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ABSTRACT. Let k be an algebraically closed uncountable field of characteristic zero. Let R be a complete
local hypersurface over k. Denote by CM(R) the category of maximal Cohen-Macaulay R-modules and by
D®&(R) the singularity category of R. Denote by CMgp(R) the full category of CM(R) consisting of modules
that are locally free on the punctured spectrum of R, and by ng(R) the full subcategory of D8(R) consisting
of objects that are locally zero on the punctured spectrum of R. In this paper, under the assumption that R
has finite or countable CM-representation type, we completely classify the extension-closed subcategories of
CMjg(R) in dimension at most two, and the extension-closed subcategories of D¢ (R) in arbitrary dimension.
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1. INTRODUCTION

Let R be a local hypersurface ring. By virtue of [d, [T] there are one-to-one correspondences between:

e the resolving subcategories of mod R contained in CM(R),
e the thick subcategories of D¢(R),
e the specialization-closed subsets of the singular locus of R,

where mod R, CM(R), and D®8(R) respectively stand for the category of finitely generated R-modules, the
full subcategory of maximal Cohen—Macaulay R-modules, and the singularity category of R, i.e., the Verdier
quotient of the bounded derived category of mod R by perfect complexes. The bijections are explicitly given,
which leads to complete classifications of the resolving subcategories and thick subcategories mentioned above.

An extension-closed subcategory of an extriangulated category C (in the sense of [[@]) is defined to be a full
subcategory X of C which is closed under direct summands and such that for each conflation X — Y — Z in
C, if X and Z belong to X, then Y also belongs to X. Note by definition that both a resolving subcategory
of mod R and a thick subcategory of D*8(R) are extension-closed subcategories.

Denote by CMg(R) the full subcategory of CM(R) consisting of maximal Cohen—-Macaulay modules which
are locally free on the punctured spectrum of R, and by Dg?(R) the full subcategory of D%8(R) consisting of
objects which are locally zero on the punctured spectrum of R. Note that the equalities CMg(R) = CM(R)
and Dg¥(R) = D*8(R) hold whenever R has an isolated singularity. The classification theorem stated above
implies that, if R is a local hypersurface ring, then there exist only trivial resolving subcategories of mod R
contained in CMy(R) and there exist only trivial thick subcategories of D*8(R) contained in Dg®(R). This
fact motivates us to classify the extension-closed subcategories of CMq(R) and D¢f(R).
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In the present paper, we shall prove the following theorem. The separation of the theorem into two parts is
based on the fact that Knorrer’s periodicity allows one to describe Dg?(R) in all dimensions, but for CMg(R)
in higher dimensions it is not clear which extension-closed subcategories contain R.

Theorem 1.1. Let k be an algebraically closed uncountable field of characteristic 0. Let R be a singular
complete local hypersurface ring with residue field k. Suppose that R has either finite or countable CM-
representation type.

(1) The Hasse diagram of the partially ordered set of extension-closed subcategories of DiF(R) with respect
to the inclusion relation is one of the following four graphs.
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(2) If R has Krull dimension at most two, then the Hasse diagram of the partially ordered set of extension-
closed subcategories of CMo(R) with respect to the inclusion relation is one of the following five graphs.

N \ S

NI I\, 2N SN\

NV N AR
A

Note that 0,add R, CMy(R) are always extension-closed subcategories of CMy(R), and that 0,Dg*(R) are
always extension-closed subcategories of Dy (R). Hence the first diagrams in the two assertions of the above
theorem mean that there exist only trivial extension-closed subcategories.

The organization of this paper is as follows. In Section 2, we collect definitions and lemmas which are used
in later sections. In Sections 3 and 4, we respectively deal with finite CM-representation type and countable
CM-representation type in dimension at most two. In the final Section 5, we give proofs of Theorem I.
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2. BASIC DEFINITIONS AND FUNDAMENTAL LEMMAS

This section is devoted to stating basic definitions and proving fundamental lemmas for later use. First
of all, let us provide our convention.

Convention 2.1. Let k be an algebraically closed field of characteristic zero, so v/—1 € k. We assume that all
rings are commutative and noetherian, all modules are finitely generated, and all subcategories are nonempty
and strictly full. Let R be a (commutative noetherian) ring. We denote by mod R the category of (finitely
generated) R-modules, by CM(R) the (strictly full) subcategory of mod R consisting of maximal Cohen—
Macaulay R-modules (we regard the zero R-module 0 as maximal Cohen—-Macaulay, so that 0 belongs to
CM(R)), and by D*8(R) the singularity category of R, which is defined as the Verdier quotient of the bounded
derived category DP(mod R) of mod R by perfect complexes. For each P € {A,,, As, Dy, Doo, E6, E7, Eg} we
write P4 to indicate that the dimension of the P-singularity considered is d. We may omit a subscript or a
superscript when it is clear from the context.

We recall the notion of an exact square which plays an essential role in the proofs of our main results.
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Definition 2.2. A commutative diagram of homomorphisms of R-modules
A=~ B
ool
c-4D
is called an ezact square if it is a both pushout and pullback diagram, or in other words, if the sequence
O%AE)%B@CMD%Oisexact.
It can be verified directly that the following lemma holds true; see [[Z, Lemma 2.2(2)].

Lemma 2.3. Let (1) and (2) below be exact squares. Then (3) below is an exact square as well.

A-*p-toc At o
d (1) |9 (2 J/C J/d (3) lc
D-Eg . F ploF
a b
In other words, ifthesequencesO%A%B@DﬂE%OandO—)BQC@EMF—)Oare
() (—e.fe)

exact, then so is the sequence 0 - A — C® D —= F — 0.

The following elementary lemma will also be necessary.
f
Lemma 2.4. (1) If0 — A Q BaC PO D 5 0and0 5 E™ AL B 50 are evact sequences in

mod R, then there exists an exact sequence 0 = E I 0L D=0 inmodR.

h
(2) Ifo—- A Q BoC Y9 p 50 and0—C % D™ E 0 are ezact sequences in mod R, then there

exists an exact sequence 0 — A hp™p 0 n mod R.

Proof. In the situations of (1) and (2), there respectively exist pullback and pushout diagrams

0>E2 AL B 50 0—=AB™E 0
R S
0—F—-—C—D-—0 0—~C->DZFE—>0
which show the assertions of the lemma. [ |

We introduce our two main ambient categories.

Definition 2.5. Let R be a local ring with maximal ideal m. Denote by Dg?(R) the subcategory of D%8(R)
consisting of objects that are locally zero on the punctured spectrum of R, and by CMg(R) the subcategory
of CM(R) consisting of R-modules that are locally free on the punctured spectrum of R. Thus:

Dif(R) = {X € D*8(R) | X, = 0 for all m # p € Spec R},
CMy(R) = {M € CM(R) | M, is Rp-free for all m # p € Spec R}.

Remark 2.6. Let R be a local ring. Then R has an isolated singularity if and only if Di¥(R) = D®8(R).
When R is a Cohen—-Macaulay local ring, R has an isolated singularity if and only if CMy(R) = CM(R).

Now we give the precise definition of an extension-closed subcategory. Note that in our sense an extension-
closed subcategory is necessarily closed under direct summands.

Definition 2.7. Let C be an additive category.

(1) We say that a subcategory X of C is closed under finite direct sums provided that if Xi,...,X,, are a
finite number of objects of C that belong to X', then the direct sum X; & --- & X,, belongs to X as well.

(2) We say that a subcategory X of C is closed under direct summands provided that if X is an object of C
that belongs to X and Y is an object of C which is a direct summand of X, then Y belongs to X.

(3) An additively closed subcategory of C is defined to be a subcategory of C which is closed under finite
direct sums and direct summands.
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(4) Assume that C is extriangulated in the sense of [7]. Let X be a subcategory of C closed under direct
summands. We say that X is extension-closed provided that for every conflation L — M — N in C, if L
and N belong to X, then so does M.

Remark 2.8. (1) Since Di*(R) is a triangulated category, it is an extriangulated category. A subcategory
X of DgF(R) closed under direct summands is extension-closed if and only if for each exact triangle
L — M — N ~ in D¥(R) with L, N € X one has M € X.

(2) Let R be a Cohen—Macaulay local ring. Then CMg(R) is an exact category whose conflations are the
short exact sequences of maximal Cohen—Macaulay R-modules that are locally free on the punctured
spectrum. Hence CMg(R) is an extriangulated category. A subcategory X of CMg(R) closed under
direct summands is extension-closed if and only if for an exact sequence 0 - L - M — N — 0 of
modules in CMy(R) with L, N € X one has M € X.

Next we introduce some notations.

Definition 2.9. Let C be an essentially small additive category, and let X be a subcategory of C.

(1) We denote by ind¢ X' the set of isomorphism classes of indecomposable objects in X.

(2) Denote by add¢ X the additive closure of X, which is defined as the smallest additively closed subcategory
of C containing X. Hence add¢ X consists of the direct summands of finite direct sums of objects in X.

(3) Assume that C is extriangulated. We denote by exte X the extension closure of X', which is by definition
the smallest extension-closed subcategory of C containing X'

When X is the subcategory of C defined by a single object X, we may write adde X and exte X instead of
adde X and exte X, respectively. Note that adde X consists of the direct summands of finite direct sums of
copies of X. Let €(R), &, (R) be the sets of extension-closed subcategories of CM(R), CM(R) respectively.
Note that &(R), €y(R) are posets (partially ordered sets) with respect to the inclusion relation C.

We pose a natural question regarding the set €y(R). Applying our main results, we will give some answers
to this question in Remark B=4. Note that this question is closely related to the problem studied intensively
in [I0] in the case of artinian local rings. It is also worth pointing out that if the question is affirmative, then
for such a ring R as in the question, the extension-closed subcategories of Dif(R) are the trivial ones: 0 and
Dif(R).

Question 2.10. Let R = k[zg,x1,...,24]/(f) be a complete local hypersurface domain over a field k with
dimension at most two. Then does it hold that &;(R) = {0,add R, CMy(R)}?

We recall the definitions of finite and countable CM-representation types.

Definition 2.11. Let R be a Cohen—Macaulay local ring. We say that R has finite CM-representation type if
ind CM(R) is finite. We say that R has countable CM-representation type if ind CM(R) is countably infinite.

The following lemma states some properties of additive and extension closures which will often be used.

Lemma 2.12. (1) Let0 - L — M — N — 0 be an ezxact sequence of R-modules. Let X be a subcategory of
mod R. Suppose that L, N belong to add X. Then there exists an exact sequence 0 - A —- B — C — 0
of R-modules such that A,C are finite direct sums of modules in X and M is a direct summand of B.

(2) Let M and N be R-modules, and let S be a multiplicatively closed subset of R. Suppose that M belongs to
the extension closure extmod r N. Then the localization Mg belongs to the extension closure extmod rg Ns.

(3) Let R be a Gorenstein local ring. Let X and Y be subcategories of CM(R). If the equality ext X = add )
holds, then the equality ext(X U {R}) = add(Y U{R}) holds as well.

Proof. (1) There exist R-modules L', N" and finite direct sums A, C' of R-modules in X such that L& L = A
and N @ N' = C. Taking the direct sum with the trivial exact sequences 0 — L' — L' — 0 — 0 and
00— N — N — 0, we get an exact sequence 0 - L@ L — L' M & N — N d N’ — 0. Setting
B=L®M® N', we obtain such an exact sequence 0 -+ A — B — C' — 0 as in the assertion.

(2) Let X be the subcategory of mod R consisting of R-modules X such that Xg € extmod rs Ng. Then X
contains N. Let Z be an R-module in X and W is a direct summand of Z. Then Zg is in extmod rs Ns and Wg
is a direct summand of Zg. Hence Ws is in extmod rg N, so that Wisin X. Let 0 = X - E —Y — 0 be
an exact sequence in mod R such that X,Y € X. Then there is an exact sequence 0 - Xg — Fg — Yg — 0
in mod Rg and Xg, Ys belong to extmod rg Ns. Hence Eg belongs to extmod rs Ng, and we see that E is in
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X. The subcategory X of mod R contains N and is extension-closed. It follows that ext IV is contained in X.
Since M is in ext N, we observe that Mg is in extmed rg Ns.

(3) We have R € add(Y U {R}) 2 addY = ext X DO X. Hence add(Y U {R}) contains X U {R}, and is
closed under direct summands by definition. Let 0 — L. - M — N — 0 be an exact sequence in mod R with
L,N € add(Y U {R}). By assertion (1), we get an exact sequence 0 — A @ R®* — B — C & R®¢ — 0 with
a,c € Nand A,C € add) such that M is a direct summand of B. We have pushout and pullback diagrams:

0 0 0 0
| | v |

R%? —— R®a 0—A—W C——0
| | [ !

0—~APRY —-B—-Ch®R¥ -0 0>A—V-—=Co®R—=0

} [ v

0 A V—C@®RY =0 R%¢ —= R%°
| | |
0 0 0 0

As R is Gorenstein and V is maximal Cohen—Macaulay, the middle column in the left diagram splits and we
get B =~ R®*@® V. The middle column in the right diagram splits, so V = W& R®¢. Hence B = W @ R®(ate),
As add Y = ext X is extension-closed and contains A, C, the first row in the right diagram shows W € add ).
Therefore, B is in add(YU{R}), and so is M. We have shown that add(YU{R}) contains ext(XYU{R}). Let Z
be an extension-closed subcategory of mod R containing X U{R}. Since Z contains X and is extension-closed,
Z contains ext X = add ). Hence Z contains add(YU{R}). It follows that add(YU{R}) = ext(XYU{R}). W

Next we recall some notions from commutative algebra.

Definition 2.13. Let R be a local ring.

(1) We say that R is a hypersurface if it satisfies the inequality edim R — depth R < 1, where edim R and
depth R stand for the embedding dimension of R and the depth of R, respectively.

(2) Let M be an R-module. For an integer n > 0, we denote by Q"M the nth syzygy of M, that is, the image
of the nth differential map in a minimal free resolution of M. We put QM = Q'M and Q°M = M.

(3) An R-module M is called rigid if Extp(M, M) = 0.

Remark 2.14. (1) A local ring (R, m) is a hypersurface if and only if the m-adic completion of R is isomor-
phic to S/(f) for some regular local ring (S,n) and some element f € n; see [, 5.1].

(2) Let R be a hypersurface. Let M be a nonfree maximal Cohen-Macaulay R-module with no free summand.
Then there is an isomorphism Q2M 2 M; see [, 5.1.1 and 5.1.2].

(3) For an R-module M and an integer n > 0, the nth syzygy Q™M is uniquely determined up to isomorphism,
since so is a minimal free resolution of M.

We investigate the relationship between extension closures and syzygies over a local ring.

Lemma 2.15. Let (R, m, k) be a local ring of (Krull) dimension d. Let M be an R-module.

(1) Let N be an R-module. If N belongs to ext M, then QN belongs to ext QM.
(2) Suppose that the local ring R is Gorenstein and singular, and that the R-module M is maximal Cohen—
Macaulay. If ext M = CMg(R), then ext Q'M = CMy(R) for all integers i > 0.

Proof. (1) Let X be the subcategory of mod R consisting of R-modules X such that QX is in ext QM. Then
M is in X. Let X be an R-module in X and Y a direct summand of X. Then QY is a direct summand of
QX. Since QX is in ext QM, so is QY. Therefore, Y belongs to X. Let 0 - A — B — C — 0 be an exact
sequence of R-modules with A,C € X. Then there is an exact sequence 0 — QA — QB @ R®"* — QC — 0
with n € N. Since QA, QC are in ext QM, so is 2B. Hence B is in X. Thus, & is extension-closed and
contains M. It follows that X contains ext M, and N belongs to X', which means that QN is in ext QM.
(2) We may assume ¢ = 1. The module M is in ext M = CMy(R), so that QM is also in CM((R), whence
ext QM C CMy(R). As R is Gorenstein and M is maximal Cohen—Macaulay, there exists a maximal Cohen—
Macaulay R-module N such that Q%% = QN @ R®" for some n € N. As R is singular, we have n = 0 by [g,
Corollary 1.3]. Since Q9 belongs to CMg(R), so does QN. Since N is a maximal Cohen-Macaulay module
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over a Gorenstein ring R, it is observed that N is in CMy(R). As CM(R) = ext M, we see from (1) that QN
belongs to ext QM. Hence Q9 is in ext QM. It follows from [0, Corollary 2.6] that ext QM = CMy(R). B

We study extension-closedness of additive closures of rigid maximal Cohen—Macaulay modules.

Lemma 2.16. Let R be a Cohen—Macaulay local ring. Let M be a rigid mazimal Cohen—Macaulay R-module.
(1) The additive closure add M is an extension-closed subcategory of CM(R).

(2) If R is Gorenstein, then add{R, M} is an extension-closed subcategory of CM(R).

(3) If M has no nonzero free summand, then add M # add{R, M }.

Proof. (1) By definition, add M is closed under direct summands. Let 0 - X — Y — Z — 0 be an exact
sequence of maximal Cohen—-Macaulay R-modules, and suppose that X and Z are in add M. By Lemma
ZT2(1) there is an exact sequence o : 0 — M®? — W — M®® — 0 in mod R with a,b € N such that Y is
a direct summand of W. Since M is rigid, Extg(M®® M®%) = 0. Hence the short exact sequence o splits,
and W is isomorphic to M®(¢+b) Therefore, Y belongs to add M. It follows that add M is extension-closed.

(2) If R is Gorenstein, then the maximal Cohen-Macaulay R-module R @ M is rigid. It follows from (1)
that add{R, M} = add(R @& M) is an extension-closed subcategory of CM(R).

(3) Assume add M = add{R, M }. Then R is a direct summand of a finite direct sum of copies of M. By
[B, Corollaries 1.10 and 1.15], we see that R is a direct summand of M. Thus the assertion follows. |

The following lemma will be used in the case where S is a regular local ring.

Lemma 2.17. Let S be a local ring. Let x,y be a regular sequence on S. Take the quotient ring R = S/(zy).
Then the R-modules R/(x) and R/(y) are rigid.

Proof. Using the fact that the elements x and y are regular on S, we observe that the equalities 0 :gp z = yR
and 0 :g y = =R hold true. This implies that the sequence - - - LZREHERLRE R R/xR — 0 is exact.
We have Extp(R/zR, R/xR) = H'(0 — R/2R N R/zR % R/zR N R/zR % -..) = 0, since y is regular
on S/xS = R/xR. Hence R/xR is a rigid R-module. By symmetry, the R-module R/yR is also rigid. |

Here we recall the definitions of the stable category and cosyzygies of maximal Cohen—Macaulay modules.

Definition 2.18. (1) Let R be a Cohen-Macaulay local ring. Let CM(R) be the stable category of CM(R);
the objects of CM(R) are the same as those of CM(R), and the hom-set from M to N is given by

Homeni(g) (M, N) = Homg(M, N)/{f € Homg(M, N) | f factors through a free R-module}.

(2) Let R be a Gorenstein local ring. Let M be a maximal Cohen—Macaulay R-module. We define the (first)
cosyzygy QLM of M as (Q(M*))*, where (—)* = Hompg(—, R). Note then that 2~'M is maximal Cohen—
Macaulay. For n > 2, we define the nth cosyzygy Q="M of M inductively by Q="M = Q- 1(Q~ (=D Ar).
Note that Q"M = 0 for every integer n > 0 when M is a free R-module.

Remark 2.19. (1) Let R be a Cohen-Macaulay local ring. For each integer n > 0, taking the nth syzygy
defines an additive functor Q™ : CM(R) — CM(R).

(2) Let R be a Gorenstein local ring. For each n > 0, taking the nth cosyzygy defines an additive functor
Q7" : CM(R) — CM(R). The functors O™, Q™" : CM(R) — CM(R) are mutually quasi-inverse equiv-
alences. The stable category CM(R) is a triangulated category, and the assignment M +— M gives a
triangle equivalence CM(R) — D®¢(R). For the details, we refer the reader to [2, Theorem 4.4.1].

The lemma below follows from [[3, Proposition (3.11)]. For the definition and fundamental properties of
the Auslander—Reiten translation functor, we refer the reader to [3, Chapters 3 and 5].

Lemma 2.20. Let R be a Gorenstein local ring of dimension d. Let 7 : CM(R) — CM(R) stand for the
Auslander—Reiten translation functor. Then 7 = Q>~¢,

Next we introduce the syzygy of a subcategory of modules.

Definition 2.21. Let R be a local ring. For a subcategory X of mod R we denote by QX the subcategory of
mod R consisting of R-modules Y such that there exists an exact sequence 0 - Y — P —- X — 0 in mod R
with P € add R and X € X. Note that QX necessarily contains add R.

The lemma below describes commutativity of the syzygy and extension closure of a subcategory of modules.
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Lemma 2.22. Let R be a Gorenstein local ring. Let X be a subcategory of mod R contained in CM(R).
Then there is an equality ext(QX) = add Q(ext X).

Proof. We have that add Q(ext X) contains QX and is closed under direct summands. Let 0 = L — M —
N — 0 be an exact sequence in mod R with L, N € add Q(ext X'). Lemma PZTA(1) implies that there exists
an exact sequence 0 - A — B — C' — 0 in mod R with A, C € Q(ext X) such that M is a direct summand
of B. There exist exact sequences 0 > A - F -V - 0and 0 - C - G - W — 0 with F,G € add R and
V,W € ext X. We have a pushout diagram as in the left below. The middle row splits since R is Gorenstein
and C is maximal Cohen—Macaulay. Hence we get another pushout diagram as in the right below.

0 0 0 0
Voo | |
0—~A—=B—=C—=0 0—B—=FpC—=V—0
vl [ | |
0—F—=D—=C—0 0—~B—>FpG—=FE—0
Voo | |
V=V W—=—W
Voo | |
0 0 0 0

The right column in the right diagram shows that F is in ext X', and then the middle row in the same diagram
shows that B is in Q(ext X'). Hence M is in add Q(ext X), and therefore, add Q(ext X) is extension-closed.
It remains to prove that if ) is an extension-closed subcategory of mod R containing QX', then ) contains
add Q(ext X'). Let Z be the subcategory of mod R consisting of R-modules Z with QZ € . Then Z contains
X. If an R-module Z is in Z and W is a direct summand of Z, then QW is a direct summand of 27, which
belongs to ), and so does QW since Y is closed under direct summands. Hence Z is closed under direct
summands. Let 0 - A — B — C — 0 be an exact sequence with A,C € Z. Then there is an exact sequence
0—->0QA—=>QBdF — QC — 0 with F' € add R and QA,QC € Y. As Y is extension-closed, 0B belongs to
Y, and hence B is in Z. It follows that Z is extension-closed. We now observe that Z contains ext X', which
implies Q(ext X') C V. As Y is extension-closed, we get the desired inclusion add Q(ext X') C V. [ ]

3. ON THE A,,,D,,,Eg, E7, Eg-SINGULARITIES WITH DIMENSION AT MOST TWO

In this section, we give a complete classification of the extension-closed subcategories of CM(R) in the
case where R is a P-singularity with P € {A,,,D,,, E¢, E7, Es} and has dimension at most two.

Theorem 3.1. Let R = k[z,y]/(x® + y"T!) be the A} -singularity, where n is a positive integer. When n is
odd, put Ny = R/(y™*tY/2 & \/=1x). The Hasse diagram of the poset €(R) is

CM(R) CM(R)
| T

add R if n is even, and add{R,N;} add{R,N_} if n is odd.
0 add N, add R add N_

\O/

Proof. We begin with the case where n is even. Put [ =n/2, Iy = R and I; = (z,y’)R for each 1 < j < L.
By [3, (5.12)] we have ind CM(R) = {Iy, I1,. .., I;} and there exist exact sequences 0 — I; — I;_1 & ;11 —
I; = 0foreach1 <j<Ii-1l,and0—I; = [,_1@I; = I; -+ 0. Hence R =Ip € ext [y = extI, = --- = ext ].
It is observed that ext I; = CM(R) for all 1 < j < 1. We obtain the equality €(R) = {0,add R, CM(R)}.
Next we deal with the case where n is odd. Put I = (n—1)/2, Ny = R/(y'*'£v/~12) = (y'*'F/~12)R,

My = R and M; = Cok (ynfl,j f;) & (z,y’)R for each integer 1 < j < [. Using [I3, (9.9)], we have that
ind CM(R) = {My, My,...,M;, Ny, N_} and there exist exact sequences

0— M; — M;_1 & M, — M; —0foreach 1 <j<l—1,
0= M —-M_1ONLON_ — M; —0and 0 — Ny — M; = Nz — 0.
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Hence R = My € ext M; = ext My = --- =ext M; > Ny and M, € ext{ Ny, N_}. We get ext My = ext My =
-~ =ext M} = ext{N;, N_} = CM(R). Applying Lemma P-T4, we see that N, N_ are rigid R-modules. By
Lemma P18, we conclude that &(R) = {0,add R,add Ny,add N_,add{R, N;},add{R, N_}, CM(R)}. |

Theorem 3.2. Let R = k[z,y]/(2 +y*) be the E}-singularity. The Hasse diagram of €(R) is the following.
CM(R)

add R

0

Proof. By virtue of [I3, (9.13)], we have that ind CM(R) = {R, My, Ms, N1, A, B, X} with Ny 2 m := (z,y)R,
B = m?, and there exist exact sequences

a:0>My > X —>My,—0, b:0-X—>MPADPB—-X—>0, ¢c:0A=>XdN, - B—0,
d:0—-B—->XeM -A—0, e:0-M; +A—-N—>0, f:0-N,—-B®»R— M —0

such that the maps C' — D with C, D € ind CM(R) appearing in different exact sequences (e.g., the maps
X — M in a,b) are the same. It follows from [d, Corollary 2.7] that ext Ny = CM(R). The associated
graded ring gr,, R is isomorphic to k[z,y]/(23), which has depth one. We see from [5, Theorem 5.5] that
ext B = CM(R). The exact sequences a and b show that X € ext Ms and B € ext X, respectively. Hence
the equalities ext My = ext X = ext B = CM(R) hold. The exact sequences b, ¢, d, f make exact squares as
in the left below, while b, ¢, e, f make exact squares as in the right below.

A— X —> MDA M; A X My ®A——> My ® Ny —— My DR
| } | } | | | } }
Ny B X 0 Ny B X B M,
} } |

R M, A

In view of Lemma B3, there exist short exact sequences 0 - A -+ Mo @ AP R —+ A — 0and 0 —» M; —
Ms & R — M7 — 0, which show that M, € ext A Next M. It is seen that the equalities ext A = ext M, =
ext My = CM(R) hold. Now it is observed that ¢(R) = {0,add R, CM(R)}. |

Theorem 3.3. Let R = k[x,y]/(23+y°) be the E{-singularity. The Hasse diagram of €(R) is the following.
CM(R)

add R

0

y—x 0 y—z 0
Proof. Put U = (0 y gﬁ) and V = (0 s f) In view of I3, (9.15)] and Lemma P20, we have that
z 0 y z 0 y

lndCM(R) = {R7M17M27Nl;N27A17A27Bl7BZ;ClyCQ7D1aD27X17X27Y17Y2}7
where A; = CokU, Ay = CokV, My = (2%, y)R, My = (22,y*)R, N1 2 m := (v,y)R, N2 = (z,y?)R,
N; 2 QM;, B; 2 QA;, D; 2 QC;, Y; 2 QX for i = 1,2, and there exist exact sequences
0-Yo—>D186X; 2 Xo—-0, 00X1>XoA0C—-Y, -0, 0D —> A8 Xy —Cp—0,
0->Xo—>Ci10Y1 —2Ys >0, 0-Co =Y ®Ny, —>Dy—0, 0-Y =>Ys®By®Dy— X1 — 0,

0—-Ci—>B1®Ys—~Dy—0, 0B N ®D;y A1 =0, 0— Ny — Dy — My —0,
O—)DQ—)Xl@M2—>CQ—>O,

. 2 2
where the maps F — F with E, F' € ind CM(R) are all the same. It is verified that R Jeve” ') pes U

2 2 .3 i i
R® and R {2 V) pes V. Re3 are exact sequences, so A; =2 m? and Ay = (22, 2y%, y®)R. For each
I € {My,Ms, N1, Ny, A1, Ao}, by [8, Proposition 6.8] and completion R/m is in ext R/I. Lemma PZZT5(1) (or
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[6, Lemma 5.2(1)]) implies m € ext I. This gives ext I = CM(R) by [4, Corollary 2.7]. It follows from Lemma
PT3(2) that ext By = ext By = CM(R). The above exact sequences make the following exact squares.

YQHDlﬁAl X1*>X2%'01@B2 01‘>Bl‘>N1 02%Y1‘>Y2€BBQ
| Voo | ' | 2 2 v
X1 — X —C} Ay @ Cy —Y, — Y0 By Yo—Di—A Ny—Dy——X;
| Lo | | | A v
Ay ®Cy —Y, — Y, Ay ® Ny — Dy —— X X —Xo—C) 00— My —— Cy

By Lemma 3, these exact squares produce the following four exact sequences:

O*}YQ‘)Al@AQ@CQ*})@‘)O, O%Xlﬁcl@Bz@Ag@NgﬁXlﬁo,
0=-Ci >N X1—>C, =0, 0-Cy—=Yod By, —Co—0.

Hence Ay € ext YaNext X1, X7 € ext C; and By € ext Co, and we get ext I = CM(R) for I € {Y3, X1,Cq,C}.
Lemma 2T3(2) implies ext I = CM(R) for I € {X2,Y7, D1, Do}. Consequently, ext I = CM(R) for all I €
{Ml, M27 Nl, NQ, Al7 AQ, Bl, BQ, }/2, ¢X17 Cl, 02, XQ, Yh D1, DQ} We obtain G(R) = {0, add R, CM(R)} |

Theorem 3.4. Let R = k[x,y]/(23+zy?) be the EX-singularity. The Hasse diagram of €(R) is the following.

CM(R)

| T~

add{R,A,C} add{R,B,D}

| T

add{R, A} add{R,B}  add{B,D}

add A add R add B
\ ‘
0 /

) and D =QC = Cok (i *,).

Here, A= R/(x), B=QA=R/(z*+4?), C = Cok(

zy?
Proof. We observe from [I3, (9.14)] and Lemma that

ind CM(R) = {R, A, B,C, D, M;, N;, X;,Y; | i=1,2 and j = 1,2,3},

2 x
where A = R/(z), QA = B = R/(z? + 1), C = Cok(;yz _j) QC = D = Cokd with § = (U _yw),
OM; = N, for i = 1,2, QX; = Y; for j = 1,2,3, Ny = Cok with 1y = (;y _yz), Y = Cokm with

0 x
m= (Zw zy 0 ), and there exist exact sequences
oy
0=-Xs5—-X106DPY, —>Y3—>0, 0Ys—=>Y36No—>Xo—0, 05X >N DY —>Y =0,
0—-Ys—YVioCpXo X350, 0Ny —>R®Y, >M; —0, 0=-Y - M &X3—>X; —0,
00— My —Yo®dB— Ny — 0, p:0—=B—Ny— A—0, 0= Ny > XoPA— My — 0,
0—Xo = X358 My — Yy —0, c:0-C—X3—>D—=0, 7:0—-D—=>Ys > C —0,

where the maps F' — G with F, G € ind CM(R) are all the same. Lemmas 218 and E7T4 give the subdiagram
add{R, A} add{R, B}

N

add A add R add B

—~__

2 _,2
of the Hasse diagram of €(R). It is easily verified that the sequences R < —2 R3 <~ R3 and R Lovy —27)
R3 {2 R3 are exact. Hence N; =2 m and Y] =2 m?, where m stands for the maximal ideal of R. Note that
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grn, R = klx,y]/(x3). The extension closures ext Ny and ext Y; coincide with CM(R) by [0, Corollary 2.7] and
[6, Theorem 5.5], respectively. Lemma PT3(2) yields ext My = ext X; = CM(R). There exist exact squares

X3—>X1@D*>N1@D%R@D XQHMQQB MQH'YQ%YQ,
| | | | | oo SRR
Yy Y3 Yy My X3——=Ys — Ny B —> Ny — X5
| | | / | Lo S T
NQ@C XQ@C X3 X1 Xl@D%Y},%XQ 04>A4>M2

| y | /

DA C—-=DOMyBC —-=DPY, —=Y;
Applying Lemma 3, we obtain the following four exact sequences.

a:0->Xs >N ODDON,dC — X3 —0, B:0Xo B X18D — X —0,

v:0— My — Y3 — My — 0, (:0>Xs—>ReDeDaeA®C —Y; > 0.
The exact sequences «, 3,y respectively show that N7 € ext X3, X7 € ext X5 and Y3 € ext Ms. The first two
containments give equalities ext X3 = ext Xo = CM(R), which give equalities ext Y5 = ext Yo = CM(R) by
Lemma ZZT3(2). The third containment now shows that ext My = CM(R), which implies ext No = CM(R)
by Lemma PTH(2) again. In summary, we have
(3.4.1) ext E = CM(R) for all E € {M;,N;,X;,Y; |i=1,2and j =1,2,3}.

Applying Lemma 24 to the exact sequences o, 7, (, we get an exact sequence 0 - C - RO ASC — C — 0,
which shows that R, A € ext C. It follows from Lemma PTT3(1) that B € ext D, and thus add{B, D} C ext D.

Let p be the prime ideal of R generated by . We claim that B, D are the only nonisomorphic indecompos-
able maximal Cohen-Macaulay R-modules X with X, = 0. Indeed, by (BZ), for all £ € {M;, N;, X;,Y; |
i=1,2and j =1,2,3} the module R belongs to ext E, so that R, belongs to ext E, by Lemma PT2(2), and
in particular, By, # 0. Since A = R/(z) and B = R/(2? + y*), we have A, # 0 = B,. There are equivalences

Ty ~ 1 ~ 0 1 ~ 0 1) ~ ~
<y2 —I) = (;2 73,/’11’) = <y2+y7112 73/71:6) = (y2+y’112 0) = ((1) %)) = (%) (1))
of matrices over R,. Hence it holds that D, = Cok ({ ) = 0. The localized exact sequence o, : 0 — C, —
(X3)p = Dp — 0 shows that Cy = (X3), # 0. Thus the claim follows.

It follows from Lemma PTTA(2) and the equality D, = 0 that every R-module E that belongs to ext D is
such that E, = 0. Therefore, the above claim implies that add{B, D} = ext D. Using Lemma ZT2(3), we
get add{B, D, R} = ext{D, R}. In summary, we have
(3.4.2) 0 C (ext B=add B) C (ext D = add{B, D}) C (ext{D, R} = add{B, D, R}) € CM(R).
Suppose that there exists an extension-closed subcategory X with add{B,D,R} C X C CM(R). Then X
contains some module

E €ind CM(R)\ {B,D,R} = {A,C, M;,N;, X;,Y; |i=1,2and j = 1,2,3}.
In view of (BZ), the module E must be either A or C. Hence X contains either ext{A, B} or ext{C, D}. The
exact sequences p, o give rise to equalities ext{A4, B} = ext{C, D} = CM(R). Therefore we have X = CM(R),
which is a contradiction. Thus, the chain (8222) is saturated.

Applying Lemma 222 to X = {D}, we obtain ext(2{D}) = add Q(ext D). Hence

ext C' = ext{C, R} = ext(Q{D}) = add Q(ext D) = add{Q2B, D, R} = add{A, C, R}.
We have a chain of subcategories of CM(R):
(3.4.3) 0C (ext A=add A) C (ext{A, R} = add{A, R}) C (ext C' = add{A4, C, R}) C CM(R).
Suppose that there exists an extension-closed subcategory X with add{A,C,R} C X C CM(R). Then X
contains some module E € ind CM(R) \ {A,C,R} = {B,D,M;,N;,X;,Y; | i =1,2and j = 1,2,3}. By
(BZ) we must have E € {B, D}. Hence X contains either ext{A, B} or ext{C, D}, and get a contradiction
as before. Thus, the chain (B2=3) is saturated. Now we obtain the Hasse diagram in the theorem. |
Theorem 3.5. Let R = k[, y]]/(x2y+y"f1) be the D! -singularity, where n > 4 is an integer. Set A= R/(y),
B =R/(x*+y""?), M; = Cok (ynfcj,2 f;) and N; = Cok (yn’fzj,l yj;) for each 0 < j <n—3.
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(1) Suppose that n is odd and put | = "7_3 Then the Hasse diagram of the poset €(R) is the following.

CM(R)

T

add{R, A, N1,...,N;}  add{R,B,M;,..., M}

| R
add{R, A} add{R, B} add{B, My, ..., M;}
T T
add A add R add B

0

(2) Suppose that n is even and put | = "T_‘l. Then the Hasse diagram of the poset €(R) is the following.

CM(R)

/%EB;%W
NO%

The vertices in the diagram are as follows, where C+ = R/(xy++/—1y'*?) and D+ = R/(zF/—1y'*t1).

Xl = add{R,A,C+,C’_,N1, .. .,Nl}, XQ = add{R, A, O+,D_}, Xg = add{R,A,C'_,D+},

X, =add{R,B,C_,D,}, X5 =add{R,B,C,,D_}, Xs=add{R,B,D,,D_,Mi,..., M},

Vi =add{R,A,C.}, Yo =add{R,A,C_}, Vs =add{A,Cy,D_}, Vs =add{A4,C_,D,},

Vs =add{R,Cy,D_}, Vs =add{R,C_,D,}, Y7 =add{R,B,D.}, Vs =add{R,B,D_},

yg = add{B,D+,D_,M1, N ,M[}, Zl = add{R, A}, ZQ = add{R, C+}, Zg = add{R, C_},

Z, =add{A,C,}, Z5=add{A,C_}, Z5=add{C,,D_}, Z; =add{C_,D,}, Zs=add{R,D_},
Zg = add{R, D+}, ZlO = add{R,B}, le = add{B,D+}, Zlg = add{B,D_}, Wl = addA,

W, =addCy, W3 =addC_, Wy =add R, Ws = add D_, Ws = add D, W = add B.

Proof. Put X; = Cok( nlila _y;y) and Y; = Cok( AN _;) for each 0 < j < m — 3. By [I3, (9.11) and
(9.12)] and Lemma P20, we have that

(3.5.1) indCM(R) D{R,A, B, X141,Y141,X;,Y;, M;, N; | 1 < j <},

and that there exist exact sequences

pJIO—>Yj+1—>Mj+1EBNj—>Xj+1—>O, 0—)Mj—>Xj@}/j+1—>Nj—>0, (O<'<Z)

Cj:O*)Xj+14)Nj+l@Mj4))/j+l*>Oa O'jiO*)Nj‘))/j@Xj_A,_l*)Mj*)O SIS
where the maps F' — G with F G € ind CM(R) are all the same, and isomorphisms My = B, Ny = A® R,
Xo=Yy =R, QA= B, QX; >~ (2,y7)R and QN; = M; = (xy YR forall 1 < j < l—l— 1. For each
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1 < j <1 there are exact squares in the left below, which produce exact sequences in the right below.

Mj Xj Mj—l 4>Xj_1 0—>Mj —)Mj+1 @Mj—l —>Mj—>0,
v \ v v
}/j-i-l Nj )/J Nj—l Yj—l O—>Xj _>Xj+1 @Xj_1—>Xj —)O,
v v v v v
Mj+1 4>Xj+1 Mj Xj Mj—l O—>Nj _>Nj+1 @Nj_1—>Nj —)0,
v v v v
Nj+1 Yt N;j Y; 0=Y =Y @Y1 =Y =0

These four exact sequences show that

Ml+1 cext My =extM;_ 1 =---=ext My > My = B, ext X; =ext X;_1 =+ =ext Xy,
N1 €ext Ny=ext Ni_1=---=ext N1 2 Ng= AP R, extY; =extY,_;1=---=extY;.

Since Y7 is isomorphic to the maximal ideal (x,y)R, we have extY; = CM(R) by [4, Corollary 2.7]. Lemma
2T3(2) implies that ext X3 = CM(R). Thus for all 1 < j < there are inclusions and equalities

(352) exth Qadd{B,Ml,...,Ml_H}, exth Qadd{R,A,Nl,...,NH_l}, exth :exth :CM(R)
(1) Let n be odd. By Lemmas I8 and T2, we get the subdiagram of the Hasse diagram of &(R):
add{R, A} add{R, B}

| |
add A T add R add B

\o/

By virtue of [T3, (9.11)], the inclusion (B5) is an equality. Put p = (y) € Spec R. It is clear that (My), =
B, =0# A,. Foreach 1 < j <Il+1,as M; = (zy,y’ "R and Y; = (z,y7)R, we have (M;), C pR, =0
and (Yj)p, = R,. For each 1 < j <1+ 1, there is an exact sequence 0 — X; — R®?2 Y; — 0, which shows
that (X;), = Rp. For each 1 < j <, the exact sequence o; shows (N;), # 0. Hence there is an equality

(3.5.3) (B €indCM(R) | B, = 0} = {B, My, ..., M}.

Since n is odd, we have isomorphisms X;11 & Y41, M; & My, and N; 2 Njyq by [13, (9.11.5)]. The
short exact sequence o; gives rise to a short exact sequence 0 = Ni41 — Y, @& Y41 — M1 — 0. Therefore,
there are exact squares in the left below, which produce an exact sequence in the right below.

X1 M, X
¥ v v

Nt Yiq1 N 0= X1 = X0Y, — Xip1 — 0.
i ¥ v

Vi —— My

X1

This exact sequence and (B532) give CM(R) = ext X; C ext X;;1, which and Lemma PTT3(2) yield CM(R) =
ext Xj41 = ext Yj41. By (853), for any 1 < j < ! and any E € ext M; it holds that E, = 0. Using (8-52) and
(B23), we get ext M; = add{B, Mi,...,M;} for each 1 < j < I. This equality, (852), and Lemma ZZT3(1)
yield ext N; = add{R, A, Ny,...,N;} for each 1 < j < [. Applying Lemma 2ZT2(3), we get ext{R, M} =
add{R, B, My, ..., M;} for every 1 < j < I. The exact sequence o; shows that X;;1 € ext{M;, N;}, which
implies ext{M;, N;} = CM(R). Therefore, ext{M;, N} = CM(R) for all 1 < j,h <I. From oy and the proof
of Lemma PZT2(3) (or [I3, page 78, line 2]) we get an exact sequence 0 - A — X; — B — 0, which implies
X € ext{A, B}, and ext{A4, B} = CM(R) by (8532). Now we obtain the Hasse diagram as in the theorem.
(2) We consider the case where n is even. In view of [I3, (9.12)] and Lemma P20, we have that

ll’ldCM(R) = {Ra Av B, C:i:v Dile+1»}/2+1vXja ija Mja Nj I 1<y< l}
with QCL =Dy, Mjy1 2 Dy & D_ and Niyy = CL @ C_, and that there are exact sequences

ar:0—->Cy - Yy —» Dy — 0, 8:0—-B—=Y - A—0,
Y+ :0—=> Dy — X4 — CL — 0, 60:0—-A— X; —B—0.
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By Lemma P7T7 we see that R, A, B,Cy, D1 are rigid. As is shown in the proof of [8, Proposition 2.6], the
direct sums Cy @ D_, C_@®D;,Cy ®A, Dy ®B, AdC_, B® D_ are (maximal) rigid. Applying Lemma
14, we see that the following subcategories are extension-closed.

y17y27y55yﬁay77y87ZlszaZ-?)aZ47257267Z77Zga297210721172125W15W27W37W47W57W67W7'

Taking the direct sum of oy and a_, we get an exact sequence 0 — Nj11 — Y41 @ Y41 — Mjy1 — 0. Thus
there are exact squares in the left below, which produce an exact sequence in the right below.

X1 M, X
v \ v

Nl+1 Yl+1 N, 0— Xl+1 - X P Yl+1 — Xl+1 — 0.
v v v

Yijp, —— My —— X

Hence X; belongs to ext X;11. Thanks to (B52) and Lemma ET3(2), for all integers 1 < h < [, it holds that

ext Yy, = ext X;, = ext Y] = ext X; = ext X;11 = ext Yi4; = CM(R).

By f,v+ we have ext{A4, B} = ext{Cy, Dy} =ext{C_,D_} = CM(R). As M1 = Dy & D_, it holds that
Cy, Dy € ext{Cy, Dy, D_} = ext{M;11,C1} Cext{M;, C}},
C_,D_eext{C_,Dy,D_} = ext{M;;1,C_} Cext{M,;,C_}

for all 1 < j < I, where the inclusions follow from (BZ22). Hence ext{M;,Cy} = ext{M;,C_} = CM(R) hold

for every 1 < j <1+ 1. Applying Lemma 2T3(2), we get ext{N;, D4} = ext{N;, D_} = CM(R) for every

1 <j<Il+1. It is observed from (B2) that A, B € ext{A, M;}Next{B, N;} Next{M;, N}, which implies

that ext{A, M;} = ext{B, N;} = ext{M;, N;s} = CM(R) for all 1 < j,j" <. So far, we have shown that

{Xh}ﬂ {Yh}v {Aa B}a {C-H D+}7 {0—7 D—}a
(354) extC:CM(R) for all C € {C+,Mj},{C,,Mj},{DJr,Nj},{D,,Nj},
{A, M}, {B, N;},{M;, Nj }

Since M1 =2 Dy @ D_ and Ny &2 A® R, the exact sequences a.t, p;, 01, Pi—1,01—1,-- -, P1,01, Po,0 and the

exact sequences 74, (;, a— respectively give rise to the following two diagrams of exact squares.

1<h<i+1
1<j,j <1

Ci =Y 1 >=D-:®N>=Dz®Y, =Dz ®N_1>-->D: &N DY =D PADPR>D- O R

R | | | | | | |

O%Di %Xl-i-l Ml Xl XQ M1 X1 B
Dy — X1 — M, & C_ — M,

b | /

0 ol Vi D_

We obtain exact sequences 0 - Cy - D+ ®R —+ B = 0ande:0— Dy — M; = D_ — 0, which show
(3.5.5) R,D. € ext{B,C%}, M; € ext{D4,D_}.
It follows from Lemma PCT3(1) and (B252) that there are containments
(3.5.6) Cy eext{A,D+} and B,M;€extM; Cext{Dy,D_} foralll<j<Il+1.
Putp = (y), g = (z++v—1y"")R and v = (z — v/—1y'*1)R; these are the minimal prime ideals of R. For

each FE € ind CM(R) we denote by x(E) = (x1(E), x2(E), x3(E)) the triple of the dimensions of the vector
spaces Fy, Eq, E; over the fields R, Rq, R. respectively. Note that

A=R/p, B = R/qr, Cy+ = R/pq, C_ = R/pr, D, = R/x, D_=R/q.
We see that X(R) = (1a 171)7 X(A) = (17070)7 X(B) = (07 L, 1)7 X(CJr) = (1a 1a0)7 X(C*) = (1707 1); X(D+) =
(0,0,1) and x(D_) = (0,1,0). Fix 1 <h <l+land 1 <j <. AsQX), 2V}, = (2,y")R and X}, is generated
by two elements, there is an exact sequence 0 — (z,y")R — R®? — X, — 0. Localizing this at p, g, v shows
x(Xn) = x(Yn) = (1,1,1). Since QN; = M; = (zy,y’ TR, a similar argument shows x(M;) = (0,1,1) and
X(N;) = (2,1,1). In summary, for all 1 <h <1+ 1 and 1< j <! we have the following table.

E [RXn,Y.| A | BDM | C; C_ D, D_ N;
x(E) [ (1,1,1) [(1,0,0) [ (0,1,1) | (1,1,0) | (1,0,1) | (0,0,1) | (0,1,0) | (2,1,1)
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Since the equalities in the left below hold, so do the equalities in the right below by (BZ5M).

{E|x1(E)=0}={B,My,...,M;,D;,D_}, ext{Dy,D_} =add{B, My,...,M;,Dy,D_} =y,
(E | v2(E) = 0} = {A,C_, D, }, ext{A, D.} = add{A,C_,D,} = Vi,
(E | xs(E) =0} = {A,C,,D_). ext{A, D_} = add{A,Cy,D_} = W.

Hence Vs, V4, Yy are extension-closed. Using Lemmas ET2(3) and EZ23, we obtain the following six equalities.

ext{R,D.,D_} = add{R,D.,D_, B, M,,..., M} = X,
ext{R,A,D;} =add{R,A,D,,C_} = A5,
ext{R,A,D_} =add{R,A,D_,C,} = Xy,
ext{R,Cy,C_} = add{R,C1,C_, A, Ny,....Nj} = X1,
ext{R, B,C}} = add{R, B,C.,D_} = X;,
ext{R,B,C_} =add{R,B,C_,D,} = X}.

Consequently, the subcategories X7, Xa, X3, Xy, X5, Xs are extension-closed. It is observed from (B54) that
for each integer 1 < p < 6 there exists no extension-closed subcategory C of CM(R) with &}, C C C CM(R).

We claim that for each (p,q) € {(1,1),(2,1),(7,6),(8,6)} there exists no extension-closed subcategory C
of CM(R) with Y, C C C &,. Indeed, we have ext(Y1 U{C_}) = ext{R, A, C;,C_} Dext{R,Cy,C_} = Xy,
so that ext()Yy U{C_}) = X;. Also, by (B53), for each 1 < j <, it holds that

ext()ﬁ U {N]}) = ext{R,A, C+,Nj} B ext{R, C+, Nl+1} = ext{R, C+, O+ (&) 0_} D ext{R, C+, 0_} = X;.

Hence ext(Jh U {N;}) = &4, and thus the claim follows for (p,¢) = (1,1). A similar argument shows the
claim for (p,q) = (2,1). Also, analogously, we can show that ext(Y; U{D_}) = ext(Y7 U {M;}) = Xs for
1 < j < I, which deduces the claim for (p,q) = (7,6). The claim for (p,q) = (8,6) is shown similarly.

It holds that ext(Z;; U{D_}) = ext{B, Dy, D_} D ext{Dy,D_} = Yy, and therefore ext(Z;; U{D_}) =
Yy. By using (B:532), for each integer 1 < j <! we have

ext(Z11 U{M;}) = ext{B, Dy, M;} Dext{B,Di, M1} =ext{B,D, D, ®D_} Dext{D;,D_} =Dy,

whence ext(Z11 U{M;}) = ). It is observed that there is no extension-closed subcategory C of CM(R) with
Z11 € C € Yy. By an analogous argument, there is no extension-closed subcategory C with Z15 C C C V.
Now we have obtained the Hasse diagram of &(R) as in the theorem. n

Remark 3.6. In Theorem BH(2), we can prove more. Applying © to the exact sequence ¢, we get N; €
ext{Cy,C_}. Tt follows from (B53) that R € ext N; C ext{C,,C_}. Using (B553), we obtain equalities

X =ext{Cy,C_}, Xs =ext{B,C.}, Xy =ext{B,C_}.

Using (B54), the isomorphisms M;11 & Dy @ D_, Ni41 &2 C1 @ C_ and Lemma PTTA(3), for all 1 < j <1
we have

ext M; = add{B, Mi,...,Mi41} =add{B,M,...,M;,Dy,D_} =ext{D;,D_} =)y,

ext Nj = add{R,A, Nl, ey Nl+1} = add{R,A, Nl, ey Nl, C+, C,} = ext{C+, C,} = Xh

ext{R, M;} = add{R, B, M,...,M;,D,,D_} =ext{R,D,,D_} = Xj.
Theorem 3.7. Let R be one of the following hypersurfaces, where n is an integer.

AY ¢ k[x]/(2mH) n>1
A K[,y 2] /(@ +ym i+ 22) (n> 1),
D2 : k., 2)/(a%y +y" 4+ 22) (n >4
E2: k[z,y,z2]/(23 + y* + 22),

E2: k[z,y, 2]/ (23 + zy® + 2?2),

E2: k[z,y,2]/(23 +y° + 22).
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Then the Hasse diagram of the poset €(R) is the following graph.
CM(R)

add R

0

Proof. The case A2 follows from [9, Proposition 5.6]. In the other cases, since dim R = 2, Lemma implies
that the Auslander—Reiten translation functor is isomorphic to the identity functor. From the Auslander—
Reiten quivers exhibited in [[3, (10.15)] it is easy to observe that for any nonfree indecomposable maximal
Cohen—Macaulay R-module E the equality ext E' = CM(R) holds. The assertion follows from this. |

4. ON THE A, Dy-SINGULARITIES WITH DIMENSION AT MOST TWO

In this section, we give a complete classification of the extension-closed subcategories of CMo(R) in the
case where R is a P-singularity with P € {A., Do} and has dimension at most two.

Theorem 4.1. Let R be one of the following hypersurfaces.

AL+ K[z, y]/(2?),
D2, klx,y, 2]/ (z%y + 22).

Then the Hasse diagram of the poset €y(R) is the following.
CMy(R)

add R

0

Proof. Let E be a nonfree indecomposable maximal Cohen-Macaulay R-module that is locally free on the
punctured spectrum of R. Then there is an isomorphism 7F = E; this follows from [8, (6.1)] in case Al_,
and from Lemma in case D2,. From the Auslander—Reiten quiver in [8, (6.1)] in case Al and in [8,
(6.2)] in case D2, it is easy to observe that ext E = CMg(R). The assertion follows from this. |

Theorem 4.2. Let R = kfz,y, z]/(xy) be the A% -singularity. For each integer i > 0, let I; = (z,2%) and
J; = (y, 2%) be ideals of R. Then the Hasse diagram of the poset €y(R) is the following.

CMy(R)

add{R,Il,IQ7...} add{R,Jl,Jg,...}

\ ‘

add R

0

Proof. By Lemma we have 7E = F for every E € ind CMy(R) \ {R}. From the Auslander-Reiten quiver
given in [R, (6.2)], we see that ind CMo(R) = {R,I;, J; | i € Z~o} and that
Reextly =extly =extl3=--- R ReextJi=extJy =extJy3 =---.

Hence ext{Il,, J,} = CMy(R) for all integers p,q > 0. To get the Hasse diagram in the assertion, it suffices
to show that J; ¢ ext I, (and then by symmetry we get I, ¢ extJ,) for all integers p,q > 0. We have only
to verify Jy ¢ ext Iy, as if J, € ext I, then J; € ext J; = ext J; Cextl, =extl;.

Now, assume that J; € extI;. It follows from [I0, Propositions 2.2(1) and 2.4] that there exist an R-
module M and a filtration 0 = My C My € --- € M,, = M of R-submodules of M with M;/M; 1 = I for
each 1 < i < n such that J; is a direct summand of M. We establishes two claims.

Claim 1. Let N be an R-module. Denote by R* the set of units of R. Put 4; = (g *;j> for each j > 0.
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e following are equivalent for all positive integers r and [1,...,[,.
1) The followi ivalent for all positive i dl l
(a) There exists an exact sequence 0 — I;, @ ---® I, - N — I; — 0.
(b) The module N is isomorphic to the cokernel of the R-linear map given by the matrix D(uq,...,u,) =
A, O - O U
L2 2], where U; = (5 4) with u; € R* U {0} for each 1 <i < 7.
O 0 - 0 A
(2) Assume that condition (1b) is satisfied.
(a) Ifu; = 0 for some 1 < j < r, then there exist an exact sequence 0 — Ij, &- - ®h, &L, & &, —
N" — I — 0 and an isomorphism N = I; & N'.
(b) Ifi; <lp and up € R* forsome 1 < j # h < r, then D(uq,...,uy) = D(ug, ..., uj-1,0,Uj41,...,U).
(¢) If r =1 and uy € R*, then there exists an isomorphism N = [}, 11 @ R.
(d) The module N is isomorphic to either I}, @--- @, @Lor I}, &---®I,_, &L, 11D 1)
for some 1 < s < r.

¢, R

s+1

Proof of Claim. (1) (a) = (b): Applying the horseshoe lemma repeatedly gives rise to a commutative diagram
(4.2.1)

3 | | | |

0 @»;:1 Ill Di_i(z 2h) FO D, Ali F1 D, By, F2 bDi_, Ali F3
¢ ] ¢ ¢

0 ]\If Ey Ey Ey Es
v v | |

0 I (2) Go = e b G al Gs
V " { | |

0 0 0 0 0

with exact rows and columns, where Fj, = R®?", G, = R®2, E),, = F;, ® G, = R®*2) for 0 < h < 3,

Ay O - O O
. ] O A, - O C . b .

B; = (gij) for j > 0, and H = 5 “Ol.z o C? with C; = (‘Cl Z) and a;,b;,¢;,d; € Rfor 1 <i <.
O 0 - 0 A

We do diagram chasing. Take any vector v € GG3. The vector Biv € G; comes from (B?v) € F1=F &G,.

Cy Byv B
Since A1 Biv = 0, the map H sends (B?v) to (C 'éw> € Ey = Fy ® G, which comes from ( 1.“11;) e Fy.
TO r1v

This goes to 0 € @._, I, by the map @@._, (« 2 ) by the snake lemma, so that it belongs to the image of
T . .. . r By, C1Byv B, C1B1v
P,_, Ai,, which coincides with the kernel of @;_, B;,. Hence 0 = ( B%) (C{élv) = (Blré;Blv).
Since this holds for any vector v € G, it is observed that B;,C; Bj is a zero matrix for every 1 <4 < r. Thus,

_ [z 2h i bs i _ i+l i+l tyzliTld; : .
(4.2.2)  (89)= (8 % ) (ea)(6y) = (w(wa 0 ) #(@a et )) for every integer 1 <i < r.

Fix 1 < i < r. We see that za; + 2lic; +y2i~1d; = 0, za; + 2 ¢; = ye; and z¢; +yd; = xf; for some e;, f; € R.

(y 0z 0 )
v={0x 0 =z
Note that the sequence R <~ R®3 00—z —y
of the residue field k. We have 2f; +y(—di) + 2(=ci) =0, so that (faili ) € R¥3 belongs to the kernel of the

—c;

=(ry=z)

R®% is exact; it is part of a minimal free resolution

above map u, which is equal to the image of the above map v. Hence there exist elements ¢;, s;,t;,p; € R
fi 0 0 ¥ yai+zt;

such that <di> = (g 2 0 2 ) (2) = ( xs;+2pi ) . We thus get ¢; = xt; + yp; and d; = —xs; — zp;. As
—¢; 00—z —y Di —xt; —Ypi

za; + 2Y (xt; + yp;) = ye;, we have x(a; + 2lit;) = y(e; — 2tp;) € () N (y) = 0. Hence a; + 2lit; = yg; for

some g; € R, so that a; = yg; — z't;. Write b; = u; + xay; + yB; + zy; with u; € R* U {0} and ay, i, Vi € R.
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It follows that

y —z'1 ay by y —z'1 yg1—z'1tq by
Ay, o2} 0 =z c1 dy 0 =z zt1+ypr —Ts1—2p1
H= Ay, Cy = y —2'7 a, b, = y —2'7 ygr—z'rt, b,
Ay 0 =z c¢p dr 0 x Tt +yp, —XSr—2zPr
Yy —z Yy —z
N DY 0 z . . 0 T
Yy —z —2z" 1ty by y —z'1 —z'1ty by
0 =z xt14+yp1 —xs1—zp1 0 =z xt1+yp1 —zp1
= y —zlv 2, by = y —z'v vt b,
0 =z wtr+ypr —TSr—2pr 0 =z xtr+ypr —zpr
Yy -z Yy —z
. 0 T T
y —z'1 0 b y —2"1 0 by y —z'1 0 uitzay+yBit+zy
0 =z yp1 —2zp1 0 =z 0 0 0 =z 0 0
= y—z'" 0 by = y—2'" 0 b | = y =27 0 urtzar+yBetzyr
0 =z ypr —zpr 0 =z 0 O 0 =z 0 0
Yy —z Yy —z Yy -z
0 T 0 z 0 T
y —2' 0 uitzm y —2' Yy Ul y —2' 0 uy
0 =z 0 0 0 =z 0 0 =z 0 0
~ L ~ B ~ Lo
- Yy —z 0 uptzyr - Y =27 Yyr Ur - y—z" 0 up
0 =z O 0 0 =z 0 0 0O =z 0 O
Yy —z Yy —z Yy —z
0 T 0 =z 0 =z

(b) = (a): For each integer 1 < i < 7, let a; =¢; =d; =0 and b; = u; € R* U {0}. We easily verify that

the first equality in (E°22) holds. This means that (E21) is a commutative diagram with exact rows and
columns if we put C; = (‘ZL ZI) = (8 ‘6) = U; for every integer 1 <i < 7.

(2)(a) We may assume j = 1. Then D(uy,...,u,) = D(0,ug,...,u;) = A;;, ® D(uz,...,u,). Set N' =
Cok D(ug, . ..,u,). Wehave N = I}, ®N’. By (1) there is an exact sequence 0 — I}, ®---®I;,, — N' — I; — 0.

(b) Replacing A;,, ..., A;, if necessary, we may assume j = 1 and h =2, so I — I3 > 0. We have

r

Yy —zlt 0 0 0 uy Y —zh 7u2_1u1y u;lulzlz - 0 0
0 0 0 0 0 0 = 0 - 00
D(ula Uz, ... 7uT) = 0 0 y —z'2 0 w2 = 0 0 Yy —zl2 o 0 g
0 0 0 = 0 0 0 0 0 x 0 0
y —z'1 0 u;1u12l2 0 0 y —z'1 0 0 00
~ [0 =z o 0 00| [0 =z 0wuluz27liz.. 00
= 0 0 y —zl2 0 us = 0 0 y _l2 0 us
0O 0 O T 0 0 0O 0 0 z 0 0
y =210 0 0 0
0 = 0 0 0 0
= 0 0 y —z'2 0 usg = D(Ovu27 )uT)'
0 0 0 = 0 0
(¢) Put p=1; and h = u;. Since h is a unit of R, we have
y—2z"0 h 0 0 0 h 0 0 01
0 z 00 0 z 00
_ _ [0 00 | o~ o
D(ul) - D(h) - (O 8 y z> - hilyz —plptl Yy —z — hilyz —p~typtl y 0
0 0 0= 0 0 0 h*laf)zi 0 x \, 0 h™lzzP 00
— P
~(0 @ v0\a (87 0o
—lo-nr2Ptyo0 /=10 0 00
0 0 00 0 0 01

Therefore, we obtain a desired isomorphism N = I, ® R.
(d) The assertion follows from iterated application of (a), (b), (c) and (1).

Claim 2. For every integer 1 < ¢ < mn one has M, = I;, ©--- @ I;,, where 0 < Iy,...,l; < qand Iy :== R.

Proof of Claim. We use induction on ¢q. There is an isomorphism M; & I1, so we are done by putting [; =1
when ¢ = 1. We consider the case ¢ > 2. There exists an exact sequence 0 — My_1 — My, — I; — 0. The
induction hypothesis implies M,_1 = R¥*®I;, ®---®I;, withe > 0,7 =g—1—eand 1 < ly,...,l, < ¢—1. The
same argument as in the proof of Lemma PZ-T2(3) shows that there is an exact sequence 0 - L - K — I; — 0
such that L =1;, ®---® I;, and R®®® K =~ M,. It is observed from Claim 2(2d) that K 2 I, & ---® I,

r+1

for some 0 < hy,...

Claim P yields an isomorphism M = M, = I;, @ --- & I;, with 0 <y, ...

,hri1 < g. Now the assertion follows.

since Jp is not a direct summand of this direct sum; note that Ji, R, I, , ...
modules. This contradiction shows that J; is not in ext I3, and now the proof of the theorem is completed. W

7Il

n

O

,ln, < n. This is a contrariction,
are all indecomposable R-
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Theorem 4.3. Let R = k[z,y]/(z%y) be the DL -singularity. Put A = R/(y) and B = R/(z?). Moreover,

set M; = Cok (3 ﬁ;) and N; = Cok (“’Oy ?”_JI; ) for each integer j > 0. Then the Hasse diagram of €y(R) is:

CMy(R)

T

add{R, A, N1,Ns,...}  add{R,B, M, M,,...}

| T

add{R, A} add{R, B} add{B, Ml, Mg, . }
T T
add A add R add B
0

Proof. The proof goes along the same lines as in the proof of Theorem BZ(1). By Lemmas P18 and 214, we
get the subdiagram of the Hasse diagram of &g(R):

add{R, A} add{R, B}
| |
add A T add R add B
0

Put X; = Cok (”5 _yjy> and Y; = Cok (xoy f;) for each integer j > 0. By [®, (6.1)] and Lemma 220, we

x

have that ind CMy(R) = {R, A, B, X;,Y;,M;, N, | j € Z~(} and there exist exact sequences
0—>Y}'+1—>Mj+1€9Nj—>Xj+1—>0, O%Mj—)Xj@Yvﬂ,l—)Nj—)O,
0—>Xj+1—)Nj+1@Mj—)Y}+1—>O, O'j:O—>Nj—>Y;‘EBXj+1—>Mj—)O
where the maps F' — G with F, G € ind CMy(R) are all the same, and isomorphisms My = B, Ny 2 A ¢ R,
Xo 2 Yy 2R QA B, QX; 2V, & (z,y)R and QN; = M; = (zy,y’ )R for all j € Zso. For each
Jj € Z~q there are exact squares in the left below, which produce exact sequences in the right below.

(j €N),

Mj Xj Mjfl *>Xj,1 0—>Mj —)Mj+1 EBMJ‘,1 —)Mj — 0,
v \ v v
}/‘ij’,l Nj ij Njfl §/j,1 O—>Xj —)Xj+1 @Xj,1 —>Xj — 0,
v v v v v
Mj+1 *>Xj+1 Mj Xj Mjfl 0—>Nj—>Nj+1 EBNj,1—>Nj—)O,
v v v v
Njt1 Yjt1 Nj Y; 0=Y; =Y @Y1 = Y; = 0.
These four exact sequences show that
B=My€cextM; =ext My =ext Mg ="---, ext X1 =ext Xo =ext Xg="---,
ADR=Ny€ext Ny =ext Ng =ext N3 =---, extY] =extYo =extYg=---.

Since Y} is isomorphic to the maximal ideal (z,y)R, we have ext Y1 = CMy(R) by [d, Corollary 2.6]. Lemma
P2T3(2) implies that ext X3 = CMg(R). Thus for all j € Z~( there are inclusions and equalities

exth Qadd{B,Ml,Mg,...}, exth Qadd{R,A,Nl,Ng,...}, exth :extYJ:CMO(R)
t p = (y) € Spec R. It is clear that (Mp), = B, = 0 # A,. For each j € Z~, as M; = (zy,y’*')R and
>~ (z,y7)R, we have (M;), C pR, = 0 and (Y;), = R,. There is an exact sequence 0 — X; — R%? —
— 0, which shows that (X;), = R,. The exact sequence o; shows (N;), # 0. Hence there is an equality
{E €indCMy(R) | E, = 0} = {B, M, | j € Zo}.
Since every E € ext M; is such that E}, = 0, we see that ext M; = add{B, My, M>,...}. Lemma ZT3(1) yields
that ext N; = add{R, A, N1, No, ... } for every j € Z~(. Lemma PTA(3) gives rise to an equality ext{R, M;} =
add{R, B, M1, M,, ...} for every j € Zsg. The exact sequence o; shows that Xo € ext{M;, N1}, which
implies that ext{M;, N1} = CMy(R). Therefore, ext{M;, Ny} = CMo(R) for all j,h € Z~(. From oy and

Pu
Y;
Y;
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the proof of Lemma 2T2(3) we get an exact sequence 0 - A — X; — B — 0, which implies X; € ext{A, B},
and ext{A, B} = CMy(R). Now we obtain the Hasse diagram as in the theorem. |

We close the section by stating a remark about Question I

Remark 4.4. As a consequence of Theorems B, B2, B33, B2 and B, Question 10 has an affirmative
answer provided that R is a P-singularity over an algebraically closed uncountable field of characteristic
zero, where P € {A,, A, Dy, Do, Eg, E7, Eg}. We should also mention that there are many examples of a
hypersurface domain R of dimension bigger than two where &y(R) is not trivial, e.g., an Er-singularity of
dimension 3. This is a direct consequence of Theorem [, whose proof will be given in the next section.

5. PROOFS OF THE MAIN THEOREMS
Now we have reached the stage to prove Theorem [, which contains the main results of this paper.

Proofs of Theorem . Since R has finite or countable CM-representation type, it is isomorphic to one of
the following hypersurfaces; see [B, Theorems 9.8 and 14.16].

Al ko, 2a,. . zal/(adT + 2?2 b2k 4o 4 22) (n>=1),

Acolo : k[[w(%xla"'vxd]]/(x% +x% ++x3)a

DY . k[wo, 1., 24]/(xft +2ox? + 23+ -+ 22)  (n>4),

Dgo : kﬂx0a$17~-~,$dﬂ/($0$%—I—x%—l—-~-+aﬁ3),
Eg: kﬂx07x17axdﬂ/($é+$§+1‘g++$3),
Ed: k[zo,z1,..., 2]/ (@321 + 23 + 23 + - + 22),

Ed: klzo,z1,...,z4]/ (2§ + 23 + 23 + - + 22).

Thus Theorem [(2) is a direct consequence of Theorems B, B2, B3, B4, BH, B72, B, B2 and E3. To prove
Theorem I(1), Knorrer’s periodicity theorem [I3, Theorem (12.10)] reduces to the case where dim R < 2.
The triangle equivalence CM(R) = D8(R) induces a triangle equivalence CM(R) = Dg#(R). Hence the
Hasse diagram of the extension-closed subcategories of D¢f(R) are the same as the Hasse diagram of the
extension-closed subcategories of CM,(R), which is obtained from the Hasse diagrams given in Theorems
B, B3, B3, B4, BH, B4, B0, B2 and B33 by removing the vertices containing R and the edges from/to
them. |
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