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Finite group theory and other areas in math.
Transfer theorems and Dedekind sums

z € [G,G], |¢| =2 = |G|z = [Cq(x)|2 or |Cg(x)|2 > 160
€ [G,G], x| =3,z 4z = |Cq(z)|z > 27

Came from Dedekind sum 12ms(m,n) € Z[
n

o= £ () (E) {3 G

k=1 n

T.Y. Character-theoretic transfer (II), J.Algebra
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G finite group, k = k, char(k) =p > 0.
Weight is (P,V), P: p-subgrp, V : simple proj k[Ng(P)/P]-module.

Conjecture(Alperin 1987). g{weight of G} = f{simple kG-module}?

np(G) = #{non-projective simple kG-modules}.
A = 5,(G) = poset of p-subgroups (# 1).

AC < (New AC) np(G) = Y (—=1)¥™M7np(Gy) (Webb).
ceEA/G

Conjecture (Qillen 1978). Sp(G) is contractible < 1 # Op(G)(LG).



Hom-conjecture. |[Hom(A,G)| = 0 mod gcd(|A/[A, A]|, |G]|)7?
Asai-Y, |[Hom(A,G)| (I1), J.Alg.('93). (Reduced to p-groups!)

Hom-set Hom(A, G) rarely appears in finite group theory.

Dijkgraaf-Witten invariant M : cpt 3-mfd, [a] € H3(G,U(1))

1 |[Hom (w1 (M), G)|

G, = *( o —
20000 =5 (@M. Zoa (O L

No Conjecture. |G|Zg (M) =0 mod gcd(|H1(M)|,|G]) 7

False for lens spaces! (Wakui)



Generating functions (Y '90, Y '91)
s(A,G) :=#{A' < G| A’ £ A}, h(A,G) := |[Hom(4,G)|

Sa(z) == ) s(Cp”,G)p(g)a;” (Zeta function?)
n>0
Sa(—1) =1 — x({p-subgroups # 1}), RHS is related to h(C)", G).

Geometric property of Hom(G,GL(n, F'))? GF of {|[Hom(G, F)|}?

exp(G)|qg — 1, r := {conj classes of G}, then

= h(G,GL(n,q)) _ 1
b Z |GL(n,q)| B nEll,_!l(5) (L—qg )T

n=1




Burnside ring. B(G) is Grothendieck ring of finite G-sets.
Generators : {[X] | X € set®}, Relation: [X +Y] = [X] + [Y].

¢ B(G)>>B(G) = 2 [ X]—— (1X2)) y. C(G) :=Sub(@)/ ~¢.

cpi of Q® B(G) : ey = |[Ng(H)|"t Y |D|u(D, H)[G/D]

D<H
cpi of Z,@B(G) : e = Ng(@)|™1 Y. 3 |D|u(D, H)[G/D] (Y.'83).
HP~oQ D<H

Homological Sylow x(Sp(G)) =1 (mod |G|p) (Brown '73).
Frobenius thm. f§{z" =1} = |hom(C},G)| = 0 mod gcd(n, |G]).



Hecke category Heci(G). G : finite group, k : commutative ring.
Objects : finite G-sets X.,Y, Z,---

Property (1) Heci(G) is k-additive cat.
(2) Full embedding Hecp(G) — Mody; X — kX.

Hompec (G/K,G/H) = Homy(k[G/H], k|G/K]) = k[H\G/K]
Endyec(G/H) = End(k[G/H]) = kK[H\G/H] Hecke ring

(HzK) o (KyL) = S (H*MWANK:H*™NKYNL)(HekyL)
(H*NK)k(KNYL)

(3) Hecg(G) — Mod,, reflects iso. G-mat A is iso <= detA c k*.
(4) Hecy(G)°P = Hecy(G) by transposition A «—— tA.



Hecke functor = Representation of Hecy(G), i.e., Heci(G)°P ——= Mody,.
First example (by Shimura) V : right kG-module

H‘*/ : HeCk(G)Op — Modk X — EXtZG(kX, V)
[HxK] : H*(H,V) — H*(K,V)Z= Ext};G(k[K\G],V)
o|[HzK] = corf o resgzni (@’) = a® leKTK

corH = [H1K], resH = [K1H], con}; = [HzH*] (H< K <G,z €cq).

No action of Hecke ring on character ring! Why?
Mackey decomposition and corg resH = (K : H)id



At degree 0. V : kG-module. HO(H,V) = Homy(k[G/H], V).
¢ : Modys — [Heci(G)°P,Modg] : V — cy

Cv(H) — VH L= {’U cV | hv = v Vh € H}, Cv(X) — HOmkg(kX, V)

corg(u) = )  ku, resg(v) = v, con%(u) = gu
kHEK/H

Problem. Construct theory of Hecke categories and Hecke functors.
Even if V is irreducible, ¢y, is not in generall!

Submodules of ¢;, «+— Ideal of poset {p—subgroups}/ ~¢.
Webb conjecture: {p—subgroups # 1}/~ is contractible?
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Center of category, Centralizer of functor.

Z(C) = EndNat(ld:C —C)
= {(w(X) € End(X))x [ fow(X)=w()of (Vf:X->Y)}
C(F) = EndNat(F :C — D).

Example. R ring viewd as a cat, then Z(R) is usual center.
Z(R) — Z(Modpg); z — (z -idys) s is isomorphism.

C is k-additive, then Z(C) is commutative k-algebra.

cpi(central primitive idempotent) or block of C is 0 # e2 = e € Z(C)
(not proper orthogonal sum).

{e1, -+ ,en} CPi's, then 1 = e + -+ en, eje; = J;je;.

M :CP — MOdk, then M = &@e;M, ezM(X) L= Im(M(eZ(X)))
. indecomposable M belongs to a unique block e, i.e., M = eM.
11



Block theory of Hecy(G). C conjugacy class, C := Z c (class sum)
ceC

Z(kG) & Z(Heey(Q)) ; € r— W(C)(X): X — X)x,
(@) (X)ay = te € C | ey =z}

Krull-Schmidt cat. Hecy(G)T := {(X,e) | e2 = e € Endpgec(X)}.
Brauer functor. char(k) =p > 0, P < G p-subgroup

Brp @ Hecp(G) — Hecp,(Ng(P)); X — Xt (P-fixed points)
(axy)azeX,er = (awy)xeXP,erP
Bp : Z(kG) — Z(kNg(P)); Z agg — Z agg
gel gENG(P)
Brp : [Hec,”(Ng(P)),Mody] — [Hecg(G)°P, Mody]

12



Example of Block Designs(BIBD). |X| =, |B|=1b, B C 2.

(1 z€8
\O else

incidence matrix : A= (a;g8)yex 8ecB> Qg3 = !
(v,b, 7, k, \)-design (X, B) is defined by

Al =rJ, JA=kJ, AT A= (r— NI+ J (J all-one matrix).

Let G <Sym(X) st. z € 8 = gx € gB.

det(AA) =det(nl +AJ) =n""Lkr (n:=r =)

Thus if (nrk)~1 € k, then tA: X — B is split mono (.. |X| < |B|).
Extpo(kX,V) |Exty-(kB,V) (V kG-module).

G = M»>4 (Mathieu group) acts on a (24, 759, 253, 8, 77)-design.
If 271,111 2371 c k, then H*(Mo3, V) | H*(2% x Ag, V).
13



Induction-transfer theorems. G finite group, k com. ring

Ind% : Mody g — Modgg, U — V1Y (induction functor)
Resg : Mody — Modyy; V —— V| g (restriction functor)

ind% . R(H) — R(G) (induciton map)
resg : R(G) — R(H) (restriction map) R(G) character ring

Bi-adjunction |Ind$ 4 Res%, Res® 41Ind% | induce

corH H"(H,V) — H"(G,V) (transfer map)
resH H"(G,V) — H"™(H,V) (restriction map)

tr: Homp g (Uly, Vig) — Hompa(U, V] 16) - Hompo(U, V)
e:V]yg 16— V the counit
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Induction theorems.
- Q®R(G) =) Q®Ind&(R(C)) (C cyclic subgroups) (by Artin)
C

— R(G) = ZIndCE;(R(E)) (E elementary subgroups) (by Brauer)
E

Transfer Theorems. P € Syl,(G), N := Ng(P), (G:P)"lek
— H"(G,k) = {a € H"(P,k) | a|[PzP] = deg([PxP])a Vx € G}.
— PN[G,G] = PNI[N,N]if P/K 2 (Z/pZ)wr(Z/pZ) (VK < P).

Q. Characterize Sylow 2-subgroups of perfect groups.

Want a unified theory of transfer theory and induction theory.
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Generalized Hecke operator. HH K <G, z € G, 0 € R(H)

(1) 0|[H,z, A, K] :=6% |s1"e R(K), A< H*NK.

(2) 0|[H,z, 0, K] := (0" Lo @) 1%, a € R(H*NK).
[H,z,a, K] o [K,y, 3, L]

— Z k
(_ ) ( [I_I)a xkg) (Oé Y lekyﬂKymL 6 iHa:k:ymemL) T
H*NK)k(KNYL

xky
H ﬂL) K]

Similar action on group cohomology.

Abstract induction-transfer theory.
J.A.Green, Axiomatic rep theory of f.grps (JPAA, 1971)
A.Dress, Contributions to theory of induced reps (in SLNS 342, 1973),
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Mackey functor. cat with sum and pullback, § : cat.
M= (M* M) :E — S with M*(X) = M«(X) =: M(X).

M* contravariant, f*:= M*(f) : M(Y) — M(X) _
My covariant, fx := M.(f) : M(X) — M((Y) (Vf: X >Y)
(M1) M) ={0}, M(X4+Y)= M(X)x M(Y) via M*.

W p X MW) —2 s M(x)

(M2) ¢ P.B. f = ¢ C &

g

v Z M) —2 > M(2)

Addition on 4+ : M(X) x M(X) 2 M(X + X) M

17



Example (1) cy : X — Mapg(X,V) = Hompo(kX, V) (V € Modiq).

f*
(X—5Y) — RX ZZRY) — (v (D=5 er()
FB:Y V@ =00f@), fla:X>NW= XY a)
zef~1(y)

(2) Ey : X — Extf(kX,V). E},(G/H) £ H*(H,V). cy(G/H) =2 VH.

(3) X — R(X) (Grothendienck ring of CG-modules over X)
m:A— X is G-map and 7~ 1(z) is CGx-module. R(G/H) = R(H).

(4) Burnside ring functor. X — B(X) (Gro ring of f-G-sets over X)
(5) X — Subg(X), where f*(B) := f~1(B), f«(4) := f(A).
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Pairing p: M x N — L is a family of biadditive maps
PX)Y - M(X) X N(Y) — L(X X Y)

pXYo(f*Xg*):(fXg>*OpX/Y/ , ,
’ , \V/ X—)X, Y_>Y
pxryr© (fx X gx) = (f X g)xopxy (V7 J )

Pairing induces biadditive maps p’' = (p/y)

o i M(X) x N(X) X5 L(X x X) 25 L(X): (0, 8) — a - 8

fe(a) - B = fula- f¥(8)), & - fx(B) = fu(f* (&) - B)

R is ring if R(X) is a “ring"” by a pairing with ring homs f*.
M is R-module if M(X) is a “R(X)-module”.
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Generalized Hecke category Hec(&, A) for “ring " A : £ — Mody, .

Obj(Hec(&,A)) = Obj(€).
Homgec (Y, X) = A(XY) (XY := X x Y, etc.).

A(XY)xA(Y Z) Ti2XTog AXY 2)x A(XY 2) > A(xY 2) 523X A(x 7)

Lemma. Cat of “A-module” = Add[Hec(&, A)°P, Modyg].

B Burnside ring functor. B(X) = Gro(£/X).

[ r [ r

[X A Y]ol[Y B Zl=[X<—Axy B—>Z7]
Sp(&) (cat of spans) is rep cat of McF's (Lindner 1976).
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J.A.Green (1973): H(<G)—— M(H). Subgroup form.
A.Dress(1974): X (e set®) — M(X). G-set form.
H.Lindner(1976): McF as rep of cat of spans.
Y(1983): Hecke functor as rep of Hecke category.
P.Webb(1991): representation of Mackey algebra(=path alg of spans).
Bouc(1997): multiplicative induction of McF.

Tambara(1993) : Tambara functor (McF with multiplicative transfer)

Alperin conjecture < M, M, (McF) st.
(i) VH < @G, Res%(Mz-) are projective relative to p-local subgrps of H.
(i) VH < G, dmM(H) —dimM->(H) = np(H).

Can not take as M, = 0.
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(K,O,F). char(K) =0, char(F)=p>0, K=(0), F=0/J(0O)
gen.Hecke cat Hec(G, R) (R ordinary character ring functor)

[H,u, a, K] «— (azy), auyz.u = “a.
® = (¢4) : Hee(G, R) >—> [[Hec(Ca(t)/(t), R); X —> (X))
1 ® ® is full. t

Theorem. Z(®) : Z(Hec(G,0))>—> [[ Z(O[Cq(®)/(t)]).
t
Z(®) : Z(Hec(G, K)) = || Z(K[Ca(t)/()]).
t

22



cpi formulas of gen Hecke cats.K ® Hec(G, R).

cpi of K ® Hec(G, R) has the form E; 1= (Fy z(X))x,
where t representative of conj class of G and A € Irr(C(t)/(t)).

Et,)\(X) = (Ea:,a:’)a:,a:’EX7 €x. 2! c K® R(Ga:,:c’)7
€x/(8) =0 ifsgt

1y AD) ~1
GZUZC,(gtg ) - |CG(t)| C:x/gz::xgc)\(c )
B =1 S A Dalt9)[H, I, o, H].
| H] - |Ce(®)] c€Cq(t) aclrr(HNHY)
geG:t9e H

23



p-local cpi formulas for OHec(G, R). E1, E> cpi of KHec(G, R).
E1~FEy & HE(CDi of (’)Hec(G, R)) st. b, = FEFE;

ER =% Y Y E,

(s) pplat)=p A€b
ZSp/Zt

B is a p-block of Cg(t), b is a p-block of Ca(s).

Brauer functor Brp : OHec(G, R) —> FHec(Ng(P)/P,R); X — X7F.

Transfer theorem. e§p> . cpi of OR(G).
ei” OHec(G, R) = res¢, () OHec(Ci (), R).
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Coefficient of [H,x, «, H] is given by
AW (g h g™ Ha(s9)

2. 22 2.

. 2
(8):s,y=tbC=BAebgeG:s9€H he HNCz(s)9z~1 [H* N H| - |Cg(s)|

1
Special case : t =1,B={\} = — > A(y) € O (Nagao).
|H| yeHxH

OR(H) = @ EF)(H)OR(H).
t,B
pi of KR(G) is €, 1= x(1) > v(g~ ) x.
|G| geG

pi of OR(G) is Y e =1G"* Y ¥ x(¢7Hx.
XEB g€G xEB

25



Further generalizations. £ : locally finite topos (LFT),
£ = set, setC, [OP, set], (Forests)

S = (Bimodule), Cat of cats, (grp) (2-)cats.

Study Hec(£,A) of LFT &£ for A :Sp(&£)°P — S.

Sp(€) (X A Y)eHom(Y,X)=&/X xY) is 2-cat.
Study 2-Mackey functor M : Sp(€) — S.

H+—>Modgy, Ind, Res, Con. X+——>¢&/X(2-Tambara functor).
2-Mackey functor from set to (Bimodule) 7?7

span is a bipartite graph. association schemes??

Non-module valued McF. X (€ £)———=Sub(X) (Heyting algebra).

grp :cat of f-groups. Finite group theory in £ C [grp®P, set]!?
26



Exponential diagram

P (&

X A X xy Ns(A)
f f!
Y Ms(A

p £(A)

NA:={(y,0) |y €Y,0:q '(y)—>A,po =id},
q: (y,0)——>y, [ (z,y,0)—>(y,0)
e (z,y,0)—=>oc(x)
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Tambara functor. T = (T}, T*, T%) : set® —— Set.
(T1) (h, T*), (1%, T*) are both Mackey functors,

(T2)

EX

f« :additive transfer, fs«

H**('a k)r R

. multiplicative transfer.

f! = fxopx =gxo0 froe.
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Polynomials and power series. £ locally finite topos(LFT).
T : £ — Set Tambara functor.

i N — N’ induces i, : T(QN) — T(QN), i+ : T(QN) — T(QN).
T[] :=1mT(QY), T[] :=ImT(Q")

addition, multiplication, composition, derivation, substitution, ...

Example. in set,
[A-252N] — f) = S @I = Y g{a € A|[6(a)| = n}t"

acA n>0
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Example from error correcting codes F .= F,, N :={1,2,--- ,n}
code C <V :=FN :={v=(vy,--- ,vn) | v; € F}.
supp(v) :={i € N |v; #0} C N, |v| := |supp(v)].

WelX, Y] ———C C < IV Supp 2N] - Z ssupp(u) — Wa(t)

ueC
(weight enumerator)

WelX, Y] = 3 | xn )yl
ueC

P.B.

(X +Y)VN —> 2N

WolX, Y] ={(u,\) Jue C,A: N — X + Y, 2" 1(Y) = supp(u)}
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Let G < Aut(C) < Sym(N), X,Y finite G-sets. W[X,Y] is G-set.

WolX, YTH| = > IMapg (N —supp(u), X)| - IMapg (supp(u),Y)|
ueCH
= Y #{uc O |supp(u) 2y [[ri(H/D)}[[ =" "y,
(ri) i i

MacWilliams identity. C x W[ X + Y, Y] =0 W [X + F x Y, X].

C(R) :={u € C|supp(u) C R} (Re2N).

GF of C(-) is WX 4+ Y,Y]. Y(1993)
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