
MEAN SQUARE OF INVERSES OF DIRICHLET L-FUNCTIONS
INVOLVING CONDUCTORS

IU-IONG NG AND YUICHIRO TOMA

Abstract. We deal with negative square moments of Dirichlet L-functions. Sum-
ming over characters modulo q, we obtain an asymptotic formula for the negative
second moment of L(1, χ) involving conductors. We also show an application to the
analysis of a number theoretic algorithm.

1. Introduction

Let s = σ + it be a complex variable. In analytic number theory, special values of
Dirichlet L-functions on the real axis have been receiving considerable attention, such
as vanishing or non-vanishing at the central point s = 1/2, and the quantities L(1, χ)
for estimating the class number of cyclotomic fields. Let q be a positive integer and let
χ be a Dirichlet character modulo q. The corresponding Dirichlet L-function is defined
to be

L(s, χ) :=
∞∑
n=1

χ(n)

ns

for σ > 1, and can be continued analytically over the whole plane, except for the
possible pole at s = 1.

The study of the mean values of Dirichlet L-functions at s = 1 can be traced back
to Paley [21] and Selberg [22] in order to estimate the class number of the cyclotomic
field Q(ξq), where ξq is a primitive q-th root of unity. They proved in the case of q
being a prime number that∑

χ ̸=χ0

|L(1, χ)|2 = ζ(2)q +O
(
(log q)2

)
.

The above formula was further studied by Slavutskii [24, 25], Zhang [27], and by
Katsurada and Matsumoto [14], who proved the above asymptotic formula with an
arbitrarily small error terms. Before their result, a similar formula for σ = 1/2 was
proved by Heath-Brown [11]. For more general q, the asymptotic formulas for the 2k-th
power mean value of |L(1, χ)| were proved by Zhang and Wang [30].

1.1. Negative moment. Compared with (positive) mean values, negative mean val-
ues of Dirichlet L-functions at s = 1 have not been much studied. Zhang [28] first
studied the 2k-th negative moments of Dirichlet L-functions at s = 1. Later, Zhang
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and Deng [29] also considered a similar sum. For the family of quadratic Dirichlet L-
functions, Granville and Soundararajan [9] obtained asymptotic formulae for negative
moments of L(1, χd). Furthermore, in the function field setting, negative moments of
quadratic Dirichlet L-functions at s = 1 were obtained by Lumley [17], and shifted neg-
ative moments of quadratic Dirichlet L-functions over function fields were proved by
Bui, Florea and Keating [3] and Florea [5]. In addition, Ihara, Murty and Shimura [13]
and Matsumoto and Saad Eddin [18] studied the mean value of the 2k-th power of the
logarithmic derivatives of Dirichlet L-functions at s = 1.
The asymptotic relation for negative moments of the Riemann zeta-function ζ(s)

was considered by Gonek [8], and the following conjecture was proposed.

Conjecture 1.1 (Gonek). Let k > 0 be fixed. Then

1

T

∫ T

0

∣∣∣∣ζ (1

2
+

δ

log T
+ it

)∣∣∣∣−2k

dt ≍
(
log T

δ

)k2

holds uniformly for 1 ≤ δ ≤ log T , and

1

T

∫ T

0

∣∣∣∣ζ (1

2
+

δ

log T
+ it

)∣∣∣∣−2k

dt ≍


(log T )k

2
k < 1

2
,

(log e
δ
)(log T )k

2
k = 1

2
,

δ1−2k(log T )k
2

k > 1
2

holds uniformly for 0 < δ ≤ 1.

Gonek [8] proved lower bounds which attain the conjectural order of magnitude for
1 ≤ δ ≤ log T and all k > 0, and for 0 < δ ≤ 1 for k < 1/2 assuming the Riemann
Hypothesis (RH). Bui and Florea [2] obtained upper bounds in some ranges of δ under
the RH. However, for the case k > 3/2 and 0 < δ ≤ 1, the above conjecture seems
to contradict with random matrix theory computations due to Berry and Keating [1],
Fyodorov and Keating [7], and Forrester and Keating [6]. For more details, see pp.248
in [2].

1.2. Main results. In [20], the authors proved an asymptotic formula for∑
χ ̸=χ0

|L(1, χ)|−2k , (1.1)

where k ∈ N, assuming the truth of the Generalized Riemann Hypothesis (GRH). After
the submission of this paper, the authors were informed that the asymptotic formula
(1.1) with prime q can be proved under the weaker assumption of the non-existence of
Siegel zeros by using a Lamzouri’s result [15, Theorem 9.2].

In contrast, we prove the case k = 1 for arbitrary natural numbers q, by means of a
more standard approach.
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Theorem 1.2. Let q be a positive integer and χ be a Dirichlet character modulo q.
Then we have∑

χ ̸=χ0

χ(−1)=1

1

|L(1, χ)|2
=

ζ(2)

2ζ(4)

∏
p|q

(
1 +

1

p2

)−1

φ(q) +O

(
exp

(
C

log q

log log q

))

+ δ1 ·O
(
(1− β1)

−1 ((log q)2 + (1− β1)
−1
))

(q → ∞)

for an absolute constant C > 0, where β1 denotes the exceptional zero (defined in
Proposition 2.1), and δ1 = 1 if β1 exists, or δ1 = 0 otherwise.

From Siegel’s theorem (see [19, Corollary 11.15]) which asserts that 1−β1 ≥ C(ε)q−ε,
we have (1− β1)

−1 ((log q)2 + (1− β1)
−1) ≪ε qε by resetting ε. Hence the above be-

comes ∑
χ ̸=χ0

χ(−1)=1

1

|L(1, χ)|2
=

ζ(2)

2ζ(4)

∏
p|q

(
1 +

1

p2

)−1

φ(q) +Oε (q
ε) . (1.2)

Remark 1.3. The difficulty in obtaining the asymptotic behavior of (1.1) for general
k ≥ 1 unconditionally lies in the fact that one needs restrictions on the range of q when
estimating sums of generalized divisor functions in arithmetic progressions∑

n≤x
n≡a mod q

dk(n)

with (a, q) = 1. Even applying Shiu’s Brun-Titchmarsh estimate [23], if k ≥ 2 it cannot
be shown that the off-diagonal terms in Lemma 2.5 are O((logX)Ok(1)/l).

We also give the asymptotic formula for the negative square moment twisted by the
conductor under the assumption of the nonexistence of the exceptional zero for prime
power q.

Theorem 1.4. Let q = pk be a power of a prime and χ be a Dirichlet character modulo
q. Let dχ be the conductor of χ. Assuming that the exceptional zero does not exist,
then we have∑

χ ̸=χ0

χ(−1)=1

1

dχ |L(1, χ)|2
=

ζ(2)

2ζ(4)

(p− 1)2

p2 + 1
k +O

(
1

log p

)

+O

(
k2(log p)2(log k + log log p)2

p

)
(p → ∞)

for k = o
(

p
(log p)4

)
; otherwise for k ≫ p/(log p)4, the above formula implies only the

upper bound estimate, i.e.,∑
χ ̸=χ0

χ(−1)=1

1

dχ |L(1, χ)|2
≪ k2(log p)2(log k + log log p)2

p
.
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If q = pk is a power of an odd prime p, then there is exactly one quadratic char-
acter with conductor p. If q = 2k, then there are at most three primitive quadratic
characters with modulus 4, 8 (see [19, Section 9.3]). Also, by using the lower bounds
given by Landau [16], |L(1, χ)| ≫ 1/ log dχ for non-quadratic primitive character χ and

|L(1, χ)| ≫ 1/
√

dχ for primitive quadratic character χ, and the fact∑
χ ̸=χ0

χ(−1)=1

1

dχ
≤ k

2

(see [4, Claim 3.5]), one can only deduce that∑
χ ̸=χ0

χ(−1)=1

1

dχ |L(1, χ)|2
=

∑
χ : non-quadratic

χ(−1)=1

1

dχ |L(1, χ)|2
+O (1)

≪ k3(log p)2.

Hence, our Theorem 1.4 implies a nontrivial upper bound even for k ≫ p
(log p)4

under

the assumption of the nonexistence of the exceptional zero.

Remark 1.5. It is possible to obtain the negative square moment of L(1, χ) for an
odd character χ. By the same argument as in the proof of Theorem 1.2 and Theorem
1.4, we can find that for any integer q,∑

χ
χ(−1)=−1

1

|L(1, χ)|2
∼ ζ(2)

2ζ(4)

∏
p|q

(
1 +

1

p2

)−1

φ(q),

and for q = pk with k = o
(

p
(log p)4

)
that∑

χ
χ(−1)=−1

1

dχ |L(1, χ)|2
∼ ζ(2)

2ζ(4)

(p− 1)2

p2 + 1
k.

2. Auxiliary lemmas

In order to obtain Theorem 1.2 and Theorem 1.4, we prove auxiliary lemmas in this
section. First, we recall some well-known results from [19].

Proposition 2.1. Let q ≥ 1. There is an effectively computable positive constant c0
such that ∏

χ mod q

L(s, χ)

has at most one zero β1 in the region

σ ≥ 1− c0
log q(|t|+ 1)

.

Such a zero, if it exists, is real simple and corresponds to a nonprincipal real character
which we denote by χ1.

Proof. See [19, Theorem 11.3]. □
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Proposition 2.2. Let χ be a nonprincipal character modulo q and suppose that σ >
c0/(2 log q(|t|+ 1)). If L(s, χ) has no exceptional zero , or if β1 is an exceptional zero
of L(s, χ) but |s− β1| ≥ 1/ log q, then

1

L(s, χ)
≪ log q(|t|+ 1). (2.1)

Alternatively, if β1 is an exceptional zero of L(s, χ) and |s− β1| ≤ 1/ log q, then

|s− β1| ≪ |L(s, χ)| ≪ |s− β1| (log q)2. (2.2)

Proof. See [19, Theorem 11.4]. □

Lemma 2.3. Let β1 be the exceptional zero corresponding to χ1. Then, the Laurent
expansion of the function 1/L(s, χ1) at the point s = β1,

1

L(s, χ1)
=

∞∑
n=−1

Pn(s− β1)
n,

satisfies

Pn = O
(
(log q)n+1

)
. (2.3)

Proof. Since β1 is a simple pole of 1/L(s, χ1), we have

1

L(s, χ1)
=

∞∑
n=−1

Pn(s− β1)
n.

For n ≥ 0, Pn is given by

1

2πi

∫
C

ds

L(s, χ1)(s− β1)n+1
.

Here the contour C is a positively oriented circle of radius R = c2/ log(2q) and centered
at β1, where c2 < c0/2 is sufficiently small. By using (2.2), we get

Pn ≤ 1

2π

∫ 2π

0

Rdθ

|Reiθ| |Reiθ|n+1 ≤ (log q)n+1.

Otherwise for n = −1, we have P−1 = 1/L′(β1, χ1). Since

1

L′(s, χ1)
= lim

s→β1

s− β1

L(s, χ1)
,

by using (2.2) we obtain P−1 ≪ 1. Hence (2.3) is also valid for the case n = −1. □
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Lemma 2.4 (Character orthogonality). Let a, b ∈ {0, 1}. For n1, n2 integers coprime
to q, we have∑

χ ̸=χ0

χ(−1)=(−1)a

χ(n1)χ(n2)

dχ
b

=
1

2

∑
d|q
d>1

1

db

 ∑
l|d

n1≡n2 (mod l)

φ(l)µ(d/l) + (−1)a
∑
l|d

n1≡−n2 (mod l)

φ(l)µ(d/l)

 .

The sum on the left-hand side vanishes if (n1n2, q) ̸= 1.

Proof. This lemma can be proved in a standard way similar to Lemma 1 in [26]. Let
Aq,d be the set of all Dirichlet characters modulo q whose conductor is d, and Bd be the
set of all primitive Dirichlet characters with conductor d. For n1, n2 integers coprime
to q, it can be rewritten as∑

χ ̸=χ0

χ(n1)χ(n2)

dχ
b

=
∑
d|q
d>1

1

db

∑
χ∈Aq,d

χ(n1)χ(n2) =
∑
d|q
d>1

1

db

∑
χ∈Bd

χ(n1)χ(n2). (2.4)

Let hn1,n2(l) :=
∑

χ∈Bl
χ(n1)χ(n2). Since∑

l|d

hn1,n2(l) =
∑

χ (mod d)

χ(n1)χ(n2) =

{
φ(d) n1 ≡ n2 (mod d),

0 otherwise,

Möbius inversion implies that∑
χ∈Bd

χ(n1)χ(n2) =
∑
l|d

n1≡n2 (mod l)

φ(l)µ(d/l).

Hence combining (2.4), we have∑
χ ̸=χ0

χ(n1)χ(n2)

dχ
b

=
∑
d|q
d>1

1

db

∑
l|d

n1≡n2 (mod l)

φ(l)µ(d/l).

Replacing n2 with −n2, we get the desired result. □

Lemma 2.5. Let m,n and q be positive integers. For any l ∈ N and X > 1, we have∑
m,n=1

(mn,q)=1
m≡±n (mod l)

µ(m)µ(n)

mn
e−

mn
X =

ζ(2)

ζ(4)

∏
p|q

(
1 +

1

p2

)−1

+O
(
X− 1

2

)
+O

(
(logX)2

l

)
.

Proof. First, we calculate the diagonal contribution:
∞∑

m=1
(m,q)=1

µ(m)2

m2
e−

m2

X =
∑

m≤X
1
2

(m,q)=1

µ(m)2

m2
e−

m2

X +
∑

m>X
1
2

(m,q)=1

µ(m)2

m2
e−

m2

X .
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If m > X
1
2 , then e−

m2

X ≤ 1. Therefore, the second sum on the right hand side in the

above can be estimated as X− 1
2 . Otherwise, by using e−

m2

X = 1 + O (m2/X), we find
that the first sum on the right hand side is

∞∑
m=1

(m,q)=1

µ(m)2

m2
+O

(
X− 1

2

)
=

ζ(2)

ζ(4)

∏
p|q

(
1 +

1

p2

)−1

+O
(
X− 1

2

)
. (2.5)

By the same manner as in [18], we can calculate the contribution which comes from
m ̸= n and from m ≡ n (mod l). In fact, we have

∞∑
m,n=1

(mn,q)=1
m̸=n

m≡n (mod l)

µ(m)µ(n)

mn
e−

mn
X ≪ (logX)2

l
. (2.6)

The point different from [18] is that we further treat the nondiagonal terms with
m ̸= n and m ≡ −n (mod l).

∞∑
m,n=1

(mn,q)=1
m̸=n

m≡−n (mod l)

µ(m)µ(n)

mn
e−

mn
X ≪

∑
m<n

(mn,q)=1
m≡−n (mod l)

e−
mn
X

mn

=
∞∑

m=1

e
m2

X

m

∑
h> 2m

l

e−
mhl
X

−m+ hl

≪ 1

l

∞∑
m=1

e
m2

X

m

∫ ∞

2m
l

e−
mtl
X

t− m
l

dt

=
1

l

∞∑
m=1

e
m2

X

m

(∫ X
ml

2m
l

+

∫ ∞

X
ml

)
e−

mtl
X

t− m
l

dt.

We remark that if 2m
l
< X

ml
, then m ≤

√
X
2
. Hence the above is equivalent to

1

l

∑
m≤

√
X
2

e
m2

X

m

(∫ X
ml

2m
l

+

∫ ∞

X
ml

)
e−

mtl
X

t− m
l

dt+
1

l

∑
m>

√
X
2

e
m2

X

m

∫ ∞

2m
l

e−
mtl
X

t− m
l

dt.

Since t− m
l
≥ m

l
for t ≥ 2m

l
, the last term is

1

l

∑
m>

√
X
2

e
m2

X

m

∫ ∞

2m
l

e−
mtl
X

t− m
l

dt ≪
∑

m>
√

X
2

e
m2

X

m2

∫ ∞

2m
l

e−
mtl
X dt

≪ X

l

∑
m>

√
X
2

e−
m2

X

m3
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≪ 1

l
.

By using the fact e−mtl/X ≤ e−2m2/X for t ≥ 2m
l

and replacing mtl
X

= v, we have

1

l

∑
m≤

√
X
2

e
m2

X

m

(∫ X
ml

2m
l

+

∫ ∞

X
ml

)
e−

mtl
X

t− m
l

dt

≪ 1

l

∑
m≤

√
X
2

e
m2

X

m

∫ X
ml

2m
l

e−
2m2

X

t− m
l

dt+
1

l

∑
m≤

√
X
2

e
m2

X

m

∫ ∞

1

e−v

v − m2

X

dv

≪ 1

l

∑
m≤

√
X
2

e−
m2

X

m

∫ X
ml

2m
l

dt

t− m
l

+
1

l

∑
m≤

√
X
2

e
m2

X

m

∫ ∞

1

e−v

v − 1
2

dv

≪ 1

l

∑
m≤

√
X
2

e−
m2

X

m
log

(
X

m
+m

)
+

1

l

∑
m≤

√
X
2

e
m2

X

m

≪ (logX)2

l
.

Therefore, we have
∞∑

m,n=1
(mn,q)=1

m̸=n
m≡−n (mod l)

µ(m)µ(n)

mn
e−

mn
X ≪ (logX)2

l
. (2.7)

Combining (2.5), (2.6) and (2.7), we obtain the desired result. □

Lemma 2.6. Let

Gb(s) :=
∑
χ ̸=χ0

χ(−1)=1

1

dχ
bL(s, χ)L(s, χ)

,

and

Sb(X) :=
1

2πi

∫ 3+i∞

3−i∞
Gb(s)X

s−1Γ(s− 1)ds. (2.8)

Then we have

S(X) =
ζ(2)

2ζ(4)

∏
p|q

(
1 +

1

p2

)−1∑
d|q
d>1

φ∗(d)

db

+O

X− 1
2

∑
d|q
d>1

1

db

∑
l|d

φ(l)

+O

(logX)2
∑
d|q
d>1

1

db

∑
l|d

φ(l)

l

 ,
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where φ∗(n) denotes the number of primitive characters modulo n.

Proof. By the well-known formula e−y = 1
2πi

∫ 2+i∞
2−i∞ ysΓ(s)ds, we have

Sb(X) =
∑
χ ̸=χ0

χ(−1)=1

1

dχ
b

∞∑
m=1

∞∑
n=1

µ(m)µ(n)χ(m)χ(n)

mn
e−

mn
X .

Now we apply Lemma 2.4 with a = 0, we have

Sb(X) =
1

2

∑
d|q
d>1

1

db

∑
l|d

φ(l)µ(d/l)
∞∑

m,n=1
(mn,q)=1

m=n
m≡±n (mod l)

∞∑
n=1

µ(m)µ(n)

mn
e−

mn
X .

By applying Lemma 2.5, we complete the proof. □

3. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. We assume that q is a positive integer
throughout this section. We put b = 0 in Lemma 2.6 to obtain

S0(X) =
ζ(2)

2ζ(4)

∏
p|q

(
1 +

1

p2

)−1∑
d|q
d>1

φ∗(d)

+O

X− 1
2

∑
d|q
d>1

∑
l|d

φ(l)

+O

(logX)2
∑
d|q
d>1

∑
l|d

φ(l)

l

 .

(3.1)

Now we estimate the integral in (2.8). Put

gχ(s) :=
Xs−1Γ(s− 1)

L(s, χ)L(s, χ)
.

Put A(c1) = 1 − c1/ log(q(T + 1)) with 0 < c1 < c0/2 and shift the part |t| ≤ T
of the path of integration to the line segment σ + it defined with σ = A(c1) and
|t| ≤ T . Let CT denote the closed contour that consists line segments joining the points
3− iT, 3 + iT, A(c1) + iT and A(c1)− iT . If there is no exceptional zero, then we take
c1 = c0/5, where c0 is the constant in Proposition 2.1. If there is an exceptional zero
β1 satisfying β1 < 1− c0/(4 log(q(T + 2))), then we take c1 = c0/5 as before. While, if
there is an exceptional zero β1 but β1 ≥ 1− c0/(4 log(q(T +2))), we take c1 = c0/3. In
the last case, CT contains a simple pole at s = 1 and a pole at s = β1 of order 2.
If the exceptional zero β1 with the associated character χ1 exists, then putting u =

s− β1, we write

Xs−1 = Xβ1−1

∞∑
n=0

(logX)n

n!
un
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and

Γ(s− 1) =
∞∑
n=0

Γ(n)(β1 − 1)

n!
un.

Thus, gχ1(s) has

Res(gχ1(s); β1) = lim
s→β1

d

ds

[
(s− β1)

2X
s−1Γ(s− 1)

L(s, χ1)2

]
= Xβ1−1 lim

u→0

d

du

[
u2X

uΓ(u+ β1 − 1)

L(u+ β1, χ1)2

]
= Xβ1−1 lim

u→0

d

du

[
∞∑
n=0

Rnu
n

]
= Xβ1−1R1,

where

Rn =
∑

n1,n2,n3≥0
n=n1+n2+n3

( ∑
n1=l1+l2

Pl1−1Pl2−1

)
(logX)n2

n2!

Γ(n3)(β1 − 1)

n3!
.

Here, Pl1−1 and Pl2−1 are defined in Lemma 2.3. By using the fact Γ(m)(β1 − 1) ≪
(1− β1)

−m−1, we have

Res(gχ1(s); β1) ≪ Xβ1−1 (1− β1)
−1 (log q + logX + (1− β1)

−1
)
. (3.2)

We apply the residue theorem to obtain

S0(X) =
∑
χ ̸=χ0

χ(−1)=1

1

|L(1, χ)|2
+Res(gχ1(s); β1)

+
1

2πi

(∫ A(c1)+iT

3+iT

+

∫ A(c1)−iT

A(c1)+iT

+

∫ 3−iT

A(c1)−iT

)
G0(s)X

s−1Γ(s− 1)ds

+
1

2πi

∫
σ=3
|t|>T

G0(s)X
s−1Γ(s− 1)ds.

By (2.1) and the Stirling formula (see [19, Theorem C.1])

Γ(σ + it) =
√
2π(1 + |t|)σ−

1
2 e−

π|t|
2 (1 +O(|t|−1)), (3.3)

we find from Proposition 2.2 that

1

2πi

∫
σ=3
|t|>T

G0(s)X
s−1Γ(s− 1)ds

≪ φ(q)X2

∫ ∞

T

|Γ(2 + it)| dt

≪ φ(q)X2(T + 1)
3
2 e−

π
2
T ,
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1

2πi

∫ A(c1)−iT

A(c1)+iT

G0(s)X
s−1Γ(s− 1)ds

≪ φ(q)(log(q(T + 1)))2XA(c1)−1

∫ A(c1)+iT

A(c1)−iT

|Γ(s− 1)| |ds|

≪ φ(q)(log(q(T + 1)))2XA(c1)−1,

and

1

2πi

∫ 3±iT

A(c1)±iT

G0(s)X
s−1Γ(s− 1)ds

≪ φ(q)(log(q(T + 1)))2X−1(1 + T )−
3
2 e−

πT
2

∫ 3

A(c1)

((1 + T )X)σdσ

≪ φ(q)(log(q(T + 1)))2
X2(1 + T )

3
2 e−

πT
2

log((1 + T )X)
.

We now put T = q and X = exp
(

4
c0
(log q)2

)
. Then we have

1

2πi

∫
σ=3
|t|>T

G0(s)X
s−1Γ(s− 1)ds ≪ φ(q) exp

(
−π

2
q

(
1 +O

(
(log q)2

q

)))
, (3.4)

1

2πi

∫ A(c1)−iT

A(c1)+iT

G0(s)X
s−1Γ(s− 1)ds ≪ φ(q)(log q)2

q2
, (3.5)

and

1

2πi

∫ 3±iT

A(c1)±iT

G0(s)X
s−1Γ(s− 1)ds

≪ φ(q)(log q) exp

(
−π

2
q

(
1 +O

(
log q)2

q

)))
.

(3.6)

Also from (3.2), we find that the contribution from the exceptional zero is

Res(gχ1(s); β1) ≪ (1− β1)
−1 ((log q)2 + (1− β1)

−1
)
.

Finally, from the fact n =
∑

d|n φ(d), we have

X− 1
2

∑
d|q
d>1

∑
l|d

φ(l) ≪ exp

(
− 2

c0
(log q)2

)∑
d|q
d>1

d

≪ q(log log q) exp

(
− 2

c0
(log q)2

)
.

(3.7)
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Here we use Gronwall’s theorem (see [10, Theorem 323]) in the last step. Similarly, we
use φ(n) ≤ n to obtain

(logX)2
∑
d|q
d>1

∑
l|d

φ(l)

l
≪ (log q)4

∑
d|q
d>1

τ2(q)

≪ (log q)4τ3(q)

≪ (log q)4 exp

(
C

log q

log log q

)
for an absolute constant C > 0, where τk(n) =

∑
m1...mk=n 1 denotes the k-fold divisor

function. Resetting the constant, we have

(logX)2
∑
d|q
d>1

∑
l|d

φ(l)

l
≪ exp

(
C

log q

log log q

)
.

(3.8)

Therefore, by combining (3.1), (3.4), (3.5), (3.6), (3.7) and (3.8), we obtain∑
χ ̸=χ0

χ(−1)=1

1

|L(1, χ)|2
=

ζ(2)

2ζ(4)

∏
p|q

(
1 +

1

p2

)−1∑
d|q
d>1

φ∗(d) +O

(
exp

(
C

log q

log log q

))

+O
(
δ1 (1− β1)

−1 ((log q)2 + (1− β1)
−1
))

.

Since
∑

d|q
d>1

φ∗(d) = φ(q)− 1, we find that the main term in the above is

ζ(2)

2ζ(4)

∏
p|q

(
1 +

1

p2

)−1∑
d|q
d>1

φ∗(d) =
ζ(2)

2ζ(4)

∏
p|q

(
1 +

1

p2

)−1

φ(q) +O (exp (ω(q))) ,

where ω(n) denotes the number of distinct prime divisors of n. By using the estimate
ω(q) ≪ log q

log log q
(see [19, Theorem 2.10]), we complete the proof of Theorem 1.2.

4. Proof of Theorem 1.4

We assume that q = pk is a prime power and that the exceptional zero does not exist
throughout this section. We put b = 1 in Lemma 2.6 we obtain

S1(X) =
ζ(2)

2ζ(4)

∏
p|q

(
1 +

1

p2

)−1∑
d|q
d>1

φ∗(d)

d

+O

X− 1
2

∑
d|q
d>1

1

d

∑
l|d

φ(l)

+O

(logX)2
∑
d|q
d>1

1

d

∑
l|d

φ(l)

l

 .

(4.1)

From the assumption, the function

g̃χ(s) :=
Xs−1Γ(s− 1)

dχL(s, χ)L(s, χ)
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has only a simple pole at s = 1 in the closed contour CT which was defined in the
previous section. From the residue theorem, we have

S1(X) =
∑
χ ̸=χ0

χ(−1)=1

1

dχ |L(1, χ)|2

+
1

2πi

(∫ A(c1)+iT

3+iT

+

∫ A(c1)−iT

A(c1)+iT

+

∫ 3−iT

A(c1)−iT

)
G(s)Xs−1Γ(s− 1)ds

+
1

2πi

∫
σ=3
|t|>T

G1(s)X
s−1Γ(s− 1)ds.

Putting T = q,X = exp
(

6
c0
log q log log q

)
, and by the same argument as in the

proof of Theorem 1.2, we find that

1

2πi

∫
σ=3
|t|>T

G1(s)X
s−1Γ(s− 1)ds ≪

∑
χ ̸=χ0

χ(−1)=1

1

dχ
X2

∫ ∞

T

|Γ(2 + it)| dt

≪ X2q
3
2 e−

π
2
q
∑
χ ̸=χ0

χ(−1)=1

1

dχ

≪ k exp

(
−π

2
q

(
1 +O

(
log q log log q

q

)))
(4.2)

since ∑
χ ̸=χ0

χ(−1)=1

1

dχ
≤ k

2
.

By the same argument as above, we have

1

2πi

∫ A(c1)−iT

A(c1)+iT

G1(s)X
s−1Γ(s− 1)ds ≪

∑
χ ̸=χ0

χ(−1)=1

1

dχ
(log q)2 exp

(
− c0/2

log q
logX

)

≪ k

log q

(4.3)

and∫ 3±iT

A(c1)±iT

G1(s)X
s−1Γ(s− 1)ds ≪

∑
χ ̸=χ0

χ(−1)=1

1

dχ
(log q)2

X2q
3
2 e−

πq
2

log(qX)

≪ k exp

(
−π

2
q

(
1 +O

(
log q log log q

q

)))
.

(4.4)

Since q = pk is a prime power, (4.2), (4.3) and (4.4) can be estimated by

≪ k

log q
=

1

log p
. (4.5)
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In order to complete the proof, we estimate the error terms in (4.1). Since φ(n) =
n
∏

p|n (1− 1/p), we have

(logX)2
∑
d>1
d|q

1

d

∑
l|d

φ(l)

l
≪ (log q log log q)2

k∑
j=1

j + 1

pj

(
1− 1

p

)
.

We now invoke the generating function for the sum of l-th powers
∞∑
l=1

lnxl =
x

(1− x)n+1
An(x),

where An(x) are the Eulerian polynomials that are defined by the exponential gener-
ating function

∞∑
n=0

An(t)
xn

n!
=

t− 1

t− e(t−1)x
.

By using the fact A1(x) = 1 and the definition of X, we have

k∑
j=1

j + 1

pj

(
1− 1

p

)
≪

∞∑
j=1

j

pj
+

∞∑
j=1

1

pj
≪ 1

p
.

Hence, we have

(log q log log q)2
k∑

j=1

j + 1

pj

(
1− 1

p

)
≪ (log q log log q)2

p

≪ k2(log p)2(log k + log log p)2

p
.

So, we obtain

(logX)2
∑
d>1
d|q

1

d

∑
l|d

φ(l)

l
≪ k2(log p)2(log k + log log p)2

p
. (4.6)

Since n =
∑

d|n φ(d), the second term in (4.1) is

X− 1
2

∑
d>1
d|q

1

d

∑
l|d

φ(l) = k exp

(
− 3

c0
log q log log q

)
. (4.7)

Finally, since φ∗(pj) = pj−2(p− 1)2, the contribution of the first term is

ζ(2)

2ζ(4)

(
1 +

1

p2

)−1∑
d>1
d|q

φ∗(d)

d
=

ζ(2)

2ζ(4)

(p− 1)2

p2 + 1
k. (4.8)

Therefore, combining (4.1), (4.5), (4.6), (4.7)and (4.8), we obtain

S1(X) =
ζ(2)

2ζ(4)

(p− 1)2

p2 + 1
k +O

(
k2(log p)2(log k + log log p)2

p

)
. (4.9)
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Therefore, we complete the proof of Theorem 1.4.

5. Application in recovering short generators

In this section, we describe an application of our main results to cryptography. We
consider the short generator problem, for more details, see [4, 12].

Definition 5.1 (The short generator problem). Let K be a number field with OK its
ring of integers. Given a generator h of the principal ideal hOK , the goal of the Short
Generator Problem is to recover a generator g of hOK , i.e., gOK = hOK , satisfying
∥Log(g)∥2 = minu∈O∗

K
∥Log(h · u)∥2. Such a generator g is called a shortest generator

of the principal ideal hOK .

Notice that the notation Log(·) in the above definition is the logarithmic embedding
of the number field defined for a q-th number field K as Log(α) = (log |σi(α)|)i∈G ∈
Rφ(q)/2 for all α ∈ K, where σj are the complex embeddings and G :=

(
Z∗

q/{±1}
)
. We

consider K = Q(ζq) to be a q-th cyclotomic number field with its group of cyclotomic

units C = ⟨−1, ζq, bj | j ∈ G \ {1}⟩, where bj =
ζjq−1

ζq−1
. Let bj := Log(bj) = Log(b−j) for

j ∈ G \ {1}. Then {bj} forms a basis for Log(C), the log-cyclotomic-unit lattice of K.
We denote by {b∨

j } its dual basis corresponding to {bj}.

5.1. Previous results on SGP over cyclotomic number fields. We combine the
implication of Theorem 4.1 of [4] to the special case using the distribution given by
Lemma 5.4 of [4], which is the main target of our application, more details and proofs
is given in Appendix A.

Theorem 5.2 (implication of [4, Theorem 3.1, Theorem 4.1, Lemma 5.4]). Let X1, . . . ,
Xφ(q)/2, X

′
1, . . . , X

′
φ(q)/2 be i.i.d. random variables of the Gaussian distribution with the

mean 0 and the standard deviation r > 0, and let X̂i = (X2
i + X ′2

i )
1/2. Then for any

tuple of vectors v(1), . . . ,v(φ(q)/2−1) ∈ Rφ(q)/2 of Euclidean norm 1 that are orthogonal
to the all-1 vector, and for parameter t such that 1

2∥b∨
j ∥2

> t > T for some universal

constant T ,

Pr

[
∃j,

∣∣∣∣∣∑
i

a
(j)
i log(X̂i)

∣∣∣∣∣ ≥ t

]
≤ (φ(q)− 2) e−t/2.

Then there is an efficient algorithm that given g′ = g · u, where g is chosen from the

distribution given by
(
X̂i

)
and u is a cyclotomic unit, outputs an element of the form

±ζjg with probability at least 1− (φ(q)− 2) e(−t/2).

In [4], the relation between the length of the dual basis and the negative square
moment of L (1, χ) is also given. We rephrase the combination of Theorem 3.1 in [4]
and the equation given in its proof.

Theorem 5.3 ([4, from the proof of Theorem 3.1]). Let q = pk for a prime p, and let
{b∨

j }j∈G\{1} denote the basis dual to {bj}j∈G\{1}. Then all
∥∥b∨

j

∥∥
2
are equal, and

∥b∨
j ∥22 = 4 |G|−1 ·

∑
χ∈Ĝ\{1}

d−1
χ · |L (1, χ)|−2 ,
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where Ĝ is the set of characters of G.

Here we mark out the estimate of the length of the dual basis given by [4].

Theorem 5.4 ([4, part of Theorem 3.1]). Let q = pk for a prime p, and let {b∨
j }j∈G\{1}

denote the basis dual to {bj}j∈G\{1}. Then all
∥∥b∨

j

∥∥
2
are equal, and

∥b∨
j ∥22 ≤ 2k |G|−1 ·

(
ℓ(q)2 +O(1)

)
= 4C2k

(log q)2

q
(1 + o(1)),

where ℓ(q) = C log q for some C > 0.

5.2. Our improvements. In this subsection, we show the improvement on estimating
the length of the dual basis obtained from applying our main theorems.

If q is a large prime number, then dχ = q for all χ modulo q and χ ̸= χ0. Hence by
substituting (1.2) we have

∥b∨
j ∥2 =

√
4ζ(2)

ζ(4)q
(1 +O (q−1+ε)) =

2
√
15

π
√
q

(
1 +O

(
q−1+ε

))
.

Then there exists Q > 0 such that for any q > Q,

∥b∨
j ∥2 <

2
√
15

π
√
q
(1 + δ)

for some positive δ ≪ 1. Then by applying Theorem 5.2, we obtain the following result.

Corollary 5.5. Let q be a large prime number. There exists an efficient algorithm
that given g′ = g · u, where g is chosen from D(t, α) and u ∈ C is a cyclotomic unit,
outputs an element of the form ±ζjg with probability at least α = 1− (q− 3)e−t/2 with

t = π
4
√
15

√
q

1+δ
> T for some small δ > 0.

For the case q = pk is a prime power, first we assume that k = o (p/(log p)4) with
p large enough. Under the assumption of the nonexistence of the exceptional zero, we
obtain

∥b∨
j ∥2 =

√
8

φ(pk)

(
ζ(2)

2ζ(4)

(p− 1)2

p2 + 1
k (1 + o(1))

)

=
2
√
15

π

√
k

φ(pk)
(1 + o(1)) .

While for the case k ≫ p/(log p)4, under the assumption of the nonexistence of the
exceptional zero, we have

∥b∨
j ∥2 ≪

k log p(log k + log log p)√
φ(pk)p

.
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Then there exists Q1 > 0 such that for any q > Q1,

∥b∨
j ∥2 =

2
√
15

π

√
k

φ(pk)
(1 + o(1))

<
2
√
15

π

√
k

φ(pk)
(1 + δ1)

for some positive δ1 ≪ 1. Otherwise, there exists Q2 > 0 such that for any q > Q2,

∥b∨
j ∥2 = O

(
k log p(log k + log log p)√

φ(pk)p

)
≤ C2

k log p(log k + log log p)√
φ(pk)p

for some constant C2 > 0. Thus we derive the following result by applying Theorem 5.2.

Corollary 5.6. Let q = pk be a power of a prime number and assume that the excep-
tional zeros do not exist. There exists an efficient algorithm that given g′ = g ·u, where
g is chosen from D(t, α) and u ∈ C is a cyclotomic unit, outputs an element of the

form ±ζjg with probability at least α = 1− (φ(q)− 2)e−t/2 with t = π
4
√
15

√
φ(q)
k

1
1+δ

> T

for some small δ > 0 if k = o
(

p

(log p)4

)
and T < t ≤

√
φ(q)p

2 log q log log q
otherwise.

We list the estimates on the length of the dual basis and the corresponding lower
bounds on the success probability of the algorithm described in Theorem 5.2, in terms
of t, in Table 1. One can observe that when q is a prime number, we improve t by a
log term and also get the optimal description of order of t for Theorem 5.2’s setting
other than only a lower bound. Notice that compared to the prior work [20], we remove
the GRH assumption. For prime power q, the bound for L(1, χ) doesn’t change, so
that [4] has the same estimate for the dual basis. Therefore, we improve the estimate
under assuming the exceptional zeros don’t exist for both cases, k = o (p/(log p)4) with
large prime p (“first qk condition” henceforth), and k ≫ p/(log p)4. Moreover, since
the estimates on the dual basis for prime q and for the first qk condition are equalities,
their parameters t and the corresponding lower bound on the success probability are
optimal for Theorem 5.2’s setting.
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Table 1. Comparison: the constant C refer to the one in Theorem 5.4.
Condition and approach

∥∥b∨
j

∥∥
2

Parameter t in Theorem 5.2

q = pk; bound on L(1, χ) [4] ≤ 2C
√
k
log q
√
q
(1 + o(1)) ≫

√
q

√
k log q

q: large prime; negative
moment

=
2
√
15

π
√
q

(
1 +O

(
q−1+ε

))
≍ √

q

q = pk with p: large prime,
k = o (p/(log p)4); negative
moment (assuming the
nonexistence of exceptional
zeros)

=
2
√
15

π

√
k

φ(q)
(1 + o(1)) ≍

√
q

k

q = pk with p: prime,
k ≫ p/(log p)4; negative
moment (assuming the
nonexistence of exceptional
zeros)

≪ log q log log q√
φ(q)p

≫
√
qp

log q log log q
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Appendix A. Proof Theorem 5.2

In this section, we describe the details and the proof of Theorem 5.2. As in [4], we
assume that the index [Log(O∗

K) : Log(C)] is small.
We denote by D(t, α) the distribution over K with the property that for any tuple of

vectors v1, . . . ,vℓ ∈ Rφ(q)/2 of Euclidean norm 1 that are orthogonal to the all-1 vector
1, the probability that |⟨Log(g),vj⟩| < t holds for all j = 1, . . . , ℓ is at least some
α > 0, where g is chosen from D(t, α) and the parameter t is positive (remembering
that Log(K) ⊂ Rφ(q)/2).

The following is an immediate result from the fact that the image Log(u) ∈ Rφ(q)/2

for u ∈ O∗
K is orthogonal to the all-1 vector.

Lemma A.1. Let g be chosen from D(t, α). Then

∣∣∣∣〈Log(g), b∨
j

∥b∨
j ∥2

〉∣∣∣∣ < t holds for all

j = 1, . . . , φ(q)/2 with probability at least α.

Below, we specify the parameters in our setting of K for some certain Gaussian
distributions.

Lemma A.2. Let n = φ(q)/2 and ℓ = n − 1. Then D(t, α) with t > 0 and α =
1− (φ(q)− 2)e−t/2 exists for some Gaussian distributions that have standard deviation
r if t ≥ T , where T is the universal constant given in [4, Lemma 5.4].

Proof of Lemma A.2. The corollary follows immediately from [4, Lemma 5.4] over K
by taking n = φ(q)/2 and ℓ = n − 1. Here we identify the elements of K by real and
imaginary parts of their image under complex embeddings, i.e., Ψ : OK → Rφ(q) such
that Ψ(a) = (Re(σj(a)), Im(σj(a)))j=1,...,φ(q)/2. More precisely, the random variables Xi

and X ′
i correspond to (Re(σi(a)))a∈K and (Im(σi(a)))a∈K , respectively. It follows that

the random variables X̂i correspond to (|σi(a)|)a∈K and thus log
(
X̂i

)
correspond to
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(Log(a))a∈K . Let v(1), . . . ,v(φ(q)/2−1) ∈ Rφ(q)/2 be vectors with Euclidean norm 1 that
are orthogonal to the all-1 vector. Therefore, [4, Lemma 5.4] indicates that for entries

v
(j)
i of v(j),

Pr

[
∃j,

∣∣∣∣∣∑
i

v
(j)
i log(X̂i)

∣∣∣∣∣ ≥ t

]
≤ (φ(q)− 2) e−t/2,

which implies that

Pr

[∣∣∣∣〈(Log(X̂i)
)
i=1,...,φ(q)/2

,v(j)

〉∣∣∣∣ < t for all j = 1, . . . , φ(q)/2− 1

]
> 1− (φ(q)− 2) e−t/2.

Hence, X̂1, . . . , X̂φ(q)/2 are i.i.d. D
(
t, 1− (φ(q)− 2) e−t/2

)
random variables. □

We first show an immediate consequence deduced from results of [4].

Corollary A.3. If the parameter t satisfies 1

2∥b∨
j ∥2

> t > T for some universal constant

T , then there is an efficient algorithm that given g′ = g · u, where g is chosen from the
distribution given by D(t, α) = D(t, 1−(φ(q)− 2) e−t/2) and u ∈ C is a cyclotomic unit,
outputs an element of the form ±ζjg with probability at least α = 1− (φ(q)− 2) e−t/2.

We mainly follow the proof of [4, Theorem 4.1], and take care of the parameters and
probability.

Proof. Let t satisfies that 1

2∥b∨
j ∥2

> t > T . The idea is to find the magnitude of u by

computing Log(u), and to divide g′ by u. Notice that under the logarithmic embedding,
we have the relation Log(g′) = Log(g) + Log(u) ∈ Rφ(q)/2 with Log(u) ∈ Log(C) and
Log(g) ∈ Log(O∗

K), whose form is suitable for Babai’s round-off algorithm ([4, Claim
2.1]).

Then the algorithm goes by first finding Log(u) with Babai’s algorithm, then com-
puting u′ =

∏
b
aj
j , where aj are integer coefficients of Log(u) =

∑
ajbj, and finally

outputting g′/u′. Since Log(u′) = Log(u) implies that g′/u′ = gu/u′ = ±ζjg for
some sign and some j ∈ {1, . . . , q}, it suffices to show the fitness for applying Babai’s
algorithm, and the probability for allowing to apply it.

From Theorem 5.3, the short generator algorithm succeeds only if Babai’s algorithm
succeeds. According to [4, Claim 2.1], in order to apply Babai’s algorithm, we need to
ensure the input generator g meets the requirement that∣∣⟨Log(g),b∨

j ⟩
∣∣ < 1/2

for all j ∈ G \ {1}.
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By Lemma A.1 and the assumption 1

2∥b∨
j ∥2

> t, we have

∣∣⟨Log(g),b∨
j ⟩
∣∣ = ∥b∨

j ∥2 ·
∣∣∣∣〈Log(g), b∨

j

∥b∨
j ∥2

〉∣∣∣∣
< ∥b∨

j ∥2 · t

<
1

2
as claimed. Then by Lemma A.2 and the assumption that t ≥ T , the success probability
is lower bounded by α = 1− (φ(q)− 2)e−t/2 as claimed. □

Then Theorem 5.2 immediately follows [4, Theorem 3.1, Theorem 4.1, Lemma 5.4]
and Corollary A.3.
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