SOME EXPRESSIONS OF GRAPH ZETAS AND THE TWISTED ALEXANDER
POLYNOMIALS, AND THE KNOT VOLUME

HIROSHI GODA AND TAKAYUKI MORIFUIJI

ABSTRACT. In this paper, we consider the zeta function of graphs and the twisted Alexander
polynomials of knots. Since they have been developed separately, we explain the relationship
between them through the notion of knot graphs. We also provide a new volume presentation
of hyperbolic knots using matrix-weighted graphs and Bell polynomials.

1. INTRODUCTION

The zeta function of graphs was defined for regular graphs by Ihara [13]. He showed that
its reciprocal is an explicit polynomial. Hashimoto [12] generalized Thara’s result on the
zeta function of regular graphs to irregular graphs and showed that its reciprocal is again a
polynomial. Bass [2] presented another determinant expression for the Thara zeta function of
irregular graphs using adjacency matrices. After Terras’s book [22], Ishikawa, Mitsuhashi,
Morita, and Sato have furthered their research into graph zeta functions, obtaining results
for various types of graphs (see [14], [18], [20] for example). In recent years, they have
started to be applied in several fields, and in this paper we try to lay the foundation of their
application to knot theory. In particular, we focus on the Alexander polynomial, which is the
most fundamental knot invariant, and its extension, the twisted Alexander polynomial. We
will proceed according to Morita’s expressions [18].

Since the study of graph zeta and the study of knot theory have been developed separately,
there is a wall between them. In order to make it easier for researchers in the respective fields
of graph zeta and knot theory to understand, usually omitted terms for graph zeta and knot
theory are described as much as possible. In addition, we provide some examples. Moreover,
previous researches have often considered the idea of a backtrack of a graph, but since it is
not necessary in knot theory, we have reconstructed without this concept. As a result, simpler
examples can be used.

As an application of the relation between zeta functions and twisted Alexander polynomi-
als, we provide a volume presentation of hyperbolic knots in the 3-sphere. More precisely,
we show that the hyperbolic volume of a knot can be expressed in terms of the traces of the
adjacency matrix or the edge matrix of the knot graph through Bell polynomials, which are
often used in the study of set partitions. The idea of this volume presentation comes from
our previous work on a hyperbolic fibered knot [11].

This paper is organized as follows. In Section 2, we prepare several basic notions about
graph zeta functions: Lyndon words, circular products, Foata-Zeilberger’s formula for re-
ciprocal characteristic polynomials, edge matrices, and adjacency matrices of digraphs. In
Section 3, we review two kinds of weighted zeta functions: one weighted by an element
of a commutative Q-algebra, and the other weighted by a matrix whose entries are in a
commutative (Q-algebra. In particular, we establish the relationship between three kinds of
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matrix-weighted zeta functions. In Section 4, we explain the notion of knot graphs, and
study the (twisted) Alexander polynomials of knots from the view point of weighted zeta
functions. In the last section, we provide a volume presentation of hyperbolic knots using
Bell polynomials.

Throughout this paper, we use the following notation. Let N be the set of natural numbers.
The ring of integers is denoted by Z, and Q (C resp.) means the rational (complex resp.)
number field. For a finite set X, the number of elements in X is denoted by §X. The
Kronecker delta is denoted by d,,, which gives 1 if x = y, 0 if z # y.

2. PRELIMINARIES

2.1. Words. According to [18], we review some notations on words. An alphabet is a set of
noncommutative variables. Let 2l be a set called an alphabet. A finite sequence of elements of
2 is called words on 2(. The set of all words on 2{ is denoted by 2[*. Then 2(* is a semigroup,
the multiplication of which is the concatenation of words. Let w = ajas---a, € A*. The
nonnegative integer ¢ is called the length of w, denoted by |w|. The length of the empty word
is defined to be zero. A word w is called prime if there is no shorter word u € 2* such that
w = u for a positive integer k. The cyclic rearrangement class of w = ajas - - - ay is the
multiset
{aras -~ ap, agas---apay, ..., aay - -ap_1}

of ¢ words and we denote it by Re(w). If w is prime, then any element of Re(w) has
multiplicity 1. Namely, each cyclic rearrangement of w appears just once in Re(w). If a
word u is contained in Re(w), then we write u = w. We can see that = is an equivalence
relation on 2(*.

Hereafter, we suppose that an alphabet 2 is finite and totally ordered. We use the total
order by <. Then 2[* is also totally ordered by the lexicographical order induced by <. We
also denote it by <. If a word w € 2(* is the minimum element in Re(w), w is called a
Lyndon word (see e.g. [16]). The set of Lyndon words on 2 is denoted by Lyn(%().

Example 2.1. Suppose 2 = {1 < 2 < 3}. Then 132 is Lyndon, but 321 is not. More-
over, w = 1212 ¢ Lyn(2() since w is not the minimum element in the multiset Re(w) =
{1212, 2121, 1212, 2121}. Thus a Lyndon word is necessarily a prime word.

The concept of Lyndon words was crucial in the foundations of free differential calculus
[4] and pursued in [21] etc.

Example 2.2. For 20 = {1, 2, 3,4} and 1 < 2 < 3 < 4, the list of first Lyndon words is as
follows. We will use this list in this paper. For example, 132 implies 1112.

lengh Lyndon words
1 1,2,3,4
2 12,13,14,23,24,34
3 112,113,114,122,123,124,132,133,134, 142,

143, 144, 223,224,233, 234, 243, 244, 334, 344

1 132, 133, 134, 1122, 1123, 1124, 1132, 1133, 1134, 1142,

1143, 1144, 1213, 1214, 123, 1223, 1224, 1232, 1233, 1234,

1242, 1243, 1244, 1314, 1322, 1323, 1324, 1332, 1333, 1334,

1342, 1343, 1344, 1422, 1423, 1424, 1432, 1433, 1434, 1442,
1443, 143, 233, 234, 2233, 2234, 2243, 2244, 2324, 233
2334, 2343, 2344, 2433, 2434, 2443, 243, 334, 3344, 343
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Although it is not difficult to list all the Lyndon words, it might be difficult to determine
whether they are all exhausted. In this case, it is useful to use the Mobius function to display
the number of Lyndon words of a particular length. Specifically, the following formula is
known:

Card(Lyn(2) N 2AY) = gzﬂ )[Card(21)]4,

where 1 is the Mobius function. For the details, see [16].

Let R be a commutative ring. Let Maty (R) denote the set of n x n matrices (Mga’)q,0’en
with m,, € R for each a,d’, where n = #2. For w = ajas---a, € A* and M =
(Maa)awen € Maty(R), we denote by circy, (w) the circular product

MarasMazas ** * May_1a,Magar
of entries in M along w. Let I denote the identity matrix.

Theorem 2.3 ([7]). (D)
det(1 — M) =[] (1—ciren(l)).
leLyn(2A)

(2) Let s be an indeterminate. The reciprocal characteristic polynomial 1/ det(I — sM)
is written by

1 1
— - H G K
det(I — sM) eLyn(a) 1 — cireps(1)s
See Examples 2.7 and 3.7 for an interpretation of this theorem. In [7], Foata and Zeilberger
provide a short proof of Amitsur’s identity.

Theorem 2.4 ([1]). For square matrices My, Mo, . .., M,
det(l — (My + My+---+ M) = [ det(z - M),

leLyn(2A)

where the product runs over all Lyndon words in {1,2, ..., k} and M; = M; M, - - - M;, for
[ =iyig- 1.

2.2. Graphs. In this subsection, we define several terminologies and notions on graphs ac-
cording to [14] and [18].

A graph I = (V, E) is a pair of a set V' and a multiset £/, where E consists of 2-subsets of
V. The elements of V' and E are called vertex and edge, respectively. A graph I' = (V| E)
is called finite if both V' and F are finite sets. If E contains an edge e = {u,v} with a
multiplicity m, then e is called a multi edge with multiplicity m.

A digraph G = (V, A) is a pair of a set V' and a multiset A, where A consists of ordered
pairs a = (u,v) of elements u,v € V. An element of A is called a directed edge or an
arc of G. If a = (u,v) is an arc of G, then w is called the tail of a, and v the head of a,
denoted by t(a) and h(a) respectively. Since A is a multi-set, it may occur that t(a) = t(a’)
and h(a) = h(a’) for distinct a,a’ € A. For a loop [, the vertex n = t(I)(= h(l)) is called
the nest of [. Let A,, = {a € A | t(a) = u, h(a) = v}. If A contains arcs a € A,, with a
multiplicity m, then a is called a multi arc with multiplicity m.

In the many papers on the graph zeta functions, they considered the ‘inverse’ of a, namely
(v,u) for an arc a = (u,v). It is denoted by a~'. They associate to a graph I' = (V, E) a
digraph G(I") which is called the symmetric digraph of I'. The vertices of G(I") is the same
as . If e = {u,v} is an edge of T, then two arcs a = (u,v) and a~' are associated with e.
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The arc set of G(T") = (V, A) is given by {(u, v), (v, u) | (u,v) € E'}. However, a symmetric
digraph is not obtained from a knot by our method, so we basically do not treat such graphs.
We do not treat the inverse a~*. Thus, we do not use the notions ‘reduce’ nor ‘backtrack’ in
this paper. If there are arcs a = (u, v) and (v, u) in G, we denote the arc (v, u) by another
symbol (alphabet), e.g. b = (v, u). Then, we may treat some basic digraphs as illustrated in
Figure 1.

a a as
G1 V2 vvv3 Go
FIGURE 1.

Let G = (V, A) be a digraph. If a sequence ¢ = (ay, as, ..., ay) satisfies h(a;) = t(a;41)
forall: =1,2,...,¢—1, then cis called a path of GG, and ¢ is called the length of ¢, denoted
by |c¢|. A path ¢ = (ai,as,...,a,) is said to be closed if t(a;) = h(as). Let C = Cg
be the set of closed paths of GG, and C the set of closed paths of length /. Then we have

a disjoint union C' = Uy, Cy. Let ¢ = (a1, aq,...,as) € C. The cyclic rearrangement
(ag,as, ..., ap,a1),(as, aq,...,a1,as),...,(aga,...,ap_2,a,_1) of cis also a closed path
of lenght /.

For ¢ € O, we denote by c* the closed path obtained by making & times iteration to c.
Hence, if ¢ € O, then & € Cyy. A prime closed path is a closed path which cannot be
written in the form d* for a shorter d € C. Let P = Py denote the set of prime closed paths
of G. For ¢ € C, there exists p € P such that ¢ = p* for some k € Z~,. Then p is called a
prime section of c. If p is a prime section of ¢ € C, it is denote by 7(c). A prime section is
not uniquely determined for ¢, but its cyclic rearrangement class (see the paragraph below for
the definition of the class) is uniquely determined. Therefore the length of a prime section is
uniquely determined for each ¢, and we call it the prime length of ¢ € C, which is denoted
by w(c). Let P, be the set of prime closed paths of length ¢. Since the prime length of ¢ € C'
is uniquely determined, we have a disjoint union P = Li;>; Fp.

For the digraph G in Figure 1, set ¢ = (ay, as, a1, as, a1, as) and p = (ay, az). Then p is
prime, p = 7(c), ¢ = p*, and @(c) = |p| = 2.

Let ¢,d € C. If d is a cyclic rearrangement of ¢, we write ¢ ~ d. This binary relation
~ is an equivalence relation on C. We call it the cyclic equivalence. Let [C] = [C¢] be the
quotient C'/ ~, and ¢ the equivalence class with a representative ¢ € C. An element of [C]
is called a cycle of G. If ¢ ~ d for ¢,d € C, then ¢ and d have the same length. The length
|v| of a cycle v = ¢ € [C] is defined by |c|, and it is well-defined. It also shows that ~ is
an equivalence relation on Cy, so [Cy] = C;/ ~ is the set of cycles of length ¢, and we have
[C] = Up>1[Cy]. A cycle 7, say v = ¢, is said to be prime if ¢ is prime. The set of prime
cycles is denoted by [P] = [Pg]. We have [P] = P/ ~, since ~ is also an equivalence
relation on P. For each ¢ € C, the equivalence class of the prime sections of c is uniquely
determined since they are mutually cyclic equivalent. It is called the prime section of v = ¢,
denoted by 7(y) € [P]. Let v = ¢ be a cycle with a representative c¢. The prime length
w () of 7y is defined by w(v) = w(c). It is well-defined since prime sections of ¢ are cyclic
equivalent. Let [P] be the set of prime cycles of length ¢. Then we have [P]| = Ly>1[F].

For the digraph G in Figure 1, set ¢ = (aj,as,a1,a9) and d = (a9, ay,as,a1). Then
c~d,y=¢=(ay,asay,a),m(y) = (a1, as2),and w(y) = w(c) = 2.
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Definition 2.5. Let G = (V, A) be a finite digraph, where A is totally ordered and R is a
ring. Let M = (May )awea € Mat(fA; R) be a matrix with the entries which satisfy the
condition that m,, # 0 implies h(a) = t(a’). A matrix satisfying this condition is called an
edge matrix of G.

2.3. Zeta functions. The zeta function of graphs is known to accept several expressions.
According to [18], three of them are called the Euler product expression E(s), the determi-
nant expression H (s) of Hashimoto type (we call it Hashimoto expression for short) and the
exponential expression Z(s). Morita [18] discussed the relationship between them. Then
he showed that H(s) can always be reformulated into E/(s), and that F(s) can always be
reformulated into Z(s). Moreover, he gave conditions from Z(s) to E(s), and E(s) to H(s).
In this subsection, we will leave these conditions aside for the time being and present the
idea of the Ihara Zeta function, the origin of graph zeta functions, and the related results in a
form that is suited to our setting.

The Thara zeta function for a finite graph is the prototype of combinatorial zeta functions. It
is usually defined by the Euler product expression for a kind of finite graph, i.e. a symmetric
digraph. Here we define the Thara zeta function to fit our setting.

Definition 2.6. Let G = (V) A) be a finite digraph, and s an indeterminate. The following
formal power series

1
Zas)= 11 =3
v€E[Pa]

is called the lhara zeta function of G. It is called an Euler product expression.

Let us consider the map
0: Ax A—{0,1} : (a,a") = Gy(ayia)-

Then we have the edge matrix of G, denoted by M (0) = (0(a,a’))aaca- It is known that
the equation
1

~ det(I — sMg(0))
holds, and the expression is called Hashimoto expression, which is a kind of determinant

expression. For proof, see the proof of Proposition 3.5, which is given in a more general
setting.

Zg(S)

Example 2.7. Let (G; be the digraph illustrated in Figure 1. It has only one prime cycle a;a,
1

whose length is 2. Hence Zg, (s) = = The edge matrix is Mg, (6) = (0 1). Then
-5

10
we have det(I — sMg,(0)) =1 — s%
Let (G5 be the digraph illustrated in Figure 1. Because of the infinite number of prime
cycles, it can be difficult to calculate Z, (s) from the definition. But, using the edge matrix

0110

1000
Me®) =10 00 1|

0110
1 1

we can obtain Zg,(s) = det(l — sMg,(0))  1— 2%
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Identify the arc a; € A with the alphabet a; € 2( in Section 2.1. For |l = ayay---a, €

Lyn(2l), we may suppose
circpy (1) = 0(aq, az)0(ag, as) - - - 0(ag, ay).

For [ such that |I| = 2, circp (12) = myama; = 1, circys(34) = mggmys = 1, and circy, (1) =
0 (Il # 12, 34). For [ such that |I| = 4, circps(1342) = myzmssmaame; = 1, and circp (1) =
0 (l 7é 1342) Slmllarly, for [ such that |l| = 6, CII'CM(12].342) = TN12MM2111131M34T1 421121 =
1, CIICM(134342> = TIN1313411043T10341104211121 — ]_, and CiI‘CM(l) =0 (l 7é 121342, 134342)
The former takes the left cycle twice and the right cycle once, while the latter corresponds to

taking the left cycle once and the right cycle twice.
Here is an interpretation of Theorem 2.3. We have the formal power series:

1
Z6:(8) = G T = sMe. (@)

1

S 1—2s2

2.1) =1+25" + 45" +85° +165° + 325" + O (') .

On the other hand, we have:

1 1 o
1 — circp(D)sll (1 — s2)2

I€Lyn(2A),]1|<2
= 14252 +357+ 455+ 555+ 651+ 0O (311) ,

where the first two terms match the formula (2.1),

1 1
11 1 — cirep (s~ (1 — s2)2(1 — s%)

leLyn(?),|l|<4
=142 +4s" +65°+95° + 125" + O (s")

where the first three terms match the equation (2.1),

1 1
H 1 — circp (1) sl - (1 —52)2(1 — s*)(1 — s%)2

leLyn(),[1|<6
=1+425"+4s" +85° + 13s° + 205" + O (s"),

where the first four terms match the formula (2.1). Theorem 2.3 illustrates this asymptotic
behavior. Thus it can be viewed as the Euler product expression for 1/ det(/ — sM) since
the set Lyn(2l) gives the primes in 2*.

As we observed in Example 2.7, from the definition we have the following:
(2.2) {Prime cycles in G'} ELN {l € Lyn(2A) | circp (1) # 0}.

Suppose M is an edge matrix of a digraph G = (V, A). By identifying a path ¢ = (a1, as, . .., ay)
of G with a word ajas---a, € 2A*, one can consider the circular product circy,(c) =
MayasMasas * * - Maya,- The condition circys(c) # 0 implies that the path ¢ is closed.

According to [18], there is one more expression of the zeta function, which is called the
exponential expression. Let N, be the number of closed paths of length ¢ in a digraph G.
Then, it is known that
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We should note the difference between cycles and closed paths. For proof, see the proof of
Proposition 3.5, which is given in a more general setting.

Example 2.8. Let G, be the digraph illustrated in Figure 1. By the calculations in Example
2.7, we have:
6 10
log Za,(s) = log 1 —1232 = 25% + 25" + 8% + 4% + 52
Thus we have: Ny =0, Ny =4, N3 =0, Ny =8, N5 =0, Ng = 16. For example, Ng con-
sists of {{(12)3, (21)3}, {(34)3, (43)3}, {121342, 213421, 134212, 342121, 421213, 212134},
{134342,343421, 434213, 342134,421343,213434} }.

LO(s1).

Proposition 2.9.
Ng =1tr (MG(Q))Z

Proof. This proposition can be proved using the following two facts in linear algebra: log(/+
X) =30 (1)1 X" and tr log X = logdet X for an invertible matrix X. Confirm it
and calculate for the case of the digraph (G5 in Example 2.7.

In fact, we have the following equations:

logdet(I — sMg(0))™! = —logdet(I — sMg()) = —tr Z(—l)“%(—s]\/[g(@))ﬁ
— —tr g(_l)%—l%(MG(e))ésé _ g tr (M§<(9))€S£
Hence, we obtain N, = tr (Mq(6))". O

The next lemma plays an important role in our setting. See Section 5 in [14] for the precise
proof.

Lemma 2.10. Let P be an m x n matrix and Q an n x m matrix. Then det(I — PQ) =
det(I — QP).

Proof. If P is a regular matrix, we have det(I — PQ) = det P~'det(I — PQ)det P =
det(P~'IP — P'PQP) = det(I — QP).
In general, if A is a regular matrix of the size m x m and D is a square matrix, then

det (é g) = det A - det(D — QA™'P). Similarly, if D is a regular matrix of the size

n x n and A is a square matrix, then det ( P) = det D - det(A — PD~Q). Suppose

A

Q D
both A and D are the identity matrices, we have the conclusion.

Definition 2.11. The matrix Ag = (auy)uvev With entries a,, = §A,, is called the adja-
cency matrix of a digraph G.

Example 2.12. For the digraphs GG; and G5 in Figure 1, Ag, = ((1) (1)) ,Ag, =

o = O
L R =
o = O

Proposition 2.13. For a finite digraph G = (V, A), we have

1
Zals) = det(I — sAg)’
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Proof. We have only to prove det(/ — sAg) = det(I — sMq(0)) where M(6) is the edge
matrix for G. Let H = (hgy)acavev and J = (Jua' )uev,area denote the matrices with entries
Pav = Op(a)o ad Jue = duya) respectively. One can see that Mg (0) = HJ and A = JH.
Then we have the conclusion by Lemma 2.10. 0

3. WEIGHTED ZETA FUNCTIONS

A natural extension of the definition of the Ihara zeta function is a zeta function for
weighted graphs with positive natural numbers attached to the arcs, e.g. see Section 6 in [22].
However, when considering applications to knot theory, a more general setting is required.
In this section, following [18] and [14], we provide a setting that anticipates applications to
the (twisted) Alexander polynomials.

3.1. A weighted graph. Let G = (V, A) be a digraph. Let R be a commutative QQ-algebra,
w: A — R be amap. Then w is called a weight, and the pair (G, w) is called a weighted
graph. Suppose A = 2l and let W be the diagonal matrix W = (Wsq )a,«ea such that
Waar = w(a)daq . Then, we call W the weight matrix for (G, w). Let us consider the following
three maps:

0p: Ax A—{0,1}: (a,a") = y(a)i(a

01: AxA— R:(a,d") — w(a)dyayua)

b2: Ax A= R:(a,a") = w(a)0pa)a)-
Then, we have the edge matrix Mg (6y) for the digraph G and the edge matrix Mq(6;)(i =
1, 2) for the weighted graph (G, w).
Lemma 3.1. det(I — Mg(6,)) = det(I — Mg(62)).

Proof. We have det(I — Mq(61)) = det(I — Mg(6p)W) = det(I — WMg(60y)) = det( —
M¢(62)) by Lemma 2.10. O

It is not difficult to apply the arguments on 6 in Subsection 2.3 to this 6. According to
[18], we use the edge matrix Mg(w) = Mg(6s) in this paper. Theorem 2.3 holds for the
edge matrix Mg(w).

Definition 3.2. Let s be an indeterminate. The formal power series H(s;w) is defined as
follows:

1
He(s;w) = det(I — sMg(w))

Example 3.3. Let G; and (G2 be digraphs as illustrated in Figure 1. We give weights w;
(wo resp.) for G (G resp.) such that wy(a1) = t,wi(az) = 1 —t (we(ay) = t,wa(az) =
1 - tfl,wz(a:a) = t’l,wQ(aA) =1—1t,resp.).

aq 1
a as t -1
1 V2 V3

FIGURE 2.
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Then we have

1—tt ¢t 0

0 0 0

0 0 1—t|’
1—¢tt ¢t 0

Mg, (w1) = (? ! 8 t) . Mg, (wo) =

S O+ O

det(I — sMg,(wy)) =1+ (=t +t?)s?, and det(I — sMg,(ws)) = 1+ (=t~ 1 +2 — t)s?

Let ¢ = (ay,aq,...,ay) be a path of G. We define the weight w(c) for the path ¢ by
w(c) = w(ar)w(az) - - - w(ay). If ¢ is closed, i.e. if ¢ € Cy, then we can define the weight of
a cycle 7 = ¢ by w(y) = w(c), which is well-defined. For each positive integer ¢ > 1, we
define

(3.1) Ne(w) = > wlo).

ceCy

We note that Ny(w) = Y @(7)w(m (7)) holds.

Y€[Cy]
w ()|l

Definition 3.4. Let s be an indeterminate. The formal power series Z¢(s;w) and Fg(s;w)
are defined as follows:

Za(s;w) = exp <Z %g) :

0>1
1
1 —w(y)shl’

Eq(s;w) = H

vE[PG]
Proposition 3.5.
Hg(s;w) = Zg(s;w) = Ea(s;w).

Proof. The following proof is essentially the same as the proof of Theorems 12 and 13 in
[18].
Taking the logarithm of E¢(s;w) and using the relation log(1 + ) = >, (—=1)¥ "%,

k
we have
k gkl
log Eg(s;w) = log II — s|“f| E E .

vE[Pe] YE[Pe] k>1

Setting £ = k||, we see that w(y)* = w(¥*) = w(c) holds for ¢ € C, and v € Pg satisfying
¢ = +*. Then, the last term equals

ZZ )kl — ZZM< >klv| ZZ‘“

~e[Pg] k>1 ~EPg k>1 0>1 ceCy
1 ‘ Ne(w)
5 3D PERN yE/ O}
>1  ceC, 0>1
Thus E¢(s;w) = Zg(s;w) holds true.
Next we show that Eg(s;w) = Hg(s;w). Suppose v = (ay,as, . ..,a,) is a prime cycle

in a digraph G = (V, A). By the correspondence (2.2), there exists only one Lyndon word
| = aj, a4y - - a;, € Lyn(A) which is a cyclic rearrangement of a,as - - - ay. By the definitions
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of the edge matrix Mg(w) = Mg (02) = (Maa’)a,arca and the circular product circay, (1),
we obtain

w(7) = wla)w(az) - - wlae) = w(ay )w(as,) - - wlas,)

= Ma;,a;, Ma;, a5, " " Ma;, - a;
1% i1 %ig tg—1%
= circag w) (1)
Hence, we have
1
Eq(s;w) = H _—
’ — 4]
VElPe] L-wy)sh
- 11 1
a —ci I
eLyn(a) 1 — circpgw)(l)s
1
prm— = H N
derl —siaw)) ~ Holsw)
by Theorem 2.3. This completes the proof of Proposition 3.5. 0J

By the same argument as in the proof of Proposition 2.9, we have:

Proposition 3.6.
No(w) = tr (Mg(w))*.

Example 3.7. Let G5 be the digraph with weight w, as illustrated in Figure 2. Then, using
Example 3.3, we have:

1 1 1
Hg, (s;ws) = = =
Ga(852) det(l — sMg,(ws)) 1+ (—t71+2—1)s? 1
=12, (=D, (-1)0°
(3.2) =1+ ; s+ 2 s+ 3 s
(t _ 1)8 8 (t — 1)10 10 11
+ praaat + . +0 (s ) :

On the other hand, we have:

m—L - 1 1
I—w(y)shl 1 —t1—t1)s2 1 —t1(1—t)s>

YE[P2]

t—1)2%, (=122 —t+1) , (E—D*(*+1) 4
=1+ ; s° + 2 s+ 3 s
=1 (=342 —t+1 t—1)(Hr+2+1

+( ) ( #+- + %s+( ) %;% +’)§0+O(§g’

where the first two terms match the formula (3.2),
1 t—1)2 t—1)* =12 —t+1
1 eV N et RN e VM U VI

1—w(y)shl — T g 0T t3 §

YE[P2]U[Py]
t— DA —t+1)° - 1S =342 — ¢+ 1
e N Gt R VN Gl Gt e R VT
4 o
where the first three terms match the equation (3.2),
1 t—1)32 t—1)* t—1)8
0 B Gt VS Bt PO (VL

1 —w(y)sh!l t t2 t3

+O(811)7

YE[P2]U[P4]U[Pe]
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(t—1)*(t* =33+ 51> =3t +1)
+ ]
t4
t—1)5(t* — 263 + 442 — 2t + 1
+( )( + +)810+O(811),
1
where the first four terms match the equation (3.2). Moreover, Proposition 3.5 implies that
t—1)> t—1)* t—1)° t—1)°%
(=12, (=D, (=10, (=1°,

10g ZGQ(S;CU) = ; 242 343 1t S
t-=1" 5 11
+ BT +0 (s).
On the other hand, by a direct calculation of matrices, we have
20t —1 2 2t =1 4
tr (MG(WQ))Z = %, tr (MGQ(OJQ))3 =0, tr (]\4(;2((,@))4 — %’
5 6 Q(t — 1)6 7
tr (Mg, (w2))” = 0, tr (Mg, (w2))* = =—5—=, tr (Mg, (w2))" = 0,
20t —1 8 20t = 1 10
tr (Mg, (w2))® = % tr (Me, (w2))° = 0, tr (Mg, (w2))™ = (t_5)

Definition 3.8. Let (G,w) be a weighted graph where G = (V,A) and w: A — Risa
weight. The weighted adjacency matrix A (w) is defined as follows:
(1) AG(W> = (a'uz))u,vEV;
(i) av = Y w(a).
aC€Ayy

Proposition 3.9.

1
Holsiw) = T =5 aat@))
Proof. The idea of the proof is the same as that of Proposition 2.13. We have only to prove
det(] — sAg(w)) = det(I — sMg(w)) where Mg(w) is the edge matrix for G. Let H =
(hav)acawev and J = (Jua’ )uev,arc4 denote the matrices with entries A, = Gy(q)o and juo =
w(a')0yyary respectively. One can see that Mq(w) = HJ and Ag(w) = JH. Then we have
the conclusion by Lemma 2.10. 0

Example 3.10. Let G; and GG, be weighted digraphs as illustrated in Figure 2. Then, we
obtain

0 ¢ 0 t 0

AG’l (wl) = (1 ¢t 0) and AG’Q(WQ) =|[1-¢1 0 t!
0 1—-¢ 0

Hence, det(I —sAg, (w;)) = 1+ (—t+1%)s?> and det (] — sAg, (w2)) = 1+ (=t +2—1)s%
Comparing with Example 3.3, we see that the equalities det(] — sMg,(w;)) = det(I —
sAg,(w;)) (1 =1,2) hold.

3.2. The matrix-weighted graph. In this subsection, we state a matrix-weighted zeta func-
tion of a digraph G = (V, A). It was introduced in [24] and [20], and has been developed in
[17] and [6]. Our setting here is different from them, so we introduce the one that suits our
setting.

Suppose V' = {vy,vs,...,v,} and (n1,n9,...,n,) € N™. Setn,, = n; (1 < i < m).
Then, for each a € A,,,,, let 2(a) be an n; X n; matrix whose entries are in a commutative
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Q-algebra. The set {Q(a) | a € A} is called the matrix-weight of a digraph G. For a closed
path ¢ = (a;,, sy, - - ., a;,), st
Q(C) = Q(ah)Q(am) T Q<aie)'

The weights obtained by cyclic rearrangement are different, but the following definition is
well-defined according to Lemma 2.10.

Definition 3.11.

1
B0 = 11 sa—mamy

v€[Pa]
By the same idea as in Subsection 3.1, we can have the map
©: Ax A — Mat(R) : (a,a’) — Oy (d),
and the edge matrix Mq(©) whose (a,a’)-entry is the nj x n; block matrix for a’ € Ay
Similarly, we have the adjacency matrix Ac(Q) = (X ,ca.. Q(a))u’vev. As in Subsection
3.1, we use the notation Mq(Q2) = Mq(0).
Example 3.12. Let G5 be the digraph as in Figure 1. Then we have:
O Qay) Qaz) O

a O Q(al) O
Ve @)= %500 G o | Ae® = ) O Al

@) Q(CLQ) Q(ag) @]
where O denotes the zero matrix.

Definition 3.13. Let s be an indeterminate. The formal power series Hc(s; §2) is defined as
follows:

1
He(s; ) = det(I — sMg(Q))

Example 3.14. Let G5 be the digraph as in Figure 1 with the following matrix-weight:

B 0 11— V3i B —14 11+ V3i) —1
Q<“”‘(—%<1+ﬁz’>t 21 )’QW‘($<—1+«§z>+%<1—¢5¢> —%+1)’

B 1 0 (1= + By t
Qas) = (%(1 L V3 ) , Qfaq) = ( LA+V3Bit 14+ 13+ \/gi)t) '

2 t—1)*
Then, He,(s; Q)" = det(] — sMg,(Q)) =1+ (—Qt +3 - Z) s+ <t—2)s4 holds.

=

Recently, the following amount were introduced in [6] and [17]. This is a generalization
of (3.1). We set

Here, if a closed path d € Cj is a cyclic rearrangement of ¢ € Cy, then it holds tr Q(d) =
tr Q(c).

Definition 3.15. Let s be an indeterminate. The formal power series Z(s; (2) is defined as

follows:
Ny(Q
Za(s;8) = exp ( E #SZ) :

>1
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Theorem 3.16.
He(s:Q) = Za(s;Q) = Ea(s;9).
Proof. First, we show E¢(s;Q) = Z(s; Q). This proof is a hybrid of the proofs of Proposi-

tions 2.9 and 3.5.
Taking the logarithm of E(s;(2), we have:

1
log Eg(s;Q) =1 !
0g Ec(s; og [] det (I —sl’YIQ =2 log det(I — s11Q(v))
v€E[Pg] velFe]
= — Z log det(I — s"Q(y Z tr log(I — s71Q(v))
B S NEISTTEETRINS ) SERIRTaIY
velPg] k1 velPel k21

Set ¢ = k|y|. Then, as in the proof of Proposition 3.5, the last term is equal to

S s =y My
>1 cEC(g >1
This means Fg(s; Q) = Zg(s; Q).
Next, we show Fg(s;Q) = Hg(s;Q). Let Mg(Q2) be the edge matrix of the digraph
G = (V, A) with matrix-weights. Its (a, a’)-entry consists of the n; x n/; block matrix for
a € Av;v;- Let B; be the matrix whose a’-column is the same as that of M/;(€2) and other

columns are all O. (Refer to the next example ) Then M(Q2) = By + By + -+ - + Bya and

H det(I — sMQ(y H det(I — s''B))

v€[Pg] leLyn(2)
where B; = By, B;, - - - B;, for a Lyndon word l = 4142 - - - ip. By Theorem 2.4, the righthand
side of the equauon is equal to det(/ — sMg(2)). This completes the proof of Theorem
3.16. 0

Example 3.17. We use the data in Examples 3.12 and 3.14. We denote the edge matrix of
the digraph G, by M¢,(Q2) = By + Bs + B3 + By, where

O O O O O Q) O O
B o— Qa) O O O B — O O 0 O
'l o ooofl |0 o0 0 oOf
O O O O O Qay) O O
O 0 Q a3 O O 0O O O
O O O O 0 O O
Bs = O O 0 and By = O 0 0 9a)
O O Qaz) O O 0 O O
As in Example 3.14, det(I — sMg,(2)) = —2t+3—2)s?+ —(t;)‘l st Set
f(k) =det(] — sMg, () — H det(I — s B).

l€Lyn(N), 1<k
Note that if |[| = 2, B, = B1Bs or B3By. If |l| = 4, B, = By B3B4B>. Then the coefficient
of s'(0 < < 3) of f(2) is 0. Similarly, we can confirm that the coefficient of s*(0 < i < 5)
of f(4) is 0, the coefficient of s°(0 < i < 7) of f(6) is 0, and so on. Theorem 2.4 assures
that limy_,. f(k) = 0.
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By a similar argument to the proof of Proposition 3.9, we have:

Proposition 3.18.

1
He(s:) = G =5 agm))

Proposition 3.19.
Ny(Q) = tr (Mg(Q))" = tr (Ag(Q))".

Proof. A similar argument to the proofs of Propositions 2.9 and 3.9 yields this proposition.

OJ

Example 3.20. Let G5 be the digraph illustrated in Figure 1, and we use the data in Examples
4 6 .

2.8 and 3.14. We have tr (Mg, (92))® = tr (4, (Q))% = s et 6 — 612 + 413 by the direct

calculation. On the other hand,
43 — 3 (1 - 3v/3i) 2 — 12 (1 + v/3i) t + 3 (3 + V/3i)

tr Q<<a1a2>3) = 9 s
3(3—V3)t3—12(1—=V3i)t2 =3 (1+3V3i)t+4
trU(agaft) = SOV U VI B3 (4 3V L4t
14 3v30) 3 —8t2 +2 (1 —4V3i) t +4 (1 4+ /31
tr Q(a1a2a1a3a4a2) = — ( \/_ ) <2t \/_ ) ( \/_ ) )
4(1=V3i) £ +2(1+4V3i) 12 — 8t + 1 — 3/3i
tr Q(ayazagazagas) = — 57 .
Thus, we have:
No(Q) =Y trQ(c)
ceCsp
= 2tr Q((a1a2)?) + 2tr Q((asas)?®) + 6tr Q(a1aza,a3a4a2) + 6tr Q(aiasasasasas)
4 6 9 3
:ﬁ—t—2+6—6t + 4¢t°.

Accordingly, we see that the equalities Ng(€2) = tr (Mg, () = tr (Ag,(Q2))° hold for the
digraph G,.

4. THE ALEXANDER POLYNOMIAL

There has been some work on (twisted) Alexander polynomials and graphs, but here we
summarize the previous work in a way that makes it applicable to future applications.

4.1. The knot graph. The idea of the knot graph can be found in [15]. It was later formal-
ized by [8] and named arc graph. In [10], the first author of the present paper formulated the
idea of Lin and Wang [15] without knowing [8] and named it knot graph, but it is essentially
the same as the one formulated by [8]. In this paper, we adopt a hybrid of the two and call it
knot graph.

We consider a diagram of an oriented knot /i with no kink, together with a base point
decorated with *. A knot graph GG is constructed by the following steps (see Figure 3). We
denote by K again a diagram of K.

(i) Decompose K into overpaths &y, ko, . . ., k,,, along the orientation of K from x.
(i1) A vertex v; of G'i corresponds to the arc k;.

(iii) An edge of Gk corresponds to a transition of & one to one: when we walk along K,
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e if we go under at a crossing along the orientation of K, we draw a corresponding
blue arc (depicted with a small circle on it);
e if we jump up at a crossing along the orientation of K, we draw a corresponding
red arc.
Then G has vertices vy, . . ., v,, and m blue arcs (v;, v;+1) (mod m) and m red arcs
(Uiv Uj ) :
(iv) Each vertex is labelled with the sign corresponding to that of the crossing.
(v) The knot graph G is obtained from G K by deleting the vertex v,,, and arcs associ-
ated with v,,,.

'Vi
FIGURE 3.

Example 4.1. We put the cases of the trefoil and the figure-eight knot in Figure 4.

k> ' V3 @. V2 G
3
6% %\-ﬁjﬁa <:>

FIGURE 4.

Remark 4.2. (1) The assumption of no kink assures that a knot graph does not have a
loop and multi arcs.
(2) Each vertex of G has two arcs whose tails are the vertex.

4.2. The classical Alexander polynomial. The fundamental group of a knot complement
has a Wirtinger presentation. It can be obtained as follows. Let K be an oriented knot and we
also denote by K its diagram. We decompose K into overpaths ky, ko, . . ., k,, along the ori-
entation of K. We denote by c; the crossing which corresponds to the terminal of the path k;
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(i=1,2,...,m). Let v(K) be an open tubular neighborhood of K and Ex = S\ v(K) the
exterior of K in the 3-sphere S®. We take a generator z; of 7, (Ex ) associated with the over-
path k;. If sign(c;) = +1, then we take the relator r;: z;x;x; ;. If sign(c;) = —1, then
we take the relator r; : xixj_lxi_ +11 x;. See Figure 5. It is known that the relator r,,, can be ob-
tained from others, so we have a presentation of 71 (Ex): (X1, Za, ..., T | 71,72, -+, Tm_1),
which is called a Wirtinger presentation.

Xi+1

ki Ki+1
J N\ X !
X;j ¥ /\'

FIGURE 5.

Example 4.3. Let K be the figure-eight knot as illustrated in Figure 4. Then we may have
the Wirtinger presentation of 7 (E'):

11 1 -1 1 -1
(1, To, T3, Xy | T1 = X124y Xy, To = ToX] Ty T1,T3 = T3TaTy To ).

We denote by F,, the free group (z1, xo, . .., x,,) of degree m, and let Z[F,,] be the group
ring associated with F},,. Let 52 : Z[F,,] — Z[F,,] (j = 1,2,...,m) be the free differential.
It is characterized by the following properties:

0
(1) e is linear on Z

ZLj
0x;
(ii) For any 7 and 7, i _ ijs
8xj
dy dy’
F Y € Foy —(yy) = == .
(iii) For any y, y s (yy') o, +y o,
01 oyt 0
Then we can have — = 0 and y —y‘l—y . Moreover, let

8xj 8xj N (%j
a:m(Ex) = H(Ex,Z) 27 = (1)

be the abelianization homomorphism, which is given by «(z;) = t. This map « naturally
induces the ring homomorphism & from Z[m (Er )] to Z[t*!].

For a Wirtinger presentation (1, Zs, ..., &y, | 71,72, ..., Tm_1) of m (Fk), we denote by
¢: Z|F,,] — Z[t*'] the composition of the surjection Z[F,,] — Z[r1(E¥ )] induced naturally
and the map Z[m, (Er )| — Z[t*!] given by a.

Let us consider the crossings in Figure 5. In case of sign(¢;) = +1, for r; = xixjm;rllxj_l,
we have:

Ori _q, 0,y On
ox; OTi41

an-
8x]-

_ -1 ¢
= —Tr;r; 4 — —t,

-1,.-1 ¢
= —xixjxiflle —t—1,
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because r; = 1 holds in Z[m; (Ey)]. Similarly, in case of sign(c;) = —1, forr; = 2,2 2, 25,
we have:
=11 — = —z;z; ., —> —t
Ox; 0Tis 3 T
87"1'

- -1 - ] -
= —:Eile + 2% lxijl s —1 4t

8513’]'
Definition 4.4. The Alexander polynomial Ak (t) of a knot K is defined as follows:

AK@):(mt(¢<§§>) .
J 1<i,j<m—1

Omitting the m-th column of the matrix <gb <g; ) > L<iem_ corresponds to deleting the
J —v=

B 1<j<m
vertex v, and its associated edges in GGx. The Alexander polynomial is an invariant of a
knot up to multiplication by £t* (k € Z).

Example 4.5. Let K be the figure-eight knot as illustrated in Figure 4, and we have the
Wirtinger presentation of m; () as in Example 4.3. A direct calculation shows that

or 1 —t 0
() (3
Ox; 1<4,5<3 0 t—1 1

1 or;

Further, we obtain A (t) = —— +3—t. Note that (ng ( T >> = [ — Ag,(w) holds,
t Lj 1<i <3

where Ag, (w) is the weighted adjacency matrix in Example 3.10.

Let Gk = (V, A) be a knot graph of a knot K and recall that Gx does not have a loop and
multi arcs (see Remark 4.2). We define the Alexander weight as follows ([10, 15, 8]).

Definition 4.6. Letw: A — R = Q[t*!] be

gsien(vi) ifj=i+1,

W(a) p— C{J(Ui; U]) - {1 _ tsign(vi) Otherwise‘

Then we call the map w the Alexander weight. See Figure 6.

Vit1 ¢ \Zi Vi { Vit
;\/; -t 100\ /¢!

+Vi Vi

FIGURE 6.

The first equality of the following theorem is proven in [15] and [8].

Theorem 4.7 (Theorem 4.3 in [15], Theorem 1 in [8]). Let w be the Alexander weight for a
knot graph G. Then we have:

Ag(t) =det(l — Ag, (w)) = det(I — Mg, (w)).
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Proof. By the definition of the Alexander weight, we see that

Aaw) =1 (o (52))
j 1<i,j<m—1

holds. Hence the assertion follows from the proof of Proposition 3.9 immediately. 0

Example 4.8. The knot graphs for the trefoil knot and the figure-eight knot are given in
Example 4.1. In Examples 3.3 and 3.10, the Alexander weights for these knots and the
Alexander polynomials are provided, if we substitute s = 1 for det(/ — sMg,(w;)) and
det(I — sAg, (w;))-

4.3. The twisted Alexander polynomial. We use the notation from the previous subsection
and Wada’s original paper [23].

Let p: m(Ex) — SL(n;C) be a linear representation. This map naturally induces the
ring homomorphism p from Z[m(E)] to Mat(n; C). Then, p ® & defines a ring homo-
morphism Z[r,(Ex)] — Mat(n; C[t*!]). As in Subsection 4.2, we denote by ®: Z[F,,] —
Mat(n; C[t*!]) the composition of the surjection Z[F,,] — Z[m (Ef )] induced naturally and
the map Z[m (Ex )] — Mat(n; C[t*!]) given by p ® a.

Let us consider the crossings in Figure 5 in the same way as for the Alexander polynomi-
als. Set X; = p(x;). In case of sign(c;) = +1, for r; = ximjx;rllxj_l, we have:

87} 87“7; . 87"1' .
) (ax) — 1,0 (&mﬂ) = —1X;, ® (a%) —tX; — 1.

-1
i+

or; or; or;
o Ll =1 @ L)l =X o L) = X X et
(3%) ’ (axiH) 7 (8;@) it !

The twisted Alexander polynomial A ,(t) is defined as follows:

det (@ (22))
i)/ 1<ij<m—1
det ®(x,, — 1) '

Similarly, in case of sign(c;) = —1, for r; = xia;j’lx 12, we have:

Definition 4.9.

AK,p(t) -

The twisted Alexander polynomial is well-defined up to multiplication by t*(k € Z) if n
is even and by £t* if n is odd. For simplicity, we denote the numerator (denominator resp.)
of the twisted Alexander polynomial by Aj () (A% (t) resp.).

According to [10], we define the following weight. See Figure 7.

Definition 4.10. The twisted Alexander weight is defined as follows:
tsign(vi)X;ig“(W) lfj -+ 17
Q(a) = Qv;,v) = L —1Xi if j # i+ 1 and sign(v;) = +1,
1
Xin_l — ng_l if j # i+ 1 and sign(v;) = —1.

Theorem 4.11 ([10]). Let ) be the twisted Alexander weight for a knot graph G .. Then we
have:

A}(,p(t) = det([ - AGK(Q)) = det(I - MGK(Q))
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-1 -1
tX; I-tX;  Xixj-Llx;
+Vi Vi

FIGURE 7.

Proof. By the definition of the twisted Alexander weight, we see that

or;
Ac(@) =1~ (2 (52))
Ox; 1<i,j<m—1

holds. Hence we obtain the desired formula using Proposition 3.18. 0

Example 4.12. We use the data in Examples 3.14, 4.1 and 4.3. Let K be the figure-eight knot
as illustrated in Figure 4 and the presentation of 71 (Ex ) as in Example 4.3. Set

5= (g tva 1) (0 1) %= (B0 e Tva):

0 11— /3i)

1+ /3i) 2 ‘

Define a map p: m (Fx) — SL(2; C) by p(z;) = X;. Then one can confirm that p satisfies

the relators 7; (1 < ¢ < 3), so it is a representation of 7, (Fx). Moreover, we can confirm

that Q(a;) = tX4, Qaz) = Xo X' — 1X71 Q(a3) = X7, and Q(as) = I — tX;. Hence
(t—1)2(t* — 4t + 1) T

Ak, (t) = 3 = Hg,(1;9Q2)71. Since A% (1) = det ®(z4—1) = (t—1)7,

we have Ag ,(t) =t* — 4t + 1.

and X, = (

Using the results from the previous section, we can obtain some expressions for (the nu-
merator of) the twisted Alexander polynomial in terms of three kinds of matrix-weighted
zeta functions evaluated at s = 1.

Corollary 4.13. For the twisted Alexander weight ) of a knot graph Gk, we have
A}(,p(t) = HGK<1; Q)il = ZGK(l; Q>71 = EGK(l; Q>71'

In the next section, as an application of Theorem 4.11, we provide a volume presentation
of a hyperbolic knot in S® using Bell polynomials.

5. A VOLUME PRESENTATION OF A HYPERBOLIC KNOT

In our previous paper [11], we provided a volume presentation of a hyperbolic fibered
knot, whose complement in S® admits the complete hyperbolic metric of finite volume and
fibers over the circle. More precisely, we showed that the hyperbolic volume of a fibered
knot can be expressed in terms of the traces of powers of a monodromy matrix through Bell
polynomials. In this section, we exhibit a new volume formula for a hyperbolic knot (not
necessarily fibered) using graph data and Bell polynomials.
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5.1. Bell polynomial. Bell polynomials are often used in the study of set partitions. See
[5]. Note that Wolfram Mathematica mounts Bell polynomials.

The partial Bell polynomials are the polynomials By ; = By (21,22, ..., %,—j41) in an
infinite number of variables x1, 7, . . ., defined by the formal double series expression:

exp( me ) Z Bkj—uj —1—1—2 i <iujBk7j(x1,x2,...)>.

k>7>0 k>1

The complete Bell polynomials By, are defined by

Bk = Bk(x1,$2, Ce ,i[}k) = ZBkJ7 BO = 1

There is a list of the values of the partial Bell polynomials By, ; for the small numbers £, j
on pages 307 in [5]. For the reader’s convenience, we exhibit some of them:

_ _ _ .2 _ _ _ .3
B =21, Ba1 = X9, Bog = a7, B3 = w3, Bsy = 31122, B33 = a7,

2 2 4
Byi = x4, Byo = 4173 + 375, Byg = 6x712, Byy = 77,

B571 = Ts, B572 = 5[E11’4 + 101‘21’3, B573 = ].01’?1’3 + 1531711'3, B574 = 10%?1’2, B575 = [E?
Let A be a d x d matrix and ¢ 4(\) be the characteristic polynomial of A with coefficients

P1,P2,---,Pd-
QOA()\> — )\d_plAd—l —pg/\d_2 —

Suppose that A1, Ao, ..., Aq are the eigenvalues of A, i.e. p4(\) = (A—A1)(A— )\2) (A=

Aa). Then, A* has the eigenvalues A\¥ A5 ... Ak and the trace tr A* = Z] (MR =
1,2,...). We denote tr A* by ¢ for simplicity.
The traces g, (k = 1,2, ..., d) have a relation to the coefficients p;, by Newton’s identities:

kpr=ar — g1 — - —pr1n (k=1,2,...,d).
The coefficient p; can be expressed as follows.

Lemma 5.1 (Lemma 3.3 in [11]). Let By(x1,xs,...,xx) be the complete Bell polynomial.
Then, we have

1

Pr = —EB]C<—Q1,—1'(]2 _2'(]33"' _(k 1) Qk’)

oyt

mi+2mo+--+kmy=k j=1

where my > 0,...,my > 0.

5.2. Hyperbolic volume. In this subsection, we review the volume formula of a hyperbolic
knot using the higher-dimensional twisted Alexander polynomials according to [3] (see also
[9]). We also provide a new volume formula using Bell polynomials.

An orientable hyperbolic 3-manifold has a natural representation of its fundamental group
into PSL(2; C), which is unique up to conjugation. We call it the holonomy representation
of the 3-manifold. It is known that the holonomy representation lifts SL(2; C), and a lift is
unique up to multiplication with a representation into the center of SL(2; C). In this paper,
we consider the lift such that the trace of the image of a meridian of a hyperbolic knot is
equal to 2. Of course, another choice of lift works as well.
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For n > 2, let us recall that, up to conjugation, the unique n-dimensional irreducible rep-
resentation of SL(2; C) is the (n — 1)-th symmetric power. We denote it by o,,: SL(2;C) —
SL(n; C). Let K be a hyperbolic knot in S?, namely, the interior of Ex admits the complete
hyperbolic metric of finite volume. For our lift of the holonomy representation, we consider
the composition with o,,, and denote this representation by p,,: m;(Fx) — SL(n;C). Here
we note that ps is conjugate to our lift of the holonomy representation.

The next theorem is a volume formula of a hyperbolic knot using the twisted Alexander
polynomials. The set of unit complex numbers is denoted by S' = {¢ € C|[¢| = 1}.

Theorem 5.2 ([3, Theorem 1.11). For a hyperbolic knot K in S and for any ( # 1 € SY,
1 3 o1
EVOKS \ K) = lim 3 10g [ Ak, (€]
holds.

Let €2,, be the twisted Alexander weight for the knot graph Gk of a hyperbolic knot K,
which corresponds to the representation p,,: m (Ex) — SL(n; C). Further, we set qx(t) =
tr (Ag, (,))* € C[t*'] (k =1,2,...,d) and

q(t) = (— q(t), —ga(t), —2!gs(t), .. ., —(d — 1)!qa(t)).
Then, Proposition 3.19 and the definition of N,(£2,) imply that we can compute ¢{t) by the
sum of the traces of matrices over all closed paths with fixed length on the knot graph G .
Now, we provide a new volume presentation of a hyperbolic knot.

Theorem 5.3. Forany ¢ # 1 € S', we have

Lo o)
EVOI(S \K)—Jl_{loloﬁlog kZ:OT :

where m is the number of vertices in the knot graph G .

Proof. Using Theorem 4.11, we see that the numerator of the twisted Alexander polynomial
can be written as A (t) = det(] — Ag, (Q2,)) = det(s] — Ag, (2n))|s=1. On the other
hand, by Lemma 5.1
det(s] — Agy () = s = p1s™ = pas®2 — - —py,
where d = mn and p, = —5By,(q(t)) (k =1,2,...,d). Thus, we have
d

Ak, () =1+ Z w _ Z Bk((ﬂt)).

k!
k=0
As for the denominator of the twisted Alexander polynomial, we obtain A%, (t) = (t —1)"
(see Lemmas 2.6 and 2.7 in [11]). Hence, using Theorem 5.2 for ( # 1 € S', we have

d -
Zk:o By, (]Z!(C))

=1

k=0

1 .1 .1
EVOI(SS \K) = nh_}n(r)lo ﬁlog Ak, (¢)] = lim — log

n—oo N2

.1
= (log

1
= lim — log
n—oo M

This completes the proof of Theorem 5.3. U
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We remark here that the hyperbolic volume of /K does not depend on the denominator of
the twisted Alexander polynomial evaluated at ¢ = (. We can also use the trace of the edge
matrix Mg, (€2,) to provide a similar expression for the hyperbolic volume.

Wolfram Mathematica was used for the calculations in this paper. We became aware of
the existence of the literature [19] after completing this paper.
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