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Abstract

For each field F and positive integers m,n,d with (m,n) # (1,1),
Farb and Wolfson defined the certain affine variety Poly?™(F) as gen-
eralizations of spaces first studied by Arnold, Vassiliev, Segal and
others. As a natural generalization, for each fan ¥ and r-tuple D =
(di,--- ,d,) of positive integers, the authors also defined and consid-
ered a more general space Poly,? ’E(IF ), where 7 is the number of one
dimensional cones in ¥. This space can also be regarded as a gener-
alization of the space Hol},(S?, Xx;) of based rational curves from the
Riemann sphere S? to the toric variety Xx of degree D, where Xy
denotes the toric variety (over C) corresponding to the fan .

In this paper, we define a space Q,[L)’E (F) (F =R or C) which is its
real analogue and can be viewed as a generalization of spaces consid-
ered by Arnold, Vassiliev and others in the context of real singularity
theory. We prove that homotopy stability holds for this space and
compute the stability dimension explicitly.

1 Introduction

1.1 Historical survey. For a complex manifold X, let Map*(5?%, X) =
02X (resp. Hol*(S?% X)) denote the space of all based continuous maps
(resp. based holomorphic maps) from the Riemann sphere S? to X. The
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relationship between the topology of the space Hol*(S?, X) and that of the
space 22X has played a significant role in several different areas of geometry
and mathematical physics (e.g. [5], [4]). In particular there arose the question

whether the inclusion Hol*(S2, X) - Q2X is a homotopy equivalence (or
homology equivalence) up to a certain dimension, which we will refer to as
the stability dimension. Since G. Segal [32] studied this problem for the case
X = CP™, a number of mathematicians have investigated various closely
related ones (e.g. [1], [16], [18], [23], [24], [28], [29], [30]).

Similar stabilization results appeared in the work of Arnold ([2], [3]), and
Vassiliev ([33], [34]) in connection with singularity theory. They considered
spaces of polynomials without roots of multiplicity greater than a certain nat-
ural number. These spaces are examples of “complement of discriminants”
in Vassiliev’s terminology [33] (cf. [21]).

Inspired by these results, Farb and Wolfson [14] introduced a new family
of spaces Poly®™(IF), which is defined for every field F and integers m,n,d > 1
with (m,n) # (1,1). The present authors generalised this further in [27], by
considering a fan ¥ (or toric variety) and a field F, and defined a space
Poly”(IF) as follows.

Definition 1.1 ([27]). Let F be a field with its algebraic closure F, and let
> be a fan in R™ such that

(1.1) (1) ={p1,- . pr},

where (1) denotes the set of all one dimensional cones in 3.! Let X, denote
the toric variety over C associated to the fan 3, and let N denote the set of
all positive integers.

For each r-tuple D = (dy,--- ,d,) € N", let Poly”*(F) denote the space
of all r-tuples (fi(z), -, f+(2)) € F[2]" of monic polynomials satisfying the
following two conditions (1.1a) and (1.1b):

(1.1a) fi(z) € F[z] is an F-coefficients monic polynomial of the degree d; for
each 1 <i<r.

(1.1b) For each o = {iy, -+ ,is} € I(Ky), polynomials f;, (2),- -, fi,(z) have
no common root a € F of multiplicity > n.

Here, Ky denotes the underlying simplicial complex of the fan ¥ on the
index set [r] = {1,2,--- ,r} defined by (2.8), and the set I(Ky) is defined by
I(Ks)={ocC[r]:0 € Ks} asin (2.2).

'Formal definitions and a description of the notation related to toric varieties and their
fans will be given in §2.



Remark 1.2. (i) By using the classical theory of resultants, one can show
that Poly”*(F) is an affine variety over F and that it is the complement of
the set of solutions of a system of polynomial equations (called a generalized
resultant) with integer coefficients. For this reason, we call it the space of
non-resultant systems of bounded multiplicity determined by a toric variety.

(ii) Let 0,, = (0,---,0) € R™, and let ¥ denote the fan in R™ such that
(1) =A{p1, - ,prt asin (1.1). For each 1 <k <r, let ny € Z™ denote the
primitive generator of p, as in Definition 2.4. Then

(1.2) Poly?*(C) = Hol};(S% Xx) ifn=1and > ,_, diny = 0,,

where Hol},(S?, Xx) denotes the space of based rational curves f : 5% — Xy
of degree D (see [24] for further details). Thus, the space Poly”*(C) can be
regarded as a generalization of the space Hol},(S?, Xy). O

Now recall the following homotopy stability result.

Theorem 1.3 ([27]). Let D = (dy,--- ,d,) € N', n > 2, and let X5, be an
m dimensional simply connected non-singular toric variety over C such that
the condition (2.19a) holds.

(i) If > dimi = 0y, then the natural map

ip : Poly?*(C) — Q% X5(n) ~ Q2 Xx(n) ~ Q*Zc (D>, 527

is a homotopy equivalence through dimension d,oy(D; 3, n), where we denote
by Zx (X, A) and Xx(n) the polyhedral product of a pair (X, A) and the orbit
space given by (2.12) and Definition 2.3, respectively.

(i) If > "5 _; diny # Oy, there is a map

jp : Poly}*(C) — Q*Z, (D™, 5771

which is a homotopy equivalence through dimension dpey(D; 3, n).
Hereafter we will denote by | x| the integer part of a real number x. More-

over, we let dy, = min{dy,--- ,d.} and ruin(X) denote the positive integers

gwen by (2.38), and dyo,(D; X, n) denote the positive integer defined by

(1.3) dpoiy (D; X, 1) = (2nrmin(X) — 3) | dwmin/n] — 2. O

1.2 Basic definitions. In this paper, we replace the space Poly”>(F) by
its real analogue QP*(F), where F = C or R. Since the space Q*(F) is
defined only for the fields F = R and C, we will use the letter K to refer to
both of them at the same time.

The formal definition of QP**(K) is given below.
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Definition 1.4. Let ¥ be a fan in R™ such that (1) = {p1,--- ,p,} as in
(1.1).

(i) For each r-tuple D = (dy,--- ,d,) € N" and K = C or R, let QP*(K)
denote the space of all r-tuples (f1(z), -, fr(2)) € K[z]" of K-coefficients
monic polynomials satisfying the following two conditions (1.3a) and (1.3b):

(1.3a) For each 1 <i <7, fi(z) € K[z] is an K-coefficients monic polynomial
of the degree d;.

(1.3b) For each o = {iy,--- ,is} € I(Ks) = {7 C [r] : 7 ¢ Ks}, polynomials
fi,(2),-+ -, fi.(2) have no common real root o € R of multiplicity > n
(but may have a common root « € C\ R of any multiplicity).

(ii) Let d(D; X, n,K) denote the positive integer defined by
d(D;3,n,K) = (nrpm(2) dimg K — 2) | dyin/n| — 2

_ {(2nrmm(2) — ) di/n] —2 K =C,

(1.4) .
(nrmin(X) — 2) [ dmin/n] — 2 if K=R.

Remark 1.5. (i) It is easy to see that the following inclusion holds:
(1.5) Poly”*(K) ¢ QP*(K) for K=R or C.

(i) Note that the space QP"*(C) was already investigated for the case
n =1 in [25],% and that the space QP"*(K) was already extensively studied
in [26] for the the case (Xy, D) = (CP™ ! D, (d)),> where D,,(d) € N™
denotes the m-tuple of positive integers defined by

(1.6) D,(d)=(d,d,--- ,d) (m-times). O

1.3 The main results. In this paper we will study the homotopy type
of the space QP*(K) for K = C or R. In particular, we will show that
Atiyah-Jones-Segal type homotopy stability holds for the space QP*(K).

In our result we will need the following two conditions (1.6a) and (1.6b).*

(1.6a) dpin >n > 1.

2Tt is denoted by Pol}, (S, Xx) = QP*(C) for n =1 in [25].

31t is denoted by Q%™ (K) = QP-*(K) in [26] for (Xx, D) = (CP™ 1, D,,(d)).

4If the condition (1.6a) (resp. (1.6b)) is satisfied, the space QP*(C) (resp. QL*(R))
is simply connected (see Corollary 7.7). Moreover, if the condition (1.6a) or (1.6b) is
satisfied, the two conditions |dmin/n| > 1 and d(D;X,n,K) > 1 hold. Thus, the main
results (Theorem 1.6, Corollary 2.17) are not vacuous. Note that the condition (1.6a)
holds if the condition (1.6b) is satisfied.



(1.6b) One of the following three conditions holds:

(1) dmin 2 n Z 2.
(ii)) n =1, dmin > 2, and 1y (X) > 4.
(iii) 7 = dpin = 1 and ry;(2) > 5.

Then we can state the main result of this article as follows.

Theorem 1.6 (Theorems 2.14 and 2.15). Let n € N, let D = (dy,--- ,d,) €
N", and let X5 be an m dimensional simply connected non-singular toric
variety satisfying the condition (2.19a).

(i) If the condition (1.6a) is satisfied, the map (given by (2.28) and (10.1))

Jome : QPF(C) = 02, (D™, )

is a homotopy equivalence through dimension d(D;>,n,C).
(ii) If the condition (1.6b) is satisfied, the map (given by (2.33) and (10.3))

Jpar : QPF(R) = QZk, (D™, 5™ )
is a homotopy equivalence through dimension d(D; 3, n,R).

Remark 1.7. Let g : V — W be a based map.
(i) Themap g : V' — W is called a homotopy (resp. homology) equivalence
through dimension N if the induced homomorphism

(1.7) gs (V) = m (W) (resp. g« : Hp(V;Z) — Hp(W;Z))

is an isomorphism for any k£ < N.

(ii) The map g : V — W is called a homotopy (resp. homology) equiva-
lence up to dimension N if the induced homomorphism (1.7) is an isomor-
phism for any k£ < N and an epimorphism for £ = N.

(iii) When G is a topological group and a map g is a G-equivariant map
between G-spaces V and W, the map ¢ is called a G-equivariant homo-
topy (resp. G-equivariant homology) equivalence through dimension N if the
restriction g# = g|VH : VH — WH is a homotopy (resp. homology) equiva-
lence through dimension N for any subgroup H C . Here, for each G-space
X and a subgroup H C G, let X denote the H-fixed subspace of X defined
by

(1.8) X' ={reX:h-v=x forany he H}. O



1.4 Organization. This paper is organized as follows. In §2 we recall the
basic definitions and facts which are needed for the statements of the results
of this article. After that, precise statements of the main results (Theorems
2.14, 2.15, and Corollary 2.16) are given. In §3 we recall several basic facts
related to polyhedral products and toric varieties. In §4, we define and
summarize the main facts about the non-degenerate simplicial resolution.
By using this non-degenerate simplicial resolution we construct the Vassiliev
spectral sequence. In §5 we define the stabilization maps, and in §6, we
construct the truncated spectral sequence induced from the spectral sequence
obtained in §4. By using this truncated spectral sequence, we shall prove the
homology stability result (Theorems 6.5, 6.8, and Corollary 6.6). In §7 we
investigate the connectivity of the space QP'*(K). In particular, we prove
that the space QP"*(C) (resp. QY*(R)) is simply connected if the condition
(1.6a) (resp. (1.6b)) is satisfied. In §8 we consider the configuration space
model for the space QP*(K) and recall the stabilized horizontal scanning
map (see Theorem 8.7). In §9 we prove the stability result (Theorem 9.2),
and in §10 we use it to prove the main results (Theorems 2.14, 2.15, and
Corollary 2.16).

2 Toric varieties and the main results

In this section we recall several basic definitions and facts related to toric
varieties (convex rational polyhedral cones, toric varieties, fans of toric va-
rieties, polyhedral products, homogenous coordinate, rational curves on a
toric variety etc). Then we use these definitions and notations to give pre-
cise statements of the main results of this paper. From now on, we al-
ways assume that K = C or R. Moreover, if dy, < n, |dmin/n] = 0 and
d(D;3,n,K) = -2 < 0. So we also assume that dy,;, > n > 1.

2.1 Fans, toric varieties and Polyhedral products. A convex rational
polyhedral cone in R™ is a subset of R™ of the form

(2.1) o = Cone(S) = Cone(my, -, my) = { Z ATy @ A > O}
k=1

for a finite set S = {my, -+, ms} C Z™. The dimension of ¢ is the dimen-
sion of the smallest subspace of R™ which contains o. A convex rational
polyhedral cone o is called strongly convez if o N (—o) = {0,,}, where we
set 0,, = 0 = (0,0,---,0) € R™. A face T of a convex rational polyhedral
cone o is a subset 7 C ¢ of the form 7 = o N {x e R™: L(x) = 0} for some



linear form L on R™, such that ¢ C {& € R™ : L(x) > 0}. Note that if o is
a strongly convex rational polyhedral cone, so is any of its faces.®

Definition 2.1. Let ¥ be a finite collection of strongly convex rational poly-
hedral cones in R™.
(i) The set X is called a fan (in R™) if the following two conditions hold:

(2.1a) Every face 7 of o € ¥ belongs to X.

(2.1b) If 09,09 € X, 01 N o9 is a common face of each o, and o1 N oy € X.

(ii) An m dimensional irreducible normal variety X (over C) is called a
toric variety if it has a Zariski open subset TZ = (C*)™ and the action of
TZ on itself extends to an action of T# on X.

The most significant property of a toric variety is that it is characterized
up to isomorphism entirely by its associated fan Y. We denote by Xy the
toric variety associated to a fan ¥ (see [11] for the details).

(iii) Let K be some set of subsets of [r]. Then the set K is called an

abstract simplicial complex on the index set [r| if the following condition
(1)x holds:

()k 7T7Coando € K, then 7 € K.

Remark 2.2. (i) It is well known that there are no holomorphic maps CP* =
S? — T except the constant maps, and that the fan ¥ of T is ¥ = {{0,,}}.
Hence, without loss of generality, we will always assume that Xy # T{, and
that any fan ¥ in R™ satisfies the condition {{0,,}} & X.

(i) In this paper by a simplicial complex K we always mean an abstract
simplicial compler and we always assume that a simplicial complex K con-
tains the empty set . O

Definition 2.3. Let K be a simplicial complex on the index set [r] =
{1,2,--- ,r}, and let (X, A) be a pair of based spaces.

(i) Let I(K) denote the collection of subsets o C [r] defined by
(2.2) I(K)y={ocC]r]:0¢ K}.
(i) Define the polyhedral product Zx (X, A) with respect to K by

(2.3) Zr(X,A) = [ J(X,4)°,  where

(X, A) ={(x1, - ,2,) e X"ty Aifk ¢ o}.

®When S is the emptyset 0, we set Cone(0)) = {0,,} and regard it as a strongly convex
rational polyhedral cone in R™.



(iii) For each subset o = {iy,---,is} C [r], let L,(K"™) denote the sub-
space of K™ defined by

(2.4) L,(K") ={(xy, ,z,) e K =K":2x;, =---=z;, =0,}

and let LX(K) denote the subspace of K™ defined by

(2.5) KK = |J L&) = [J LK.

cel(K) oC[r],o¢K
It is easy to see that

(26)  Zr(K", (K")*) = K"\ LK(K), where (K")* = K"\ {0,}.

2.2 Homogenous coordinates. Next we recall the basic facts about ho-
mogenous coordinates on toric varieties.

Definition 2.4. Let ¥ 2 {{0,,}} be a fan in R™ such that %(1) = {p1,--- , p,}
as in (1.1).

(i) For each 1 < k < r, we denote by ny € Z™ the primitive generator of
Pk, such that pp N Z™ = Z>( - ny. Note that

(2.7) pr = Cone(ng) = {zny : z > 0}.

(i) Let Ky denote the underlying simplicial complex of ¥ defined by
(2.8) Ks = {{z’l, e yis) C ] myy, gy, -+ My, span a cone in Z}.
It is easy to see that Ky is a simplicial complex on the index set [r].

(iii) Let Gpx C Tk = (K*)" be the subgroup
(29)  Gsx ={(m. i) € Ty : [ [(ux) ™™ =1 for all m € Z™},

k=1

where (u, v) =Y 1 upvg for w = (ug, -+ ,uy) and v = (vy, -+ ,v,) € R™

(iv) There is a natural Gy, g-action on Zi, (K", (K")*) given by coordinate-
wise multiplication,

(210) (,Ul, T 7#’7") : (mh' o amr) = (,ulmla' o a,urmr)

for (g1, s pr)s (1, -+, 1)) € Gux X 2, (K™, (K™)*), where we set
(2.11)  px = (1, -, px,) i () = (g, (21, -+ ,2,)) € K* X K™
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(v) Let Xy x(n) denote the corresponding orbit space

(2.12) Xsx(n) = Ziy (K", (K")*) /Gy, where

(2.13) i 2y (K" (K")*) = Xek(n) = 2, (K", (K")")/Gsx
denotes the corresponding canonical projection. In particular, we also write
(2.14) Xs(n) = Xnc(n) and Gy =Gy ifK=C.

Theorem 2.5 ([9]). If the set {my.},_, of all primitive generators spans R™
(i.e. Y R-mny =R™), there is a natural isomorphism

(2.15) Xy & 2, (C,C")/Gxc = Xxu(1) = Xsc(1).

Hence, we can identify Xx(n) with the toric variety Xs, if n = 1. N

Remark 2.6. (i) The notion of the quotient in algebraic geometry has sev-
eral variants (see [9, Theorem 2.1], [11, Theorem 5.1.11] for further details).
However, in this paper we only consider smooth varieties (as in the assump-
tions in section 2.3).

(ii) Let ¥ be a fan in R™ as in Definition 2.4. Note that the fan ¥ is
completely determined by the pair (Ks, {ng};_;) (see [24, Remark 2.3] for
the details). O

For each 1 <i <, let F; = (fri, -+, fui) € K[z0,- -+ , 25]" be an n-tuple
of homogenous polynomials of the same degree d; satisfying the following
condition:

(1) For each o € I(Kyx), the homogenous polynomials {fi.;}re, have no
common real root except 0,41 € R*TL,

In this situation, consider the map

F=(F, -, F): R\ {0} = (K")" =K™ given by

Fi(z) = (fui(z), foi(®), -, fau(x)) for 1 <i <o

By the assumption (f), the homogenous polynomials { fi.;}xe, have no com-
mon real root except 0,17 € R for each 1 < i < r and each 0 € I(Ky).
Thus, we see that the image of the map F' is contained in Zi (K", (K")*),
and we may regard the map F' as the map

(2.17) F=(F, -, F): R\ {0,,,} = Zx, (K", (K")).

(2.16) {F<$) = (Fi(z), - F(x)) for & € R™\ {041},

The following lemma, whose proof we postpone until the end of §3, plays a
key role in the proof of the main result of this paper.
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Lemma 2.7 (cf. [10], Theorem 3.1; [20], Lemma 2.6). Suppose that the
set {mg}r_, of all primitive generators spans R™. For each 1 < i < r, let
F; = (fra, s fui) € Klzo, - -+, z5]" be an n-tuple of homogenous polynomials
of the same degree d; satisfying the above condition (t).

Then there is a unique map f : RP* — Xy x(n) such that the diagram

By By n n\*
R\ {0,,) 20z (K (K0

(2.18) %,Rl qn,Kl

RPC  —L % Xex(n)

1s commutative if and only if the following condition holds:

(2.19) > dyny, =0,
k=1

Here, we identify Xsx(n) = Zi, (K™, (K")*)/Gsx, Ysr : R\ {041} —
RP? denotes the canonical Hopf fibering, and the map F = (Fy,--- , F,.) is
given by (2.17).

2.3 Assumptions. (i) From now on, let ¥ 2 {{0,,}} be a fan in R™ with
the set of one dimensional cones ¥(1) = {p1,---,p.} as in Definition 2.4.
We also assume that Xy is a simply connected and smooth (not necessarily
compact) toric variety satisfying the following condition:

(2.19a) There is an r-tuple D, = (dj,--- ,d) € N" such that Y, _, ding = 0,,,,
where ny; € Z™ denotes the primitive generator of p; for each 1 < k <
r.

(ii) In this paper, we always identify
(2.20) Xek(n) = 2, (K", (K")")/Gsx (K=Ror C),

and for each (a1, -, a,) € Z. (K", (K")*) C (K*)", we let [a1,---,a,] €
Xsx(n) denote the point given by this equivalence class.

(iii) We also make the identification RP' = S* = R U oo, and let e =
(1,1,---,1) € K" Under this identification, we choose the points oo and
x = [e,--- , e] as the base-points of RP' and Xy x(n), respectively. [

Remark 2.8. (i) Consider the toric variety Xy = C2. Its fan X is given by
Y= {{02},,01 = Cone(e;), p2 = Cone(ey), Cone(ey, e2)},
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where 02 = (0,0), e; = (1,0), and ey = (0,1). The set of one dimensional
cones is X(1) = {p1,p2}, and the primitive generator of pp (k = 1,2) is
n, = e;. Thus r =2 and

T 2
D ding =) diey =0y & (dy,dy) = (0,0).
k=1 k=1

Hence, when Xy, = C2, there are no non-constant maps f : RP® — Xy, = C?
satisfying the condition (2.19), which is why we need the condition (2.19a).

(ii) It follows from [11, Theorem 12.1.10] that Xy is simply connected if
and only if the following condition ({) holds:

(1) The set {n}}_; of all primitive generators spans Z™ over Z, i.e.
22:1 Z - n, = 7.

Thus we see that if Xy is simply connected then the set {m;}}_; of all
primitive generators spans R™. In particular, if Xy is a compact smooth
toric variety then Xy is simply connected (see Lemma 3.8).

(ili) Note that the space Xx r(n) is simply connected if n > 2 (see Lemma
7.1). However, the space Xy g = Xsr(1) is not simply connected in general.
For example, consider Xy, = CP* for k > 2. Then Xyr = Xpgr(l) = RP*,
which not simply connected. However, the loop space QX5 r = QRP* has
two path-components Q. RP* (¢ = 0, 1) and there is a homotopy equivalence
Q.RP* ~ QS* for each e = 0,1. So each path-component Q. RP* is simply
connected if £ > 3.

(iv) Let s = 1 and suppose that all assumptions of Lemma 2.7 and the
condition (2.19) hold and that the coefficient of (2)% of the homogenous
polynomial f;.;(z0,21) € Klzp,21] is 1 for 1 < j <mnand 1 <i <r. By
Lemma 2.7, we obtain the map f : RP' — Xy (n) such that the diagram
(2.18) is commutative. Note that f;.;(z0,21) = (21)% fj.i(20/21,1) for each
J,i. By setting z = zy/z1, we can identify each homogenous polynomial
fi:i(20, 21) € K[zo, 1] with the monic polynomial g;.;(2) = f;.i(z,1) € K[z] of
degree d; in one variable z. Since

lim [Fi(a),---,F(a)] = lim [a " F(a),---,a "F.(a)] = [e,--- , €]

|| =00 |a| =00

(by (3.16)), this map f is the based map (RP!, 00) — (X5 x(n), *) given by

Fi(a),-- , F if o € R
(2.21) flo) = [Fi(a), , Fr(a)] 1 o€

[67 ’. ot 76} lfa — m
fOI'OéGRUOO:RPl:Sl, Wheree:(l,"',l)EK" and we set
Fi(a) = (gri(a), -+ , gni(a)) for each 1 < i < 7. 0

11



2.4 Spaces of algebraic maps of real bounded multiplicity. Now we
can define the space of algebraic maps. Recall that we use K to denote C or
R.

Definition 2.9. For a monic polynomial f(z) € K|z] of degree d, let F,,(f)(2)
denote the n-tuple of monic polynomials of the same degree d defined by

(2.22) Fu(£)(2) = (f(2). f(2) + ' (2), f(2) + [ (=), f(2) + [0 (2))

Note that a monic polynomial f(z) € K[z] has a root o € C of multiplicity
>niff F,(f)(a) =0, € C™.

Remark 2.10. (i) Note that QP*(C) is path-connected, and QP*(R) is
path-connected if (n, rmin(2)) # (1,2) (this will be explained in the proof of
Lemma 7.1 and Remark 8.4).

(ii) Let Zy = {£1} denote the multiplicative cyclic group of order 2, and
let XZ2 denote the Z,-fixed point set of a Zs-space X as in (1.8). Complex
conjugation on C extends to a Zs-actions on the spaces Zi (C", (C")*) and
QP*(C) so that

(223) 2, (R", (R")) = 2, (C", (C"))™, Q" (R) = Q. "(C)™.

n n

It is easy to see that complex conjugation on C also naturally extends to a
Zo-action on Xx(n) = Zi.(C", (C™)*)/Gyx so that

(224) XEJR(H) = XE(H)ZQ.

It follows from the definitions of the above actions that the following diagram
is commutative:

QP¥(R) —% Xyg(n) = Zr. (R, (R")*)/Gs
(2.25) o |

QPH(C) —= Xx(n) = Zx,(C",(C")")/Gsc

where let i and X denote the corresponding inclusion maps.
Note that QP*(C) (resp. QP"*(R)) is simply connected if the condition
(1.6a) (resp. (1.6b)) is satisfied (this will be proved in Corollary 7.7).

Definition 2.11. Suppose that the condition (2.19a) holds, and let D =

(dy,--+ ,d.) € N" be an r-tuple of positive integers satisfying the condition
(2.26) > diny =0,
k=1
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(i) First, consider the case K = C. By Lemma 2.7 and (2.21), one can
define a map

(2.27) ipnc: QYF(C) = QXx(n) by
iD,n7(C(f)(a) = {{Z"ifl)(oo;fn(]%)(a)a T 7Fn(fr)(a)] i Z i]ljo

for f = (f1(2), -+, f-(2)) € QP*(C) and o € RU oo = S', where we set
e=(1,1,---,1) € Cn

Since the space QP*(C) is simply connected and Qg, ¢ is a universal
covering (by (ii) of Remark 2.10 and (ii) of Corollary 3.10), the map ip,c
lifts to the space QZx,,(D*, 5?71 and there is a based map

(2.28) Jpmc : QY(C) = Q2 (D, S 1) = Q2 (C*, (C")Y)
such that the following equality holds:
(2.29) Qgn,c © jpc = ipnc.

(ii) Next, consider the case K = R.

Recall the Zy-action on the spaces QP*(C) and Xy, induced from complex
conjugation on C, and note that the map ip,c is a Zs-equivariant map.
Then, by (2.23) and (2.24), we see that

(2.30) ipnc(QrF(R)) C QX5 (n)” = QX r(n).
Thus, the restriction ip,, c|QY*(R) defines a map
(2.31) Dk = iDnc|Qr T (R) 1 Qr(R) = QX5 g(n)

such that the following diagram is commutative:

QQn,R

QPE(R) —225s OXpp(n) ot OZi, (R, (R)")

(2.32) Dl Qxl anl

QPE(C) =" QXp(n) " Q2 (€7 (C7)')

~

where the j, : Zk.(R", (R")*) — Zx,(C",(C")*) denotes the inclusion
map. Note that (2g,r is a homotopy equivalence (this will be proved in
Corollary 3.10). Thus, there is a based map

(2.33) Jpar : QYF(R) = QZk, (R, (R")*) = Q2 (D", 5" ")
which satisfies the following equality:

(2.34) Q¢nr o jpnr =ipnr (up to homotopy).

13



Remark 2.12. When ", _, diyny = 0,,, by (2.28) and (2.34), we obtain the
map

(235) o QPP (K) = 03, (K", (K7)) = 03, (D97, 5407
where the number d(K) is defined by

2 fK=C
2.36 d(K) = dimg K = ’
(2:36) (K) = dimg {1 if K = R.
2.5 The numbers r,;,(X) and d(D;X¥,n,K). Before stating the main

results of this paper, we need to define the positive integers ry,,(2) and
d(D; X, n,K) (which already appeared in the statements of our results).

Definition 2.13. (i) We say that a set S = {n;,,---,n; } is a primitive
collection if Cone(S) ¢ ¥ and Cone(T') € X for any proper subset T' G S.

(ii) For each r-tuple D = (dy,--- ,d,) € N", define the positive integer
d(D, ¥, n,K) by

<2nrmin(2) - 2) Ldr;l:nJ —2 fK=C
(nrmin<2) - 2) de;];nj —2 ifK=R

(2.37) d(D; %, n,K) = {

as in (1.4), where 7, (2) and dp, are the positive integers given by

(2.38) Tmin(X) = min{s € N: {n;,,--- ,n; } is a primitive collection},
‘ dmin :min{d17d27"' 7d7‘}'

Note that

(2.39) Fonin (5) > 2.

2.6 The main results. The space QP*(C) has already been extensively
studied in the case n = 1 in [25]. The main purpose of this paper is to
generalize the results of [25] to the space QP*(K) for K = C or R and for
any n > 1. These generalizations are stated below as the next two theorems
and their corollaries.

Theorem 2.14 (The case K = C). Let n € N, let D = (dy,--- ,d,) € N",
and let Xyx, be an m dimensional simply connected non-singular toric variety
such that the two conditions (2.19a) and (1.6a) hold.

(1) If >, dymg = 0y, then the map (given by (2.28))

Jome : QPF(C) = 02, (D™, )

14



is a homotopy equivalence through dimension d(D; 3, n,C).
(i) If > i, diny # Oy, there is a map

jD,n,(C : Qg’Z(C) — QZK; (D?nﬂ SQn—l)
which is a homotopy equivalence through dimension d(D;%,n,C).5

Theorem 2.15 (The case K = R). Let n € N, let D = (dy,--- ,d,) € N,
and let Xx, be an m dimensional simply connected non-singular toric variety
such that the two conditions (2.19a) and (1.6b) hold.

(1) If >, dymi = 0y, then the map (given by (2.33))

Jpar : QPF(R) — QZk (D™, 5™ )

is a homotopy equivalence through dimension d(D;>,n,R).
(i) If > "5 _; diny # Oy, there is a map

Jpar i QPF(R) — QZk, (D™, 5™ )
which is a homotopy equivalence through dimension d(D; %, n,R).

Corollary 2.16. Let n € N, let D = (dy,--- ,d,) € N", and let X5, be an
m dimensional simply connected non-singular toric variety such that the two
conditions (2.19a) and (1.6a) hold.

(1) If 24— dxmy, = 0,y,, then the map ipnc : QY (C) = QXx(n) induces
an isomorphism

(iD,n,C>* : Ws(sz)’E((c)) i 7TS<QXE) = Ts+1 (XE(n>>

for any 2 < s < d(D;%,n,C).
(ii) If o5_, dimy # Op, the map ipnc : QPP (C) — QXx(n) defined by

(240) iD,n,C = QqTL,(C o jD,n,(C
induces an isomorphism
(iDnc)s : To(QYH(C)) = 7, (X5 (1) = Tosr (X (n))

for any 2 < s < d(D;%,n,C).

5This map has to be constructed in a slightly different way from the one in (i) but we
shall use the same notation for both.
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Consider the Zy-action on the spaces Q*(C) and Zx,. (D**,5?"!) in-
duced from the complex conjugation on C, where we identify

(2.41) D" = {(ay, wa) €C" 2 Y |l < 1)
k=1

Note that we can regard the space D?" as a Zsy-space whose Zs action is given
by the complex conjugation.

(2.42) (=1) - (21, ,2,) = (FT1,- -+ ,Tp) for (a1, ,1,) € D™

Since QPE(R) = QP(C)%2, Ziey (D", S™Y) = Ziy (D™, S 1Y%, and
Jpnr = (Jpnc)??, we also obtain the following result.

Corollary 2.17. Let n € N, let D = (dy,--- ,d,) € N, and let X5, be an
m dimensional simply connected non-singular toric variety satisfying the two
conditions (2.19a) and (1.6b). Then the map

jD,n,(C : vaz(((:) - QZ}CE (D2n7 52n71)

is a Za-equivariant homotopy equivalence through dimension d(D;%, n,R).
O

Finally, we easily obtain the following result.

Corollary 2.18. Let n € N, let D = (dy, -+ ,d,) € N", and let X5, be a
simply connected compact non-singular toric variety such that the the condi-
tion (2.19a) holds. Let ¥(1) denote the set of all one dimensional cones in
>, and let X1 be any fan in R™ satisfying the condition

(2.43) () CcE G
(i) If the condition (1.Ga) holds and ZZ=1 dpng = 0,,, then the map
jD,n,(C : QT?,El (C) N 9221 (1)2717 SZn—l)

is a homotopy equivalence through the dimension d(D; %, n,C).
Moreover, the map ip,c : QP> (C) — QXx, induces an isomorphism

(ipnc)s : T:(QE(C)) — (X, (n)) = 71 (X, ()

for any 2 < s < d(D;%;,n,C).
(ii) If the condition (1.6a) holds and )", _, dxny, # O.,, then there is a
map
jomgc : QY FHC) = Q2 (D™, 271
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which is a homotopy equivalence through dimension d(D; 31, n,C). Moreover,
the map ipnc: QP> (C) — QXyx, defined by

(244) iD,n,(C = QQn,(C o jD,n,(C

induces an isomorphism

(ipmc)s : T(QEH(C)) — mo(QXx, (1)) = T (X, ()

for any 2 < s < d(D;%,n,C).
(iii) If the condition (1.6b) holds and >, _, dgyny, = 0,,, then the map

jD,n,]R : QE’El (R) — QZEl (Dn, Sn_l)

is a homotopy equivalence through the dimension d(D;¥,n,K).
(iv) If the condition (1.6b) holds and Y, _, diny # 0,,, there is a map

Jpmk : QTN (R) = QZ, (D", 5™

which is a homotopy equivalence through dimension d(D;>q,n,R). Il

3 Basic facts about toric varieties

In this section, we recall some basic definitions and known results.

Definition 3.1 ([7], Definition 6.27, Example 6.39). Let K be a simplicial
complex on the index set [r], and let I(K) ={o C [r] : 0 ¢ K} as in (2.2).
(i) An element o € I(K) is called a minimal non-face of K if 7 € K for
any proper subset 7 & 0.
(ii) Then we denote by I, (K) the set of all minimal non-faces of K. It
is easy to see that the following equality holds.

(3.1) K={oC[r]:7¢ o forany 7 € Iyn(K)}.

(iii) We denote by Zx and DJ(K) the moment-angle complex of K and
the Davis-Januszkiewicz space of K ([12]) which are defined by

(3.2)  Zg = Zxg(D*SY), DJ(K)= Zg(CP> ). O

Remark 3.2. Let ¥ be a fan in R™ and let Xy be a smooth toric va-
riety such that the condition (2.19a) holds. Then it is easy to see that
{ni,, Ny, -+ ,m;_ } is primitive if and only if o = {1,142, ,is} € Inin(Kyx).
Thus, we also obtain the following equality:

(3.3) Tmin(2) = min{card(o) : 0 € I(Kx)}. O
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Lemma 3.3 ([7]; Corollary 6.30, Theorems 6.33, 8.9). Let K be a simplicial
complex on the index set [r].
(i) The space Zy is 2-connected, and there is a fibration sequence

(3.4) Zx — DJ(K) = (CP®)".
(ii) There are T"-equivariant deformation retraction
(3.5) ret : Zx (K", (K")*) — Zx (D ®n gdE)n=1y
where we set T" = (S')". O

Lemma 3.4 ([31]). Let ¥ be a fan in R™ defining smooth toric variety X
such that the condition (2.19a) holds.
(i) There is an isomorphism

(3.6) Gyx = T ™ = (K*) ™.

(ii) The group Gxx acts on the space Zi, (K", (K")*) freely as in (2.10)
and there is a principal Gy, x-bundle sequence

(37) GZ‘,K —_— Z}CE(Kn,(Kn)*) % XE,]K-

(iii) If K = R, there is a homotopy equivalence T ~ (Z2)"™™ and the
map qnr s a covering projection with fiber (Z2)"™™ (up to homotopy).

Proof. First, consider the case K = C. Then the assertions (i) and (ii) follow
from [31, (6.2) page 527; Proposition 6.7].

Next, let K = R. Since Gy = GE,(C = (C*)T_m and GZ,R = Gy N
(R*)", we have an isomorphism Gy g = (R*)"™™ = T ™. Since Gy ¢ acts on
the space Zi.(C", (C")*) freely, the subgroup Gy g also acts on the space
Zi,. (R, (R™)*) freely and we obtain the Gy g-principal fibration sequence
(3.7) for the case K = R. This proves (i) and (ii) for the case K = R. Since
Gsr =~ (Z3)"™™, qur is a covering projection with fiber (Z,)"™™ and we
obtain (iii). O

Definition 3.5 (c.f. [27], (5.26)). Let n > 2, and let ¥ be a fan in R™
defining smooth toric variety Xy such that the condition (2.19a) holds.

(i) Let Kx(n) denote the simplicial complex on the index set [r] X [n]
defined by

(3.8) Ks(n)={rC[r] x[n]:0x[n] ¢ 7 for any o € I(Kx)}.
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(ii) For each (7,7) € [r] x [n], let m;; € Z™ denote the lattice vector
defined by

i (k=7

(3.9) n;; = (a, -+, a,), where we set a, = ni ])
O (K #J)

and define a fan F,,(X) in R™ by

(3.10) F.(X) ={e, : 7€ Ks(n)},

where ¢, denotes the strongly convex rational polyhedral cone given by

(3.11) ¢y = Cone({n,;: (i,j) € 7}) = { Z Ti Mt T > 0}.

(i,5)er
Lemma 3.6. Let n > 2.
(i) If " = (SY)", there is a T"-equivariant homeomorphism

(3.12) Zieo (D", 5PN = Zie ) (D2, SY).

(ii) If TG = (C*)7, there is a Tg-equivariant homeomorphsim

(3‘13) Z’CE (Cn7 (Cn)*) = ZICZ(")(C7 (C*)

(ili) The space Zi, (D?", S*"1) is 2-connected.

Proof. (i) Let J = (n,n,---,n) € N" and let Kx(J) denote the simplical
complex on the index set [r] x [n] defined by [6, Definition 2.1].” Then it
follows from [6, Definition 2.1] that the following equality holds:

(3.14) Lnin(Ks(J)) = {7 x [n] : 7 € Iin(Ks)}.
Hence, by (3.1) and (3.8), we obtain the following equality:
Ks(J)={c Clr] x[n]:7x[n] ¢ o for any 7 € I,,in(Ks)}.

Thus, we have Kx(J) = Ks(n) by (3.14). Hence, by [6, Theorem 7.5], there
is a T"-equivariant homeomorphism Zy (D**, S*"1) = Zi ) (D? S), and
the assertion (i) follows.

"More precisely, if we set (K,m) = (Ks,r) and J = (j1,j2, -+ ,j4r) = (n,n, -+ ,n)
(r-times) in the notation of [6, Definition 2.1], we obtain a simplicial complex K (J) on
the index set [r] X [n].
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(i) By [27, (5.32)] that there is a homeomorphism
Ziy (C, (CM)) = Z’CICz(n)<C7 C).

One can easily check that this homeomorphism is Tf-equivariant, and we
obtain assertion (ii).

(iii) It follows from (i) and (ii) that there are the following homotopy
equivalences

Zie, (D>, 5771 2 Zie (C, (C")*) 2 Ziey(n) (C, C*) 2 Ziey () (D?, 5.

Since the moment-angle complex Zi, ) (D?, S*) is 2-connected by [7, Theo-
rem 6.33], the space Zx,.(D*", S*"~1) is also 2-connected. O

Definition 3.7 ([11]). Let ¥ be a fan in R™. Then a cone o € ¥ is called
smooth if it is generated by a subset of a basis of Z™.

Lemma 3.8 ([11]). Let Xy be a toric variety determined by a fan 3 in R™.
(i) Xx is compact if and only if R™ =, 5 0.
(ii) Xy is smooth if and only if every cone o € 3 is smooth. O

Lemma 3.9. Let n > 2. Then the space Xx(n) is homeomorphic to the
smooth toric variety Xp, ) associated to the fan F,(X), and Ks(n) is the
underlying simplicial complex of the fan F,(%).

Proof. To see this, consider the toric variety Xp, (x) determined by the fan
F,(X). By considering the homogenous coordinate representation of Xp, (s,
we easily see that there is a homeomorphism Xp, vy = Xx(n). Moreover,
one can easily show that Xp, (v is non-singular (by using Lemma 3.8). Thus,
Xp,(x) Is a smooth toric variety. Moreover, by (3.10) we easily see that Ky (n)
is the underlying simplicial complex of the fan F,,(X). O

Corollary 3.10. Let X be a fan in R™ defining smooth toric variety Xs, such
that the condition (2.19a) holds.

(i) The map Qg ¢ : Q2 (C*, (C")*) — QXx(n) is a universal covering
(up to homotopy) with fiber Z."~™.

(i) The map Qqng : QZx. (R, (R™)*) — QX5 g(n) is a homotopy equiv-
alence.

(iii) There is the following fibration sequence (up to homotopy)

(3.15) To" s X(n) — DJ(Kx(n)).
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Proof. (i) It follows easily from Lemma 3.4, that the map Qg, ¢ is a covering
projection with fiber Z"~™. Since QQP*(C) is simply connected (by (i)),
2g,,c is a universal covering with fiber Z"~™.

(ii) The assertion (ii) easily follows from (iii) of Lemma 3.4.

(iii) The assertion (iii) follows from Lemmas 3.6, 3.9 and [24, Proposition
44]. O

Lemma 3.11 ([24]; Lemma 3.4). If the condition (2.19a) is satisfied, the
space Xy, is simply connected and mo(Xx) = Z7~™. ]

We end this section with a proof of Lemma 2.7.

Proof of Lemma 2.7. Consider the map F' = (F},--- , F,) is given by (2.17).
We let K = C, as the proof for K = R is completely analogous. It suffices
to show that F(A\x) = F(z) up to Gy c-action for any (A, ) € R* x (R**t1\

{05+1}) lff 22:1 dknk = Om
Since all homogenous polynomials { fx;}7_, have the same degree d;, for
each (\, z) € R* x R**!

Fi(Az) = (fui(Ae), -, fas(A2)) = A fra(®), - A foi())
=X (fra(®), -+, faa(®)) = X0 Fy().
Thus, we have
F(zx) = (F1(\x), -, F.(Ax)) = \*Fy(x), -, A" F,(x))
= (Adlv T 7)‘dT) (Fi(@), - F(w) = (Adla T ’)‘dr) ().

Hence, it remains to show that (A%,---  A\%) € Gy for any A € R* iff
> ey demy = 0,,,. However, (A% .-+ \%) € Gy ¢ for any A € R* iff

[t frem = \&ierdemom) — 1 for any m € Z™ & Y dimy = 0y,
k=1 k=1

and this completes the proof. Il

The following result easily follows from the proof of Lemma 2.7.
Corollary 3.12. If D = (dy,--- ,d,) € N" and Y, _, dymy, = 0,,,

(3.16) (A A2 N € Gy for any A € K*. O
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4 The Vassiliev spectral sequence

4.1 Simplicial resolutions. First, recall the definitions of the non-degenerate

simplicial resolution and the associated truncated simplicial resolution ([22],
(28], [29]; [33], [34]).

Definition 4.1. (i) For a finite set v = {vy,--- , v} C RY, let o(v) denote
the convex hull spanned by v. Let A : X — Y be a surjective map such that
h='(y) is a finite set for any y € Y, and let i : X — R" be an embedding.
Let X2 and h® : X2 — Y denote the space and the map defined by

(4.1) X2 ={(y,u) e Y xRY :uea(i(h(y)))} CY xR, h?(y,u) =y.

The pair (X2, h?) is called the simplicial resolution of (h,i). In particular, it
is called a non-degenerate simplicial resolution if for each y € Y any k points
of i(h™1(y)) span (k — 1)-dimensional simplex of RY.

(ii) For each k > 0, let &> C X2 be the subspace of the union of the
(k — 1)-skeletons of the simplices over all the points y in Y given by

(42) X2 ={(y,u) € X*:ueco(v),v="{v, - ,u} Ci(h'(y),l <k}

We make the identification X = X2 by identifying * € X with the pair
(h(z),i(z)) € X, and we note that there is an increasing filtration

(43) f=xpcX=xPcapc..cxtc..cla=a"
k=0

Since the map h® : X2 — Y is a proper map, it extends to the map hﬁ :
X f — Y, between the one-point compactifications, where X, denotes the
one-point compactification of a locally compact space X. Il

Definition 4.2. Let h: X — Y be a surjective semi-algebraic map between
semi-algebraic spaces, j : X — RY be a semi-algebraic embedding, and
let (X2,h® : X* — Y) denote the associated non-degenerate simplicial
resolution of (h,j). Then for each positive integer k& > 1, we denote by
he : X2(k) — Y the truncated (after the k-th term) simplicial resolution of
Y asin [29]. Note that that there is a natural filtration

XpCcXpc - CXPCXy CCXP CXiy =X == X2Kk),

where X8 =0, X = X2 if | < k and X2 = X2(k) if [ > k. O
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4.2 Vassiliev spectral sequences. Next, we shall construct the Vassiliev
spectral sequence for computing the homology of the space Q¥ (K).

From now on, we always assume that ¥ is a fan in R™ such that Xy is
simply connected toric variety satisfying the condition (2.19a). Moreover, let
D = (dy, - ,d,) € N" will always be a fixed r-tuple of positive integers.

Definition 4.3. (i) For each d € N, let PX C K[z] denote the space of all
monic polynomials f(z) = 2¢ + a;2%' + -+ + a4 € K[z] of degree d. Then

for each D = (dy, -+ ,d,) € N”, let PX denote the space of r-tuples of monic
polynomials defined by
(4.4) P =Py x Py x - x P} .

(ii) For each f = (fi(2), -+, fr(2)) € P}, let F,,)(f)(z) denote the rn-
tuple of monic polynomials defined by

(4.5) Fioy(£)(2) = (Fu(f1)(2), -+ Fu(fr)(2)) € K[2]™

where we denote by F,(f;)(z) the n-tuple of monic polynomials of degree d;
given by

(46) Fu(f)(2) = (fi(2). fi(2) + Fi(2), file) + f(2), - i) + 77 (2)

for each 1 <1 <r (as in (2.22)).
(iii) Let ¥p denote the discriminant of QP*(K) in PX given by the com-
plement

Sp =Pp\ Q" (K)
={f=(fi(2), -, fr(2)) € P} : Fiy(f)(z) € LE*(K) for some = € R},
where LX=(K) denotes the set given by K = Ky in (2.5).

(iv) Let Zp C ¥p x R denote the tautological normalization of ¥p con-
sisting of all pairs (f,z) = ((fi(2),..., fr(2)),z) € Ep x R satisfying the
condition F(,)(f)(z) = (F.(f1)(x), -, F.(fr)(x)) € LX*(K). Projection on
the first factor gives a surjective map np : Zp — Xp. O

Remark 4.4. Let o € [r] for K = 1,2. It is easy to see that L, (K") C
Ly, (K") if o1 D 09. Letting

Pr(¥)={oc={i1, - ,is} C[r] : {my,,--- ,m,} is a primitive collection},
we see that LK (K) = U L,(K"), and by using (2.38) we obtain the

cePr(x%)
equality

(4.7)  dim L**(K) = nd(K)(r — rum(2)) = {271(7‘ —roin(X)) I K=C,

n(r—rmn(2)) i K=R.
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Our goal in this section is to construct, by means of the non-degenerate

simplicial resolution of the discriminant, a spectral sequence converging to
the homology of QY*(K).

Definition 4.5. (i) For an r-tuple D = (dy,- -+ ,d,) € N" of positive integers,
let N(D) denote the positive integer given by

(4.8) N(D) = dy.
k=1
(i) For each based space X, let F/(X,d) denote the ordered configuration
space of distinct d points in X defined by
(4.9) F(X,d) ={(z1,-- ,24) € X 2; £ xif i #j}.

Note that the symmetric group S; of d-letters acts on F(X,d) freely by
permuting coordinates. Let Cy(X) denote the unordered configuration space
of d-distinct points in X given by the orbit space

(4.10) Cua(X)=F(X,d)/S,.
(iii) Let Lyxx C (R x LF=(K))* denote the subspaces defined by
Lisx = {((x1,51), -, (@, 5)) € (R x Ly=(K)* sy # ;i 0 # .

The symmetric group Sy on k letters acts on the space L.y x by permuting
k-elements., and let Cj.5,x denote the orbit space defined by

(411) Ck;E,K = Lk;E,K/Sk-

Note that the space C.xx is a cell-complex of dimension (by (4.7))

k+2kn(r — rp(X)) it K=C,

4.12 dim Chox . =
(4.12) kK {k+kn(r—rmm(z)) ifK = R.

(iv) Let (XP, 75 : XP — ¥p) be the non-degenerate simplicial resolution
associated to the surjective map 7p : Zp — ¥p with the natural increasing
filtration as in Definition 4.1,

h=xcalcalc-.cx’=Jx’ O
k=0

24



By [33 Lemma 1 (page 90)], the map 7% extends to a homology equiv-
alence 75, : XP 5 Yp,. Since XP /xR = (AP \ X2y, we have a

spectral sequence
(4.13) {ErS,dy: BEY — Epp T = HM (25 2),

where Eyp, = HM(XP\ XP;Z) and H*(X;Z) denotes the cohomology
group with compact supports given by H*(X;Z) = H k(X+, Z)

Since there is a homeomorphism P = KN(P) = RUKND) by Alexander
duality there is a natural isomorphism

(4.14) H(QPF(K); Z) = HIBOND)=k=1(51 . 7)) for any k.
By reindexing we obtain a spectral sequence

(4.15) {E’Zf, d': Eltc;f Eli—&—t sHt— 1} = H, ,(Q,*(K); 2),
where B}/ = gV (yD 1D 17,

Lemma 4.6. If dpin > n and 1 < k < LdT"J, the space XP \ XP | is
homeomorphic to the total space of a real affine bundle {p ., over Cixx
with rank lp g, = d(K)(N(D) — nrk) + k — 1.

Proof. Since the proof is completely analogous to that of [27, Lemma 4.9,
we omit detail of the proof. m

Lemma 4.7. Ifdyi >nandl1 <k < | "‘”‘J there is a natural isomorphism

El?f >~ [gaEnk=s(Cp s s +7),

where the twisted coefficients system +7 comes from the Thom isomorphism.

Proof. Suppose that 1 < k < Ld“T“J By Lemma 4.6, there is a homeomor-
phism (X \ X2 ), 2 T(épy.), where T(Ep k) denotes the Thom space of
Epkn- Since (A(K)N(D) +k —s—1) —lpgn = dK)nrk — s, the Thom

isomorphism gives a natural isomorphism
E}igl ~ Hd(]K) (D )+k_s_1(T<§d,k,n>;Z> ~ ]_Iéi(]K)nrk—s(C«k;EJK;:]:Z)7

and the assertion follows. O
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5 Stabilization maps

We will now define two stabilization maps

. OD.T D+a,3
(5.1) {SD’D+a 1 Q(C) = Qy (C) for each @ # 0, € (Z>y)".

Sh.ora P QT (R) = QU (R)

Definition 5.1. (i) For an r-tuple D = (dy,--- ,d,) € N", let Up C C denote
the subspace defined by

(5.2) Up ={w e C:Re(w) < N(D)},

and let pp : C = U p be any homeomorphism (which we now fix) satisfying
the following two conditions:

(5.3)  ¢p(R) =(—00,N(D)) and ¢p(a@) = ¢p(a) forany a € Hy,

where N (D) is the positive integer given by (4.8), and H,; C C denotes the
upper half plane in C given by

(5.4) Hi ={aeC: Im a > 0}.

(ii) Now let us choose and fix any r points (z1,---,x,.) € (C\ Up)"
satisfying the condition z; # z; if © # j.

For each monic polynomial f(z) = HZ:l(Z — ay) € Clz] of degree d, let
©p(f) denote the monic polynomial of the same degree d given by

(5.5) eo(f) =[]z — enlaw)).

k=1
(ili) For each r-tuple @ = (a1, --- ,a,) # 0, € (Z>o)", define the stabiliza-
tion map
(5.6) sp.p+a 1Qy 7 (C) = QFH(C) by
sp,p+alf) = (ep(fi1)(z —x1)™, - op(fr)(z — 2,)")

for f = (f1(2), -+, fr(2)) € Q7(C).

Remark 5.2. (i) Note that the definition of the map sp pi, depends on the
choice of the homeomorphism ¢p and the r-tuple (zq,---,2,) € (C\ Up)"
of points, but one can show that the homotopy type of it does not depend
on these choices.
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(ii) Let @, b € (Z>p)" be any two r-tuples such that a,b # 0,. Then it
is easy to see that the equality

(5.7) (8D+a,D+a+b) © (5D,D+a) = 5D,D+at+b (Up to homotopy)

holds. Thus we mostly only consider the stabilization map sp pye, for
each 1 < ¢ < r, where e; = (1,0,---,0),e5 = (0,1,0,---,0),--- , e, =
(0,0,---,0,1) € R" denote the standard orthogonal basis of R".

(iii) From (5.3) it easily follows that

(5.8) ep(f) R[] if f= f(z) € R[z].

Thus, for each r-tuple @ = (ay,--- ,a,) # 0, € (Z>o)", one can easily show
that the following holds:

(5.9) sp,p+a(Qr " (R)) C Q77 (R).

Definition 5.3. By (5.9), one can define the stabilization map

(5.10) Sh.pra: QF7(R) = QYT**(R) by the restriction
SHJ%,DM = 5D,D+a’QE’E(R)~

Remark 5.4. From the definition (5.6) and (5.8) we see that the following
equality holds:

(5.11) 5%’D+a = (sp.pia)®® foreach a #0, € (Zso)". O

6 Homology stability

We will now consider homology stability of the space QP> (K).

6.1 The case K = C. First, consider the case K= C. Let 1 <7 <r and
consider the stabilization map

(6.1) sp,pre t QT (C) = Q7T (C).
It is easy to see that it extends to an open embedding
(6.2) spit Cx Q. (C) — Q. 7¥(C)

by adding the points from the infinity as in Definition 5.1. It also naturally

extends to an open embedding 5p; : C x Pf, — P§ . and by restriction we

obtain an open embedding

(63) §D,i ZCXZD—)ED_H%.
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Since one-point compactification is contravariant for open embeddings, this
map induces a map in the opposite direction

(64) gD,iJ’_ . (2D+ei)+ — ((C X ED)_'_ = S2 A ZD+.
We obtain the following commutative diagram

(SD,D+ei)*

Hy(QP¥(C); Z) Hy(QPF>(C); Z)
(6.5) ADllg ADng
HC2N(D)—I<:—1(ED; 7) (8D,i4)" HCQN(D)—kH(ZDJrei; 7).

Here, ADy, (k = 1,2) denote the corresponding Alexander duality isomor-
phisms and s ;, denotes the composite of the suspension isomorphism with
the homomorphism ($§p4)* given by

(6.6)  HM(Sp:Z) —Z HMP2(C x £p;Z) 2y gyves, 7).

where M =2N(D) —k — 1.
By the universality of the non-degenerate simplicial resolution [28], the
map 5Sp; also naturally extends to a filtration preserving open embedding

(6.7) §pi: Cx xP — xbte

between non-degenerate simplicial resolutions. This induces a filtration pre-
serving map

(6.8) (3pi)y s XS = (Cx &AP), = S* A XD,
and we finally obtain the homomorphism of spectral sequences

(6.9) {0}, EiY — EZVTY, where

(Bl d' B = Bl = H,(Q;%(C); Z),
(B d BT = B = He(QUHR(0) ),
Byl = HPUT P A7),

Byt = HVPTT e a5 ),

3 dmin ~1 . 1§D 11D+ VRN
Lemma 6.1. [f 1 <i<rand0 <k < [®] 0 By — By “ is an
isomorphism for any s.

Proof. Since the proof is completely analogous to that of [27, Lemma 4.13],
we omit its details. O
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Now we consider the spectral sequences induced by truncated simplicial
resolutions.

Definition 6.2. Let X* denote the truncated (after the |
simplicial resolution of ¥p with the natural filtration

dmin |_th term)

A A A A A
@ - XO C X]' C Xl_dmm/nJ C X\_dmin/nJ+1 = XLdmin/nJ+2 == X )

where X2 = XkD if £ <| "‘”‘J and X2 = X2 if k> | mmJ + 1.

Similarly, let Y2 denote the truncated (after the | %22 |-th term) simplicial
resolution of Xp., with the natural filtration

0=Y3 CYP Cr VG © Vgt = Yidyumpez = = Y5,
where Y& = X7 if k< | Gain | and YA = YA if k> [oin | 4 1.

By [29, §2 and §3], we obtain the following truncated spectral sequences

(6.10) {EZ;’S, d': E,?S Eltgft s+t—1 = H,_+(Q*(C); Z),
{ ’EZ”E, d /Elte’,E /Ek—i-t,s-i-t—l} = H, ,(QP+«*(C); Z),
where

El;(c _ HgN(D)—&-k—l—s XA\ X2 .7
(6.11) , kifc 2N(D)+k+1—s< Z\ iﬁl’ )
Ek,s = H: Yo\Y2;Z).

By the naturality of truncated simplicial resolutions, the filtration preserving
map Sp; : C x XP — xP+e gives rise to a natural filtration preserving
map 35, : C x XA — Y2 which, in a way analogous to (6.9), induces a
homomorphism of spectral sequences

(6.12) {0, B — "B}
Lemma 6.3. (i) Ifk <0 ork > |%uin| 42, E,i;c = ’E;;C =0 for any s.
(i) Eyy = 'Egly =Z and Egyy = 'Eyy =0 if s # 0.
(i) If 1 < k < [9min ]|, there are isomorphisms
EJT = "B = HM (Ol £7).
(iv) If 1<k < L%J, E;;C = ’E;;C =0 for any s < (2nrym(2) — 1)k — 1.
(v) Ifk = Ld"““J~|—1 E;;C ’E;;C =0 for any s < (2nruim(X)— 1)Ldrﬂfj—1.
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Proof. Let us write 7min = (X)) and d ;= [%=]. Since the proofs of

min n
both cases are identical, it suffices to prove the assertions for E,i;c
(i), (ii), (iii): Since X2 = X2 for any k > d/;, + 2, the assertions (i) and

(ii) are clearly true. Since X5 = XP for any k < d.;,, the assertion (iii)
easily follows from Lemma 4.7.
(iv) Suppose that 1 < k < d. ;. By using the equality (4.12),

2nrk — s > dimCry < s < (2nrp, — 1)k — 1.

Thus, the assertion (iv) follows from the isomorphism given by (iii).
(v) By Lemma [29, Lemma 2.1], we see that

dlm(X‘ﬁnm—’—l \ XdA:nin) - dlm(}c’fmm \ Xd?nin_l) —I— 1 - lD’d;nin’n + dlm C'd;nin;E + 1
=2N(D) +2d.;, — 2nrmind,

min min*

_ HCQN(D)'*‘d/min_S(XC%

. 1;C
Since E, s =

min

+1\X@nin;Z) (by (6.11)) and

min

2N (D) + dinin — s> dim(XdA/' +1 \XC?'A ) =2N(D) + Qdirnin - 2nrmind;nin

< s < (2nrmin - 1>d;n1n S é (2nrmin - 1)d;nin -1,
we see that E;,;C 115 =0 for any s < (2nrp, — 1)d,,, — 1. [l

min

Lemma 6.4. [f0 <k < [dmn] gl - EJS = 'EyC is an isomorphism for

n
any s.

Proof. Since (X2, V%) = (AP, &P for k < [ |, the assertion follows

from Lemma 6.1. ! O

Theorem 6.5. For each 1 <1 < r, the stabilization map

5.0yt QT (C) = QF4(C)
is a homology equivalence through dimension d(D;>,n,C).

min
6.3. Without loss of generality, we may assume that d;, >n > 1.

Let us consider the homomorphism 6 : E,t;;c - E,if of truncated
spectral sequences given in (6.12). By using the commutative diagram (6.5)
and the comparison theorem for spectral sequences, we see that it suffices to
prove that the positive integer d(D; X, n,C) has the following property:

Proof. We write Tyin = min(2) and d;, = L%J as in the proof of Lemma

() O;5, is an isomorphism for all (K, s) such that s — k < d(D; ¥, n,C).
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By Lemma 6.3, we can easily see that:

(h if k<Oork >d,;, +1, 07, is an isomorphism for all (k,s) such that

s—k <d(D;%,n,C).

Next, assume that 0 < k < d/ ., and investigate the condltlons that
ensure that 677 is an isomorphism. Note that the groups Ek ., and ! E,i CS
are not known for (u,v) € & = {(d;,, + 1 ,S) EZ% s> (2nrmm — 1) mm}
By considering the differentials d'’s of E,c . and’ E,i ;C, and applying Lemma

6.4, we see that 6 _ is an isomorphism if (k; s) ¢ 81 US,, where
So={(u,v) € Z%: (u+1,v) € S} = {(dy,v) € Z* 1 v > (2070 — V)i -

A similar argument shows that 6} is an isomorphism if (k,s) ¢ U, S,
where S3 = {(u,v) € Z*: (u+2,v+1) € S; U 82} Contmuing in the same
fashion: considering the dlfferentlals d'’s on E and ! E and applying the
inductive hypothesis, we see that 077 is an 1somorphlsm if (k,s) ¢ S :

U S; = U A;, where A; denotes the set

t>1 t>1

There are positive integers [y, --- ,l; such that

Ar=Q () €Z? | 1<k <ly<-- <l ut >l =dy, +
v+ Z] 1<l - 1) (QTLT’mm - )d;mn

Note that if this set was empty for every ¢, then, of course, the conclusion

of Theorem 6.5 would hold in all dimensions (this is known to be false in
general). If A, # (), it is easy to see that

a(t) =min{s — k : (k,s) € A} = 2nrypm — 1)d;, — (dly +1) + ¢

min min

= (2nrpm — 2)d.;, +t—1=d(D;%,n,C) + ¢+ 1.

min

Hence, we obtain that min{a(t) : t > 1, A, # 0} = d(D; %, n,C) + 2. Since
07, is an isomorphism for any (k,s) ¢ U, A; for each 0 < k < d;,, we
have the following:

(T)2 IF0 <k < djy,, 07, is an isomorphism for any (k, s) such that s — k <

d(D;%,n,C) + 1.

Then, by (1); and (t)2, we know that 6, i LBy © ’E,C:OSC is an isomorphism
for any (k,s) if s — k < d(D;%,n, (C) Hence by (1) we have the desired
assertion and this completes the proof of Theorem 6.5. O

Corollary 6.6. For each a # 0, € (Z>)", the stabilization map
sp,pra: Q7 (C) = QF*%(C)

is a homology equivalence through dimension d(D;X,n,C).

Proof. The assertion easily follows from (5.7) and Theorem 6.5. ]
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6.2 The case K = R. Next, we shall consider the case K = R. By using
exactly the same approach as in Lemmas 4.6, 4.7, 6.1, 6.3, 6.4, Theorem 6.5,
and Corollary 6.6, we can obtain the following result.

Lemma 6.7. There is the following truncated spectral sequence
(6.13) {(BS.d B = B ) = Hew(QDF(R); Z)
satisfying the following conditions:

(i) Ifk <0 ork> %] 42 E;;R—Oforanys

(ii) Eé(ﬂf—Zand B —0ifs#0.

(iii) If1 < k < [%=in |, there is a natural isomorphism

EyS = HI™ 8 (Crys s 7).

(iv) If1 <k < [%2in |, E7Y =0 for any s < (nrmn(X) — 1)k — 1.

(v) If k= [%mn] 41, E,iﬂf =0 for any s < (nrpmm(X) —1)|

dmin | — 1. [
Theorem 6.8. For each a# 0, € (Z>)", the stabilization map
Spova’ Qu T (R) = Q) **(R)

is a homology equivalence through dimension d(D; ¥, n,R), where d(D; ¥, n,R)
denotes the integer given by (2.37).

Proof. This assertion can be proved by using the spectral sequence (6.13) in
exactly the same way as in the case of QY*(C), so we omit the details. [

7 Connectivity

Lemma 7.1. (i) The space QP'*(C) is simply connected.
(ii) If n > 2, the space QP*(R) is simply connected. If n = 1 and
Tmin(X) > 3, the fundamental group 7 (QP*(R)) is abelian.

Proof. Note that an element of 7(QY*(K)) can be represented by an r-
tuple (n1,---,n,) of strings of r-different colors where each 7, (1 < k < r)
has total multiplicity di, as in the case of strings representing elements of the
classical braid group Bry = m1(Cy(C)) [19]. However, in our case an r-tuple
(m1, -+, ) of strings of r-different colors can move continuously representing
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the same element of the fundamental group,® as long as the following situation
(%), does not occur for each o = {iy,--- ,is} € I(Kx):

(%), The strings {n;}ic, of s-different colors with multiplicity > n pass
through a single point of the real line R.

(i) In the case K = C, we can continuously deform the strings (1, -+ , ;)
and, if necessary, make them pass through one another in C\ R, so that any
collection of strings can be continuously deformed to a trivial one. Thus, the
space QP¥(C) is path-connected and simply connected.

(ii) Let K = R. If n > 2, a similar argument as above shows that the
fundamental group must be trivial, since any string of multiplicity > n can be
split into stings of multiplicity less than n (by the continuous deformation).
Thus, the space QP"*(R) is path-connected and simply connected if n > 2.

Next, consider the case n = 1 with r,;,,(X) > 3. Then the space Q? ’E(]R)
is path-connected and 7 (QY”(R)) is commutative. To see this, let a,b €
m(QP”(R)) be any two elements, and suppose that r-tuple (7, --- ,7,) of
strings of r-different colors which represents the product a-b € m (Q2*(R)).
Let 0 € I(Ks) and {i,j} C o. Since card(c) > mu(X) > 3 (by (3.3)),
there is some number k& € o such that £ ¢ {i,j}. But this means that
the i-th string and the j-th string can pass through one another on the real
line, as long as they both don’t pass through the k-th string at the same
time. By using this fact, we see that the i-th string and the j-th string
can pass though one another and change the order on the real line (by the
continuous deformation). Thus, the r-tuple (ny,---,7n,.) of strings can be
deformed continuously to an r-tuple of strings representing the product b - a.
Thus, we proved that the space QP**(R) is path-connected and 7 (Q2*(R))
is commutative if n = 1 and rp;,(X) > 3. O

Remark 7.2. The space QY*(R) is not path-connected if (n,7mim(X)) =
(1,2). But each of its path-components is simply connected.

To see this, suppose that (1, min(X)) = (1,2). Since ryi,(X) = 2, there
has to exist 0 € I(Kyx) such that o = {i,75} (by (3.3)). Since n = 1, this
means that particles on the real line corresponding to the i-th and the j-th
polynomial cannot cross one another on the real line (i.e. the i-th and the
j-th polynomials cannot have common real roots). Thus, QY (R) is not
path-connected. However, since there are no restrictions on the movement
of roots (particles) within a connected component, each path-component is
simply connected. [

8Let f(z) € R[2] be a real coefficient polynomial and o € C\ R be a complex root of
f(z) of multiplicity n,. Then @ is a root of f(z) of the same multiplicity n,. Thus, in the
case K = R, each string n; moves symmetrically along the real axis R.
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Lemma 7.3. (i) Ifk <0, ork > [%in |42 ork =0 ands # 0, E,};f =0.
(i) [f1 <k <|[%n] and s —k < (d(K)nrmn(X) — 2)k — 1, ES = 0.

(iif) Ifk =% ] +1 and s—k < (d(K)nrmin(E) = 2) [duin/n] =2, BlS = 0.

Proof. The assertions follow from Lemmas 6.3 and 6.13. n

Lemma 7.4. (i) If | %] > 2,
Hi(QY¥(K);Z) =0 for any i < d(K)nrum(Z) — 3.
(i) If [®a=] =1,
H(QPH(K); Z) =0 for any i < d(K)nrym () — 4.

Proof. Let us write dj;, = [ |. Consider the spectral sequences (6.10)
and (6.13). Define the integer a(k) by

a(k) = (dK)nrpm(X) — 2)ng(k) —e(k) foreach 1 <k <d . +1,

min

where ng(k) and €(k) denote the integers given by

(k,1) if1<k< dimn,
(d ith=d

min’ ) min

(no(k), e(k)) = {

Then, by Lemma 7.3, we see that E,iﬂj = 0 for any (k,s) # (0,0) if s — k <
mo = min{a(k) : 1 < k < d., + 1} is satisfied. Hence, H,(QP>(K);Z) = 0

for any k < mg. We also see that

mo =min{a(k): 1 <k <d , +1}= min{a( yya(d, + 1)}

B A(K)nrpm(X) =3 if d,, >
N dK)nram (D) —4 i d —1.

min
Hence, we obtain the assertions (i) and (ii). O

Corollary 7.5. (i) If n > 2 and |%2i2| > 2, QP¥(C) is (2nrmm(E) — 3)-
connected.

(ii) If n > 2 and |%i= | =1, QP*(C) is (2nrmin(Z) — 4)-connected.

(iii) If n = 1 and duim > 2, QP=(C) is (2rmi(X) — 3)-connected.

(iv) Let n = dpin = 1. Then QP*(C) is (2rmn(X) — 4)-connected if
rmin(2) > 3, and it is simply connected if i (3) = 2.
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Proof. Since QP*(C) is simply connected (by Lemma 7.1), the assertions
follow from the Hurewicz Theorem and Lemma 7.4. [

Corollary 7.6. (i) Letn > 2 and | %2 | > 2. Then QP*(R) is (nrmm(X)—3)-
connected.
(ii) Let n > 2 and | %= | = 1. Then QP>(R) is (nrum(X) — 4)-connected

n

if nrmin(X) > 5. and it is simply connected if n = ryin(2) = 2.
(iii) Let n = 1, dpin > 2. Then QP=(R) is (rum(X) — 3)-connected if

et n = dpin = 1. Then QP*(R) is (rum(X) — 4)-connected if

Proof. If n =1 and ry;,(X) > 3, the group m (QP*(R)) is commutative (by
Lemma 7.1), and there is an isomorphism 7 (QY*(R)) & H,(QY*(R);Z).
Thus the assertions follow from Lemmas 7.1 and 7.4. [

Corollary 7.7. (i) If the condition (1.6a) holds, the space QP*(C) is simply
connected.
(ii) If the condition (1.6b) holds, the space QP*(R) is simply connected.

Proof. The assertions follow from Lemma 7.1 and Corollary 7.6. O

Corollary 7.8. Let a # 0, € (Z>)".
(i) If the condition (1.6a) holds, the stabilization map

sp,ptat QT (C) = QrF*(C)

is a homotopy equivalence through dimension d(D; 3, n,C).
(ii) If the condition (1.6b) holds, the stabilization map

Sp.ovat QT (R) = Q) **(R)

is a homotopy equivalence through dimension d(D; 3, n,R).
(iii) If the condition (1.6b) holds, the stabilization map

SD.D+a - Qg,z((c) - Q7€)+a’2(@)
is a Zo-equivariant homotopy equivalence through dimension d(D;3,n,R).

Proof. The assertions (i) and (ii) follow from Theorem 6.8, Corollaries 6.6
and 7.7. Since d(D;X,n,R) < d(D;%,n,C) and (sp,pia)™ = SP pya, the
assertion (iii) follows from (i) and (ii). O
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8 Scanning maps

In this section we study a configuration space model of QP*(K) and the
corresponding scanning map.

8.1 Configuration space models. First, consider the following configu-
ration space model of Q2*(K).

Definition 8.1. For a positive integer d > 1 and a based space X, let SP(X)
denote the d-th symmetric product of X defined as the orbit space

(8.1) SPY(X) = X?/8,,

where the symmetric group S, of d letters acts on the d-fold product X¢ in
the natural manner.

Remark 8.2. (i) Note that an element n € SP?(X) may be identified with
a formal linear combination

(8.2) n = anxk,
k=1

where {z;}$_; € Cs(X) and {n;};_; C Nwith > ;_, nj, = d. In this situation
we shall refer to ) as a configuration (or 0-cycle) of points, the point z; € X
having a multiplicity ny.

(ii) For example, when X = C, we have the natural homeomorphism

(8.3) ¥q : P§ =5 SPY(C)

given by using the above identification
(84)  ¢a(f(2)) =) drax  for f(2) =T[;_,(z —ap)®* €PS. O
k=1

Definition 8.3. (i) For a closed subspace A C X, let SP4(X, A) denote the
quotient space

(8.5) SP4(X, A) = SPY(X)/ ~
where the equivalence relation ~ is defined by

(8.6) E~neEN(X\A)=nn(X\A) for&ne SPYX).
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Thus, the points of A are ignored. When A # (), by adding a point in A
we have the natural inclusion SP4(X, A) € SP*!(X, A). Thus, when A # 0,
one can define the space SP* (X, A) by the union

(8.7) SP*(X, A) = | J SPY(X, A),

d>0

where we set SPY(X, A) = {} and () denotes the empty configuration.
(ii) From now on, we always assume that X C C. For each r-tuple
D = (dy, -+ ,d,) € N, we let SP”(X) = [[_, SP%(X) and define a space
s
D,n(X) by

(88)  Qp.(X)={(&. - ,&) € SPP(X) : the condition (x)3 holds},
where the condition (*)* is given by

(*)y : The configuration ([, &) NR contains no point z € X of multiplicity
> n for any o € I(Ky).

(iii) When A C X is a closed subspace, define an equivalence relation
“~” on the space Qp ,(X) by

(e &) ~ (oo omy) 3 GN(XNA) =m0 (X A)
for each 1 < j <r. Let Q%,n(X, A) be the quotient space defined by
(8.9) Qp (X, A) = Qp ,(X)/ ~.

When A # (), by adding points in A we get a natural inclusion
(8.10) Qpn(X,A) C QF e n(X,A) foreach1<i<r,

where D + e; = (dy, -+ ,di—1,di + 1,diy1,- -+, d;).
Thus, when A # (), one can define a space QF(X, A) as the union

(8.11) QX A) = | 9.(X. 4,

DeNr
where the empty configuration (0, --- ,0) is the base-point of Q' (X, A).

Remark 8.4. (i) Let D = (dy,--- ,d,) € N". Then by using the identifica-
tion (8.3) we easily obtain a homeomorphism

QP¥C) 2 5 a(C)
(f1(2)s o o frl2) —— @a,(fi(2)), - 00, (fo(2)))
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(i) Now let ¢p : C — Up and zp = (xpi1, - s2p,) € F(C\ Up,r) be
the homeomorphism and the point used in defining the stabilization map sp
given in Definition 5.1. We define a map

(813) SE : Q%,n(c) — Q%—l—e,n((c) by
sp(&r, -+, 6) = (pp(&) + a1, -+, ep(&) + 2p,)

for (&1, ,&) € Qp ., where we write

(8.14) e=(L,1,---,1) €N,

and ¢p(&) = Sr_ meep(zy) if € = S5_ ngw € SPYC) and (ng, 73) €
N x C with Y7, ng = d.

By using the above homeomorphism (8.12), we now obtain the following
commutative diagram

QPF(C) 225 QR+e=(C)
(8.15) %Jg WMF
%,n((c) 8—D> Q%—l—e,n(c)

(iv) Note that Qp,(C) is path-connected. Indeed, for any two points
0,61 € Q5 ,(C), one can construct a path w : [0,1] = Q3 (C) such that
w(i) = & for i € {0,1} by means of the string representation used in [17,
§Appendix]. Thus the space QP*(C) is also path-connected. By choosing
the path w in a Zy-equivariant way, one can show that QP*(R) is also path-
connected if n > 2 orif n =1 and rpi(X) > 3 < (n,rmin(X)) # (1,2) (see
also the proof of Lemma 7.1 and Remark 7.2). ]

Definition 8.5. Define the stabilized space QPT>*(C) as the colimit

(8.16) QPT(C) = lim QP > (C),

k—o0

where the colimit is taken over the family of stabilization maps
(817)  {spsren+irne : Qn TOH(C) = QP EHIS(C) hixg [

8.2 Scanning maps. Now we are ready to define the scanning map. From
now on, we identify C = R? in a usual way.

Definition 8.6. For a rectangle X in C = R?, let X denote the union of the
sides of X which are parallel to the y-axis, and for a subspace Z C C = R?,
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let Z be the closure of Z. From now on, let I denote the interval I = [—1,1]

and let 0 < € < 1gooa5 be any fixed real number.

For each z € R, let V(x) be the set defined by

(8.18) V(z) = {weC:|Re(w)—z| <e¢ |[Im(w)| <1}
= (x_€7x+6)x(_171)7
and let us identify I x I = I? with the closed unit rectangle {t+ sy/—1 € C :

—-1<t,s<1}inC.
For each D = (dy,- - ,d,.) € N", we define the horizontal scanning map

(8.19) scp : Q5 ,(C) — QOY (17,01 x I) = QQ;(I*,01?)

as follows. For each r-tuple o = (&1, -+ , &) € Q%,n(C) of configurations, let
scp(a) : R — Q(I?,01 x I) = Q*(I%,01?) denote the map given by

R3z e (GNV(2),,&NV(2) € Qi (V(x),0V(x) = Q. (I 0%,

where we use the canonical identification (V(x),0V (z)) = (I, 01?).
Since hrin SCD(Oé>(ZE) - (Q)u e 7@>7 by Setting SCD<a)(OO) - (@, tee ,@)
T—r00

we obtain a based map scp(a) € QQOX(I% 01?), where we identify S* =
R U 0o and we choose the empty configuration (), --- ,0) as the base-point
of Q%(I% 1?%). One can show that the following diagram is homotopy com-
mutative:

biten(C) T QO 01%)

(8.20) s%%l I
Ssc ( e
Dt nen(C) ———=> QQN(I*,01%)

By using the above diagram and by identifying QP+ (C) with QF +ren(C),
we finally obtain the stable horizontal scanning map

(8.21) SH = Hm sep e QPTE(C) — QQ> (12, 01?),

where QPT°9%(C) is defined in (8.16).

Theorem 8.7 ([32], (cf. [15], [26])). The stable horizontal scanning map
SH . QPTeeX(C) = QQ¥ (I, 01%)

s a homotopy equivalence.
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Proof. The proof is analogous to the one given in [32, Prop. 3.2, Lemma
3.4] and [15, Prop. 2]. However, as it appears to be probably most difficult
and least familiar part of the article [32], we gave a rigorous proof in [26,

Theorem 5.6] (see also [26, Remark 5.8]). O
Definition 8.8. (i) We define the stabilized space QPT°*(R) as the colimit
(8.22) QR (R) = lim Qe H(R),

—00

where the colimit is taken over the family of stabilization maps

(8.23) {S%—er,D—i-(k—i-l)e L QUTY(R) — Q%’DHHI)Q(R)}@O'

(i) Recall that there is a Zs-action on the space QY*(C) induced from
the complex conjugation on C. Then by using (5.11), one can easily see the
following:

(8.24) QR (R) = (Q,F5(C))™.

Moreover, since s, = (spx)?? as in Remark 5.4, one can define the hori-
zontal scanning map

(8.25) S — Lim (s¢pire)™ 1 QPTOX(R) — QO (12, 0 1%)%
—00
in the same way as in (8.21).
Since QY*(R) = QY>(C)2 c QF*(C), one can identify the space

QP+°X(R) with a subspace of QP+°**(C). By means of this identification,
we can also identify

(8.26) Q. F*(R) = Q. **(C)™ and §% = S7|QF*(R) = ($")™.

Theorem 8.9 ([32], (cf. [15], [26])). The stable horizontal scanning map
(57)% s QUFS(R) =5 QOX(I2, o1

is a homotopy equivalence if (n, rmn(X)) # (1,2).

Proof. If (n,rmin(X)) # (1,2), the group 71 (QY*(R)) is an abelian group.
The proof is completely analogous to that of Theorem 8.7. O

Corollary 8.10. The stable horizontal scanning map
ST QYT¥(C) — QQ; (17, 017)
is a Za-equivariant homotopy equivalence if (n, rmim(2)) # (1,2).

Proof. The assertion follows from Theorems 8.7 and 8.9. O
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9 The stable result

In this section we prove the stable theorem (Theorem 9.2).

Definition 9.1. From now on, let a = (aj, a9, - ,a,) € N” such that
Yo akn = 0, and let D = (dy,---,d,) € N" be an r-tuple of posi-
tive integers such that 2221 dpny = 0,,. Then it is easy to see that the
following two diagram is homotopy commutative for K = R or C:

QE’E (K) M) QZ/CE (Knv (Kn)*) = QZKE (Dd(K)n7 Sd(K)n_l)
K
SD,DJral H
Q5+G’E(K) JD+an X QZIC; (Kn7 (Kn)*) ~ QZ}CE (Dd(K)n’ Sd(K)n—l)
where we set
(91) S%,D—i—a = SD,D+a ifK=C.
Hence, for K = R or C, we obtain the stabilized map

(9.2) Fpteomi : QPFOE(K) — Q2 (DI gdEn-1y,

n

where we set
(9.3) JD+oonk = UM Jpita Di(t41)aK-
t—o0

The main purpose of this section is to prove the following result.

Theorem 9.2. Let K =R or C, and let D = (dy,--- ,d,) € N" be an r-tuple
of positive integers such that ", _, dyny, = 0,,. Then the stabilized map

Dteomic  Qn TOF(K) = QZ, (DI, 5901
is a homotopy equivalence.

Before proving Theorem 9.2 we need the following definition and lemma.

Definition 9.3. Let K = R or C as before. Now we identify C = R? in
a usual way and let us write U = {w € C : |Re(w)| < 1, |[Im(w)| < 1} =
(—1,1) x (=1,1) and I = [-1,1].

(i) For an open set X C C, let FX(X) denote the space of r-tuples
(fi(2), -+, fr(2)) € K[2]" of (not necessarily monic) polynomials satisfying
the following condition (), r:
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(*)pr For any o = {iy,--- ,is} € I(Ky), the polynomials f;, (z), -, fi.(2)
have no common roots of multiplicity > n in X NR.

(ii) Let evox : FX(U) — Ziy, (K™, (K™)*) denote the map given by evalu-
ation at 0, i.e.

(9.4) evoi(f1(2), -+, fr(2)) = (Fu(f1)(0), -+, Fu(f:)(0))

for (f1(2), -+, fr(2)) € FX(U), where F,(f;)(z) denotes the n-tuple of monic
polynomials of the same degree d; given by (4.6).

(iii) Let FX(U) c FX(U) denote the subspace of all (fi(z),--- , fr(2)) €
FZX(U) such that no f;(2) is identically zero.

Let evg : FX(U) = Zx,. (K", (K")*) denote the map given by the restric-
tion

(9.5) evg = evox | FX(U).
It is easy to see that the following two equality holds:
(9.6) evg = (eve)™.

(iv) Note that the group Ty = (K*)" acts freely on the space FX(U) in
the natural way, and let

(9.7) px : F(U) = FX(U) [Tk

denote the natural projection, where FX(U)/Tj denotes the corresponding
orbit space.

Lemma 9.4. Let Xyx be a simply connected non-singular toric variety such
that the condition (2.19a) is satisfied.

(i) If the condition (1.6a) is satisfied, the space QPT%(C) is simply
connected. Similarly, if the condition (1.6b) is satisfied, the space QP+>**(RR)
18 simply connected.

(ii) The map evg : FX(U) — Zi, (K™, (K")*) is a homotopy equivalence.

Proof. (i) The assertion easily follows from Corollary 7.7.
(ii) For each b = (bg,b1,--- ,bp—1) € K", let fp(2) € K[z] denote the
polynomial of degree < n defined by

n—1
b — b
(98) fb(Z) = b() + E k X OZk.
k=1 ’

42



Let i : 2., (K", (K")*) — FX(U) be the inclusion map given by

(9.9) io(by, -, by) = (f5,(2), -+ f,(2))

for (by, -+, b,) € 2. (K", (K™)*). Since the degree of each polynomial f3, (2)
has at most n — 1, it has no root of multiplicity > n. Thus, the map iq is
well-defined, and clearly the equality evg o 79 = id holds.

Let f: FX(U) x [0,1] — FX(U) be the homotopy given by

f((fla e 7f7°)7t) = (fl,t(z)v e 7f1”,t(z))>

where f;,(z) = fi(tz). This gives a homotopy between the map i o evgx and
the identity map, and this proves that the map

evK FE(U) - Zi, (K", (K™")")

is a deformation retraction. Since FX(U) is an infinite dimensional manifold
and the complement of FX(U) is a closed submanifold of F(U) of infinite
codimension, it follows from [13, Theorem 2] that the inclusion

(9.10) i PRy = FR D)
is a homotopy equivalence. Hence the restriction evg = evgx o i"¥ is also a
homotopy equivalence. Il

Definition 9.5. Note that (U,oU) = (I2,01?) = (I x I,0I x I). Let

wy : BES(U) = QYU oU) = QN(I%,01?)
(9.11) R . 7R S(TT ~TT\Z 2 z
wi FRU) — QX(U,0U)%2 = QX (1%, 01?)%2
denote the natural maps which assigns to an r-tuple (fi(z), -, fr(2)) €

FX(U) (K =C or R) the r-tuple of their configurations represented by their
real roots which lie in U = I2. These maps clearly induce the maps

9.12) s BR(U) /T — Q(U,oU) = Q3 (12, 01?)
' Vi FRU) T — QR (U, 0U)™ = QR (1%, 01%)%

n

such that the following diagram is commutative:

wC . . wR
FRU)  —"= QU 00) +—— QN(T,00)" «=— F}U)

n

b | [ || b |

- e — _ oR -
Fy(U)/Te ——= Qu(U,0U) «—— Qu(U,00)" «—— F}(U)/T;
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Lemma 9.6. Any fiber of the map wX is homotopy equivalent to the space
Tk.

Proof. Any fiber of the map wX is homeomorphic to the space fib(r) con-
sisting of all r-tuples (fi(2),---, fr-(2)) € K[z]" of K-coefficients polynomials
such that each polynomial f;(z) has no root in U. It suffices to show that
there is a homotopy equivalence

(9.13) Fib(r) ~ T%.

First define the inclusion map jo : Ty — fib(r) by jo(x) = (21, -+, ;)
for € = (21, -+ ,x,) € Tk. Next, let f = (fi(2), -, fr-(2)) € fib(r) be
any element. Since 0 € U, (f1(0),---, f-(0)) € Tk. Hence, one can define
the evaluation map ¢y : fib(r) — Tk by eo(f) = (f1(0),---, f-(0)) for f =
(fi(2),- -+, fr(2)) € fib(r). It is easy to see that €y o jo = idyy.

Now consider the map jy o €9. Note that if a polynomial g(z) € K[z] has
aroot « € C\U and 0 < ¢t < 1, the polynomial ¢(¢z) has a root o/t € C\ U.
Thus, one can define the homotopy F : fib(r) x [0,1] — fib(r) by F(f,t) =
(fi(tz), -+, fr(t2)) for (f,t) = ((fi(2), -, fr(2)),t) € fib(r) x [0,1]. It is
easy to see that the map F' gives a homotopy between the maps jy o ¢y and
id fip(r). Hence, we see that the map ¢, : fib(r) — Tk is a desired homotopy
equivalence. Il
Lemma 9.7. The map w$ : FS(U) — Q3(U,oU) is a quasifibration with
fiber T%. Similarly, the map wt : FR(U) — Q>(U,0U)% is a quasifibration
with fiber Tp.

Proof. Since the proofs are completely analogous, we give one only for the
map wS. The assertion may be proved by using the well-known Dold-Thom

criterion. Recall that the base space B = Q>(U, oU) consists of r-tuple of
configurations (&, -+ ,&,) satisfying the condition

(f)s The configuration (Ngeo&x) NR N (U \ oU) contains no points of mul-
tiplicity > n for any o € I(Ky).

For each r-tuple (dy,--- ,d,) € (Z>o)" of non-negative integers, we denote
by Be<g,... <d, the subspace of B consisting of all r-tuples (&1,---,&,) € B
satisfying the condition

(9.14) deg(&x NRN(U\ oU)) <d, foreach1<k<r.

We filter the base space B by an increasing family of subspaces { B<y, ... <4, }-
It suffices to prove that each restriction

(9.15) Walwy (Bedy - <d,) : Wy (Beay - <d,) = B<ay - <,
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is a quasifibration. Its proof is essentially analogous to that of [26, Lemma
5.13] (cf. [32, Lemmas 3.3, 3.4]). The difference is only in the condition on
the configurations considered. In the case of [26, Lemma 5.13], we considered
the m-tuple (&, -+, &) of configurations which satisfies the condition (1),
where

(1)1 The configuration (N~ ;&) NR N (U \ oU) contains no points of mul-
tiplicity > n.

On the other hand, in our case, we need to consider r-tuple (&, - ,&,) of
configurations satisfying the condition (f)s. If we replace the condition in
the proof of [26, Lemma 5.13], by (f)s. we can prove that each restriction
(9.15) is a quasifibration by using the same argument. O]

Corollary 9.8. The map o< : FC(U)/Th. — Q>(U,0U) is a homotopy
equivalence. Similarly, the map v¥ : FR(U) /Ty — Q2 (U,cU)% is also a
homotopy equivalence.

Proof. Since the proofs are analogous, we give the one only for the map vC.

Let F,, denote the homotopy fiber of the map wC. It follows from [8, Lemma
2.1] that there is the following homotopy commutative diagram

Te — T¢ — *
H | |
(9.16) . ——  FSU) ", QN(T,oD)

l Pcl [
- o€ —
F, —— E5(U)/T. —— QX(U,o0U)
where all above vertical and horizontal sequences are fibration sequences.

From this diagram, we easily see that F), is contractible. Thus, v< is a
homotopy equivalence. O

Now we can give the proof of Theorem 9.2.

Proof of Theorem 9.2. Let D = (dy,--- ,d,) € N"and a = (a1, ,a,) € N

be two r-tuples of positive integers such that >, _, dyng = >, _; axny = 0y,
First, we shall prove the assertion for case K = C.

It follows from Lemma 9.4 and Lemma 3.6 that two spaces QP>*(C) and

O Zx,. (D*, 8?1 are simply connected. Thus, it suffices to prove that the

map Jp4oon,c induces an isomorphism

(=23

(JDtoonc)s : T(Q)T5(C)) — m(QZx, (D, 52"71))  for any k > 2.
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Let us identify C = R? and let U = (—1,1) x (=1,1) as before. We define
the scanning map scan : F-(C) — Map(R, ES(U)) by

(9.17) scan(fu(z), -, fr(2))(w) = (fi(z + w), -+, fr(2 + w))
for (fi(2),--- , fr(2)),w) € ES(C) x R, and consider the diagram

F(C(U) eic \ ZICZ(D2na S2n—1)

vC —

FL(U)[Te ——  Q(U,00)

This induces the commutative diagram below

%, Map(R, Zy (D2, 52071))

~

FE(C) X Map(R, ES(U))

pcl (pc)#l

FS(C)/Ty = Map(R, FS(U)/T%)

(v5) %

Map(R, Q3(U, oU))

Observe that Map(RR, -) can be replaced by Map*(S!,-) by extending from R
to ST =R U oo (as base-point preserving maps). Thus by setting

Jome : QPE(C) <5 FE(C) 298 Map*(SY, FE(U)) = QFS(U)
Tpme t EE(C) = FE(C) ™ Map*(S*, FS(U)/Tg) = QES(U)/T)

we obtain the following commutative diagram

—

QPE(C) 2mty  QEC(U) 2y Qze (D™, S

(018) =] e |
T ~ i L
2a(C) S QUES(U)/TE) —s QQE(T,0D)

If we identify QP+°°*(C) with the colimit tll>n<>10 Q7 +1an(C), by replacing D

by D+ ta (t € N) and letting ¢ — oo, we obtain the following homotopy
commutative diagram:

o —

QPr=S(C) Mty QFSU) S QFc, (D, S

(9.19) [ QPCJ

o B »C — =
QP+%(C) _Ipteome | Q(FE(U)/Tr) LN QO>(U,oU)

~
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Since (Qeve) © jprtanc = jpttanc and (Qul)o IDstanc = SCD+ta (by iden-
tifying Q. +'*(C) with the space Ej,,, ,(C)), we also obtain the following
two equalities:

(9.20) Jp+somc = (Qeve) © jprsome, ST = (Qu7) 0 Jhiconc-

Since the map evc is a homotopy equivalence, it suffices to prove that the
map

(tHe Jrocac : QuF(C) — QEFF(U)
induces an isomorphism on the homotopy group () for any k£ > 2.

Since S7 = (WE) o 54, toomc and QuE are homotopy equivalences (by
Theorem 8.7 and Corollary 9.8), the map j, 4oom,c 18 a homotopy equivalence.

Since pc is a fibration with fiber T, the map (pc induces an isomorphism
on the homotopy group mx( ) for any k£ > 2. Hence, by using the equality

(Qpc) Oj;;y(c = Jpioomc (UP to homotopy), we see that the map jpyoonc
induces an isomorphism on the homotopy group m( ) for any & > 2. This
completes the proof for the case K = C.

Next, consider the case K = R. This proof is almost identical to the case
K = C but since {lpg is a homotopy equivalence, it is actually easier.
We define the scanning map sca : FX(C) — Map(R, FX(U)) by

(9.21) sca(fi(2),-+, fr(2)(w) = (ilz + w), -+, fr(z + w))
for (fi(z),---, fr(2)),w) € FR(C) x R. Now we consider the diagram

FE(U)  —% Z,(D",5")

3@

EX(U)[Ty —— Q}(U,0U)™

1

This induces the commutative diagram below

(evr)

% Map(R, Zi,. (D", S 1))

FRC) =25 Map(R, FR(U))

pRl (PR)#J/
( R

FR(C)/Ty — Map(R, FX(U)/T) —22%5  Map(R, Q5(T, oT)%)

~
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Observe that Map(R, ) can be replaced by Map*(S?, ) by extending from R
to ST = RU oo (as base-point preserving maps). Thus by setting

Jomm i QPE(R) S5 FR(C) 2% QFR(U)
Tpmm : Q5 (C)% S FR(C) 4 Q(FR(U)/Ty)

we obtain the following commutative diagram

QPY(R) 2% QFRU) 29z (DR, S

(9.22) %l Qmﬂ:

~ R —
507 PR QMUY /Ty) —ts QQE(T,oU)™

If we identify QP+°>*(R) with the colimit tlim Q7 1ran(C)?, by replacing D
—00 ’
by D+ ta (t € N) and letting ¢ — oo, we obtain the following homotopy

commutative diagram:

QPHeoR(R) et qptu) 2%z (Dn S

(9.23) [ e

D+oo,% I oo mi R ry S ST ~T7\Z
QT (R) ——— QF(U)/Tp) —— QQ7(U,0U)™

~

—

o S — o
where we set jpiconr = M jpitanr and jp, o, = m g5 00w,
t—o0 o t—o00 »

Since (Qevr) © jp+tank = jprtank and (Qy) 0 jp e,z = (5CDita)™, We
also obtain the following two equalities:

(924)  Jproomr = (Qevr) © jproonr,  (S7)% = () 0 Jp 1o -

Since the map ewvgr is a homotopy equivalence, it suffices to prove that the
map

()= Jproenm : Q% (C) — QEF(U)
is a homotopy equivalence.

Since (S7)” = (Quy) 0 jp oo and Quy are homotopy equivalences (by
Theorem 8.9 and Corollary 9.8), the map j, 4 oom,c 18 a homotopy equivalence.

On the other hand, since pg is a covering projection with fiber (Zs)" (up to
homotopy), the map Qpg is a homotopy equivalence. Hence, by using the

diagram (9.23), we see that the map ij.;JR is a homotopy equivalence.
This completes the proof of Theorem 9.2. ]
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10 Proofs of the main results

Now we give the proofs of the main results (Theorems 2.14, 2.15, and Corol-
lary 2.16).

Proofs of Theorem 2.14. (i) Suppose that Y ,_, dyny = 0,,. Then the asser-
tion (i) easily follows from Corollary 7.8 and Theorem 9.2.

(ii) Next assume that ), _, dgny # 0,. Recall from (2.19a) that there is
an r-tuple D, = (d},--- ,d}) € N" such that >, _, djnj = 0,. If we choose a
sufficiently large integer my € N, then the condition d;, < modj, holds for each
1 < k < r. Then consider the map jp,c : QP*(C) — QZ,.(D?", S* 1)
defined by

(10.1) JD.n,C = JDon.C © SD,Dy)

where Dy = moD, = (mod}, mods,--- ,moed}) and jpn,c is given by the
composite of the following maps

jDO,n,(C

(10.2) jpmc : QPE(C) °D-Do QPo=(C) Q2 (D>, 821,

Since the maps sp p, and jp,c are homotopy equivalences through dimen-
sions d(D;%,n,C) and d(Dy; X, n,C), respectively (by Corollary 7.8 and
Theorem 2.14), by using d(D;X,n,C) < d(Dy;3,n,C) the map jp,c is
a homotopy equivalence through dimension d(D; X, n,C). ]

Proof of Theorem 2.15. (i) Suppose that Y ,_, dyny = 0,. Then the asser-
tion (i) easily follows from Corollary 7.8 and Theorem 9.2.

(ii) This is proved in an analogous way to the proof of (ii) of Theorem
2.14. Indeed, under the same assumption as in (ii) of Theorem 2.14, we define

o e o - QF () > 02, (D5 by

(10.3) JDmR = JDonR © SHE),DO'
Since d(D;X,n,R) < d(Dy;>,n,R), it is easy to see that this map is a
homotopy equivalence through dimension d(D; ¥, n, R). O

Proof of Corollary 2.16. Consider the map of composite
QZjy (D2, §2771) —— Q2 (C", (C")) —255 QXy(n).

Since (g, ¢ is a universal covering up to homotopy (by Corollary 3.10), the
assertions easily follow from Theorem 2.14. m
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