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ABSTRACT. Though Mahler equations have been introduced nearly one century ago,
the study of their solutions is still a fruitful topic for research. In particular, the
Galois theory of Mahler equations has been the subject of many recent papers. Nev-
ertheless, long is the way to a complete understanding of relations between solutions
of Mahler equations. One step along this way is the study of singularities. Mahler
equations with a regular singularity at 0 have rather “nice” solutions: they can be
expressed with the help of Puiseux series and solutions of equations with constant
coefficients. In a previous paper, the authors described an algorithm to determine
whether an equation is regular singular at 0 or not. Exploiting information from
the Frobenius method and Newton polygons, we improve this algorithm by signifi-
cantly reducing its complexity, by providing some simple criterion for an equation
to be regular singular at 0, and by extending its scope to equations with Puiseux

coefficients.
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1. INTRODUCTION

Let K be a field and p > 2 be an integer. A p-Mahler equation is a functional linear
equation of the following form

amn (2)f (") + -+ ar(2) f(2P) + ao(2) f(2) = 0
where ag, ..., an lie on some extension of K[z] and apa,, # 0. When K = Q and
ao, - - -, am € Q[z], power series solutions of p-Mahler equations are known as M,-
functions, or M-functions. These functions has been introduced by Mahler [Mah29,
Mah30a, Mah30b] to study the algebraic relations between their values at non-zero
algebraic points. This subject has been the topic of many papers (see [Nis97] for an
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account up to 1997 and [Phil5, AF17, AF24a, AF24b] for recent developments). The
study of algebraic relations between values of M-functions at some non-zero algebraic
points — possibly associated with distinct p or evaluated at distinct algebraic points
— eventually reduces to the study, for each p, of the algebraic relations between some
M,,-functions. One tool to perform this task is the Galois theory of Mahler equations.
However, despite recent developments, the Galois theory does not allow to treat general
equations of order greater than 3 (see [DP24]). In the shift case, Feng [Fen18] provides
an algorithm that applies to equations of arbitrary order, but it is inefficient'. As the
Galois group on an equation acts on the solutions, the understanding of the nature
of these solutions in a neighborhood of 0 can be of some help in computing it. In
general, the form of the solutions of Mahler equations may be rather complicated and
involve Hahn series with intricate supports. It becomes simpler when the equation is
reqular singular at 0, for it only involves Puiseux series and solutions of equations with
constant coeflicients.

In light of the above, it becomes important to provide simple criterion for an equation
to be regular singular at 0. This is what is achieved in this paper, in a general setting.
In [FP22] the authors provided a first algorithm to determine whether a Mahler equa-~
tion is regular singular at 0 or not?. However, the algorithm was not really informative
about the properties of regular singular Mahler equations. In particular, it did not
provide any simple criterion for an equation to be regular singular at 0. In this paper,
we provide a new algorithm?® which improves the results of [FP22] in three directions:
it runs faster, it is much more informative about the nature of regular singular Mahler
equations and it does not restrict to equations with polynomial coefficients.

Main results. Let K be an algebraically closed field of characteristic 0. Let &2 be
the field of Puiseux series, with coefficients in K, that is,

# UK ().

Let p > 2 be an integer. We consider the operator

Gp: P = P
fz) = [,

which acts trivially on K. A p-Mahler equation of order m € N* over &, or, for short,
a Mahler equation is a linear functional equation of the form

(1) am(2) f(2P") + -+ ar(2) f(2F) + ao(2) f(2) = 0,

with ag(z),...,am(z) € & and ap(z)am(z) # 0. To each p-Mahler equation we can
associate an operator

(2) L:=amey +...+a1¢p +ao € P ().

Then, (1) may be rewritten as Lf = 0. A p-Mahler system over & is a system of
linear equations of the form
op(Y) =AY

11t seems that Feng’s algorithm could potentially be adapted to the case of Mahler equations; see
the discussion in [AF24b, p. 1226].

2Actually7 this algorithm is written for Mahler systems, but it can be used for Mahler equations by
considering the associated companion matrix.

3We implemented the algorithm in Python 3, it is available at the following URL address:
https://faverjon.perso.math.cnrs.fr/AlgoRS_Newton.py.
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with A € GL,,,(¢?). To any p-Mahler equation we can associate a p-Mahler system by
considering the companion matrix

0 1 0

3 Ap=1| + =

3) L o 0
—% ... ... _%m-1

Conversely, to any system we can associate an equation, using the Cyclic Vector Lemma
(see [FP22, Section 3.1] for more details).

Definition 1. Let L € &(¢p). The p-Mahler equation Lf = 0 is regular singular at
0 if there exists a matrix P € GL,,(Z) such that ¢,(P) 1AL P € GL,,(K).

Theorem 2. Let K be a computable algebraically closed field of characteristic 0. Al-
gorithm 2, described in Section 7, returns whether a p-Mahler equation of the form (1)
is reqular singular at 0. If the a;’s are power series, it runs in

O (m2y2pm)
operations in K, where v is the maximum of the valuations of the a;’s.

Recall that a field is said to be computable if its elements can be effectively repre-
sented and there exist algorithms to perform basic arithmetic operations and decide
equality (see [Rab60]). Note that the algebraic closure of a computable field is itself
computable [Rab60, Theorem 7]. For example, one could take K = Q in Theorem 2.
Note that the Algorithm 2 will only use a finite number of coefficients from the a;’s,
depending only on the ramification of the a;’s and their valuations. Thus, we do not
need a way to compute arbitrary large coefficients of the a;’s but only to know their
coefficients up to an effective bound.

Our algorithm relies on the Frobenius method for Mahler equations introduced in
[Roq24]. Tt uses the Newton polygon of the Mahler equation (1), which is the lower
convex hull of the set of points (p’,5), 0 < i < m and j > val, a;(z), see Sections 3
and 4. When considering linear ordinary differential equations, an equation is regular
singular at 0 if and only if its Newton polygon has only one slope and this slope is 0
[vdPS03, p.92]. There is no such criterion for Mahler equations: the regular singularity
at 0 cannot be read from the Newton polygon. Precisely, as shown in Remarks 24 and
25, one may find two distinct equations having the same Newton polygon such that
the first equation is regular singular at 0 while the second is not. Nevertheless, some
information can be extracted from the Newton polygon.

Theorem 3. A necessary condition for a Mahler equation with a; € K[[z]] to be reqular
singular at 0 is that the denominators of the slopes of its Newton polygon are relatively
prime with p.

Remark 4. We can always reduce our study of Equation (1) to the situation where
the a;’s are power series. Indeed, replacing z with z% for some d and multiplying the
equation with some monomial does not affect the regular singularity at 0.

The criterion given by Theorem 3 becomes particularly nice when p is large.

Corollary 5. Consider an equation (1) with a; € K[[z]]. Assume that the equation is
reqular singular at 0 and that p > max; val, a;. Then, one of the following holds:

e the Newton polygon has one unique slope;
e the Newton polygon has two slopes and the second one is null.
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Using this criterion and the algorithm cited in Theorem 2 we are able to answer one
of the questions we asked in [FP22]: is that true that a p-Mahler equation is either
regular singular at 0 for every p large enough or not regular singular at 0 for every p
large enough? We give a positive answer as follows:

Theorem 6. Let ag,...,a, € K][[z]] with aga,, # 0 and set v := max; val, a;. For
any p > v consider the p-Mahler equation

(3-p) an(2)f (") + -+ ar(2) f(2F) + ao(2) f(2) = 0.
The following two propositions are equivalent:

e there exists a p > v such that the p-Mahler equation (3-p) is reqular singular
at 0;
e the p-Mahler equation (3-p) is regular singular at O for any p > v.

Organisation of the paper. Our paper is organized as follows. In Section 2, we
introduce some ring extensions of the field of Puiseux series on which the map ¢, :
z +— 2P extends. In Section 3 we introduce the Newton polygon associated with a
Mabhler equation. We briefly recall the Frobenius method for Mahler equations of
[Roq24] (which is an adaptation of the corresponding method for linear differential
equations) in Section 4. The proof of Theorem 3 is given in Section 5. In Section 6,
we give a necessary and sufficient condition for an equation to be regular singular
at 0, from which the algorithm of Theorem 2 is built. The main algorithm, namely
Algorithm 2, is described in Section 7 where we also prove Theorem 2. In Section 8§,
we run our main algorithm on an example. In Section 9 we apply our results to the
case where the Newton polygon associated with the equation has one slope. Last, in
Section 10 we prove Corollary 5 and Theorem 6.

Acknowledgment. We are deeply grateful to the referee for their meticulous reading of
an earlier version of this paper.

2. SOME USEFUL RING EXTENSIONS OF THE FIELD OF PUISEUX SERIES

The equation y(zP) — 2y(z) = 0 shows that a Mahler equation may not have a basis
of solutions in the ring & of Puiseux series. To build a basis of solutions, one has
to consider some ring extension of &?. There exists a formal construction for such an
extension following from the Picard-Vessiot theory. In the case of Mahler equations,
one may give a more precise description of a basis of solutions.

2.1. Hahn series. Let R be a commutative ring. A Hahn series f is a formal series

f)=> 12", fER

v€EQ

whose support, supp, f := {y € Q : f, # 0}, is a well-ordered subset of Q. We let
Hr denote the ring of Hahn series with coefficients in R. It contains the ring #r
of Puiseux series with coefficients in R. When R = K, we let ¢ = J#. Equipped
with the termwise addition and the Cauchy product, 7% is a ring. When R is a field,
A1 is a field too (see [Roq24, Section 3.1]). We define the valuation of a Hahn series
f(z) =2, 427 as val, f = min(supp, f) with the convention that val,0 = +oo. It
is a valuation which extends the valuation on &r. We define the coefficient of lowest
degree of f as cld, f = fyal, - The map ¢, naturally extends to J# and we have, for

any f € J, val, ¢,(f) = pval, f.
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Some Hahn series, like the series D, z VY pk, are solutions of p-Mahler equations®.

Yet, the field of Hahn series is not large enough to contain a basis of solutions of any
p-Mahler equation over .

2.2. The ring Z. Recall that K is algebraically closed. Consider a family of in-
determinates X., ¢ € K*, along with an additional indeterminate Y. The ring
H[(Xc)eex =, Y] can be equipped with a structure of ¢,-extension of /7, by defin-
ing the action of ¢, as follows:

Vee K™, ¢p(Xe) =cX. and ¢,(Y)=Y +1.

One easily checks that the ideal I spanned by X.— 1 and the polynomials X .Xj— X4,
for all ¢,d € K*, is invariant under ¢,. Thus, the quotient ring

X = %[(XC)CEKXaY]/I

inherits a structure of ¢,-ring. Precisely, if we let e. denote the image of X. for each
¢ € K* and /¢ denote the image of Y, then

dplec) = cee, Ve € KX, and ¢p,(¢) = £+ 1.

Note that, with these notations, e; = 1.

A straightforward adaptation of the proof of Theorem 35 in [Roq18]° shows that for
any g € %, the identity ¢,(g) = g holds if and only if g € K. Furthermore, it follows
from [Roq24, Remark 7 and Theorem 12] that any p-Mahler equation (1) has a basis
of solutions in #Z, meaning that it has m solutions that are linearly independent over
K. Note that the base field K is C in [Roq24] but the argument there works for any
algebraically closed field of characteristic zero.

Any element y of #Z can be written

y= Z hc,jecgj
c’j

with h.; € 7 and where the sum is over a finite range of ¢ € K* and j € Z>q. Thus,
any p-Mahler equation has m solutions yi, ..., Y, of the form y; = > e hicjet?, with
hicj; € A, which are linearly independent over K.

Proposition 7. Consider a p-Mahler equation (1). The following are equivalent:
a) it is reqular singular at 0; .
b) it has a basis of solutions of the form Zc?j hicject? with hic; € P;
c¢) any solution in X of this equation is of the form ZCJ— he el with hej € 2,
that is, any solution belongs to P|(ec)cckx*, ).

Proof. Let us prove that b) implies ¢). Any solution is a linear combination over K
of elements of the basis. Thus, it is of the form ZCJ heject! with hej = > bihc
and b; € K. Since the h; . ;’s are Puiseux series, so are the h ;’s.

Let us prove that a) implies b). Assume that the system is regular singular at 0,
so there exists P € GLy;, () such that Ay := ¢,(P)"'ALP € GL,,(K). It follows
from [FR24b, Lemma 24] that there exists an invertible matrix E, with coefficients in
K[(ec)cekr, £] such that

-1
(4) ¢p(E) ' AgE =1, .
A description of Hahn series which are solutions of Mahler equations is given in [FR24b].

5In [Roq18], this property is proved over & and the base field is Q, but the same argument works
over s and any algebraically closed field of constants, K.
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Thus,

¢p(PE) = ALPE.
It follows that the ith column of PE is of the form (y;, ¢p(vi), ..., ;”_l(yi))—r for some
yi € P[(ec)cekr, ] and that yi,...,yn are solutions of (1). Since the matrice PE is
invertible, these solutions are linearly independent. Thus, y1,..., ¥y, form a basis of

solutions and b) holds.

We prove that ¢) implies a). Assume that c¢) holds. In [Roq21, Theorem 2|, Roques
proves that there exists H € GL,, () such that Ag := ¢,(H) YA H € GL,,(K).
From [FR24b, Lemma 24|, there exists an invertible matrix F with coefficients in
K{(ec)cek~, ¢] which satisfies (4). Without loss of generality, we can assume that Ay is
a Jordan matrix so that we can choose F to be upper triangular with diagonal entries
€crs- -, €cn, Where ¢1, ..., ¢y are the diagonal entries of Ag. Since ¢,(HE) = ALHE
and since Ay, is a companion matrix, the entries of the ith row of HE are of the form
¢l (f) where f is a solution of (1). In the meantime, the entries of HE are of the

form
E ]’LC, 7 ecfj
C?j

with h.; € . It follows from c) that h.; € &7. Furthermore, since the matrix F is
upper triangular, the entries of H are in &. Thus the system is regular singular at 0
and a) holds. O

2.3. The ring %),. Let A be an indeterminate, which will serve as a parameter in
applying the Frobenius method to Mahler equations. This method is an analog of the
eponymous method for differential equations (see Section 4). We consider the field
() (respectively L@K(,\)) of Hahn series (respectively Puiseux series) in z whose
coefficients are rational functions in A. We let the map ¢, act on H#g/y), leaving A
unchanged. Furthermore the derivative d) = a% acts on A (y). Note that ¢, and 0y
commute.

By [Roq24, Section 3.4, there exists a differential ring extension %) of ) on
which ¢, and 0, act and commute and which has an element ey such that

d’p(e}\) = dey
and that %) = t%”K(/\)[eA,é?AeA,a/Q\e)\,...]. Here, the elements 0% (ey), i € Zxo, are
considered as indeterminates and 9 (diey) = 0% ey for all i € Zxg.

Let ¢ € K*. We consider the ring K[[A — ¢]]'"* C K(\) of rational functions
with no poles at A = c¢. There is a specialization map evy—. from the subring
HK[—drat[ex, Oren, 8/2\@, ...] of Z) to Z which sends A to ¢, e to e. with the prop-
erty that it commutes with ¢,. Let . = evi_.(9%ey/k!). Still following [Roq24], we
can define the specializations so that

10l —1)--(E—k+1)
(5> Ec,k:CTg A €c,

with the convention f.o = e..

3. NEWTON POLYGONS

Let L be the operator attached to (1), defined by (2). Following [CDDMI18], we
define the Newton polygon N(L) of the equation (1) as the lower convex hull of the
set

P(L) ={(p%,7) | i€{0,...,m}, j > val,a;(2)} C R%
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The polygon N(L) is delimited by two vertical half lines and by x < m — 1 non-
vertical edges having pairwise distinct slopes p; < pg < --- < g, called the slopes of
Equation (1). In this section, we gather some properties of Newton polygons which
will be used in the proofs of Theorems 2 and 3.

Lemma 8. Let f € H be a non-zero solution of (1). Then val, f is the opposite of a
slope of N(L).

Proof. See [FR24a, Lemma 8|. O

Each edge of N(L) is delimited by two points (p’,val,a;) and (p,val,a;) with
0 <i < j <m. The slope of such an edge is equal to

val, aj — val; a;

p—p
The integer j — i is called the multiplicity of this slope. Let rq,...,r, denote the
respective multiplicities of p1, ..., pe. To each slope pj;, we associate a characteristic

polynomial x;(A) in the following way. Let Z; denote the set of i € {0,...,m} such
that the point (p’,val, a;) belongs to the edge with slope p;. We set

Xi(A) = cld; ai(2)N
iEIj
where cld; a;(z) is the coefficient of lowest degree of a; (see Section 2.1). We let
Cj1s---,Cjr; € K* denote the nonzero roots of x;(A) counted with multiplicities: they
are the exponents attached to the slope p;. We let m. ; denote the multiplicity of an

exponent ¢ attached to the slope ;. If ¢ is not attached to p; we write m.; = 0. Note
that . ;mc; =m. For any pair (c, j) we set

Scj i= Mel oo+ Mej1.

Example 9. Let p = 2 and L = 22%¢3 + (1 + 2)¢) + (=2 + 22)¢2 + (1 — 2)¢,, + 22°.

The slopes are pu; = —3 with multiplicity r1 = 1, uo = 0 with multiplicity ro = 2
and psz = % with multiplicity 73 = 1. The associated characteristic polynomials are
respectively

I =242, xa(N) =X —2X2 4+ X and  x3(\) =201 + A3,
Thus, the exponents are c11 = —2, co1 = c22 = 1 and ¢c37 = —2 and we have

m_o1 =1, mi2 =2, m_3=1and m.; =0 for every other pairs (c, j).

1 2 4 8 16
The Newton polygon N(L) from Ezxample 9

For any ¢ € K*, we define the operator L. as follows:
Le = amc™ ¢y + -+ a1cp +ap € P(dp) -

Remark 10. Let ¢ € K*. The operator L. has the following properties.

e We have L.f = 0 if and only if L(fe.) = 0. In particular, it follows from
Proposition 7 that L is regular singular at 0 if and only if L, is.
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e The Newton polygons of L and L. are identical. In the meantime, the exponents
attached to a slope of L. are obtained from the ones attached to the same slope
of L by dividing by c.

Similarly, we define
Ly = ap\" )" + - + a1\dp + ag € Pic(n)(p) -
Once again, Lyf = 0 if and only if L(fey) = 0 for any f € #,. Note the following
result for latter use.
Lemma 11. For any integer j such that 1 < j < k, we have
cld, Lx(z71) = x;(A) .
Furthermore, if —v € Q is not a slope of N(L), then cld, Lx(z?) = X% cld.(a;,) for a

certain i € {0,...,m}.

Proof. By definition of Ly we have Ly(z") = > /%, ai(2)NizP" for any v € Q. Let
v = minp<;<m{p'v + val, a;} and let Z = {i : p'v + val, a; = v}. Then,
(6) cld,(Ly(2")) = Z cldz(ai(z)/\izpiv) = chdz ai(2) A",
1€l i€l

If v = —p; for some integer j € {1,...,x}, by definition of Z; we have Z = Z; and the
result follows from (6) and the definition of x;(A). On the contrary, when —v is not a
slope of N(L), the set Z is a singleton and the result again follows from (6). 0

For an operator L = > a@é € Pk(n)(Pp); aoam # 0, we define similarly the
Newton polygon N (L) and its slopes p1 < -+ < puy.
Lemma 12. Consider an operator L = Y ;" aiqb;, € Pr)(Pp), a0 # 0, and let

p1 < -+ < e denote the slopes of N(L). Let f € Ay be such that val,(f) > —pu1.
Then,

val, (L(f)) = val;(ao) + val.(f) and cld. (L(f)) = cld.(ao) x cld.(f).
Proof. Let v := val,(f). The valuation of each term aiqbé( f) in L(f) is given by
val,(a;) + p'v for i = 0,...,m. For any i > 0, since y1 is the smallest slope, we have
valz(ai)‘— val, (ap) -
pt—=1

Thus, ' '
val,(a;) + p'v — (val,(ag) +v) > (p* — 1)(v+ p1) > 0.
This proves the first equality. The second one is an immediate consequence. O

Lemma 13. Consider an operator L = >, aiqb; € Pk (Pp) with ag # 0. Let
Ao € Pk () be such that val,(aso) > val,(ag) — p1. Then, the equation Ly = ao has
a solution in f € Py () such that val, f > —p.

Proof. Making a change of variables z — z¢ if necessary, we may assume without loss
of generality that the a;’s belong to K(A)((2)). Let v = val,(aoo) — val;(ag) > —p1.
For a Laurent series g = ) ;. grz* we let [9]k = gr. Define recursively a Laurent series
f= ZkZ’y szk by

Y+n

1 k
f7+n+1:m (oo — L ;sz

_cld; ax

f

~ cldyap’
val, aco+n+1
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One first check by induction that, for any n > 0,

4n
(7) val, | oo — L Z szk >val,ae +n+ 1.
k=

Proof for n = 0. When n = 0, (7) is rewritten as val, (as — L (fy27)) > val, aoo + 1.
This inequality follows from the definitions of v and f,, and from Lemma 12 applied
to fy27.

Proof of the inductive step. Let n > 0 for which (7) holds. By Lemma 12, we have
valy (L(fy4n+127T"1) = val, aoo + 1 + 1 and

ytn
oo — L Z fed* - [L (fw+n+127+n+1)]valz acotntl — 0.
k=y

val, aco+n+1

We infer from this equality and the induction hypothesis that (7) holds for n+1. This
proves the inductive step. Thus (7) holds for any n > 0. Letting n tends to oo we
obtain that val,(as — L(f)) = 400, that is L(f) = axo, as wanted. O

4. FROBENIUS METHOD

We continue with the notations of the previous sections. For any j € {1,...,x}, set
6; = val, L)(z7#7). It follows from [Roq24] that, for any exponent ¢ € K attached to
the slope jj, there exists an unique g. j(\, z) € H () such that
(8) L(gej(N z)en) = 2D\ = ¢)fedtMmeiey |

Furthermore, g (A, z) is well-defined at A = ¢ and it has valuation —p; in z. Moreover,
the coeflicient of lowest degree 7. j(\) := cld; g. (A, 2) is a rational function in X\ whose
(A — ¢)-adic valuation is equal to s, ;. It can be written explicitly:

2:1 H?:l(—ci,k) (A — )i
ao,val. ag [Toze(A =)

Note that (8) may be rewritten as
(10) .[/)\(gcﬂ()\7 Z)) = Zgj ()\ — c)sc,j“l’mc,j .

9) 1o (A) = AT e K[\ — ™.

Example 14. We continue with the operator L from Example 9. Associated with the
first slope and the exponent —2 we have r_31(\) =1, 6; = 6 and

g—21(\, 2) = 234+ %)\z‘l — i/\QzE’ + %)\226 + é/\3z7 — é)\?’zg + higher degree terms in z.
Further examples of series g. ; may be found in [Roq24, Section 6.
We recall the following result of Roques (see [Roq24, Theorem 12]).
Theorem 15. The functions
esi = evce (357 (ges (A 2)en) )
where, for each (c,j), 0 <1 < mej, form a basis of solutions of (1).

Actually, since we derive at most s ; +m.j — 1 times g. (A, z)e) and we specialize
at A = ¢, one does not need an equality in (8) to obtain a basis of solutions.
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Theorem 16. Assume that for any j and any exponent c attached to the slope p; we
have a Hahn series hej(A, z) € Hr—¢rat which has valuation —p; in z, such that
cld; he; has a (A — ¢)-adic valuation equal to s, and such that

(11) L(hej(Nex) € (X = ¢) st Med ey Seqa prat -
Then the functions ‘

Yegi = eace (57 (hey (0, 2)en))
where, for each (c,j), 0 <1 < mej, form a basis of solutions of (1).

Proof. Since evy—. and J) commute with ¢,, the fact that y. ;; are solutions follows
from (11) and the fact that, for any 0(\, z) € H(a—qrat,

eVi—c (8;”“ ((/\ — ¢)SedtMedey\ O\, z))) =0,

when 0 < ¢ < me;. Let us prove that the functions are linearly independent over
K. Recall that we set {.; = ev,\zc(ﬁl/{'e,\) /k!. The product formula for the derivative
implies that

Sc,j+i (Scj + Z)' schriik
Ye,ji = kz_o m €V a=c (8)\ ’ (hc,j(/\y Z))) gc,k.
Assume that there exist 7.;; € K such that qu i TejiVeji = 0. From [Roq24], the
L. 1’s are linearly independent over s#. Thus, for all ¢, k,

me,j—1

sc,'+i! Sc i+i—k
(12) Z Z Tc,j,i(sc(jj_i_)k)! eV i—c (6)\ ot (hqj()\, Z))) =0.

J i=max{0,k—sc ;}
Furthermore, by assumption on val, h.; and cld; h. j,

> —pj ifn>s.;,
(13) val, eva=c (0N (hej(A, 2))) § = —py  ifn=s.j,
> —p;  ifn<sg;.

Fix an exponent c. We recall that the indices (c, j, ) of the numbers 7 ;; are such that
0<j<kand0<i<m.;. Weextend this notation for j = x + 1 setting 7. 41, =0
for all i. We prove by decreasing induction on j € {1,...,x + 1} the property

('Pc,j) : Vke {0, ceeyMej — 1}, Tejk = 0.

Proof of the base case j = k + 1. The property (Pc+1) is satisfied by definition.
Proof of the inductive step. Fix a jo < k and suppose that (P.;) is satisfied when
J > jo. Let us prove (P, j,) by decreasing induction on k.

Proof of the base case k = mcj, — 1. By (13), any term of (12) but the one
corresponding to i = mcj, — 1 has valuation greater than —pu;,, since the 7. ;’s are
null when j > jo. It follows that Te,josme,jo—1 = 0

Proof of the inductive step. Let k < m,_j, —1. Suppose that 7 ;, ; = 0 for any [ with
kE <1<mecj, —1. Then, (12) can be rewritten as

Me,j—1
\ Scj +1)! Se.jt+i—k
SN gt e (657 h02)
J<Jjo i=max{0,k—sc ;} ©J '
k .
(Sc,jo +1)! Sc,joTi—k
+ Z Tc,jo,i—(sqjo i k)l eVi=c (8/\ Jo (hejo (A, z))) =0.

i:max{(),k—sc,jo}



REGULAR SINGULAR MAHLER EQUATIONS AND NEWTON POLYGONS 11

Then, all the terms but the one corresponding to j = jp and ¢ = k have valuation
greater than —p;,. It follows that 7, » = 0.

By induction on k, we have proved that (P, j,) is satisfied.

By induction on j, (P, ;) holds for any j. Since ¢ was chosen arbitrarily, we eventu-
ally get that 7. = 0 for any c, j, k, which ends the proof. O

5. A NECESSARY CONDITION: PROOF OF THEOREM 3

Theorem 3 gives a necessary condition for a p-Mahler equation with a; € K[[z]] to
be regular singular at 0: the denominators of the slopes of its Newton polygon must
be coprime with p. Before proving it, we first recall the following preliminary fact.

Lemma 17. Consider a Mahler equation of the form (1) for which a; € K[[z]] and
which is reqular singular at 0. Let d be the least common multiple of the denominators
of the slopes of N(L) which are relatively prime with p. Then, any solution of (1) is

of the form
Y= Z hcvjecﬁj
CJ

where the sum has finite range and where h.; € K((2/9)).

Proof. The lemma follows from [FP22, Corollary 2.4] applied to the companion system
associated with (1). The fact that the integer d can be chosen as the least common
multiple of the denominators of the slopes of N'(L) follows from the proof of [FP22,
Lemma 2.3]. Note that, in [FP22] the equation is supposed to have coefficients in Q(z),
however, the proof works all the same over K((z)). O

Proof of Theorem 3. Suppose that 1, is a slope whose denominator is not coprime with
p, for some j. Let ¢ be an exponent attached to p; and let

f(z> = €Va=¢ (8§c‘j (gC,j()‘7 z)e/\)) 5

where the g. ;’s are defined in Section 4. Using the product formula, we obtain,

Sc,j 0
_ SCJ' Scyj—k’ .
S& =3 G T e (90 ™ (9es (0 2)) e
Se ! Se.i—k
where we let £, = eva_.(0%er/k!). Let fi(z) = W’ik)!ev,\zc(a)\ 7 (ge,i (N, 2))) so
that f = 3,0 filek. From (9), val,(fo) = —p; and val,(f) > —pj when 0 < k <

)
Sc,j. From (5), leo = e, and for all k > 1, £} is a linear combination over K of
ecl,el?, ... elk. Thus,

S
jecg c,J

[ = foec+hiecl + -+ hs,
where hy, ..., hs,; are linear combinations over K of fi,..., fx. Since fy has valuation
—p; and the denominator of —pu; is not relatively prime with p, it follows from Lemma

17 that the equation is not regular singular at 0. O

6. A NECESSARY AND SUFFICIENT CONDITION

One could hope that a necessary and sufficient condition for the equation to be
regular singular at 0 would be for the g.;’s to be Puiseux. This is not the case
(see Remark 26). However, we prove in this section that a necessary and sufficient
condition for the equation to be regular singular at 0 is that the first coefficients of
each g.; € [\ — c]] are Puiseux series. Let us fix some notations and definitions.
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Notation. Let c € K, f € S| n_q) and let s be an integer. We let f mod (A — ¢)?
denote the remainder of the division of f by (A — ¢)® in Hxp—g), that is, if f =

E’yEQ ano fynZ7 (A —¢)", then

f mod (A~ Zwaz

veQ n=0

It is a polynomial with degree at most s — 1 in A.

Given an element f € JZ[\], we let valy_.f denote the valuation of f as a polynomial
in A — ¢, with coefficients in 7. We also let deg, f denote the degree of f as a
polynomial in A (which is the same as the degree of f as a polynomial in A — ¢).

Definition 18. We consider the following assumptions about Mahler equations of the
form (1):
(A1) ag,...,an belong to K[[z]];
(Az) the denominators of the slopes of the Newton polygon associated with (1) are
coprime with p.

Our study of Mahler equations can always be reduced so that (.4;) holds (see Re-
mark 4). Furthermore, it follows from Theorem 3 that (.A3) is a necessary condition
for the equation to be regular singular at 0. Thus, these two assumptions do not limit
the scope of the following results.

In this section, we let (1) be a p-Mahler equation satisfying (A;) and (A3) and L be
the associated operator given by (2). Let d denote the least common multiple of the
denominators of the slopes p1 < --- < p, of the associated Newton polygon. Recall
that r. () is defined for any pair (c,j) by (9).

Definition 19. Let 1 < j < k be an integer and ¢ be an exponent attached to the
1
slope p1j. We say that f.;j(\, 2) = 3., fejw(N)2¥ € K[zEa,\] is a truncated solution
associated with (c, 7) if the following five conditions hold:
Ci
Co

(C1) val. (La(fe;) mod (A —c)*eT™Mes) > val.(ao) — pu,
(

(Cs
(

(¢

)
) supp, fe; C 120 [~pj, —pal,
) cld, fe; =rej(A) mod (A — ¢)SedtmMes,

Ca) val, fej = —pj,

5) degy fej < sej+mej — 1.

We say that a truncated solution is reduced if the following additional condition holds:

(Co) degy fej—pun(N) < Scj+mej —mey — 1, for every k < j.
The following theorem is the core of Algorithm 2.

Theorem 20. Let (1) be a p-Mahler equation satisfying (A1) and (Az). The following
are equivalent :

(i) the equation is reqular singular at O;
(ii) for any j and any exponent c attached to p; there exists a truncated solution
fej associated with (c,j);
(ili) for any j and any exponent c attached to p; there exists a reduced truncated
solution f.; associated with (c,7j).

Theorem 20 is proved after two lemmas.
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Lemma 21. Let f.; =Y, fejo(A)2" € K[zié,)\] satisfying Condition (Cs) in Defi-
nition 19. Then, the following are equivalent:

(a) (Cg) holds;

(b) degy fej—pu(N) < Scj+mej—mer—1, for every k < j such that ¢ is attached

to — Mk

(c) degy fejov(A) < scj+mej — valy_c(cld; Lx(2Y)) — 1 for every v > —p;.
Proof. By definition, m.j # 0 if and only if ¢ is attached to —py. Using (Cs), it gives
the equivalence between (a) and (b). Furthermore, it follows from Lemma 11 that, for
any v € Q,

vy _ ) valae(xk(A)) = meg if v = —py, for some k,
valy—c(cld Ly (2")) = { valy_c(A° cld,(a;,)) =0 for some 1o, else.

Thus, (a) and (c) are equivalent. O

Lemma 22. Let ¢ be an exponent attached to some slope pij. Then,

Vazc (83(9e5 (A 2)en))
is a solution of (1) for any integer i such that 0 <1i < s¢; + mej.

Proof. 1t is immediate with (8) and the fact that 0y and evy—. commute with ¢,. O

Proof of Theorem 20. Let us first prove that (i) implies (iii). Suppose that the equation
is regular singular at 0. For each pair (¢,j), 1 < j < k, such that ¢ is an exponent
attached to the slope p; we let g.; be given by Equation (8). Write

9e,i(As 2) ZQCJ n —o)".

The proof that (i) implies (iii) is divided in three facts.
Fact 1. For any triplet (c,j,n) with 0 < n < s¢j +Mej, gejn(2) € K((z1/7)).

Fix a pair (¢, 7). We are going to prove Fact 1 by induction on n.

Proof of the base case n = 0. It follows from Lemma 22 that g. jo(2)e. is a solution of
(1). Thus, since the equation is regular singular at 0, it follows from Lemma 17 that
gego(2) € K((z1/4)).

Proof of the inductive step. Let n > 1 and suppose that g.;;(z) € K((2'/9)) for any
1 < n. Since 0y and ev)—. commute, we have

n
evaze (OR(gej(X 2)er)) = ) <T;> eVa=c (83(9c.j (A 2))) evazc (07 "en)

=0

n

Z gc,], cnfi
=0

Thus, using (5), there exists some non-zero ; , € Q,0<i<n,0<k<n—i1, such
that

n
EVi=c (8)\ (90]()‘ z 6)\ Z (Z i kgc,]z ) ok €c-
k=0
Since n < s¢j +mej — 1, it follows from Lemma 22 that evy—. (0y(gc,; (A, 2)ey)) is a
solution of (1). Since the equation is regular singular at 0, it follows from Lemma 17
that, for every k, the series > i~ Ok Jnl % ge.ji belongs to K((21/?)). Taking k = 0, and
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using the induction hypothesis, we obtain that g.;, € K((2%/%)), as wanted. This
proves Fact 1.

For each n with 0 < n < s.; +m,j — 1 write

Geqn(2) = D Gejma?? andset hejn(2) = D> Gejnn?’
V== —p <Y<—m
where all the 7’s involved in the sums above belong to éZ. Set also
sc,jerC’jfl
hej(N2) = Y hejn(z)(A =)
n=0

The Puiseux polynomial h. ; can be seen as the reduction of g. ; modulo (A —¢)%es TMe.i
and modulo z—+1+1/d,

Fact 2. For any pair (c,j), hej(A, 2) is an associated truncated solution.

By construction, h.; € K[zié,)\] and it has degree at most s.; + m; — 1 in A.
Hence h. ; satisfies (C5). The support of h. ;, as a Puiseux polynomial in z, is included
in éZ N [—pj; —p]. Thus, he ; satisfies (C2). Let 0 = g.j — hej. By construction, we
can write

0 = 01+ Oz (X — ¢)*e e,
with val, #; > —pu;. Thus,
La(he,j) = La(9e,j) = LA(0) = La(ge) — La(01) — (A = €)™ ™I L (62)
Reducing modulo (A — ¢)%iT™ei and using (10)
La(hej) mod (A —¢)it™Mei = —L,(0;) mod (A — ¢)eiTmes

Then,

val, (Lx(he;) mod (A —c)%9 %) = val, (Lx(f1) mod (A — ¢)®iT"med)

> val,(ag) — 1
because val, (Lx(01)) = val.(ao) + val;(61) by Lemma 12. Thus, h.; satisfies (C1). It
remains to prove (C3) and (C4). By construction, h.; is the truncation of g.; where
we only keep the monomials of the form (A — ¢)’2/ with 0 <14 < s.; + mc; — 1 and
—pj < j < —pi. Recall that val, g.; = —p; and cld; g. j = 7¢ (). Since, by (9),
valy_¢(r¢j(AN)) = 8¢ < 8¢ j +mej — 1,

we have val, hej = val, g.; = —p; and cld, hej = rcj(A) mod (A — ¢)%eitei. This
proves (C3) and (C4) and ends the proof of Fact 2.

The Puiseux polynomials h.; do not necessarily satisfy (C). Hence they may not
be reduced truncated solutions. Our last step to prove that (i) implies (iii) is to build
some reduced truncated solutions f. ;, using the Puiseux polynomials A ;. We now fix
a exponent c¢ attached to some slope.

Fact 3. For any integer j such that c is attached to the slope ji;, there exists a reduced
truncated solution f.; associated with (c, j).

We proceed by induction on the integers j such that c is attached to the slope p;.
Let jo be the least integer such that c is attached to pj,.
Proof of the base case j = jo. In that case, the condition (Cg) is empty. Hence the
Puiseux polynomial f. j, = hej, satisfies (Cs). Thus, it is a reduced truncated solution
associated with (e, jo).
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Proof of the inductive step. Let j > jo such that c is attached to p;. Let K be the
set of all k < j such that ¢ is attached to the slope . Assume that there exists a
reduced truncated solution f.j associated with (c, k) for any integer k € K. Then, for
any polynomials pg(A) € K[A], k € K, the Puiseux polynomial

(14) feji=hej+ Z()\ - c)SC’mec’j_SCvk_va’“pk()\)fcyk mod (\ — ¢)ed TMed
ke

still satisfies Conditions (C1) to (Cs). Indeed, for all k € K,
val, for = —pr > —pj = val; he ;.

Thus val, f.; = val, h.; and cld, f.; = cld; h j, which gives Conditions (Cs) and (C4).
Condition (C2) immediately follows from the fact that f.r, k € IC, and h.; satisfies
(C2). Since f.; is a remainder modulo (A — ¢)®=i*"i  Condition (Cs) is trivially
satisfied. Let us establish (C;). For all k € K, since f. satisfies (C;) and since Ly is
K[A]-linear, one has

VL (La((A — €)% sk e (A) o) mod (A — )+ mes)
> val, (Ly((A — ¢)eaFMea=ses=mMek f 1) mod (A — ¢) i Mes)
= val,(Lx(fer) mod (A —¢)*kTMer) > val,(ag) — 1

Since h, j satisfies (C1), we also have val,(Ly(hej) mod (A—c)%«it™ei)) > val,(ag)—m
and we deduce from (14) that f. ; satisfies (Cy).

It only remains to prove that we can choose the polynomials py(A) so that f.; also
satisfies (Cg). It follows from Lemma 21 that one only has to check Condition (Cs) for
the integers k < j which belong to K. Let k; > --- > k; be an enumeration of the
elements of K and set, for any n € {1,...,t}

n
P im heg D= o)t ek ek (M) o, mod (A =€)t
=1

and fy;] = Zve(@ fc[’r;]’v()\)z”. Note that deg), f[n] = degy fej,—py, for any n €

Cuju_p'kn

{1,...,t}. Thus, f.; satisfies (C¢) if and only if, for any n € {1,...,t},

(15) deg)\ fg/;{_ukn S Sc,j + Mej — Mek, — 1

Let n € {1,...,t}. Suppose that pg,,...,pr,_, have already been chosen. Let us prove
that we can choose py, so that (15) holds. Since f.j, satisfies (C3) and (Cy) it follows
from (9) that the coefficient of z7#k» in f.j. is of the form O(X)(A — ¢)%*n, with

O(A\) a unit of K[[A — ¢]]. Write fg;__ll]lkn = qgo(\) — 1(A\)(\ — ¢)SeitMei=Mekn  with
degy(qo) < sej+mej —meyg, — 1 and let pg, (X) be the reduction modulo (A — ¢)™ekn
of q1(N\)@(\)~L. Since

JI = fn g (3 = gyeatmedTsemn ek (X) fo, mod (A — ¢)ertmes

with such a choice for py, , fg;}f e, satisfies (15). Thus, we may chose recursively the
polynomials pg,, ..., pk, so that (15) holds for any n € {1,...,t}. For such a choice,
fej satisfies (Cs). A fortiori, it is a reduced truncated solution associated with (c, j).
This proves Fact 3 and the fact that (i) implies (iii).

The fact that (iii) implies (ii) is immediate so it only remains to prove that (ii)
implies (i). Suppose that, for any pair (c, j) there exists a truncated solution f. ;. We
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decompose

Ly= f: Len(A — o)
n=0

where the operators L., do not depend on A\. We also decompose

Sc,jtmej—1
feihz) = > fein(x) (A=)
n=0
Fact 4. For all non-negative integer n < s j +me; — 1, there exist 6. j,(2) € & such
that val,(0c jn — fejn(2)) > —p1 and

(16) > Len-i(feji(2)) =0.
=0

We proceed by induction on n.
Proof of the base case n = 0. Let n = 0 and let aoo(2) = —L¢o(fej0(2)). It follows
from (C;) that val,(as) > val,ag — p1. Then, it follows from Lemma 13 that there
exists y.j0 € &, with valuation greater than —p; and such that Lco(yej0) = Goo-
Thus, 0.0 = fecj0 + Yej,0 has the properties we want.
Proof of the inductive step. Let n > 1 and suppose that the assertion is proved with
n—1. Let

aoo(z): cO fcgn ZLcn z ¢,y ))

Then

n

ZLcn i fc,jz ZLcn 7, c,j,i ) fc,j,i(z))-

Looking at the term in ()\—c) in Condition (Cl), it follows from (C;) that the first sum
has a valuation greater than val, ag — p1. It is also the case of each term in the second
sum because val, L¢ p—i(0cji(2)— fe,ji(2)) > val, Lx(6c;i(2)— fcji(2)) which is greater
than val, ag — 1 by induction hypothesis and Lemma 12. Thus, val, as > val, ag— 1.
Then, it follows from Lemma 13 that there exists y. ;, € &, with valuation greater
than —py and such that Lco(Ye,jn) = oo- Thus, 8¢ jn = fejn+Yejn has the properties
we want. This proves the inductive step and, by induction, this proves Fact 4.

Let 6. be given by Fact 4. Since val,(6.; — f.;) > —p1 and val, fe; < —p1 (see
(C4)), val, 0. ; = val, f.; = —p; and cld, GCJ = cld fej- Then, the (A — ¢)-adic valua-

tion of cld, 6. ; is s ; by (C3) and (9). Setting 6. ;(\, z) = chjgrmc’j*l Ocjn(z)(A—c)"
and 0., =0 when n > s.; + m, j, we infer from (16) that

L(0cjer) =ex Y > Len-i(0ci(2))(A = )" € (A = ¢)*e3 ™o ex A p ot -
n=0 i=0

Thus, it follows from Theorem 16 that the functions

Ye,j,i(2) = eVa=c (3§C’j 05, Z)GA)> ,

1 <j <k, ce K* attached to pj, 0 <i < m; — 1, form a basis of solutions of (1).
Since the 6. ;’s belong to Z[A], the equation is regular singular at 0 (see Proposition
7). Thus (ii) implies (i), which ends the proof of Theorem 20. O
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7. ALGORITHMIC CONSIDERATIONS: PROOF OF THEOREM 2

The algorithm mentioned in Theorem 2 is described at the end of this section, after
a first algorithm to compute reduced truncated solutions. Consider the map « which,
to any w € Q associates the unique number 7(w) such that val, L(2™)) = w, that is

w — val, a;

- :ogigm}b’.
p

(17) r(w) = max{

Algorithm 1: An algorithm to determine the existence of reduced truncated
solutions.

Input: An operator L of the form (2) such that the equation Ly = 0 satisfies
(A1) and (Asg). A slope pj of N(L). An exponent ¢ attached to this
slope. The integers s.; and m. ;. The least common multiple d of the
denominators of the slopes of N'(L), as defined in Section 6.

Output: Whether there exists a reduced truncated solution associated with

(c.).

Let r be the reduction of (9) modulo (A — ¢)%eit™Me,

Set f:=rz"H.

Set g := Ly(f) mod (X — ¢)Seit™Mes,

Set v := 7(val, g).

while v < —u; do

if v ¢ 17 then

| return False.

end

else
Set o :=cld, Ly(z") and 8 := cld, g.
if there exists h € K[\] such that
o degyh <s.j+mej—1—valy_.(a)
e 3=ah mod (\ — ¢)SeitMey
then
Set f to f — hz".
Set g := La(f) mod (A — ¢)%eitMes,
Set v := m(val; g).
end
else
| return False.
end

end
end
return True.

Remark. In Algorithm 1, f represents the construction monomials by monomials of a
reduced truncated solution associated with (¢, j). If there exists a reduced truncated
solution f.; and we are at some intermediate step, we have val,(f.; — f) = m(val; g)
where g = Ly(f) mod (A — ¢)%«it™ei. That is, the monomial we must add to f at
the next step is of the form 2™ 9) with v € K[\].

Proposition 23. Let (c,j) be such that c is an exponent attached to the slope fi;.
Algorithm 1 determines whether there exists a reduced truncated solution associated

6More properties of this map can be found in [FR24a, Section 3.4]).
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with (¢, 7). Its complexity is
O(p™mv?)
where v = max; val, a;(2).

Proof. Until the end of the proof we let

(vi)i>1, (fi)i>1, (gi)i>1, (hi)is1, (qq)i>1, (Bi)i>1,

denote the successive values taken by v, f, g, h,« and 5. We first prove that the algo-
rithm stops after finitely many steps. Suppose that the “While” loop was already called
i times. If either v; > —p; or v; ¢ éZ, the algorithm stops. Assume that v; < —uy
and that v; € %iZ. If there exists no h such that degy h < sc; +me; — 1 — valy_.(a;)
and a;h = 3; mod (A — ¢)%i1™ei then the algorithm stops. Suppose on the contrary
that such a h exists. Then h; = h and f;11 = f; — h;z"". By definition of the map =,
we have val, g; = val, L)(z"), see (17). Then, there exists 6 such that val, § > val, g;
and such that the following holds, modulo (A — ¢)%e e

gi+1 = La(fir1) = i — BLA(2") = gi — hio;z"™* 9 + 0 = g; — cld, g;z" % + 0.
Thus,
(18) val, giv1 > val,g;  and vy = w(val, gi11) > w(val, g;) = v; .

In particular, the sequence (v;);>1 is increasing. Since the v;’s can only take d(u; —
u1) + 1 distinct values — the elements of éZ N [—pj, —] — the algorithm stops after
finitely many steps. Let ¢ be the number of steps. We have ¢t < d(p; — p1) + 1.

Let us now prove that the algorithm is correct. Suppose that there exists a reduced
truncated solution f. ; associated with (¢, j). Let vo = —p; <71 < -+ <5 < —p1 be
such that supp, fc; = {70,...,7s} and write

Jej = Z fejk(N)27F
k=0

where the polynomials f. ;x(\) € K[\] have degree at most s.; + m.; — 1. We prove
by induction on i € {1,...,s + 1} that

i—1
(19) fi=> fejm(N)2™.
k=0

It will follow that the number ¢ of steps is equal to s + 1 and that ~; = v; for any i,
1< <s+1.

Proof of the base case i = 1. When i = 1, (19) follows from (C3) and (Ca).

Proof of the inductive step. Suppose that (19) holds for some i, 1 < i < s. Then,

i—1
fix1 = fi—hiz"" = ch,j,k()\)zw“ — hiz¥ mod (A — ¢)%ed T Me
k=0

Then, we only have to prove that v; = v; and

(20) hi = —feji mod (A — c)eiTmes
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By induction hypothesis and definition of g; we have

i—1
gi = Ly (Z fc,j,k(A)z%> mod (X — ¢)%eites
k=0

(21) =L, (fCJ) — Ly (Z fc,j,k()\)zw> mod (A — C)sc,j+mc,j
k=i

From Condition (Cg) and Lemma 21, for any k > 0,

degy_. L (fejx(M)2™) = degy_. fej k(M) L (27F) < scj + mej.
Thus
(22) val. (Ly (fejk(A)27%)  mod (A —¢)*itMei) = val, Ly(27).
Thus, by definition of m,

7 (valy (L (fee(M)27)  mod (A — ¢)%it™Mei)) = .

From Condition (C;) and the definition of 7, for any k& with 0 < k < i — 1, we have
(23)  m(val. (La(fey) mod (A —¢)*ei™™Med)) > w(val, ag — pu1) = —p1 > Y.
It follows from (21), (22) and (23) that

U, = 7"-(Valz gz’) =T (Valz (L)\ (Z fc,j,k(A)Z7k> mod (/\ - C)Sc’j+mc"j>> =%,
k=i

and

B; =cld, g; = —cld, <L>\ (Z fc’j,k(/\)z'y’“> mod (A — c)sC’jercvj)
k=i

= —cld. (La(feji(N)2") mod (A — c)eitmes)
= —feji(AN)a; mod (A — ¢)%eitMed
Since B; = hja; mod (A — ¢)%¢3T™ei we obtain that
(feji+hi)a; mod (A —c)*it™Mes = 0.

Since fj; and h; have degree at most s.; + m¢; — valy_c(oy) — 1 in A — ¢, (20)
holds for i + 1. This proves the inductive step and, by induction, (19) holds for any
ie{l,...,s+1}.

In the other direction, suppose that the algorithm returns “True”. Then, it builds a
Puiseux polynomial f = f;. At the time the algorithm stops, we have v = val, g > —pu,
since it does not return “False”. Thus

val, (Lx(f) mod (A —¢)%it™med) > —py

and f satisfies Condition (C;). By construction it also satisfies Conditions (C2) to (Cs).
Eventually it follows from the construction of the polynomials h at each step and from
Lemma 21 that it satisfies Condition (Cg).

Now, we compute the complexity. The remainder r can be computed in O(s. ;j+mc,;)
which is a O(m), for one only has to consider the first s.; + m.; terms in the power
series expansion of (9) in A —c. At each step, we only need to compute the coefficients
of Ly(f) up to val, ap — p1. For a rational number v > —pu;, the computation of the
coefficients of Ly(zV) up to val,ap — 1 has the same complexity as the number of
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points of the Newton polygon of Ly which are above the line with slope —v passing
through the point (0, val, agp — p1). This number of points is

O(m(val; ag — p1) + p" ).

However, val,ag < v, p1 > —-%5 and pj < “ Thus, the number of points

p-1 pmHp—1)”
is in O(mv). Thus, if we keep in memory the computation of the previous Ly (f),
the computation of Ly(f) at the next step requires O(mv) operations. Then, the
computation of v, a, 8 and g are in O(1). Furthermore, there are at most d(p; — 1) =

O(dv) steps. Since d < p™, this concludes the proof. O

We may now prove Theorem 2. Precisely, we prove that Algorithm 2, which is based
on Theorem 20, determines whether a Mahler equation is regular singular or not. We
then prove that it has the expected complexity.

Algorithm 2: An algorithm to determine if a Mahler equation is regular sin-
gular at 0.

Input: A p-Mahler equation of the form (1).
Output: Whether this equation is regular singular at 0 or not.
if some of the a;’s do not belong to K|[z]] then
Let 6 be such that a; € K((2/?)).
Let v = min; val, ai(z‘s).
Run the next steps of the algorithm with the following p-Mahler equation
(24) 2 %ag(20) f(2) + 27 ay (20) f(2P) + - + 2 Pam (20) f(2P7) = 0.
end
Set L the operator of the form (2) associated with this equation.
Compute the slopes of N(L), the exponents attached to these slopes, their

multiplicities and the least common denominator d of their denominators.

if the denominator of one of the slopes is not relatively prime with p then
| return False.

end

for each j and each exponent c attached to p; do
if Algorithm 1 with inputs (L, 1, ¢, Sc.j, Mecj,d) returns “False” then
| return False
end

end

return True

Proof of Theorem 2. At the end of the first “if” of Algorithm 2, the equation we are
working with satisfies the condition (A;) given by Definition 18. Since the p-Mahler
equation (1) is regular singular at 0 if and only if the p-Mahler equation (24) is, we
might suppose that the initial equation satisfies (\A1).

Suppose that the algorithm returns “True”. In particular, the condition in the
second “if” is not satisfied, that is, the p-Mahler equation satisfies (Ag) and each call
of Algorithm 1 returns “True”. Then, it follows from Proposition 23 that, associated
with each pair (c,j), we have a reduced truncated solution. Thus, it follows from
Theorem 20 that the equation is regular singular at 0. Conversely, suppose that the
equation is regular singular at 0. It follows from Theorem 3 that the condition in
the second “if” is not satisfied. In particular, the equation satisfies (A2). It then
follows from Theorem 20 that we can associate a reduced truncated solution with each
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pair (¢, j). Thus, from Proposition 23, each call of Algorithm 1 returns “True” and,
eventually, Algorithm 2 returns “True”.

Suppose that the initial equation satisfies (A;). The computation of the slopes of
the Newton polygon and the associated characteristic polynomials is in O(m). Then,
since K is algebraically closed, determining the nonzero roots of these characteristic
polynomials and their multiplicities can be done in O(m). Checking if the denominator
of each slope is relatively prime with p can be done in O(m). Suppose that the condtion
in the second “if” is not satisfied. Then, Algorithm 2 calls Algorithm 1 at most m
times. Thus, it follows from Proposition 23 that it has complexity

o (m2y2pm) .
O

Remark. Proposition 7 can in fact be refined: when the system is regular singular at
0, there is a basis of solutions of the form e, ) ; hi,qjﬁj , with ¢ attached to some slope
of the Newton polygon. Then, using the reduced truncated solutions built at each
call of Algorithm 1, one can compute the first coefficients of the Puiseux polynomials
hicj. One could also adapt the algorithm of [CDDM18] to perform this task (see the
discussion in [FP22, p.2920-2921)).

8. RUNNING ALGORITHM 2 ON AN EXAMPLE

We propose to run Algorithm 2 on the 2-Mahler equation
(25) BN - (P2+ B+ () + A+ 2)f(2) =0.
Here, we take K = Q and p = 2. Since the equation has coefficients in K[[2]], Algorithm
2 directly computes the slopes of the Newton polygon of (25), the exponents attached
to these slopes and their multiplicities. The Newton polygon is drawn in the left-hand
side of the figure below. It has two slopes which are p; = 2 and p = 3. The associated
characteristic polynomials are

X1A) =1=X  x2(A) = =2+ N2,

Thus, ¢ = 1 is the only exponent attached to some slope, and we have m1; = mi2 = 1,
s1,1 = 0, s12 = 1. Since the least common multiple of the denominators of the slopes
is d = 1 and is relatively prime with p = 2, Algorithm 2 calls Algorithm 1 with

(¢,j) = (1,1) and (¢, j) = (1,2).
Call of Algorithm 1 with (¢,j) = (1,1). Algorithm 1 computes the reduction r of
r1.1(A) modulo (A — 1). We have r = —1. Then, it sets f :=r272 = —272 and

g:=Lx(f) mod A\—1)=2%—-1.

Then it sets v := w(val, g) = m(0) = 0. Since v =0 > —2 = —p;, Algorithm 1 stops
and returns “True”.
Call of Algorithm 1 with (c,j) = (1,2). Algorithm 1 computes 71 2(A) modulo (A—1)2:
r12(A) = Alaio > I 2
Then, it sets f := (A — 1)z~3 and
gi=La(f) mod (A1)’
=A=—DA\B 2 AP+ 2+ 2020+ (14 2)273) mod (A —1)2
=A-1)(z2~-2).

=A!A—=1)=X-1 mod (A—1)2.
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Then, it sets v := 7(val. g) = 7(—2) = —2. We have v < —p; = —2 and v € 27, where
d = 1. Then, the algorithm sets o := cld, Ly(272) =1—\, b:=cld,(g) = A— 1. Thus,
it sets h := —1 so that ha = 8. Then it replaces f with
f—hz"=M\-1)2z3+272.
Then, is sets g to a new value:
g:=Lx(f) mod (A\—1)2=Lx(A=1)22427?) mod (A —1)?
= A=) (=2t 4+2—2-2% 4123
and set v := 7w(val,g) = n(—-1) = —1. We have v = =1 > —pu; = —2. Thus,
Algorithm 1 stops and returns “True”.

End of the execution of Algorithm 2. Since no call to Algorithm 1 has returned “False”,
Algorithm 2 returns “True” and the system is regular singular at 0.

Remark 24. In [FP22], we asked for a characterization of operators of the form (2)
regular singular at 0 whose inverse agp,’ + algb;”_l + -+ am—1¢p + a;m = 0 also is.
The equation (25) is regular singular at 0, as we have just seen. Using Algorithm 2 we
leave to the reader to check that so is its inverse

Pf(2) = (7 +2° + 2 () + 1+ 2)f (") = 0.
In the meantime, when a € C\ {1}, the 2-Mahler equation
FIEY = (2 + 20+ a2 (%) + (14 2)f(2) =0

has the same Newton polygon than Equation (25) and is regular singular at 0. However,
its inverse

Df(2) = (P42 ez () + (L+2)f(z) =0
is not regular singular at 0, as one could check using Algorithm 2 (see also the remark
below). This emphasizes the fact that such a property cannot be read from the Newton
polygon.

A A
1+ 1+
| [l |- Il Il -
1 2 4 T 2 4

The Newton polygons associated with Equation (25) (on the left) and its
inverse equation (on the right).

Remark 25. Let us end with some heuristic about regular singular equation, by ex-
plaining why the operator M = 28 — (22 + 23 + az")¢2 + (1 + 2)¢3 from Remark 24 is
not regular singular at 0 when « # 1 while it is when o = 1. The associated Newton
polygon has two slopes, —6 and —1 with multiplicity one and exponent ¢ = 1. We
know that there is a truncated solution associated with the first slope, from Lemma 28
below. Assume that there is a truncated solution associated with the second slope.
We choose its coefficients by induction. From Condition (C4), it would have valuation
1. For any non-zero a € K[|\ — 1]],

My(az') = (1 — a)az’ mod (A —1).
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When « # 1 the first slope of the Newton polygon of the inhomogeneous equation
7

M(y) = —(1 — a)az? is equal to I. Since its denominator is not coprime with 2, we
cannot build this truncated solution. Thus, the operator is not regular singular at 0.
On the contrary, when a = 1, such an obstruction does not exists and we can build
this truncated solution. Thus, the operator is regular singular at 0. Since the Newton
polygon does not depend on the value of «, this emphasizes the fact that, contrary to
the differential case, the property of being regular singular cannot be read from the

Newton polygon associated with a Mahler equation.

Remark 26. Continue with the operator M and set o« = 1 so that the equation is
regular singular at 0. Consider the function g; (A, z) associated with ¢ = 1 and with
the second slope us = —1. One can check that
A—1 A—1) 3
g12(\, 2) = 3 z+ ( 3 ) 22 4 0(2%).

Since the least common denominator d of the slopes of N'(M) is equal to 1 and since
g12 ¢ K((2))(N), g1,2 is not a Puiseux series in z, although the equations is regular
singular at 0.

9. NEWTON POLYGONS WITH ONE SLOPE

As an application of Theorem 20, we study here the case of equations whose Newton
polygon has only one slope. We prove that they are always regular singular at 0.

Proposition 27. Consider a p-Mahler equation over & of the form (1) for which the
associated Newton polygon has only one slope. Then the Mahler equation is regular
singular at 0.

The proposition immediately follows from Theorem 20 and the following lemma.

Lemma 28. Consider a p-Mahler equation over &2 of the form (1). Let ¢ be an
exponent attached to the first slope p1 of the associated Newton polygon. Then, the
unique solution ge1(\, z) of Equation (8) belongs to Pk y)-

In particular, for any ¢ attached to the first slope, there exists a truncated series
fe,1 associated with (c,1).

Proof. By definition of 61, introduced at the beginning of Section 4, we have 6; =
val, ag — p1. Let 71(X\) be defined by (9). Set

oA, 2) = —Lx(re1 (N, 2)27H1) + 201 (\ — ¢)SedTmes,
By (10), we have val, as (A, 2) > 61 = val,(ao(z)) — p1 and it follows from Lemma 13
that the equation Ly(y) = ax (A, z) has a Puiseux solution h € Pk (y). Then
Ly(repz™" + h) = La(re1 (A, 2)z2#) + Ly(h)
= Lx(re,1 (A, 2)27H) + aso (A, 2)
= (X — ¢)edtmed

Thus r.127" + h satisfies (8). Since, from [Roq24, Proposition 22], there is only one
solution to (8), we have r. 1271 + h = g.1. In particular, g.1(}\, 2) € Pk (n)- O

Remark 29. An equation is said to be Fuchsian at 0 if the associated companion matrix
Ap, defined by (3), is well-defined and non-singular at 0. It is not difficult to prove
that the following assertions are equivalent:

e the equation is Fuchsian at 0;
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e the associated Newton polygon has only one slope which is null;
e val, ag = val, a,, = ming<;<,, val, a;.

10. REGULAR SINGULARITY AT 0 FOR LARGE p

Consider a p-Mahler equation (1) with a; € K][z]] and p > max;(val,(a;)). Suppose
that the equation is regular singular at 0. According to Corollary 5, one of the following
holds:

e the Newton polygon has only one slope;
e it has exactly two slopes, the second one being null.

This section is organized as follows. We first prove Corollary 5. The case when the
Newton polygon has only one slope was the subject of the previous section. We study
the case with two slopes in Section 10.2. Finally, we prove Theorem 6.

10.1. Proof of Corollary 5. Suppose that the Newton polygon of the equation has
two slopes or more. The left and right endpoints of the edge corresponding to the
second slope are respectively (p’,val, a;) and (p’,val, a;), for some integers i,j with
1 < i < 7 < m. The associated slope is

val, a; — val, a;
p-p

Since the system is regular singular at 0, it follows from Theorem 3 that the denomi-
nator of pg is relatively prime with p. Thus, p must divide val, a; — val; a;. However,
since p > max{val, a;, val, a;}, we must have val, a; = val, a;, that is s = 0.

Suppose that there is a third slope. Arguing as previously, we obtain ps = 0, which
contradicts the fact that ps > po. Thus, the Newton polygon has at most two slopes
and, in that case, it follows from the first part of the proof that its second slope is null.

g

p2 =

10.2. Newton polygons with two slopes. In this section, we consider a p-Mahler
equation (1) and its associated operator L, which satisfy the following assumptions :
(i) ai(z) € K[[z]] ;
(ii) p > max; val,(a;) ;
(iii) the Newton polygon N(L) has two slopes, the second one being null.
Without loss of generality, we may also assume min; val, a; = 0, otherwise we may
divide each of the power series a; with z™i% val: ai . We let k € [1,m — 1] be the integer
such that the point (p*,val,(az)) is the right endpoint of the edge corresponding to
the first slope. Since N(L) has two slopes and the second slope is null, we have
val,(ar) = val,(a,,) = 0 and val, ag > 1.
For every integer i € [0, m], we write a;(z) =Y 2 ainz" and let

val (ag)
ai(z) == Z a;n2" .
n=0
Recall that k£ € [1I,m — 1] and 1 < val,(ap) < p. Since Vzl,j(ff) = —u1, we have

—u1 € (0,1]. Moreover —pg = 1 if and only if £ = 1 and val,(ag) = p — 1.

Proposition 30. We continue with the assumptions (i) to (iii). The equation (1) is
reqular singular at 0 if and only if for any exponent ¢ attached to the slope s = 0, we
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have
(26) D ai(z)N € (A=) 2K\, 2.
=0

Proof. We consider the operator

L= an(2)¢," + - +a1(2)¢p + ao(z),
so that we may write

L=1+ Zvalz(ao)—i-lz’

for some operator L over K[[z]]. With this notation, (26) can be rewritten
(27) Ly(1) € (A —c¢)"2KI\, z].
Assume that (1) is regular singular at 0 and let ¢ be attached to pe. From Theorem 20
there exists a truncated solution f. 9 associated with (¢, 2). The least common multiple
of the denominators of the slopes is in this case d = p* — 1, the denominator of the

first slope. Using Condition (Cs), we can write

1 pk

fea(X 2) = po(A) + 2p1(A) + qr (M) 27" =1 + - + g (N)z#" -1 .
:ZQ(AVZ)
Let v € Q have some denominator ¢ relatively prime with p. Then, the operator L,
sends 27 to a linear combination over K[A] of some z/*, with y € Q some rational

numbers whose denominators are also equal to §. Thus, the only terms which are
integer powers of z in the sum

Ly\(fe2 (A 2)) = po(N LA (1) + pr(A) Ly (2) + La(g(A; 2))

are the one coming from po(A)Ly (1) 4+ p1(A)Ly(2). Since f.2 satisfies (C;) and since
—p1 > 0 it follows that

(28) val, (po(A)Ly (1) + p1(A)Ly(2) mod (A — c¢)*2T™2) > val. aq .
Let us prove that
(29) val, (po(A)Ly (1) mod (A — ¢)*2™2) > val, ag + 1 > val. ap .

It is immediate when p1(A) = 0. When p; # 0, then —p; = 1 and we must have k£ = 1
and val, ag = p — 1. Thus
val,(p1(A\)Ly(z)) > p=val,ay+ 1 =val,ap — u1 .

Thus, (29) follows from (28).

Since the degree in z of L, is at most val, ag, (29) implies that
(30) po(A)Ly(1) mod (X — ¢)%e2t™Me2 = (),
Thus
(31) po(N) Ly (1) = (A —¢)®2T™e2Q(\, 2)  for some Q(A, z) € K[, z].
However, po(A) = cld;(fc2(A,2)). Then, it follows form (C3) and the definition of
r¢,2(A) that valy_cpo(A) = s¢2. Dividing by po(A) in (31), we obtain (27).

Let us now prove the converse implication. Assume that (26) holds. Assume first
that —p1 < 1. Let us check that fea(), 2) = re2(A) mod (A—c¢)™e2%2 is a truncated
solution associated with (¢, 2) (though it does not depend on z):

e It follows from (26) and the fact that valy_.(fc2(X, 2)) > sc2 that (Cr) is
satisfied;
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e Conditions (C2), (C3) and (Cs) are trivially satisfied;
e Condition (C4) follows from the fact that pus = 0.

Assume now that —pq > 1. Since —p; < 1 (see the explanation before Proposition 30),
then —py = 1 and val, ag = p—1. Write r¢2(\) = 0(A)(A—c)*=2, with §(\) € K[[A—(]].
By definition of the characteristic polynomial x1, we may write x1(A) = k(A)(A —¢)%2
with k() € K[\ — ¢] such that x(c) # 0. We claim that

fo2(X2) = 1ea(N) = 20(N)K(A) 71D aipht mod (A — ¢)mer e
1=0

is a truncated solution associated with (c,2). Let us check this.

e Since —p; = 1, cld; Lx(2) = x1(A), by Lemma 11. Furthermore, val, Ly(2z) = p.
Thus, modulo (A — ¢)™e2%5¢2 and modulo zPT! = zval=@—m+1 " the following
holds

Lx(fe2(X, 2)) =rea(N) <L)\(1) — sz%p)\i) =rc2(AN)Ly(1) =0.
=0

Let us prove the first congruence. We have
La(fe2(X,2)) = rea(A)LA(L) — (O(AN) ()~ Z aipA' mod (A —¢)"e2t5e2) [ (2).
i=0

Moreover, Ly(z) is x1(A)2P modulo 2P, that is k(\)(A — ¢)®22P and we con-
clude using the definition of (\): 7¢2(X) = (\)(A—c)*>2. The last congruence
above follows from the fact that valy_.(rc2(A, z)) > sq2 and from (26). Thus,
(Cy) is satisfied.

e Conditions (C2) to (Cs) follow immediately.

Thus, in both situations, f.2 is a truncated solution associated with (c,2). Since the
same may be done for any c attached to the slope pe = 0 and since, from Lemma 28,
there exists a truncated solution associated with (¢, 1) for any c attached to the slope
11, it follows from Theorem 20 that the equation is regular singular at 0. g

10.3. Proof of Theorem 6. We are now ready to prove Theorem 6. Without any
loss of generality, we may and will suppose that minval, a; = 0.

Suppose that the equation is regular singular at 0 when p is equal to some integer
p1 > max; valy a;. Then, it follows from Corollary 5 that its Newton polygon has
either one slope or two slopes, the second one being null. We study separately both
situations.

Case 1: The Newton polygon has only one slope. We consider two subcases.

Subcase 1.1: val, ag > val, a,,. Then val, a,, = min; val, a; = 0 and, since the Newton
polygon has only one slope, for every integer i € [1,m — 1],

val, a; — val, ag S = val, ag

pi—1 - oppr-1
This can be reformulated as
i1
(32) val, a; > val, ag <1 — p#l — ) )
P 1
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Furthermore, since p; > val, ag, we have

pi—1  pit'—p
pi'—=1  pi'—1
Then, it follows from (32) that val,a; > val,ap — 1. Since val, a; is an integer we
eventually obtain val, a; > val, ag. Thus, for any p > 2, the Newton polygon has only

one slope and it follows from Proposition 27 that the equation is regular singular at 0
for any p > 2. This proves Subcase 1.1.

<1.

Subcase 1.2: val, ag < val, a,,. Since the Newton polygon with the Mahler parameter
p1 has only one slope here, then val, ap = minval, a; = 0 (see the beginning of this
proof) and val, a; > 1 for any i € [1,m]. It follows that, for any p > val, a,, and any
i€[1,m)],

val, a; — val, ag 1 1 P val, a,,  val, ay — val, ag

pi—l —pz‘_l—pm—l_l—pm_l—pm_l_ pm—1

Hence, for any p > val, a,,, the line from (1,val, ap) to (p™,val, a,,) is an edge of the
Newton polygon with parameter p. Thus, it has only one slope and it follows from
Proposition 27 that the equation is regular singular at 0. This proves Subcase 1.2.

Case 2: The Newton polygon has two slopes, the second one being null. Reasoning
as in Subcase 1.1 for each one of the two slopes, we obtain that, for any p > 2 the
Newton polygon has two slopes, the second one being null. Since the equation is
regular singular at 0 when p is equal to pq, it follows from Proposition 30 that

m

D ai(z)A € (A= )2 K[A, 2]

i=0
for all exponent ¢ attached to the slope puo = 0. However, the above expression do
not depend on the integer p. Thus, it holds for any p > 2. Thus, it follows from
Proposition 30 that the equation is regular at 0 for any p > max; val, a;. This ends
the proof of Theorem 6.
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