DERIVED CATEGORIES AND THE
REPRESENTATION THEORY OF ALGEBRAS

JUN-ICHI MIYACHI

We survey equivalences between derived categories which were stud-
ied in the representation theory of algebras. We begin to review prop-
erties of compact objects and Brown representability theorem in trian-
gulated categories.

1. TRIANGULATED CATEGORIES AND OJ-FUNCTORS

Definition 1.1. A triangulated category D is an additive category to-
gether with (1) an autofunctor X : D = D (i.e. there is ' such that
YoX 1 =X"10X =1p) called the translation (or suspension), and
(2) a collection T of sextuples (X,Y, Z, u,v,w):

X5y 575 5(X)

called (distinguished) triangles. These data are subject to the following
four axioms:

(TR1) (1) Every sextuple (X,Y,Z, u,v,w) which is isomorphic to a
triangle is a triangle.
(2) Every morphism u : X — Y is embedded in a triangle

X5y 5 7% 5(X)

(3) For any X € D, X - X — 0 — X(X) is a triangle
(TR2) A sextuple

X5y 575 5x)
1s a triangle iof and only if

—X(u)
—

Y% 7% 2(X) DY)

1S a triangle.
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(TR3) For any triangles (X, Y, Z, u, v, w), (X", Y', Z" u/,v',w'") and
a commutative diagram

X sy =7 % ¥Y(X)

X' sy s g B(X)
there exists h : Z — Z' which makes a commutative diagram

X ——=Y —=7—>X(X)

7 —% X(X")

X' Y’

(TR4) (Octahedral aziom) For any two consecutive morphisms u :
X —=Yandv:Y — Z, if we embed u, vu and v in triangles
(X,Y, 7 u,i,i), (X, Z,) Y ou, k, k') and (Y, Z, X" v,7,7), re-
spectively, then there exist morphisms f : Z' =Y’ g: Y — X'
such that the following diagram commutes

Xty —" oy " Y(X)
|
[ k M k'
X 7 Yy’ 2(X)
|
J | g iﬂ(u)
Y j/
X' == X' ——X(Y)
5 lm)j’

2(v) = £(2)
and the third column is a triangle.

Sometimes, we write X[i] for X(X).

Definition 1.2 (O-functor). Let D, D' be triangulated categories. An
additive functor F : D — D' is called O-functor (sometimes exact
functor) provided that there is a functorial isomorphism o @ FXp =
X F osuch that

F(u) F(v)
— —

F(X) % F(Y) 2% F(Z2) 220 o (F(X))
18 a triangle in D' whenever

X5y 5 7% 5h(X)
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is a triangle in D. Moreover, if a O-functor F is an equivalence, then F
A

is called a triangulated equivalence. In this case, we denote by D = D',

For (F,a),(G,3) : D — D' 0-functors, a functorial morphism ¢ :
F — G is called a 0-functorial morphism if (Xp¢p) oa = o ¢pXp.

Proposition 1.3. Let F : D — D’ be a O-functor between triangulated
categories. If G : D' — D is a right (or left) adjoint of F, then G is
also a O-functor.

Definition 1.4. A contravariant (resp., covariant) additive functor
H :D — A from a triangulated category D to an abelian category A is
called a homological functor (resp., cohomological functor), if for any
triangle (X,Y, Z,u,v,w) in D the sequence

(resp., H(X) — H(Y) - H(Z) - HX(X)) )

is exact. Taking H(X'(X)) = HY(X), we have the long exact sequence:
= HYX) - H(Z) - H(Y) — H(X) — ---

Proposition 1.5. The following hold.
(1) If (X,Y,Z,u,v,w) is a triangle, then vu = 0, wv = 0 and
Y(u)w = 0.
(2) For any X € D, Homp(—, X) : D — Ab (resp., Homp(X, —) :
D — Ab) is a homological functor (resp., cohomological func-
tor).
(3) For any homomorphism of triangles

X vy 2 7 25 ¥X)

N

/ ’

X My Yz M y(xY)

iof two of f, g and h are isomorphisms, then the rest is also an
1somorphism.

Definition 1.6 (stable t-structure [Mil]). For full subcategories U and
V of a triangulated category D, (U,V) is called a stable t-structure in
D provided that
(1) X(U)=U and X(V) = V.
(2) HOIIlD(u, V) = 0.
(3) For every X € D, there exists a triangle U — X —V — X(U)
withU e U and V € V.
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Proposition 1.7 ([BBD], c.f. [Mil]). Let D be a triangulated category,
(U, V) a stable t-structure in D, and i, : U — D,j. : V — D the
canonical embeddings. Then the following hold.

(1) U and V is épaisse subcategories of D.

(2) iy (resp., j«) has a right adjoint i* (resp., a left adjoint j*).

(3) The adjunction arrows induce a triangle

XS X2 G X — X1

for any X € D.
(4) The quotient category DJU (resp., D/V) exists , and it is tri-
angulated equivalent to V) (resp., U).

D)V D/U
zT \ / Tz
Tx J*
U D
it Jx
Remark 1.8. In the above, the right adjoint j, is often called the
Bousfield localization functor of 7*. The quotient category D/U has the

same objects as D and that morphisms in DJU from X to'Y are given
by equivalence classes s~ f of diagrams

X Y

N

Y/
where Y = Y' — Z — X(Y) is a triangle with Z € U.

v

Definition 1.9 (Compact Object). Let D be a triangulated category.
An object C' € D 1is called a compact object in D if the canonical mor-
phism
H HOHID(C, Xz) = I‘IOIH'D(C'7 H Xz)
iel iel
is an isomorphism for any set {X;}icr of objects (if ||
D).
A triangulated category D is compactly generated if D contains arbi-
trary coproducts, and if there is a set S of compact objects such that

Homp(S, X)=0=X =0

For a compactly generated triangulated category D, a set S of compact
objects is called a generating set if

(1) Homp(S,X)=0= X =0,

(2) X(S)=2S5.

ier Xi erists in
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Definition 1.10 (Homotopy Limit). Let D be a triangulated category
which contains arbitrary coproducts (resp., products). For a sequence
{Xi — Xititien (resp., {Xiy1 — Xilien) of morphisms in D, the
homotopy colimit (resp., homotopy limit) of the sequence is the third
(resp., second) term of the triangle

HiXi 1= shift, HZXZ — hO(E!im X; — Z(HZXz)

(resp., S~ xi) — holim x; — [T x —% T x0)
where the above shift morphism is the coproduct (resp., product) of
x; & Xig1 (resp., Xipa L, X;) (i € N).
The next lemma is the key to proving Theorems 1.14 and 1.15.

Lemma 1.11. Let D be a triangulated category which contains arbi-
trary coproducts, {X; — Xit1}ien @ sequence of morphisms in D. For
a compact object C' in D, we have

Hom(C, hocolimX;) = lim Hom (C, X;)

Proof. We have an exact sequence
0— H Hom(C, X;) — H Hom(C, X;) — Hom(C, hocolim X;) — 0
O

Definition 1.12 (Epaisse Subcategory & Localizing Subcategory). Let
D be a triangulated category. A triangulated full subcategory € of D is
called an épaisse subcategory of D if € is closed under direct summands.
A triangulated full subcategory L of D is called a localizing subcategory
if L is closed under coproducts.

Proposition 1.13 (Bokstedt-Neeman [BN]). Let D be a triangulated
category with coproducts. Any localizing subcategory is an épaisse sub-
category.

Theorem 1.14 (Adams, Bousefield, Neeman [Nel]). Let D be a trian-
gulated category with coproducts. Let S be a set of compact objects of D
with X(S) = S. Let S be the smallest localizing subcategory containing
all of S.

(1) The canonical embedding S — D has a right adjoint.

(2) Any compact object of S is a compact object of D.

Theorem 1.15 (Brown Representability Theorem [Ne2]). Let D be
a compactly generated triangulated category. If a homological functor
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H : D — b sends coproducts to products, then it is representable, that
is, there is an object X € D such that H = Homp(—, X).

Corollary 1.16 ([Kr]). Let D be a compactly generated triangulated
category which contains arbitrary coproducts. Then D contains arbi-
trary products.

Sketch of proof. For a collection {X,};c; of objects, a homological
functor [ [, Homp(—, X;) is represented by Homp(—, X). O

Theorem 1.17 (Dual Brown Representability Theorem [Ne2], [Kr]).
Let D be a compactly generated triangulated category. If a cohomolog-
wcal functor H : D — 2Ab preserves products, then it is representable,
that is, there is an object X € D such that H = Homp(X, —).

Corollary 1.18 (Adjoint Functor Theorem [Ne2], [Kr|). Let D be a
compactly generated triangulated category. If a O-functor F : D — D
commutes with arbitrary coproducts (resp., products), then there exists
a O-functor G : D — D which is a right (resp., left) adjoint of F.

Proof.  Since Homp(F(—),Y) : D — b (resp., Homp(Y, F(—)) :
D — 2b) is a homological (resp., cohomological) functor, there is an
object GY € D such that Homp(F(—),Y) = Homp(—,G(Y)) (resp.,
Homp (Y, F(—)) = Homp(G(Y), —)) 0

2. DERIVED CATEGORIES

Throughout this section, A is an abelian category and B, C are ad-
ditive subcategories of A.

Definition 2.1 (Complex). A (cochain) complex is a collection X =
(X™ d% : X™ — X", oz of objects and morphisms of B such that
detdy = 0. A compler X+ = (X™,d% : X" — X""V),cz is called
bounded below (resp., bounded above, bounded) if X™ = 0 for n < 0
(resp., n >0, n <0 and n>0).

A morphism f: X' — Y of complezes is a collection of morphisms
fr X" — Y™ satisfying di f* = f*Td% for any n € Z.

We denote by C(B) (resp., C™(B), C(B), C*(B)) the category of
complezes (resp., bounded below complezes, bounded above complexes,
bounded complexes) of B. An autofunctor X : C(B) — C(B) is called
translation if (2(X*))" = X" and (X(dx))" = —d'¥t* for any com-
plex X+ = (X", d%).

In C(A), a morphism u : X' — Y is called a quasi-isomorphism if
H"(u) is an isomorphism for any n.
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Wy ”

In this section, “x¥” means “nothing”, “+”, “—” or “b”.

Definition 2.2 (Mapping Cone). For v € Home)(X*,Y"), the map-
ping cone of u is a complex M*(u) with

Mn(u> — Xn+1®Yn7

K/[(u) — [;(f%:;l dg}} : Xn-}—l@yn N Xn+2@yn+1‘
. s
X T Xn Xn+1
“ u” un+1
dy
Y yn Yn+14>,,_
: YR (9)
M(u) o X g Y X2 g Y e
v (10) (10)
_dn+1
E(X) "'%‘X’NA—I X Xn+2

Definition 2.3 (Homotopy Category). The homotopy category K*(B)
of B is defined by
(1) Ob(K*(B)) = Ob(C*(B)),
(2) Homg~g) (X", Y") = Homex(5) (X", Y")/{ homotopy relation} for
X, Y € Ob(K*(B)).

Proposition 2.4. A category K*(B) is a triangulated category whose
distinguished triangles are defined to be isomorphic to

X LYy S Mu) 2% X(X)
for anyu: X — Y in K*(B).
Definition 2.5 (Derived Category). The derived category D*(A) of
an abelian category A is the quotient category K*(A)/K*?(A), where
K*?(A) is the full subcategory of K*(A) consisting of null complexes,
that is, complexes whose all cohomologies are 0.
Proposition 2.6. The following hold.

(1) D*(A) is a triangulated category, and the canonical functor @ :
K*(A) — D*(A) is a O-functor.

(2) The i-th cohomology of complexes is a cohomological functor in
the sense of Definition 1.4.
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3. EQUIVALENCES BETWEEN DERIVED CATEGORIES

For a ring A, Mod A (resp., mod A) is the category of right (resp.,
finitely presented right) A-modules, Proj A (resp., projA) is the full
subcategory of Mod A consisting of projective (resp., finitely gener-
ated projective) A-modules, and Inj A is the full subcategory of Mod A
consisting of injective A-modules. Similarly, for an abelian category A
Proj A (resp., Inj . A) is the full subcategory of A consisting of projective
(resp., injective) objects.

Definition 3.1. A complex X' of K(B) is called K-injective (resp.,
K-projective) if

Homg ) (N, X) =0 ( resp., Homgg) (X ,N)=0)
for any null complex N".
Example 3.2. For a ring A, any complez I € K" (Inj A) (resp., P" €
K™ (Proj A)) is a K-injective (resp., K-projective) complex in K(Mod A).
Moreover, (K™?(Mod A), K™ (Inj A)) is a stable t-structure in K+ (Mod A),

A A
and hence DY (Mod A) = K™ (Inj A). Similarly, we have D~ (Mod A) =
K~ (Proj A).

Theorem 3.3 ([Sp|, [Ne2], [LAM], [Fr]). Let K™ (Mod A) (resp.,

KP™°/ (Mod A) ) be the homotopy category of K-injective (resp., K-
projective) complezes, then the following hold.

(1) (K7 (Mod A), K?(Mod A)) is a stable t-structure in K(Mod A),
A :
and hence D(Mod A) = K" (Mod A).
(2) (K?(Mod A), K™ (Mod A)) is a stable t-structure in K(Mod A),
N
and hence D(Mod A) = K" (Mod A). N
(3) For a Grothendieck category A, (K®(A), K™ (A)) is a stable t-

A
structure in K(A), and hence D(A) = K™ (A).

Definition 3.4. Let C be an additive category. For M € C, We define
Add M (resp., add M) the full subcategory of C consisting of objects
which are direct summands of coproducts (resp., finite coproducts) of
copies of M.

Proposition 3.5 (cf. [Ha]). Let A be an abelian category, M an object
of A with Exty(M, M) =0 for any i # 0, and B = End 4(M).
(1) The canonical functor K*(add M) — DP(A) is fully faithful.

AN
(2) We have K"(proj B) = K"(add M), and then fully faithful O-
functor K®(proj B) — D(A).
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Sketch of proof. Let X,Y* be objects of add M. Consider complexes

iy =) y-n
|
Yo y —nil e y-! Yo
Y, Yy " ——Yy "t E y-! Yo
Xy —m y-n

Then we have a morphism between exact sequences

Homys g pry (X, Z*(Y,i-1)) — Hompp 4 (X, (Y, 1))
Homyeo (444 4y (X, Z°(Y,)) ——  Hompp4(X, Z'(Y},))

Homyeo g a0y (X, Z7FH(Y,21))  —— Hompp 4 (X, ZH(Y, )
Moreover, it is easy to see that Homyp 44 (X7, Y7) = Hompp 4 (X7, Y7)
for any X", Y € K"(add M). By proj B = add M, (2) holds. O

For an object M of a triangulated category D, we say that M gener-
ates D if D is the smallest full triangulated subcategory of D containing
add M which is closed under isomorphisms. A ring R is called right co-
herent if mod R is an abelian category.

Definition 3.6. Let A be an abelian category. An object M € A is
called a tilting object if
(a) Exty(M, M) =0 for all i > 0.
(b) M generates DP(A).
(¢) End4(M) is a right coherent ring of which the right global di-
mension 1s finite.
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Corollary 3.7. Let A be an abelian category, M an tilting object of A
with B = End4(M). Then we have D®(mod B) & D(A).

Sketch of proof. Since the right global dimension of B is finite, we
have K®(proj B) é D®(mod B). O

Theorem 3.8 (Beilinson [Be]). Let P = P} be the n-dimensional pro-
jective space over a field k, and let T, = @;_, O(—i), T = P, 2'(1),
and By = Endp(7;), By = Endp(73). Then T, and T3 are tilting ob-

jects, and

e >
>

D®(mod B;) = D"(mod By)

The algebra B; = k(@, pi), where (Cj, p;) is the following quiver with
relations:

Qg Qo Qg
o P
0 1 2 n—1 n,
ay ap, ap~t

and p; is the set of relations over k:
p1 ozﬁ“océ-:ozéﬂaéfor0§i<j§n,0§l<n—1.
p: ool =0for0<i<n0<Il<n-—1,

a§+1&§-+a§+laﬁ:()for0§i<j§n,0§l<n—1.

Sketch of proof. Let V be an (n+1)-dimensional k-vector space. Since
we have quasi-isomorphisms

OP(—TL — 1)

|

/\nV(X)OP(—TL) _— ... — /\1V®Op(—1) — Op

Op(—n) AV @ Op(—1) —— AV @ Op
Op(1)
(i)

l

ANVeOp — ... —— /\1V®Op(i—1) —_— OP(Z)
T: (resp., T3) generates D”(coh P). O
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Remark 3.9. On the derived categories of coherent sheaves on weighted
projective lines, weighted projective spaces, Grassmann varieties, flag
varieties, some toric varieties, similar results were obtained (e.g. Baer
[Ba|, Kapranov [Kpl], [Kp2], [Kp3|, Geigle-Lenzing |GL], Kawamata
[Kw)).

Theorem 3.10 (Rickard [Rd1]). Let A be a ring. Let T+ € K"(proj A)
with Homgmod 4y (17, T"[i]) = 0 for i # 0, and B = Endkmod a)(T).
Then there exists a fully faithful O-functor F : K~ (Proj B) — K™ (Proj A)
such that

(1) FB= T

(2) F preserves coproducts.

(3) F has a right adjoint G : K~ (Proj A) — K™ (Proj B).

Let 70+ — T+ — T?* be a complex in K~ (AddT"). Then T * —
T'+ — T? * is homotopic to 0. Therefore the above theorem cannot be
directly derived from the method of Proposition 3.5. Compare Theorem
1.14 concerning an existence of a right adjoint.

Definition 3.11 (Perfect Complex). Let A be a ring. A compler X' €
D(Mod A) is called a perfect complex if X is quasi-isomorphic to a
bounded complex of finitely generated projective A-modules.

Let X be a scheme, D(X) the derived category of sheaves of Ox-
modules. We denote by D,.(X) the full subcategory of D(X) consisting
of complexes whose cohomologies are quasi-coherent sheaves. A com-
plex X € Dyo(X) is called a perfect complex if X is locally quasi-
1somorphic to a bounded complex of vector bundles.

Proposition 3.12 ([Rd1], [Ne2]). For a ring A, the following hold.
(1) A complez X~ € D(Mod A) is perfect if and only if it is a com-
pact object in D(Mod A).
(2) D(Mod A) is compactly generated.
Theorem 3.13 (Bondal-Van den Bergh [BV]). Let X be a quasi-
compact quasi-separated scheme, then the following hold.

(1) A complex X* € Dy(X) is perfect if and only if it is a compact
object in Dye(X).
(2) Dye(X) is compactly generated.

Theorem 3.14 ([Rdl], [Rd2]|). Let A, B be algebras over a field k.
The following are equivalent.

(1) D(Mod A) = D(Mod B).
A
(2) K®(proj A) = K (proj B).
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(3) There is a perfect complex T € D(Mod A) such that
(3) B = Endomosn)(T"),
(b) HomD(Mod A) (T', T[Z]) =0 fO?“i 75 0,
(c) {T"[i]|i € Z} is a generating set in D(Mod A).
(4) There is a complex V' of B-A-bimodules such that
RHom,(V',—) : D(Mod A) — D(Mod B)
s an equivalence.

In this case, T" is called a tilting complex for A, V' is called two-sided
tilting complez, and RHom',(V', —) is called a standard equivalence.

Definition 3.15. Let A be an algebra over a field k. The derived
Picard group of A (relative to k) is

_ {tilting complexzes T € D*(Mod A°? ® A)}

N isomorphism

DPici(A) :

with identity element A, product (Ty,Ty) — Ty % Ty and inverse T
TV := RHomu(T, A). Given any k-linear triangulated category D we
let

{k-linear triangulated self-equivalences of D}

3.16) Outs (D) :=
( ) uty (D) 0-functorial isomorphism

Theorem 3.17 ([MY]). Let k be an algebraically closed field, and A a
finite dimensional hereditary k-algebra. Then we have

DPicy(A) = Out, (D(Mod A)) = Out, (D”(mod A))

M. Kontsevich and A. Rosenberg introduced the notion of non-
commutative projective spaces NP" [KR|, and showed that

D®(Qcoh NP™) S D®(Mod kQ,,)

DP(coh NP™) S DP(mod kQ,,)

where (),, is the quiver

Corollary 3.18 ([MY]). For a non-commutative projective spaces NP",
we have

Out:* (DP(Qcoh NP™)) 22 Out; (DP(coh NP™))
> 7. x (Z x PGLy41(k))
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Theorem 3.19 (Bondal-Orlov [BOJ). Let X be a smooth irreducible
projective variety with ample canonical or anticanonical sheaf. Then
Out (DP(coh X)) is generated by the automorphisms of variety, the
tunsts by invertible sheaves and the translations, and hence

Out. (D" (coh X)) 2 (Auty X x Pic X) x Z.
Definition 3.20. Let B be an additive category.

_ {auto-equivalences of B}

Outy(B) :
utx(B) 1somorphism

Let D be a triangulated category, £ its full subcategory which is closed
under isomorphisms. We define the isotropy group

Out? (D)e = {[F] € Out (D)|F|¢ is an auto-equivalence of €}
Then we have the canonical morphism
e : Outs (D)e — Outy (&)
For a k-algebra B, we have
Out (DP(mod B))p, = {[F] € Out. (D*(mod B))|FB € Pz},

and we have Out}'(DP(mod B))p, = Out,(Pg) x Kermp,,.
It is easy to see that

DPicy(B) = Out (D*(mod B)) & Kermp, = 1
Moreover, by replacing mod B with Mod B the similar result holds.

Proposition 3.21. Let A be a k-linear abelian category, M a tilting
object. If the canonical morphism

Taddnr : Outs (DP(A))aaa s — Outy(add M)
1s an isomorphism, then
DPicy(B) = Out (D (mod B)) = Out; (D"(A)),
where B = End 4(M).

Example 3.22. According to a result of Bondal-Orlov, OutkA(D]D (coh P}))
is generated by translations, twists and Autg(P}), is isomorphic to
7? x PGL,.1(k). By Corollary 3.8, we have

Out (DP(coh P))agaz. = Outy(add T;). Hence we have

DPicy,(B;) = Out: (D®(mod B;))
~ 7% x PGL,1 (k).
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