SEMICLASSICAL ASYMPTOTICS OF THE BLOCH-TORREY
OPERATOR IN TWO DIMENSIONS
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ABSTRACT. The Bloch-Torrey operator —h2A + e*®z; on a bounded smooth planar
domain, subject to Dirichlet boundary conditions, is analyzed. Assuming « € [0, 3?”)
and a non-degeneracy assumption on the left-hand side of the domain, asymptotics of
eigenvalues in the limit A — 0 are derived. The strategy is a backward complex scaling
and the reduction to a tensorized operator involving a real Airy operator and a complex
harmonic oscillator.

1. INTRODUCTION

Let € be a smooth bounded open connected set in R2. Given a small positive param-
eter h and a fixed real constant o € [0, 7], we consider the operator

(1.1) Lo = —hA+ ez

in L?(Q2), subject to Dirichlet boundary conditions. On its natural domain Dom(.%}, ) =
H?(Q)NH}(Q), the operator is closed, has non-empty resolvent set and compact resolvent.
Consequently, the spectrum is purely discrete and can be written as an infinite sequence
of complex numbers tending to +o0o in modulus or as a (possibly empty) finite sequence.
The latter cannot be a priori excluded because %}, , is non-selfadjoint unless o € {0, 7}.
Our goal is to show the existence of “low-lying” eigenvalues and derive their asymptotics
in the semiclassical limit h — 0.

1.1. Motivations. There are two sources of motivation for this work. First, the selfad-
joint situation a = 0 has been recently analysed in [11] in the context of semiconductor
devices exposed to a strong uniform electric field. Indeed, h=2.%, ¢ is the Hamiltonian of
an electron confined to a nanostructure of shape €2, subject to singularly scaled electric
potential h=2x;. The following geometric hypothesis is adopted in [11]:

Assumption 1. The minimum min{z; : € Q} is uniquely attained at a point A,
assumed to be (0,0) (without loss of generality). Moreover, the (signed) curvature rg of
09 (computed with respect to the inner normal of 2) at Ay = (0,0) is positive.

Let (An(h))n>1 denote the non-decreasing sequence of the eigenvalues of .7}, o, where
each eigenvalue is repeated according to its multiplicity. The following asymptotic esti-
mate of each individual eigenvalue was established in [11]:

Theorem 1.1 ([11]). Assume o =0 and Assumption 1. Then, for alln > 1,

(1.2) An(h) = 2h + (2n — 1)h, /% +o(h)
as h — 0, where z; is the absolute value of the smallest zero of the Airy function Ai.
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The eigenvalue splitting given by the second term containing the curvature is experi-
mentally spectacular, for it enables one to determine the shape of a convex nanostructure
by imposing uniform electric fields in various directions [17].

Second, there have been an intensive study of the operator (1.1) for the purely imag-
inary choice o = 7 in various geometric settings (and even for more general electric
potentials) [1, 6, 5, 14, 7, 12, 3, 2, 4, 13, 18|. Among the variety of physical motivations
mentioned in these references, let us point out the Bloch—Torrey equation describing the
diffusion-precession of spin-bearing particles in nuclear magnetic resonance experiments.

In particular, in [12, Theorem 1.1], quasimodes are constructed and allow to conjecture
the behavior of the eigenvalues with the smallest real part. Motivated by these construc-
tions, the behavior of the real part of the left-most spectrum has then been analyzed, see
[3, Theorem 1.6]. For our linear electric potential, we can apply, for instance, the more
general results [14, Theorem 4.1.1] and |7, Theorem 1.1], and we get the following typical
estimate’.

Theorem 1.2 ([7]). Assume o = 5 and Assumption 1. Then

2
Zlh§

2

wn

(1.3) inf Resp(Zh,a) = + o(h?)

as h — 0.

As observed in |7, Introduction]|, the lower bound in Theorem 1.2 can be proved without
Assumption 1 (see also [1, 14]).

In this article we explain the transition between a = 0 (Theorem 1.1) and o = 7
(Theorem 1.2). First of all, we show how « enters the constant coefficient in the first
term of the asymptotic expansions (1.2) and (1.3). We also aim at providing the reader
with an accurate description of the spectrum by exhibiting spectral gaps in the left-most
part of the spectrum (similarly to Theorem 1.1 in the case when oo = 0). This question
is all the more interesting that, when o € (0, ), the operator .7}, , is not selfadjoint and
therefore, classical tools and strategies such as the min-max and spectral theorems (used,
for instance, in [11]) have to be replaced by unconventional arguments. Throughout this
paper, we use the nickname Bloch—Torrey operator for (1.1) even if we also consider the

case a # 7.

1.2. Heuristics. Before stating our main results, let us explain the intuitive origin of
Theorems 1.1 and 1.2. This is also the opportunity to discuss the heuristics of our main
theorem, which is stated in Section 1.3.

When o = 0 and under Assumptions 1, due to the Agmon estimates, we can check that
the eigenfunctions associated with the lowest eigenvalues are localized near Ay. We will
see that such a localization behavior persists in some sense for certain eigenfunctions when
a € [0, 7], especially for those associated with the left-most eigenvalues when « € [O, g)
Anyway, this naively suggests to use the classical tubular coordinates near the (outer)
boundary defined through the map

(1'4) F(S, t) = 7(3) - tn(s) = (F1(37 t)7 F2<S7 t))’
where « is the arc-length parametrization of the outer boundary of 2, denoted by 0€,

and n is the outward pointing normal of €2. Let L > 0 be the half-length of 02y and
consider the torus Ty, = R/(2LZ). The map I' induces a smooth diffeomorphism from

IWith our linear electric potential, in the case a@ = 7, the analysis in [7] shows that the left-most
spectrum is determined by the left-most and right-most points of 2.
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Bs, = Tar x (0, dp) to the tubular neighborhood T, of width 5 > 0 of 9 lying inside 2.
In the coordinates (s,t), the operator (1.1) becomes

—R%(1 — tk(s))0,(1 — tr(s))0y — h2(1 — tr(s)) 1 0(1 — tr(s)) 10, + €T (s, 1),
acting in the Hilbert space L%(Bs,, (1 — tr(s))dsdt). Here the curvature function & is
defined via the Frenet formula n’ = k~'.

According to Assumption 1 (which involves I'(0,0) = Ay), we have I'y (s, t) = t+ 25>+
O'(ts* + |s|?). Since 1 — tr(s) ~ 1 when ¢ is small, this suggests to consider the operator

(1.5) Pho = —h?0% — W20} + (%52 + t) :

acting on L*(R%, dsdt), subject to Dirichlet boundary condition at ¢ = 0.

Taking profit of the analyticity (since it is linear) in the variable ¢, we make the formal
dilation t = ue™**/3. The model operator & , then becomes
1o F0S®

2
which is, up to multiplications by complex constants, the sum of a real Airy operator
and a complex harmonic oscillator, whose resolvent and spectra are rather well-known.

Heuristically, this allows us to describe the spectrum of %, , accurately in appropriate
regions of the complex plane.

(1.6) Mo =e5 (h?D? +u) + h2D? + ¢

1.3. The main result. The main result of this article is the following theorem, which
can be guessed from the heuristics of the previous section.

Theorem 1.3. Consider o € [0,2%) and R > 0 with R ¢ (2N —1),/"2. Under Assump-

2
tion 1, there exist hg > 0 such that for all h € (0, hg) the following holds. The spectrum

of Lh.a lying in the disk D(h%e%a/‘%zl, Rh) is made of exactly N = L\/QLTO + %J eigenvalues
of algebraic multiplicity 1 and they satisfy, for alln € {1,... N},

(1.7) Au(er, h) = hieZo/3z + (20 — 1)he'®/?, /% +o(h)

as h — 0. Moreover, for all o € [0, %), there exist C, hg > 0 such that, for all h € (0, hy),
we have

2
(1.8) inf Resp(Zq) = 21k cos (?a) — Chs .

S

In particular,
2 2 2
inf Resp(-Zh.a) = z1h3 cos (;) + o(h?)
as h — 0.

Theorem 1.3 is illustrated on Figure 1: there is exactly one eigenvalue (with algebraic
multiplicity) in each small circle (which has radius o(h)) and there is no spectrum in the
gray region when a € [0, %)

Remark 1.4.

(i) Theorem 1.3 gives an accurate description of the spectrum in large balls of size h
when o € [0, %’r), but it only states the one-term asymptotics of the eigenvalue
with the smallest real part when o € [0, g) When o € [O, %), we will see that
elliptic estimates using the real part of an operator (which is isospectral to £}, )

are enough to establish the semiclassical localization near (0,0) (in the Agmon
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sense) of the eigenfunctions associated with eigenvalues having a real part less than
Mhs. This localization is the key to get the lower bound (1.8). When a € [%, 33”),
these considerations must be slightly adapted by introducing a parameter S and by
multiplying the operator by e~%. This rotation is the reason why the control of
infimum of the real part is lost with our method. This aspect is discussed in more
detail in Section 1.4.

(ii) Our assumptions allow us to deal with the case o = 7 and to get the asymptotic
estimate (1.7). For more general potentials, see |7, Theorem 1.1], only the existence
of one eigenvalue in the disk is ensured (the one corresponding to n = 1). Not only
our theorem gives the existence of more eigenvalues, it also states that they are
algebraically simple and that they are the only ones in the disk. The proof of this
simplicity involves rather subtle and tedious elliptic estimates, especially to exclude
the existence of Jordan blocks.

(iii) As we explain in Section 1.5, the analysis used to establish Theorem 1.3 strongly
relies on the analyticity of V(z) = ;. However, it seems that arguments such as
analytic dilations have not yet been used to investigate the spectrum of such Bloch—
Torrey operators on domains. We believe that our method is of independent interest.
It can easily be extended to more general analytic potentials V' (still satisfying the
generic assumptions in |7, 3]) and we may even think that it could be used to deal
with smooth V' by means of almost analytic extensions.

(iv) Unfortunately, our strategy does not allow us to recover Theorem 1.2, even though,
at a formal level, (1.8) would give the appropriate lower bound when o = 7. In this
case, our analysis shows that the real parts of two networks of eigenvalues cross, see
Section 1.4.

(v) Our theorem does not say anything about the eigenfunctions (even if one could
prove that they are localized near Ay when o € [O, %)) Their accurate localization

properties (in the Agmon sense) would be quite natural to investigate.

1.4. Consequences and extensions. The analysis in this article can be used to get an

a priori location of the spectrum in the case when a € [g, %’T)

Proposition 1.5. Consider a € [g, %’T) There exists’ 3 € (O, %] with %O‘ € (6 - 5.0+ %),

C >0, and h € (0, hg) such that, for all h € (0, hg),
. 2
inf Re e"'gsp(,ﬁfh@) > zlhg cos (; — B) —Chs.
In others terms, the eigenvalues X of £, o belong to the half-plane given by
. 2 2a 4
cosBReA+sin BIm A > z1h3 cos (? — 5) — Chs.
Proposition 1.5 is illustrated by Figure 2: there is no spectrum on the left of the dashed

oblique line. In fact, in this case, there exist eigenvalues with a smaller real part (as one
can see on the same figure). They are related to the right-most part of the domain.

Assumption 2. The maximum max{z; : © € ﬁ} = T max 1S uniquely attained at a
point A;. Moreover, the curvature x; of 02 at A; is positive.

2In fact, all 8 such that (o, 3) € T works, where 7 is given in Lemma 3.3.
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We let @ = m — a and we consider a € (%’T,W] so that a € [0, %’T) Then, the affine
change of variable y = F(z) = (=21 + %1 max, T2) transforms %y, into the unitarily
equivalent operator

U Lr U= Sha+ e “Timax, Dom(Ls)=H(QNH(Q), Q=F(Q).

Therefore, under Assumption 2, we can apply Theorem 1.3 to %}, s and we get the
following.

Corollary 1.6. Consider o € (3,7| and R > 0 with R ¢ (2N — 1),/5L. Then, the

5 )
spectrum of Ly o lying in the disk D(€*y max+hie 2%/32 Rh) is made of N eigenvalues
of algebraic multiplicity 1 and satisfying, for alln € {1,..., N},

A, h) = €01 nax + hie 20/3, 4 (2n — 1)h6_i5‘/2w / % + o(h)

as h — 0. Moreover, when o € (g,ﬂ,

2 2
inf Re sp(Z,a) = c08(Q)Z1 max + 213 cos (;) +o(h

Wi

)

as h — 0.

When a € (%’T, 3?”), under Assumptions 1 and 2, Theorem 1.3 and Corollary 1.6 apply.

Therefore, we have coexistence of (at least) two networks of eigenvalues. This phenom-
enon is illustrated on Figure 2 when o € (g, ‘%’r) we see that the right-most part of €2

determines the left-most part of the spectrum.

1.5. Organization and strategy. The article is organized as follows. In Section 2,
we make the analytic dilation argument rigorous. We introduce an analytic family of
operators (%, q0)oco in the sense of Kato. To do so, we use a real dilation with respect
to the distance to the outer boundary ¢ (acting only near the boundary). This is where
we take advantage of the fact that I' (see (1.4)) is always analytic in ¢. When 0 € R,
L oo 1s isospectral to .7}, , (see Lemma 2.5). By the Kato theory, it is also isospectral
to Mo = .i”h,a’,i% (see Corollary 2.8).

In Section 3, we see that this special choice of complex parameter is particularly con-
venient since we can rather easily prove that the eigenfunctions of .#}, , associated with
eigenvalues located in a half-plane of the form Re (e"%#)\) < M hi are exponentially lo-
calized near Aj, at the scale hi near the boundary and h3 along the boundary, see
Proposition 3.5. Let us underline that, at this stage, the analytic dilation is not crucial
to prove this localisation near Ay. One could prove it for the eigenfunctions of our orig-
inal operator. The main interest of the analytic dilation will only appear in Section 4
when we establish an optimal tangential localization estimate near Ag (the scale hs is
not optimal). The introduction of the parameter $ and the constraint on o € [O, %’r)
originate from these localization arguments, which are based on ellipticity /coercivity es-
timates, induced by the complex electric potential (after the change of coordinates and
the complex dilation), see Lemma 3.4.

Section 4 is devoted to the spectral analysis of .#}, ,. When a € [O, g), the asymptotic
estimate of the infimum part of the spectrum is obtained, see Proposition 4.1 and its proof
given in Section 4.1. This proves (1.8) (see also Remark 4.4, which proves Proposition 1.5).
When o € [0, %’T), we first prove that the spectrum in the disk mentioned in Theorem 1.3

is necessarily close (essentially at a distance of order h%) to the eigenvalue of a model
operator fi,(h, @) = h3e2®/3z + (2n — 1)he™®/2, /B2 see Proposition 4.2. Then, we prove
6



that there is exactly one eigenvalue (with algebraic muliplicity 1) in these small discs (see
Proposition 4.3 and Figure 1), and we deduce Theorem 1.3.

The proof of Proposition 4.2 relies on three important ingredients. First, it requires
resolvent estimates of .4}, (we recall that .4}, is given in (1.6)), see Proposition 4.5. The
fact that we performed an analytic dilation in ¢ is a crucial help to get the control of the
resolvent (by simply estimating the real part of the operator and by avoiding semi-groups
estimates). The second ingredient is to show that the eigenfunctions associated with the
eigenvalues in our disc are good quasimodes for .4}, ., see Proposition 4.6. To do so, we
need to prove optimal localization estimates with respect to the curvilinear abscissa s (see
Proposition 4.12) — at the scale h%, and not only h3 as given by the Agmon estimates of
Section 3 — in order to estimate the remainders of order s when Taylor expanding the
electric potential. We stress that estimating the real part of .}, , is a key to get such
estimates (and that this argument succeeds thanks to the analytic dilation). Proposition
4.6 and the resolvent estimate are then enough to locate the spectrum in the small discs.

The fact that the rank of the Riesz projector is at most one requires more work. This is
where the third ingredient comes into play. We assume that this rank is at least two and
even that we have a Jordan block (in the worst scenario) and we prove that a generalized
eigenfunction also satisfies accurate localization estimates, see Section 4.4 and especially
Proposition 4.13. This part of the proof is technically more involved and it is somewhat
reminiscent of Caccioppoli estimates, see Proposition 4.14. There remains to estimate the
Riesz projectors to get a contradiction, see Section 4.5.1. To prove that the projectors
are non-zero, we consider a quasimode built from the Airy and Hermite functions, see
Section 4.5.2.

2. THE ANALYTIC DILATION

2.1. The sesquilinear form. Before introducing the main idea of this paper, let us
stress that the operator ., , from (1.1) is rigorously introduced via its sesquilinear form
defined on H;(Q) by

Lhﬁa(go,w):/V¢V_¢dx+em/x1¢$dx.
Q Q

Notice that
Re Lo (¢,9) = |[Vy|* — sup 1| 1%,
TE

which enables to apply the standard Lax—Milgram theorem. An elementary argument
shows that
SP(Lha) C{AE€C:0<ImA < (sina)supz }.
Q

2.2. An isospectral operator. Following the intuition described in Section 1.2, we
would like to perform a complex scaling in the normal variable to the outer boundary.
By doing that, we will preserve the spectrum as soon as we have a family of type (B) in
the sense of Kato [16, Chap. VII|. This will reveal some hidden elliptic properties of the
new operator.

Let 6 € (0,0y) where we recall that Jy is defined just after (1.4). The heuristic consid-
erations of Section 1.2 lead to introduce the following unitary transform %4, depending
on the real parameter 6. For all ¢ € L?(2), we let

Uy = (pravts» ey © L'(s, Jo(u)))

with Jy given by
t = Jy(u) = ue™X®
7



where y is non-increasing smooth function from [0, 6] to [0, 1] such that y = 1 near 0 and
X = 0 near §. For all € > 0, we can choose y so that

1+e
21) Wl <

Note that t = Jp(u) = ue’ near 0 and that t = Jy(u) = u at a distance larger than § of the
outer boundary and that the change of variable is smooth in between. There exists 6y > 0
such that, for all § € (—o0,6y), the map Jy : (0,9) — (0,6) is smooth diffeomorphism
and, for all u € (0,9),

(2.2) Jh(u) = (1 + Buy/(u))e™ ™ > 0.
We let
(2.3) my(s,u) =1 — Jyp(u)k(s),

where £(s) is the curvature at the point of curvilinear coordinate s. Thanks to a change
of variables, we have the following.

Lemma 2.1. For all § € (—o0,6y), % is an isometry from L*(Q) to the product Ey :=
L3(Q\ T5) x L*(Bs,mg(s,u)Jy(u)dsdu). As vector spaces, we have Ey = Ey = L*(Q\
Td) X L2<B5)

Then, let us describe the effect of %4 on the form domain of the operator .%}, ,, which
is Hg ().
Lemma 2.2. We have
Uo(Hy () = {(p1,02) € H'(Q\ T5) x H'(Bs) : p2(5,0) = 0 & 1(T'(5,9)) = pa(s,0)}
= U(Hy(92)) -
Proof. Let us first notice that, by standard trace theorems, the functions ¢, is well defined
a.e. on {t = ¢} (where coordinates ¢ and u coincide), as well as ¢ o' on 0Bs. For a

smooth function ¢, we have ¢1(I'(s,d)) = ¢a(s,d) and the result follows by density and
the fact that % is an isometry. U

Let us now consider the quadratic form induced by % from Ly, 4.

Proposition 2.3. Letting, for all p € %(H}(Q)),

lraolir0) = / (WY + | ?) da
O\ T

+ / (mg?|hDspa|* + [J5) 72 [hOupa|® + €T (s, Jo(w))|p2]*)me Jy(u)dsdu,,
Bs
we have
Lio( %y ¢, Uy ) = lhao(#,9) .-
Proof. For all p € 2 (HL()), we let o = %, "o € H(Q). Let us first describe the

kinetic part:

/|hv¢|2dx:/ \WVYPdz + [ |hVY[*da
Q AV

Ts
= / |V 1| da + / (m9_2|h83g02|2 + [J)] 2| hOuip2|*)me (s, u) Jh(u)dsdu .
O\Ts Bs

Using the changes of variable x +— (s,u) on Bs for the non-kinetic part completes the

proof. O
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From Proposition 2.3, we see that %ofh,a%{l is the operator associated with ¢}, , ¢ in
the ambient space Ey (with the weighted scalar product, which depends on 6). To avoid
the 6-dependence of the ambient space through its scalar product, we can consider the
isometry

1 1
Yy (p1,mg (Jg)2p2)
)
=¢2

from L*(Q2\ Ts) x L*(Bs, mg(s,u)Jj(u)dsdu) to L*(Q\ Ts) x L?(Bs, dsdu).
Lemma 2.4. Let ¢ € U (H () and ¢ = Yoo = (p1,¢2). We have

/ (1 |1hupal® + [T hDuigal2)mo (5, ) Jy () dsdu
Bs

L
:/ (m;2|has¢2\2+[Jg]—2|hau¢2|2+h2v9(s,u)|¢212)dsdu+h2/ Wy (s)|da(s, 6)[2ds
Bs -L

where, letting X = my "*(J5) Y2 we have
Vo = m (0.0 + ()20, - 0, (g X0.X) — 0,((Jg)2X0,X)
and
Wils) = (J4)(5,0) X (5, 6)(0uX)(5,0)

Proof. This follows from two integrations by parts and from the fact that ¢,(s,0) = 0
a.e. and that Jj is constant near 0B;s. As we shall see later, the exact values of Vj and
Wy are unimportant; we only note that they are smooth. O

These considerations lead to define the following quadratic form, in the ambient Hilbert
space L2(Q2\ Ts) x L*(Bs,dsdu), for all ¢ € % (H(Q)),

Linao(os0) = / (IVr]? + oy ?) da
O\ T}

(24) + /B (m;2‘has¢2|2 + [Jé}*Q‘haungF + (eio‘Fl(s, JO(U)) + hQ‘/G(S,’U/))l(bQP)deU

L
+h2/ Wo(s)|ga(s,6)|*ds,
-L

where we recall that ¢ = Y = (1, 02).
We get the following lemma.

Lemma 2.5. The operator associated with Ly o @S Zhao = %%gﬂh@%@’l%’l. In
particular, the spectrum of the operator £, o9 is the same as that of £} 4.

2.3. Complex deformation parameters. According to our heuristic discussion, we
would like to consider complex 6 (as in the seminal paper [9]). More precisely, we would
like the family (%, q.0)0co to be analytic of type (B) in the sense of Kato, where O is a
connected open set containing ¢ = 0 and § = —i%. First, we notice that the form domain
Uy(HL(Q)) is independent of § and that, for all ¢ € % (H;(S2)),

O30 Lyag(p,p) €C

is analytic. Then, it is sufficient to check that the form L, , ¢ is sectorial and closed on
Uy (H(Q)) for § € ©.
9



Lemma 2.6. Let 0y > 0 and 3y € (0,%). Forn > 0 let us consider the rectangle

©, = (—bo,n) +i(—PFo,n). Then, if n and § are small enough, there exists ¢ > 0 such
that, for all § € ©,,, and all u € (0, 6),

Re J) ?(u) = ¢ > 0.
Proof. Writing 6 = 6, + 6, with 61,0, € R and taking u € (0, d), we notice that
T2 () = |42 = |0+ O = b Petee o

so that, by using that ¢ is small, we can write

. Bzuxl .
—2¢ arctan ( 1407 ux’ ) —2i02x

(25)  J72w) = [y = | e = |y e A)

where the argument A(u,#) is given by

Grux’
(2.6) A(u,0) = 2arctan (HQTI);X,) + 20, x.

When 6, is positive, we notice that, for all @ > 0, by choosing 7 small enough, and by
using (2.1), we have, for all 65 € (0,7), |A(u,0)| < a.
When 65 is non-positive, namely 6y € (—f, 0], we have, by using again (2.1), that

205u )’
“2By < 20y < 205y < A(u,0) < — 22 <91+ 20)[6s]|u] -
Thus,
T T
We therefore get the result by (2.5). g

Proposition 2.7. There exist ¢,C > 0 such that, for all p € U(Hi(Q)),

Re Lias(p. 0) = c|hVelg, — Cliellz, -

Proof. Thanks to (2.4), there exists C' > 0 such that the following holds: for all §,¢ > 0,
there exists C5, > 0 such that, for all p € %(Hy(Q2)),

Re Lpao(p,p) = | |hOsto|*dsdu+ [ ReJ)y ?(u)|hd,do|*dsdu

Bs Bs

+IhV ol T2 @y — ColhVéli2(s,) — Clleli, — ClellhV 2|l + Csh?|é2l)

where we used the classical estimate

L
/ 6a(s,8)ds < e[Vll? + Crellball?.
L

This concludes the proof. O
Corollary 2.8. The operators £}, o and £ o —ia/3 are isospectral.

Proof. Tt is a consequence of the analytic pertubation theory, upon observing that —i% €

©, since —f3 < —% is equivalent to v < 33 which is satisfied for all a € [0, %T’T) as soon as
{3 is close enough to 7. 0 O



3. LOCALIZATION ESTIMATES

In virtue of Corollary 2.8, we now focus on the spectral analysis of %}, o /3, for which
ellipticity properties are established in the present section.

Definition 3.1. We denote .#), o = £}, o,—ia/3 and by M, , the associate quadratic form
on Ey, see (2.4) and Lemma 2.1.

In the following series of lemmas, we show bounds from below for the potential part of

e~ P My, ., where 3 is introduced to correct a lack of coercivity of the real part when « is

larger than 7. These lemmas lead to Proposition 3.5, which provides us with a precise

semiclassical localization of the eigenfunctions of .#, ,.
The first lemma shows that the result of Lemma 2.6 remains true if we insert e=%.
Lemma 3.2. Consider a > 0 and 5 € R such that
2a s 20 T
Pty Pty g

Then, there ezists C(a, 8) >0 such that, for all u € [0, 9],

Re (e J2(u)) > C(a, B).
Proof. We have

Re(e™J;7) = Re | (1 —iZux) |

2 -1 _
— (]_ + %(UX/>2> Re |:e—i5+2fTo‘x—2iarctan(%mx’\)]

= Re [e—iﬁ—iA(u,—ia/B)}

Y

where we recall A(u,0) is defined in (2.6). Note that, by using (2.1), we have, for ¢ > 0
small enough,

T 2a 2a o 2c T
-5 < p— 5 <B - ?X+2arctan(§|uxl|) <B4+ ?(l—l—e) <3
so that Re (e~*#~*A~/3)) i5 yniformly bounded from below by a positive constant. This
gives the result. O

The following lemma is a preparation lemma in order to get the ellipticity of the electric
potential in .4}, .

Lemma 3.3. We let
2a T 20w T m
- R*xR: 8->~ I AT Toa_p<Il
T {(a,ﬁ)e xR:pj 5 > Ty B+3<2, 5 <@ 6<2}
Then sup{a : (o, B) € T} = 3?” Moreover, for all a € [0, %’T), we have (o, 75) € T. For
all a € [0, %), we have (a,0) € T. We also have that (%, ﬁ) €T for B positive and small
enough.

Proof. These estimates follow from straightforward computations, which are conveniently
supported by drawing a picture. We leave the details to the reader. U

Lemma 3.4. Assume that o € [0,3%) and consider 3 such that («,8) € T. There
exist Sg,00,¢ > 0 such that the following holds. For all 6 € (0,8y), for all (s,u) €
[_Lv L) X (Oa 5)} Zf |S| = 50, then

Re (ei(o‘_ﬁ)f‘l(s, Jo(u))) = ¢,
11



and; Zf|8’ < 50,
Re (¢ DTy (s, Jo(u))) > c(u+ s?).
Proof. Consider («, ) as in the statement. We have
Re (7T (s, Jy(u))) = Re (/)T (s, ue™'5Y)).
From (1.4), we have
Ty(s, e 8%u) = y(s) — ue™5%n, (s),

and thus, by using the Taylor expansion with respect to s near 0 and Assumption 1, we
get

Ty (s, e "5 Xu) = ue 5% + %82 + O(|s]® + us?).
Therefore,
a=p) _ @ e 3
Re (e~ (s, Jy(u )))—UCOS(O&—B—g)()—f-?S cos(a — B) + O(|s|* +us?).
Since (o, 3) € T,

T 2a

T T
T B<a-B-2x< I d—-—<a—-f<=.
;<3 “HAsa-p X ; wd —g<a-f<g

Therefore, there exist sg, dg > 0 such that, for all § € (0, d), there exists ¢ > 0 such that,
for all s such that |s| < sg and all u € (0,4), we have

Re (!PT (s, Jy(u))) > c(u + s2).
Let us now study the case when |s| > so. We first introduce
usin(@x () (5)
5 - ucos(%x<u>>n1<s>)

B(s,u) = arctan
(5u) (71(

so that . . .
Dy(s, %) = () — ey (s) |26,
We notice that when |s| > s, and choosing ¢ small enough, we have 1 (s)—u cos(§x)n1(s) =
co > 0 uniformly. This implies that
Re (@~ (5, Jo(u))) > Pya(s) — ue™"F%my (s)] cosla — § + B(s, w))
> cycos(a — B+ B(s,u)) .

From the expression of B(s,u), we deduce that, with a possibly smaller ¢, we have, for
all |s| > sy,

Re (/@ ATy (s, Jy(u))) = ¢ > 0.
This completes the proof. U

The following proposition gives Agmon type localization estimates for some eigenfunc-
tions of A, 4.

Proposition 3.5. Let a € [0, 3?”) and consider suitable parameters 3, &g introduced in
Lemma 3.4. Then for any M > 0 and 0 < § < dg, there exists hg, C > 0 such that for
all h € (0, hy), all eigenvalue X (of Mh.o) such that Re (e7#X) < Mh3 and all associated
eigenfunction ¢ = (@1, ¢2), we have

2
3. L e e [ et asau < el
O\Ts

Bs
and

2 2
/ 2T/ | oy |2da + / MW BT o) 2dsdu < Ch§|]<p|]%o .
Q\T5 Bs

12



Proof. The proof essentially follows from the classical Agmon estimates. Considering
G = (2l 5 2P/ 6y we see that ¢ € Uy (H} (). We have then

(32) (o, ) = X (1F1°° 1Ry, + V)2
and, recalling Definition 3.1, we can write that

(3.3) e P My (0, @) =T1+11+111,

with

I= €—i5h2<vspl7 v(€2|$|/h2/3@1)>Q\T5 + ei(a—ﬁ) / xl|€|x‘/h/2/3801|2dm7
O\Ts

= [ [ m, h0,620( 1 G,) + P 20,000, G,
Bs

+ OO (s, Jp(w)) |7 gy |?] dsdu

and
2/3 L 2/3
IH—h2/ Va(s,u)|elt/m (/52]2dsdu+h2/ Wa(s)|e™V/" gy (s, 0)|ds .
Bs -L

Let us now bound the real part of I and II from below. We have
Rel = Ree Ph%(Vpy, V(e2lm|/h2/3g01)>g\;p5 + cos(a — 6)||\/x_16|$|/h2/3g01]|2 .

Then, with the chain rule, we get

W2 (Ver, V(M o avr,

= W01, V(N ) a4 B3 (Ve (V] (@ o) o,

= WV (M 01 o, + O (h3) [V ||V (1 )|

+ 13 (Veor, V]| (" o)),

= WV (M o) g, + O () [V [V (M o) |+ O (R3]l i |7

Thus, with the Young inequality, we deduce that

2| /h2/3 x| /h2/3
(3.4) Rel> cla, B) (I (" ) g, + Ve ™™ w1l 7,)
20 |pl/R2/3
—C’hSHe‘ " 901||?2\T5-

Note that we did not use any integration by parts in the last computation, so that no
boundary term appears. We proceed rather similarly to see that

My 2h2 0,20, (27" 6, dsdu

Bs

= | my 220, (7 gy Pdsdu + G(h3)|| TV gy ||| 1, (TP g5 )|

Bs
+ O (h3)|| D77 gy |12
B /B h2[0, (P17 gg) | 2dsdu + & (hY/?) || eV g | |1, (T 35 )|
)

+ O(8) |0 (TVM 6o) |5, + G(h5)||eTH gy )2,
13



where we used my = 1+ O(9) from (2.3). In the same way, we get
[ 0,000,
Bs
=ZQ%WWWﬂm@mM“@NMMu+ﬁm“mw”*ﬂmm@@mw”@m
+ O(8)R|0u (V7 9) 13, + O(R5)[[ VP 5y 2.

We deduce that
Re Il 2/ cos(a — 5)h2|8S(elr‘/h2/3¢2)|2dsdu
Bs

+ / Re (e 75 (1) "2)h2|0, (™" ¢y 2 d sdu
Bs

+ / Re (e (s, Jy(u))) |6‘F|/h2/3¢2 |*dsdu
Bs

+ O (RY3) )| eV o[V (V% g) | + G(8) 2|V (T ) |3,
+ O(h5)]| e g2
With Lemma 3.2, we get, for some c¢(«, 8) > 0,
Rell 20(@,6)/ h2|V(e|F‘/h2/3gb2)|2dsdu

Bs

+ / Re (e =T (s, Jy(u))) \6‘F|/h2/3¢2 1?dsdu
Bs

2/3 2/3 2/3
+ O ()| o | [V (VM o) || + G (8)RP |V (™7 ) |13,
+ O (1) o
and thus, perhaps after changing the value of ¢(a, 8) > 0,

Rell >¢(a, 5)/ |hv(€‘rl/h2/3¢2)|2dsdu _ Oh§||e|r‘/h2/3¢2||2
Bs

(3.5)
- / Re (e AT (s, Jo(u)))]eT1/"* po|2dsdu.
Bs

Moreover, by using a H?2-trace theorem, we get that, for all ¢ € (0,1), there exists C.
such that
2

(3.6) Re Il > —Ch2 [T/ g, |12 — €

hV (e‘”/h”?’) o -
5

Now ,we can come back to (3.2) and (3.3) and we deduce, from (3.4), (3.5), (3.6), and
Re (e7#)\) < Mh3, that

C||\/$16|x/h2/3g01||52]\T5+/ Re (ei("‘_ﬁ)l“l(s,Jg(u)))|e|F|/h2/3¢2|2dsdu
Bs

2 2/3 2/3
< MBS ([|el/ oy 3, + TN gy 2
To conclude, we now split the integral into two parts according to the decomposition

Bs = {(s,u) € By :u+ s> < Rhi} U B™" .
14



where
B {(s,u) € Bs: u+ s> > Rh%}.

The rest of the proof follows from the usual manipulations & la Agmon. Indeed, thanks
to Lemma 3.4, there exists C'j; such that

2 2 | /h2/3 su)|/h3 ;2
(cRh3 — CMh3)(H€| " 901||(Q\T5)ngar + [|et )l/hg@n?ﬂ\n)w?f) < Chiflell?,

where we used that the exponential is bounded on {(s,u) € By : u + s> < Rh3}. The
estimate (3.1) follows by choosing R large enough. Then, the estimate of the gradient
follows by gathering (3.2), (3.3), (3.4), (3.5), (3.6) and by using (3.1).

0

4. SPECTRAL ANALYSIS

The aim of this section is to prove the following three propositions, which imply The-
orem 1.1 (since .4}, , is isospectral to .} ,, see Lemma 2.8).

Proposition 4.1 (Rough localization of the spectrum). Let o« € [0,%) and consider

2
M > 0. There exist C,hg > 0 such that, for all h € (0, hg),

(4.1) sp(Lha) N{z €C : Re(z) < Mhi}
C{z€C : Rez> 21k cos (2a/3) — C’hg),
0 <Imz < (sine) max{z; : x € Q}.

Proposition 4.2 (Refined localization of the spectrum). Consider o € [O, 3?”) and R > 0
with R ¢ (2N —1),/%2. Then there ezist hg > 0 and N € N such that, for all h € (0, hy),

2

N
(4.2) Sp(Mp o) N D(z1675 B3, Rh) C U D(p(h, @), h2721Y

n=1

with
(4.3) tn(h, ) = hie2eld, 4 (2n — 1)he™/?, | % :

Moreover, for alln € {1,..., N}, the Riesz projector

1
I, p = — (z — ///;W)_ldz, where €y, = 0D (1, (h, o), h%_%) ,

20 G

1s of rank at most one.

Proposition 4.3 (Existence of the spectrum). Consider o € [0,2Z). There exists hg > 0

5
such that, for all h € (0, hy), the rank of 11, is exactly one.

Proposition 4.1 is proved in Section 4.1. Propositions 4.2 and 4.3 are proved in Sec-
tion 4.5. Proposition 4.2 is a consequence of the analysis in Sections 4.2 and 4.3 where,
by inserting an appropriate quasimode in the Riesz projector, we can prove that II, ; is

not zero.
15



4.1. Rough localization of the spectrum. In this section, we prove Proposition 4.1.
Let us first note that, in a first naive approach, when o € [0, %),

Re (Lo, ) 20, Im(Zhat,) = sina/ r1||*da .
Q

This gives the estimate on the imaginary part of the spectrum, and it remains to refine
the estimate on the real part. For this, we consider a smooth cutoff function y; in the
form

Xn(s,u) = X(h_%ﬂs, h_%+”u) ;

where 1 > 0 and we let

(4.4) 5 = Xn@2 -

Consider now an eigenfunction ¢ of %), associated with an eigenvalue A such that
Re A < Mh3. From (2.4), we get

Re Al|¢||? = Re Ly a0(p, ¢)
> [ (Re(mg)hduaf + Re ((J5)2) 0,
Bs
+ Re (€"°T1(s, Jo(w))|¢2|?) )deU — CR?||6a?,

where we used the trace theorem and Proposition 3.5 to control the boundary term.
Then, with a Taylor expansion in the expressions (2.3) of my and (2.2) of J; and with
Proposition 3.5, we get

Re All¢|> = Re Lyao(0, )
2a
|h6 cut|2 + cos ( ) (|ha ¢cut|2 u|¢§ut|2) dsdu — Ch%”ngH?
Bs

From the min-max theorem applied to the real Airy operator, we deduce that

Re o] > h( )nas;“tn? Chi |l

By using again Proposition 3.5, we infer that

4

2
ReA > z1h3 cos < ;) — Chs.

This proves Proposition 4.1.

Remark 4.4. Let us mention what happens in the case o € (7, 3%) In that case we do
not even a priori have Re (.}, ,1,1) > 0 because of the electric potential. Choosing
such that (a,8) € T where T is defined in Lemma 3.3, we can still use the localization
properties proved in Section 3. In particular, working with e~ 4, , instead of .}, , and
using Proposition 3.5, as well as Taylor expansions of my and of Jj, we get that, for any

eigenvalue \ of £;, o, we have

, 2 2
Ree )\ > zhs cos (; — ﬁ) — Chs.
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4.2. Resolvent estimates. To prepare the proof of Proposition 4.2, let us describe the
spectrum and resolvent of our model operator, acting in L*(R, x R),

2

(4.5) Mo = €5 (h2D2 + u) + h2D? + m% ,
where D = —id. As we will see below, the following description is rather easy to establish

since h?D? + wu is selfadjoint so that we can use an orthogonal spectral decomposition
to reduce our resovent estimates to those of the complex harmonic oscillator, which is
well-known.

Proposition 4.5. Let R > 0 with R ¢ (2N —1),/%. There exist C,hy >0 and N € N

2"
2ic

such that the following holds. The spectrum of N o in D(z1e7s h3 , Rh) is made of N
eigenvalues of algebraic multiphczty one, which are the (pn,(h, Oé>>1<n<N as given in (4.3).

2ia

Moreover, for all z € D(z1e’5"h3, Rh) such that z ¢ {un(h,a),n € {1,...,N}}, we have

C
dist(z,sp(Sha))
Proof. Note that .4}, is the sum of two decoupled operators, an Airy operator and a

harmonic oscillator. It has compact resolvent and its spectrum and eigenfunctions are
completely known. Consider

(2 — Ara) | < CR75 +

Ro

4.6 Uy (5,0) = B3 EAI(h Fu — 2) fulh~3ei/2, [ 505
(4.6) (s, v,

where Ai is the usual Airy function (and z,, its m-th positive zero) and f, the n-th
normalized Hermite function. We have

Mo Vimnh = (zmhgeméa +(2n — 1)hy/ %) U -

Moreover, there are no other eigenvalues and they are all of multiplicity one. Indeed, by
analytic dilation, we see that .4}, , is isospectral to the normal operator

2ia 59 o 2112 kos®
3(hD +U)+€2 hDS+T .

2ia

Let us now turn to the estimate of the resolvent in the disk D(z1e7 hi , Rh). Consider
z=zme s hi+Ch, (€D(0R),
with ¢ avoiding the numbers e (2n — 1)/ 0 We have

2
mkos

J%L,a—z:e%(hQDi—i-u—zlh%)%—hQDg—i— 5

—Ch,

and also
i i [1e% kf
e 5 (Ma—2) =€ (hPD>+u—zhi)+e ® <h2D§ AL Ch)

Let us denote g, the (explicit) positive normalized groundstate of h2D3 +u and consider
the orthogonal projection

PBr(s,u) = (g, V(8,°)) L2®y)gn(w) -

17



We have
Re (% (o — 2)(Id — PBu)vo, ) > (%<nsa¢6 (22 = 1) = Rh ) ||(1d = By
B3 (1d — B,

which implies that the restriction of t/l/h,a —z to Ker(3;) is injective and therefore bijective
since A}, o is Fredholm of index 0. Moreover, we have the orthogonal decomposition

(4.7)

e (Mo —2) = e 5 (Mo — 2)(Id —Pp) + e % <h2D§ “OS _ §h> ).

From (4.7), the fact that ¢ avoids the numbers ¢ s (2n—1) , we get that e~ (J%W—z)
is bijective and that its inverse is glven by

(7% (Mo =2) " =eF (S — 2 \Kerm >>‘1<1d — %)
k;

-1

s
=5 —Ch) P
Let us notice that there exists C' > 0 such that for all ¢ € D(O, R) avoiding the numbers

+et (R*D2 +

es(2n—1) ko we have

k? -1
e

Indeed, by rescaling, (4.8) is equivalent to

(D§+ ko—s—c> B

and this last estimate can be checked by using a decomposition induced by the Riesz
projections and by recalling that the eigenvalues of the complex harmonic oscillator have
algebraic multiplicity one.

Thus, from the above orthogonal decomposition, we deduce that

i 2 C
T2 (Mo —2)] 7 < (chs) T+
H[e ( h, Z)] || (C ) dlst(sp(h2D2+ezakos ) Ch)

This concludes the proof. U

< ¢ >
dist(sp(h2D2 + eie k) (h)

(4.8)

C

S 2 ia kos? !
dist(sp(D? + e?**2*=), ()

4.3. Quasimodes and localization estimates. If ¢ = (¢1, ¢2) is a normalized eigen-
2ia

function of .}, ,, associated with A € D(z1e™5 hs , Rh), we have in particular

(4.9) Mhpat2 = Ad2
with My, , denoting the formal operator
(4.10) Mo = hDs(my?)hDg + hD,(J5) *hD,, + €Ty (s, Jo(u)) .

This section is devoted to the proof of the following proposition. We recall that the
model operator 4}, is defined in (4.5) and that ¢5" is defined as a truncation of ¢, in
(4.4).

Proposition 4.6. We have

(Mo — NS = G (h3 73105 .
18



This proposition essentially says that ¢S$™ is a good quasimode for our model operator
.- The proof will be done in several steps including elliptic estimates and a refined
localization in s.

4.3.1. Preliminary estimates. Recall that x,(s, u) = x(h™3""s, h~3 ") with y a smooth
cutoff function and 7 fixed and small, and that ¢$"* = x,ds.

Lemma 4.7. We have
My @5 = A5 41,
with
Th = [Mh,a,Xth,
where the commutator is given by
(4.11) Mo, xu)é = (hDs(mg*(hDyxn))) ¢ + 2mg*(hDsxn) (hDs)

Moreover,

lrnll = (h*) 5™ I
Proof. The expression (4.11) follows from a straightforward computation. The estimate
|7n|| = O(h™) is a consequence of Proposition 3.5 and support considerations. O

Remark 4.8. With a straightforward computation, we can check that, for all k, ¢ € N,
|DDyrall = O(h).

Lemma 4.9. We have

|BD5™ |* + [IhDugs™|* < Ch3 5™ .
Proof. Due to the Dirichlet boundary condition of ¢5 on the external part of 0B and the
cutoff yy, the function ¢5* satisfies the Dirichlet condition on 9 Bjs.

Let us now choose § such that («, §) € T as defined in Lemma 3.3. With an integration
by parts using the expression of e =¥ M, ,, we get that, for some ¢ > 0,

Re (¢ (Miads™ 65%)) > c(llAD05" | + [ Dus5 ).
Then, by Lemma 4.7, we have that
Re (7 (Myag§™, ¢5™))| < OR3¢5 .

The conclusion follows. u

For further use, we check now that we even have a control of higher order derivatives.
Lemma 4.10. We have

I(RD)? 51 + (| (D) 65" | < Chis g5
Proof. By Lemma 4.7, we have
(hDs(Mpa¢5"), hDs95") = N|AD¢5" ||* + (ry, (hD;)?95™) .

Thus, after computing a commutator, we get

(Ma(hDs3™), hD¢5™)

= MAD@S™ I* + (rn, (hDy)*¢5") + hO (|63 [I|ADs 0™ ||) + h* O (|| hDsd5™ ||*)

+ho([[(hDy)* 63" Il Dsp3™|])
19



Then, we use Lemma 4.9 and we proceed as in its the proof to get
4 cu 4 cu
I(hD)* 5™ [I* + 1| (h D) (hDsp3™ ) |I* < Cha (|65 || + Cha||(hDy)*65™1*
We proceed in the same way to get the control of (hD,)?¢5"*. The conclusion follows. [J

Let us consider the following intermediate operator,
Nio = €5 (h2D? + u) + h2D? + ¢ (s)
which differs from .4}, in (4.5) only through its potential part.
Proposition 4.11. We have
Nia®3™ = 25" + Ry,
with
Ry, = 1y, + ue®™®3(ny(s) — 1)¢5™ — (hDgmy?)hDsd3™ + (1 — my?) (h D) ¢5™
and
|Bull = 055"

Proof. 1t is sufficient to use Lemma 4.7 and the explicit expression of M}, ,. The estimate

of Ry, follows from support considerations and Lemma 4.10 (note also that n;(s) — 1 =
0(s?)). O

4.3.2. Refined localization in s. Thanks to the Agmon estimates in Proposition 3.5, we
have proved so far a localization of order h3 in the variable s. We improve this in the
following proposition.

Proposition 4.12. Consider xo € €5°(R) equal to 1 in a neighborhood of 0 and n > 0.
Then,

(4.12) 95" = Xo(h™T75)¢5™ + O(h*),

where the remainder is estimated in H'-norm.
Moreover, for all (ay, g, az) € N3,

a1 tag ||

(4.13) 5% (AD)*2 (WD) 65" | < ChS 27 (g™

Proof. Let us consider ya(s) = Xfar(h_%”s), where Y., is supported away from 0 and
equal to 1 away form a compact set. Then, we use Proposition 4.11 to get that

(414) <(Nh,a - A)(Xfar,hqs;ut)a Xfar,h¢§Ut> = <Xfar,th7 Xfar,hqb;ut)

+ <[Nh,a7 Xfar,h]¢§m7 Xfar,h(b;ut) .
Notice that —a/2 + 2a/3 = /6 and that, for all ¥ € H}(R,),
(4.15) cos(a/6)((h*D? + u — zh3)W, ) > 0.

This, combined with the fact that v;(s) is bounded from below by i2'™27 on the support
of Xfar,n, implies that, for some ¢ > 0,

Re {(e™*** (Mo = A) (Xearn®5™); Xrarn95™))

> ch' ™| Xpar 85" ||° + 2Dy (Xrarn05™) I
20



From the support properties of ¢ (see before Lemma 4.7) and Proposition 4.11, we

have
’(Xfar,tha Xfar,hgbgut)} <O(h>) |51 + Oh%_2n||Xfar,h¢gut||2
+ Ch|| Do (Xtar 05" ) Xtar 0 05™ |
+ (1 = my ) Xearn (hD)? 05", Xrarn05™) |,
where we used that u(n;(s) — 1) = O(us?).
Using a commutator in the last term of the previous expression, we also have
401 = 3 e (D65 X 5°)| € ORI (D) 657
+ Ch3 ™|y, 6517 4 CRIIRD, (Xtar 5™ | xaar 5™ | + €(h%) 5|17,

where Xeor has the same properties as ., and is such that X, Xfar = Xfar-
In a similar way, we get that

cu cu 4_ Ccu
<[Nh,a7Xfar,h]¢2 tquar,h(bz t>| < Chs 277||Kfar,h 2 tHQ
+ Chl|hDs(Xtarn 5™ ) | | Xtar w05 | + € (h%) 95" |17
It follows that
C cu _ cu 4_ cu 0 cu
§||hDs(Xfar,h¢2 t)||2 + ch' 277HXfar,h¢2 t||2 < Chs SHHXfar,h 2 t||2 - ﬁ(h )”¢2 t“z'

By choosing 7 small enough, and by using an induction argument, we get that, for all
N e N,
Xfar,hqbgllt = ﬁ(hN)qu;utH ’
in H'-norm with respect to s. Coming back to (4.14), we also get the control of hD,,.
This gives (4.12).
Let us now turn to (4.13), which are better estimates than those in Lemmas 4.9 and
4.10. We again use Proposition 4.11 and see that

Re e (N — N5, 5™) < [(Rp, ¢5™)] .
By using (4.15), we get that
Isg5™ I + |hDs65™ |* < Chllg5™ |” + Cha~"[(hDy)é5™ |” + Chl|(hD,) 5™ [[| 65",

and the estimate for |(a1, as, a3)| = 1 follows from the Young inequality. Let us now deal
with |(aq, ag, a3)| = 2. We have

(4.16) Re e 2((hDy)(Nha = A", hDs¢5™) < [(Ry, (hDs)*65")]
Thus,
cllshDsg5™ |* + [[(hDs)? 95" |I* < ChIIRDs65™ |* + Chllsg3 ||| Do |
+ (R, (hDy)*¢5")].
By using the Young inequality and Proposition 4.11 to deal with the last term, we get
[shDsg5™ [|* + [[ (R Dy )¢5 | < CR?[| 5™ |1
Coming back to (4.16), we also get
|hD.(hD.5™)|* < CHS[[AD.g5™ |* 4+ CR**5 g5 P < Ch+ g5
To get the control of s2, it is sufficient to notice that

Ree ™ (s(Nya — A5, s65") < (R, s*65™)] .
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and to estimate again a commutator. This concludes the case |(ay, ag, ag)| = 2. The proof
of (4.13) for general (a1, ag, ag) follows then by induction using the same method. O

4.3.3. Proof of Proposition 4.6. We are now in position to complete the proof of Propo-
sition 4.6, namely that ¢§"* is indeed a good quasimode for .4}, ,. For this, we consider
an operator Pj, defined through:

(4.17) Mo = Na+ Py
We check that P, can be written in the following way:
Py, = hury (s, u)hDg + urpo(s,u) (hDs)? + rp3(s, u)us® + ry.4(s, u)s® + r5(s, u)

where the remainders 7, ; all belong to Sg2(1) and rj, 5 with support avoiding a fixed
neighborhood of (0,0). We recall that Sg2(1) = {a € €*(R?) : Va € N>, 3C, > 0 :
Vo € R? : |0%a(z)] < C.}. For the other terms, we use the support property in the
variable u and Proposition 4.12 to get

§— cu
1Pag3™|| = O(h2~°") ]| g5 || -
The conclusion follows.

4.4. Quasimodes for (.4, ,—))?. Since we are in a non-selfadjoint context, the algebraic
and geometric dimension associated with a given eigenvalue A may differ. For further use,
we now deal with localization estimates similar to the ones in Proposition 4.6, but in the
case of generalized eigenfunctions. For this, let us consider such a A\ € D(zle%ahg, Rh)
associated with p = (1, ¢2) € ker(My, ,—A)? with ||¢|| = 1 and such that ¢ ¢ ker(M}, ,—
A) (if it exists). We still denote

cut

5 = XnP2 -

The following proposition states that ¢5" is a generalized quasimode of A4 ,. Its proof

is the object of the following two sections.
Proposition 4.13. We have
13 cu
(Mo = A?5" = O(h)]|l¢5" || -

cut

4.4.1. Localization estimates. The function ¢§" satisfies the same localization estimates
as in the previous section. Let us explain this. We have

('ﬂh,a - )‘)290 = 07

for ¢ normalized and (Ao —N)p = f # 0. We have (4}, ,—\)f = 0 and thus f satisfies
the estimates of the previous section. For instance, we have

S = (h™2Hs) 5 + 0(h™)| f]],

where f$* is defined without ambiguity and satifies, from Proposition 4.12,

(4.18) 5% (hD)* (hD,)*s f5™ || < CR S5 | g5

for all (o, s, a3) € N3, Coming back to the eigenvalue equation, this implies that
(4.19) (B°D} + u— 2hd) 5 = O (R) f5]].

We can easily adapt the proof of the Agmon estimates given in Proposition 3.5 with the
right-hand side f to get

2 2 2
az) [ e par s [ emeninio pasu < Ol + Cn IR,
O\Ts Bs
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and
2 2
(4.21) / 2T/ R oy Pda + / AL\ pg by Pdsdu < Chi||gl|%, + C| f1I%, -
Q\T5 B(S

These estimates imply that
(4.22) (Mpa — N5 = f5" + 14,

where 7, has the same expression as in Lemma 4.7 and satisfies

= Oh=)UFI +llell) -

In the following proposition we prove that, in fact, f is small compared to ¢. This
estimate is reminiscent of the famous Caccioppoli estimates (see the original article [10],
and, for instance, the article [15] or the book [8, Section 5.4.1]), since it allows us to
control the derivatives of ¢ with ¢.

Proposition 4.14. We have

(4.23) I£]l < Chllgll < Chllgs™|,
and, for all (ay, ) € N2,
(4.24) I(hD.)* (hD,)*2¢5™ || < ChT hF |||

Proof. Let us start by noticing that, from (4.22), we have
Ree 2 ((Mpa — N5, 05°) < |5 l1l65™ ) + @) (11 + el

and thus, with (4.17) and localization estimates, we get

(425) cos (5 ) anin(@5™) + cllhDugs™ |+ s |2 < Chllgs™ |1 + L5515 |

+ OR=)(IF1 + llell) s
where, for all U € BY(R,) := {¥ € H}(R,) : /ul € L*(Ry)},

qain(¥) = |hD, V| +/ (u— 2:h3)|U[2duds > 0.
R+XR

We will denote the corresponding operator by <7, and we observe that ¢5** and fs"*
belong to its domain.

At this stage, we still have to control f. By using (4.22), an integration by parts and
(4.18), we have

(4.26)
(hDs(Mha = N5 hDs3™) = ((hDs)* 5, §5") + (rn, (hDy)*$5")
< ChIIfE“tllllﬁﬁ%“tll + (=) [(AD)* 3™ (NIl + llll) -
, taking the real part and estimating commutators give
(4.27) |[(hDs)*¢3"I* + qain(hDsd5™)
< Chl|RDg5™ ||* + Ch f5 65" | + Chl|(hDs)* 5™ [ Ds3" |
+ O(h=)I(AD)* 3" (I + llell)

Multiplying by e~*/2

where we note that hD,¢$™ is also in B (R.).
Proceeding in the same way, we find

Re (e7/2{(Ma — NG5, 9 05™) < OG5 (L I+ 2l +C A S5 165
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and thus, with (4.19),

Re (e7/2((Mia — NG5, 9465)) < 00 g5 | 111+ ol +ChIF5 Nl o5
Therefore, estimating similarly commutators,
qain(hDs3™) + |85 | < Chaain(65™) + O(h>°) S [ (I1LF1] + llll)
+CBI| £ |65l + Ch3 2T [ADG5™ |* + ChllhDyg5™ ||| ADw (hDs5™)|

Note that
1D (ADs¢5" )| < qain(hDsd3™) + Ch3 ||[hDyg3™ |12,

so that, using the definition of ga;p, we get

(128) aua(hDd5™) + | o5 |2 < Chania(65™) + O 545 1 (171 + 1)
4_ cu
+ Ol 5" (M6 | + Chs=*"|[hDy5™ ||
Thus, with (4.27), (4.28) and the Young inequality, we get, for some constant ¢ > 0,

cll- 05" |* + cll(hDs)* @5 I + qain(hDs¢5™)
< Ch|g™ 1" + G (W) (LFII* + lloll®) + ChRILFS™ 165"l
Recalling (4.22) to bound the right-hand side, we deduce that
(4.29) cll @3 |I* + cll (hDs)* 63" |I* + qain(hDs3™) < Ch2[|3™ ||
Again with (4.22), this implies that
£l < CIA™I < Chllgs™|l

which gives (4.23).
With (4.25), (4.27), and (4.29), we get (4.24) for |(ay, az)| € {0,1,2}. The control of
the higher powers can be obtained by induction and similar estimates. U

Proposition 4.15 (Localisation in s). Consider xo € €5°(R) equal to 1 in a neighborhood
of 0 and n > 0. Then, in H'-norm, we have

(4.30) 65" = xo(h™ 7 1s) 5" + O (h™).

Moreover, for all (ay, g, az) € N3,

a3 &1+2
=+

(4.31) Is* (hDs)** (hDw)*¢5"|| < Ch 1951 -

Proof. The proof is similar to that of Proposition 4.12 since we can write

<(Nh,a - )\> (Xfar,h¢§ut); Xfar,hd)gut) - <Xfar,hf§ut7 Xfar,h¢CUt>
+ (Rn, Xtar,n85") + (Nas Xtarn] 95", Xtar,n@5™) -

The only new term satisfies

<Xfar hf2 ) Xfar h¢CUt> ﬁ(hoo> H¢§ut H2 )

since we can apply Proposition 4.12 to the eigenfunction f and use (4.23). Following the
same lines as in the proof of Proposition 4.12, we get (4.30).

Let us explain (4.31). Let us consider the case |(ay, a9, a3)] = 1. When a3 = 1 or
ay = 1, the estimate comes from Proposition 4.14. Then, we recall (4.25) and (4.23) and

we get (4.31) with o = (1,0,0). For |(ay, ag, a3)| = 2, the result follows by induction. O
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4.4.2. Proof of Proposition /.15. We have
(Mh,a - )\)90 = f, with (Mh,a - )\)f =0.
Then, from Proposition 4.14 and (4.22), we get that
(Mo = Nf" = ON>), (Mo —NS5" = 5" + O().
Thus,
(Mho — N0 = O(h™).
Recalling (4.17) we get
(Mo = N5 = =Pu(Mha = N5 — (Sha — N Pudy™ — Blog™ + O(h*).

By means of Proposition 4.15, we deduce Proposition 4.13. Let us explain this. Among
the terms on the right-hand side (coming from the definition of P,), we have to estimate
the following

17h,45° (Mo = N5 | SCIANs* 05| + Clls*(hDw)?¢5" || + Clls* (hDs )65 |
+ C||hs’uh Dy || + Cls*ugs™ || + C||s 5" |
<Chv .
All the other terms can be analyzed in the same way. It appears that the order of

magnitude h% is the biggest one among all powers of h appearing in the remainders.
This completes the proof of Proposition 4.13.

4.5. Proof of Propositons 4.2 & 4.3.

4.5.1. Proof of Proposition /.2. Let us first consider ¢ = (p1,¢2) an eigenfunction of
M. From Proposition 4.6, we have

cu - cu
[( Ao = N)O5™ || < CRET]65™| -

Then, we use the resolvent estimate of Proposition 4.5. We write A = e’ s+ Ch, with
¢ € D(0,R). If ¢ does not belong to the spectrum of our complex harmonic oscillator,
then, we have

Njw

1<Ch

2 C
Gt 22 | piakes® '
dist(sp(h?D? + et ), Ch)

dist (C,{(Zn— 1)6?\/%,1 <n< N}) < COh2 |

which implies (4.2).
Let us now discuss the rank of the Riesz projector II,, 5. From the estimate (4.2), we can

We deduce that

draw the circle %, ;, with center p, (h, @) and radius h5737 in the resolvent set of Mo Let
us assume that the rank of the projector is at least two. There are two possibilities. Either
there are two distinct (possibly not simple) eigenvalues (which coincide with p,(h, @)
modulo & (Iz%’”))7 or there is an eigenvalue with algebraic multiplicity at least two. The
strategy is to evaluate the Riesz projector on the corresponding (possibly generalized)

eigenfunctions
. 1 -
Wop == (2 — Mpo) tdz,
2im G
whose rank is one by Proposition 4.5.
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Consider the first case and 1 and zﬂ corresponding normalized eigenfunctions. Let us
denote F}, = span(t, 1), which is of dimension two. Then, the map Qp, : F, 3 f +— xnfo
is injective. Indeed, from the Agmon estimates satisfied by the eigenfunctions, we see
that

Ixnfell = 11+ GBI

and, in particular, for h small enough,

IfIF < 2[1@nfl-

Moreover, we have, for all f € Fy,

[(Aan = NQufll < Ch2Qufll, A= pnlh, ).
We notice that
A 1
U Quf = @uf 4 5 [ (=07 = i) (S = V) @ufl.
17 %;n,h
Thus,

[11,0Qnf ~ @l < ORI QT < 5@

This shows that rank f[mh = 2, which is a contradiction.

Let us now consider the second case of an eigenvalue with algebraic multiplicity at
least two. This implies the existence of ¢ = (¢1,¢2) € ker( M, o — N)? such that ¢ ¢
ker( Mo — N).

Then, we write
N 1
e R Ve IR TPV B
17T an,h

Combining Propositions 4.13 and 4.5, we get
ML n 5™ = 65| = o(1) 63"l ,

where we used the fact that 13/6 > 2. We conclude that the range of f[n,h has dimension
at least two. This is a contradiction with Proposition 4.5.

4.5.2. Proof of Proposition 4.5. Considering the result of Proposition 4.2, it is sufficient
to show that for each fixed n € {1,--- N}, the Riesz projector 11, ;, is not zero. For this
consider the function

T/Jh(l') = (O7X(S>u>qjl,ﬂ,h(s7u)) )

where Wy, 5, is defined in (4.6) and x is a smooth function with compact support equal
to 1 near 0 and equal to 0 outside a small neighborhood of (0, 0).
Then, we consider

1 _ 1 _
I,z Yn = i (2 — ///h,a) 1¢hd2 =5 /. (2 — //fh,a) 1¢hd27
i Je, 2 Jg,
where (%L’h is a circle with the same center as 4, ;, but with radius of order €h for € small
enough. Given z € 6,5, we consider ¢y, , = (Pn.1, $n2) the unique solution of

(z2 = Mpo)pn,. = Vn-
Then, ¢y, . satisfies the Agmon estimates with a right-hand side (4.20) and (4.21). In
particular, we have, in H'-norm,

(4.32) Phz1 = ﬁ’(hmé((j\lwh,zll + [[4l])



and, with similar notations as in (4.4),

(4.33) Gnzz = Gza + Oh™)([lonzll + 1vnll) -
One needs to estimate [|¢p.[. To do so, let us consider ¢ ,, which satisfies
(Mo = 2)Phz0 =~V + OBF) ([l nell + [10nll) -

As in (the beginning of) the proof of Proposmon 4.14, we get the following.
Lemma 4.16. We have
1hDui ol” < Ch3 5ol + [nllllg5 2ll + ) (lonz I + [nl?)
and
IhDsdits o 1* + 55 21 < CRIGGE M7 + Clivnlllgns all + O (h) (lom,zl* + l¥nll?) -
Similarly, we get the control of the second order derivative with respect to s.
Lemma 4.17. We have
(D251 < ChIG5S | + Ch2 (s NZ 655 o112 + () (o= + [[l]) -
Proof. Adapting (4.27) with our notations gives
[(hDs)*$%2 2l1* < CRIRD 5L o7 + Chllgs 1655 2l
+ Chl[(hDs)* 65 2 ol hDsti ol + O (W) (RDs)* S L ol (lonll + llepn1l) -
With the Young inequality, this gives
I(hDs)* 652l < CRAIG% o017 + ChllURslllent ol + Gh=)(lnll® + o).
The proof is complete. O

We first write
(%,a - ) ?Lu;2 = @Z)CUt + Rh,z )

with
1Bn:ll < CR37[(RDs)* 032 ol + CRII (D) S5 L oll + Clls* 52 ol + € (h°) (lpmz Nl + 1l -
From Lemmas 4.16 and 4.17, we get

- cu 2_ 10 cu L oo

| B2l < CRE21E2 |65 o | + CRS =2y |12 |65 12 + O (h™) (lomI| + l[mll) -

By using Proposition 4.5 and the fact that z € %, h, we infer that

Ign2all < CRHIvnll + O(h) (lon,zll + l¥nll) -
With (4.32) and (4.33), this gives

ln:ll < Ch™ |l -
Then, we also deduce that

| =2 Ruste| = o0
%Jn h
This shows that
1
IL, ptbp, = %in (2 = Sha)” iﬁcmdz +o(1)[[¢n]] -

@
’n,h

Recalling the resolvent formula

(2 = o)™ = (2 = pn(h,0)) ™ = (2 = c;;ﬁ,a)_l(z = pn(h; 0)) " (Mo — (b, @)



and that
(Ao = pn(h, @)y, = O(hX),
we get
I ptbn = vn + o(1)[[ ¢l -

Therefore, I1,, 5, is not zero for h small enough. Recalling the discussion at the beginning
of this section, this completes the proof of Proposition 4.3.
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