LOW-LYING ZEROS OF SYMMETRIC POWER L-FUNCTIONS
WEIGHTED BY SYMMETRIC SQUARE L-VALUES

SHINGO SUGIYAMA

ABSTRACT. Given a totally real number field F' and its adeéle ring A, let 7 vary in the
set of irreducible cuspidal automorphic representations of PGLy(Ag) corresponding to
primitive Hilbert modular forms of a fixed weight. We determine the symmetry type of
the one-level density of low-lying zeros of the symmetric power L-functions L(s, Sym" (7))
weighted by special values of the symmetric square L-functions L(Z;r1 ,Sym? (7)) at z €
[0,1] in the level aspect. If 0 < z < 1, our weighted density in the level aspect has
the same symmetry type as Ricotta and Royer’s density of low-lying zeros of symmetric
power L-functions for F' = Q with harmonic weight. Hence our result is regarded as a
z-interpolation of Ricotta and Royer’s result. If z = 0, the density of low-lying zeros
weighted by central values is of a different type only when r = 2.

1. INTRODUCTION

Studying zeros of L-functions is one of principal problems in number theory as it was
originated by the Riemann hypothesis. However, as of now, the investigation of the non-
trivial zeros of an individual L-function is still far from completion. Instead of individual
L-functions, a family of L-functions is more tractable. Concerning zeros of L-functions in
a family, Katz and Sarnak [26], [27] conjectured that the distribution of low-lying zeros
of a family of L-functions should have a density function with symmetry type arising in
random matrix theory. According to their conjecture, it is expected that the following
five density functions should describe the density of low-lying zeros of L-functions in a
family:

W(Sp)(x) = 1 — sin 27wx

o2mx

W(O)(x) = 1+ Ldoe),

sin 27x
— 14 =7
W(SO(even))(x) + Sy
sin 27x
W(SO(odd))(z) =1 — v + do(x),

W(U)(z) =1,
where ¢y is the Dirac delta distribution supported at 0. The conjecture was derived from

their works [26] and [27] on function field cases, which study statistics of zeros for a
geometric family of zeta functions for a function field over a finite field.
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Later, Iwaniec, Luo and Sarnak [25] studied densities of low-lying zeros of the standard
L-functions and those of symmetric square L-functions associated to holomorphic elliptic
cusp forms both in the weight aspect and in the level aspect, assuming GRH for the
relevant L-functions. Inspired by their study, densities of low-lying zeros of families of au-
tomorphic L-functions have been investigated in several settings such as Hilbert modular
forms ([34]), Siegel modular forms of degree 2 ([30], [31]) and Hecke-Maass forms ([1], [2],
[22], [35], [37], [43]).

As of now, the broadest setting for low-lying zeros of automorphic L-functions was
investigated by Shin and Templier [47]. They treated a general family of automorphic
L-functions L(s, 7, r) and obtained the one-level density of low-lying zeros in the family
both in the level aspect and in the weight aspect. In their work, 7 varies in discrete
automorphic representations of G(Ar), where G is a connected reductive group over a
number field F'. Furthermore they assumed that G admits discrete series representations
at all archimedean places, and that r : “G — GL4(C) is an irreducible L-morphism
satisfying the hypothesis on the Langlands functoriality principle in their work. Before
their study, Giiloglu [23] and Ricotta and Royer [44] had considered the functorial lifting
corresponding to the symmetric tensor representation Sym” : LPGLy — GL,,1(C) for r €
N and gave densities of low-lying zeros of the symmetric power L-functions L(s, Sym"(f))
attached to holomorphic elliptic cusp forms f in the weight aspect [23] with GRH and
in the level aspect [44] without GRH, respectively, under the hypothesis on analytic
properties of L(s, Sym"(f)).

Recently, Knightly and Reno [32] studied the density of low-lying zeros of the standard
L-functions L(s, f) attached to holomorphic elliptic cusp forms f weighted by central
values L(1/2, f), and found the change of symmetry type of the density from W (O) in
the usual setting to W (Sp) in the weighted setting. Their study was inspired by the works
of Kowalski, Saha and Tsimerman [33] and of Dickson [13] on the asymptotic formula of
the average of spinor L-functions L(s, f, Spin) attached to holomorphic Siegel cusp forms f
of degree 2 weighted by the squares of the absolute values of the Fourier coefficients of f at
the unit matrix. In [33] and [13], they observed a phenomenon of changing the symmetry
type from W (O) to W (Sp). They considered the phenomenon as weak evidence toward
Bécherer’s conjecture which was not proved at that time (now proved by Furusawa and
Morimoto [19, Theorem 2]). Indeed, the Fourier coefficient of each f in their weight factor
is a Bessel period of f, and Bocherer’s conjecture shows that the square of the absolute
value of the Bessel period of f is identical to L(1/2, f, Spin)L(1/2, f ® x_4, Spin), where
X_4 1s the quadratic Dirichlet character modulo 4.

In this article, in order to observe phenomena of changes of densities by special L-
values in other settings, we consider low-lying zeros of the symmetric power L-functions
L(s,Sym"(m)) associated to cuspidal representations m of PGLy(Ap) for a given totally
real number field F'. Our weight factors are special values of symmetric square L-functions

L(ZL, Sym?(m)) at each z € [0,1].

1.1. Density of low-lying zeros weighted by symmetric square L-functions. To
explain our result in some detail, we prepare notation. Let F' be a totally real number
field with dp = [F' : Q] < oo and A = Ay the adele ring of F. Let ¥, denote the set of
the archimedean places of F. Let [ = (I,),ex.. be a family of positive even integers and
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let q be a non-zero prime ideal of the integer ring o of F. We denote by IIZ .(, q) the set
of all irreducible cuspidal automorphic representations ©7 = ®! m, of PGLy(A) such that
the conductor of 7 equals q and 7, for each v € ¥, is isomorphic to the discrete series
representation of PGLy(R) with minimal O(2)-type l,. For any r € N, we treat in this
article the symmetric power L-functions L(s, Sym" (7)) for = € II? (I, q) explained in §3.1
(see also [12] and [44]), and consider the hypothesis Nice(r, r) that

o L(s,Sym"(m)) is continued to an entire function on C of order 1, and

o [(s,Sym"(m)) satisfies the functional equation
L(s, Sym' (7)) = e, (D 'N(a)")/*7*L(1 — s, Sym’ (7)),

where Dp is the absolute value of the discriminant of F//Q, N(q) is the absolute
norm of q, and e, € {£1}.

This hypothesis is expected to be true in the viewpoint of the Langlands functoriality
principle. Recently, Nice(r,r) was proved by Newton and Thorne [40] for all » € N, all
non-zero prime ideals q and all = € II? (I, q) if we restrict our case to elliptic modular
forms (F' = Q). Moreover they announced a preprint [42] on the symmetric power functo-
riality of Hilbert modular forms. Thus we strongly believe that the hypothesis Nice(w, r)
is no longer needed. For known results concerning Nice(w, ), we refer to §3.1 in details.

Throughout this article, we fix F' and [, and assume Nice(7,r) for all non-zero prime
ideals q and all 7 € II% (I, q). In what follows, we consider the distribution of low-lying
zeros of L(s,Sym"(m)) for m € II% (I, q) with N(q) — oo without assuming GRH for any
of the L-functions. The one-level density of such low-lying zeros is defined as

W) D(Sym’ (). ¢) = z:¢c%mwww»0

, 2
p=1/2+1ivy

for any Paley-Wiener functions ¢, where p = 1/2 + iy (7 € C) runs over all zeros of
L(s,Sym" (7)) counted with multiplicity, and Q(Sym" (7)) is the analytic conductor of
Sym" (7). Here a Paley-Wiener function is given by a Schwartz function ¢ on R such that
the Fourier transform

06) = [ ola)e s

of ¢ has a compact support. By the compactness, ¢ is extended to an entire function on
C. By the symmetry of zeros of L(s, Sym" (7)), we may assume that ¢ is even.

Before stating our results, we recall Ricotta and Royer’s result [44] on elliptic modular
forms. When F' = Q, the set II} (I, ¢Z) for an even positive integer [ and a prime
number ¢ is identified with the set H;(¢q) of normalized new Hecke eigenforms in the space
Si(To(q))™™ of elliptic cuspidal new forms of weight [ and level ¢ with trivial nebentypus.
Set
wq(f) = %7

()= £l

where || f|| denotes the Petersson norm of f asin [44, §2.1.1]. We denote by €y, the sign
of the functional equation of L(s, Sym"(f)) for f € H;(q).

Then, Ricotta and Royer [44] proved the following asymptotic formula in the level
aspect without GRH.
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Theorem 1.1. [44, Theorems A and B|' Let r be any positive integer. Let | > 2 be a
positive even integer and let q vary in the set of prime numbers. Let ¢ be an even Schwartz

function on R. Set
1 2
—(1—-—— )=
A ( 2([—29)) r2’

where 6 € [0,1/2) is the exponent toward the generalized Ramanujan-Petersson conjecture

for GLo (cf. [44, §3.1]). If supp(qg) C (=p4, B1), then we have

i > w(/)D(Sym’(f), ) = / o oy (s cven)
Faawon

* ren; (@ (r is odd).

Here the weight factor w,(f) is called the harmonic weight. It can be removable and
negligible under GRH (cf. [23, Lemma 2.18]). As an analogous result to Ricotta and Royer
as above, we give the density of low-lying zeros of L(s, Sym" (7)) weighted by special values

L=, Sym (7)) of symmetric square L-functions at each z € [0,1]. Now we review the
ensemble of the special values {L(Z, Sym® (7)) }rems, (1. The value L(ZH, Sym?()) is
believed to be non-negative due to GRH. Although the non-negativity is still open, it is
supported by the asymptotics

2.

m€llg,(,q)

~ C'N(q)(log N(q))*°,  N(q) — 00

for some explicit constant C' > 0, where 6, is the Kronecker delta. This asymptotic
formula follows from the proof of Tsuzuki and the author’s result [50, Theorem 1.3] (see
also Theorem 2.7). In particular, this average is non-zero for any non-zero prime ideals q
of o such that N(q) is sufficiently large. Our main result in the level aspect without GRH
is stated as follows.

Theorem 1.2. We assume that the prime 2 € Q 1s completely splitting in F. Suppose
that | € 2N®> satisfies | := minyex__ [, = 6. Let q vary in the set of non-zero prime ideals
of 0. Forr € N, we assume Nice(m,r) for all q and all m € 117 (I,q). We fiz z € [0, 1]
and define By > 0 by

b — 1 L (L>dr+4),
CorEERE ) |Gy (6<I<drtd).

IThey assumed the extra hypotheses Nice(f,r) for all prime numbers ¢ and all f € H/(¢q) in [44]. But
it is no longer needed due to [40].
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Then, for any even Schwartz function ¢ on R with supp(¢) C (—Ba, ), we have
2

1 L(*5+, Sym?*(m))
lim 1 D(Sym" (), ¢)
N(a)—ve0 Zwenws (1,9) %n:;(w()ﬂ))) ﬂEng:(l q) L1, Sym2(7r))
(QAS( /gb (z)dz (r is even and (r,2) # (2,0)),
= $o+§¢0:/¢xwoxdx (r is odd),
R
\QE(O) —36(0) + 2 [, ¢(x)|7|dx = /Rgb(:)s)W’(x)dx (r=2 and z = 0),

where W'(x) is defined as

. 2 2 <2
W(x) =1+ sin(2rz)  2sin”(wz)

2 (max)?

Here we note that the denominator in the left-hand side of the limit formula above is
non-zero if N(q) is large as noted before. Compared to Theorem 1.1, Theorem 1.2 can
be interpreted as a z-interpolation of Ricotta and Royer’s result. We remark that our
assumption [ > 6 can be weakened to [ > 4, in which the condition z € [0, 1] is replaced
with z € [0,min(1,0)] for any o € (0,0 — 3). This condition on z and [ is derived from
the assumption in [50, Corollary 1.2].

There are some remarks in various directions. Theorem 1.2 for z = 1 is a generalization
of Theorem 1.1 to the case of Hilbert modular forms without harmonic weight. Although
the setting is slightly different, Theorem 1.2 for z = 1 is similar to Shin and Templier’s re-
sult [47, Example 9.13 and Theorem 11.5], where they considered the principal congruence
subgroup I'(q) instead of our level T'y(q), the Hecke congruence subgroup.

Theorem 1.2 in the case of the standard L-functions (r = 1) for Hilbert modular forms
without weight factor (z = 1) has overlap with Liu and Miller [34], in which they assumed
GRH and imposed conditions that the narrow class number of F' is one, the weight is the
parallel weight 2k > 4, and the level is endowed by the congruence subgroup I'y(Z) for
a square-free ideal Z of 0. Their contribution is to extend the size of the support of gzg
beyond (—1, 1) under the assumption above.

We remark that, when r is odd, Theorem 1.2 does not distinguish W (O), W (SO(even))
and W(SO(odd)) because (—0f2, 52) C [—1,1]. For determining the symmetry type, we
need to calculate the two-level density of low-lying zeros weighted by symmetric square L-
functions. It can be done by generalizing the trace formula in Theorem 2.1 ([50, Corollary
1.2]) to the case where S and S(n) used there have common finite places. On the other
hand, we do not expect the extension of the support of gfg in Theorem 1.2 even if we
assume GRH. The extension of the support can be done under GRH if we apply the
Petersson trace formula (cf. [25], [34]). However, our method is due to a parameterized
Eichler-Selberg trace formula [50] but not the Petersson trace formula.

We summarize the change of densities in Theorem 1.2 when moving z in [0, 1]. For any
r # 2, the weighted density for the family of L(s,Sym"(x)) for = € II% (I, q) is W(Sp) or
W (O), which is stationary when z varies in [0, 1]. Contrary to this, the weighted density
for r = 2 is stationary as z € (0, 1] but the symmetry type W (Sp) is broken and changed
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to W’(x) when z = 0. Hence, we conclude that the change of density of low-lying zeros
of L(s,Sym" (7)) occurs only when r = 2 and the weight factors are essentially central
values L(1/2, Sym?(r)).

Our weighted density W’(x) for (r,z) = (2,0) is a new type in the sense that it is not
in the list of five types of the densities from random matrix theory. A density function
not arising in the list is also seen for families of L-functions attached to elliptic curves
in Miller [38]. Therefore, Theorem 1.2 gives us a new example of the phenomenon that
central L-values effect to the change of density of low-lying zeros, as seen in Knightly
and Reno [32] for GLy and Kowalski, Saha and Tsimerman [33], Dickson [13] for GSp,.
Furthermore, our weighted density W’(x) coincides with the density function Wg, () in
the one-level density of eigenvalues of random matrices in the symplectic group USp(2NV)
weighted by central values of the characteristic polynomials of the random matrices in
USp(2N) (cf. [17, Theorem 4]). By these observations, it might be meaningful to suggest
the following naive conjecture, which is not in a rigorous form:

Let F = Jpo, Fi be a family of indices II of L-functions L(s,II) (e.g., a multiset of
irreducible automorphic representations of an adelic group such as a harmonic family in
the sense of [45]). Assume #JF;, < oo for each k£ > 1 and limy_,o #Fr = oo. Further
assume the existence of density W (F) for the one-level density of low-lying zeros of the
family of L-functions L(s, H), (IT € F), that is,

0 = [ HoW (P a)da

for Paley-Wiener functions ¢, where D(II, ¢) is the one-level density such as (1.1). Let
w : F — C be a function such that Znefk wy # 0 for any k£ > 1 and the weighted
one-level density is described as

lim ———— » wpD / o(x (z)dz.

k—ro00 ZHG}—k He}‘

lim

k—o0 #]:k e

f

Then, the density W,,(F) would be changed from W (F) only when wy essentially has
the central value L(1/2,1I) as a factor.

As for the naive conjecture above, it might be better to consider the case where the
weight factor wyy is a quotient of special values of automorphic L-functions or a period
integral, as long as J consists of automorphic representations. To attack the conjecture
in the automorphic case, relative trace formulas would be more useful tools rather than
the Arthur-Selberg trace formula.

The recent works related to our study are as follows. Fazzari [17] independently suggests
a conjecture on the one-level density of low-lying zeros for a family of L-functions weighted
by powers of central L-values, after this article got public on arXiv. Theorem 1.2 for
(r,z) = (2,0) supports his conjecture because of the coincidence W'(z) = Wg,(z).
Fazzari’s conjecture and our conjecture as above also have been studied in [49] and [5].

The study in this article is related to the value distribution of symmetric square L-
functions. As for the value distribution of L-functions, the statistics weighted by central
values has been studied for the Riemann zeta function ([15], [16]) and for several L-
functions ([9]). We also note that Bourgade, Nikeghbali and Rouault’s articles [7] and [§]
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are relevant to our study as they compute statistics weighted by central values in random
matrix theory.

1.2. Framework. The usual distribution of low-lying zeros has been mainly analyzed
by the usage of the Petersson trace formula and the Kuznetsov trace formula, which are
the same in the viewpoint of relative trace formulas given by double integrals along the
product of adelic quotients of two unipotent subgroups. Shin and Templier [47] used
Arthur’s invariant trace formula by estimating orbital integrals to quantify automorphic
Plancherel density theorem. Contrary to those trace formulas, the proof of Theorem 1.2
relies on the explicit Jacquet-Zagier type trace formula given by Tsuzuki and the author
[50]. This is a generalization of the Eichler-Selberg trace formula to a parameterized
version. In our setting, we need to treat not only the main term but also the second
main term of the weighted automorphic Plancherel density theorem quantitatively as in
Theorem 2.7 in order to study weighted density of low-lying zeros.

This article is organized as follows. In §2, we review the explicit Jacquet-Zagier type
trace formula for GLy given by Tsuzuki and the author [50], and prove a refinement of
the Plancherel density theorem weighted by symmetric square L-functions [50, Theorem
1.3] by explicating the error term. In §3, we introduce symmetric rth L-functions for GLg
for any » € N and prove the main theorem 1.2 on weighted density of low-lying zeros of
such L-functions.

1.3. Notation. Let N be the set of the positive integers and set Ny = NU {0}. For a
condition P, 6(P) is the generalized Kronecker delta symbol defined by §(P) = 1 if P is
true, and 6(P) = 0 if P is false, respectively. Throughout this article, any fractional ideal
of a number field is always supposed to be non-zero. We set I'g(s) = 7=/2T'(s/2).

2. REFINEMENTS OF EQUIDISTRIBUTIONS WEIGHTED BY SYMMETRIC SQUARE
L-FUNCTIONS

In this section, we give a quantitative version of the equidistribution of Hecke eigen-
values weighted by L(Z:L, Sym* (7)) in [50, Theorem 1.3] as a deduction from the explicit
Jacquet-Zagier type trace formula in [50] by estimating error terms more explicitly. For
this purpose, let us review the Jacquet-Zagier type trace formula.

Let F be a totally real number field of finite degree dp = [F' : Q]. We suppose that the
prime 2 € Q is completely splitting in F'. Let D be the absolute value of the discriminant
of F//Q. The set of archimedean places (resp. non-archimedean places) of F' is denoted by
Yoo (resp. Xgy). For an ideal a of 0, we denote by S(a) the set of all finite places dividing
a and by N(a) the absolute norm of a, respectively. For any v € X, U Xg,, let F, be
the completion of F' at v. The normalized valuation of F, is denoted by |- |,. For any
v € Yy, let g, be the cardinality of the residue field o,/p, of F,, where o, and p,, are the
integer ring of F, and its unique maximal ideal, respectively. We fix a uniformizer w, at
every v € Xg,. Then, g, = |@,|,* holds.

For an ideal a of 0, the symbol a = [J means that a is a square of a non-zero ideal of o.

2.1. Trace formulas. We review the Jacquet-Zagier type trace formula given in [50]. Let
S be a finite subset of 3g,. Let | = (I,)ves,, be a family of positive even integers and let n
be a square-free ideal of o relatively prime to S and 20. For [ and n, let I1.,s({,n) denote
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the set of all irreducible cuspidal automorphic representations 7 = ®! m, of PGLy(A) such

that m, for each v € ¥, is isomorphic to the discrete series representation of PGLy(R)

whose minimal O(2)-type is [, and the conductor f, of 7 divides n. For any 7 € I.,s(l, n)

and v € Sg, — S(f,), the Satake parameter of 7, is denoted by (g5 ™2, ¢2*™/?). Notice
w(m

Blasius’ bound |gv" )/ ’| =1 by [6]. For a complex number z, set

WO () = Nu-)0-22 ] {1 QL) ~ @(m>2} |
)

1—Q(m,)?
veS(nfy? Q(ﬂ- )

where I,(x,) = Indg%}g”)(xv X x, ') for a quasi-character x, : F.* — C* denotes the
normalized parabolic induction, and we set

ay + a;’

Q(T) = qi/Q N q;1/2
for any irreducible unitarizable spherical representations 7 of PGLy(F),) with the Satake
parameter (a,,a;'). Note that Q(7) is real and —1 < Q(7) < 1.

Let A, for each v € X5, be the space consisting of all holomorphic functions «, on
C/(4mi(log q,)'Z) such that o,(—s,) = a(s,), and set Ag = @Q,cgAs. Then, for any
o € Ag, we define the quantity 12, (n|a, 2) arising in the cuspidal part of the spectral
side in the explicit Jacquet-Zagier type trace formula as

cusp

1 .-
Rup(nler,z) = 5 D PN ED2 0% 7 wid(a)

m€llcus (l7n)

with vg(m) = (vy(7))ves. Here L(s,Sym?(r)) is the completed symmetric square L-
function associated to m. The following is also needed to describe the spectral side:

1
C(l,n) :== D! Hl H e

V€S0 vES(n)

Next we define the quantities arising in the geometric side of the explicit Jacquet-Zagier
type trace formula. For v € ¥, we set

om F(ZU+ Z;1>F<l + —z+1)

O:_’(z)(a) = T(l,) FR(li)FR(l 2) 6(lal > 1)( 1)1/2q3 ~1 *(lal)
and
0, a) = T (o4 37 T (o + =52) sn(@) (1 + ) PLRLE (i) — P (i)

for a € F,, = R, where B#(z) is the associated Legendre function of the first kind defined
on C — (—o0, 1] (cf. [36, §4.1]). Note that the value at a = 0 is understood as the limit
when a — +0.

For v € X4y, let 5 for 6 € F denote the real-valued character of F* corresponding
to F,(v/3)/F, by local class field theory. We define two functions on F* associated to
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de F, ee€{0,1} and z, s € C satisfying Re(s) > (|Re(z)| — 1)/2 by
=5 =5t
— 1 v € —z+1 1 v € 241
04 (q) = Cr, ( 12) ( +q ) 0l 4 CFU(T) ( +q ) g
’ LFU ( —zt 56) 1 + Qv LFv (Z; 756) 1 + Qv
for all a € F*, and

1 (s +57) Cn (
LFU<5 -+ 1,65)

1 _ z+1
83 (s;a) = —q;% {CF”( 2 5+ 55 )

Lk, (55 2)

+1 s+1
>|alv2 o (Jale <1,
LSRR (s +757) | e
1).
L (he g e

Here (g, (s) and Lg,(s,e5) denote the local L-factors attached to the trivial character of
EX and to g5, respectively. Furthermore, for a function «, € A, and a € F*, set

S (s;a) = —qu

1
2

—1

c+27i(log gy
TRV habi ot AV logqu (1452 _ (1-9)/2
$19) (i) = 25 S10)(s10) i () B (72— g1-9/2)a

—2mi(log qy) !

for some ¢ € R.
Take a function o € Ag. If « is a pure tensor of the form ®,cgc,, we set

BP(olAse) = [ 057(a) H 001 (a0) [T 2P (0, a0)

vEX g, —SUS(n) veS(n veS

for any ideal a of 0, any A € F'* and any z € C. Here (ay)ves,, € H’UGE F* denotes

a finite idele of F' such that ao, = a,0, for all v € ¥g,. The quantity B ( |A;a) is
independent of the choice of (a,)yex,, . Further we set

co+2mi(log qy) ™1 _—(svt1)/2 ]
(2) Qv 0g qy Sv — S0
Oév H 27i / _ q—su—(2+1)/2 OZU(SU>T<Q1(}1+ )/2 qf}l )/2)(181)

ves —2mi(log gv) 1t

with a fixed sufficiently large ¢, € R for each v € S and set T (a) = [, s Tsz)(av).
By using functions defined above, the quantities in the geometric side are defined as
Jonip (e, 2), Jpy, (n]ev, 2) and Jg(nfe, 2) in the following way. First set

z+1

_z+2 ; 1+ qu
Toup(@la,2) = D * (p(=2)YP () [ ——
veS(n) 1+

and

I (na, 2) = LDR ¢

) ) BP(allala—1)"%) [] 09 (e,

aco(S) X —{1} 1S

where (r(s) := [[,ex T'r(S) [[,ex,. Cr.(5) is the completed Dedekind zeta function of F
and o(S)7 is the totally positive unit group of the S-integers of F.

For any A € F* such that VA ¢ F*, let epn = Rex usg, EAw De the real-valued
character of F*\A* corresponding to F(v/A)/F by class field theory, and L(s,ea) =
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Hvezmuzﬁn Lp,(s,ea) the completed Hecke L-function associated to ea. Then, we set

2
(tn)p V€Yo

]' z=1 z+1 v
Tou(nla,2) = D¢ 7 N@a) T L, 20)BY (afAinf?) [T 0O Al ),

where 04 is the relative discriminant of F(v/A)/F and fa is the fractional ideal of F
satisfying Ao = 0af4. In the summation defining J%(n|a, z), (¢ : n)r runs over the
different cosets {(ct,c?n) € F x F | ¢ € F*} such that A = {? —4n € F* — (F*)?,
(t,n) € {(coty, ?ny) | ¢, € FX,t, € 0,,m, € 0} for all v € Ty, — 5, and ord, (nfr?) < 0
for all v € S(n) with e, being unramified and non-trivial.

The explicit Jacquet-Zagier type trace formula is given as follows.

Theorem 2.1. ([50, Corollary 1.2]) Let S be a finite subset of Xgyn. Let | = (I,)yes., be
a family of positive even integers such that min,ex, [, > 4, and n a square-free ideal of o
relatively prime to 20 and S. For any z € C with |Re(z)| < min,ex I, — 3, we have

()OI, (n]a, 2) = DY I, (e, 2)+30,, (mla, —2)}4-Jhy, (nla, 2)+35 (n]a, 2).

cusp unip

Remark 2.2. In [50], It is assumed that S does not include the dyadic places. This
assumption is removable by [51, §5].

Remark 2.3. Theorem 2.1 is a generalization of parameterized trace formulas by Zagier
(53], by Mizumoto [39], and by Takase [52]. In the long version of this article [48], the
author proved that the explicit Jacquet-Zagier type trace formula in Theorem 2.1 recovers
all of three parameterized trace formulas. Such comparison is not so straightforward and
includes non-trivial analytic evaluations. We omit details of the comparison here. If the
reader is interested in it, refer to Appendices A, B and C in [48].

2.2. Quantitative versions of weighted equidistributions. In this subsection, we
give a quantitative version of weighted equidistribution of the Satake parameters of m €
Ieus(,n). We give estimates of geometric terms Jy ., (0|, 2), I, (n|o, 2) and Jg, (n]a;, 2)
by making the dependence on the test function a and S explicit. In what follows, we
suppress the dependence on F' and [ of the implied constants.

Let S be a finite subset of ¥g,. For v € S, let A? be the space of all Laurent polynomials
in g, “v/2 which are invariant under Qv ol qﬁ“/ ?. Then A? has a C-basis consisting of
(qv_svﬂ)" + ()™ for all n € Ny. Let A°[m] for m € Ny be the subspace of A generated
by (q;S'U/Q)" + (qi”/Q)” for all n € Ny with 0 < n < m.

Let a be an integral ideal of the form a = ] .4(p, N0)™ with n, € N. Set A(a) =
RyesAln,]. We fix a sufficiently large ¢ > 1 and define ¢ = (¢,)ves € R by ¢, = ¢ for

all v € S as in [50, §8.1]. For o € Ag, set

= ()" | o) s(s)

where the right-hand side is a multi-dimensional line integral on the set

Ls(c) := H{C” +it € C| |t| < 27(logq,) '}

vES
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with respect to the measure

log ¢, ) s
|dps(s)] = H TK%(;H_ w2 — q1()1 U)/2)| |ds.|, s = (Sv)ves-
veS
Let X, for n € Ny be the polynomial defined by W = X, (2cos0).

/ s/2

Lemma 2.4. For any a(s) = [[,cq Xm, (¢ "> + ¢3*) € A(a), we have

ol < [T (m, +1) << N(a)*

veES

for any € > 0, where the implied constant is independent of o and a.

Proof. The assertion is reduced to the inequality max,c[_o9 | X, (z)] < n+ 1. This in-
equality is proved by the induction on n with the aid of the estimate |sin(n + 1)8] =
| sin nf cos § + cosnfsin O] < |sinnd| + |sin 6.

Lemma 2.5. Fiz any o € [0,1] and suppose | := minges__ 1, > o+ 3. For any o € A(a)
and z € C with |Re(z)| < o, we have

Iyl 2) g N(@) 3 +0r (D220 00 o | N () =0+

uniformly in z, a, n and a for any sufficiently small €,¢' > 0, where § € (1/2,1] is defined
by

5,_{1 (0 <1—3—dp),

3+ 552 (0>1-3—dp).

Proof. This is proved by explicating the implied constant depending on « and a in [50,
Lemma 8.2]. By the proof of [50, Lemma 8.2], we have the estimate

1/2

Jﬂyp(nmv 2) Lo O#SHO‘H Z{ H q;ﬁ H %} Z foolz +1),

cn veS(ne—1) veS(c) z€ca—1—{0}

where foo((av)ves,) = [es. fo(ay) with fy(ay) = d(a, > 0)(1+|ayy) 373+, and C >
0 is an absolute constant. By >° -1 (g [z +1) < N(a)N(ca=t)Hi-l/2+(e+1)/24e}/dr
uniformly for ¢ and a from [50, Lemma 7.19], we conclude the assertion. 0J

Lemma 2.6. For any o € A(a), we have
Jau(nle, z) < N(a)[laf N(n)="*

uniformly in z € C with |Re(2)| < 1, o, n and a for any sufficiently small € > 0, where
8 € (1/2,1] is defined by

5 — 1 (L > dF -+ 2),
A+ 2 (dpt22))
2 T 2dp F =2

Proof. This is proved by explicating the implied constant depending on « and a in [50,
Lemma 8.3]. In the proof, the assumption [50, (7.11)] is not imposed although we need it
as in [50, §7]. This is because we can take a complete system {a;}"_, of representatives
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for the ideal class group of F such that {a;}"_, are prime ideals relatively prime to S
satisfying [50, (7.11)] as long as we fix n.
By the proof of [50, Lemma 8.3] with the aid of [50, Lemma 8.1], we have

ell(nla Z) < C#S”aH Z E(Z’C)(c7n17i7 6ni,l/)

(e,n1,i6,v)

with an absolute constant C' > 0, where Z*) (¢, ny,4,en;,) is the series defined in [50,
pp-3026-3027] and (¢, ny,1i,¢e,v) varies so that ny; and ¢ are integral ideals such that n|n
and c[ny, € € 0%/(0%)% v € N§ with v, < ord,(a) for all v € S, and 1 < i < h with
nip0 = a; [[,co 9. When we estimate Z(cmww) 29 (¢, ny,4,en;,) in the same way as
n [50, Lemma 7.20], the dependence on a and S = S(a) occurs in the following three
cases; the factor [],.g(--+) in [50, p.3028]* derived from [50, Lemma 7.14 (3)], the sum
over v € Nj in [50, p.3032] and the second term of the majorant in [50, Lemma 7.20].
The implied constant depending on a, S in the first case is 16%° <, N(a)¢ by [50, Lemma
7.14 (3)]. The constant in the second case is

—2—2¢

Vo —cyv+o(z) € 1, L(z)—1
> I NG < (3 DN T <1,
V:(VU)UGS ves c|a
0<vy<ordy (a)(YveS)

where o(z) = max(|Re(z)[,1) and L(z) = [ — H%%Z) — 2¢ (cf. [50, Lemma 7.20]). Here
we note o(z) = 1 and L(z) = [ —1—2¢ by |Re(2)| < 1, and ¢ can be taken so that
e+ e+1/2 + 2 2¢ < (0. The constant in the third case is

— Re(cy)+| Re(z)
4

Z Hmax (1, qu ‘+6) = Z 1 =2%9 <« N(a)*

ve{0,1}S ves ve{0,1}S

by virtue of |Re(z)| < 1 and ¢ > 1. Combining these, we obtain

h
Jan(nlar, 2) < N(a)[|ar]] x {N(a)e Z X(n, Nj) + N(G)EN(ﬂ)_“e}

uniformly for |Re(z)| < 1, where ¥X(n, N;) is the series defined in [50, p.3038] and esti-
mated in the same way as [50, p.3038-3039]. Thus we are done. O
Let n be a square-free ideal of o such that n # o. For any f € C([—2,2]°), we set

1 ¢ LG Sym?(r))
A - W |
v (f) M(n)?=0) vg) |+ g Wen%;ﬂ) (1, Sym2(r)) f(xs(m))

where

log ¢, e -
Mm) = Y —=5  xs(m) = (¢, + ) es.
1+q "
veS(n) Qv

We remark that xg() is an element of [—2,2]% by Blasius’ bound |¢o*™/?| =1 ([6)).

?In [50, p.3029], the factor [T,cg A%y X [T ex, s |47 o depending on S occurs. This is negligible
since it is estimated as [T,cg A%y X [T,ex_ug 14l < 4%7.
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Let {a, ?:1 be a complete system of representatives for the ideal class group of F
consisting of prime ideals relatively prime to S, due to the Chebotarev density theorem.
We denote by (ran(2) = [[,ex, Cr.(s) the non-completed Dedekind zeta function of
F and CT,_1(psn(2) denotes the constant term of the Laurent expansion of (pan(2) at
z =1

For any a € A, we denote by f, the function f, : [~2,2]° — C determined by
Fallas ™ 4+ 5" ves) = a(s). We quantitatively refine the weighted equidistribution
theorem [50, Theorem 1.3 (1)] restricted to the function space A(a) by making the de-
pendence on a explicit as follows.

Theorem 2.7. Let | = (l,)vex,, be a family of positive even integers such that | =
Minyes,, [y = 4. Let a be an ideal of the form ], .4(p, N 0)™ with n, € N. Take any
a € A(a). Let n # o0 be a square-free ideal of o relatively prime to 21_[5;1 a; and S. For
a fited 0 € R with 0 < o0 <[ — 3, take z € [0,min(1,0)]. Set

1—2 z+1 F l’u + 21
O =202 T (R T D+ 75)

1 _
s Arl(l, — 1)
as in [50, p.2985]. Then, we have
AP (fa)
—z;—l

z z —oz 1 + v

(2.1) = Crn(1+2)07 (~1)F5 T () (1 | L)
ves(m) 1+ qu?

(22 [0 Ocr (N ()2l -0 e N ()0

for any sufficiently small €,¢ > 0 if z > 0. Furthermore, we have

AV (fa)

1 3 3
(2.3) :ﬁQ Res.—1 Crin(2) C’l(o) [(—1)#ST(O)(04){dF (—5 log2 — 1 logm + iw (Z))

@) 43 3 - hf+ R TP [10)
V€D oo veSs z=0 weS
wH#v
1
(2.5)  + WQ CT.—1Cran(2) Cl(o)(—l)#ST(O) ()
(2.6) 4+ Res.—1 (ran(2) (1 + %) Cl(o)(—l)#ST(O)(a)

,N(n)=o1te
2.7 O, o | N(q)W2tdr—1=(o+1)/2=¢)/dr+e
27) -+l 0. (N@ L.
for any sufficiently small €, > 0 if z = 0. Here the implied constants above are inde-
pendent of n and a, and we set 6; = min(5,6') — 1/2 € (0,1/2], where § and §' are as in
Lemmas 2.5 and 2.6, respectively. The function v denotes the digamma function.
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Proof. By the explicit Jacquet-Zagier type trace formula in Theorem 2.1, we have

1 1
AP (£,) :w;/?—z—( 11 —>]10 (n|av, 2)
n a 5(2=0) z+1 cusp )
M(n) vesm) 1+ qu?

1/2—z

veS(n) 1+ QU2

x [D;“{Jﬁmpwa, 2) + D (nla, —2)} + I8, (s 2) + (e, 2)|.

Let us evaluate the unipotent terms J° . (n]a, +2). When 0 < z < 1, we obtain

unip
1/2—2
#ﬂ) (H() #) (DL 0) DY By (0], 2)
=Cran(1+2)C x (1)1 (),
Indeed, the functional equation (p(s) = Dllm/ >7°Cp(1 — s) leads us to
Cr(=2) = D* T (14 2)" Cpn(1 + 2) = Dm0 ()} G (1 + 2),
Hence the left-hand side of (2.8) is transformed into

3/2 =101 gnullb+50) 1o i S
I R0 b (14 2) (~1)FSTO ).

LT ()

(2.8)

UEZOO

This coincides with the right-hand side of (2.8) with the aid of I'(l,) = (I, — 1)I'(l, — 1)
and the duplication formula I'(1£2) = 2(-1+2)/27=1/2p(L2)(342)
In the same way, we have

2D;/27Z < H 1 ) #S 1 /410
it M ) ()P n) DR (n|a, —2)
6(z=0 z+1 ( ’ F “unip ’
M(n) ( ) ’L)ES(n) 1+qv2

—z+1

L4+qo? Y\ -3 . .
:< 11 31 )DF3 2% Cpan(1 — 2)C77 x (=1)#5TC (a).
vesm) 1+ qu?

Next let us consider the case z = 0. We start from the expression
—z+1

3 1+q 7
D [ — 2 =1+ kiz+ O(2),

vesm) 1+ qu”

Cran(l+2) = % +co + O(2),

C (=1)#57E) (a) = ap + arz + O(2%),
where we set

3
ky = —3 log Dp —M(n), c¢_1 =Ressz1 (pan(s), co= CTs=1(pan(s),

ap = CZ(O) (_1)#5“1*(0)(0()’
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1 3 1 3
a; = C’l(o) (—=1)*5TO(a) x [dp {—— log2 — 1 logm + ZzZJ (Z) }

(2)
by Y - Zdz”T ”}

VEY oo veS

Note that k; and ay are given by the use of the logarithmic derivative. Hence we evaluate
the unipotent terms for z = 0 as

1/272; ; s »
2Dy M(n)a<z0)( H z+1>( )72 C(1,n)

veS(n) 14 Qv ?

1
= —{2(071611 -+ Coao) — klc,lao}.

z/4 0 _
X D {Jump(n’a72) +Junip(n|a7 Z)}:| M(ﬂ)

z=0

By combining these with Lemmas 2.5 and 2.6, we are done. U

Remark 2.8. We need to correct [50, Theorem 1.3] as follows. In the assertion, the
supremum of the form sup,cp min(1,0) 18 considered. However, this should be replaced
With SUp,c (oyu(e.min(1,0) With any fixed € € (0, min(1,0)), since J9,;,(n|a, —z) for z # 0
yields the error term

Cran(1 — 2)N(n)*+Y(=?)(), which is not bounded in z € (0, 1].

We note the identity (—1)#37®)(a) = (®U65)\q(f), fa), where DoesAY) is the measure
n [—2,2]% with

z+1)/ 1 — 1'2/4
/ fa Ty e [ €C-22)

as in [50, §1.2.1]. Indeed, this identity is deduced from the following.

Lemma 2.9. Let z be a real number such that z € [—1,1]. For m, € Ny and a,(s) =

s/2

va (Q’U o/2 + Qv ), we have

=T (aw) = (A, fa,) = 3(my € 2No) g, ™=/,

Proof. 1t follows from a direct computation. For the reader, we show the detail as follows.
By taking ¢, = ¢ = 0 and noting a,(—s) = a,(s), we have

0¢ —s/2 -1/2
T(Z av (/logqv / > Qv log Qv (q’l()l_t,_s)/
27TZ 07 27 -

g —(z+l)/2av(s) X5
log qu — 4y Qv

1 log qvi _q;8/2q;1/2 + q175/2q771/2 ( )
— (s
Qm 1— ¢ qv_(ZH)/Q 1— ¢ —(z+1)/2

10g Qo s s
x T(qu 12— g1 72)ds
1 2 (1 + q(Z+1)/2) 4 — 12

= X, () d.
271 ) (7 gy GO0z g2 (2)de

qq(Jl S)/2)d
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The last equality is deduced by the change of variables x = ¢, /2 4 qi/ . The integral

in the last line of the equalities above is equal to —<>\1(,2), fa,)- By applying [46, §2.3] for
z+1
g = qv* , we obtain the assertion. ]

Define fo € C([-2,2]%) by fa((zo)ves) = [l,es Xn.(@y) for an integral ideal a =
[I,cs(po Mo)™. By Theorem 2.7, we have the following.

Corollary 2.10. Fiz any o € (0,1] and suppose | > o + 3. For 0 < z < 1, we have

(2)
An (fa) :§<Cl — D)N(a>(fzfl)/4 + Oe 6/(N(a)(£/2+dp717(U+1)/2)/dF7€/dF+€/N(n>7514’*6)
A](lz)(l) )
for sufficiently small €, > 0, where the implied constant is independent of n, a and
z € (0,1].
When z = 0, we have
AV (fa) 1 Res,—1 Crgin(2)
n —§(a = OIN -1/4 _ *+ log N 5(a = )N _1/40(0) z=1 CF fin
s, =000 = DN(@™ 5 og N@)ola = DING@) ¢St
1 _ N(n)o1te
055’ N (l/24dp—1—(0+1)/2)/dp—€/dp+e
+ 0. (NG M,
where
1 1 3 1 3
D(n) :=—2 _ ©) —Zlog?2 — 21 2o (2
(n) M(n) Res.—1 (ran(2) C {dF< 5 0g 1 ogm + 4¢ <4>)
1
DI
Uezoo

L 3log Dp
+ M(n)2 CT.—1¢rsn(2) C’l(O) + Res.—1 (pin(2) (1 + W(n)) CZ(O)’

and the implied constant is independent of n and a.

Proof. We follow the proof of [32, Proposition 3.1]. Denote by Fj the main term (2.1)
(resp. the sum of (2.3), (2.4), (2.5) and (2.6)) for z # 0 (resp. z = 0) in Theorem 2.7, and

put B, = AP (f.) — Fs. Then, we see
AMf) Fot B, F, Eo—pE

= = + .
AP KR+EF S RA+E

The first term above yields the main term of the assertion. Indeed, for z # 0, the explicit
form of the main term in the assertion is given by Lemma 2.9. We estimate the second
term of the assertion as

E, - BE,
F,+FE,
< E, +d(a =0O)N(a) >~ VAE,
F,+ F,

(N(u)(l/2+dp717(0+1)/2)/dpfe/dp+e’N<n)761+6 + (S(Cl _ D)N(a)(fzfl)/4N(n)761+e)

<<ee/
- F,+ E,
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< N<a)(l/Q—l—dF—1—(U+1)/2)/dp—6/dp+6/N(n)—(51+6’
where [|a|| in the error term (2.2) is negligible by Lemma 2.4. This completes the proof

F,
for z # 0. Next consider the case z = 0. The first term Fa is similarly evaluated as
0

D)(~)*TO(0) + sy Resaos Cran(C (~1# 5 ], 1 (@) TTues ¥ ()
D(n)

108N (a))d(a = D)N(a) ("

02 Res.—1 (ren(2)
M(n)D(n)

Here we take o € A(a) such that f, = fo. By limxm)—e(Fo + Eo) = Res.— CF7ﬁn(Z)Cl(O),
the error term is estimated as

E,— #E,  E,+0(a=0)N(a) /4R, N(n) 01+
F,+ E, ¢ F, + E, M(n)
Here ||a|| in (2.7) is negligible by Lemma 2.4. This completes the proof for z = 0. O

—=6(a = O)N(a)~/* -

<, N(a)c—l—e

We recall that {a]} _, is the complete system of representatives for the ideal class group
of F' consisting of prime ideals relatively prime to S, as is fixed in §2.2. From now, n is
assumed to be a prime ideal q of o relatively prime to 2 H?:l a; and S. We also recall the
definition of f, € C([—2, 2]5):

$v UGS HXTL $v
veS

for an integral ideal a = [, ¢(p, N 0)™ with n, € Ny.
Lemma 2.11. For z € [0, 1], we have

1 N

§(2=0) (241)/2 q
M(q) 1+ N(q) eeTma(io)

IcEZ)(fa) =

< N(q)"792N(a)",
for any € > 0, where the implied constant is independent of a and q.
q

Proof. Recall the inequality —1 < Q(7) < 1 for any irreducible unitarizable spherical
representations 7 of PGLy(F,) at any v € Xg,. The assertion follows from the inequality

0.< W (x) = N(q) /2 {2 Lol 5/2))} < 2N(q) 9"

1 —Q(mq)?
for any 7 € Il.us(l, 0) and the estimate maxye[_o9 | Xm(2)] < m + 1. O
Let us define Agz)*(f) for any f € C([—2,2]°) similarly to A(z)(f) but restricting the

range of the summation from Il..(l,q) to qus(l q). Here H:us(l q) is the set of all 7 €
II.us(l, q) such that f, = g asin §1.1. Thus we have the identity Aq (f) = Agz)(f)—lq(z)(f)

for any f € C([-2,2]%), where Iq(z)(f) is defined in the same way as in Lemma 2.11.
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Corollary 2.12. Let a = [[,.q(p, N0)™ be an ideal of 0. Let q vary in the set of prime
ideals of o relatively prime to 2aH 0. For 0 <z <1, we have

Ay (o)

AP ()
for any sufficiently small €, €’ > 0, where the implied constant is independent of n, a and
z. When z =0, we have

AgO)’*(fO _ _ —1/4 _ 1 _1/410gN(a) 1
Ay @ = DN = ole =g N Na) {1 O (log N(q)) }

= (0 = O)N(a) =D/ 4 O o (N(a)U/2+de 1o 0/2) dr—e/dr e N () ~01+)

+ 0. (N(@wrrari-tosrasearse S
| log N(q)

where the implied constant is mdependent of n and a.

Proof. Invoking Aéz)’*( fo) = ( fa) — I ( fa), the same proof of Corollary 2.10 goes
through with the aid of Lemma 2.11. We remark

as N(q) — oc. O

3. WEIGHTED DISTRIBUTIONS OF LOW-LYING ZEROS

3.1. Symmetric power L-functions. Let F' be a totally real number field such that
2 € Q is completely splitting in F' as in §2. Let | = (I,)pex,. be a family of positive
even integers and ¢ a prime ideal of o, and fix » € N. For 7 € II} . (/, q), we define the
completed symmetric power L-function L(s, Sym" (7)) = [[,cx_ o5, L(s, Sym'(7,)) as in
[12, §3] (see also [44, §2.1.4]). First we define the local L-factors of Sym"(m,) as follows.

For v € ¥, set

l,—1 , [, —1
L(s,Sym"(m,)) HFR( (27 +1) 5 )FR(3+1—I—(2J+1) 5 )

if r is odd, and

[l

L(s,Sym’ (m,)) = Tr(s + 1) HFR (s+j(l, — 1) Tgr (s 41+ j(l, — 1))

with g, = d(r/2 € 2Ny + 1) € {0,1} if r is even. For v € X5, — S(q), set

r Sve(m/2 -t - vy (m r_—s
L(S7 Sym (ﬂ-v)) = det <1r+1 Sym ( quv(ow)m)) = H(l (qv“( )/2)2J q, ) 1,

0
J=0

where 1,44 is the (r+ 1) x (r + 1) unit matrix and Sym" : GLy(C) — GL,11(C) is the rth
symmetric tensor representation. At v = ¢, the conductor of 7w, equals p, = qo, and 7,
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is isomorphic to x, ® Sty, where Sty is the Steinberg representation of GLy(F,) and Y, is
an unramified character of F.* such that x? is trivial. Set

L(s, Sym”(m,)) = (1 — xo(@0)"q, > /)"

Then, L(s, Sym" (7)) is expected to have an analytic continuation to C and the functional
equation L(s,Sym" (7)) = €, (DR *N(q)")/?27*L(1 — s,Sym" (7)), where €., € {£1} is
defined as

S

{Hvezoo Hgigl)/Z Z-(2j+1)(lv71)+1}(_xq (wq)r)r (T c 2N0 + 1>’
1 (r € 2N)

by [12, §3]. The local L-factors defined above are compatible with the local Langlands
correspondence for GL,,.

We recall that {a; ?:1 is the complete system of representatives for the ideal class group
of F' consisting of prime ideals relatively prime to S which is fixed in §2.2. Throughout
this article, we assume Nice(7, r) in the introduction for all 7 € II} (I, q) and for all prime
ideals q relatively prime to 2 H?Zl a; for a fixed [.

Here we review known results related to the hypothesis Nice(w, 7). In the case r = 1,
this hypothesis is well-known to be true. In our setting, 7 is non-CM since f, is square-
free and the central character of 7 is trivial. Thus, Nice(n,r) is known for r = 2 by
Gelbart and Jacquet [21, (9.3) Theorem]|, » = 3 by Kim and Shahidi [29, Corollary
6.4] and r = 4 by Kim [28, Theorem B and §7.2], respectively. For any r € N, the
meromorphy of L(s,Sym"(7)) and its functional equation can be proved by the potential
automorphy of the Galois representation Sym” op,, where p, is the Galois representation
attached to m. See Harris, Shepherd-Barron and Taylor [24] for non-CM elliptic curves
over a totally real number field with multiplicative reduction at a finite place, Gee [20]
for non-CM elliptic modular forms of weight 3 with a twisted Steinberg representation
at a prime, Barnet-Lamb, Geraghty, Harris and Taylor [4] for non-CM elliptic modular
forms of general weight, level and nebentypus, and Barnet-Lamb, Gee and Geraghty [3]
for Hilbert modular forms.

Automorphy of Sym"(7) with higher r has been studied and is known in several cases.
When 7 is attached to a holomorphic elliptic cusp form of level 1, Sym®(r) is automorphic
by Dieulefait [14]. For some class of totally real number fields F' and for any non-CM
regular C-algebraic irreducible cuspidal automorphic representation m of GLy(Afg), the
liftt Sym"(7) is automorphic when r = 5,7 by Clozel and Thorne [10, Corollary 1.3] and
when r = 6,8 by Clozel and Thorne [11, Corollary 1.2]. As a recent remarkable work, if
we restrict our case to elliptic modular forms (F = Q), the hypothesis Nice(r, ) holds
true for all r € N, all 7 € II¥ (I, q) and all prime ideals q since Sym"(7) is automorphic
and cuspidal by Newton and Thorne [40]. They generalized it to [41], which covers general
levels of elliptic modular forms. Very recently, they announced in [42] the automorphy
of symmetric power liftings of Hilbert modular forms. Therefore we strongly believe that
Nice(m, r) is no longer needed.

Let ¢ be an even Schwartz function on R whose Fourier transform ¢ is compactly
supported. In the same manner as [23, Lemma 2.6] and [44, Proposition 3.8], the explicit
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formula for L(s,Sym" (7)) a la Weil is stated as
D(Sym’ (), ¢)

_ (=)t 2 log gy ( log gy )
=0 a2, P e )
r-1 2 log q, ~ 2logq
>\7r 2(r—m) v ( v )
mzz‘g logQ Sym” (7)) vezg_:s@.) (") @ ¢ log Q(Sym"())

o (log Q(S;nf(w))) - N(g) = o0

41
Here Q(Sym" (7)) := ([ e L J)N(q)r is the analytic conductor of Sym"(7) and set

T

Ar(pr) =D (g, ™ @R (g DRy meN.
=0
Then A;(p") = X,n(Ax(py)) holds, where X, is the polynomial defined by W =
Xm(2cosf) as in §2.2. We remark that the explicit formula a la Weil above is still valid
even if Q(Sym"(w)) is replaced with @, := N(q)".

We consider the averaged one-level density of low-lying zeros of L(s, Sym” (7)) weighted
by special values L(Zt!, Sym®(w)). For I = (I,)pex.. with [ := minyes_ L, > 4, a prime
ideal q, z € [0, min(1, o)] with a fixed o € (0,1 —3), and a map A, : II}(l,q9) = C; 7 +—
Ay, set

1 L(=, Sym*(r))
£:(4s) = L(ZL Sym?(m)) 2. L(1 Sym ()

Zﬂ-enéus(hq) L(I,Syn12(7r)) 7rer[:us(lvq)

A

Proposition 3.1. For any r € N and z € (0, min(1, 0)], set

01
fo 7"{7“( —i—dF—l—Z“) L 2}

where 01 > 0 is the number defined in Theorem 2.7. Then, for any even Schwartz function
¢ on R with supp(¢) C (=P, Bo), we have

Dy 0).0) = 60) + o0+ 0 (o). N o

log Q-

Proof. We assume § > 0 and supp(q?)) C [-8, 8], where 8 > 0 is suitably chosen later.
We start evaluation from the expression

(3.1) E-(D(Sym’(e), )
) (=1 1
~0)+ = o0+ 0 ()
2 108Gy » (log g,
(32) lOg r vEE?S(q) gZ(A’OJU)) (J11)/2 ¢ (log Qr)
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— 2 logq, » (2logq
3.3 _ _1)ym £, 2(r—m) v ( U)
33) S X e0u e (T

as N(q) — oo. We denote the terms (3.2) and (3.3) by M® and M®| respectively. Since
N(q) tends to infinity, we may assume that q is relatively prime to 2a H;L:1 a;. Set

= (/2 +dr —1— (0 +1)/2)/dr — ¢/dp + €

for any fixed sufficiently small €, ¢ > 0. For any fixed v € X, — S(q), we have A\, (pl) =
Xn(Ax(po)) = fa,(Xguy (7)), where a, := (p, No)" for any fixed n € N. As for the weight
factor in Agz)’*(fav), the identity Wq(z)(w) = 1 holds when 7 € Il.(l, q) with f, = q (i.e.,
m e Il (l,q)). Therefore Corollary 2.12 for S = {v} and a = a, yields

cus

(2)%
gz()\.(pr)) _ Aq (fav) _ 5(7“ c QN)( ) (24+1)/4 + Oee ((QU)AN(q)_61+E).

R
Hence MY is evaluated as
2 - siren Jog g 5 (logg
MO = S IN) (") L O, ((¢7) N (q) %+ v v
g X 1Al € A 0 Ny e (2
vEX L —S5(q) v
26(r € 2N) Z log g, ( 1 ) ( 4log g, N(q)—51+e>
=— +0 +0 Z q
1/24r/44rz/4 v 1/2
log QT 'UEZﬁn qU log QT ’UEZﬁn_S(q) qU log QT’
w<Q?
5(7” S QN) log q, N(q)rﬁ(rA+1/2)N(q>—51+e
=0 (@ N :
( 10g Qr ; i+rz/4 + log Qr ) (q) — o0
v fin
Here we use the inequality 1/2 —I—T/4—|—7"Z/4 1+7z/4 > 1for r > 2 and the asymptotics
(34) Z q IOg qv = +1 + O anrl = O($a+1) xr — OO
! 1 log x ’
v€2<ﬁn
qQuxT

fora > —1 deduced from the prime ideal theorem and partial summation. Consequently,
the estimate M) < holds as long as ff < ——a=¢

lo Q r(rA+1/2)"
Furthermore, we obtain M?) < < isar Q because of the estimate
log g, ~ ( logq,
S ) (g N o) G ()
VESEn—S(q) Qv g Jr
lquv rB\T - €
< Z memm T (N(q)"")N(q) """ < 1
2

for any 0 < m < r — 1 by virtue of Corollary 2.12 and (3.4), as long as § < f}gj. By
removing € and ¢ from two inequalities on 8 as above, we are done. O

Next let us consider the central value case z = 0.



22 SHINGO SUGIYAMA

Proposition 3.2. For anyr € N and z =0, let Sy > 0 be the same as in Proposition 3.1
for z = 0. Then, for any even Schwartz function ¢ on R with supp(¢) C (=P, o), we
have

-y

Eo(D(Sym' (), ¢)) = $(0) + 5

$(0) + 6,2{—0(0) + 2/0o O(a)lelde} +O <1og11\1(q))

as N(q) — oo with the implied constant independent of q, where 6,2 := 0(r = 2).

Proof. We assume > 0 and supp(gzg) C [-5, 5], where 5 > 0 is suitably chosen later.
The formula (3.1) is valid for z = 0, and we define M) and M® in the same way as
the proof of Proposition 3.1. With the aid of Corollary 2.12 for z = 0, the term M® is
evaluated as

2 _ d(re2N) _ , log(q)
MY = — Slr € oNYg—"/4 — r/4 v
log Q; Ezs(q { (& 2M)e, 2 T TogN(q)

N(g)™+\ \ log ¢y - ( log gv
rA
. {HO <1ogN }w“ (q” logN(@) ) | 17 “ \log @,

log q, ) log ¢,

)
-
(i

VEXfn r
r - (log q, (log qv)?
+0(r € 2N) {1+O )} cb( )
( logN(q) ) J logN(q) EZEH log Qr) ¢i/* " *10g Q,
1 log g, N(q) 9+
e) ( ) + O, ( "
log @, log Q- Uezﬁz;s(q) qi/Q log N(q)
Ww<Q?

as N(q) — oo for any fixed €,¢ > 0. When r > 3, then 1/2 + r/4 > 1 is satisfied and
hence MW is estimated as O(m) with the aid of the estimate

T Iquv — € T — €
Yo a e N@) T < (@) TAN(g) T < 1

UEZﬁn—S(q) qv
7 <Q7
from the asymptotics (3.4) under B % The case r = 1 is similarly estimated.

Consequently we have M) <« ng(q) when r # 2. Next let us consider the case r = 2.

By 1/2 +7/4 = 1, we need two asymptotics for evaluating M™):

~ [ logq, log g, _1 1
Z ’ (logQ2> ¢y log Q2 _2¢(0) O (log@2> ’ N(@) = oo,

VEX AR

~ ( logq, (log g,)* 1 1
Z ¢ (log Qz) oz 03 2 /_OO o(z)|z|de + O (logQ2> , N(q) — oo.

VEYX AN
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These are proved by the prime ideal theorem and partial summation (cf. [38, Lemma 4.4
i), iii)]). Hence, a direct computation yields

log Q- 1 + N(q)28(A+1/2)—81+e
) _ ,
YO o N (@) N(q / o@lelds + 0 ( N(Q)) + O ( log Q2

= — 6(0) +2(1 + N(q)™/?) / Ha)felde + O (logllwq))

Q—e _ This gives the evaluation of M for r = 2.

as N(q) — OO under ﬁ < m

The term M® for any r € N is estimated by O(logN(q)) similarly to Proposition 3.1
under § < ixle/m Thus we are done by removing € and € from the inequalities on /3
above. 0

Theorem 1.2 is proved by Propositions 3.1 and 3.2. The explicit form of 5 in Theorem
1.2 is given by fy in Proposition 3.1 and §; = min(J, ¢’) —1/2 in Theorem 2.7 with the aid
of Lemmas 2.5 and 2.6. We note that the expression of W’(x) in Theorem 1.2 is deduced
from Proposition 3.2 for r = 2 and the formula

. 9
/qﬁ |x|dx—/gz§ Vx| |ch e dx—/gzﬁ ( Slnzj;@ _Slzlﬂg;ﬁ))dx

by using supp(qb) C (=fa, B2) C [—1,1], where chj_y 4y is the characteristic function of
[—1,1].

As a remark, if we specialize the parameter z to z = 1, Theorem 1.2 becomes a formula
similar to [47, Theorem 11.5] for G = PGLy and Sym" : LPGL2 — GL,41(C), although the
principal congruence subgroup I'(q) is considered there. Now Hypotheses 11.2 and 11.4
in [47] are satisfied and Hypothesis 10.1 in [47] is replaced with Nice(r, ) in our setting.
Furthermore, the Frobenius-Schur indicator s(Sym”) of Sym" : SLy(C) — GL,1(C) is
equal to (—1)" (cf. [18, Exercise 11.33]).
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