BGL(Z),Q) — Ext~"(Qg, Q[[c1, c2, .. .]]*)
5518 % 55, 22 TCcp = Qs(—k)[—2k],x X dual TH 5. Chern character
map

Ch® : ®xQs(—k)[—2k] — Q][c1, ¢, .. .]]
@ dual % compose L T,

H™(Ch®) : Ext™"(Qgs, Q[[c1, co, ... ]]") — @rExt " (Qs, Qs(k)[2k])

& 512 Hurewiz map & plus construction @ map % &AL T m;( BGL(Z)") —
H{(BGL(Z)") ~ Hy(BGL(Z)) 7% 5 map 7 5% 0.

Ki(Z) = 7;(BGL(Z)") — &xExt**""(Qs, Qs(k))

#1325, K B0 121E Loday product, Ext @ /51213 Bloch cycle complex DFff
FEEAY A S 73, Chern character 78 BGL cohomology @ coalgebra structure |2
B L T algebra like element TdH 5 Z &6, —DOOMMEIE T %, Loday
product 16T 5 b D% motivic ICHEKT 5 Z 12k Y, BGL I35 TH
Bar complex % X9 5,

Loday product Z#ZEH L £ 9. BGL(Z)" 13 BQM ® loop space QBQM &
homotopy equivalent 72 €, loop sum {Z & U IvE @ WEFRSI NS, Z ok
ISR EHE2 o £EL, & 561 tensor product & V) FFE SN L FEOF (G
GL,(Z) x GL1y(Z) — GLyp (2) I K O FE SIS BGL(Z)Y x BGL(Z)T —
BGL(Z)t % x THh 6T, 2D & u: BGL(Z)Y x BGL(Z)t — BGL(Z)*
%

wx,y) = (xxy) © (idxy) © (zxid) @ (id * id)
LIEFTH L. x x BGL(Z) U BGL(Z) x * Iu] 7 & T
BGL(Z)* AN BGL(Z)" — BGL(Z)*
e HHFEMNEFRESNDS, E5HICZF D homotopy Z EA 5 Z &Ik
Ki(Z)q x K;(Z)q — Kit;(Z)q

#1354, ZhhLoday product T&H 4. simplicial set BGL(Z) 133 % simpli-
cial scheme @ Z-valued point & 72 %A%, BGL(Z)" % simplicial scheme O
Z-valued point £725 LK HICT2DIFNEETH L., S 512 loop product 1 up
to homotopy CT/EF - T b DT Z DFE% up to homotopy TO & DIEE L 7=
& &, associativity |& up to homotopy TLMWHAFFCE 2y, O & D DfEHK
& L C Kan completion # 525 Z LW EZ 6NN, DM Z5
72D (simplicial scheme @ Kan completion ¥ &2 2 DIXHIH & B 9 HY),
ZITEHOEETBWTIBWT, BGL CBGLT 2T 5221c9 5, 2o
& & loop sum & simplicial scheme @ morphism 12k > CTEHINTWE 2 &
HEZADE, loopinverse # O H DTN, LD OMNEEE L, 2 A
M Z N virtual 12 loop inverse Z fJIFHIA L ZDICK Y. (b x D EHIRED
oGNS, BROEGEZERT 2RO L H12) BFLVLorMERES D, 7272
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L Loday product @ motivic 72 KA associative 121378 &5 R WFHFICT D &
T, L2LERENE DD T constructible TH 5 7812, associativity @
CWVERWITFIIET 2228 TE 5, 6122 ofEkElE GL, @ diagonal torus
T, 15T LT functorial ICHEAR S 3. T, ICIEXTFREE S, DIEHAVEFR SN S
®C Chern character 72 & b EFR I N5,

Ix&IC Loop inverse 23EF S5 K 912 BGL/SpecZ % modify ¥ 2 f§ik
DWW TR & 9, DLT simplicial scheme, simplicial scheme @ simplicial
object,... £ W) BHEICHR > T M Z 2D & 2 AN o ThHh v E i
simplicial scheme & EHL Z&I1I2T5, WE f: X -Y,g: Z — Y % space D
map & L7z &, X & Z DY Ld homotopy fiber product %

X %y Z = {(3,2,7) € X x Zx P(Y) | 7(0) = f(x),7(1) = g(2)}

LEFTHZ T, PY) XY @ path ©ZEfiTH 5, BGL(Z)™ 13 loop space
7% D homotopy fiber

LBGL(Z)" := (BGL(Z)* x BGL(Z)") QBGL(Zw {*}

\3¥ BGL(Z)" & homotopy [ilffie 725, ZZT@®: BGL(Z)" x BGL(Z)t —
BGL(Z)" 1% 1oop sum TH5 A 645 map TZNIFE BN 5 65N 5EF
DUEET GL(Z) x GL(Z) — GL(Z) o s s b0 —HLTnb, &
512 BGL(Z)" 1% Q-simply connected 72 @ T Eilenberg-Moore theorem 12 k&
0. LBGL(Z)* @ singular cochain % bar cosimplicial space & If:|3i 2 Ko
cosimplicial space @ simplicial singular cochain & quasi-isomorphic (2725,
L5 E BT 57-01c, AY = BGL(Z)* x BGL(Z)*, BY = BGL(Z)™,
Ct={x} B, BB n % fix L C7e€ A" IZ¢f L T space LBGL(Z)} %
EODH, e ZE = (0121345 | 6e) DEFE.

LBGL(Z)} = A}, x B3, x B x C4,

Thb, CZTALIFAT oae— FHETHLH, 7 Z8HT & cosimplicial
space MMF 65, ZHY bar cosimplicial space TH 5, S TIZ Z THIATHE
% BGL(Z) — BGL(Z)" 1% singular cochain @ quasi-isomorphism % 7| &t
e %EA2LkD. A= BGL(Z) x BGL(Z), B = BGL(Z), C = {x} &
L.

LBGL(Z)T = Ab12 X Bg4 X B5 X 066

LIEFTH I L&Y, LBGL(Z) £ cosimplicial space MRS EE 5.
¥ 7= IR H 1%
Co(LBGL(Z)) — Co(LBGL(Z)™)

I% quasi-isomorphism & 72 %, & 512 LBGL(Z) 1213 HJRIZ underlying sim-
plicial set OGN A > TWT, ZHUE EOFERRED S B 5 simplicial scheme
LBGL/SpecZ @ Z-valued point 12742 (5, £/ A= BGL(Z) x BGL(Z)
T 2O % ANEZ 55 1$1% LBGL(Z) @ involution # H7- 2 CT\5, 2
nEz o of\bh & L THWT, Loday product % simplicial scheme @ L X)1
THRT 52 eMTELZLIIRD,
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8. FLOKUOEME., T

Aij O Cld simplicial scheme LBGL % EFL 7z, LBGLIZHfLTH Do
complex Co(LBGL(Z)), Hom®*(QrpcrL,Qs) M2 £,
Ch3or
Co(LBGL(Z)) — Hom®*(Qrpcr, Qs)“ — "Hom®(Qs, Qs (k)[2K])
7% % complex ® morphism AVE £ %, &K D morphism =" 139 Z LR
M#%E ZATOSA, 2 2 ClEfihianc 189 %, Co(LBGL(Z)) @ Loday
product # & B WTHIA F & [AFROMKRE T4 2 &1k D

H®(Bar(wgy, | Co(LBGL(Z)) | Ch,,:)

mot

7.5 MT Mgz @ object WERE NS, £7z Co(LBGL(Z)) ® Loday product &
Hom®(Qs, Qs(k)[2k]) @ cycle complex DF# & 1E compatible Téh b Z &6,

(8.1) H®(Bar(wg | Coe(LBGL(Z)) | Ch,,,)) — U

mot

MOPIEFRSND, EMPUTKRD LD ICHERNEN D,

F1E 8.1. 8.11FEHTH 5, iE> T HO(Bar(wy, | Co(LBGL(Z)) | ChS,,,)) @
etale realization ~~® Galois FEDEHNY Grothendieck- Teichmuller B % factor
I UL, Deligne-Thara T ED injectivity NIK7. T 5,

IRRICTREZRNTRG 2HA L 2 212l &),
FH8 8.2. HY(Bar(wyr | Co(LBGL(Z)) | Che,,.)) @ etale realization ~~®

mot

Galois BEDVERIE Grothendieck-Teichmuller B % factor L CEHT 5,
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