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Abstract. Let p be a prime number. By a result of Ozaki, the capitula-
tions of ideals in Zp-extensions and the finite submodules of Iwasawa modules
are closely related. In this article, we discuss this relationship in Zg—extension&

1. Introduction

Let p be a fixed prime number and k/Q a fixed finite extension, where denote by Q
the field of rational numbers. For a number field F, let Ar be the p-part of the ideal
class group of F'. Let Z, be the ring of p-adic integers. Let ko, /k be a Zy,-extension and
k, its n-th layer for each non-negative integer n, namely, k, is the unique intermediate
field of koo /k such that [k, : k] = p". Let Xp = lim Ay,
taken with respect to norm maps. The module X is also defined to be the Galois

the projective limit is

group Gal(Lg,_, /koo) of the maximal unramified abelian pro-p extension Ly /koo. We
then have natural projection maps X — Ag, for all n > 0. Let Ay = lim | Ak,
the inductive limit is taken with respect to lifting maps. We then have lifting maps
Ak, — Ag for all n > 0. It is well known that Xj__ is a module over the completed
group ring Z,[Gal(ks/k)]. Let X}) be the maximal finite submodule of X} . Then
Ozaki obtained the following.

THEOREM 1.1 (OzAKI [15]). Suppose that ko /k is totally ramified at all ramified
primes. Then we have Ker(Ag, — Ay ) =Im(X) — Ay,) for alln > 0. In particular,
X,Soo # 0 if and only if Ker(Ag, — Ak ) # 0 for some n > 0.

For the cyclotomic Z,-extensions ko /k of totally real fields k, the non-triviality of
X ,83@ is studied as a weak form of Greenberg’s conjecture (for Greenberg’s conjecture see
[5], and for a weak form of Greenberg’s conjecture see [13], [14]). In this article, we
discuss the relationship between kernels of lifting maps and pseudo-null submodules in
Zg—extensions.

For a positive integer d, an algebraic extension K/k is called a Zg—extension if K/k
is a Galois extension and Gal(K/k) ~ Zg as topological groups. The composite field k of
all Zy-extensions of k is a Zg-extension for some d > 0. Let K/k be a ZZ-extension. Let

Xk = 1&1 Ay, the projective limit is taken with respect to norm maps. The
ECk CK, [k :k]<oo
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module X is also defined to be the Galois group of the maximal unramified abelian pro-p
extension L /K. Then the completed group ring Z,[Gal(K/k)] acts on Xg. Then it is
known that that Xk is a finitely generated torsion Z,[Gal(K/k)]-module, see Lemma 2.2
of the below. Let X9 be the maximal pseudo-null Z,[Gal(K/k)]-submodule of X g, here,
a Z,[Gal(K/k)]-module is called pseudo-null if the annihilator ideal is not contained in
any height 1 prime ideals. When K = k, the non-triviality of X ;8 is studied as a weak
form of Greenberg’s generalized conjecture (for Greenberg’s generalized conjecture see
[7], and for a weak form of Greenberg’s generalized conjecture see [18], [14] and [11]).
Let A = li Ay, the inductive limit is taken with respect to lifting maps.
kCk CK, [k k] <oo

Let Axr — Ak be the lifting map. In this article, we mainly discuss by putting the
following assumption on Zg—extensions:

CoONDITION A. The prime number p does not split in k£/Q and K/k is totally ramified
at the unique prime of k lying above p.

The results of this article are as follows.

THEOREM 1.2. Let K/k be a Zg—extension. Suppose that the condition A holds
and that Ay ~ 7 /p° for some ¢ € Zsq. If there is an intermediate field k C k' C K with
[k : k] < oo such that Ker(Ay — Ag) # 0, then X% # 0.

We must mention here that, by Iwasawa’s result [8], under the condition A, if Ay, =0
then X = 0.

THEOREM 1.3. Let K/k be a Zg-extension. Suppose that the condition A holds.
If X9 # 0, then there is an intermediate field k C k' C K with [k’ : k] < oo such that
Ker(Ap — Ag) #0.

COROLLARY 1.1. Let K/k be a Zg—extension. Suppose that the condition A holds
and that Ay =~ Z/p° for some ¢ € Zso. Then X% # 0 if and only if there is an
intermediate field k C k' C K with [k’ : k] < oo such that Ker(Ay — Ag) # 0.

There have been some related earlier studies, we introduce here two of them.

THEOREM 1.4 (PROPOSITION 5.B OF MINARDI [10]).  Let K/k be a Z3-extension.
Suppose that the condition A holds. Then Xy = XY if and only if there is a sub-Z,-
extension Foo /F of K/k with [F : k] < oo such that Ap = Ker(Ap — Ap,).

THEOREM 1.5 (LAI AND TAN [9]). Let K/k be a Z{-extension. Then we have
Jm Ker(Ay — Ag) C XY
kCk/CK,[k':k]<oo

We set here some notations. For a profinite group G, let Ag¢ = Z,[G] be the
completed group ring of G with coefficients in Z,. In the rest of this section, let G ~ Zg.
It is known as Serre’s isomorphism that Ag is isomorphic to the formal power series
ring in d-variables with coeflicients in Z,. Hence Ag is a noetherian, integrally closed,
complete, regular local ring. By Auslander-Buchsbaum’s theorem [1], Ag and Ag/pAg
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are UFDs. A finitely generated Ag-module M is called pseudo-null if the annihilator
ideal of M over Ag is not contained in any height 1 prime ideals of Ag. When d = 1,
it is known that M is pseudo-null if and only if is finite. For a topological group &
and a topological &-module M, let M® and Mg be the &-invariant submodule and the
®-coinvariant module of M. For an algebraic extension F/Q not necessary finite, let
Lg/F be the maximal unramified abelian pro-p extension and X its Galois group. Let
AF be the p-part of the ideal class group of F. If [F': Q] < 0o, Xr ~ Ap by unramified
class field theory.

2. Preliminaries

LEMMA 2.1.  Let A be a UFD and I an ideal of A. The following three statements
are equivalent.
(1) The ideal I is not contained in any height 1 prime ideals of A.
(2) There are f,g € I such that f and g are relatively prime.
(3) For all 0 #£ f € A there is g € I such that f and g are relatively prime.

PROOF. (3) = (2) : Trivial. (2) = (1) : Let f,g € I and suppose that f and g are
relatively prime. Then there is no prime element ¢ € A such that both of f and g are
divided by ¢. Since (f,g) C I, I is not contained in any height 1 prime ideals. (1) = (3) :
The following proof is written in Lemma 4.3 of [10]. Suppose that I is not contained in
any height 1 prime ideals of A. Let s be the number of pairwise non-associated prime
factors of f. We prove by using induction on s. Let s = 1. Then f = uq{"* for a unit
u and an integer m. Since I is not contained in any height 1 prime ideals, it follows
that I Z (¢1), and hence there is g € I such that f and g are relatively prime. Suppose
that s > 1. Let f = f1f2 be a decomposition of f by non units fi, fo such that f; and
fo are relatively prime. By the assumption of our induction, there are g1,g2 € I such
that each of two pairs of elements fi,¢1 and fs, go are relatively prime respectively. Put
g=gaf1 +g1fo € I. Then f and g are relatively prime. O

LEMMA 2.2.  Let K/k be a Zg-extension and G = Gal(K/k). Then Xk is a finitely
generated torsion Ag-modules.

PROOF.  This lemma was shown by Greenberg [4] for the extension k/k, and some
authors mentioned that the statement of Lemma 2.2 also holds true for arbitrary Zg—
extensions. For readers, we prefer to provide the proof here. Greenberg’s proof depends
on the existence of the cyclotomic Zj,-extensions. The cyclotomic Z,-extension of a
number field is ramified at all primes lying above p, and this property is a keystone to
prove the statement of Lemma 2.2. Let K/k be a Zg—extension with d > 1 and S the
set of all primes of k£ which ramify in K/k. Here it suffices to show that there is a Z,-
extension ko /k such that ko, C K and that ko /k is ramified at all primes in S. Such a
Z,-extension ko, /k plays the role of the cyclotomic Z,-extensions in Greenberg’s proof,
see Theorem 1 of [4]. We shall prove by induction on d > 1. The case that d = 1 is trivial.
Let d > 1 and assume that the statement of the lemma holds true for all Zj-extensions
Ky/k which are exactly ramified at all primes in S with » < d. Let I, C Gal(K/k) be
the inertia subgroup at v € S. Put S; ={w e S| I, ¥ Z,}. Since d > 1 and S is a
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finite set, we can choose x € Gal(K/k) such that z ¢ Gal(K/k)P and that (z) NI, =0

for all w € S;. Let Ky be the fixed field of (z) in K. Then Ky/k is a Zg_l—extension.
Let u € S\ S;. Tt follows that the Z,-rank of I, is greater than 1. Then I, (z)/(z) has
Zy-rank at least 1. Thus the inertia subgroup in Ky/k at each v € S is not trivial, and
hence K /k is ramified at all primes in S. By the assumption of our induction, there is
a Z,-extension koo /k such that ko C Ko and that ke /k is ramified at all primes in S.

This completes the proof. This proof is a generalization of Lemma 5 of [3]. O

LEMMA 2.3. Let K/k be a Zg—extension. Suppose that the condition A holds. For
each intermediate field F of K/k, we have Xr ~ (XK )gai(k/F)-

Proor. It follows that K/F' is a Z;-extension for some r < d. Let Gal(K/F) =
(o1,--+,0.). One can see that (Xx)gax/r) = Xk/(01 —1,--- 0, — 1)Xk. Let K;
be the fixed field of (o;41, -+ ,0.) for 0 < i < r — 1. Then we have a tower of fields
F=KyCK C-CK,= K. By the condition A, the extension K/k is totally
ramified at the unique prime of k lying above p, and hence extensions K;/K;_; are also
totally ramified at the unique prime of K;_; lying above p for all ¢ with 1 < <r. Let L;
be the maximal subfield of Lk, which is abelian over K;_;. It holds that Gal(L;/K;) ~
(XK,)Gal(k, /K1) = Xk,/(0i —1)XK,. Let I; be the inertia subgroup in L;/K; 1 of
the unique prime of K;_; lying above p. It then holds that I; = Gal(L;/Lk, ,). Since
L;/K; is unramified, we have I, N Gal(L;/K;) = 1, and hence L; = K;Lg, , holds. By
the definition of L; it follows that Lx, , N K; = K,;_1, and hence we have Xk, , ~
Gal(L;/K;) ~ Xk, /(0; — 1) Xk, for all i. Thus it holds that Xp ~ Xk /(01 —1,--- ,0, —
DXk = (XK)gal(x/F)- 0

LEMMA 2.4. LetI' >~ 7Z, and M a finitely generated torsion Ar-module. Then M
has no non-trivial finite submodules if and only if there is an exact sequence 0 — Af‘?r —
AF" — M — 0 for some r € Z.

PROOF.  See Proposition 2.1 of [17]. O

LEMMA 2.5. Let G ~ Zg with d > 0. Let N be a finitely generated torsion Ag-
module. Assume that N has an annihilator ® € Ag such that ® Z 0 mod pAg. Then G
contains at least one subgroup H such that G/H =~ Z, with the property that N is finitely
generated over Ap.

PROOF. See Lemma 2 of [6]. O

LEMMA 2.6. Letd >3 and G ~ Zg. Let H be a subgroup of G such that G/H ~ Z,,.
Let N be a finitely generated pseudo-null Ag-module. Suppose that N is finitely generated
over Ag. Then for all but finitely many subgroups V of H with H/V ~ Zg”, Ny is a
pseudo-null Ag /v -module.

PrROOF. This lemma is shown in [10] as a Corollary of Proposition 4.C. Here, we
give a somewhat simpler proof. Let H be a subgroup of G such that V is finitely generated

over Ay with G/H ~ Z,. Let T € G be an element such that G = H x (7). Put T = 7—1,
and we shall identify by Serre’s isomorphism Ag with Ag[T7], the formal power series
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ring in the variable T' with coeflicients in Ay . Hence all Ag-module can be regarded as
Ap[T]-modules. Since N is finitely generated over Aj, by Cayley-Hamilton’s theorem,
there is a monic polynomial f € Agy[T] such that f annihilates N. By the Weierstass
preparation theorem, we may assume that f is a distinguished polynomial of degree
greater than 0, see Definition 2 and Proposition 6 in Section 3 of Chapter 7 of [2]. Since
N is pseudo-null, by Lemma 2.1, there is an annihilator ¢ € Ag = Ag[T] of N such
that f and g are relatively prime. If we need, by adding f to g and by the Weierstrass
preparation theorem, we may assume that g is also a distinguished polynomial in Ay [T].
By Proposition 7 of Section 3 of Chapter 7 of [2], f and g are relatively prime in Ag
if and only if are relatively prime in Ag[T]. Hence there are polynomials A and B of
QA [T] such that Af + Bg = 1, here Qp,, denotes the field of fractions of Ay. Choose
an element o € Ay such that ad, aB € Ag[T], hence it holds that «Af + aBg = «. Let
o € H\ HP. By the choice of f and g, we have f,g # 0 mod (¢ — 1)Ag. Since Ag is a
UFD and (o — 1)A¢ is a prime ideal of Ag, there are only finitely many prime ideals of
the form (0 — 1)Ag so that a = 0 mod (¢ — 1)Ag. Let V = (o) with the property that
a Z 0mod (0 —1)Ag. For each h € Ag, let hy be the image of h with respect to the
map Ag = Ag/v = A v[T]. Thus it holds that (aAd)y fy + (aB)ygy = ay # 0. This
implies that fy and gy are relatively prime in A,y [T]. Further fy, gy # 0 and both of
fv,gv annihilate Ny. Therefore, Ny is a pseudo-null Ag /v [T] = Ag/v-module. O

LEMMA 2.7. Let K/k be a Zg-ewtension. Suppose that the condition A holds. Let
1+# 0 € G=Gal(K/k). Then a generator of the characteristic ideal of X over Ag and
o — 1 are relatively prime.

PROOF. Because we study on a generator of the characteristic ideal of X, we may
assume that X% = 0. By the structure theorem of finitely generated torsion Ag-modules,
see for example (5.1.7) Proposition of [12], there is an exact sequence 0 — Xy — E —
Z — 0 of Ag-modules, here, we denote by E an elementally finitely generated torsion
Ag-module and by Z a pseudo-null Ag-module. Let {o1,09, -+, 04} be a basis of G over
Zy, such that o = Jfa with some non-negative integer a. Then one can see that Z/(c—1)Z
is a finitely generated torsion Ag-module, where we let H = {09, -+ ,04). Indeed, since
Z/(oc — 1)Z is also pseudo-null over Ag, there is an annihilator u of Z/(c — 1)Z over
A¢ such that v and o — 1 are relatively prime. By the Weierstrass preparation theorem,
if u is not reduced in Ag = Ag[o1], by adding 0 — 1 to u, we may assume that wu is
a distinguished polynomial in Ag[o; — 1]. Since 0 — 1 and w are relatively prime in
Qa,, o1 — 1], there are f and g of Qa,, [01 — 1] such that f(o — 1) + gu = 1. Thus there
is 0 # v € Ay such that v = (vf)(c — 1) + (vg)u. This shows that Z/(c — 1)Z is torsion
over Ag.

Let M be the fixed field of (¢). Then we have a decomposition Gal(M/k) ~ Z/p® x
(09, ,04). Let F be the fixed field of H = (09, ,04) in M. Then [F : k] < co and
M/F is a Zg’l—extension. It is known by Lemma 2.2 that the module X, is finitely
generated and torsion over Ay. By Lemma 2.3, one can see that Xy ~ (Xk)gai(x/m) =
Xk /(0—1)Xg. Then we have an exact sequence Xy — E/(c—1)E — Z/(c—1)Z — 0.
Let f € Ag be a generator of the characteristic ideal of X over Ag. Now, suppose that
f and o — 1 are not relatively prime. Let ¢ be a common prime factor of f and o — 1.
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Then F is a module of the form

E=Ac/q*Ae © P Ac/df A,
i=1

where g1, - ,qs € Ag denote prime elements of Ag, and e,eq1,--- ,es are positive inte-
gers. As we checked, Z/(c — 1)Z is torsion over Ay. Since

Ac/(g,0 = 1) = Ag/qhe = (Zp[{o)]/4Zp[(a1)DIH] 2 A,

Ag/(g,0 — 1) is not torsion over Ap, and Ag/(¢°, 0 — 1) is also not torsion since there is
a surjective morphism Ag/(¢%,0 — 1) = Ag/(q,0 —1). This contradicts to the fact that
Xy ~ Xg /(0 —1) Xk is torsion over Ay. Therefore there are no common prime factors
of fand o — 1. O

LEMMA 2.8. Let K/k be a Zg-emtension. Suppose that the condition A holds. Let
1 # o € Gal(K/k). Then we have (Xx/X%){®) =0.

ProOF. By Lemma 2.7, a generator of the characteristic ideal of X and o — 1
are relatively prime. Since X /X% has no non-trivial pseudo-null submodules, we have

(XK /X% =0. O

LEMMA 2.9. Let N be a non-trivial pseudo-null Ay-module, where U ~ Z?a‘ As-
sume that Ny is finite. Then there exists at least one subgroup V of U such that
U/V ~ Z, with the property that Ny contains a non-trivial finite Ay v -submodule.

PROOF. See Lemma 5 of [6]. O

3. Proof of Theorem 1.2

Let K/k be a Zg—extension and suppose that the condition A holds. Suppose also
that Ay ~ Z/p° for some ¢ > 0, and Ker(Ay — Ag) # 0 for some k C k' C K with [k :
k] < oo. There is a finite extension k7 /k" with k] C K such that Ker(Ay — Ay;) # 0.
Then one can find a finite cyclic extension F'/F such that ¥’ C F C F' C k] and that
Ker(Ap — Apr) # 0. Since K/F is a Z{-extension, there is a Z,-extension Fy/F such
that F" C F, € K and that Ker(Ap — Ap_ ) # 0. By Theorem 1.1, we have X3, # 0.
Let G = Gal(K/k), H = Gal(K/Fx) and I = Gal(F»/F). By Nakayama’s lemma and
Lemma 2.3, since Ay, ~ (Xk)g, Xk is cyclicover Ag. Let 0 = T — Ag - Xx — 0 bean
exact sequence of Ag-modules with an ideal I of Ag. Since Ag is noetherian, I is finitely

generated. Put I = (hq,--- ,hs) for some elements hq, -+ ,hs € Ag. Let h be a greatest
common divisor of hy,--- ,hs. Suppose that X% = 0. Let Iy = (h1/h,--- ,hs/h). Tt
holds that hAg/I ~ Ag/Iy. Since elements hy/h,--- , hs/h have no non-trivial common

divisor, Iy is not contained in any height 1 prime ideals of Ag. Hence Ag /Iy ~ hAg/I is
a pseudo-null Ag-module. Since Xy ~ Ag/I has no non-trivial pseudo-null submodules,
we have I = hAg. Thus there is an exact sequence 0 - Ag — Ag — Xk — 0. Since
(A¢)r ~ Ag/m, we have an exact sequence Ag/p — Ag/m — Xp, — 0. By the
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definitions of G and H, we have (G/H)/I' = Gal(F/k). Since (Ag/g)r ~ Z?[F:k] and
Agyp is torsion free over Zy, it holds that Ag/ g ~ A?[F:k] as Ar-modules. From the fact
that Xp_ is a torsion Ap-module, the kernel of A,z — A,y is a submodule of a free
Ar-module and is of rank 0, and hence is trivial. Therefore we have an exact sequence
0 — AR 5 ASH X 0. This implies that X3 = 0 by Lemma 2.4. This
contradicts to the fact that X # 0. Thus we have X3 # 0. O

4. Proof of Theorem 1.3

Let K/k be a Zg—extension. Suppose that the condition A holds, and that X9 # 0.
Let G = Gal(K/k). First, we suppose that d > 3. Since X% is pseudo-null, there is
an annihilator ® € Ag of X% such that ® # 0 mod pAg. By Lemma 2.5, there is a
subgroup H of G such that G/H ~ Z, and that XY is finitely generated over Ay. By
Nakayama’s lemma and Lemma 2.6, there is 0 € H \ H? such that X% /(0 — 1)X% is a
non-trivial pseudo-null A /m—module. Let K be the fixed field of ¢ in K. By Lemma
2.8, Xy /(0 = D)X — Xk /(0 — 1)Xk = X7 is injective. Hence we have X) s # 0.
Let K be the fixed field of H. Then one sees that K /k is a Z,-extension. By doing the
same arguments, we can find a Z2-extension L/k such that X? # 0 and K C L. Next
we consider the Z2-extension L/k. Put U = Gal(L/k), and let V; be a closed subgroup of
U such that U/Vy ~ Z,,, and E C L the fixed field of V. Let 7 be a topological generator
of Gal(E/k) = U/Vph. From the condition A, it holds that Ay ~ Xg/(y — 1)Xg, and
hence Xg /(v — 1)Xg is finite. This shows that a generator of the characteristic ideal
of Xg over Ay/y, and v — 1 are relatively prime. By Lemma 2.8, the map (X%, —
(X1)v, =~ X is injective. Hence a generator of the characteristic ideal of (X?)y, and
v — 1 are also relatively prime. This shows that (X?)y = (X9)y, /(v —1)(X?)y, is finite.
By Lemma 2.9, there is a subgroup V' C U such that U/V =~ Z, with the property that
(X?)y has a non-trivial finite submodule. Let koo be the fixed field of V in L. Then it
follows that X7  # 0. By Theorem 1.1, Ker(Ay, — Ay, ) # 0 for some n > 0. Since
Ker(Ay, — Ax.) C Ker(Ag, — Ak), this completes the proof. O

Remark. In fact, from Theorem 2 of [16], one can further see that (X?)y is
finite for all but finite subgroups V' of U such that U/V ~ Z,,.
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