RATE DISTORTION DIMENSION AND ERGODIC DECOMPOSITION
FOR R%“ACTIONS

MASAKI TSUKAMOTO

ABSTRACT. Rate distortion dimension describes the theoretical limit of lossy data com-
pression methods as the distortion bound goes to zero. It was originally introduced in
the context of information theory, and recently it was discovered that it has an intimate
connection to Gromov’s theory of mean dimension of dynamical systems. This paper
studies the behavior of rate distortion dimension of R?-actions under ergodic decompo-
sition. Our main theorems provide natural convexity and concavity of upper and lower
rate distortion dimensions under convex combination of invariant probability measures.

We also present examples which clarify the validity and limitations of the theorems.

1. MAIN RESULTS

The purpose of this paper is to investigate the behavior of rate distortion dimension
of Ré-actions under ergodic decomposition. Gromov [Gro99] initiated the study of group
actions on nonlinear infinite dimensional spaces arising from geometric analysis. Typically
such group actions have infinite topological entropy. Therefore standard entropy theory
provides no useful information for them. Gromov introduced a new topological invariant
of group actions called mean dimension for studying such objects. Mean dimension is
the averaged number of parameters for describing orbits of the given group actions. This
provides a useful information for infinite dimensional and infinite entropy group actions.
Mean dimension theory has been studied for more than 20 years and several applications
have been discovered [LW00, Lin99, GLT16, GT20, GQT19].

For developing broader applications of mean dimension, Lindenstrauss and the author
[LT18, LT19] introduced a variational principle for mean dimension. (So far, several
authors have introduced their own approaches to variational principles in mean dimension
theory; see e.g. [GS21, Shi22].) The theory of [LT18, LT19] connects mean dimension to a
quantity called rate distortion dimension [KD94]. This was first introduced in the context
of rate distortion theory, which is an important branch of information theory describing
the theoretical limit of lossy data compression schemes. A familiar example of lossy data
compression is JPEG algorithm for two-dimensional image compression. Given an image,
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JPEG expands it by a wavelet basis and discards small coefficients. Then the amount of
information is significantly reduced. Rate distortion theory provides a theoretical limit of
such data compression scheme.

Recently the author [Tsu25] applied the variational principle of mean dimension theory
to the study of entire holomorphic curves. He found that they satisfy an inequality
analogous to the Ruelle inequality of smooth ergodic theory. This opens an unexpected
new interaction between geometric analysis and hyperbolic dynamics. Such a research
direction is probably close to the original spirit of Gromov.

For further developing applications of the variational principle, we need to know several
basic properties of rate distortion dimension. In particular it is fundamental to investigate
its behavior under ergodic decomposition. Every invariant probability measure can be
decomposed into convex combination of ergodic measures, and it is always important
to understand the behavior of dynamical quantities under ergodic decomposition. The
purpose of the present paper is to study it for rate distortion dimension of R?actions.
Maybe some readers wonder why we concentrate on the group R?. There are many other
groups. Is there any good reason to study only R?? The reason is that this is the most
basic case for geometric applications. For example, the study of entire holomorphic curves
in the paper [Tsu25] provides an example of R2-actions. We also notice that our results
hold for Z?-actions as well (indeed, the case of Z¢ is a bit simpler than that of R%), but a
generalization to noncommutative groups is out of scope of this paper!.

Throughout the paper we assume that d is a positive integer and that R is endowed
with the Euclidean topology and standard additive group structure. Let (X,d) be a
compact metric space. Let T: R x X — X be a continuous action of R? on X. A Borel
probability measure p on X is said to be T-invariant if p (T7*A) = u(A) for all u € R?
and all Borel subsets A C X. We denote by .#7(X) the set of all T-invariant Borel
probability measures on X. This space is endowed with the weak* topology. A measure
€ AT(X) is said to be ergodic if there is no T-invariant? Borel subset A C X with
0 < pu(A) < 1. We define ., (X) C .#"(X) as the set of all ergodic measures.

Let p € .#7(X). We randomly choose a point z € X according to u and consider
its orbit {T"“x},cpe. For e > 0, we define the rate distortion function R(d,p,€) as the
number of bits per unit volume of R? for describing the orbit {T%z},crs within averaged
distortion (w.r.t. d) bounded by e. We will give the precise definition of R(d, p,¢) in
§2.3. We define the upper and lower rate distortion dimensions by

R(d, p,€)

_ d
rdim(X, T',d, p) = limsup ftd o) log(1/e)

o log(1/e)”’ rdim(X, T, d, p) im in

IThis is mainly because the author does not have good examples motivating a generalization to non-
commutative groups. Interested readers may pursue such a direction.
2A set A C X is said to be T-invariant if T-%A = A for all u € RY.
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These are originally introduced by Kawabata—Dembo [KD94] in the context of informa-
tion theory’. When the upper and lower limits coincide, we denote the common value
by rdim (X, 7,d, ;). The subject of this paper is to study the behavior of these quan-
tities under ergodic decomposition and, more generally, convex combination of invariant
probability measures.

For explaining our main results, we need to introduce one more quantity called upper
metric mean dimension. Let (X,d) be a compact metric space. For € > 0 we define the
g-covering number # (X, d, ¢) as the minimum integer n > 0 for which there exists an
open covering X = Uy UUy U --- U U, with Diam (U;,d) < ¢ for all 1 < i < n. Here
Diam (U;,d) := sup, ,cp, d(#,y). Let T: RY x X — X be a continuous action of R? on
X. For L > 0 we define a new metric d;, on X by

dL(xu y) = sup d(TUZE, Tuy)

uel0,L)?

We define the entropy at the scale ¢ by

(1-1) S(X.T.de)= lim 2&# X dre)

L—oo Ld

This limit always exists (and its value is finite). Finally we define the upper metric
mean dimension by

_ . S(X,T,d,e)
d X, T.d)=1 —_—
i () = s

This was originally introduced by Lindenstrauss—Weiss [LW00]. It is easy to see that the

upper metric mean dimension is an upper bound on rate distortion dimension:

rdim (X, 7, d, u) < vdim (X, 7T,d, ) < mdimy (X, 7,d) (Vu € 47 (X)).
Now we can state our main results.

Theorem 1.1. Let T: R? x X — X be a continuous action of R? on a compact metric
space (X,d). Suppose the upper metric mean dimension mdimy (X, T, d) is finite. Let
be a Borel probability measure on #* (X) and define p € AT (X) by

= / vdA(v).
MT(X)

Then we have

(1.2) rdim (X, T, d, ) < / rdim (X, T,d, v) dA(v).
MT(X)

3The motivation of Kawabata and Dembo is to study how much information is carried by a signal that

takes values in fractal sets.
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Theorem 1.2. Let T: R? x X — X be a continuous action of R on a compact metric
space (X,d). Let X\ be a Borel probability measure on AT (X) and define p € A" (X)

by
= / vdA(v).
MT(X)

(1-3) rdim (X, 7,d, u) > / rdim (X, T,d,v) dA(v).
AT (X)

Then we have

We will see later that the inequalities (1-2) and (1-3) may be strict in general. (See the
discussion after Theorem 1.4 below and §5.)

Notice that the condition mdimy (X,7,d) < oo is required in Theorem 1.1 whereas
it is not assumed in Theorem 1.2. The condition mdimy (X,T,d) < oo is not a severe
restriction. As far as the author knows, it is satisfied for all interesting geometric examples
which have been studied so far. By combining Theorems 1.1 and 1.2, we get a corollary:

Corollary 1.3. Let T: R? x X — X be a continuous action of R on a compact metric
space (X ,d) with mdimy; (X, T,d) < oo. Let A be a Borel probability measure on A" (X)

and define p € AT (X) by
i :/ vdA(v).
MT(X)

If vdim (X, T,d,v) exists for A-almost every v € #T(X), then rdim (X, T,d, ) also
exists and satisfies

rdim (X, T, d, u) :/ rdim (X, T,d,v) d\(v).
AMT(X)

The next result shows that we cannot remove the assumption mdimy (X, 7', d) < oo in
Theorem 1.1.

Theorem 1.4. There exist a compact metric space (X, d) and a continuous action T': R%x

X — X satisfying the following two conditions.
e For any ergodic measure v € ML, (X) we have rdim (X, T,d,v) = 0.

erg

o There exists j € AT (X) with rdim (X, T,d, ) = oo.

Let 1 be the measure given in the second condition of this theorem. By the ergodic

decomposition theorem, there exists a Borel probability measure A on .ZZL, (X) for which

erg
,u:/ vd\(v).
Mg (X)

erg

Then it follows from the first condition of the theorem that

/ rdim (X, T.d, v) d\(v) = 0,
.///g;g()()

we have
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while we have rdim (X, T, d, u) = oo. Therefore the inequality (1-2) in Theorem 1.1 does
not hold here. (The system (X,7T,d) has infinite upper metric mean dimension. So it
does not conflict with Theorem 1.1.) Hence Theorem 1.4 shows that we cannot remove
the assumption on the upper metric mean dimension in Theorem 1.1. It also shows that
the inequality (1-3) in Theorem 1.2 can be a strict inequality in general.

The main ingredient of the proofs of Theorems 1.1 and 1.2 is the formula of rate
distortion function under convex combination of measures (Theorem 3.9 in §3.2): Let
T:R?x X — X be a continuous action on a compact metric space (X,d). Let A be a
Borel probability measure on .#7 (X) and set p := f///T(X) vdA(v). Then for any € > 0
(1-4)

ME(X) > v = g, € (0,00) with

R(d, p,e) = inf ///{T(X) R(d,v,e,)d\(v) / e dA(V) < ¢

MT(X)
Here the infimum is taken over all measurable maps #7(X) 3 v — ¢, € (0, 00) satisfying
f,///T(X) e, dA\(v) < e. Theorems 1.1 and 1.2 follow from this formula.

The equation (1-4) is well-known for Z-actions in classical information theory literature
[GD74, Kie75, SNDL78, LDN79, ECG94]. The author cannot find a paper studying its
generalization to R%-actions, and it is not very easy for pure mathematicians, including the
author himself, to read the papers [GD74, Kie75, SNDL78, LDN79, ECG94]. (However, it
is instructive to read them because they provide broader and more coherent perspective
about rate distortion theory for nonergodic sources®.) So we provide the full proof of
(1-4). This is a purely technical task and there is no new idea in our argument. Therefore
this paper is primally a technical paper and do not contain any innovation. However,
Theorems 1.1 and 1.2 seem to be fundamental, and it is desirable to publish the detailed
proofs.

Remark 1.5. The present paper concentrates on the study of R%actions. Probably
Z4-actions are another important class of group actions in geometric applications. The
statements of Theorems 1.1, 1.2, 1.4 and Corollary 1.3 hold for Z-actions as well. (We
have not found a paper containing these statements even for Z-actions.) Since the case
of Z% is technically simpler than that of R?, we provide the full arguments for the case of
R?-actions.

2. MUTUAL INFORMATION AND RATE DISTORTION FUNCTION

The purpose of this section is to prepare basic definitions and properties of mutual
information and rate distortion function. The readers can find more details in [Tsu24,

Section 2]. Throughout the present paper, we assume that the base of logarithm is two:
log x = log, x.

4Probably the introduction of [LDN79] is the best one for layman to understand basic ideas.
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2.1. Measure theoretic details. Here we prepare some facts on measure theory. A
pair (X, A) is called a measurable space if X' is a set and A is its o-algebra. A
triplet (X, .A,P) is called a probability space if (X, A) is a measurable space and P is
a probability measure on it.

We always assume that a topological space is equipped with its Borel o-algebra (the
smallest o-algebra containing all open sets). We also assume that a finite set is equipped
with the discrete topology and discrete o-algebra (the set of all subsets). A topological
space X is called a Polish space if it admits a metric d compatible with its given topology
for which (X, d) is a complete separable metric space. A measurable space (X, .A) is called
a standard Borel space if it is isomorphic (as a measurable space) to some Polish space
equipped with its Borel o-algebra. Readers can find basic information about standard
Borel spaces in the book of [Sri98].

Let (X, A) and (Y, B) be measurable spaces. A map v: X x B — [0,1] is called a
transition probability on X x ) if it satisfies the following two conditions.

e For every z € X, the map B > B — v(x,B) € [0, 1] is a probability measure on
(V. B).

e For every B € B, the map X 3 x — v(z, B) € [0, 1] is measurable.
We often denote v(z, B) by v(B|z). We define the product o-algebra A ® B as the
smallest o-algebra of X x ) containing all “rectangles” A x B (A € A, B € B). For any
E e A® B and z € X, the section E, := {y € Y | (x,y) € E} belongs to B. Moreover,
if (¥, B) is a standard Borel space, then the map X 5 2 — v(E,|z) € [0, 1] is measurable
for any transition probability v on X x ) [Sri98, Proposition 3.4.24].

Let (€2, F,P) be a probability space and (X, .4) a measurable space. For a measurable
map X : 2 — X, we denote the push-forward measure X,IP by LawX and call it the law
of X or the distribution of X. Here X,P is a probability measure on X defined by
X,P(A) =P (X 1(A)).

The next theorem introduces the notion of regular conditional distribution. For the
details, see [IW89, p.15 Theorem 3.3 and Corollary] or [Gra09, p.182 Corollary 6.2].

Theorem 2.1. Let (2, F,P) be a probability space. Let (X, A) and (¥,B) be standard
Borel spaces, and let X: Q — X and Y: Q) — Y be measurable maps. Set y = LawX.
Then there exists a transition probability v on X x Y such that for any E € A® B we
have

P((X.Y) € E) = [ v(Eila)du(a).
X
Moreover, the transition probability v is unique in the following sense: If another tran-

sition probability ' on X x Y satisfies the same property then there exists a p-null set

N € A such that v(B|z) = V' (B|zx) for allz € X \ N and B € B.

The transition probability v introduced in this theorem is called the regular condi-
tional distribution of Y given X = z. We often denote v(B|z) by P(Y € B|X = x).
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Let (X, A), (Y, B),(Z,C) be standard Borel spaces, and let X, Y, Z be random variables
(defined on some common probability space (€2, F,P)) taking values in X', Y, Z respec-
tively. We say that X and Z are conditionally independent given Y if there exists a
Y. P-null set N C Y such that

P(X,Z)EAXC]Y =y)=P(X €AY =y)-P(Z € C|Y =)

forall A€ A,C € C and y € Y\ N. Here the left-hand side is the regular conditional
distribution of (X, Z) given Y = y. In information theory literature [CT06, p.34], one
says that random variables X,Y,Z form a Markov chain in this order (denoted by
X —- Y — Z)if X and Z are conditionally independent given Y. This notion will be

important in the data-processing inequality (Lemma 2.2) below.

2.2. Mutual information. Here we prepare basic definitions and properties of mutual
information. Readers can find a nice introductory exposition in [CT06]. The book of
Gray [Grall] provides mathematically sophisticated details of the theory.

Throughout this subsection, we fix a probability space (€2, F,P) and assume that all
random variables are defined on it. For a random variable X that takes values in a finite
set A, we define its Shannon entropy by

H(X)=-Y P(X =a)logP(X = a).
acA
Here we assume 0log0 = 0.

Let X and Y be random variables that take values in measurable space (X,.A) and
(Y, B) respectively. We would like to define the mutual information /(X;Y) which
estimates the amount of information shared by X and Y. We need to consider the two

cases:

(1) Suppose X and ) are finite sets. Then we define
I(X:Y)=H(X)+HY) - HX,Y).

Here H(X,Y) is the Shannon entropy of the pair (X,Y): Q — X x ). We always
have I(X;Y) <min (H(X),H(Y)). If f: X - &" and ¢g: Y — ) are maps with
finite sets X’ and ), then we have

(2-1) L(f(X);9(Y)) < T(X;Y).

(2) In general, we consider finite measurable partitions a« = {A;,..., A4,,} and § =
{By,...,B,} of X and Y respectively. We define a random variable a0 X: Q —
{1,2,...,m} by ao X =i < X € A;. We define oY similarly. These
random variables take only finitely many values. So we can consider their mutual

information I (oo X; 50Y') by the formula
IaoX;B0Y)=H(aoX)+ H(foY)—H(aoX,f0Y).
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We define the mutual information I(X;Y") as the supremum of I(ao X; foY’) over
all finite measurable partitions o and 8 of X and ). It follows from the inequality
(2-1) that this definition is compatible with the case (1). Mutual information is
symmetric and nonnegative: [(X;Y) = I1(Y;X) > 0. If X and Y are independent
then I(X;Y) =0.

If (X, A) and (Y, B) are standard Borel spaces, then we can provide a slightly different
description of I(X;Y). Let = LawX be the distribution of X, and let v(Blz) =P(Y €
B|X = z) (B € B,z € X) be the regular conditional distribution of ¥V given X = z.
The (joint) distribution of (X,Y’) is determined by p and v. In particular I(X;Y) is
also determined by them. So we sometimes denote I(X;Y) by I(u,v). The usefulness of
this description is that I(u,v) is a concave function in g and a convex function in v (see
Proposition 2.3 below).

In some arguments we also need to use conditional mutual information. Let X,Y, Z be
random variables taking values in standard Borel spaces (X, A), (V, B), (Z,C) respectively.
We would like to define the conditional mutual information I(X;Y|Z). Let A = Z,P be
the distribution of Z. For each z € Z we define a probability measure p, on X and a
transition probability v, on X x ) by

po(A) =P(X € A|Z =2) (AecA),
v,(Blx) =P(Y € B|(X,Z) = (x,2)) (z€X,BeB).
We define the conditional mutual information by

I(X;YIZ)Z/ZI(uz,vz)dA(Z)-

We have a chain rule [Grall, p. 214]
[(X;(Y,2)) = [(X: Z) + [(X:Y|Z).

Here the left-hand side is the mutual information between X and (Y, Z).
If X and Y are conditionally independent given Z, then v,(Blz) = P(Y € B|Z = z)
and hence we have I(u,,v,) =0 for A-a.e. z € Z and I(X;Y|Z) = 0.

Lemma 2.2 (Data-Processing inequality). Let X,Y,Z be random wvariables that take
values in standard Borel spaces. If X, Y, Z form a Markov chain in this order (i.e. X and
Z are conditionally independent given Y ) then

I(X;2) < I(X:Y).

Proof. This is a well-known inequality [CT06, Theorem 2.8.1]. Here we explain a brief

proof. By the chain rule, we have
[(X;(Y,2)) = I(X;Y) + I(X; Z]Y)
I(X;2)+ 1(X;Y]2).
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Since X and Z are conditionally independent given Y, we have I(X; Z|Y) = 0. Hence
I(X;Y)=1(X;Z)+ I(X;Z]Y). The conditional mutual information I(X; Z]Y) is non-
negative. Thus I(X;Y) > I(X; Z). O
Proposition 2.3 (I(u,v) is concave in p and convex in v). Let (X, A) and (Y, B) be
standard Borel spaces, and let (Z,C,m) be a probability space.
(1) Let v be a transition probability on X x Y. Suppose that we are given a probability
measure p, on X for each z € Z and that p, is measurable in z (namely, the map

Z3 2z u(A) €10,1] is measurable for every A € A). We define a probability
measure p on (X, A) by

p(A) = [ (A)dm(z), (Ae A
z
Then we have
Hp) 2 [ 1) dm(2)
z
(2) Let p be a probability measure on X. Suppose that we are given a transition
probability v, on X x Y for each z € Z such that the map X X Z > (z,z) —
v,(Blx) € [0, 1] is measurable with respect to A®@ C for each B € B. We define a
transition probability v on X X Y by

V(Blz) = /ZI/Z(B]x) dm(z), (zcX,BeB).

Then we have
Hpe) < [ 1) dm2)
z

Proof. See [Tsu24, Proposition 2.10]. In the present paper we will use only the statement

(1), but we have also mentioned to (2) for completeness. 0

The following proposition provides a tool for obtaining a lower bound on rate distortion

function.

Proposition 2.4. Let ¢ > 0 and a > 0 be real numbers. Let X and ) be measurable
spaces with a measurable function p: X x Y — [0,00). Let p be a probability measure on
X, and let \: X — [0,00) be a measurable function satisfying

/ @) 29 () < 1
X

forally €Y. Let X and Y be random variables that take values in X and Y respectively
and satisfy

LawX = pu, Ep(X,Y) <e.
Then we have

I(X;Y) > —as + /Xlog AMz) dp(z).

Proof. See [Tsu24, Proposition 2.12]. O
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2.3. Rate distortion function. The purpose of this subsection is to introduce rate dis-
tortion function for R%actions. Rate distortion function was originally introduced by
Shannon [Sha48, Sha59]. Readers can find a nice introduction in the book of Cover-
Thomas [CT06, Chapter 10]. Rate distortion theory for continuous-time stochastic pro-
cesses was investigated by Pursley—Gray [PGT77].

We denote by m the standard Lebesgue measure on R% Let (X,d) be a compact
metric space. For L > 0, we define L! ([0, Ly x ) as the space of all measurable maps
f:]0,L)* — X, where we identify two maps if they agree m-almost everywhere. We
define a metric D on L' ([0, L)%, X) by

D(g)= [ d(f).o0) dm(u), (f9€ L' (10.1)")).

Lt ([O,L)d7 X ) becomes a complete separable metric space with respect to this metric
[Tsu24, Lemma 2.14]. Hence it is a standard Borel space with respect to the Borel o-
algebra.

Let T: RY x X — X be a continuous action of R? on X. Let u be a T-invariant Borel
probability measure on X. Let ¢ > 0 and L > 0. We define Ry (d, i1, ¢) as the infimum
of the mutual information I(X;Y’) where X and Y are random variables defined on some
common probability space (§2, F,P) such that

o X takes values in X with Law X = p.
e Y takes values in L'([0, L)%, X) and satisfies

1 U
E (ﬁ/ d(T"X,Y,) dm(u)) <e,
[0,L)d

where Y, = Y, (w) (w € Q) denotes the value of the function Y (w) € L*([0, L)%, X)

at u € [0, L)%
We define the rate distortion function R(d, i, ¢) by
ERT RL (d7 152 5)
R(d, pe) = lim —=77—

This limit exists and is equal to the infimum of %f’e) over L > 0 [Tsu24, Lemma 2.17].
The value of R(d, i1, €) is a nonnegative real number.
It is easy to see that [Tsu24, Lemma 2.16 (1)]

(2-2) Ri(d, p,e) <log# (X, dp,e€),

where the right-hand side is the logarithm of the e-covering number (introduced in §1)
with respect to the metric dp(z,y) = sup,¢jo 1y« d(T"z, T"y). In particular

log# (X, d
(2:3) R(d, je) < lim 227 (Xdi)
L—oo Ld

=S(X,T,d,¢).

Here S(X,T,d,¢) is the entropy at the scale ¢ introduced in (1-1).
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We recall that we have defined the upper and lower rate distortion dimensions by
rdim(X, T, d, p) = lim sup M, rdim(X, 7', d, p) = liminf M
co - log(1/e) =0 log(1/e)
These are nonnegative real numbers (possibly +00). When they coincide, we denote the
common value by rdim (X, T, d, u).
The following proposition is an immediate consequence of Proposition 2.4. This will be
used in the proof of Theorem 1.4.

Proposition 2.5. Lete > 0, a > 0 and L > 0 be real numbers. Suppose that a measurable
function \: X — [0, 00) satisfies

/)\(x)Q[fldf[O,L)dd(Tuxvy“)dm(u) dﬂ(l') <1
X
for ally € L* ([0,L)*, X). Then we have

Ry (d, p,e) > —ae —i—/ log A(z) du(x).

X
Proof. Apply Proposition 2.4 to the spaces X', = L! ([O, L)%, X) and the function

1

p(z,y) = Td

/[OL)dd(T“x,yu) dm(u) (v € X,ye L' ([0,L)%X)).
U

Remark 2.6. We briefly explain how to modify the definition of rate distortion function
for the case of Z?-actions. (See also the paper of Huo—Yuan [HY, §2.5].) Let T': Z9x X —
X be a continuous action of the group Z? on a compact metric space (X, d). Let u be a
T-invariant Borel probability measure on X'. For ¢ > 0 and L € N we define Ry (d, p,¢)
as the infimum of 7(X;Y’) where X and Y are random variables defined on some common
probability space such that

o X takes values in X with Law X = p,
® Y = (Ya)ne{o,1,2..,.—13¢ and each Y takes values in X with

1 n
E|— > d(T"X,Y,) | <e
ne{0,1,2,...,.L—1}¢

We define rate distortion function by

. RL (d7 1y 8)
R(d, p,e) = lim —=75—
This limits always exists and is equal to inf ¢y w. Finally we define upper and lower

rate distortion dimensions by

dim d d
rdlm(X, T, d, M) = hm sup M’ rdlm(X, 7"7 d7 ,u) — llm lnf R( y My 5) )
emo log(l/e) = T =0 log(1/e)
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3. PROOFS OF THE MAIN THEOREMS
The purpose of this section is to prove Theorems 1.1 and 1.2.

3.1. Wasserstein metric and rate distortion function. Here we prepare some basic
properties of rate distortion function. As a technical device for the proofs, we need to use
a well-known fact about the Wasserstein metric.

Let (X,d) be a compact metric space, and let .# (X) be the space of Borel probability
measures on it. For u,v € .#(X) we define the Wasserstein metric Wy(u,v) as the

infimum of
/ d(z,y) dn(z,y)
XxX

where 7 runs over Borel probability measures on X' x X whose first and second marginals
are given by p and v respectively. In other words, Wq(pu, v) is equal to the infimum of

Ed(X,Y)

where X and Y are random variables defined on a common probability space and taking
values in X with LawX = p and LawY = v. Notice that Wy4(u, v) is always finite because
(X,d) is compact (and hence, in particular, bounded).

A key fact for us is that the Wasserstein metric metrizes the weak* topology [Vil09,
Theorem 6.9]. Namely, a sequence {ju,} in .#(X) converges to p in the weak* topology
if and only if Wy (g, u) — 0 as n — oo.

Let T: RY x X — X be a continuous action of R? on a compact metric space (X, d).
For L > 0 we define a metric d;, on X’ by

dy(z,y) = i/ d(T"z, T"y) dm(u).
Ld [O,L)d
This metric defines the same topology as the original one of (X,d). In particular, a
sequence {i,} in .# (X') converges to p in the weak™ topology if and only if Wg, (pin, 1) —
0 as n — oo.

Recall that, for p € .#7(X) and ¢ > 0, the function Ry (d,pu,¢) is defined as the
infimum of I(X;Y) where X and Y are random variables such that X takes values in X
with LawX =y and that Y takes values in L' ([0, L), X') with

1
E (ﬁ/ d(T"X,Y,) dm(u)) <e.
[0,L)%

Lemma 3.1. R (d, pu,¢€) is conver and monotone non-increasing in €. In particular, it

s a continuous function of the variable €.

Proof. The monotonicity is obvious. We prove that it is convex in €. Let g and ¢; be
positive numbers. Let pg,p; € [0, 1] with pg + p; = 1. For any § > 0 there exist random
variables (X® Y®) (4 = 0,1) that take values in X x L'([0, L)% X) with the following

conditions:
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o LawX® =y and E (5 fj, 0 d (T'X0, 7,7 ) dm(1)) < e,
o ] (X(Z), Y(Z)) < RL(d,,LL,&') + (5,
o (X© YOy and (XM, Y®) are independent.

Moreover we can take a random variable Z independent of (X© Y©) XM Y1) such
that

7 0 in probability pg
1 in probability p; .

Weset X = X@ and Y = Y@, Since X©@ and X™ have the same distribution, X and
Z are independent. Hence (X ; Z) = 0. We have

1 o
E(— d(T'X,Y;) d : d (7' XD v am(t
(Ld/w (T'X,Y;) dm(t ) S pE ( /H (TX.%%) am()

i=0,1

< Po€o + Pi€1-
We also have

I(X;Y) < I(X;(Y, 2)) = I(X; 2) +1(X; Y[ Z)

= pol (X(O); y(O)) + i1 (X(l); y(l))
< poRr(d, i, e0) + p1Rr(d, p,e1) + 6.
This implies
Rp(d, p, pogo + pre1) < poRr(d, p, €0) + prRo(d, p, e1) + 0.
Letting 6 — 0, we get
Rp(d, 1, poco + pie1) < poRr(d, p,€0) + prR(d, i, €1).
O

Lemma 3.2. R;(d, u,e) is continuous in (pu,e). Namely, if €, — ¢ and if p, — p in
AMT(X) with respect to the weak* topology, then Rp(d, iy, &) — Ri(d, p,€).

Proof. We first show limsup,, . Rr(d, tin,en) < Rp(d,pu,e). Let § > 0 be arbitrary.
There exist random variables X and Y that take values in X and L'([0, L)%, X) respec-
tively and satisfy

1
LawX =pu, E (Ld /[OL) d (TtX,Yt) dm(t)) <e, I(X;Y)<Rp(d,pu,ce)+9.
Take n > 0 satistying

1
E <ﬁ/ d(T'X,Y)) drn(t)) +n<e,
0,24
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for all sufficiently large n. We have Wy, (pn, 1) < 1 for large n. Hence we can assume that
(for any large n) there is a random variable X, that takes values in X’ and is conditionally
independent of Y given X and satisfies

Law X, = ft,, Edz(X,, X)<n.

Then

1 . 1
E (ﬁ/ d (7'X,,Y:) dm@)) < Ed (X, X) +E (ﬁ/ d(T'X,Y) dm(t))
0.0 0.0

1
<n+E (ﬁ/ d(T'X,Y)) dm(t))
0,L)4
< &p.

The random variables Y, X, X,, form a Markov chain in this order. Hence by the data-

processing inequality
I(X,;Y) <I(X;Y) < Rp(d, p,e) + 6.

Hence R (d, pin,n) < Rp(d, p,€)+6 for large n. In particular, limsup,,_,. Rp(d, pn, €,) <
Rp(d, p,e)+6. Since § > 0 is arbitrary, this shows limsup,,_,. Rp(d, ttn,n) < Rr(d, p, €).

Next we prove liminf, o Rz(d, fin,en) > Rr(d, u,e). The argument is similar to the
above. Let 6 > 0 be arbitrary. We take a sufficiently large n > 1 such that ¢, < e+ 9
and W3, (tin, ) < 0. For such n, we take random variables X,, and Y that take values in
X and L([0, L)%, X) respectively and satisfy

1
Law X, = pt,, E (ﬁ /[()L)d d (TtXn,Y}) dm(t)) <é&n, I(X.;Y)<Rp(d,pn,cn)+0.

Since Wy, (ftn, 1) < 6, we can also assume that there is a random variable X that takes
values in X with LawX = p and Ed; (X, X,,) < d and is conditionally independent of Y’

given X,,. Then we have

1
E(ﬁ/ d (T"X,Y;) dm(t)> <ep+d<e+20.
[0,L)d

Here we have used ¢, < £ + 0. By the data-processing inequality
I(X;Y) <I(X.;Y) < Rp(d, pin, €n) + 6.

Hence Rp(d,p,e + 20) < Rp(d,pin,en) + 6. Therefore we have Rp(d,u,e + 25) <
liminf,, . Rr(d, pn,e,) + 6. By Lemma 3.1

RL(da H, 6) = (lsli% RL<d7 sy €+ 25)

Thus we conclude that Ry (d, i, e) < liminf, o Rr(d, ttn,€n)- O
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Recall that the rate distortion function R(d, p,€) (u € AT (X),e > 0) is defined by

ERT RL<d7,u7€) . RL<d7,U/7€)
Bld.pe)= i —pr— = =7
Lemma 3.3. The rate distortion function R(d, p,¢€) is upper semi-continuous in (i, ).
Namely, if €, — € and if pp, — p in AT (X) with respect to the weak* topology, then
lim sup R(d, pin, €n) < R(d, p1, €).
n—oo

In particular, R(d, p,€) is a measurable function of (u,¢).

Proof. Let § > 0 be arbitrary. There is L > 0 such that R(d, p,e) +0 > %5 R.(d, p, €).
By Lemma 3.2, for all sufficiently large n, we have Ry (d, uin, €,) < Rp(d, p,€) + 6. Hence
1 J

R(d, pin,en) < ERL(CLﬂ'naEn) < R(d,p,e) +0+ Ta

Therefore limsup,,_,., R(d, ptn,€,) < R(d,p1,€) + 6 + 2. Since § > 0 is arbitrary, this
shows the lemma. O

Remark 3.4. We will see below (Lemma 3.5) that R(d, u, ) is continuous in €. However
it may not be continuous in p in general. For the case of Z-actions, a simple example is
given as follows. Let X = [0, 1]% be the infinite dimensional cube with a metric d(z,y) :=
sup,,cz 27|z, — yn| and the natural shift map 7: X — X. Forn > 1,let K,, = {v € X' |
T"x = x}. There is a natural homeomorphism ¢,,: [0,1]" — K,, defined by

On(T0, T1y o Ty pmn =2 (0<L<n—1,me7Z).

We denote by m,, the Lebesgue measure on [0,1]" and set v, = (p,).m,. Define p, =
% Zz;é TFv, € #"(X). Then the sequence y, converges to x4 := m$”. On the one hand
we have
R(d, p,e) ~ log(1/e).
On the other hand, for every n € Z we have
R(d, pn, €) = 0.

Therefore the rate distortion function is not continuous in p. A similar example can be
constructed for R%actions by using the method of §4.

3.2. Rate distortion function and convex combination of measures. Here we
prove the formula (1-4) in §1. As we mentioned, this formula is well-known for Z-actions
in the classical information theory literature [GD74, SNDL78, LDN79, ECG94]. The proof
consists of several intermediate lemmas. All the arguments (including the ones in §3.1)
are basic and standard. Hence it is hopefully easy for motivated readers to modify the
arguments for Z%actions if they have interests in the case of Z.

Throughout this subsection we assume that (X', d) is a compact metric space with a
continuous action 7: R x X — X.
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Lemma 3.5. Let pg, p1 € [0,1] be real numbers with py + py = 1. Let pg, 1 € AT (X).

For positive numbers g and 1, we have

R(d, poto + p1pe1, poco + pie1) < poR(d, o, €0) + p1R(d, i1, €1).

In particular, the rate distortion function R(d, u,€) is a continuous function of the variable

E.

Proof. The proof is very close to Lemma 3.1. Let L > 0 and § > 0. There exist random
variables (X® Y®) (i = 0,1) that take values in X x L([0, L)%, X) with the following
properties:

o LawX(® = yi; and E (ﬁ f[O,L)d d (TtX(i), Y;(i)> dm(t)) <&,

o/ (X(i);Y(i)) < Rp(d,p, &)+ 9,

o (XO y©)and (XM YD) are independent.
Moreover we can take a random variable Z independent of (X© Y©) XM Y1) such
that

0 in probability pg

7 = .
1 in probability p;

We set X = X% and Y = Y@, (So far the argument is the same with the proof of
Lemma 3.1. The difference is that X and Z are not necessarily independent here. However
this is very minor.)

We have Law X = popo + p1pq and

1

E (E/ d (TtX, Yt) dm(t)) < pogo + pie1.
[0,L)4

As in the proof of Lemma 3.1 we also have

I(X;Y) < T(X;(Y, 2))
=I1(X;2)+1(X;Y|2)
<H(Z)<1

<1+ poRr(d, po, €0) + prRe(d, pu1, 1) + 9.

Therefore

Rp(d, popio + pipia, poco + pre1) < 1+ poRp(d, pio, €0) + prBRe(d, g, €1) + 6.
Dividing this by L? and letting L — oo, we get the conclusion. ([l

Let A be a Borel probability measure on .7 (X) and define

= ///{T(X)ydA(u) e M (X).
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Lemma 3.6. For a positive number €
ME(X) 5 v = g, € (0,00) with

R(d, p,e) > inf / R(d,v,e,)d\(v)
AT (X) T e dA\(v) <e

Here the infimum is taken over all measurable functions #7(X) > v — ¢, € (0,00)
satisfying f//[T(X) g, d\(v) <e.
Proof. Let L > 0. Suppose that random variables X and Y take values in X and
L]0, L)%, X) respectively and satisfy LawX = pu and E (ﬁ Jopya d(T°X,Yy) dm(t)) <
e. Take § > 0 satisfying E (ﬁ f[O,L)d d(T'X,Y;) dm(t)) +i<e.
Let p be the regular conditional distribution of Y given X. Namely
p(Alz) =P(Y € A|X =2), (zeX,AcL'[0,0)%X)).
For each v € .47 (X) we take random variables X*) and Y*) that take values in X and
LY([0, L)4, X) respectively and satisfy LawX®) = v and
P(YW € AIXW =) = p(Alz), (ze€X,AcLY[0,L)%X)).

We have I(X;Y) = I(u,p) = I ([ vdA(v),p). By the concavity of mutual information
(Proposition 2.3 (1))

I(X;Y)Z/

I(v,p)dA(v) = / (XYY ™) dr(v).
MT(X)

MT(X)
On the other hand

E ( /[0 . d (T'X,Y;) dm(t))
o (L a0 dm)) dueiptoie)
Lo U (L a0 ) atotitole)) } ixe)

_ / ]E( / d(TtX(”),Yt(”)>dm(t)) dA(v).
MT(X) [0,L)4

We set
1 o
e, = (E/ d <TtX( )y, >> dm(t)) +6.
0.0)1

1
/ e, d\(v) =E (ﬁ/ d(T'X.,Y;) dm(t)) +d<e.
MT(X) [0,L)?

From the definition of rate distortion function,

1 oo 1
ﬁ[ (X( )7Y( )) > ERL (d,l/,é",,) > R(d:yagu)'

We have
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Therefore
1 1
—I(X;Y) > —d/ (XY v () > / R(d,v,e,)d\(v).
L L J gy HT(X)
This proves the claim. O

Lemma 3.7. Let e > 0 and let 47 (X) > v ¢, € (0,00) be a measurable function with
f%T(X) e, d\(v) < e. We suppose that there is a positive number ¢ satisfying €, > ¢ for

allv € H#T(X). Then

R < [ Rldne)dw)
AT ()

Proof. We assume that the space .Z7(X) is endowed with the Wasserstein metric Wjy.
(Indeed any metric will do the same work.) For a finite partition o = {Ay,..., A,} of
AT (X), we denote by mesh(a) the maximum of the diameter diam(A;, Wq) (1 <i < n).
For two finite partitions a = {Ay,..., A,} and 8 = {By,..., By, } of 4T (X), we say that
B is a refinement of a (denoted by o < ) if every B; (1 < j < m) is contained in some
A; (1 <i<n).

From (2-3) in §2.3 we have R(d,0,¢,) < S(X,T,d,c) < oo for all v,0 € .#7(X). We
divide the proof into two steps.

Step 1: We suppose that the function .#Z7(X) > v + ¢, is a simple function. Namely,
we suppose that there is a finite measurable partition o = {Ay,..., A,} of .#7(X) such
that ¢, is constant on each A;.

We take a sequence of finite measurable partitions o < 3; < 82 < ... of .#T(X) such
that mesh(8;,) — 0 as k — oco. We define a map S, A7 (X) — #7(X) as follows. Let
B € b.

o If \(B) > 0 then for any v € B we set

1
Bu(v :—/edw.
e If \(B) = 0 then we pick 05 € B and set fi(v) = 0p for all v € B.

We have
= /%T(X)Vd)\(u): S A(B) (ﬁ /B ydw)) _ /Mm Bo(v) dA(w).

Beg;,
A(B)>0

The function €, is constant on each B € ;. Therefore by Lemma 3.5
R(d,u,e) <R (d,u,/syd/\(l/)) < / R(d, Bk(v),e,) dA\(v).
AT (X)

For each v € .47 (X), the sequence {8 (v)}2, converges to v in the weak* topology
since we have assumed mesh(f;) — 0. By the upper semi-continuity of rate distortion
function (Lemma 3.3), we have limsup,_, . R (d, Bx(v),e,) < R(d,v,e,). Recall that we
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have the uniform bound R (d, fi(v),c,) < S(X,T,d,c¢) < oco. Therefore we can use
Fatou’s lemma and get

limsup/ R (d, Bk(v),e,) dA(v) §/ limsup R (d, B(v),€,) dA(v)
AT (X)

k—oo ///T(X) k—o0
< / R(d,v,e,) d\(v).
MT(X)

Thus R(d, p,€) < [ 7 R(d, v,6,) dA(v).
Step 2: We consider the general case. (Namely ¢, is not necessarily a simple function.)
We can choose a sequence of simple functions ¢ < 5,(,1) < 51(,2) < 5,(,3) < ... such that we

have pointwise convergence e g, as n — oo at each v € AT (X).

We have
/ eMa\(v) < / e, d\(v) <e.
MT(X) MT(X)

We apply the result of Step 1 to e and get

R(d, p,e) < / R(d,v,eM) d\(v).
MT(X)

By Lemma 3.5, R (d, v, 5(Vn)) — R(d,v,&,) asn — oo at each v € .#ZT(X). Since we have

the uniform bound R <d, v, a(,n)) < S(X,T,d,c) < oo, we can use Lebesgue’s dominated

convergence theorem and get
lim R(d,v,el") d\(v) = / R(d,v,s,) d\(v).
=00 J 4T (X) MT(X)
Therefore we conclude
Rdme) < [ - Rdwe)d\w)
MT(X)
OJ

Lemma 3.8. Lete > 0 and let #47(X) 3 v ¢, € (0,00) be a measurable function with
f///T(X) e, dA\(v) < e. Then we have

R(d, i.c) < / R(d,v,2,) d\(1).
AT (X)

Proof. We can assume that R(d,v,¢,) is a A-integralable function of v. (Otherwise the

statement is obvious.) Let n > 1. We apply Lemma 3.7 to the measurable function

MT(X) > v e, + + € (0,00). Notice that this function is bounded from below by L.

Then we have ) .
R(d,u,5+—> S/ R(d,u,e,,—l——) dA(v).
n MT(X) n

1
R(d, p,e) = lim R (d,,u,g + —) .
n—00 n

By Lemma 3.5
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For each v € .47 (X) we also have

n—oo

1
R(d,v,e,) = lim R <d, v,e, + —) :
n

We notice that R (d, v, ey + %) < R(d,v,¢,) and that the right-hand side is assumed to
be A-integrable. Therefore we can use Lebesgue’s dominated convergence theorem and
get

1
lim R (d, v, €, + —) d\(v) = / R(d,v,e,)d\(v).
AT (X) n A7T(X)

n—oo
Thus we conclude that

R(d,p.e) < / R(d,v,2,) d\(»).
MT(X)

By combining Lemmas 3.6 and 3.8, we get the conclusion of this subsection.

Theorem 3.9. Let A be a Borel probability measure on .#*(X) and define a measure
pe HN(X) by u= f%T(X) vd\(v). For any positive number €, we have

R(d, p,€)
MT(X) 3 v e, €(0,00) is a measurable
= inf /,///T(X) R(d, v, e,)dA(v) function with / e, dA\v) <e
AMT(X)
Remark 3.10. So far we have considered only R%actions. However we notice that the

statement of Theorem 3.9 holds for Z%-actions as well. This might be useful in a future
study of geometric applications of rate distortion theory.

3.3. Proofs of Theorems 1.1 and 1.2. Let (X,d) be a compact metric space with a
continuous action T': RY x X — X. Let A be a Borel probability measure on .Z%(X) and
define a measure p € A" (X) by pu = [ ,7»)vdA(v). We prove Theorems 1.1 and 1.2
below.

Theorem 3.11 (= Theorem 1.1). If the upper metric mean dimension mdimy (X, T, d)
1s finite then

rdim(X, 7T, d, u) < / rdim(X, T, d, v) dA\(v).
MT(X)

Proof. Recall that
—_— . S(X, jj7 d7 8)
d X, T,d)=1 _—
(T d) =l =L
By Theorem 3.9, for any £ > 0 we have

R(d, p,e) < / R(d,v,e) dA\(v).
MT(X)
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Hence R ) R )
) 1y € y Vs €
S AE) Sl AP 3}
log(1/2) /,m) log(1/z) )
From (2-3) in §2.3,

R(d,v,e) < S(x,T,d,e)
log(1/e) = log(1/e)
From mdimy (X, 7T, d) < oo, we have
sup R(d,v,¢) < sup S(XxX,T,d,e) .
>0 log(1/e) = >0 log(1/e)
Namely, % is a bounded function of v and €. Then we can use Fatou’s lemma and
conclude

d d d
lim sup Rldpe) < lim sup/ Rld,v.e) d\(v) < / lim sup Rld,v.e) d\(v).
e—0  log(1/e) e=0 Jarx) log(l/e) arxy =0 log(l/e)

Thus we have rdim (X, T,d, p) < f///T(X) rdim(X, T, d,v) d\(v). O
Theorem 3.12 (= Theorem 1.2). We have
rdim (X, T, d, u) > / rdim (X, T, d, v) d\(v).
AT(X)
Proof. We take a decreasing sequence of positive numbers €1 > €5 > 3 > ... such that
R(d n
e, <27 rdim(X,T,d, ) = lim M
n—oo log(1/en)
By Theorem 3.9, for each n > 1, we can find a measurable function .#7(X) > v ¢,, €
(0, 00) such that f/{T(X) Eny dN(v) < &, and

(3-1) R(d, p,e,) > / R(d,v,e,,) d\(v) — 1.
MT(X)

Take 0 < ¢ < 1andlet A, = {v € 47 (X) | e,, <5} We have X (AT (X)\ A,) <
el7¢ < 27179 Hence the sum of A (4T (X)\ A,) over n > 1 converges. By the first
Borel-Cantelli lemma,

A (ﬁ U (.//T(X)\Ak)> =0.

n=1k>n
Set B = U,~, Mizp Ak- We have A(B) = 1. For any v € B, we have ¢,, < &, for all but
finitely many n.

By (3-1)
R(d, i, e,) R(d,v,e,,) 1
log(1/2,) Z/Wm og(1/e) ) T Tog(1/en)
[ R(d,v,en,) NS _
-/ og(1/zn) ) " Toglijey Y AB =D
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We notice that rate distortion function is always non-negative. Hence we can use Fatou’s

lemma and get
d d
rdim(X,7T,d, u) = lim R(d, . en) > / liminfMd)\(V).
n—00 log(l/gn) B Moo 10g<1/5n)
For v € B we have
R(d,v,e,,) S R(d,v,e;,) CR(d,y, )
log(1/e,) ~ log(l/en) — log(l/eg)

Therefore

for all but finitely many n > 1.

/ lim inf 20 ) gy s / lim inf 202 €0 10
p oo log(l/ey) B noe log(l/er)

> c/ rdim(X, T, d, v) d\(v)
B

= c/ rdim(X, T, d, v) d\(v).
MT(X)
In the last line we have used A(B) = 1. Thus we have
rdim (X, T, d, u) > c/ rdim(X, 7T, d, v) d\(v).
MT(X)

Letting ¢ — 1, we get the conclusion. 0

4. CONSTRUCTION OF AN EXAMPLE: PROOF OF THEOREM 1.4

The purpose of this section is to prove Theorem 1.4. Let (V)||-]]) be an infinite
dimensional Banach space. For example, V = (*(N) or (*(N) will work well. Let
B = {v € V | ||| £ 1} be the unit ball of V. Let C(R? B) be the space of all
continuous maps z: RY — B. We define a metric d on C(R?, B) by

n>1 [t|oo<n

d(z,y) = sup <2‘” sup [(t) — y(t)||> :

Here [t|o := max(|ti], [ta], ..., |ta]) denotes the max-norm of t = (¢y,...,tq) € R%L The
group R? continuously acts on C(R?, B) by

T:R*x C(R%, B) — C(RY, B), (s,2(-)) = x(- + ).
Namely (T%z)(t) = x(t + s).
We take a triangulation (simplicial complex structure) I' of R? such that

e the vertex sets of I' is the standard lattice Z¢,

e I' is invariant under the natural action of Z¢ on R%, namely v + I = T for all
u € 74
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FIGURE 1. A Z*-invariant triangulation of the plane. The vertexes are
points of the standard lattice Z2.

Figure 1 shows an example of such I' for the case of d = 2.
A continuous map z: R? — B is said to be I'-piecewisely linear if, for every simplex
A of I, we have

k k k
x (Z tiei> = Ztix(ei) for t; > 0 with Zti =1,
i=0 i=0 i=0

where e, ..., e, are the vertices of A. A I'-picewisely linear map x is uniquely determined

by its values on the vertex set Z.

Lemma 4.1. (1) There is C > 0 such that every I'-piecewisely linear map x: R* — B
1s C'-Lipschitz:

[2(t) = z(u)]| < Clt — tlx.
(2) For L >0, s,t € R and T-piecewisely linear map x: R — B we have
C
d(T%z,T'x) < 5\3 — t|oo-

Proof. (1) Since the triangulation T' is Z%invariant, we can find C' > 0 such that, for
every simplex A of I' of vertices e, ..., e, we have

k k k
=0 =0 =0

o0
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where t;, u; are any non-negative numbers with Z?:o t; = Zf:o u; = 1. Then for any two

points t = Zf:o t;e; and u = Zf:o u;e; of A we have

k k
E tiei — E U; €4
i=0 =0

where we have used ||z(e;)|| < 1 in the first inequality.

= Clt — u|wo,

Jo(t) — (@) < 31t~ wl < C

o0

In general, let t and u be any two points of RY. We consider the line segment p(s) :=
(1—s)t+su(0<s<1)between t and u. We can find 0 = sy <51 <s9<---<s,=1
such that each pair p(s;), p(s;j41) (0 < j <n—1) belong to a common simplex of I". Then

J2(t) — z(u)]| < Z [z (p(s5)) = 2 (p(sj1)

(2) is a direct consequence of (1) and the definitions. O

For natural numbers m > 1 we take finite subsets A,, C B satisfying the following
conditions.
(1) flv —wl|| = L for all distinct v, w € Ay,
(2) 0 ¢ A, and max,cn,, ||al| = 0 as m — oo.
(3) AN A, =0 for m#m/, and | J;._; A, is a linearly independent subset of V.
(4) |An| = 23", where |A,,| denotes the cardinality of A,,.
We can find such A, if V = (*(N) or £*(N).
We define a subset ),,, C C(RY, B) as the set of all I-piecewisely linear maps z: R? — B
satisfying x(n) € A,, for all n € Z¢. This is a compact subset and invariant under 7T'|q
(the restriction of T to Z%). We define X,,, C C(R?, B) by

Xo= | TV
s€[0,1)4
This is a compact T-invariant subset of C(R?, B). We also set Xy = {0} where 0 denotes
the zero function in C(RY, B). We have X,, N X,,, = 0 for m # m’ by the condition (3)
above. Finally we define X C C(R¢, B) by

o0

X = onm.
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X is a compact T-invariant subset of C'(R%, B). Here the compactness follows from the
condition that max,ca,, ||[v]] — 0 (m — o0). We will show that (X,7,d) satisfies the
statement of Theorem 1.4.

Lemma 4.2. For every m > 0, the topological entropy of (X, T) is finite and hence we
have mdimy (X,,,T,d) = 0.

Proof. For m = 0, this is obvious because X, = {0} is a single point. So we assume
m > 1. Let ¢ >0 and L > 0. From Lemma 4.1 (2)

#(Xpde) < Y #(TVdi)

s€0,1)9n(5524)

< Z i <ym7 dryi, %)

s€[0,1)4N( £ 2)

< (1 + ?)d# (ym,dLH, g) .

Choose ¢ = {(g) > 0 satisfying 27¢ < £/2. Then
# (Va5 ) < A7

d

Hence

1 X
S T ) — iy 195 (e dr)

Jim T < log |Ay].

Thus

hiop (Xm, T') = lin% S(X,T,d,e) <log|A,| < oo,
e—
—_— . S(Xm7T,d,6)
dimy (X, T.d) =1 AAtm LG
e (1 &) =P n172)
U

Lemma 4.3. We have rdim (X, T,d,v) = 0 for every ergodic probability measure v of
(X, 7).

Proof. We have a decomposition X = [J*_ X,,. The sets X, are mutually disjoint,

m=0 “*m

compact and T-invariant subsets. We have

1=vX)= Z v(X).

m=0

Then v(&,,) = 1 for some m > 0 because v is ergodic. From Lemma 4.2

rdim (X, 7,d,v) = rdim (X,,, T, d, v) < mdimy (X,,,7,d) = 0.
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For m > 1, let ®,,: Aand — YV be the “natural” map. Namely, for a = (ap)peze €
AZ' e define ®,,(a) to be the (unique) I-piecewisely linear map z: RY — B satisfying
z(n) = a, for all n € Z%. Let p,, be the uniform probability measure on A,,. Let pfflzd be
the product measure on A% and set

Vi = (@), ( fzzd) .

This is a T'|ze-invariant probability measure on },,. We define a T-invariant probability
measure i, on X, by

o, = / Tiv,, dm(s).
[0,1)¢

Finally we define u € .#7(X) by

p=> 27" .

m=1

We will prove that rdim (X, T,d,u) = oo. The strategy is to relate R(d,u, &) to
a convex combination of R(d, u,,e) (Theorem 3.9) and establish an appropriate lower
bound on R(d, i, €) by using Proposition 2.5. For applying that proposition, we need
to estimate the integral

/ 971 Jio,0ya d(Tt“”yt)dm(t)dum(x) = / (/ 9~ Jo.ryd d(Ttw’yt)dm(t)d(sz/m(x))) ds
x 0,1)¢ \J TV,

for L >0,y¢e L! ([O, )4 x ) and an appropriately chosen positive number a. (We will
see below that the choice a := 4mL?3™ will work.) Here is a remark on the notation: For
y € LY[0, L)%, X) and t € [0, L), we denote the value of y at ¢ by ;. So y; is a continuous
map from R? to B. For u € R, we denote the value of y; at the point u by y;(u).

Lemma 4.4. Let LeN, s €(0,1)%, z € X and y € L' ([0, L)%, X). We have

1
t —
/[o,L)d d (T :U,yt) dm(t) > i E

n€ezn[o,L)*

x(s+n)—/ yt(s—l—n—t)dm(t)H.
n+[0,1)4
Proof. We have
1
d(T'z,y,) =sup (27" sup ||[T'x(u) —w(uw)|| | = = max |lz(u+t) — y(u)] .
n>1 oo <1 2 Julo<1

d

Forne [0,L)?NZ%and t € n+[0,1)%, letting u=s+n—t € [-1,1], we get

1)
. 1
d(T z,y) > 3 |z(s +n) —y(s+n—1t)].
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Integrating this over ¢t € n + [0,1)¢,
1
[ d@aydmt) = 5 [ fats ) < s + 0 o) dm)
n4[0,1]¢ 2 Jatp0.)

1
>
-2

x(s—l—n)—/ yt(s—i-n—t)dm(t)H.
+[0,1)4
Summing this over n € [0, L) N Z%, we get the claim of the lemma. 0J

Let LeN, s€[0,1)? and y € L' ([0, L)%, X). We set
zs(n) = / y(s+n—t)dm(t)e B (n€Z'n[0,L)%).
[0,1)¢

From Lemma 4.4, for any positive number a

/ 9~ 1 Jio,1ya AT @y )dm(t) 4 (Tevm(x)) < / 97~ 314 2omefo,rydnzd [T(stm)—zs ()] 4 (T5vm ()
T5YVm T°Ym

/ 9 gpaltstm ==l g sy, (1))
Ts ym

€[0,L) dmZd

When z € T*Y,, is distributed according to T;v,,, the point (z(s 4+ n)),cp 1)anza 18 dis-
tributed according to the product measure Hne[o Lydrzd Pm- (Recall that p,, is the uniform
measure on the finite set A,,.) Hence

/ [ 2aaleem =0, @)= ] / 2 malv==®lgy (v),
T m

*Ym nefo,L)dnzd ne0,L)4nzd
Therefore
/ o foaya AT 2)AmO g (7 () H / ol =l gy ().
T Ym €[o,L)4nz
Recall that we assumed |lv —w| = L for all distinct v,w € A,. It follows that

|[v — 25(n)|| > 5~ for all but one v € A, Therefore

. | . 1
o salv-=®lg, ()< {1 4 (| A — 1)2‘@} <+ 2 A,
/Am | A | A

We recall that |A,,] = 2%". Then the right-most hand is equal to 273" 4 2~ mz? . Hence
a t o L
/ 97z Jouyt AT ww)dm(®) g sy, () < <2—3’” +2*m> .
T3Ym

Integrating this over s € [0,1)?, we have

a t m " L
/ 27ﬁf[0,L)d d(T I7yt)dm(t)d/ljm($) < (273 + Qfm) .
X
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Now we choose a := 4mL?3™. Then the right-hand side is (273" 4 273")L" = 2(1-3")L7,
Namely
[ o0 g, (0) < 500
x

In other words, for a = 4mL3™ and A := 26" ~DL? we have
/ A2 oy AT im0 gy
X
for all y € L* ([O, L)%, X). Then we can use Proposition 2.5 and get
Rp(d, pim, €) > —ac +log A = —4meL?3™ + (3™ — 1)L* (¢ > 0).

Dividing this by L¢ and letting L — oo,

R(d, i, €) > —4me3™ + 3™ — 1.
For 0 < ¢ < 37™, the right-hand side is greater than 3™ — 4m — 1. Therefore we conclude
Proposition 4.5. For 0 < e < 3™™ we have R(d, pip,, ) > 3™ — 4m — 1.

Now we apply Theorem 3.9 to = ° | 271,

R(d, p,e) = inf {Z 27" R(d, tm, €m)| Em > 0 (m € N) with Z 27"e,, < 5} :
m=1 m=1

Let n be a natural number and assume 0 < ¢ < 67". If a sequence of positive numbers
€m satisfies 22:1 27Mem < €, then 27"¢, < e < 67" and hence ¢, < 37". By Proposition
4.5

3 n
27"R(d, pn, €5) > (5) —n22 -2,

Therefore
3 n
R(d, p,e) > (5) —n2¥" 27" (0<e<6™).

Proposition 4.6. rdim (X, 7,d, u) = cc.

Proof. Let 0 < & < 1/6. We choose a natural number n with 67! <& < 67", Then we
have

3 n
R(d, p,e) > (5) —n22" — 27" log(1/e) < (n+1)log6.

Hence "
R(d, p,¢) - (3)" —n2¥m—2™
log(1/e) — (n+1)log6
We have n — oo as € — 0. Therefore
d
rdim (X, T,d, u) = limM =00

=0 log(1/e)

By combining Lemmas 4.3 and 4.6, we have shown that (X, 7T, d) satisfies
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e every ergodic measure v on (X, T') has zero rate distortion dimension,
e there exists an invariant probability measure p on (X, T') of infinite rate distortion

dimension.

This proves Theorem 1.4.

Remark 4.7. By modifying the above construction, we can also prove the following
statement: Let ¢ be an arbitrary nonnegative real number (including ¢ = o0). There
exists a compact metric space (X, d) with a continuous action 7: R? x X — X satisfying

the following two conditions.
(1) Every ergodic measure v € .ZL (X) satisfies rdim (X, T,d,v) = 0.

erg

(2) There exists p € .47 (X) satisfying rdim (X, T,d, i) = c.

5. ANOTHER EXAMPLE

One of our main theorems, Theorem 1.1, claims that if a continuous action T: R¢x X —
X on a compact metric space (X,d) has a finite upper metric mean dimension and if A
is a Borel probability measure on .Z7(X), then we have

(5:1) rdim (X,T,d,/ ud)\(y)> §/ rdim (X, T, d, v) d\(v).
MT(X) AT (X)

The purpose of this section is to show that this inequality may be a strict inequality in
general. Indeed we will prove the following statement.

Proposition 5.1. There exists a continuous action T: R* x X — X on a compact metric
space (X,d) with invariant probability measures vy, vy € MT(X) satisfying

e the upper metric mean dimension mdimy; (X, T, d) is finite,

o rdim (X, 7, d,v;) = rdim (X, T,d, ) = 1,

o rdim (X, T, d, $v1 + 11n) < 4.

This shows that the inequality (5-1) may be strict in general. (Consider (5-1) for

A= %(5,,1 + %(5,,2.)

Proposition 5.1 follows from

Proposition 5.2. Let a; < by < as < by < ag < b3 < ... be an increasing sequence
of natural numbers with b, > k?ay for all k > 1. There exists a continuous action

T:RYx X — X on a compact metric space (X,d) with an invariant probability measure
ve M (X) satisfying
e the upper metric mean dimension mdimyy (X, 7T, d) is finite,
e rdim (X, 7,d,v) =1,
R(d,v,27¢
. lim Rd,v,27) ’Z’ )

teUy[bk,ak+1)
t—o0

satisfies t € oo, [bk, Gp+1).

= 0, where the real parameter t goes to infinity while it
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We first prove Proposition 5.1, assuming Proposition 5.2.

Proof of Proposition 5.1. We take an increasing sequence of natural numbers a; < b; <
ay < by < ... with by > k?ay, and apyq > k*b,. We set

o) =a, b =b o =b, 0P =a (k>1).

We have b,(f) > kQaS) for both z' = 1,2. For v = 1,2, by applying Proposition 5.2 to the
sequence agi) < bg < a2 < b ..., we find a continuous action T;: R? x X, — &;
on a compact metric space (X;, d” ) with an invariant probability measure v; € .#7i(X;)
satisfying

e the upper metric mean dimension mdimy (Xi, T;, d(i)) is finite,

e rdim (X}, 7;,d", 1) = 1,

R d¢ 2 t
e lm M _o.
teU b al),) t
t—o0

We set X = X3 U X, (the disjoint union). We define a metric d on it by

dW (z,y) (x,y € X1)
d(z,y) = § d?(z,y) (2, € X) -
max {Diam(X;,dV), Diam(X>,d®)}  (otherwise)
We define T: R x X — X as T'z = Tz for x € X and u € R?. We can naturally
think v; as invariant probability measures on X. It is immediate to see that
e the upper metric mean dimension mdimy; (X, 7', d) is finite,
e rdim (X, 7T,d,v;) = rdim (Xi,Ti,d(") ) =1
Therefore we only need to check that rdim (X T,d, 11/1 + = VQ) < % Set = %1/1 + %VQ.
Let t be a large real number. By Theorem 3.9

1 1
R(d, ;1,274 < éR(d(l), v, 270 + 5R(ol<2>, e, 27).

Here R(d®,1;,27%) denotes the rate distortion function of (X;, Tj, d¥, v;). It follows from
rdim (X;, T;,d, ;) = 1 that R(d™,1;,27") =t + o(t) for both i = 1,2, where the error
term satisfies lim;_,, o(t)/t = 0.

Ift € [by,ap) = [b,al) for some k > 1, then R(AM,vy,27") = oft). If ¢ €
lag11,br41) = [b,(f),akﬂ) for some k > 1, then R(d®,vy,27%) = o(t). Therefore, in both

cases, we have

1 1 t
Thus we conclude
- d, p, 27t 1
rdim (X, T, d, u) = lim sup R, p,27) < —.
t—o0 t 2
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The rest of this section is devoted to the proof of Proposition 5.2. Our construction is
similar to that of §4, and we use the terminology “I'-piecewisely linear map” introduced
there.

Suppose that we are given an increasing sequence of natural numbers a; < b; < as <
by < as < by < ... satisfying b, > k?ay. Set ¢, = kay,. We have a;, < ¢, < b,. We define
a function h: N — N by

n (n <ay orn e Uy ak, cil)
h(n) = :
ag+1  (n € (¢, apqq] for k> 1)
Figure 2 shows a schematic picture of the graph of the function h. Notice that h is
monotone non-decreasing and satisfies h(n) > n for all n.

h

ar  Cg bp Qk+1

FiGURE 2. The graph of the function h. We have ¢, = kay and ke < by < agaq.

Let (V,|I-]l) = (¢*(N),]|-|[,) be the Banach space of bounded sequences (indexed by
natural numbers). Let B = {v € V | |jv|| < 1} be the unit ball. We define C(R?, B) as
the space of all continuous maps z: R — B. We define a metric d on it by

d(z,z") = sup (2_" sup ||z(u) — x'(u)”) :

n>1 fuloo<n

Let T: R? x C(R?, B) — C(R?, B) be the natural shift action (T%z(t) = z(t + u)).
Let A = {0,1}". We define a metric p on it by

,0(?], w) _ 2—h(min{m21\vm¢wm})'

Since h(n) > n, we have p(v,w) < 27 m{m=lvnrwn} where the right-hand side is a more

standard metric on A. We define a map ¢: A — B by

p(v) = (27"My,)™

m=1"

Set A" = p(A). The metric spaces (A, p) and (A’ ||-||) are isometric, namely

lp(v) = pw)ll = pv, w).
In particular, Diam (A, ||-]|) = Diam (A, p) = 1.
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As in §4 we fix a Z%invariant triangulation I' of R? such that its vertex set is equal to
7. We define ) C C(R? B) as the space of all I'-piecewisely linear maps z: R? — B
satisfying x(n) € A’ for all n € Z?. We define X C C(R?, B) by

x=J v
s€[0,1)¢

This is a compact T-invariant subset of C(R%, B).

Let p = (360 + %51)®N be the (unbiased) Bernoulli measure on A = {0,1}". Let
p®Zd be the product measure on AZd, and let ®: AZ" — ) be the natural map. We set
=, <p®zd>. This is a probability measure on ). We define v € .Z7(X) by

v = / T?pdm(s).
[0,1)4

We will prove that (X, T,d, ) satisfies the claim of Proposition 5.2.

Lemma 5.3. (1) mdimy (X, T,d) < 1. In particular, rdim (X, T,d,v) < 1.

R(d,v,27¢
(2)  lim R(d,»,27) _ 0.
tGUk[bkﬂkJrl) t
t—ro0

Proof. As in Lemma 4.1, we can find C' > 0 such that every z € X is C-Lipschitz. In
particular, for any L > 0 and s,t € R?

d;(TPz,T'z) < %\s — t] oo
(1) For L >0and e >0
g < S #(TVdL) < — d#(yd“f>.
5 5 >~ ) o) = c ) +1» )
s€[0,1)4N( 55 24)

Choose ¢ = {(¢) > 0 satisfying 27¢ < £. Then

#(Vodia5) < # (A0

d

Hence
1 X
ST d, ) = lim B0 g oy
L—oo Ld
Therefore
mdim X, T ] A
n’ldlInM (X, T, d) = lim sup M S lim sup M
=0 log(l/e) e—0 log(l/g)

The right-most side is the upper Minkowski dimension of (A, p). Noting h(n) > n, it is
easy to see that the upper Minkowski dimension is less than or equal to one.

(2) We again use the inequality S(X,T,d,e) < log# (A, p,e). Let ¢ = 27% with b, <
t < agy1. Consider the natural projection A — {0,1}% to the first ¢ coordinates. It
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follows from the definition of the metric p that its fibers have diameter 27%+1 < ¢. Hence

we have
by t
log# (A, p,e) < ¢ < = < i
Namely
R(d,v, 27t S(x.T,d,27¢ 1
(’ty’ >§ ( ’2’ )SE (b <t < agq).
We have k& — oo as t — oo. So this shows the claim. O

Now we only need to show that rdim(X,7T,d,v) = 1. In fact, we will prove that
limy 00 R(d+:_ck) = 1. Then rdim(&X',T,d,v) = 1 follows from Lemma 5.3 (1).

As in §4, we would like to use Proposition 2.5. For that purpose we need to estimate

/ 27]4% f[O,L)d d(Ttm,yt)dm(t)dV(x) _ / </ Zfﬁ f[O,L)d d(Tt;p,yt)dm(t)deM(x)> dm(s)
X [071)d sy

for L > 0, y € L*([0, L)¢, X) and appropriately chosen a > 0. (The choice a = 2%+2[4
will work.)

Let L €N, s€[0,1)¢and y € L}([0, L)4, X). By the same argument as in Lemma 4.4,
for every x € X we have

1
d(T'z,y,) dm(t) > =
[CEMIECER DS

n€ezZ4n|o,L)4

x(s+n)—/ yt(s—l—n—t)dm(t)H.
n+[0,1)d

Let
2(n) = / (s +n—t)dm(t) € B (nezZn[o,L)).
n+[0,1)d

For any a > 0

/ 9~z Joo,py2 AT wye)dm(1) dT7p(z) < / 97 31 Znezdnjo.py 2T =zl gps )
sy sy

= *%HCE(S«FH)fzS(n)H S
(52) [ I 2 AT ()
nez4n|o,L)4

- I / o~ g5l =l g )
A

nezZ4n[o,L)?

We would like to use this for a = 224,

Lemma 5.4. There exists a universal positive constant K such that for any z € V and

sufficiently large k (independent of z) we have
/ 925 o=zl gy < F—er.
A

Proof. Take z € V. Consider a function A 3 v — ||p(v) — z|| € R, and let w = (w,,)*, €
A be a point attaining the minimum of this function. Then for any point v € A we have

p(v,w) = llp) = p(w)|| < lle(v) = 2l + Iz = p(w)| < 2lpv) - 2|
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Hence [, 272*"lle@~=llgp(v) < [, 2-2%00w)dp(v).
We define subsets A; (i = 1,...,¢;) of A by Ay = {v | v1 # wi}, Ay = {v | vy =

wy, vy # wal, Ay = {v | v1 = wy, v = wa,v3 #F wal, ..., A, ={v | V1 =wi,..., 0,1

Wey—1, Ve, 7 We,, }- We also set

N=A\(MU...,UA,)={v]|vi=wi,...,0, =we}

Then
/ 2—2Ckp(v,w)dp(v>
A

Ck
:/a 2—2Ckp(v,w)dp(,u)+ Z / 2_20kp(v,w)dp(v>+/ 2_20kp(v7w)dp('l)).
Uik, As A A

i=ap+1
We have p(v, w) > 2% over [Ji*, A;. On A; (ap +1 < i < ¢;) we have p(v,w) =27". We
also have p(A’) = 27, Hence

Ck )
/QQCkp(v,w)dp@) §272ck*“k + Z 9—in=2%"" L o—ck.
A .
1=ar+1

Since ¢, = kay, we have 272% " < 27 for large k. For estimating the second term, we
introduce a change of variable j = ¢, — :

C cp—ar—1 o)
Z 2—i2—2“‘k_i _ Z 2—Ck+j2—2j < 2 % Z 2j2—2]"
i=ap+1 j=0 §=0
Then
/ 27 2%Pv) g (v) < (2 +> 2j2—2j> 97
A =0
Now the claim holds for K :=2+ 3% 2127 < oo, O

We assume k is large. By applying Lemma 5.4 to (5-2) with a = 2%+2 4
/ 272%"'2 f[O,L)d d(Ttx,yt)dm(t)de/L<x> < KLdecde'
5y

By integrating this over s € [0, 1)<,
/ 922 fo,pya AT san)din(t) g0 < peLlg—enl.
; <
Now we use Proposition 2.5 with the parameters ¢ = 27%, a = 2%+t2L% and \ =
K~L"9¢L"  Then
Rp(d,v,27%) > —aec +log A = —4L* — L%log K + ¢, L".
Dividing this by L? and letting L — oo, we get
R(d,v,27%) > —4 — log K + ¢
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Lemma 5.5. lim;_, R(d+:_k) =rdim(X,7T,d,v) = 1.

Proof. Assume k is large. From R(d,v,27%) > —4 —log K + ¢,

R(d, v, 2 ¢ R(d,v, 2 S
1< liminfM < limsupw <rdim(X,T,d,v) < 1.
k—o0 Ck k—o00 Ck
The last inequality is given by Lemma 5.3 (1). O

By combining Lemmas 5.3 and 5.5, we have proved Proposition 5.2.
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