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Lerch

1�L�M
[Le] (1894)

;�ND-
O
∞
∐∏

n=0

(n + x) =

√
2π

Γ(x)
.

9C=2#
Riemann (1859)

;2P�7
∞! :=

∐∏∞

n=1 n =
√

2π = − log ζ ′(0)
1

Hurwitz Q�R2SUTCV*W327XB2YWZD[X$ ∐∏ #E\W]W^W_`8baWcE=>7bdJeEfWHhg21EikjmlJnUKCo`[X$�pJqh1JPD'r;Ws
t
u =�7vOw�Wx

a = {an}n=0,1,2,...

;�y�[Cz�1 R2S2T ���>K ζa(s) :=
∑

n=0 a−s
n

8Cs t [C$�z
=2{�|2I

s = 0
Kb}2~����!;��W����� u =J$�z29�*�\��J,D8��

∞
∐∏

n=0

an = exp (−ζ ′
a
(0))

8�N�-�B�9�=�#
[De]

*�1/����*�3�jr$���e/��x�,�4��/����1/_�;/��[�a/B�f���,�I�#�$�z�1&o
��� 4 ��¡ u =¢7£�&�¤��M

Γ(x+1) = xΓ(x)
1¤¥ �¤¦ *¤3�7

1
BE+�§¤:&¨©9�=�#�$

Hurwitz R�S
T �&� ζ(s, x) :=

∑∞

n=0(n+x)−s
{«ª�Y&¬�­�®�¯�°�M ±³²�´�µ�¶�·

ζ(s, x+1) = −x−s +ζ(s, x)� 4�¸¹'»º�¼�*�3�7�Bh9«1�I�;&½¿¾�[�Y
Barnes

#�$Xz�1�À&Á V K�Â�Ã¿[�Y [Ba1, Ba2] (1900,

1904)
B&À&Á

Hurwitz R�S�T �&��$ Barnes
1�À/Á����&���&�Ä8�a�c/=�7�+«1�*�3�7�B6Å�Æ�#�Y

8&Ç«��$.È�É�Ê�Ë�Ì�y�Í�Î�Ï�1
Selberg R�S�T �«��1����«��Ð&´�1«o � ;�+�<�=�7 [K1, K2]

B
�U�Ñ�h�Ñ�k8.\WÒ¢�E�¢#W$�a©cW5¢7£ÓWÔ©LWM

sin(πx) = πΓ(x)−1Γ(1 − x)−1
*ÑÕUÖ¤×Ja©Ø

∗ Ù�Ú�Ú�ÛÝÜ�Þ�ß�à�á&â�ã�ä�å&æ�ç�è�é�ê ζ(s) ë q- ì�í�î�ë�ï�ð&ñ&òôó�õ&ö�÷ ê�ø�ù&è�é�ú�û�ü&ý�þ
1 ÿ�à����&ê�������� ñ é Gauss-Legendre ë n- ÿ	��� ò�
��/ñ�
���õ ý [KKSW] þ
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aU7XB2zh1����>K�� Ç©7h9¢8b;¢P¢jr$�À¤ÁJ ¤"U�¤�U{hs t u = 7XB2zh1¤Á�� ¦ K���	U;�

� a�Y�1�#
�������J*�32:D'

[Sh2]
B��2#��mÁJ �"2�E�`8C#����
[X, ��� YW{�$�¼������21

Kronecker
1����!1
 !1�¼�<2;"!$#�Ø�z�=>K�s t [CY�B¿[ � [6,�{�4&%(' T�S*),+"- 1/.2;0 =�7212*/���!1�Õ�3!1/4J1/5 t #�8�-6;"6�7 u =�7�9J8�+�,D-98�:�Ø�a � Y ±

[K3, Sa]
K

;$< · B2Z�{�=J*�#�$�z�1EÁ�� ¦ KE¥�>2;�5�?`[bY�@�A�B�Á�C2;2P � ØD�mÁU �"2���
8E���
u =!$ u 4C;WÀ�Á2 �"!���J1�Â�Ã2{�F*G>4m=2$2PD' ��-�H
-mÁ�� ¦ {/I�? u =W×�×23276B
z�1�J � ;2+EÀ�Á2 �"!���
82KW��=�7�+�1D8�[6ØW$

Hölder [Höl]
,�LC1!+�1J+�3276B�p$M

a
NW=>+E{W$PO S �U� RUSJT �E�W�Jzh1�J � 1
Qh���U1 R2SUT $ L-
�Ñ�J1SR�T�UU1EÂhÃ2;

V �
W ,WaÑB�X � u ah$����U#
Yh¼�QW�Z�J1
L-
�E�U1
R�TZUJ1EÂhÃJ1hY�GW;S[Wx V 1WÀÑÁ

Hurwitz RUSJT �Ñ� ±\��� R2SJT 8EP&]h· [Sh1]
K,^�_`[CYÑB!zE=2#ÑÕ�3J1�nh,D4ENW$�`
a

b `���¯�cD+EÀD-C1��"d21�e�f21�Â�Ã!;
g$h � Ø�aJ76B
(�Y�$
i�´kj!,DL�1�o�<"d��"R"T����!$�z�[6Ø�­�®�¯�°�M*l�1�Â�Ã ±

[Rui]
,DL)· � 4�+«$

À�Á!�2�����JÀ�Á2 �"21
q-
�"�J{�Â�Ã u =2Ø�aJ7CBmX � u aW$*n2-���o!1

[FR]
*�#W$����

RJS2T �E�21Ñ­W®�¯h°WM$lh1�h�p � 4b1EÂWÃJ{W, u =JØWaJ7 ±
[FR]

8bcÑ=Jc�=U1�h�pU#
q
®2A�;�Á2, � Ø�a27C·

2
B

9�9�*�1�ÂWÃ21D¾CA�#��J12PD'm,2+�1W*�327CB
• r 4)=2Ø�a27�ÀEÁ!�!���������2 �"2����K,s"t2A�;�u
'wv"x!n2K2y�z�¬D7�928)Bks�t2A�,u!a�;!P � Ø�${H!a )"| '�1��2���������2 �"!���!Y!§�1/}"~!Ï��/�J;�×!a�Ø r 7�9!86{��¡ u =!$�z�=�46{�ª!Y�¬!�E����M ±�U!1/Q�� ¦ ,DLb1�Â�Ã!;�g*h�Ø�Y�a�·�,DL6{/7"�
4)=�7
� +![m=2,�a � 4C*�3!7

3
B

• �*��� ,
���2;�y�¬D7 R!SJTm� �J��� �  E"2��� ±���=�²�´Wµ�¶�·!1�Â�ÃDK2¾9�W¬ÑB!YD8
Ç���$ �$��� ­�®�¯�°�M21
8����2s�l�1E�21�Â�Ã2;�! � 'mY�G�1
���!*2+�327bBp!q�*�#�$Ey��21�®"�2#

log z = log |z| + i arg z (−π ≤ arg z < π)
8�[bØ�ND- B

2 �������/é����{� ï à ë���� �������{� ñ� ¢¡&÷�£�¤¦¥Ýõ ý ò ë è�§�ý ÷ ê ø�ù&è�é{¨ ë�©�ª���¥�ë�«�¬ñ�­�®�¯ é�°�±{� ® þ{�³²&ê�ø�ù ñ�ï�ð&÷�´�® ������� ë�«�¬&ñ³­�®{¯ é [KW2] µ�¶k¥Ýõ/ö�® þ
3 ö�·{¸º¹�»�¼�½�¾�¿�ª À ÿ�Á�Â�Ã��&é�� � � ��Äk¸º® þ�Å�Æ�Ç{��È�É{Ê�Ë�Ì³Í�Î{Ï{Ð�Ñ¢Ì{Ò{ÓÕÔ�Ö Äk¸º×ØÚÙ ÊÜÛ{Ñ�ÝÜÞ G ß(àâá�ã/ä{åÜæ Ì�çéè�ê{Ý àâáéë{ì9í{îéï�áÚð�ñ�òéókôÜõ “ ö�÷{ø ” ä�ù9ú�ûéü{ñÜý�þ{ø Êÿ Ñ�Ý�����Ï���Ý���� ô	�{ä�× Þ

2



2
� � ���

���	��

�������������������
��� �"!�#�$�%"&

�'�(�&
)�*+��
�,�-���.�/0*1�����
2
34��,�5�6�7 ���4!�8
9�%:&	;

G
!�������*

(ρ, V )
!

G



N <�= ���>�?%"&�;A@�B�'�C
D�E <�= ���F
�G�!�HJI�K����%4&
4
;

γ = (γ1, γ2, . . . , γr)
!

G

 = 
 r L 
�MN���O* g ∈ End(V )

�P%4&Q;�R�SNT�!OU4V
&
,�-+*

γj



W���C
X�E
Y��?Z�8
%"&�;[K]\�^�

_�6�7��
N < 

`�a�

b�c�d L

�
���]�
e �

r

�5F6�7��
�

ζ
(r)
G,ρ,L(s, g; γ)

!O_4f�g�h�i�jlk��

ζ
(r)
G,ρ,L(s, g; γ) :=

∑

n≥0

L(ρ(γn)g)−s =

∞
∑

n1,... ,nr=0

L(ρ(γn1
1 γn2

2 · · · γnr
r )g))−s. (1)

'm8�9�%n&
5
;�omp0q�rFs�Vm!Ot�u0
�'�( \Fv�*

L
Cwbmc�d�'0(�&Oxmy�Cmz�{0|�*�} ~[���

��(�,�&��

��	�"�
,4��*+�
\���C�(�&	����
m�
����d ������8 ����z��	|
���F'���&��"I
z
��M�G��"�	,�{
;�.�,�*A�
��z
�����
������C��"�����
���
��|�8
9>T?\"&��"��'��
(��
IP�4^	*�K 
��4Ilz b�c�d4!Q�4��&�K��QC�u4���F�l��'�(F&	;

L
���O��Cm*

N × N �m  `a
A

�¡�¢�£ ¤�d

Ψ(t, A) := det(tI − A)



tk

�¥m��¦�§�
�¨

tr(Aj)
z:��!	�4���m{�&	;

{�.�*�K�
�km��C�©�ª�Y4� z
`
���N�O��*�«�¬�­�®

Re s > `
'
¯���°�±�%:&��?Z�8�%4&O;

T���*�K�K '�²JI³o�p�qmrN�	C�´�µ�!O¶�% ·

ζ
(r)
G,ρ,L(s, ρ(γk)g; γ1, . . . , γr) = − ζ

(r−1)
G,ρ,L (s, g; γ1, . . . , γk−1, (γ

−1
k γk+1γk), . . . , (γ−1

k γrγk))

+ζ
(r)
G,ρ,L(s, g; γ1, . . . , γk−1, γk, (γ

−1
k γk+1γk), . . . , (γ−1

k γrγk)),

ζ
(r)
G,ρ,L(s, gρ(γk); γ1, . . . , γr) = − ζ

(r−1)
G,ρ,L (s, g; (γ−1

k γ1γk), . . . , (γ−1
k γk−1γk), γk+1, . . . , γr)

+ζ
(r)
G,ρ,L(s, g; (γ−1

k γ1γk), . . . , (γ−1
k γk−1γk), γk, γk+1, . . . , γr).

������*
γiγjγ

−1
i γ−1

j ∈ ker ρ (1 ≤ i, j ≤ r)
'm(
\�v�*�¸4^O���

ζ
(r)
G,ρ,L(s, ρ(γk)g; γ1, . . . , γr) = ζ

(r)
G,ρ,L(s, gρ(γk); γ1, . . . , γr)

= − ζ
(r−1)
G,ρ,L (s, g; γ1, . . . , γk−1, γk+1, . . . , γr) + ζ

(r)
G,ρ,j(s, g; γ1, . . . , γk−1, γk, γk+1, . . . , γr).

Problem 1:
5�6�7����

ζ
(r)
G,ρ,L(s, g; γ)

|
s = 0

!	¹�u�º0»�.�'�D��m�F��¼�½m¾�¿>TP\:&�,
-�

À�Á�Â�z�Ã�Ä"!�Å�Æ�%"&�K���C�'���&
'�(��"I?�
;ÇT�^	����
"�
��*È´�µ�'�8�9�T?\"&
���
������C ÉN�	¸�'�(��:IP��;

4 Ê1ËÍÌÏÎÏÐÏÑ{Ï ìÍÒÏÓ �ÕÔ+ÖÍ× Ù Ï���Ý�Þ
5 Ð å Ê�ËÍØÏÙÏÚ ��Ï�� ÿ Ñ å � Ý³Þ
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5�6F7�� �
ζ

(r)
G,ρ,L(s, g; γ)

C
s = 0

'�D����['�(�&��P%n&	;4K�
:����*�_�6[7
(G, ρ, γ, L)��2�3�%4&��F�������"!

Γ
(r)
G,ρ,L(g; γ)−1 :=

∐

•

∏

n≥0

L(ρ(γn)g) = exp

(

−Ress=0

ζG,ρ,L(s, g; γ)

s2

)

. (2)

'm8�90%:&O;:KmK�'���������Å��[! ∐∏ �:^ ∐
•

∏ � c
	:�	,0
mCm*
Lerch


��md�
���
[
��
� Ã�Ä4!
*1D�����.�'���%4�"Il������,��"^	'�(�&

[KW1]
�
[Ill]
�����
� ; �������
À�Á���*

ζa(s)
|

s = 0
'�� � z4���
C ∐

•

∏

an =
∐∏

an

'�(�&
6
;

� BF'�Cm*�b�c�dN�m�O��*������"^lÉN�O¸�'����n�
�! � Âmz
L(A) = tr(A)

!	�4�m&�

'm*
Å��

L
!�"
#�%:&Q;�£�$

Hurwitz
5F6[7 ���[CF���m���FK 
 �0MFG�'�%:�[^l\:& |m*

��\�C <�& 
�'�(�5�6�7�� ��
�¡�)�z�� 
4�P�4��^l\"&��4^	*�KmK�'�C�)�
�*:!�(���&�;
Example 1

·
(ρ, V )

!
G = SL2(C)


 D�E <+= �������]* γ ∈ G

,+
D���!

α, β (|α| < |β|)�P%"&��
ζ

(1)
G,ρ(s, g, γ)

C
s = 0

'
D�����'m(�&	;��	,�|�����*�2�3�%:&�������� ��|�-�.N�

Γ
(1)
G,ρ(g, γ)−1 = β− 1

12

(

tr(ρ(γ)g) − α tr(g)

β − α

)
1
2
− 1

2
logβ ( tr(ρ(γ)g)−α tr(g)

β−α )
G

(

α

β
,
tr(ρ(γ)g) − β tr(g)

tr(ρ(γ)g) − α tr(g)

)

�	z�&
[KW4]

;F,�s"�	*
|q| < 1

���>�
G(q, z) :=

∏∞

n=0(1 − qnz)
'�(F&

7
;

3 / 0 1 2 3 465 7 8 4:9 ; < =
N × n

��`�a
A = (aij) (aij > 0)

�
x = (x1, . . . , xN ) ∈ RN

>0

���N�

ζS(s, A,x) :=

∞
∑

m1,... ,mN=0

n
∏

j=1

{

(

N
∑

i=1

(mi + xi)aij

)

}−s

, Re s > N/n. (3)

�?>"�
[Sh1]

;
ζS(s, A,x)

|
Re s > N/n

'
¯���°�±���*
s

��
��������@�­�®��
D���� �
�

�����
¼�½�¾�¿NT?\"&�K���C�*
Hurwitz

5�6�7
����
���
�����A�z�B���'�CNT?\"& � ,4�
�
v

[Ha]
� ;:K�\4!!'�(�5�6F7����N�?D�E:K�����%4&	;��FI�����K�
��:I?z�8�94!!F�,m
���C

b�¸�'�(�&�|m*"�����4�l*�K 
�5�6�7
���F
�É��HG���Im'�

�4!	À�Á��NT?\�,
Bernoulli

�
6
∐

•

∏ ñKJ�ý Ò × Ù ÞMLON ß × �{ñKPRQ ÐTS�Ý�� å Ï���Ý ß Ì Ê1ËVU ñKWYXOZ\[ Ò × Ù × Ù^]\_ Ï “ `VaKb ÓcOd
” ä�ì Ï�Þ

7G(q, z) ËKe\fOgihKj ù�ú Òlk æ � Ý\m2Ò�� ��Ý�ÞOn G(q, q)/G(q, qs) ËKoOp ø Ê Jackson ì q- gOhKj ù
ú Γq(s) ( q Ò�Ñ æ [AAR] ä\`�ñKrOs ) ñKt Ñ�Ý�Þ

4



!���{��
����,
;nT�^���*�����������
�
��
5�6�7
�
�"!
ζS(s, A,x)


	�"!���,
5�6�7


D
E�
�'w�N�O*��0

��������
F� 5�6[7 ��� � �	,m|����

L-
� �0��
 É���G���Im'm
 �:!OÀ

Á��NTP\�,
Bernoulli

��' ��%F¸�C���d:!!FF,�
m'�(F&
8
;NT	��*�'�(�5F6�7 |���
 5F6�7

������%4��^l\4&�K��
!
�m��G��4I ;

Proposition 3.1. G =
{

n(z) :=





1 z

0 1



 ; z ∈ C

}

∼= C
�!>4� ;�����|���'�(�&��:IPz �

  ��!���ªÇ� %�& N ×n
�+`+a

A = (a1, . . . , an) = {aij}1≤i≤N,1≤j≤n

! ��� *
wj (1 ≤ j ≤ n)!�����| ��
 ��  ���Í%�&]; γij = n(aij), gj = n(wj), ω = (ω1, . . . , ωn)

�i>�� ;
G



n L 
� � ��

V =

(

C
2
)⊗n � 
 � ��z���� !

ρ
� % & ;

γi := (γi1, · · · , γin) ∈ Gn (i = 1, 2, . . . , N)

�
���
ρ(γi) := γi1 ⊗ · · ·⊗ γin ∈ End(V )

'�(�&�;
S =





0 1

1 0





!���{��
V


����c� 

g
!

g = g1S ⊗ · · · ⊗ gnS ∈ End(V )
'�8�-F&	;���
�5F6"!����

ζ
(N)
Gn,ρ,1(s, g; γ)

C
ζS(s, A,x)

!	#
$ &�;�,�s&%('

wj =
∑N

i=1 xiaij )�*�+-,
. ¸ ·0/�1"2�3�4�5 +	6"7�)�*"+-,98�:<;�=

ζ
(N)
Gn,ρ,1(s, g; γ) =

∞
∑

m1,... ,mN=0

{

tr(ρ(γm1
1 γm2

2 · · · γmN
N )g)

}−s

=

∞
∑

m1,... ,mN=0

{

tr
(

(

N
∏

i=1

γmi
i1 ⊗ · · · ⊗

N
∏

i=1

γmi
in

)

(g1S ⊗ · · · ⊗ gnS)
)}−s

=
∞
∑

m1,... ,mN=0

{

tr
(

n(w1 +
N
∑

i=1

miai1)S ⊗ · · · ⊗ n(wn +
N
∑

i=1

miain)S
)}−s

=
∞
∑

m1,... ,mN=0

{

tr

(





w1 +
∑N

i=1 miai1 1

1 0



⊗ · · · ⊗





wn +
∑N

i=1 miain 1

1 0





)}−s

=

∞
∑

m1,... ,mN=0

n
∏

j=1

{

(

wj +

N
∑

i=1

miaij

)

}−s

=: ζ(s, A, ω).

>�> ) '�?�@�ACB Aj

2�DE%(F
, GCH�I"JCK-L�M"HON"P tr(A1 ⊗ · · · ⊗ Ar) =

∏r
j=1 tr(Aj) )

*�+ >RQ�S(T =�U�, >�> ) ' wj
S

wj =
∑N

i=1 xiaij
Q(V 7
W '�XZY-[C2�'
\&]�^
_�`ba�c

ζ(s, A, ω) d ζS(s, A,x)
2
e�f�5 +-,

8 gihkjmlonmprq�sutkvrwmxmy�zm{m|k}i~�� Siegel (1969) ��� |r�m�kp��m�k�mzk��{�|mvml-gihkj [Sh1] v��� h�|�����p�����z��r{���� � �����
5



���������	� c S�> H�
�� 2	
 H �����	� c Q %�F	��� + > Q H���� H	����d '��������
P X Y-[�2�� + [&Y )�* + 9 ,���U ' N < n H Q�� d '	A�B H� c H �"! [&Y-'�#9% 6 P e$�% 2�� : F = + >�Q	&(' ;�= P	��� )�*�) � [ , ������� [ Y+*9Y+, + ��� Q d '.- =	/�0, W ' > H �����	� c ζ(s, A, ω)

2"1�2	5 +	3 J	4 � c P �&; %�5 G , Y�% = � c�6�7 S8 U %-F ="+ >�Q )�* +-, > H"9�:"d '�;�<�2 G , P Barnes H�=	> 3 J	4 � c H	M )�?&7
+ >"Q
S0@BA 5 +-, % U P : F Barnes HC=�> 3 J�4 � c�D ; Y(2 d�G ,"[ZY0E�F ; , +�GH � c 2	D %�F	IKJ(L	M�N�O H�= 5 P ��������� [ Y(E	F ; , + G , Y�2	D %�F & I�L	5 +>"Q P�P [�Q ,98-:&;�=
Example 2 R ζ(s, A, ω) d s = 0 S ?UT SWV Q HWSUX 1Y2 5ZQ 3 J[4 � c P[\W] 5^Q R
ΓS(ω, A) = Γ

(N,n)
S (ω, A) := exp

(

∂
∂s

ζ(0, A, ω)
)

10 ,9; Yk2 X ΓS(ω, A) d Barnes =_> 3 J
4 � c H
M�SCV Q R

Γ
(N,n)
S (ω, A) :=

{

∐∏

m≥0

n
∏

j=1

(

wj +
N
∑

i=1

miaij

)

}−1

=
n
∏

j=1

ΓN(ωj, aj).

� c�6�7 d�`�H Q-V J R
Γ

(N,n)
S (ω + ai0, A) = Γ

(N−1,n)
S (ω, Ǎi0)

−1Γ
(N,n)
S (ω, A).

U 6ba X ai0 d A�B A Hdc i0
A Sfe a X Ǎi0 d A

[ Y
i0
A Sfg Jih : F S � Q (N−1)×n j AB SkV Q ,�=�� X ��� ?�l � c S S

(N,n)
S (ω, A) := Γ

(N,n)
S (ω, A)−1Γ

(N,n)
S (−ω +

∑N
i=1 ai, A)(−1)N

S E	F�5�, W X�m�n"H 3 J"4 � c H � cC6�7"[&Y `�H	o�p N P�qr��R
S

(N,n)
S (ω + ai0 , A) = S

(N−1,n)
S (ω, Ǎi0)

−1S
(N,n)
S (ω, A).

n = 1 H Q�� X > , d�X [KK1] S *9Ys, U ="> ?�l � c H"o�p N S�V Q ,
• =t> G H � c H Q�� 2tu : F X A�B A H I�v S w >yx�z Q - � > Q 2 5{Q Q X > H�>|x�P} O % 2�~���c S�V Q Q	� 2 d�X S

(N,n)
S (ω, A) P"� c %	� v�@���7�� S 8 U 5 > Q P [KW3]

H���� [&Y P [�Q ,
•
����������� c d�X�� / 
 2�1B2 a�U ����� SCV Q , ; 8+��� � S�X U Q � W 
 J ` c

H�� = m G H�A�B P �
5�
 (Heisenberg

|���+� 2 D a F & X ! c S	� ��Q�A�B U�� H I�v

9 �������kp����kzi�d���ml���������}rj ∐
•

∏

n∈I � J an =
∐

•

∏

n∈I an

∐

•

∏

n∈J an � [KiW]  �¡�¢�£�¤�¥ vi¦f§_¨© ~�|�g�} �«ª. .¬«  ~m�
10 ­¯®.°�p«±¯²�zmp«³¯´�}�~ �¶µ.·mz Kronecker p«¸.¹«ºf»�p��¯¼�}¾½.� ¬ h�|��

6



H�� 2 X_V Q�� H ?���N���� S���	 W X�G�H�
�� s = 0 � H ~C� j � c Q a F H�
���� � P� ; ,�Q�� a�U P : F X 3 J�4 D G H � c S E�F�5�Q >�Q P�S � Q P�X������ [&Y H�� T 2� a�� > Q(� G , Y H � c�6�7���� S�� Q U�� 2 d�X � c Q a F End(V ) !#" 11 S"Q Q > Q
P�$�% Q ��Q �'& a 5 d [W]

�(�
• q- )�* & ��:�U 50;�+ 2 S � Q�� ��, 2 G�H�V Y ��a S�-�. U�= �/ D�� P10sS � 532 S & � = q

S�4 E	5�Q��
A = {aij}1≤i≤N,1≤j≤n

S :�5 P ? H I�v S�&M
N × n j#6�7 A�B Q a X wj (1 ≤ j ≤ n)

S 6#7 c Q 5 Q�� G(∼= C×)
S

SL2(C) H DCH
A�B"[&Y0�BQ � / 
 Q a X γij =





qaij/2 0

0 q−aij/2



 ∈ G, g = 1
q1/2−q−1/2





qw1/2 0

0 −q−w1/2



⊗

· · · ⊗ 1
q1/2−q−1/2





qwn/2 0

0 −q−wn/2



 ∈ End(V )
Q(V 58� U�6 a X V =

(

C2
)⊗n S�V J X Gn H

V �RH�93: � � TZS ρ
Q 5�Q;� > H Q�� 
 H � ���"� c ζN

Gn,ρ(s, g, γ)
S

ζq(s, A, ω)
Q ? 5Q X > , d ζ(s, A, ω) H q- )�* S�� ��Q >"Q P�P [�Q R [a]q = qa/2−q−a/2

q1/2−q−1/2

Q-V 5 Q

ζq(s, A, ω) =
∞
∑

m1,... ,mN=0

{

n
∏

j=1

[ωj +
N
∑

i=1

miaij ]q

}−s

. (4)

; Y�2 X ζq(s, A, ω) d�!=<�> 2 
���� �9; , X Q 5(2 
���S ~�� j�S�V Q�� 8�:Z;�=
ζq(s, A, ω) =

∞
∑

k1,... ,kn=0

n
∏

j=1

(

s + kj − 1

kj

)

q− ? n
j=1(s/2+kj)ωj

× 1
(

1 − q− ? n
j=1(s/2+kj)a1j

)

· · ·
(

1 − q− ? n
j=1(s/2+kj)aNj

)

Qse � S � Q;� a-U P : F X Appell H O-
� c

[App] � V Q = d�=�>�@�A 3 J�4 � cC�

Oq(ω, a) :=
∏

n≥0

(1 − q−(n·a+ω))

� U�6�a |q| < 1
� S-T = Q Q X D�B�5�Q 3 J	4 � c d�CED�H�
 � 2 e ; , Q R

Γq(ω, A)−1 :=
∐

•

∏

m≥0

n
∏

j=1

[ωj + m · aj]q

= q
−

BN+1

(

1
2 F n

j=1 ωj−n
log(q1/2

−q−1/2)
log q

; 12 F n
j=1 aj ,

)

(N+1)!

n
∏

j=1

Oq(ωj , aj).

11 �HG � j�lJIHKkzJLHM  JN ´��
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>�> S�X Bm(ω; a) d Barnes ��
 Q =t> Bernoulli =�� 7 S�V J X a = (a1, . . . , ar)
Q ? 5 Q� X	`"H�� � c H ! c Q a F�E � Q R

e−ωt

(1 − ea1t) · · · (1 − eart)
=

∞
∑

m=0

Bm(ω; a)

m!
tm−r.

Γq(ω, A) H � c�6�7�D X ?kl � c S
(N,n)
q (ω, A) := Γ

(N,n)
q (ω, A)−1Γ

(N,n)
q (−ω +

∑N
i=1 ai, A)(−1)N

H�o�p N & � ; ,�Q��

4
� � � � 	 

� � / � γ = (γ1, . . . , γr) H��
� D a F d 3 J�4 � c H � c�6�7 d�6��
� ��J X ��U ?l � c H E	F &�� 5+M [ H�� ��Q ��� N P�V Q�� Q d�X D B���Q ����� H 8 U ��������� [Y-X Y�[ S�V ) � ����� S�d�G�H�&������ ,�� � P�X � c�6�7 H e�� S�-�. X�� Y ��X��
� , U X [Sh2] ��V Q Barnes H�=�> 3 J�4 � c Q"!�# � c H �	! 7 S � H�$B� [&Y � Q��

Example 3: %'& % Q)( � % H � @ H � cW6U7 S)* � U,+ > 3 J[4 � c � hybrid double

gamma
� S.-�/ ��Q��

G = GL2(R) H�0 γ1 =





q 0

0 1



 (q > 1), γ2 =





1 1

0 1





S"Q J X ρ
S

9�: e�1 Q ��Q�� g =





x y

z w



 ∈ Mat2(C)
Q ��Q Q

tr(γm
1 γn

2 g) = qmx + w + nzqm S�V Q
[ Y

ζG(s, g; γ1, γ2) :=
∑∞

m,n=0(q
mx+w +nzqm)−s

�3254 H U�� X |w| < min(x, 1), x > z ≥ 1Q"6 E���Q��87 ��9
: S<; � W X Re s > 1 H Q"�

ζG(s, g; γ1, γ2) =

∞
∑

`=0

(−s

`

)

ζ(s + `, x
z
)w`z−s−`

1 − q−(s+`)

P *9Ys,�Q�� ζ(s, x
z
), sζ(s + 1, x

z
), ζ(s + `, x

z
) (` ≥ 2) d � . F s = 0 S�= T
>�[&Y X@? v �

���
` ��A a<B |ζ(`, x

z
)| < 1 S�V Q�� Q ��C @ ��,
D X ζG(s, g; γ1, γ2) E ~C� j�S�V Q��
F

E�P�G Q�� a.H E�I B X�J8K �ML�N
O�P�Q�R E�S�T �ULWV

Γ
(2)
GL2

(g; γ1, γ2) := Γ
(2)
G,ρ(g; γ1, γ2) =

{

∞
∐

•

∏

n,m=0

(qmx + w + nzqm)
}−1

.

Q�R�X�Y[Z�\
Lerch ]3^ Y GU_a`b_ac L ∐∏∞

n=0 y(t + n) = yζ(0,t)
∐∏∞

n=0(t + n) =
√

2πy
1
2
−t/Γ(t)

8



��� � L
F�� ]����
	�� L [KW4]
V

Γ
(2)
GL2

(





qx y

qz w



 ; γ1, γ2

)

=
√

2πz
1
2
−x+w

z Γ
(x + w

z

)−1

Γ
(2)
GL2

(





x y

z w



 ; γ1, γ2

)

,

Γ
(2)
GL2

(





x + z y + w

z w



 ; γ1, γ2

)

=q−
1
12 x

1
2
− 1

2
logq xG

(

q−1,−w

x

)

Γ
(2)
GL2

(





x y

z w



 ; γ1, γ2

)

.

• 
�� \ ζ
(r)
G,ρ (s, g; (γ0, γ1, . . . , γr))

Z
s = 0 ������� > F��ML��

Proposition 4.1. G
������� F�� \

g
��� ] ���! F"��L�� γ0 = eω0X ∈ G (X ∈ g, ω0 ∈ C)F��UL��

h ∈ End(V ) #�A � B � E%$'&�(�) �
Γ

(r+1)
G,ρ

(

hρ(e(t+ω0)X); (eω0X , γ1, . . . , γr)
)

Γ
(r+1)
G,ρ

(

hρ(e−tX); (eω0X , γ−1
1 , . . . , γ−1

r )
)

Γ
(r+1)
G,ρ (hρ(etX); (eω0X , γ1, . . . , γr)) Γ

(r+1)
G,ρ

(

hρ(e−(t−ω0)X); (eω0X , γ−1
1 , . . . , γ−1

r )
)

(5)

=
Γ

(r)
G,ρ

(

hρ(e−tX); (γ−1
1 , . . . , γ−1

r )
)

Γ
(r)
G,ρ (hρ(etX); (γ1, . . . , γr))

�.

*,+ \�� ]%-�. ��/ H � h ∈ End(V )
��0�1 ��� V

tr(ρ(g)−1h) = − tr(ρ(g)h) (∀g ∈ G). (6)

2 _�# \ γi H43 Z%57648 #79�: F;�ML<� ) + & \ γiγjγ
−1
i γj ∈ ker ρ (i, j = 0, 1, . . . , r)

F *
�
=,>�?�@�A ��0�1 LB��C ] F�D�\

ζ
(r)
G,ρ

(

s, hρ(e−tX); (γ−1
1 , . . . , γ−1

r )
)

=
∑

n1,... ,nr≥0

{

tr
(

hρ(e−tX)ρ(γ−n1
1 · · · γ−nr

r )
) }−s

=
∑

n1,... ,nr≥0

{

− tr
(

hρ(etX)ρ(γn1
1 · · · γnr

r )
) }−s

E GM_ \GF4�%FIH7J�R ρ(etXγn1
1 · · · γnr

r ) ]�K7L
ENM7O�#NP QSR L * Z�TVU �7R L
F;�ML F<\W�X ]�Y�Z�[8GM_ \ � ]�P T #�\']�^
ζ

(r)
G,ρ

(

s, hρ(e−tX); (γ−1
1 , . . . , γ−1

r )
)

= e±πisζ
(r)
G,ρ

(

s, hρ(etX); (γ1, . . . , γr)
)

,

F ? L��'� H E�I�^
log Γ

(r)
G,ρ

(

hρ(e−tX); (γ−1
1 , . . . , γ−1

r )
)

= − 1

2
π2 Ress=0 ζ

(r)
G,ρ

(

s, hρ(etX); (γ1, . . . , γr)
)

± πi Ress=0

ζ
(r)
G,ρ

(

s, hρ(etX); (γ1, . . . , γr)
)

s
+ log Γ

(r)
G,ρ

(

hρ(etX); (γ1, . . . , γr)
)

.
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C ] C
F GM_ (5) ]���� Z�� # X'� * V

exp
{

− 1

2
π2 Ress=0 ζ

(r)
G,ρ

(

s, hρ(etX); (γ1, . . . , γr)
)

± πi Ress=0

ζ
(r)
G,ρ

(

s, hρ(etX); (γ1, . . . , γr)
)

s

}

.

Example 4: γi = eωiX , X =





0 1

0 0



 ∈ sl2(C)
F � \ ��� ^ ] i #�� � ^ Im ωi > 0

F ��L��

h =





0 1

1 0





F �UL5F
G = SL2(C) ]	��

�
� ρ #�� � ^ \ h

Z -,. (6)
�B/ H ��C�F Z
�

_ G,� R LB� + H \�� ]��
� \ � ]�� ��� Q�R ζ
(r)
G,ρ

(

s, hρ(etX); (γ1, . . . , γr)
) Z����

Hurwitz

� ��� Q�R ζr(s, t, ω) =
∑∞

n1,... ,nr=0(t + n1ω1 + · · ·+ nrωr)
−s
E GU_ \���� � P
�G��R�& \ �

\ ��L3N5O3P Q3R5Z Barnes ] ���5N5O3P Q�R Γr(t, ω) =
∐∏

n1,... ,nr=0(t+n1ω1 + · · ·+nrωr)
−1

��R L��'� H�� I�^� ,��]"!�#
GM_ � ��$ G L V
Γr+1 (t + ω0, (ω0, ω)) Γr+1 (−t, (ω0,−ω))

Γr+1 (t, (ω0, ω)) Γr+1 (−t + ω0, (ω0,−ω))
= eπiζr(o,t,ω). � (7)

� ��� P�%
&�'�] M�(
#5GU_ ([Vo], [KiW] ?	) �+*�, )
\ P
%
&�'
��-G� ]
. H0/ ]�1 � \�2��N
O�P�Q@R ] ��� ^�]"1 �4365 � ^ * L�C
F ��$ G L ]��

Γr+1 (t, (ω0, ω)) Γr+1 (−t + ω0, (ω0,−ω)) = e−πifr+1(t,(ω0,ω))
∏

n≥0

(1 − e2πi(t+n·ω))−1 (8)

��/ H � ���;?27 Q�R fr+1(t, (ω0, ω)) � S�T �ML��'� H
� I�^ \ (7) ��& ,

fr+1(t + ω0, (ω0, ω)) − fr+1(t, (ω0, ω)) = ζr(0, t, ω).

��R LB� �3I,^ fr+1 � ζr+1 # X'� * F98
: 2 c L � \�;�<�C c Z P � * �=<?>�\ ��@ ��A�ULCB
8 ' W ] =,>G?�DG�,R L Raabe ��]�^ Y �B� * L,C�F #G�G& \ Friedman-Ruijsenaars

[FR]
Z

fr+1(t, (ω0, ω)) = ζr+1(0, t, (ω0, ω))
� - � ^ * L � ^ Y (8)

Z \
r = 1 ] FND #

Kronecker ]2EGF21?H�^ Y #"��c L [Sh2]
�

5 I J K L
Raabe ]�' W ^ Y (1843)

F.Z�\
∫ 1

0

log Γ(t)dt =
1

2
log 2π

10



F * � F ] �VR L ����� # ? & \�Q��V�,L #�� �	��
 F
��� [Br, EM, FR]
��C ] ^ Y Z'\

Euler [Eu] ] ��� ?,Y�' W ∫ π
2

0
log(sin x)dx = −π

2
log 2 �����G��R LB��C,C � Z�\4B
8 ' W ]

�?��� _ \�� � M�( 8 ?�^ Y ����� �ULI� 
�� \ G = SL2(C) � ρ
� � 
��
��� �ML��

Example 5: γj =





1 ωj

0 1



 = exp Xj ∈ G, Xj := ωj





0 1

0 0



 � �ML � g =





x y

z w



 #��
�

ζ
(r)
G,ρ(s, g; γ) = ζr(s, tr g, zω) (ω = (ω1, . . . , ωr) ∈ Cr) ��R LI� �"� Hurwitz � �G� ]����

 �! �
r "$#'&&% � � * L � \ xj > 0 #2� �.\ Re s > r ]'� DI� � - 2 c LWV

∫ x1+1

x1

· · ·
∫ xr+1

xr

ζ
(r)
G,ρ(s, get1X1 · · · etrXr ; γ)dt1 · · ·dtr (9)

=
1

zr
∏r

k=1(s − k)
∏r

k=1 ωk

(

tr g + z{x1ω1 + · · ·+ xrωr}
)−s+r

.

( �)� F # s ∈ C *�]��,�,� Q�R � � ^�],+�-�.0/ �21 � ],� \ Re s < r � � ^ Cauchy ]
' W Y�� ��� * c43

∫ x1+1

x1

· · ·
∫ xr+1

xr

Ress=0

ζ
(r)
G,ρ(s, get1X1 · · · etrXr ; γ)

s2
dt1 · · · dtr

=
1

zr
∏r

k=1 ωk
· Ress=0

1
∏r

k=1(s − k)
· 1

s2
(tr g + z{x1ω1 + · · ·+ xrωr})−s+r

��$ �
L�� �$5�^ \ Hr = 1 + 1
2

+ · · ·+ 1
r
��6 5 � \ Y�7 � _&8:9 ��� � ` LWV

∫ x1+1

x1

· · ·
∫ xr+1

xr

log Γ
(r)
G,ρ(get1X1 · · · etrXr ; γ)dt1 · · · dtr

=

∫ x1+1

x1

· · ·
∫ xr+1

xr

log Γr(tr g + z{t1ω1 + · · ·+ trωr})dt1 · · · dtr

=
(−1)r−1

zrr!
∏r

k=1 ωk
(tr g + z{x1ω1 + · · · + xrωr})r

{

log(tr g + z{x1ω1 + · · ·+ xrωr}) − Hr

}

.

��5�^ \ tr g = x1 = · · · = xr = 0, z = 1 ��6 5 �
∫ 1

0

· · ·
∫ 1

0

log Γr(t1ω1 + · · · + trωr)dt1 · · ·dtr = 0

�7R L<��C7C � r = 1 � � ^ Lerch ] ^ Y �<� * L � \<;>= ] Raabe ]@^ Y � ` _ c LI�+ ��\
Example 2 ��A �<�GC � � _ \@?�A � ��� #�B�K �UL�N�O�P # ) * ^ F ��CG?�D�E �

`b_ac LB� ?�6 \ +�-�.�/ 2 c � (9) #�6 * ^ tr g = x1 = · · · = xr = 0 �F6 5 � \ Re s < r

]G� D ∫ 1

0
· · ·
∫ 1

0
ζr(s, t1ω1 + · · ·+ trωr, ω)dt1 · · · dtr = 0 � ` _ac L � \ [FR] � Z�\�C c �B�* ^�H @ ] �:I #2A �<� fr+1(t, (ω0, ω))

�>J Y � ^ * LB�

11



��I # \�� 9�: N
O�P�Q@R # Q��MLCB�8 ' W ]�M�� � A �ML��
Example 5: γ1 =





1 0

1 1



, γ2 =





1 1

0 1



 ∈ G, g =





x y

z w



 ∈ End C2 � �ML��<� � 1 3 \
x+w

z
≥ y

w
> 0, w 6= 0 ]'� D@\ � ] N
O�P�Q�R ΓG,ρ (g, (γ1, γ2)) #2� �
∫ 1

0

∫ 1

0

log ΓG,ρ

(





x + pz + ty + ptw y + pw

z + tw w



 ; (γ1, γ2)
)

dtdp

=
1

w

[

(tr g)
{

2 − log(tr g)
}

+

(

det g + w2

w

)

{

(

1 − log(tr g) − 1

2
(log(tr g))2

)

+(log(tr g) − 1) Li1

(

det g + w2

w tr g

)

+ Li2

(

det g + w2

w tr g

)

}]

.

� $�( � L��4� E � Lik(z) :=
∑∞

`=1
z`

`k (k = 1, 2, . . . ) �VR L���� � 5 Z [KW4]
�4* , 2

c � * �
Remark:

� ]�� ���	��
�� Z Kummer (1847) #�� L V

log Γ(x) =
1

π

∞
∑

n=1

(log n) sin(2πnx)

n
+

log(2π) + γ

π

∞
∑

n=1

sin(2πnx)

n
+

1

2

∞
∑

n=1

cos(2πnx)

n
+

1

2
log(2π).

Raabe ]�^ Y�Z Y R�
 Q Z ] � � ��� U ��� & ������F ]7��R L�� ]�5 2 * \ �G&�M�(�#
∫ 1

0

log Γ(t) sin(2πnt)dt =
log 2πn + γ

2πn
(n = 1, 2, . . . )

� $ &<(N) � [EM] # Z C ] � � ? ^ Y � /�� �VR L<����� ω � �V� R ]	� D # Z \
� �N8O@P #"� � ^ F Kummer � ]@^ Y � ` _ c ^ * L [KK2]
� �>� � 5�^ \ � ��# 8 # Z�\

γ1, . . . , γr ]���$ �UL�� W � Γ ⊂ G # Q��ML log ΓG,ρ(x, γ) ]���� W +�$ W ��� Z L�C � F����� * �

Problem 2: P�%
&�'G#�) * ^ Z�\ '
]���� ∐

•

∏

anbn =
∐

•

∏

an

∐

•

∏

bn ��� ���
]� �: ∐

•

∏ |an| =

|
∐

•

∏

an|
Z�\ M
(G# Z�! $G(��,R�" Q � �#� � * !
# �#� Z [KiW] #,R�" U � �2��� \%$ * Z&(')�+*�, �+-+.G�,R�& \ � c ��/�0 P �B� �2143 Q [KV] ?	) �C*�, U � � C � \  ,��A �

� ����? B�8 ' W ��� * ^ /�0 P ��� ] J Y � � D ? * E�5 � �%�
Problem 3:

5�6 � Z7!�8�Y � � ^ tr ] � �:9 5 � � \�� � 1 3 \�;�< A ]�=�= �>
 Y
] ��R4� _�Y�7 2 c?"4� �G�A@CB O�P @ED L Q@R � \�F ]�G tr(Ak)

� _�Y�7 2 c?" � c _
�<] Q�� ��� Z�� Q P�%�&�'�H Newton ] Q���Y7U � � ] >�\ 2 +�I�+ ? !�8�Y #2�7\ � "
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(1894), No. 28, 1–61.

[Rui] Ruijsenaars, S.: Special functions defined by analytic difference equations. “Special

Functions 2000,” J. Bustoz et al. (eds.) NATO Sci. Ser. 30 (2001), 281–331.

[Sa] Saito, S.:
?:A����������

, � <�� ! �	� L- 
 ! � =���� . ! ���:�����:��� ���
� ����� =��  ?�A������ ! ��# . To appear.

[Sh1] Shintani, T.: On evaluation of zeta functions of totally real algebraic number fields

at non-positive integers. J. Fac. Sci. Univ. Tokyo, Sec. IA 23 (1976), 393–417.

[Sh2] :On a Kronecker limit formula for real quadratic fields. J. Fac. Sci. Univ.

Tokyo 24 (1977), 167–199.

[Vo] Voros, A.: Spectral functions, special functions and the Selberg zeta functions.

Commun. Math. Phys. 110, 439–465 (1987).

[W] Wakayama, M.: Remarks on Shintani’s zeta function. Preprint 2004.

15


