HERZ SPACES AND INTEGRAL OPERATORS ON
MORREY SPACES
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ABSTRACT. This paper establishes an approach for extending the
mapping properties of integral operators from Lebesgue spaces to
Morrey spaces. The main result shows that if the operator is
bounded on the Lebesgue space and the kernel of the operator
satisfies a condition involving a certain Herz space, then we can
extend this operator to be a bounded operator on the correspond-
ing Morrey space. We also obtain a new operator norm estimate
of the integral operator on Morrey space in terms of the operator
norm on Lebesgue space and the Herz space norm of the kernel of
the integral operator. The main result applies to several integral
operators including singular integral operators, fractional integral
operators and strongly singular integral operators.

1. INTRODUCTION

This paper aims to establish a unified approach to the study of some
integral operators on Morrey spaces. Our approach applies to singular
integral operators, fractional integral operators and strongly singular
integral operators.

Morrey spaces were introduced by Morrey in [16]. Since then, the
class of Morrey spaces has become one of the most important classes
of function spaces in harmonic analysis. The mapping properties of
important operators appearing in harmonic analysis, such as singular
integral operators and fractional integral operators have been extended
to Morrey spaces, see, for example, [17, 20].

While the methods to extend the mapping properties of singular inte-
gral operators and fractional integral operators from Lebesgue spaces to
Morrey spaces are closely related to each other, some significant modi-
fications are required. In this paper, we obtain the mapping properties
of singular integral operators and fractional integral operators by using
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a single approach. Roughly speaking, our main result states that when-
ever translations and dilations of the kernels of the integral operators
belong to a Herz space on R™\B(0, 1) and their Herz space norms are
uniformly bounded, then such integral operators can be extended to a
bounded operator on the corresponding Morrey spaces. Furthermore,
we obtain some operator norm estimates of the integral operators on
Morrey spaces in terms of the operator norms on Lebesgue spaces and
the Herz space norms of the kernels of the integral operators. This
result is new even for singular integral operators and fractional inte-
gral operators on Morrey spaces when compared with the results in
1, 8,9, 17, 20].

Herz spaces were introduced by Herz in [6]. They are also an im-
portant generalization of Lebesgue spaces. For further details on Herz
spaces, the reader is referred to [14].

The main result of this paper does not only apply to singular inte-
gral operators and fractional integral operators, it also applies to those
integral operators with kernels possessing stronger singularity such as
strongly singular integral operators. These operators were introduced
in [7] and [23] for the study of Fourier multipliers and Fourier series.
A more general form of these operators was introduced and studied
in [10, 15]. Our method gives the precise definition of strongly singu-
lar integral operators on Morrey spaces. It provides a solid and novel
foundation for the study of the mapping properties of strongly singular
integral operators on Morrey spaces.

This paper is organized as follows. The definitions of Morrey spaces,
Herz spaces and the integral operators for our studies are given in Sec-
tion 2. The main result of this paper, including the definition of the
extension of the integral operator to Morrey spaces, the mapping prop-
erties of the extended operators on Morrey spaces and the operator
norm estimate on Morrey spaces are given in Section 3. As an appli-
cation of the main result, we also establish the mapping properties of
strongly singular integral operators on Morrey spaces in Section 3.

2. PRELIMINARIES AND DEFINITIONS

For any z € R™ and r > 0, define B(z,r) ={y e R": |z —y| <r}.
Write B = {B(z,r) : * € R",r > 0}. For 1 < p < 0o, LP denotes the
Lebesgue space on R™ with respect to the Lebesgue measure, the set
L? consists of all f € LP with compact support.

We now give the definition of Morrey spaces and Herz spaces as
follows.
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Definition 2.1. Let 1 < p < g < co. The Morrey space M/ consists
of all locally integrable functions f satisfying

fllagg = sup —1— lxa flor < oo
BeB | B’p q

For the properties of Morrey spaces, especially, the mapping prop-
erties of the Hardy-Littlewood maximal function, singular integral op-
erators and fractional integral operators on Morrey spaces, the reader
is referred to [1, 17, 20]. For applications of Morrey spaces in partial
differential equations, see [3, 4, 5].

Next, we introduce the definition of Herz spaces on R™\ B(0,1). For
any j € Z, write X; = Xp(0,2/)\B(0,29-1)-
Definition 2.2. Let 1 < p,q < oo and o € R. The Herz space K, on
R™\ B(0, 1) consists of all locally integrable functions f on R™\B(0,1)
satisfying

1
o0 q
1 fllxg, = (Z(W“HXJJ”HLP)Q) < 00,
j=1

For the definition and applications of Herz space on R™, the reader
may consult [14]. For some further studies of Herz spaces, such as the
applications to partial differential equations, see [11, 13, 18, 19].

We now introduce the integral operators studied in this paper.

Definition 2.3. Let 1 < py, ps < co. For any bounded linear operator
T :LPr — LP2 write T' € L,, p, if there exists a Lebesgue measurable
function K : R® x R" — R such that for any f € LP' and x ¢ suppf,

T(f)(x) = [ K(z,y)f(y)dy.
Rn
We say that T' is associated with the kernel K.

Whenever T' is a Calderén-Zygmund operator in the sense of [2,
Definition 1], then for any p € (1,00), T' € L, [2, p.14-18]. Also, for
a € (0,n) and p; € (1,2), if I, is the fractional integral operator [12,
(3.0.2)], then I, € Ly, 5, [12, Theorem 3.1.1] where - = - — 2.

T m n’

We now present an estimate for f |K(x,y)f ( )|dy where f €

z y|>r

M. We see that the Herz space IC q is involved in this estimate.

AS translations and dilations of the kernel are also involved in this
estimate, in order to simplify the presentation, we introduce the fol-
lowing notation. Let » > 0 and ¢ € R. For any Lebesgue measurable
function K : R" x R™ — R, write

K(z,y) = r'K(rz,r(z +y)), x,yeR"
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Lemma 2.1. Let0 e R, 1 <p<qg<oo,r>0and K : R" xR" - R
be a Lebesque measurable function. If for any x € R*, K%(x/r,-) €

n n

KJ 1", then there is a constant C' > 0 independent of K such that for
any f € Mi, v € R" and r > 0, we have

son | Fllgg-

/ K () f()ldy < Cr 5 | K (a/r )] s
|lx—y|>r ’Cp’,l

Proof. Let f € M!, ¢ € R" and r > 0. For any j > 1, the Holder
inequality and Definition 2.1 give

/| K () f)\dy
20— Lr<|y—z|<2ir
1

([ wwara)” ([ lwra)
20— lr<|y—=z|<2ir 2 1< |y—z|<2ir

P

<o [ RGaPa) @0
20— lr<|y—z|<2ir

|=

=

for some C' > 0 independent of K, z € R" and r > 0.
We apply the change of variables w = % and z = £ and, then, apply
the change of variable z — w = v for the integral for K. We obtain

/| K (@) )ldy
21— 1r<|y—z|<2ir
1

c(/ (w2l svds ) @) g
20— 1< |z—w|<29

IN

% e

IN
Q

( / K (rw, r(w + v>>|p’r"dv) @) 5 s
27—1<[v] <2

1
7

([ Rl a)” e i
2i-1<|v| <2
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By taking the summation over j on both sides of the above inequalities,
Definition 2.2 yields

G

>/ K () f)ldy
=1 21— Lr<|y—z|<29r

1
v

<y (/ |Kf<w,v>rp’dv)p PO () g
= \Jaii<p)<2 ’

< or (Z 2“w>||ijf<w,->||Lﬂ> 1 s

Jj=1

n

= COr " |K (/1)

r

z-2 || fllagg

I N
for some C' > 0 independent of K, z € R™ and r > 0. O

3. MAIN RESULT

This section establishes the main result of this paper. We begin with
the definition of the integral operators on Morrey spaces.

Definition 3.1. Let 1 < p; < ¢; < oo, © = 1,2. Suppose that T €
Ly, p,- Forany f € M# and x € B(z,7) € B, we define

BY T = Taean )@+ [ Koy
R"\B(z,2r)

Notice that T is originally defined in the Lebesgue space, and the
definition of singular integral operators on Lebesgue spaces is highly
delicate, see [21, 22]. Similarly, extending the definition of 7" to Morrey
spaces requires careful justification. In particular, it is necessary to
check that the above definition is independent of the ball B(z,r). We
use the idea from [8, 9] to verify that the definition of T is well defined.

The following is the main result of this paper. It consists of two
results. We first show that 7 is well defined on MJ! and, then we
establish the boundedness of 7" from M to M. We also give an
operator norm estimate of the integral operator on Morrey spaces in
terms of the operator norm on Lebesgue spaces and the Herz space
norm of the kernel of the integral operator.

Theorem 3.1. Let 1 < p; < q; < o0, i = 1,2. Suppose that
n o n

q1 q2
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and T € Ly, ,, is associated with the kernel K. If K satisfies

(3.3) sup sup || K?(z/r,-)

zeR™ r>0

|| n_n < 00,
pr1 q1

K

P71

then T is a well defined bounded linear operator from Ml to M2 and

T satisfies

(34) T llassisagsz < [Tl o102 + C sup sup [ KL (/7. )
xeR”™ r>0

H n _n
’Cp,l q1
Pl

for some C > 0 independent of K where || Ty _,p0 and |T| o102
denote the operator norms of T : Ml — M@ and T : LP* — LP?
respectively.

Proof. Let f € M1 and B(z,R) € B. AsT € L, ,, and xp(2r)f €
LP', T(XB(:2r) [) is well defined. Lemma 2.1 guarantees that

XR"\B(z,2R) | K (z, 9)I[f(y)]
is integrable. Consequently, fRn\B(z omy I (x,y)f(y)dy is well defined.
We now show that the definition is independent of B(z, R) € B. That
is, for any x € B(z,R) N B(w,S) with B(z,R),B(w,S) € B and
B(z,R) N B(w, S) # (), we have

(35)  TOseenf)(@) + / K () f(y)dy

R™\ B(z,2R)

— T(xss ) (@) + / K (2, f (5)dy.

R7\ B(w,2S)

Let B(u, M) € B be selected so that B(z,2R)UB(w, 2S) C B(u, M).

AsT € L, p, and XBu,m)\B(z2R) f> XBu,M)\B(z,25)f € LE, for any x €
B(z,R) N B(w, S),

(3.6) T(XBu,m)\B(z2r) f)(T) = / K(z,y)f(y)dy,
B(u,M)\B(z,2R)

BT TOawanawasf)e) = [ K(z,)f(0)dy
B(u,M)\B(w,2S)
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Since Xrm\B(z,2r)(*) f(-) K (z, ) is absolutely integrable, (3.6) guarantees
that

B8 ToweanN@+ [ Kl

ﬂ

(e )(@) + / K (2. 9) 1 (4)dy

B(u,M)\B(2,2R)

/ [ K1)y

=T(XB(:2r) ) (@) + T(XB@m)\B:28) ) (@)
+ K(z, d
/R o K@)y

— T(xsnn f)(@) + / K (2. 9) (y)dy.

R\ B(u,M)

Similarly, (3.7) asserts that
39 Thmwas)@)+ [ Ko fwdy
R™\B(w,25)

=T @)+ [ K Sy

Therefore, (3.8) and (3.9) yield (3.5). That is, T(f) is well defined
when f € M1 According to (3.1), it is easy to see that T is a linear
operator on M. Finally, we show that 7 is a bounded operator from
M2 to M. Since T': LP* — LP* is bounded, we have

IxBEr) T ()l < NT(XBG2R)f)|lLr2 + | XBER) F | L92
(3.10) <N or ez X B 2r) fll2er + IXB(R)F || L92

for some C > 0 where

As (3.3) gives

sup sup || K7 (/1 )|

zER™ >0 ,Cp11 L

n < 00,
a1
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Lemma 2.1 and (3.2) guarantee that

1
Rp?;_qn HXB zR)FHLP2

P2 a2

1
< —— IxBer e[| F =
REE IXBER L

1 —04+n—2
< C——lxseml R w0 | Kyp(@/2R, )| o [1f g
Rr2 a2 ’CP1

1 o —f4n— 0
<(C Rre R a sup su K (x/r, n_n
<O sup sup 2o/, g4 1
(3.11)
)
< € sup sup 2w/ )l 1 gy

for some C' > 0 independent of K. Consequently, (3.10) and (3.11)
yield

1

——IXBeRr) T ()| e
P2 q2
1 1

< ﬂ”THLPHLPI IXB(z2r) fllr + ——= IXB(R) F | L2

Rr2 Rr2 a

< (1Tl + € sup s (a7 ) g ) g

z€R™ >0 lel 1

Taking the supremum over B(z, R) € B on both sides of the above
inequality, we find that

1
HT(f)HMggz Sup

B(z,R)eB Rr2 ™ a2

< (I 1w + € sup sup 12 (/)| g )1 g
Pl

z€R™ r>0

i) T (f)]| ez

which establishes the boundedness of 7 : M — M. Furthermore,
we also have
||T||M‘11 M2 < |T|| o1~ 1oz + C sup sup || KZ (z /7, )| n_n
z€R” r>0 ICp’l,l

for some C' > 0 independent of K.

Next, we show that 7T is an extension of 7.

Theorem 3.2. Let 1 < p; < ¢ < o0, 1 = 1,2. If T € L, ,, 1S
associated with the kernel K and K satisfies (3.3), then for any f €
L0 M, we have T(f) = T(f).



Proof. Let f € LP* N MJl. For any fixed B(z,7) € B, write fy =
XBz2'rfand f’L X B(z,2i+1r)\B(z,2ir) f,ZGN\{O}

Since |f — Zi:o.ﬂ’ < |fl, N € N and limy_,00 | f — Zi\iom =
0, the dominated convergence theorem guarantees that limy_, ||f —

Zij\io fillepn =0. As T € L, ,,, we have

N N
Jm TG =32 < fm =305 =0
= Lr2 i o

Thus, we have
T(f)=T(fo) + ZT(fi)
i=1

on LP? and hence, almost everywhere. As f; € LP* and suppf; N
B(z,r) =0, for any x € B(z,r), we have
N

IO =T+ [ K

Since Lemma 2.1 guarantees that xrm\p(.2r)| K (2, y)|| f(y)| is integrable,
we find that for any « € B(z,r)

ﬂnszmmwaéﬂ|Kuwﬂww=ﬂﬁm.

As B(z,r) is arbitrary, we have T'(f)(x) = T (f)(z) for almost all z. [

We now apply the main results to some concrete operators, espe-
cially to those operators associated with kernel possessing singularity
on {(x,z) : z € R"}.

Let S*~! denote the unit sphere on R". We say that a Lebesgue
measurable function 2 is a homogeneous function if Q(A\x) = Q(x) for
all A > 0 and x € R".

Theorem 3.3. Lety e R, 1 <p; < ¢q; < o0, t=1,2. Suppose that

(3.12) y=n—— 42
q1 q2

and ) is a homogeneous function satisfying

313 e, = ([ 100F®) T <o

where df is the induced Lebesque measure on S*~. If T € L, ,, is
associated with kernel K and K satisfies

|K(z,y)| < |z —y| 77Uz —y)|, =#y,

X8
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then T is a bounded linear operator from M to M and
(3.14) 1T W s saggz < NTNzrisre + ClHQU oy g0y
for some C' > 0 independent of ).
Proof. Write

H(x,y) = v — y| Q2 — y)[Xroxro\((,2)2ern} (2, Y), 2,y € R™.
For any r > 0, z € R" and y € R"\{0}, we have

H)(z/r,y) =7 H(z,z +ry) = r|ry| 7 |Qry)|
= |y[[Q(y)]

because € is a homogeneous function. Moreover, (3.13) assures that
there is a constant C' > 0 such that for any j € N

ot afrlly = ([ 0wl )
2i-1<y|<2i

27
=C ( / ( / |Q(t9)|p3d6’> t—wit”—ldt>
2j—1 gn—1
2] / / i
=C ( / ( / IQ(G)!plde) twltnldt>
2i—1 sn—1

<27 q

EXe

3
I

Lpl Sn 1)
for some C' > 0 independent of 2. Consequently, (3.12) and the above
inequalities yield some C, Cy > 0 such that for any x € R" and r > 0

o0

7 e/ M i = j{j G )y

i PRy +w—*)
S C”QHL‘U&(Snfl) 22
j=1

= O gy S 2O

j=1

= CHQ||LP/1(Sn—1) Z 2 Jay < OO||Q||LP/1(Sn—1)‘

=1
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Thus, by taking the supremum over x € R™ and r > 0 on both sides of
the above inequalities, we have

(3.15) sup sup || H}! (z/r, )

zeR™ r>0

< Coll€]

H ﬁ*ﬁ = LP1 (Sn—1)

Pl

Consequently, H satisfies (3.3) and, hence, K also satisfies (3.3). The-
orem 3.1 and (3.15) yield the boundedness of 7 from M to Mg and
(3.14). O

When ~ = n, the above result gives the boundedness of rough
singular integral operators on Morrey spaces When v = n — a with
0 < a < n, as Theorems 3.1 and Theorem 3.3 apply to the case when
p1 # po, they yield the mapping properties of rough fractional integral
operators on Morrey spaces. In particular, it gives the boundedness of
singular integral operators and fractional integral operators on Morrey
spaces. Notice that the boundedness of singular integral operators and
fractional integral operators on Morrey spaces are well known results,
see [8, 9,17, 20]. Theorems 3.1 and 3.3 give a unified approach to study
singular integral operators and fractional integral operators on Morrey
spaces.

Moreover, inequality (3.14) gives operator norm estimates of singular
integral operators, rough singular integral operators, fractional integral
operators and rough fractional integral operators on Morrey spaces
which are new compared with the results in [8, 9, 17, 20].

When v = n+ o with a > 0, the above theorem yields the following
result for the integral operators associated with kernel K satisfying

(3.16) (K (z,y)] <[z —y| "z —y)l, =#y
for some homogeneous function €.

Corollary 3.4. Let o € (0,00), 1 < p; < ¢; < 00, i = 1,2. Suppose
that

(3.17) a=2_0
Q2 q

and 2 is a homogeneous function satisfying (5.13). If T € Ly, p, 1S

associated with kernel K and K satisfies (3.16), then T is a bounded
linear operator from M@ to M.

We present some examples of integral operators with kernels satisfy-
ing (3.16) from [10, Section 3.1.3] and [15]. Those operators are named
as strongly singular integral operators.
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Let 8 € (0,00), a € [0,%2) and a,¢ : R® x R" — R be smooth
functions satisfying

(3.18) 0 a(x, y)| < Cla — y| oW
(3.19) 010 p(x, y)| < Cla —y| P~
(3.20) Clz —y| 7~ < |Vao(z,y)|
(3.21) Clz —y| P71 < |v,0(x,y)|
O?or(x,y)
22 < aoz.y)
(3.22) < ‘det ( ke )'

uniformly in A\ where ¢y (z,y) = Mo(Az, \y), A > 0, for some C > 0.
For any a, ¢ satisfying the above conditions, the operator T, is
defined as the integral operator associated with the kernel

Kop(z,y) = e*Va(z,y).

Some examples of operators Ty, , are pseudodifferential operators with
symbols in the Hérmander class and the convolution operators defined
by the kernel

i|lz—y|? —n—o
Koo(z,y) = ™z —y| 7" x(|lz — y])

where y is a smooth function with compact support in a neighborhood
of the origin. These convolution operators are used in [7, 23| for the
studies of Fourier multipliers and Fourier series.

We have the following result from [10, Theorem C].

Theorem 3.5. Let f € (0,00), a € [O,%ﬂ) and a,¢ : R" x R" — R
satisfy (3.18)-(3.22). If p € (1,00) satisfies

1 1 1
e
p 2| 2
then Ty 4 1s bounded on LP.

(3.23)

Q
nB’

For any a, ¢ satistying (3.18)-(3.22), let 7, , be the extension of T}, 4
given by Definition 3.1. According to Definition 3.1 and Theorem 3.1,
the strongly singular integral operator 7, 4 is well defined on Morrey
spaces. Theorem 3.5 and Corollary 3.4 yield the boundedness of 7, 4
on Morrey spaces.

Corollary 3.6. Let g € (0,00), a € (0, %) and a,¢ : R x R" — R

satisfy (3.18)-(3.22). If ¢ € (p,00), q2 € (p,2) satisfy (3.17) and p
satisfies (3.23), then Tag : M — MZ2 is bounded.
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We remark that the set of exponents satisfying the conditions in
Corollary 3.6 is non-empty as can be seen for example by choosing
B=1,a=2p=3 ¢ =20and ¢ = %. Obviously, « = % < 2. As
1 <3 < 2, the condition (3.23) is satisfied. We see that ¢; =20 > 3 =
D, q2:13—0>3:pandqz:§<4:§. Moreover,

n o n

= Q.

n
@ ¢ 4
Thus, (3.17) is fulfilled.
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