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Abstract. We investigate the relation between essential divisors and F-
blowups, in particular, address the problem whether all essential divisors
appear on the e-th F-blowup for large enough e. Focusing on the case of
normal affine toric varieties, we establish a simple sufficient condition for
a divisor over the given toric variety to appear on the normalized limit F-
blowup as a prime divisor. As a corollary, we show that if a normal toric
variety has a crepant resolution, then the above problem has a positive
answer, provided that we use the notion of essential divisors in the sense
of Bouvier and Gonzalez-Sprinberg. We also provide an example of toric
threefold singularities for which a non-essential divisor appears on an
F-blowup.

1. Introduction

F-blowups, which were introduced in [Yas12], associate a canonical se-
quence of blowups to a given variety in positive characteristic, and are
analogs of higher Nash blowups [Yas07]. Let X be a variety over a field
k of characteristic p > 0 and let e be a positive integer. The e-th F-blowup
of X, denoted by FBe(X), is defined to be the universal birational flatten-
ing of the e-iterate k-linear Frobenius morphism F e : Xe → X. It is also
possible to describe it as a certain closed subscheme of a Hilbert scheme,
which parametrizes fat points or jets (see Remark 2.4). As is common in
singularity theory, we often prefer to work with normal varieties and hence
consider the normalization F̃Be(X) of FBe(X), which we call a normalized
F-blowup.

The problem on F-blowups that first comes to one’s mind might be whether,
given a variety X, FBe(X) (or F̃Be(X)) is smooth for e ≫ 0. However, the
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answer is negative in general (see Remark 2.5), although the answer is known
to be affirmative for curves and F-regular surfaces [Yas12, HS11, Har12] for
instances. In light of this, we would like to raise another question. To do so,
we recall that an essential divisor over X means a prime divisor “appear-
ing” on every resolution of X. There are several variations on the notion
of essential divisors, depending on what condition is put on resolutions and
what “appearing on a resolution” means. See Appendix for details on rela-
tions among these variations. The following is the central question that this
paper seeks to address:
Problem 1.1. For a normal variety X and e ≫ 0, do all essential divisors
over X appear on FBe(X) as prime divisors?

This problem may be regarded as an analog of the famous Nash problem
concerning relation between essential divisors and arc spaces (for example,
see [PS15]), since an F-blowup is a parameter space of jets as mentioned
above and jets are variations of arcs. Prior research on F-blowups in the
literature shows that, in some instances, the problem has a positive answer;
F-regular surface singularities [Yas12, HS11, Har12], simple elliptic singu-
larities [Har15, HSY13], tame Gorenstein quotient singularities of dimen-
sion three [TY09, Yas12], and more generally, Gorenstein linearly reductive
quotient singularities of dimension three [LY23]. Note that in these cases,
where varieties in question are either two-dimensional or Q-factorial, all the
notions of essential exceptional divisors coincide (Proposition A.8). Another
source of our motivation for the above problem is a result of Chávez-Martínez
[CM23] that a similar problem for higher Nash blowups has a positive an-
swer if X is a normal surface with an An-singularity in characteristic zero.
In this sense, Nash’s two approaches to singularities, Nash blowups and arc
spaces, come together.

In this paper, we study Problem 1.1 in the case where X is a normal
affine toric variety say defined by a cone σ ⊂ NR = Rd which is strongly
convex, rational polyhedral and d-dimensional. Here we follow the standard
toric notation that M and N are free abelian groups of rank d which are
dual to each other, and MR and NR denote M ⊗ R and N ⊗ R, respec-
tively. In fact, as far as toric varieties are concerned, we can generalize
F-blowups as follows. For each positive integer l, there exists a Frobenius-
like morphism F (l) : X(l) → X (regardless of the characteristic of the base
field), which is induced by the inclusion M ↪→ (1/l)M of lattices, where M
denotes the lattice of characters of a torus as usual in toric geometry. Us-
ing Frobenius-like morphisms, we can similarly define the (l)-th F-blowup
of X, denoted by FB(l)(X) in any characteristic. If the characteristic is
p > 0, then FB(pe)(X) = FBe(X). The normalization F̃B(l)(X) of FB(l)(X)
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is again a normal toric variety and thus corresponds to a subdivision of the
cone σ. From [Yas12, Theorem 1.8], the sequence (FB(l)(X))l∈Z>0 as well
as the sequence (F̃B(l)(X))l∈Z>0 stabilizes. The resulting blowups obtained
by stabilization are denoted by FB(∞)(X) and F̃B(∞)(X); we call them the
limit F-blowup and normalized limit F-blowup of X, respectively. The fan
corresponding to F̃B(∞)(X) depends not on the base field but only on the
given cone σ. We denote this fan by ∆. The following theorem is our main
result:

Theorem 1.2 (Theorem 6.3). Let w ∈ σ∩N be a primitive lattice vector in
the cone σ. Suppose that there exists a ∈ (σ∨)◦ ∩M with (a, w) = 1, where
σ∨ ⊂MR is the dual cone of σ and (σ∨)◦ is its interior. Then, the ray R≥0w
belongs to the fan ∆. Equivalently, the divisor over X corresponding to the
ray R≥0w appears on the normalized limit F-blowup F̃B(∞)(X) as a prime
divisor.

To apply this theorem to Problem 1.1, we introduce the notion of mod-
erate toric resolutions (Definition 6.6). Instead of giving its definition, we
only mention here that it includes minimal resolutions of normal toric sur-
faces and crepant toric resolutions. We also need to clarify which version
of essential divisors we adopt; we adopt the version due to Bouvier and
Gonzalez-Sprinberg [BGS95]. We say that a toric divisor over X is BGS
essential if it appears on every toric resolution of X as a prime divisor.

Corollary 1.3 (Corollary 6.9). If X admits a moderate toric resolution,
then every BGS essential divisor over X appears on F̃B(∞)(X) as a prime
divisor.

Remark 1.4. Ishii and Kollár [IK03] considered notions of essential divisors,
divisorially essential divisors, and toric divisorially essential divisors and
showed that these three notions coincide if the given variety is a normal
toric variety; they worked over an algebraically closed field, but this result
holds over any base field (Proposition A.4). We see that every BGS essential
divisor over a normal toric variety X is either a toric prime divisor on X
itself or an essential divisor in the sense of Ishii and Kollár. Moreover, the
converse is true if X is Q-factorial (Proposition A.8).

We also address the following problem which is “opposite” to Problem 1.1:

Problem 1.5. Do only essential divisors appear on F̃B(∞)(X)?

The answer to the problem was positive in all the previously known ex-
amples except simple elliptic singularities. Therefore, one might be inclined
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to expect this question to have an affirmative answer for certain classes of
mild singularities such as F-regular singularities and normal toric singulari-
ties. However, we show that for some normal toric threefold, a non-essential
divisor appears on F̃B(∞)(X) (Example 6.16).

Remark 1.6. The same problem as Problem 1.5 for higher Nash blowups
has negative answer already for normal toric surfaces (see computation in
[Dua13]).

We end this introduction by noting that there is a relation among our
work and non-commutative resolutions (see Remark 6.20).

Throughout the paper, we work over an arbitrary field k unless otherwise
noted.

The paper is organized as follows. In Section 2, we set up notation and
recall some notions and known results that are necessary for later discussion.
In Section 3, we introduce the notion of level subpolyhedra, analysis of which
plays a key role in the proofs of our main results. In Section 4, we establish
some results concerning to passing to a quotient space of a vector space.
Such an argument is used, when we treat a ray contained in the boundary of
the cone in question. In Section 5, we introduce the notion of critical arrows
and show a condition for a given ray in σ being contained in a cone of ∆
of certain dimension. In Section 6, we state and prove our main results. In
Appendix, we discuss relations among several notions of essential divisors.

2. Preliminaries

2.1. Lattices and vector spaces. Let M and N be free abelian groups of
rank d which are dual to each other and let MR :=M⊗R and NR := N⊗R.
The natural pairing of a ∈ MR and w ∈ NR is denoted by (a, w). We
sometimes denote it by w(a), regarding w as a linear function on MR.

Fixing a basis of M , we sometimes identify M with Zd. The dual basis
then induces an identification N = Zd. Through these identifications, the
vector spaces MR and NR are given with the standard inner products. In
turn, the inner products enable us to talk about norms of vectors in these
vector spaces as well as orthogonality among vectors in the same vector
space.

For a subsetW ⊂ NR, we define its (outer) orthogonal subspace W⊥ ⊂MR
by

W⊥ := {a ∈MR | ∀w ∈ W, (a, w) = 0}.
We define its inner orthogonal subspace W (⊥) ⊂ NR by

W (⊥) := {v ∈ NR | ∀w ∈ W, ⟨v, w⟩N = 0},
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where ⟨−,−⟩N denotes the inner product on NR given as above. When W
is a singleton {w}, we write them as w⊥ and w(⊥). Similarly, we define the
outer and inner orthogonal subspaces of a subset of MR.

2.2. BGS essential divisors. Let σ ⊂ NR be a strictly convex, nondegen-
erate (that is, d-dimensional), rational polyhedral cone and let σ∨ ⊂MR be
its dual cone. Following [Yas12], we denote σ∨ also by AR and define the
monoid A := AR ∩M . The affine toric variety X = Xσ associated to σ is
given by

X = Xσ = Spec k[A].

By a toric divisor over X, we mean a prime divisor E on Z for some toric
birational morphism Z → X of normal toric varieties. We identify two toric
divisors over X, E ⊂ Z and E ′ ⊂ Z ′, if E and E ′ map to each other by the
natural birational map between Z and Z ′. We say that a toric divisor E
over X is exceptional if the image of E in X has codimension > 1.

In this paper, we mainly consider the following version of essential divisors
due to Bouvier and Gonzalez-Sprinberg [BGS95]:

Definition 2.1. We say that a toric divisor over X is BGS essential if it
appears on every toric resolution of X as a prime divisor.

A ray in NR means a one-dimensional cone of the form R≥0w for a nonzero
element w ∈ N . A ray of σ means a one-dimensional face of σ, while a ray in
σ is a ray contained in σ. A primitive element of N means a nonzero element
which is not divisible by any integer n ≥ 2. Each ray contains a unique
primitive element. As is well-known, there are one-to-one correspondences

{rays contained in σ} ↔ {primitive elements in σ}
↔ {toric divisors over X}.

By these correspondences, rays of σ correspond to toric prime divisors on
X.

Let B := σ∩N , the “monoid on the N -side,” which should not be confused
with A = σ∨∩M mentioned above. We define a partial order on B as follows;
for w,w′ ∈ B, w ≤ w′ if and only if w′ ∈ w+σ. As is well-known, the monoid
B has a unique minimal set of generators, which is called the Hilbert basis of
B. It is easy to see that the Hilbert basis consists of the minimal elements
of B \ {0} with respect to the partial order.

Proposition 2.2 ([BGS95, Theorem 1.10]). Let ρ ⊂ σ be a ray and let Eρ

be the corresponding (not necessarily exceptional) divisor over X. Then, Eρ

is BGS essential if and only if ρ is spanned by an element of the Hilbert basis
of B.
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2.3. F-blowups. For each positive integer l, we put

(1/l) ·M := {m/l ∈MR | m ∈M} and
(1/l)A := AR ∩ (1/l) ·M.

We define
X(l) := Spec k[(1/l) · A],

which is an affine toric variety isomorphic to X. The inclusion A ↪→ (1/l) ·A
of monoids define a toric morphism

F (l) : X(l) → X.

If k has characteristic p > 0 and if l = pe for a positive integer e, then F (l)

is nothing but the e-iterate Frobenius morphism of X.

Definition 2.3. We define the (l)-th F-blowup of X, denoted by FB(l)(X),
to be the universal birational flattening of F (l). Namely, it is a variety Y
given with a proper birational morphism f : Y → X such that

(1) (Y ×X X(l))red is flat over Y , and
(2) if f ′ : Y ′ → X is another proper birational morphism satisfying con-

dition (1), then there exists a unique morphism g : Y ′ → Y with
f ′ = f ◦ g.

In other words, FB(l)(X) is the blowup at the coherent sheaf (F(l))∗OX(l)

(see [OZ91, VU06] for more details on blowups at coherent sheaves).

Remark 2.4. For simplicity, suppose that k is algebraically closed. Then,
there is another way to define F-blowups by using Hilbert schemes. For each
point x ∈ X, the scheme-theoretic preimage (F (l))−1(x) is a zero-dimensional
closed subscheme of X(l), and hence determines a point of the Hilbert scheme
Hilb(X) of zero-dimensional subschemes ofX. The (l)-th F-blowup FB(l)(X)

is defined to be the closure of {[(F (l))−1(x)] | x ∈ Xsm(k)} in Hilb(X(l)). If k
has characteristic p > 0 and l = pe, then subschemes Z ⊂ X(l) corresponding
to points of FB(l)(X) = FBe(X) are fat points or jets in the sense that Zred

is a point.

Remark 2.5. Suppose that k is algebraically closed. Suppose also that G is
a finite abelian group of order coprime to the characteristic of k and that
it linearly acts on an affine space Ad

k. The quotient variety X = Ad
k/G

is an affine toric variety associated to a simplicial cone σ ⊂ NR. There
exists a natural proper birational morphism HilbG(Ad

k) → X from the G-
Hilbert scheme [IN96]. We have an isomorphism HilbG(Ad

k)
∼= FB(∞)(X)

compatible with the birational morphisms to X [Yas12, TY09]. There have
been constructed an example of non-normal G-Hilbert schemes [CMT07]
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and an example of normal but singular G-Hilbert schemes [Kęd11]. These
provide an example of normal affine toric varieties X such that FB(∞)(X) is
non-normal and an example such that FB(∞)(X) is normal (hence isomorphic
to F̃B(∞)(X)) but singular.

If T ⊂ X denotes the open torus, then FB(l)(X) has a natural T -action.
There is a natural T -equivariant morphism FB(l)(X) → X which is proper
and birational. Thus, the normalization F̃B(l)(X) of FB(l)(X) is a normal
toric variety and obtained by a subdivision of the cone σ. From [Yas12, Th.
3.13], the sequence of F-blowups,

X = FB(1)(X),FB(2)(X),FB(3)(X), . . . .,

stabilizes.

Definition 2.6. We define FB(∞)(X) to be FB(l)(X) for sufficiently large l
and call it the limit F-blowup of X. We define the normalized limit F-blowup
F̃B(∞)(X) to be its normalization. We denote by ∆ the fan corresponding
to the toric proper birational morphism F̃B(∞)(X) → X.

The fan ∆ has support |∆| = σ. We have the following description of ∆
as a Gröbner fan.

Proposition 2.7 (∆ as a Gröbner fan [Yas12, Prop. 3.5]). A normalized
F-blowup F̃B(l)(X) → X corresponds to the Gröbner fan of the ideal

al := ⟨xm − 1 | m ∈M⟩k[(1/l)·M ] ∩ k [(1/l) · A] ⊂ k [(1/l) · A] .
In particular, the fan ∆ is the Gröbner fan of al for l ≫ 0.

Because of this proposition, we often regard a point of the cone σ as a
weight vector defining a partial order on the monoid (1/l)A, whose elements
correspond to monomials in the ring

k [(1/l) · A] ⊂ k [(1/l) ·M ] = k
[
x
±1/l
1 , . . . , x

±1/l
d

]
,

as well as a partial order on AR = σ. For some arguments, we need to
assume that a weight vector is in a general position, avoiding finitely many
hyperplanes. We now make this condition more precise. Let us recall that
we have fixed an identification M = Zd so that norms of vectors in MR are
defined.

Definition 2.8. Let a1, . . . , am be the Hilbert basis of A. We define Θ :=⋃
i(AR+ai) ⊂ AR and define D ∈ R>0 to be the diameter of AR\Θ. Namely,

D := sup{|x− y| | x, y ∈ AR \Θ}.
We define a finite set M≤D := {m ∈M | |m| ≤ D}.
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Definition 2.9. We define ∆∗ to be the fan obtained by subdividing σ by
hyperplanes m⊥ ⊂ Rd, m ∈ M≤D. We say that a vector w ∈ NR is general
if for every a ∈M≤D, w(a) ̸= 0.

Lemma 2.10. ∆∗ is a refinement of ∆.

Proof. In the proof of [Yas12, Th. 3.14], we construct a toric proper bira-
tional morphism Y → X such that for every l, it factors as Y → FB(l)(X) →
X. The construction there shows that the proper birational morphism
Y → X corresponds to ∆∗. This shows the lemma. □

Each element w ∈ NR induces a partial order ≥w on MR; for a, b ∈ MR,
a ≥w b if and only if w(a) ≥ w(b).

Lemma 2.11. Let w ∈ σ be a general element. Let > be a total order on
Zd refining the partial order ≥w. Let Mw+

≤D := {m ∈M≤D | w(m) > 0}. The
following subsets of AR are identical:

(1) Θ ∪ {a ∈ AR | ∃b ∈ AR, a− b ∈Mw+
≤D}

(2) {a ∈ AR | ∃b ∈ AR, a− b ∈M and w(a) > w(b)}
(3) {a ∈ AR | ∃b ∈ AR, a− b ∈M and a > b}

Proof. The first set is contained in the second one, and the second one is
contained in the third one. From [Yas12, Lem. 3.10], the first one and the
third one are identical. This shows the lemma. □

Definition 2.12. For a general w ∈ σ, we denote by Ξw the subset of AR
in Lemma 2.11.

Proposition 2.13 ([Yas12, Lem. 3.11]). With the notation of Lemma 2.11,
the initial ideal of al with respect to > is the monomial ideal corresponding
to Ξw ∩ (1/l) ·M ;

In>(al) = k [Ξw ∩ (1/l) ·M ] .

In particular, In>(al) is independent of the total order > and depends only
on l and w.

Definition 2.14. We define a chamber of a fan to be the interior of a
nondegenerate cone belonging to the fan.

The following result will be used, in the proof of our main result, to show
that the fan ∆ is divided into sufficiently many cones around a certain point.

Corollary 2.15. Let w1, w2 ∈ σ be general elements. Then, w1 and w2 are
in the same chamber of ∆ if and only if Ξw1 = Ξw2.

Proof. Let us denote by Inw(al) the initial ideal in Proposition 2.13. Since
∆ is the Gröbner fan of al, general vectors w1 and w2 are in the same
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chamber of ∆ if and only if Inw1(al) = Inw2(al) if and only if Ξw1 ∩ (1/l)M =
Ξw2 ∩ (1/l)M . Now, the “if” part of the corollary is immediate. The “only
if” part holds, since if Ξw1 ̸= Ξw2 , then Ξw1 ∩ (1/l)M ̸= Ξw2 ∩ (1/l)M for
l ≫ 0. □

3. Level subpolyhedra of AR

To show our main result, we need to know when the subset Ξw ⊂ AR
changes as a general vector w ∈ σ varies. We accomplish this task by the
geometry of “arrows” in the cone AR. In Sections 3 to 5, we develop tools
for this purpose.

We keep the notation of the last section. In particular, σ ⊂ NR is a strictly
convex, nondegenerate and rational polyhedral cone. We fix w ∈ B \ {0}
and let µ be the minimal face of σ containing w. Thus, w is in the relative
interior µ◦ of µ. The dual face µ∗ of µ is, by definition, the face of σ∨ = AR
given by σ∨ ∩ µ⊥. From [CLS11, Exercise 1.2.2], we have µ∗ = AR ∩ w⊥.
From dimµ+dimµ∗ = d, we also deduce ⟨µ∗⟩R = µ⊥. We introduce certain
subsets of the cone AR = σ∨, which play a key role in later analysis.

Definition 3.1. For c ∈ R>0, we define the level c subpolyhedron of AR
to be Λw

(=c) := AR ∩ {w = c} and the level ≤ c subpolyhedron of AR to be
Λw

(≤c) := AR ∩{w ≤ c}. Here we regard w as a linear function on MR and by
{w = c}, we mean the set {a ∈ MR | w(a) = c}. Similarly for {w ≤ c}. We
also define Λw

(<c) := AR ∩ {w < c}, although it is not a polyhedron. When
the choice of w is evident from the context, we simply write Λ(=c), Λ(≤c) and
Λ(<c), omitting the superscript.

We recall the notion of characteristic cones and its basic properties.

Definition 3.2 ([Sch86, p. 100]). The characteristic cone (also called the
recession cone) C of a polyhedron Ω ⊂MR is defined by

C := {y ∈MR | ∀x ∈ Ω, x+ y ∈ Ω}.

Lemma 3.3 ([Sch86, (28), p. 106]). Let C be the characteristic cone of a
polyhedron Ω. Then, there exists a polytope K such that Ω = K + C.

Lemma 3.4. A polyhedron Ω is a polytope if and only if its characteristic
cone is the trivial cone {0}.

Proof. This easily follows from Lemma 3.3. □

Lemma 3.5. For every c > 0, the characteristic cone of Λ(=c) is the dual
face µ∗ of µ.
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Proof. Let C be the characteristic cone of Λ(=c). It is easy to see µ∗ ⊂
C. Since Λ(=c) ⊂ AR, C is contained in the characteristic cone of AR,
which follows from the description of the characteristic cone with inequalities
[Sch86, (4), p. 100]. Since the characteristic cone of AR is itself, we have
C ⊂ AR. To show C ⊂ w⊥, we take arbitrary elements y ∈ C and x ∈ Λ(=c).
From the definition of characteristic cone, we have x+ y ∈ Λ(=c). Thus, we
have

w(y) = w(x+ y)− w(x) = c− c = 0,

which shows C ⊂ w⊥. Since w ∈ µ◦, from [CLS11, Exercise 1.2.2], we have

C ⊂ AR ∩ w⊥ = µ∗,

as desired. □

Corollary 3.6. Let c > 0. The following are equivalent:
(1) Λ(=c) is a polytope.
(2) w ∈ σ◦.
(3) µ = σ.
(4) µ∗ = {0}.

Proof. The equivalences (2) ⇔ (3) and (3) ⇔ (4) are obvious. The equiva-
lence (1) ⇔ (4) follows from Lemmas 3.4 and 3.5. □

Corollary 3.7. For each c ≥ 0, there exists a polytope Kc ⊂ MR such that
Λ(=c) = Kc + µ∗.

Proof. This follows from Lemma 3.3. □

4. Passing to a quotient space

We keep fixing w ∈ B \ {0} and denoting by µ the minimal face of σ
containing w. In later sections, we need to study the geometry of level
polyhedra Λ(=c) and Λ(≤c) in relation to the lattice M . However, it is more
difficult to do so if w is on the boundary of σ, equivalently if µ ̸= σ, since level
polyhedra are unbounded in that case. To treat it, we adopt the strategy of
passing to a quotient space.

We define M := M/(µ⊥ ∩M) and MR := MR/µ
⊥ = M ⊗ R. We follow

the terminology that overlined symbols are objects in the quotient space
MR. For example, AR, Λ(=c) and w⊥ denote the images of AR, Λ(=c) and w⊥

in MR, respectively. The pairing MR × NR → R induces a non-degenerate
pairing MR × ⟨µ⟩R → R. Thus, we may regard ⟨µ⟩R as the dual space of
MR. In particular, w ∈ µ is also considered to be a nonzero linear function
on MR. Under this identification, the polyhedron Λ(=c) is identical to the
intersection of AR with the hyperplane {w = c} ⊂MR.
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Lemma 4.1. Λ(=c) is a polytope.

Proof. From Corollary 3.7, we can write Λ(=c) = K + µ∗ with a polytope
K. Since µ∗ is in the kernel of MR → MR, we have Λ(=c) = K, which is
bounded. □

Lemma 4.2. For a vertex P ∈ Λ(=c), there exists a vertex P ∈ Λ(=c) which
maps to P by the quotient map MR →MR.

Proof. Let H ⊂MR be a supporting hyperplane of Λ(=c) with H∩Λ(=c) = P
and let H ⊂ MR be its preimage. Then, H is a supporting hyperplane of
Λ(=c). Let I := H ∩ Λ(=c), which is a face of Λ(=c) and maps to P by the
quotient map MR → MR. Since I is contained in the strongly convex cone
AR, it contains no line. Since a minimal face of a polyhedron is an affine
subspace [Sch86, p. 104], a minimal face of I is a vertex. In particular, I
has a vertex, which is automatically a vertex of Λ(=c) and maps to P by
construction. □

5. Critical arrows

In this section, we give a certain geometric condition for the given ray
R≥0w in σ belonging to the fan ∆. As the key notion to state this condition,
we introduce the notion of critical arrows :

Definition 5.1. By an arrow, we mean an ordered pair α = (hα, tα) of
distinct points hα, tα ∈ MR, which we call the head and tail, respectively.
The vector associated to an arrow α is defined to be vα := hα − tα. We
say that an arrow α is integral if vα ∈M and primitive if vα is a primitive
element of M .

Definition 5.2. Let P,Q ∈ Rd and let α be an integral arrow. We say that
P is Q-integral if P − Q ∈ Zd. We say that P is α-integral if P − hα is
integral or equivalently if P − tα is integral.

The fixed identification M = Zd induces an identification N = Zd and
hence the standard Euclidean metric on NR. Recall that a chamber of a fan
Σ means the interior of a nondegenerate cone of Σ (Definition 2.14).

Definition 5.3. Let w ∈ σ \ {0} and let w(⊥) ⊂ NR be its inner orthogonal
space. A tie-breaker of w is an element b ∈ w(⊥) such that w + b is in a
chamber of ∆∗ whose closure contains w.

Definition 5.4. Let w ∈ σ \ {0} and let b be a tie-breaker of w. We say
that an integral arrow α in AR is (w, b)-critical if for some c ∈ R>0,

(1) hα, tα ∈ Λ(=c),
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(2) there is no α-integral point in Λ(<c),
(3) tα is the unique point where the restriction b|Λ(=c)

of the linear func-
tion b : MR → R takes the minimum value.

We say that an arrow is w-critical if it is (w, b)-critical for some tie-breaker
b of w.

Note that from the second condition above, a w-critical arrow has the
associated vector vα orthogonal to w.

Lemma 5.5. If an arrow α in AR is (w, b)-critical, then tα /∈ Ξw+δb for
every δ ∈ (0, 1].

Proof. Let α be a (w, b)-critical arrow in AR. From Corollary 2.15, the sets
Ξw+δb, δ ∈ (0, 1] are identical to one another. Therefore, it suffices to show
tα /∈ Ξw+δb for a sufficiently small δ > 0. In turn, from Definition 2.12, it
suffices to show that there is no α-integral point z ∈ AR with tα ≥w+δb z.
From (3) of Definition 5.4, there is no such point in Λ(<c). We now claim that
for a sufficiently small δ > 0, every α-integral point in Λ>c := AR ∩ {w > c}
is larger than tα with respect to the partial order ≥w+δb. Indeed, for a
sufficiently small ϵ > 0, there is no α-integral point in Λ(<c+ϵ) \ Λ(≤c). For
0 < δ ≪ ϵ, the hyperplane section

{w + δb = (w + δb)(tα)} ∩ AR

is sufficiently close to the the hyperplane section

{w = w(tα)(= c)} ∩ AR

and hence is contained in Λ(<c+ϵ). In this situation, all α-integral points in
Λ(>c) are also in the halfspace

{w + δb > (w + δb)(tα)},

which shows the claim. Thus, the only remaining possibility is points on
Λ(=c). But, (4) of Definition 5.4 shows that tα is the unique minimal element
in Λ(=c) with respect to ≥w+δb, and hence there is no such point on Λ(=c),
either. We have completed the proof. □

Lemma 5.6. Let w ∈ σ \ {0} and let b be a tie-breaker of w. Let τ be the
cone of ∆ with w ∈ τ ◦. Let ⟨τ⟩R ⊂ NR be the linear subspace generated by
τ and let Vτ := ⟨τ⟩R ∩ w(⊥). For u ∈ Vτ , if 0 < ε ≪ δ ≪ 1, then the three
elements

w + b, w + εb+ δu, w + εb− δu

are all in the same chamber of ∆.
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Figure 5.1. Three points in the same chamber

Proof. We take a sufficiently small δ so that w ± δu ∈ τ ◦. If we add these
two points with εb (0 < ε ≪ δ), they move slightly and enter the chamber
of ∆ containing w + b. See Figure 5.1. □

Theorem 5.7. Let 0 ̸= w ∈ B. Suppose that there exist w-critical arrows
α1, . . . , αl in AR. Let (vαi

)⊥ ⊂ NR be the (outer) orthogonal subspace of vαi
.

Then, the minimal cone of ∆ containing w is contained in
⋂l

i=1(vαi
)⊥.

Proof. Let τ ∈ ∆ be the minimal cone containing w. For each i, we take a
tie-breaker bi of w such that αi is (w, bi)-critical. To show that Vτ ⊂ (vαi

)⊥

by contradiction, we take an element u ∈ Vτ \ (vαi
)⊥ and choose ε and δ

with 0 < ε ≪ δ ≪ 1 as in Lemma 5.6 so that the three elements w + bi,
w+εbi+δu and w+εbi−δu are in the same chamber of ∆. Then, w±δu ∈ τ .
From Lemma 5.5, we have

tαi
/∈ Ξw+bi = Ξw+εbi .

Since |(vαi
, εbi)| ≪ |(vαi

, δu)|, real numbers (vαi
, εbi+δu) and (vαi

, εbi−δu)
have different signs, say (vαi

, εbi+ δu) < 0. Since vαi
is orthogonal to w, we

have

(w + εbi + δu)(hαi
)− (w + εbi + δu)(tαi

)

= (εbi + δu)(hαi
)− (εbi + δu)(tαi

)

= (εbi + δu)(vαi
)

< 0.

Thus,
tαi

∈ Ξw+εbi+δu,
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and Ξw+bi ̸= Ξw+ϵbi+δu, which means that w + bi and w + εbi + δu are in
different chambers of ∆, which contradicts the choice of ε and δ. We have
showed that Vτ ⊂ (vαi

)⊥. It follows that Vτ ⊂
⋂l

i=1(vαi
)⊥. We get

τ ⊂ ⟨τ⟩R = Rw + Vτ ⊂
l⋂

i=1

(vαi
)⊥.

□

Corollary 5.8. Let 0 ̸= w ∈ B and let µ be the minimal face of σ containing
w. Suppose that there exist w-critical arrows α1, . . . , αl in AR such that
vα1 , . . . ,vαl

are linearly independent vectors of MR = MR/µ
⊥. Then, the

minimal cone of ∆ containing w has dimension at most dimµ− l.

Proof. Let τ ∈ ∆ be the minimal cone containing w. From the above theo-
rem, we have

⟨τ⟩R ⊂ ⟨µ⟩R ∩
l⋂

i=1

(vαi
)⊥ = (µ⊥)⊥ ∩

l⋂
i=1

(vαi
)⊥.

Taking orthogonal subspaces, we get

τ⊥ ⊃ µ⊥ +
l∑

i=1

Rvαi
.

From the assumption, dim τ⊥ ≥ dimµ⊥ + l and hence

dim τ = dim⟨τ⟩R ≤ d− (dimµ⊥ + l) = dimµ− l.

□

6. Main results

In this section, we prove our main result and draw a few conclusions from
it.

Lemma 6.1. We follow the notation in Section 4. Let P ∈ Λ(=1) be a vertex
and let L ⊊MR be a proper subspace with (L+ P ) ∩ (Λ(=1))

◦ = ∅. Let P be
a vertex of Λ(=1) mapping to P and let L ⊂MR be the preimage of L. There
exists the minimum positive real number c such that there exists an integral
arrow α in Λ(=c) with tα = cP and vα /∈ L.

Proof. We first consider the case where w ∈ σ◦. From Corollary 3.6, Λ(=1)

is a polytope. We have MR = MR, Λ(=1) = Λ(=1), P = P and L = L.
For c0 ≫ 0, there exists an integral arrow α in Λ(=c0) with tα = c0P and
vα /∈ L. Let e be the diameter of Λ(=c0). To find the minimum c as in



F-BLOWUPS AND ESSENTIAL DIVISORS FOR TORIC VARIETIES 15

the lemma, we only need to consider integral arrows α with |vα| ≤ e. Let
v1, . . . , vn ∈ (w⊥ ∩M) \L be all the integral w-orthogonal arrows which are
not contained in L and have norms at most e. Let J ⊂ R≥0P be the line
segment connecting 0 and c0P . Now, the compact set

J ′ :=
n⋃

i=1

(J ∩ (AR − vi))

is the set of points cP ∈ J , c ≤ c0 such that there exists an integral arrow
α in Λ(=c) with tα = cP and vα /∈ L. Thus, the desired minimum value c is
the minimum value of the function w|J ′ : J ′ → R. Note that this minimum
value is positive, since for every i, we have vi /∈ AR from construction. If
the minimum is attained on J ∩ (Λ(=c) − vi0), then there exists an integral
arrow α in Λ(=c) with tα = cP and vα = vi0 .

Next, we consider the general case. We begin with the following claim:

Claim. We define integral arrows in MR by using the lattice M =M/(µ⊥ ∩
M). Then, the following are equivalent:

(1) There exists an integral arrow α in Λ(=c) such that tα = cP and
vα /∈ L.

(2) There exists an integral arrow α in Λ(=c) such that tα = cP and
vα /∈ L.

Proof of Claim. (1) ⇒ (2): The image α of α in Λ(=c) satisfies tα = cP and
vα /∈ L.

(2) ⇒ (1): Let K ⊂ MR be a polytope such that Λ(=c) = K + µ∗. Let
H ∈ K be a lift of hα. There exists a ∈ µ⊥ such that H + a is cP -integral.
Moreover, there exists b ∈ µ∗ ∩M such that a+ b ∈ µ∗. Then,

H ′ := H + a+ b ∈ K + µ∗ = Λ(=c).

The arrow α := (H ′, cP ) is an integral arrow in Λ(=c) which lifts α. From
the construction, its associated vector is not contained in L. □

We go back to the proof of the lemma. Note that the polytope Λ(=1) is
obtained by cutting the image AR ⊂MR of AR by the hyperplane {w = 1}.
We see that w is in the interior of the dual cone (AR)

∨ ⊂ ⟨µ⟩R. The minimal
face of (AR)

∨ containing w is (AR)
∨ itself. From the special case of the

lemma which was discussed above, there exists the minimum c > 0 satisfying
condition (2). From the claim, there exists also the minimum c > 0 satisfying
condition (1), which completes the proof. □
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Lemma 6.2. We keep the notation. Suppose that (Λ(=1))
◦∩M is not empty.

Let c be the minimum number as in Lemma 6.1. Then, there is no cP -
integral point in Λ(<c). In particular, an integral arrow β in Λ(=c) with
tβ = cP is w-critical.

Proof. To show the first assertion, we assume that there was an cP -integral
point Q ∈ Λ(<c) and derive a contradiction. Since Q is cP -integral, w(Q) =
w(cP ) − n for some positive integer n. For u ∈ (Λ(=1))

◦ ∩ M , we have
R := Q+nu ∈ (Λ(=c))

◦. Since (L+P )∩(Λ(=1))
◦ = ∅, (L+cP )∩(Λ(=c))

◦ = ∅.
This shows that R− cP /∈ L. Since R is in the interior of AR, for 0 < ε≪ 1,

(R− εcP, cP − εcP ) = (R− εcP, (1− ε)cP )

is an arrow in AR. Its associated vector is
(R− εcP )− (cP − εcP ) = R− cP /∈ L.

Since (1− ε)c < c, this contradicts the choice of c. We have proved the first
assertion.

To show the second assertion, we first note that there exists a tie-breaker
b of w such that b|Λ(=1)

takes the minimum value only at P . Indeed, since
P is a vertex of the polyhedron Λ(=1), there exists b′ ∈ NR satisfying the
condition that b′|Λ(=1)

takes the minimum value only at P . We apply the
following operations to b′ while keeping this condition:

(1) replacing b′ with its orthogonal projection to w(⊥),
(2) multiplying b′ with a small positive real number,
(3) perturbing b′ in w(⊥).

By these operations, we can move b′ into a point in w(⊥) which is very close
to the origin and has a general direction as a vector so that w + b′ is in
a chamber of ∆ whose closure contains w. The resulting b′ is a desired
tie-breaker. If β is an integral arrow in Λ(=c) with tβ = cP and if b is a
tie-breaker as above, then β is (w, b)-critical. □

Theorem 6.3. If (Λ(=1))
◦ ∩M ̸= ∅, then the ray R≥0w belongs to ∆.

Proof. Let l := dimµ. From Corollary 5.8, it suffices to show that there
exist w-critical arrows α1, . . . , αl−1 in AR such that vα1 , . . . ,vαl−1

are linearly
independent vectors in MR. To prove this by contradiction, we suppose that
there do not exist such arrows α1, . . . , αl−1. Then, there exists a proper
subspace L ⊊ w⊥ that vα ∈ L for every w-critical arrow α in AR. From
Lemma 4.1, there exists a vertex P ∈ Λ(=1) such that (L+P )∩ (Λ(=1))

◦ = ∅.
From Lemma 4.2, there exists a vertex P ∈ Λ(=1) which is a lift of P . Let
L ⊂ MR be the preimage of L. From Lemma 6.2, there exists a w-critical
arrow α with vα /∈ L. This contradicts the construction of L. □
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Lemma 6.4. Suppose that there exists w2, . . . , wd ∈ B such that w =
w1, w2, . . . , wd form a basis of N and the affine hyperplane spanned by w1, . . . , wd

intersects with every ray of σ. Then, (Λ(=1))
◦ ∩M ̸= ∅.

Proof. Let a1, . . . , ad ∈ M be the dual basis of w1, . . . , wd. Then, the affine
hyperplane spanned by w1, . . . , wd is defined by {

∑
i ai = 1}. The assump-

tion shows that {
∑

i ai = 0} is the supporting hyperplane of the origin as a
vertex of σ. This shows that

∑
i ai ∈ (AR)

◦. Since (
∑

i ai, w) = 1, we have∑
i ai ∈ (Λ(=1))

◦. □

Lemma 6.5. Let τ ⊂ NR be a rational simplicial nondegenerate cone and
let w1, . . . , wd be the primitive vectors of rays of τ . Let ψτ : NR → R be the
unique linear function such that for every i, ψτ (wi) = 1. Then, the following
are equivalent:

(1) The affine hyperplane spanned by w1, . . . , wd intersects with every ray
of σ.

(2) The hyperplane ψτ = 0 is a supporting hyperplane of the vertex of σ.

Proof. (1) ⇒ (2): The affine hyperplane in (1) is defined by ψτ = 1. Condi-
tion (1) shows that the restriction of ψτ to each ray of σ take positive values
except at the origin. Condition (2) follows from the convexity of σ.

(2) ⇒ (1): Condition (2) shows that σ \ {0} ⊂ {ψτ > 0}. This implies
that each ray of σ has a point where ψτ takes value 1. In turn, this means
that Condition (1) holds. □

Definition 6.6. Let Σ be a subdivision of σ, that is, a fan with |Σ| = σ.
We say that Σ is a moderate smooth subdivision of σ if every nondegenerate
cone of Σ is smooth and satisfies one of the equivalent conditions in Lemma
6.5. If this is the case, we call the corresponding toric resolution XΣ → Xσ

a moderate toric resolution.

Proposition 6.7. Let Σ be a moderate smooth subdivision of σ. Then, every
ray of Σ is generated by a minimal element of B \{0}, that is, an element of
the Hilbert basis of the monoid B. In other words, toric prime divisors on a
moderate toric resolution of X are precisely BGS essential divisors over X.

Proof. The second assertion is a direct consequence of the first one and
Proposition 2.2. We will prove the first assertion. On the contrary, suppose
that there exists a primitive element w ∈ B which is not minimal in B \{0},
but generates a ray of Σ. Let µ be the face of σ containing w in its relative
interior. The non-minimality of w shows that dimµ ≥ 2. There exists a
distinct primitive element v ∈ B \ {0} such that w ∈ v + σ. We have
v ∈ µ. We take the two-dimensional subspace U := ⟨v, w⟩R ⊂ NR. Let ρ
be the ray of the two-dimensional cone σ ∩ U such that w ∈ R≥0v + ρ. The
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ray ρ is contained in the boundary of µ, while R≥0w isn’t. In particular,
R≥0w ̸= ρ. By an R-linear coordinate change, we identify U with an xy-
plane R2 so that the cone R≥0v+ρ becomes the first quadrant (R≥0)

2. From
the construction, wx > 0 and wy ≥ vy, where the subscripts x and y mean
the x- and y-coordinates of the point in question.

Let ψΣ : σ = |Σ| → R≥0 be the piecewise linear function such that for
every nondegenerate cone τ ∈ Σ, ψΣ|τ = ψτ . Let F := (ψΣ|σ∩U)−1(1), which
is the union of finitely many line segments. The two points v and w are
on F . Let v = v0, v1, . . . , vn = w be points on F which subdivide the path
from v to w along F into the line segments vivi+1 for i = 0, 1, . . . , n − 1.
Then, the sequence v0,x, v1,x, . . . , vn,x of x-coordinates is strictly increasing.
The moderateness of the subdivision Σ implies that the line segments vivi+1

have negative slopes. Thus, the sequence v0,y, v1,y, . . . , vn,y of y-coordinates
is strictly decreasing. In particular, vy = v0,y > vn,y = wy. This contradicts
the inequality wy ≥ vy mentioned above. □

Example 6.8. From [BGS95, Example 3.1], there exists a simplicial cone σ
which does not admit a smooth subdivision by using only minimal elements
of B \ {0}. The above proposition shows that such a σ does not admit any
moderate smooth subdivision.

Corollary 6.9. If X admits a moderate toric resolution, then every BGS
essential divisor appears on F̃B(∞)(X) as a prime divisor.

Proof. Let ρ be any ray of Σ. There is a nondegenerate cone τ ∈ Σ with
ρ ⊂ τ . From Theorem 6.3 and Lemmas 6.4 and 6.5, the corollary holds. □

Proposition 6.10. Suppose that there exists a smooth subdivision Σ of σ
such that for every nondegenerate cone τ ∈ Σ, the simplex τ ∩ {ψτ = 1}
is contained in the boundary of the convex hull C of B \ {0}. Then, Σ is
moderate.

Proof. The convexity of C shows that C ⊂ {ψτ ≥ 1}. This shows that the
affine hyperplane {ψτ = 1} intersects every ray of σ. The proposition follows
from the definition of moderate smooth subdivisions. □

Example 6.11. When d = 2, Proposition 6.10 and [CLS11, Th. 10.2.8]
shows that the minimal resolution of X is a moderate toric resolution.

Example 6.12. Suppose that X is Q-Gorenstein, equivalently, that the
primitive elements of rays of σ are on the same affine hyperplane say H.
Then, a toric crepant resolution Y → X is a moderate toric resolution. In-
deed, for every toric prime divisor on Y , the corresponding primitive element
in B is on H. Thus, the assumption of Proposition 6.10 is satisfied.
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Corollary 6.13. If X admits a toric crepant resolution, then every BGS
essential divisor appears on F̃B(∞)(X) as a prime divisor.

Proof. This follows from Example 6.12 and Corollary 6.9. □

Example 6.14. Every three-dimensional Gorenstein toric variety admits a
crepant resolution [CLS11, Prop. 11.4.19]. Every toric variety (of any dimen-
sion) having only l.c.i. singularities admits a crepant resolution [DHZ01].

Remark 6.15. Corollary 6.9 does not mean that if Σ is a moderate smooth
subdivision of σ, then ∆ is a refinement of Σ. For example, for some finite
abelian group G ⊂ SL3(C), the quotient A3

C/G, which is a toric variety,
admits several toric crepant resolutions, which are all moderate. The nor-
malized limit F-blowup F̃B(∞)(X) is also a toric crepant resolution. Thus,
if Y is a toric crepant resolution of A3

C/G different from F̃B(∞)(X), then the
morphism F̃B(∞)(X) → X does not factor through Y .

Example 6.16. Let M = N = Z3 and MR = NR = R3 and suppose that
the pairing MR × NR → R is given by the standard inner product of R3.
Consider the cone σ ⊂ R3 spanned by (1, 0, 0), (0, 1, 0) and (1, 2, 4), which
appears in [ALP+11, p. 300]. Its dual cone σ∨ = AR is spanned by (0, 0, 1),
(4, 0,−1) and (0, 2,−1). Fix a weight vector w = (1, 2, 2) ∈ σ◦. Since
(1, 2, 2) = (1, 1, 2)+(0, 1, 0), w is not minimal in B \{0}. The triangle Λ(=1)

has vertices

P1 = (0, 0, 1/2), Q1 = (2, 0,−1/2), R1 = (0, 1,−1/2).

Note that (Λ(=1))
◦ ∩ Z3 = ∅. Indeed, every element of (Λ(=1))

◦ is written as

aP1 + bQ1 + cR1 (a, b, c > 0, a+ b+ c = 1),

which has the second coordinate in (0, 1). Thus, it cannot be an element
of Z3. The three vertices are integral to each other. We claim that there
is no point in Λ(<1) which is integral relative to P1, Q1 and R1. Indeed, if
U ∈ Λ(<1) was integral to these points, then

w(U) ∈ [0, 1) ∩ Z = {0}.

The unique point of Λ(<1) with w = 0 is the origin. A direct computation
shows that the origin is not integral to the three points, which shows the
claim. Thus, every edge of Λ(=1) given with either direction is a critical
arrow. In particular, there are two critical arrows in Λ(=1) whose associated
vectors are linearly independent. From Corollary 5.8, the ray R≥0w belongs
to ∆, even though w is not minimal in B \ {0}. This example leads to the
following problem.
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Example 6.17. Chiang and Roan [CR03] constructed an example of a 5-
dimensional abelian quotient X = C5/G which admits crepant resolutions,
but the G-Hilbert scheme, which is isomorphic to FB(∞)(X) (Remark 2.5),
is singular (but normal). Later, Davis [Dav12, Example 4.1.3] constructed
such an example in dimension 4. Corollary 6.9 and Example 6.12 show
that for such a quotient variety X, every BGS essential divisor appears on
F̃B(∞)(X) = FB(∞)(X) as a prime divisor.

Problem 6.18. Characterize divisors over X which are not BGS essential,
but appear on F̃B(∞)(X).

Remark 6.19. Example 6.16 also shows that the existence of a moderate
toric resolution is a sufficient condition but not a necessary condition for all
BGS essential divisors appearing on F̃B(∞)(X). Thus, although some toric
variety X has no moderate toric resolution (Example 6.8), there is still a
hope that all BGS essential divisors may appear on F̃B(∞)(X) for such an X.
It would be an interesting problem to look for a weaker sufficient condition
that can cover some toric varieties having no moderate toric resolution.

Remark 6.20. Here we mention relation between our work and noncommuta-
tive resolutions. As was observed in [TY09], if X is an affine variety SpecR
in characteristic p > 0, then the e-th F-blowup FBe(X) may be viewed as
the commutative counterpart of the endomorphism ring EndR(R

1/pe). When
having finite global dimension, this ring is called a noncommutative resolu-
tion of X = SpecR. This is the case for e≫ 0, if X has only tame quotient
singularities [TY09] (see also [LY23] for a slight generalization to quotients
by linearly reductive finite group schemes) or if X has only normal toric
singularities [ŠVdB17, FMS19]. The naive commutative counterpart of the
last result would be the statement that for a normal toric variety X and for
e≫ 0, FBe(X) is smooth. However, this is not true in general, as mentioned
in Introduction (see also Remark 2.5). It should be noted also that the re-
lation between commutative resolutions and non-commutative resolutions
tends to be less clear as the dimension increases.

Remark 6.21. From [HSY13, Har15], for some simple elliptic singularity X
in positive characteristic, the F-blowup sequence FBe(X), e > 0 does not
stabilize and for every e > 0, FBe(X) is normal but singular. However, for
any simple elliptic singularity X, the unique essential divisor appears on
FBe(X) for e≫ 0.
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Appendix A. Relations among several notions of essential
divisors over a toric variety

Let k be a field and let Y be a normal variety over k. For a proper
birational morphism f : Z → Y from a normal variety, a prime divisor E ⊂ Z
is called a divisor over Y . We identify two divisors E ⊂ Z and E ′ ⊂ Z ′ over
Y if they correspond to each other by the natural birational map between
Z and Z ′. Equivalently, we identify them if they induce the same valuation
on the function field of Y .

Let E be a divisor over Y and let f : Z → Y and g : Z ′ → Y be proper
birational morphisms from normal varieties. Suppose that E is realized as
a prime divisor of Z. The birational map g−1 ◦ f : Z 99K Z ′ is defined on a
nonempty open subset E0 ⊂ E. The center of E on Z ′ is defined to be the
closure of (g−1 ◦ f)(E0) in Z ′. This is independent of the birational model
Z on which E is realized as a prime divisor. We say that E is exceptional
if its center on Y has codimension > 1. More generally, if Y ′ is a birational
model of Y and if g : Z 99K Y ′ is the natural birational map, then the center
of E on Y ′ is defined to be g(E), the closure of g(E). We say that E appears
on Y ′ if the center of E on Y ′ has codimension one.

Definition A.1 ([IK03, Def. 2.3]). Let Y be a normal variety and let E
be an exceptional divisor over Y . We say that E is an essential divisor
if for every resolution f : Z → Y , the center of E on Z is an irreducible
component of f−1(Ysing) with Ysing the singular locus of Y . We say that a
resolution f : Z → Y is divisorial if its exceptional set is of pure codimension
one. We say that E is a divisorially essential divisor if E appears on every
divisorial resolution f : Z → Y .

Remark A.2. Note that if Y is Q-factorial, then every resolution Z → Y is
divisorial [Kol96, Th. 1.5, Chap. VI] and hence there is no difference between
“essential” and “divisorially essential.”

Let us now focus on the case of toric varieties. Let σ ⊂ NR be a strictly
convex, nondegenerate (that is, d-dimensional), rational polyhedral cone and
let X be the associated affine normal toric variety.

Definition A.3. An exceptional divisor over X is called a toric divisorially
essential divisor over X if E appears on every toric divisorial resolution of
X.

Proposition A.4 ([IK03, p. 609 and Cor. 3.17]). For the toric variety X,
the notions of essential divisors, divisorially essential divisors, and toric
divisorially essential divisors coincide.
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Proof. This was proved in the cited paper under the assumption that k
is algebraically closed. We prove the proposition in the general case by
reducing it to this special case. We have the following obvious implications:

essential ⇒ divisorially essential ⇒ toric divisorially essential.
Thus, we only need to show that every toric divisorially essential divisor is
also essential. Let f : Y → X be a resolution and let E be a toric divisorially
essential divisor over X. Note that E is geometrically irreducible, since it
is toric. Let fk : Yk → Xk and Ek denote their base changes to an algebraic
closure k of k. Then, Ek is a toric divisorially essential divisor over Xk

and hence essential over Xk. Thus, the center of Ek in Xk is an irreducible
component of the exceptional set of fk. Finally, this shows that the same
thing is true over k and hence E is essential. □

Definition A.5. We define

Sσ := N ∩

( ⋃
τ :singular face of σ

τ ◦

)
,

where τ ◦ denotes the relative interior of τ .

Proposition A.6 ([IK03, p. 609 and Cor. 3.17 and 3.18]). Let ρ ⊂ σ be a
ray and let Eρ be the corresponding divisor over X. Then, ρ is spanned by
a minimal element of Sσ if and only if Eρ is an essential divisor.

Proof. Again, the paper [IK03] treats the case where k is algebraically closed.
However, the proof of Proposition A.4 shows that the set of essential divisors
stays the same by the base change to k. Thus, the assertion remains true
over any field. □

If Eρ is an exceptional divisor over X and if it appears on every (not
necessarily divisorial) toric resolution of X as a prime divisor, then it is
toric divisorially essential. Namely, a BGS essential divisor over X is either
a toric divisorially essential divisor over X or a toric prime divisor on X.
Equivalently, we have

{minimal elements of B \ {0}} ⊂
{minimal elements of Sσ} ∪ {primitive elements of the rays of σ}.

The opposite is not generally true, as the following example shows.

Example A.7. Suppose that N = Z3 and σ ⊂ R3 is generated by
(0, 0, 1), (1, 0, 1), (0, 1, 1), (1, 1, 1).

The toric variety X then have two small resolutions, corresponding to di-
viding the square with these four points as vertices along two diagonals



F-BLOWUPS AND ESSENTIAL DIVISORS FOR TORIC VARIETIES 23

respectively. This shows that there is no BGS essential exceptional divisor
over X (all the BGS essential divisors are non-exceptional). On the other
hand, (1, 1, 2) is a minimal element of Sσ and hence the divisor over X
corresponding to the ray R≥0(1, 1, 2) is essential.

Proposition A.8. Suppose that σ is simplicial. Then, every essential divi-
sor over X is BGS essential. Namely, a toric divisor E over X is essential
if and only if it is exceptional and BGS essential.

Proof. It suffices to show that every toric divisorially essential divisor is
BGS essential. From the assumption, X is Q-factorial. This is well-known
in characteristic zero (for example, see [Mat02, Lem. 14-1-1]). In arbitrary
characteristic, X is the quotient of an affine space by an action of a finite
diagonalizable group scheme. We can use this fact to show that X is Q-
factorial. As noted in Remark A.2, every resolution of a Q-factorial variety
is divisorial. This shows that every toric divisorially essential divisor is BGS
essential, as desired. □
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