QUASI-GALOIS POINTS, II: ARRANGEMENTS
SATORU FUKASAWA, KEI MIURA AND TAKESHI TAKAHASHI

ABSTRACT. In Part I, the present authors introduced the notion of a quasi-Galois
point, for investigating the automorphism groups of plane curves. In this second
part, the number of quasi-Galois points for smooth plane curves is described. In
particular, sextic or quartic curves with many quasi-Galois points are character-

ized.

1. INTRODUCTION

In Part I [5], the present authors introduced the notion of a quasi-Galois point for
a plane curve C' C P2, for investigating the automorphism group Aut(C) of C. In
this second part, we describe the arrangement of quasi-Galois points. It is inferred
that quasi-Galois points are useful to classify algebraic curves.

Let C C P? be a smooth plane curve of degree d > 4 over an algebraically
closed field K of characteristic zero, and let P € P2. We define the set G[P] as
the group consisting of all birational transformations of C' preserving the fibers of
the projection 7p. If |G[P]| > 2, then we say that P is a quasi-Galois point. This
is a generalization of the Galois point, which was introduced by Hisao Yoshihara
([4, 11, 17)).

In this second part, the number of quasi-Galois points for smooth plane curves
is described. The number §[n| (resp., d'[n]) of quasi-Galois points P € C' (resp.,
P € P?\ C) with |G[P]| = n is described explicitly for any n > 3, in Theorems
3.4, 3.10 and 3.14. Furthermore, when d = 4 or 6, all possibilities of ¢'[d/2] are
determined (Theorems 4.1 and 5.12).
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Quasi-Galois points are related to reflections or finite unitary reflection groups in
group theory. In fact, a generator of the associated group G[P] at a quasi-Galois
point is represented by a reflection (see [5, Theorem 2.3] or Fact 2.4). Finite unitary
reflection groups are well studied, and were classified in 1950s when such groups are
irreducible (Shephard-Todd [14], [8, Theorem 8.29]). Proofs of our results do not
depend on the results of them. Some parts of our proofs of Theorems 3.10 and 3.14
are related to the methods of Mitchell in [10, Sections 5 and 6]. Our proofs come

from the point of view of algebraic geometry.

2. PRELIMINARIES

We introduce the system (X : Y : Z) of homogeneous coordinates on P?, and take
x=X/Z,y=Y/Z. If P € C, then the (projective) tangent line at P is denoted by
TpC'. For a projective line £ C P? and a point P € C'NY, the intersection multiplicity
of C' and ¢ at P is denoted by Ip(C,¢). The line passing through points P and @
is denoted by PQ, when P # @, and the projection from a point P € P? by mp,
which is the rational map from C to P! represented by Q — PQ. If Q € C, the
ramification index of mp at @) is denoted by eg. We note the following elementary
fact.

Fact 2.1. Let P € P?, and let Q € C. Then, for mp we have the following.
(1) [fP == Q, then Ep = IP(C, TPO) — 1.
(2) If P # Q. then eq = Io(C, PQ).

If |G[P]| > 2, then the fixed field K (C)¢is an intermediate field of K (C) /7% K (P'),
and we have a Galois covering C' — C/G[P].

Remark 2.2. The order |G[P]| divides the degree of 7p.

In general, the following fact holds for a Galois covering 6 : C' — C’ with a Galois
group G between smooth curves, where G(P) is the stabilizer subgroup of P (see
(15, III. 7.2, 8.2]).

Fact 2.3. Let 0 : C'— C' be a Galois covering of degree d, and let G be the Galois
group. Then:

(1) The order of G(P) is equal to ep at P for any point P € C.
(2) Let P,Q € C. If 0(P) = 0(Q), then ep = eq.
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Note that any automorphism is the restriction of a linear transformation (see [1,
Appendix A, 17 and 18] or [3]), since C' is smooth and of degree d > 4. According
to Part I [5, Remark 2.2 and Theorem 2.3], we have the following fact and two

corollaries.

Fact 2.4 ([5], Theorem 2.3). The group G[P] is a cyclic group. Furthermore, for
an integer n > 2, n divides |G| P]| if and only if there exists a linear transformation
¢ such that

(1) ¢(P) = (1:0:0),

(2) there exists an element o € G[p(P)] C Bir(¢(C)) which is represented by the

matriz

¢ 00
A, =101 0 |,
00 1
where ¢ is a primitive n-th roof of unity, and
(3) ¢(C) is given by
> Gaw(Y,Z)X™ =0,

where Gy_n; 1s a homogeneous polynomial of degree d — ni in variables Y, Z.

Corollary 2.5. For o € G[P]\ {1}, we define F|[P] :=={Q € P? | 0(Q) = Q}. If
we use the standard form as in Fact 2.4, F[P] = {P}U{X = 0}. In particular, the
set F[P] does not depend on o.

Corollary 2.6. Let Pl,Pg e P2 If P 7é PQ, then G[Pl] N G[Pg] = {1}
We will use the following two well-known facts.

Fact 2.7. Let G C Aut(C) be a finite subgroup, and let QQ € C be a point. If
0(Q) = Q for any o € G, then G is a cyclic group.

Fact 2.8. Let G be a finite subgroup of PGL(2, K). Then G is isomorphic to one
of the following:

(1
2

) a cyclic group;
)

3) the alternating group Ay of degree four;
)
)

a dihedral group;

4) the symmetric group Sy of degree four;

(
(
(
(5

the alternating group As of degree five.
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To study the number of quasi-Galois points, we introduce some symbols here. The
set of all quasi-Galois points P € C with |G[P]| = n (resp., |G[P]| > n) is denoted
by A, (resp., As,). The number of quasi-Galois points P € C with |G[P]| = n
(resp., |G[P]| > n) is denoted by é[n] (resp., §[> n]). Similarly, we define A}, AL, ,
§'[n] and &[> n|, when we consider the case P € P?\ C.

3. THE NUMBER OF QUASI-(GALOIS POINTS

Let P € P? be a quasi-Galois point for C' with |G[P]| = n > 2. We consider

ramification points for the projection 7p.

Proposition 3.1. There exist d points Q1,...,Qq € C N (F[P]\ {P}) such that
P e TQiC and ]Qi(C, TQiC) = l;n for some integer [; > 1.

Proof. Let @ € C N (F[P]\ {P}). By Corollary 2.5, ¢(Q) = @ for each 0 € G[P].
By Fact 2.3(1), the ramification index at @ for the covering map C' — C/G|[P] is
equal to n. Since the projection 7p is the composite map of ¢ — C/G[P] and
C/G[P] — P!, the ramification index eq at @ for 7p is equal to In for some [ > 1.
By Fact 2.1(2), eq = Io(C, PQ) = In and PQ = ToC. Furthermore, the line given
by F[P]\ {P} intersects with C' at exactly d points. O

If P € C, we have the following.
Proposition 3.2. If P € C, then Ip(C,TpC) = In+ 1 for some integer | > 1.

Proof. By Corollary 2.5, for any ¢ € G[P], o(P) = P. Then the covering map
C — C/G[P] is ramified at P with index n, by Fact 2.3(1). Since the projection 7p
is the composite map of C' — C/G[P] and C/G[P] — P!, the ramification index ep
at P is equal to In for some [ > 1. Note that ep = Ip(C,TpC) — 1, by Fact 2.1(1).
It follows that Ip(C,TpC) = In + 1. O

Using Fact 2.7, we have the following.

Proposition 3.3. Let Py, P, € P? be points with |G[P\]| = ny > 2, |G[R]| = ny > 2.
(1) If P, Py € C, then CNF[P|NF[P)] C {P, P}. Furthermore, if ny and ngy
are not coprime, then C' N F[P] N F[Py] = 0.
(2) If P, P, € P2\ C, then C N F|P| N F|Py) = 0.

Proof. Assume that there exists a point @ € C'N F[P,] N F[P,]. Note that, by the
definition of F'[P;] and Proposition 3.1, points P;, P, and @ are collinear.
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First, we assume that n; and ny are divisible by some integer n > 2. Since G[P]
and G[Py] are cyclic by Fact 2.4, there exist subgroups of G[P;] and G[Ps] of order
n respectively. Let G be the group generated by such subgroups. Then G fixes the
point (). By Fact 2.7, GG is a cyclic group. Therefore, by Corollary 2.6, GG is a cyclic
group of order n?. However, the cyclic group of order n? has a unique subgroup of
order n. This is a contradiction. In particular, the latter assertion of (1) follows.

Next, we consider the case where Q) # P, P,. Let 0 € G[P]\ {1}. Since o
fixes P, and Q on the line P,Q = P,Q, it follows that P; := o(P,) # P,. Then
G[P3] = 0G[P]o~! and Q € C' N F[P,] N F[P3]. By the above discussion, we have a

contradiction. Assertions (1) and (2) follow. O]

For the number of quasi-Galois points on C, we have the following.

Theorem 3.4. Let n > 3. Then
d[n] =0,1 or 4.
Furthermore, d[n] = 4 only if n = 3, and d = 6m + 4 for some integer m > 0.
Proof. Let P, and P, € C be quasi-Galois points with |G[P]| = |G[FP2]| = n, and
let ¢ = P, P;. Note that o(f) = ¢ for each o0 € G[P;] for i = 1,2. Let
G :={o € Aut(C) | o(¢) = ¢} C PGL(3, K),

and let ¢ : G — Aut({) = PGL(2, K) be the homomorphism defined by o — o|,.
Since o(P,) # P, for each element o € G[Py] \ {1} by Proposition 3.3, we have
mn + 1 quasi-Galois points P;, P, ..., P,,+1 on the line ¢ for some integer m. Note
that the restriction of ¢ over G[P)] is injective for each i. By Fact 2.8, p(G) = Ay,
Sy or As. Since the stabilizer subgroup ¢(G)(F;) of ¢(G) acts on the projective line
l, o(G)(P;) is a cyclic group such that

n < p(G)(P)] <5,

for each i.
Assume that n = 5. Then |¢(G)(P;)| = 5 and ¢(G) = As. Since ¢(G)(P) is
a Sylow 5-group, it follows from Proposition 3.3 that ¢(G) acts on the set {P;}

transitively. The orbit-stabilizer theorem (see, for example, [9, p.75]) implies that
5(5m + 1) = 60

holds. This is a contradiction.
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Assume that n = 4. Then |p(G)(FP;)| = 4 and ¢(G) = S;. Note that Sy has
exactly three cyclic subgroups of order 4. Since ¢(G) has at least 5 cyclic subgroups
of order 4, this is a contradiction.

Assume that n = 3. Then |¢(G)(F;)| = 3. Since ¢(G)(F;) is a Sylow 3-group,
©(@) acts on the set {P;} transitively. The orbit-stabilizer theorem implies that

3(3m+ 1) = 12,24 or 60.

This implies that m = 1.

We have to show that ¢ is a unique line containing exactly four quasi-Galois
points on C' in the case where n = 3. By Lemma 3.5 below, it is inferred that for
each four quasi-Galois points on a line ¢, there exists a quasi-Galois point () such
that £ = F[Q] \ {Q}. Assume that 6[3] > 5. Since quasi-Galois points are not
collinear, there exist two lines ¢ and ¢ containing two quasi-Galois points such that
the point P € £ N ¢ is a quasi-Galois point on C. In this case, there exist exactly
four quasi-Galois points for each line ¢ and ¢'. Then there exist two quasi-Galois
points @ and @' such that ¢ = F[Q] \ {Q} and ¢ = F[Q'] \ {Q'}. This implies that
P € F[Q] N F[Q'], and hence, this is a contradiction to Proposition 3.3(2). O

Lemma 3.5. Let ¢ be a line containing four points Pi, Py, Ps and Py € P? with
|G[P)]| = 3 for each i. If the group (G|P], G[P]) acts on the set {Py, Pa, P3, Py},
then there exists a point @ ¢ { such that |G[Q]| = 2m for some integer m > 1, and
F[QI\ {Q} = (. Furthermore, Q € P2\ C and d is even.

Proof. Let w? +w + 1 = 0. We can take a system of coordinates so that P; = (1 :

0:0),,=(1:-1:0),5=(1:—-w?:0)and P, = (1: —w:0), and a generator
of G|Py] is represented by

o1 =

o o €
o = O
— O O

Let Q € F[P|NF[R). If Q € ¢, then p({(G[P1], G| P,])) admits a cyclic subgroup
of order at least 32 = 9, according to Fact 2.7. This is a contradiction. Therefore,
Q ¢ ¢ and we can assume that Q = (0:0: 1). Let 0y € G[P] be a generator. By
the condition that 05(Q) = Q, 02(FP2) = Pa, 02(P1) = Py, 03(P3) = Py, it follows



QUASI-GALOIS POINTS, II: ARRANGEMENTS 7

that oy is represented by
—wa 2w?a 0

wia a0
0 0 1
for some o € K. Since the projection 7p, from P, = (1 : —1 : 0) is represented by
(r:y:1)— (x+y: 1), the condition o}(z+y) = x+y implies that o = 1/(2w?+1).
Note that o* = —1/3. Then it follows that

—1 0
(020)’=| 0 -1 0 [,
0 0 1

and hence, G[Q)] contains an element of order 2. Therefore, |G[Q]| is even and

FIQI\{Q} = ¢. If Q@ € C, the tangent line at ) contains P; and P,. This is a
contradiction. Therefore, Q € P?\ C and d is even. OJ

Corollary 3.6. We have
d[>3]=0,1,2 or 4.
Furthermore, 6[> 3] = 4 only if 6[> 3] = 6[3] = 4.

Proof. Assume that §[> 3] > 3 and 6[> 4] > 1. Let Py, P>, P3 € C be different points
with |G[P]| > 3, |G[P2]| > 3 and |G[Ps]| > 4. It follows from Theorem 3.4 that
P; € F[P] N F[P,). By Facts 2.1(2) and 2.3(1), Py, P, € Tp,C. In this case, points
Py, Py and Pj are collinear. By Corollary 2.5, P, & F|[Ps] or Py ¢ F[P;]. Assume
that P, ¢ F[Ps]. In this case, there exists a point P, € C such that |G[P]]| = |G[P1]|
and P3 € F[P]]. By Proposition 3.3, this is a contradiction. O

We consider the number of quasi-Galois points in P?\ C'. To do this, we introduce
the notion of “G-pairs”. Let P, P’ € P?\ C be points such that P # P’ and |G[P]|
and |G[P']] are divisible by n > 2. We call the pair (P, P’) a G-pair with respect to n
if o(P') = P and o'(P) = P for generators o € G[P] and ¢’ € G[P’']. By Corollary

2.5, the definition does not depend on the choice of generators.

Lemma 3.7. Let n > 2, let Py, P, € P*\ C be different points such that n divides
|G[P1]| and |G[BR]|, and let o; € G[P;] be a generator for i = 1,2. If 01(P) = P4,
then oo(Py) = Py. In particular, (Py, Py) is a G-pair with respect to n.

Proof. By the assumption, P, € F[P] \ {P1}. It follows from Corollary 2.5 and
Proposition 3.1 that the set F'[Pi]\{P1} is a line containing d points Q1,...,Q4 € C
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with PQ; = To,C for each i. Since F[P]\ {P1} is a line passing through P, it
follows that 02(Q1) = Q; and 02(Q2) = Q; for some 7, j. Since P(); and P,(); are
tangent lines at Q1 and Q; respectively, 02(P,Q1) = P,Q;. Then o3(P,Q,NP.Q3) C
PQ:NPiQ; = {P.}. Tt follows that o5(P;) = P,. B

Proposition 3.8. There exists a G-pair (P, P") with respect to n, if and only if C

is projectively equivalent to the curve defined by
g(@",y") =0

for some polynomial g. In this case, there exists a point P" € P?\ (C' U PP') such
that pairs (P, P") and (P', P") are G-pairs. In particular, §'[> n] > 3.

Proof. We consider the if part. According to Fact 2.4, for the defining equation
g(z™ y") =0, it follows that P = (1:0:0) and P’ = (0:1:0) form a G-pair with
respect to n.

We prove the only-if part. Assume that (P, P') be a G-pair with respect to n.
By the assumption, P’ € F[P] and P € F[P']. By Fact 2.4, for a suitable system
of coordinates, we can assume that P = (1 : 0 : 0) and there exists an element

o € G[P] of order n which is represented by the matrix

¢ 00
A,=10 10|,
00 1

where ¢ is a primitive n-th root of unity. Then the line given by F[P]\ {P} is
defined by X = 0. Since P € F[P]\{P}, PP =(0:0:1)or (0:1: a) for
some a € K. If we take a linear transformation (X : Y : Z) —» (X : Z :Y) or
(X:Y:Z)—~ (X:Y:Z—aY), we can assume that 7' = (0 :1:0). Then there

exists an element o € G[P'] of order n which is represented by the matrix

1 00
A=\ a ¢ b |,
0 01
for some a,b € K. Since the line given by F[P']\ {P'} is defined by aX +((—1)Y +
bZ =0 and P € F[P'|\ {P'}, it follows that a = 0. If we take

1-¢ 0 0
B= o 1 b |,
0 0 1-¢
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then
¢ 00 100
B1'A,B=1010]|,B'AsB=|[0 ¢ 0
001 00 1

By taking the linear transformation represented by B!, the defining polynomial of
C is of the form

g(z",y") = 0.

The assertion follows.

In this case, the automorphism

C 00 100 C 00 10 0
010f|x]locol=]locol~]lo0o1 0
0 01 0 01 0 01 00 ¢!
acts on C. Then the point P” = (0:0: 1) is a quasi-Galois point with |G[P"]| > n.
We have §'[> n] > 3. O

Corollary 3.9. Let d be even, n = d/2 and let (P,P’) be a G-pair. Then C is

projectively equivalent to the curve defined by
X2 Y2 4 72 L a XY 4 bY" 2" 4 e 2" X" =0,
where a,b,c € K.

Proof. Since n = d/2, by Proposition 3.8, the defining polynomial of C' is of the

form
F=X"4(aY"+bZ")X" + (aY* + BY"Z" +~Z°").

We can assume o =y = 1. OJ

We consider the case where there exist two quasi-Galois points Py, P, € P2\ C.
Let ¢ = P1P2, let

G = {0 € Aut(C) | o(f) = £} € PGL(3, K),

and let ¢ : G — Aut(P ) = PGL(2, K) be the homomorphism defined by o — o|,.
Note that o(¢) = ¢ for each 0 € G[P;], and the induced homomorphism G[P;] —
»(G[P)]) is injective, for i = 1, 2.
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Theorem 3.10. Assume that n > 4, and points P, and Py, € P?\ C are different
quasi-Galois points with |G[Py]| = |G[P]| = n. Then there exists a point P| € { :=
Py Py such that (Py, P]) is a G-pair with respect to n. Furthermore, the following
hold.

(1) If n > 6, then 0'[> n] = 3, and each two of the three quasi-Galois points
form a G-pair. Furthermore, §'[> 3] = §'[> n] = 3.

(2) If n = b5, then #AL N { = 2 or 12. Furthermore, if #A, N{ = 12, then
H#AL; N (PP\0) = #AL,,N (P*\ €) = 1. In particular, §'[5] = 2,3 or 12.

(3) If n = 4, then #A, N ¢ = 2 or 6. Furthermore, if #A, N{ = 6, then
#AL, NP2\ () = 1. In particular, §'[4] = 2,3,6 or 7.

Proof. Assume that (P;, P;) is not a G-pair. Since o(P;) # P, for each element
o € G[Py]\ {1}, there exist at least n + 1 quasi-Galois points P;, P, ..., P,.1 on
the line ¢. Since p(G) contains at least (n + 1)/2 > 2 subgroups of order n > 3, by
Fact 2.8, p(G) = Ay, Sy or As. Then n <5.

Assume that n > 6. Then (P;, P») is a G-pair. By Proposition 3.8, there exists
a point Pj such that (P, Py), (P2, P3), (Ps, P1) are G-pairs. If there exists a point
Q & {Py, P>, P3} with |G[Q]| > 3 and Q € P2\ C, then P, € F[Q)] for some i. Then
there exists a point P/ with |G[P]| = |G[P/]| > 6 such that (P;, P/) is not a G-pair
on the line QP;. This is a contradiction. It follows that ¢'[> 3] = §'[> n] = 3.
Hereafter, for the case where n = 3,4 or 5, we can assume that ¢'[mn| < 1 for any
m > 2.

Let n = 5. Assume that there does not exist a G-pair on the line /. Then there
exist Hm + 1 subgroups of p(G) = Aj of order five for some integer m. Since such
groups are Sylow 5-groups, ¢(G) acts transitively on the set {Py,. .., P51} of all
quasi-Galois points on the line ¢. The orbit-stabilizer theorem implies that 5(5m +
1) = 60. This is a contradiction. Therefore, there exists a G-pair (P, P’) on the line
¢. By Proposition 3.8, there exists a quasi-Galois point P” with F[P"]\ {P"} = (.
Since P, € ¢ = F[P"]\ {P"}, it follows from Lemma 3.7 that (P, P") is a G-pair.
By Proposition 3.8, there exists a quasi-Galois point P| € £ N F[P;]. Then (P, P))
is a G-pair. In particular, #AL N ¢ is even. If #A; N ¢ > 3, then ¢(G) = As. Since
there exist exactly six subgroups of As of order 5, we have exactly 12 quasi-Galois
points on the line /.

We consider the case where #AL N ¢ = 12. Then ¢(G) = A;. Note that (Py, Py),
(P{, P") and (P", P;) are G-pairs, and F[P"]\ {P"} = {. By Lemma 3.11 below,
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|G[P"]| = 10m for some m > 1. In our situation, a point R with |G[R]| = 10m
is unique, by assertion (1). This implies that Aut(C) fixes P”. Let R # P” be a
point with |G[R]| = 5. Then F[R] 5 P”. By Lemma 3.7, (R, P") is a G-pair. Since
F[P"|\{P"} = ¢, it follows that R € ¢. The proof of assertion (2) is completed.

Let n = 4. Assume that there does not exist a G-pair on the line £. Then there
exist at least 5 cyclic subgroups of ¢(G) = Sy of order four. This is a contradiction,
since Sy has exactly three cyclic subgroups of order four. Therefore, there exists
a G-pair (P, P') on the line ¢. Similarly to the previous paragraph, there exists a
point P| € ¢ such that (P, P)) is a G-pair. If #A} N ¢ > 3, then p(G) =2 S,;. Then,
by the action of G[P;], we have 6 such points on £. Since Sy has exactly three cyclic
subgroups of order four, we have exactly 6 quasi-Galois points on this line. Note
that, by Proposition 3.8, there exists a point P;’ ¢ ¢ such that (P, P|), (P, P{') and
(P/', Py) are G-pairs.

Assume that P, € ¢ is a quasi-Galois point with |G[P|| = 4 and P, # Py, P], and
that R & { is a quasi-Galois point with |G[R]| = 4. If R ¢ PP/, then there exists a
quasi-Galois point R’ € P, R such that (P, R') is a G-pair, and hence, R’ must be in
P|P. Therefore, we can assume that R € P| P/ with R # P, P/'. Let n € G[P,] be
the involution. By Lemma 3.12 below, n(P,) = P| and n(P]) = P,. Since n(P/') =
P/’ it follows that n(R) € P/P;. By Lemma 3.12 again, (R, n(R)) is a G-pair. Since
Pi,n(R) € FIR]\ {R}, it follows that F[R|\{R} = Pin(R) = P[P, = F[P{]\ {P|}.
By Proposition 3.3(2), this is a contradiction. Therefore, A}, C (A, NnOU{P/}. O

Lemma 3.11. Let { be a line containing 12 quasi-Galois points P € P? with |G[P]| =
5, let P,P" € { form a G-pair, and let P" € F[P] N F[P']. If o(G) = As, then
|G[P"]| = 10m for some integer m > 1.

Proof. We can assume that points P = (1:0:0), P = (0:1:0) form a G-pair
with P, P’ € ¢ and |G[P]| = |G[P']| =5, and 0 € G[P], ¢’ € G[P’] are generators
represented by

¢ 00 100
A,=lo0o 10|, 4.=]0¢o|,
00 1 00 1

where ( is a primitive 5-th roof of unity. Further, we can assume that P” = (0 :
0:1) € FIP]N F[P']. Let 7 = ¢(0). Since p(G) = As, it follows that there exists
an involution 7 € ¢(G) such that a(To7)ed = 7. We consider T as an element of
PGL(2, K). Since 7T is an involution and 7 does not fix (1 : 0) or (0 : 1), it follows
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that 7 is represented by the matrix
1 b
A? -
c —1

B=| Ve

for some b,c € K. Let

Then

B_lA?B -

S
ol
S

Therefore, we can assume that

for some o € K. It follows that

A= [ ST CoNa) A, = [ ST cC=Da)
((=Da C(a*+1 (C—Na  (a?+1

Since 7(To7)d = T, it follows that
o =1—-(¢— ¢

The fixed locus of the linear transformation 77 consists of two points
(1:a), (a:—1).

Since 7a7 is of order five and is contained in ¢(G), it follows that P, := (1: «: 0) is
a quasi-Galois point with |G[P;]| = 5 and there exists a generator oy € G[P,] such
that ¢(09) = 707. Let Py := (a: —1:0). Then F[P] = {R}U{X+aY = 0}. With
the condition that o(—at : ¢t : 1) = (—at : ¢t : 1) for any t € K being considered, it

is inferred that oy is represented by the matrix

(+a? ((—1a 0
Ay =] (C—Da (a?+1 0
0 0 a?+1
Then
CH+Ea® (G=Qa 0
AcAn,As = (C=Qa (a?+1 0
0 0 a?+1
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Note that (2 + (?a? = ((¢ — 1) and (a? +1 = (1 — (). Tt follows that

¢G(¢—1) 0 0
(AyAg,AL)% ~ 0 C(C-12% 0 e G[P"].
0 0 o?+1
It can be confirmed that
o?+1 ¢
¢3¢ —1)?
Since (co90)? is of order 10, it follows that |G[P"]| = 10m for some m > 1. O

Lemma 3.12. Let P,R € P?\ C be points with |G[P]| = |G[R]| = 4, and let
n € G[P] be an involution. If n(R) # R, then (R,n(R)) is a G-pair.

Proof. Let ¢/ = PR. Similar to the definition of G and ¢, we define
Gy :={o € Aut(C) | o(¢') = ¢'} € PGL(3, K),

and @y : Gy — Aut(l');0 — o|p. Since R ¢ F[P], pu((G[P],G|R])) = Ss. Note
that S, has exactly three cyclic subgroup of order four, and ¢y (G[P]) acts on the
set of subgroups of order four different from ¢, (G[P]). This implies that ¢x(n) fixes
each cyclic subgroup of order four. Then ¢u(G[n(R)]) = ¢u(nG[RIn™") = pu(G[R)).
This implies that F[R] > n(R). By Lemma 3.7, (R,n(R)) is a G-pair. O

Corollary 3.13. Assume that d > 8, d is even, and n = d/2. Then, 0'[> n] > 2 if
and only if C' is projectively equivalent to the curve defined by

X2 Y 4 72 L a XY 4 bY "2 4 e 2" X" =0,

where a,b,c € K. In this case, if d > 10 (resp., d = 8), then d'[> n| = 3 (resp.,
y>4=3o0r7).

Proof. The former assertion is derived from Corollary 3.9 and Theorem 3.10. The
latter assertion for the case where d > 12 or d = 8 is obvious, by Theorem 3.10.
Assume that d = 10. Let P € P?\ C be a point with |G[P]| > 5. By Proposition
3.1, there exist d = 10 points Q € C N (F[P]\ {P}) such that P € THC and
Io(C, ToC) > 5. Therefore, for each quasi-Galois point P € P?\ C' with |G[P]| >
5, we need at least 10 x (5 — 2) = 30 flexes with multiplicities. It follows from
Proposition 3.3 that there exists no point @) € C such that Q) € F[P| N F[P,] for
different quasi-Galois points P; and P, with |G[P;]| > 5 and |G[P,]| > 5. By the flex
formula [12, Theorem 1.5.10], we have §'[> 5] x 30 < 3d(d — 2) = 240. Therefore,
§'[> 5] < 8. By Theorem 3.10, it follows that ¢'[> 5] = 3. O]
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Theorem 3.14. Assume that n = 3, and points P, and Py, € P?\ C are different
quasi-Galois points with |G[Py]| = |G[P]| = 3. Let £ = PiP,. Then the following
hold.
(1) #A5N 0 =2,4,8 or 20. Furthermore, if #A5N ¢ =8 or 20, then there exists
P € { such that (Py, P]) is a G-pair.
(2) If #A5 N L =8, then §'[3] = 8 and there exists a unique integer m > 1 such
that ¢§'[6m] = 1.
(3) If #AL N ¢ = 20, then §'[3] = 20 and there exists a unique integer m > 1
such that 0'[6m] = 1.
(4) If #A, N0 =4, then §'[3] =4 or 12.
In particular, §'[3] = 2,3,4,8,12 or 20.

Proof. Assume that there does not exist a G-pair on the line . Then there exist
3m + 1 quasi-Galois points for some integer m by the actions associated with one

quasi-Galois point. Then, by Fact 2.8,
3(3m+ 1) = 12,24 or 60.

This implies that m = 1 and #A{N ¢ = 4.

We assume that #A5N¢ > 5. Then there exists a G-pair (P, P') on the line ¢. By
Proposition 3.8, there exists a quasi-Galois point P” with F[P”]\ {P"} = (. Since
P € ¢ = F[P"\ {P"}, it follows from Lemma 3.7 that (P, P”) is a G-pair. By
Proposition 3.8, there exists a quasi-Galois point P| € N F[P;]. Then (P, P)) is a
G-pair.

By the discussion in the previous paragraph, #A%5N¢ is even, and hence, #A5NC >
8. By Fact 2.8, o(G) = Ay, Sy or As. Since ¢(G[P]) is a Sylow 3-group of p(G),
each subgroup of order three is realized as ¢(G[P]) (= ¢(G[P’])) for some exactly
two quasi-Galois points P, P’ € Ay N/, If p(G) = Ay or Sy (resp., p(G) = As),
then the number of subgroup of order three is 4 (resp., 10). Therefore, the number
of quasi-Galois points on ¢ is 8 or 20. Assertion (1) follows.

Assume that #A5 N ¢ = 8. Then ¢(G) = Ay or Sy. In this case, for points P
and P, such that (P, P,) is not a G-pair, ¢((G[P1],G[P])) = As. Then the orbit
A4P; has length four. Note that (P, P{), (P, P/') and (P/, P;) are G-pairs. By
Lemma 3.5, there exists a point @ € ¢ such that |G[Q)]] is even and F[Q]\ {Q} = ¢.
Then Q = P/, because the intersection point of tangent lines at d points of C' on

the line ¢ is unique. Since G[P]'] contains elements of order three and two, the order
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|G[P/]| is equal to 6m for some m. In our situation, a point R with |G[R]| = 6m is
unique, by Theorem 3.10(1). This implies that Aut(C) fixes P;’. Let R # P/ be a
point with |G[R]| = 3. Then F[R] > P/'. By Lemma 3.7, (R, P/') is a G-pair. Since
FIP'I\{P/} = ¢, it follows that R € ¢. Assertion (2) follows.

Assume that #A5 N ¢ = 20. Then ¢(G) = As. Note that all subgroups of As of
order three are realized as the image ¢(G[P]) of associated groups G[P] of quasi-
Galois points P € A;N¢ under the restriction . This implies that there exists a pair
of points P, P, € Ay N ¢ such that (P, P5) is not a G-pair and ¢((G[P], G[P])) =
Ay. The same argument as assertion (2) can be applied to assertion (3).

We consider assertion (4). Assume that #A, N ¢ = 4. According to assertions
(1), (2) and (3), we can assume that for all lines ¢/ C P? #A,N¢ =0, 1, 2 or 4.
By Lemma 3.5, there exists a quasi-Galois point @ ¢ ¢ such that |G[Q)]| is even and
FIQI\{Q} = ¢. Let 7 € G[Q] be an involution. We prove that there does not exist
a line ¢/ 5 @Q with #A5 N ¢ = 4. Assume by contradiction that #A4{ N ¢ = 4 and
AN ={P], Py, Pj, P}. Note that ¢’ N ¢N A = (), by considering the action of 7.
Let @' & ¢’ be a quasi-Galois point such that |G[Q’]| is even and F[Q'] \ {Q'} = 7.
Since the point @' is contained in the tangent line for any point in C'N ¢ and G[Q)]
acts on ¢, it follows that @' € F[Q)], namely, @)’ € £. Note that G[Q’] acts on the
set A N ¢. The group G[Q'] does not fix any point in A; N ¢, since Q' ¢ A} and
U'NeNAY = (). Let 7/ € G[Q'] be an involution. Then there exist a quasi-Galois point
P € AN ¢ and an automorphism ¢ € G[P] such that three points @', 0(Q’), 7*(Q’)
are different. Let Q) = 0(Q'),Q% = 0%(Q'). Then 7, := o7’c™! € G[Q)] and
74 = 027’072 € G[Q%]. Since 7" and o act on Aj N/, it follows that 7'y, (o7'071)|,,
(0?7'07?)|, are different involutions on ¢. Since the number of involutions acting
on four points given by A% N ¢ not fixing any point of them is at most three, it
follows that (7575)|¢ = 7'|,. Note that (Q5, Q%) is not a G-pair, since if (Q5, Q%) is
a G-pair, then 75|, = 74|,. It follows from Lemma 3.7 that 75(Q%) # Q5. If 77 is
an involution as an automorphism of P2 then 74(Q%) is a quasi-Galois point with
Tiryh = 1 € G[Ti(Q4)]|NG[QS%). By Corollary 2.6, this is a contradiction. Therefore,
the order of 747} is at least 3. Since (7573)(¢NE) = 7/(NL) = {N{ and 7575(Q) = Q,
it follows that (7575)(¢") = ¢'. It follows that 7575 acts on A% N ¢ faithfully, namely,
To74|e is of order four. Let G' C Aut(¢') be the group arising from the restrictions
of all automorphisms in (G[P{], G| P}, 7575) on the line ¢. Then G' = S,. As the
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group Sy, the stabilizer subgroup of P| is S3. As a finite subgroup of Aut(¢'), the
stabilizer subgroup of Pj is a cyclic group. This is a contradiction.

Assume that there exists a point P € A} with P € ¢ = P, P,. Then there exists a
point P' € Ay N QP with P’ ¢ ¢ U {P}, according to the action of an involution in
G[Q)]. Since the group (G[P1], G[P]) acts on the set of all lines passing through @,
it follows that §'[3] > 12. If (P, P') is not a G-pair, then #A,NQP = 4. According
to the above discussion, this is a contradiction. Therefore, (P, P’) is a G-pair.
There exists a point P” ¢ QP such that (P, P") and (P', P") are G-pairs. Since
P" € FIPINF[P']| C FIQ]\{Q} = ¢, it follows that P” € AyN¢ or |G[P"]| > 6. For
the latter case, by the action of G|[P"], there exist at least six points P” € Ay N ¢
with |G[P"]| = 3. This is a contradiction. Therefore, P” € A4 N ¢ holds. This
implies that ¢'[3] = 12. O

4. CURVES OF DEGREE SIX
We consider the case where d = 6 and n = 3. We determine the number §’[3].
Theorem 4.1. Let C' C P? be a smooth plane curve of degree d = 6. Then
§'[3] =0,1,2,3,4,8 or 12.

Furthermore, the following hold.

(1) ¢'[3] = 12 if and only if C is projectively equivalent to the curve defined by

X4 ve 4 26 —10(X3Y3 4 V323 + Z3X3) = 0.
(2) ¢'[3] = 8 if and only if C is projectively equivalent to the curve defined by
X% +20X°%Y? —8Y° + Z% = 0.
(3) ¢'[3] =4 if and only if C is projectively equivalent to the curve defined by
75 +a(XPY +YHZ? + (XC +20X%Y? —8Y°%) =0
for some a € K\ {0}, and C is not in the case (1).

Proof. Let P € P2\ C be a point with |G[P]| = 3. By Proposition 3.1, there exist
d = 6 points Q € C N (F[P]\ {P}) such that P € ToC and Io(C,ToC) > 3.
Therefore, for each quasi-Galois point P € C with |G[P]| = 3, we need at least
6 flexes. It follows from Proposition 3.3 that there exists no point ) € C' such
that Q € F[P,] N F[P,] for different quasi-Galois points P, and P, with |G[P]| =
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|G[P,]| = 3. By the flex formula [12, Theorem 1.5.10], we have ¢'[3] x 6 < 72.
Therefore, ¢'[3] < 12.

Assume that §'[3] > 5. First, we prove that there exists a G-pair. Assume by
contradiction that o(P,) # P, for any quasi-Galois points P;, P, and any generator
o € G[P]. By Theorem 3.14, if a line contains two quasi-Galois points, then we
obtain other two quasi-Galois points on the line. We consider a quasi-Galois point P
and a line ¢ F P containing four quasi-Galois points P;, P5, P3, P;. In this case, the
lines PP, contains four quasi-Galois points for ¢ = 1,2, 3,4. Then it is inferred that
there exist 3 x 4 + 1 = 13 quasi-Galois points. This is a contradiction. Therefore,
there exists a G-pair (P, P'). According to Proposition 3.8, for a suitable system of
coordinates, we can assume that P = (1 :0:0), P = (0:1:0), generators o of
G[P] and o' of G[P'] are given by the matrices

Aa: 7AU’: 0 w

o o &
o = O
—_ O O

respectively, where w? + w + 1 = 0, and C is given by
XO+aY® +0Z2° 4+ cXPY? +dY?Z% + e2°X° = 0,

where a,b,c,d,e € K. Then P = (0:0: 1) is also quasi-Galois.

Next, we consider the case where there exists a quasi-Galois point not contained
in the set S := PP'UP'P"UP'"P = {XYZ = 0}. Let (o : 3 : 1) be a quasi-
Galois point on P? \ S. By using the linear transformation given by (X : Y : Z) —
(1/a)X : (1/8)Y : Z), we can assume that (a: 5 :1) = (1:1:1). Then points

Py = (W :w : 1)

are quasi-Galois for 4, j = 0,1, 2, and the set { P, P', P"}U{P,; | i,7 = 0,1, 2} consists
of all quasi-Galois points for C.

We compute a generator 7 € G[Py], where Ppo = (1 : 1 : 1). It follows that
7(P) = Py, 7(P') = Py; and 7(P") = Py, for some i, j, k # 0. We can assume that
k=2and 7(P") = (1:1:w). Then 7 is represented by the matrix

w1
A, = A owd 1],
A fLoow
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for some A\, € K\ {0}. By using the condition 7((1:1:1)) = (1:1:1), it follows

that
w—1 w—1
A= — =—.
w1 M T i
Ifi=2then\=1/(w+1)=—-wand 7((1:0:1)) =(0:1:0). Since (1:0:1) is

not quasi-Galois, this is a contradiction. It follows that ¢ =1 and A = 1. Similarly,

it follows that j =1 and pu = 1.

Note that
3w 0 0
A A ACA, = 0 0 3w
0 3w 0

The linear transformation given by (X :Y : Z) — (X : Z:Y) acts on C. Similarly,
o'ro'tactson C by (X :Y :Z)— (Z:Y : X). Therefore, the defining equation of
C' is of the form

F=X 4 Y4+ 20+ a( X322 + Y322 + Z°X?) = 0

for some a € K. We consider the action by 7. Polynomials (771)*F and F are the
same up to a constant. We consider the coefficient of X*Y Z. It follows that the
coefficient of X*Y 7 is 30w for (WX +Y +Z)5 (X +wY + Z)% and (X +Y +wZ)°.
The coefficient is 3w for (WX +Y + 23 (X +wY +2)?, (X +wY + 2P ( X +Y +wZ)?
and (X +Y +wZ)3(wX +Y + Z)3. Tt follows that a = —10.

We consider the case where all quasi-Galois points are contained in the set S.
If there exist two quasi-Galois points P, P3 ¢ {P, P, P"} which are contained in
X =0and Y = 0respectively, then (P, P;) is not a G-pair, since (P, P) is a G-pair,
(P,, P') is not a G-pair, and P; € PP”. We can find quasi-Galois points in P?\ S by
the actions associated with P,. Therefore, we can assume that quasi-Galois points
different from # P, P, P” are contained in one line C S. We can assume that such
a line is PP’. Then, by Theorem 3.14, #A5 N PP’ = 8. Furthermore, |G[P"]| = 6,
that is, P” is a Galois point. Let P, = P. We use the same symbols in the proof of

Lemma 3.5. It follows that 0,07 is represented by the matrix

—a 2Wa 0
Apoz = wa o 0
0 0 1

Note that the restriction of g90? on the line PP’ is of order two, and fixed points

of 0202 on the line PP’ are ((—1 + v/3)w? : 1:0) and ((—1 — v/3)w? : 1: 0). Since
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Ay acts on the six points given by C' " PP’ and contains exactly three elements of

order two, it follows that
CNPP ={(—1+V3)w':1:0)|i=0,1,22U{((=1 = V3)w':1:0)|i=0,1,2}.
Then the defining equation of C'is of the form

F(X,Y,7)=X%+20X?Y?® - 8Y°® 4 Z% = 0.

Assume that 0’[3] = 4. Then the four quasi-Galois points P;, P, P, P, are con-

~Y

tained in a unique line ¢, and ¢(G) = A;. We can assume that P, = (1 : 0 : 0),
Py=(1:-1:0), 0y € G[P] and 09 € G[P] are generators represented by

w 0 0 —wa 2wla 0
Ao, =10 10 |, A4,=] w?a «a 0
0 01 0 0 1

respectively. By Lemma 3.5, it follows that |G[Q]| > 2 and ¢ = F[Q] \ {Q} for the
point Q@ = (0:0: 1) € F[P]NF[P;]. Then the defining equation of C'is of the form

F(X,Y,Z)=Z°+aY?Z* + bX?Y +cYHZ? + G(X,Y) =0,

where a,b,c € K and G is a homogeneous polynomial of degree 6. Similarly to the

previous paragraph, we can assume that
G(X,Y) = X®+20X%Y? — 8Y".

By comparing the coefficient of Y2Z* of F(—waX + 2w?aY,w?aX + aY, Z) and
F(X,Y, Z), it follows that a = 0. By comparing the coefficient of X472 of F(—wa X+
2w?aY,w?aX+aY,Z) and F(X,Y,7), it follows that b = c¢. Then the defining equa-

tion of C' is of the form
75+ (XY +YHZ? + (X° +20X°%Y? —8Y°) = 0.
On the contrary, we consider the curve C' given by
X0 Yo 4 28 —10(X3Y? 4+ V323 + 73 X?) = 0.

By Fact 2.4, points P = (1:0:0), P = (0:1:0) are quasi-Galois, and groups
G[P], G[P'] are generated by the linear transformations o, ¢’ given by

AO': ) Acr’: 0

o o© €
o = O
_ O O
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respectively. Let 7 be the linear transformation given by the matrix

w 1 1
A= 1 w
1 1 w

Then 7(C') = C and

T = :

y—1 y—1
Therefore, the point (1:1: 1) is quasi-Galois on P? \ {XY Z = 0}. By considering
the actions of o and ¢, it follows that ¢'[3] > 12. Since we confirmed §'[3] < 12 in

the first paragraph, it follows that ¢'[3] = 12.
We consider the curve C' defined by

F(X,Y,Z) = X°+20X°Y® —8Y° + Z° = 0.
To prove ¢'[3] = 8, we have to prove that the linear transformation oy represented
by
—wa 2w?a 0

A, = | w?a a 0
0 0 1

acts on C. To do this, we prove that the linear transformation oy0? represented by

—a 2wla 0
Apo2=| wa a 0
0 0 1

acts on C. Let G(X,Y) = X6+ 20X3Y?3 — 8Y°. Tt is easily verified that the
coefficient of X° for G(—aX + 2w?aY,waX + aY) is 1. Further, it is inferred that
the set

{(~14+V3)w' :1:0)|i=0,1,2 U{((-1 =V3)w':1:0) | i=0,1,2}

is invariant under the action of Agw%. The claim follows.

We consider the curve defined by
F(X,Y,Z)=Z°+a(X?Y + Y Z* + (X® + 20X°Y? — 8Y%) = 0,

where a € K \ {0}. Assume that C is not in the case (1). It is obvious that
F(wX,Y,Z) = F. According to the previous paragraph, for the polynomial G(X,Y") =
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X0 +20X3Y3 —8YS,
G(~waX + 2w?aY,w?aX +aY) = G(X,Y).
It is not difficult to confirm that for the polynomial H(X,Y) = X3Y + Y*,
H(—waX + 2w?aY,w*aX +aY) = H(X,Y)
(see also [6, Lemma 1]). Therefore, the linear transformation represented by

—wa 2Wla 0

A, =| wa a 0

0 0 1
acts on C, and hence, ¢'[3] = 4 or 8. If §'[3] = 8, then the point (0 : 0 : 1) must be
a Galois point. This forces a = 0. The claim ¢'[3] = 4 follows. O

Remark 4.2. If '[3] = 2, then §'[6] = 1. If §'[3] = 4, then §'[2] = 1.
Remark 4.3. We can prove that if the curve defined by
78 +a(X3Y +YHZ% 4+ (X® 4+ 20X3Y3 —8Y5) =0
is projectively equivalent to the curve defined by
X0 yS+ 25 —10(X*Y? +Y* 23 + Z3X3) = 0,
then a® = 18000.

As an application, on the automorphism group Aut(C), we have the following
(see Part I [5] for the definition of G3(C)).

Theorem 4.4. Let C' be the plane curve defined by X® + Y% + 7% — 10(X3Y?3 +
Y3273 + Z3X3) = 0. Then
Gg(C) = Allt(C)

Proof. Let P=(1:0:0), P =(0:1:0), P"=(0:0:1), and let P; = (w": w’ : 1)
for i,7 =0,1,2, where w?+w+1 = 0. Then the set A" := {P, P/, P"}U{P; | i,j =
0, 1,2} consists of all quasi-Galois points P with |G[P]| = 3.

Let o € Aut(C) C Aut(P?). Then o acts on A'. If o(P) = P’ or P”, then there
exists ¢ € G3(C) such that ¢,0(P) = P, since the automorphisms (X : Y : 7) —
YV:X:Z)and (X : Y : Z)— (Z :Y : X) are contained in G3(C) as in the
proof of Theorem 4.1. If o(P) = P,; for some i, j, then there exists ¢, € G[Py;]
for k # i such that ¢o0(P) = P. Therefore, there exists ¢ € G3(C) such that
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¢a(P) = P. The line F[P]\ {P} is a unique line ¢ such that Io(C, PQ) = 3 for
any () € C'N{. By this fact and ¢o(P) = P, ¢o(F[P]\ {P}) = F[P]\ {P}. Since
A'NF[P]\ {P} = {P’, P"} and the automorphism (X : Y : Z) — (X : Z:Y) is
contained in G3(C'), there exists ¢3 € G3(C') such that ¢s0(P) = P, ¢p30(P') = P’
and ¢30(P") = P”. Then ¢30 is represented by the matrix of the form

o o Q9
o D O
_ o O

for some «, 8 € K. By considering the action on the defining equation, it follows
that a® =1 and 83 = 1. If we take

at 00 0
by = 1 0 [€GP], ¢s=1] 0 57" 0 | €G],
01 0
then ¢spsp30 = 1 on P2, Therefore, o = ¢3¢, o5 € G3(C). O

Remark 4.5. For the curve defined by X%+Y%+76-10(X3Y3+Y3234+ 73 X3) = 0,
it is known that the group Aut(C) is isomorphic to the Hessian group of order 216

([21)-

Theorem 4.6. Let C' be the plane curve defined by X%+ 20X3Y3 — 8Y% 4+ Z¢ = 0.

Then there exist two exact sequences

0— Z/6Z — G3(C) = Ay — 1,

0— Z/6Z — Aut(C) — Sy — 1.

In particular, |Aut(C)| = 144 and |G3(C)| = 72.

Proof. Let ¢ be the line defined by Z = 0, which contains 8 points P with |G[P]| = 3.
Since ¢ is a unique line containing 8 points P with |G[P]| = 3, there exists a
homomorphism ¢ : Aut(C) — Aut(f) = P!, Since p(G3(C)) = ¢((G[P1], G| P)])) for
each points Py and P, such that (P, P) is not a G-pair, it follows that p(G3(C)) =
Ay. Since @ = (0: 0: 1) is a unique Galois point, the group Aut(C) fixes Q). This
implies that Ker ¢ = G[Q] = Z/6Z. The former exact sequence is obtained. On the
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other hand, the linear transformation

0 V2 0

1
T 0 0
0 0 1

acts on C, where > = —1. This implies that p(Aut(C)) = S,;. The latter exact

sequence is obtained. O

5. CURVES OF DEGREE FOUR

In this section, we assume that C' is smooth and of degree d = 4. The set AL, of
all quasi-Galois points in P?\ C' for C' is denoted by A’. If P € A’, then there exists
a unique involution in G[P], since G[P] is a cyclic group of order 2 or 4. First, we

note the following.

Lemma 5.1. If P € A/, then we have the following.

(1) There ezist exactly four lines £ > P such that C N { consists of one or two
points, and the tangent line at each point of C' N L is equal to (.
(2) There does not exist a line ¢ 5 P such that Io(C,¢) =3 for some Q € CNY.

Proof. Let o € G[P] be the involution. The projection 7p is the composite map of
gp:C — C/o and fp: C/o — PL. Since gp is ramified at exactly four points by
Corollary 2.5 and Fact 2.3(1), by Hurwitz formula, the genus of the smooth model
of C/o is equal to 1. Then fp : C/o — P! has exactly four ramification points.
Therefore, we have (1). Assertion (2) is obvious, since 7p is the composite map of

double coverings gp and fp. OJ

We recall the notion of G-pairs and the following proposition (see Proposition 3.8

and Corollary 3.9 in Section 3).
Proposition 5.2. Let (P, P’) be a G-pair. Then there exists a linear transformation
¢ such that (P) =(1:0:0), ¢(P')=(0:1:0), and ¢(C) is given by

X4V 4+ 20+ aXPY? +0Y? 2 4 cZ°X? = 0,
where a,b,c € K. In this case, there exists a quasi-Galois point P" with ¢(P") =
(0:0:1) such that (P', P") and (P", P) are G-pairs. In particular, CNPP’ consists

of exactly four points.

Furthermore, if P 1s a Galois point, then we can take a = ¢ = 0.
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Proof. Assertions except for the last one are derived from Proposition 3.8 and Corol-
lary 3.9. We consider the last assertion. Assume that |G[P]| = 4. In the proof of

Proposition 3.8, we can take

i
B A, B=1| 0
0

o = O
_ o O

1 00
, B'A,,B=|0 ¢ 0 |,
1

where 2 = —1 and ¢ = 1. Then the defining equation of the form
X'+ Y '+ 2+ 0Y? 22 =0
for some b € K. O

Let ¢ C P2 be a projective line. We would like to calculate the number of quasi-
Galois points on the line £. We treat the cases #C N ¢ = 4,3,2 and 1 separately.

Proposition 5.3. Let ¢ be a line with #C N{ = 4. Then #A'N{ = 0,1,2,4 or
6. Furthermore, if #A' N € =2 (resp., 4, 6), then we have exactly one (resp., two,
three) G-pair.

Proof. Let C N{ = {Q1,Q2,Q3,Q4}. We consider the possibilities of involutions
acting on C'N . There are at most three types:

(1) Q1 ¢ Q2, Q3 > Qu,

(2) Q1 ¢ Q3, Q2 ¢ Qu,

(3) Q1 ¢ Qu, Q2 <> Qs.
If P, P, € AN, and involutions oy € G[P1] and 09 € G[P] are of type (1), then
we have 01|y = o9|s. Then o1(Py) = 03(FP2) = P> and 09(P,) = 01(P) = Py, i.e.
(Py, Py) is a G-pair. For each types (1)-(3) we have at most two quasi-Galois points,
and hence, #A’'N /¢ < 6.

Let oy € G[Py] and 0y € G[P,] give involutions of types (1) and (2) respectively.
Then 010201(Q1) = @3, and hence, oy0907 is of type (2). Since o1(P,) # P> and
o1(P,) is quasi-Galois, (P, 01(F2)) is a G-pair. Similarly, (P, 02(P;)) is a G-pair.
We have two G-pairs.

Assume that #A’ N ¢ > 5. There are at least two G-pairs. We can assume
that (P, P,) and (Ps, Py) are G-pairs, and give involutions on ¢ of type (1) and
(2) respectively. Let Ps be another quasi-Galois point, and let o; € G[F;] be the
involution. Then o1(P5;) # Ps and the involution 0501 € Gloi(Ps)] gives an
involution on ¢ of type (3). Therefore, 01(Ps) # Py, ..., Ps. We have #A'N¢ =6. O
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Hereafter, we consider the curve C' defined by
F=X'"4+Y'"+Z'+aX?Y? +bY*Z* + cZ°X* = 0.
Then P=(1:0:0), PP =(0:1:0), P"=(0:0:1) € A’. The lines F[P]\ {P},

F[P'|\{P'} and F[P"]\ {P"} are defined by X =0, Y =0 and Z = 0 respectively.
Since C' is smooth, we have a # £2, b # +2 and ¢ # £2.

Proposition 5.4. We have the following.
(1) If there exist two G-pairs on the line defined by Z = 0, then b = tc. Fur-

thermore, when ¢ = —b, we take the linear transformation given by X — 1.X,

where i = —1, so that we have the defining equation with ¢ = b.
(2) If there exist three G-pairs on the line defined by Z =0, then b= c = 0.

Proof. Assume that (Py, Pj) and (P, Py) are two G-pairs on the line Z = 0. Then
the point P = (0 : 0 : 1) is contained in F[P] N F[P,]. Let o0y € G[P;] and

09 € G[P,] be involutions. Then o0, satisfies
P& Pll, P& PQ,

(see the second paragraph of the proof of Proposition 5.3). Since oy09(F[P]) =

F[P]], we have oy09(P]') = P/'. Then 009 is represented by the matrix

o T O
[
_ o O

for some A\, u € K. Then ((0109)7')*F and F are the same up to a constant.

Therefore, we have
MY 4 0 X+ 20+ a2 XY 0P X222 4 eNPYP 2P = F

Considering the coefficients of Y and Y222, we have A\ = &1 and b = .
Assume that (P, P{), (P, Py) and (Pj, P}) are three G-pairs on the line Z = 0.
Let 09 € G[P,] and o3 € G[Ps] be involutions. Then 0,073 satisfies

P — P, P{-)Pll, P2<—>P2,, PgHPé

(see the second paragraph of the proof of Proposition 5.3). Since o903(P;) = P; and

o903(P]) = Py, we have o903(P]') = P{’. Note that the order of o903 is at least 3
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and the order of the restriction (0203)|{z=0y on the line Z = 0 is two. Then o503 is

represented by the matrix

-n 0 0
0 n 0 |,
0 01
where 1? # 1. Then ((0303)7!)*F and F are the same up to a constant. Therefore,
we have
n4X4 + n4y4 + Z4 + CL774X2Y2 + bn2y222 + 0772Z2X2 — F
Considering the coefficients of Y2Z? and Z2X?, we have b = ¢ = 0. O

On the contrary, we have the following.

Proposition 5.5. Let a,b € K, and let C be the smooth plane curve given by
X'+ Y+ 24+ a XY+ 0V 27 + 027 XP = 0.
Then we have the following.
(1) Points (1 :0:0), (0:1:0), (1:1:0) and (1: —1:0) are quasi-Galois
points. Furthermore, if b # 0, they are not Galois.
(2) If b =0, then points (i : 1:0) are quasi-Galois, where i* = —1. Further-
more, we have the following.
— If a # 0, then points (1:0:0) and (0:1:0) are not Galois.
— If a # 6, then points (£1:1:0) are not Galois.
— If a # —6, then points (£i: 1:0) are not Galois.
— If a = 0 or 46, then there exists a linear transformation ¢ such that
d({Z = 0}) ={Z =0} and ¢(C) is the Fermat curve X*+Y*+ 7% = 0.
(3) If b =0, then §'[2] = 6 or 12. Furthermore, ¢'[2] = 12 if and only if C is
projectively equivalent to the Fermat curve X* +Y* + Z* = 0.

Proof. We consider points (+1:1:0). We set

o1 o1 _
X=X +Y). Y=3(X V). Z2=7

and take the linear transformation ¢ : (X : Y : Z) — (X : Y : Z). Then ¢~ ((1:1:
0)=(1:0:0),¢((=1:1:0))=(0:1:0), and ¢~ (C) is given by

G=02+a)X*+2+a)Y*+ 2"+ (12 — 2a) X?Y? + 2bY?Z% + 20X°Z* = 0.
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By Theorem 2.4, ¢~'((£1 : 1 : 0)) are quasi-Galois. Therefore, (+1 : 0 : 0) are
quasi-Galois. Furthermore, if ¢~!((1:1:0)) is Galois, then the matrix

oS O
S = O
_ o O

acts on GG. This implies 12 — 2a = 0 and 2b = 0.
Let b = 0. We consider points (£i: 1:0). We set

| -1 -
X=3(X+iY), V= 3(X ~iY), Z=17

and take the linear transformation ¢ : (X : Y : Z) +— (X : Y : Z). Then ¢~ ((i : 1 :
0)=(1:0:0),¢((=i:1:0))=(0:1:0), and ¢~ (C) is given by

H=02-a)X'"+2-a)Y'"+Z'+ (12+2a)X?Y? = 0.

By Theorem 2.4, ¢~'((£4 : 1 : 0)) are quasi-Galois. Therefore, (+i : 0 : 0) are
quasi-Galois. Furthermore, if a # —6, then (% : 0 : 0) are not Galois.

We prove (3). Now, we have six quasi-Galois points on the line Z = 0. By the
defining equation, we infer that @ = (0 : 0 : 1) is an outer Galois point and the
set FQ] \ {Q} is given by Z = 0. Assume that §'[2] > 6. Then there exists a
quasi-Galois point R € P?\ ({Z = 0} U{Q}). Let 7 € G[R] be the involution. If
7(Q) = @, then by Lemma 3.7, (R, Q) is a G-pair. Then R must lie on the line
Z = 0. This is a contradiction. If 7(Q) # @ is not a G-pair, then we have two Galois
points. It follows from a theorem of Yoshihara [17] that C' is projectively equivalent
to the Fermat curve. In this case, it is known that ¢’[2] = 12 ([11, 5]). O

Corollary 5.6. If '[> 2] > 2 and §'[4] > 1, then there exists a line { such that
AN N{=6.

Proof. If §'[4] > 1, then it follows from a theorem of Yoshihara [17, Theorem 4’
and Proposition 5’] that 6'[4] = 1 or 3, and §'[4] = 3 implies that C' is the Fermat
curve. For the Fermat curve, the required line exists, by Proposition 5.5. We can
assume that 6’[4] = 1. Let P be a Galois point and let R be a quasi-Galois point.
Since ¢'[4] = 1, then F[R] > P, that is, (R, P) is a G-pair. By Proposition 5.2, the

defining equation is of the form

X4 Yr 4+ 24+ 0Y2 22 =0
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for some b € K. By Proposition 5.5, the line defined by X = 0 is the required
line. 0

We consider the case where C' N ¢ consists of three points.
Proposition 5.7. If #C N ¢ =3, then #A'N{ =0 or 1.

Proof. Let CN{ ={Q1,Q2,Qs}, let To,C = ¢, and let Py, P, € ¢ be different quasi-
Galois points. Then @ € CN F[P] N F[P,]. This is a contradiction to Proposition
3.3. O

We consider the case where C' N /¢ consists of two points.

Proposition 5.8. Let C Nl ={Q1,Q2}, where Q1 # Qa.
(1) If Io,(C,0) = 3, then #A'N{ = 0.
(2) If T, C =Tp,C =4, then #A'N L =0,1 or 3.
(3) If #A'NL = 3, then there exists an automorphism o € Aut(C) of order three
such that the fized locus of o coincides with the set {Q1,Q2, R}, where R is
the point given by R € F[P] for any P € A’ N /.

Proof. Assertion (1) is derived from Lemma 5.1(2). We consider assertion (2). Let
Py, P, € ¢ be quasi-Galois points, and let o; € G[P;] be the involution. By Propo-
sition 5.2, (Py, P5) is not a G-pair. By Lemma 3.7, 01(P) # P, and hence,
#A' Nl > 3. We consider g105. Then 0109(Q1) = @1 and 0102(Q2) = Qo.
Let R be the intersection point of the lines F[P]\ {Pi} and F[P,] \ {P}. Then
o0109(R) = 01(R) = R. If R € C, then TgC' > Py, P,. Therefore, R ¢ C. For a
suitable system of coordinates, we can assume that ¢ = (1:0:0),Q2 = (0:1:0)
and R = (0:0:1). Consider the action of o105 on the lines @1 R and > R. Since
0109 fixes Q1,2 and R, 0102|QTR is identity if 005 fixes some point of C'N QR

other than ();. Therefore, the restriction ‘71‘72|QTR is identity or of order three for

1 =1,2. Then 0,0, is represented by the matrix

¢ 00
Aal oy — 0 n 0 y
0 01

where ¢ and 7 are cubic roots of 1. Since (); and @5 are not inner Galois (by Facts
2.1 and 2.3(2)) and R ¢ C, we have n # 1, ( # 1 and ¢ # n. This implies that

n=¢
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Let Ps := 0102(P,) (= 01(P,)). Since o105(F[P]) = F[Ps], R € F|[P;]. Assume
by contradiction that #A’'N¢ > 4. Let Py # Py, P, P3 be quasi-Galois, and let
o4 € G[P,] be the involution. Since 0104(Q;) = Q; for i = 1,2 and the order of o0y
is three, we have o,04|; = 0103, or (6102)?|,. Then we find that oy04(R) = R, and
hence, o104 = 0109 or (0109)? on P2. We have 04 = 0y € G[P,] or 04 = 090109 €
G[Ps]. This is a contradiction.

The condition as in assertion (3) is satisfied for the automorphism o 05. 0J

We consider the case where C'N /¢ consists of a unique point.
Proposition 5.9. If #CN{ =1, then #A'N{ =0 or 1.

Proof. Let C N ¢ = {Q}, and let Py, P, be different quasi-Galois points. Then
Q € F[P)] N F[P,]. This is a contradiction to Proposition 3.3. O

Here, we assume that there does not exist a line ¢ such that #A’ N ¢ = 6. This
condition is equivalent to the one that there does not exist a Galois point, under the
assumption that §'[> 2] > 2, by Proposition 5.5 and Corollary 5.6. We introduce the
notions of “G-triple” and “G-triangle” here. We call a triple (P, P', P") a G-triple,
if each two of points P, P’, P" form a G-pair. We call the set PP’UP'P"UP"P C P?
a G-triangle via the triple (P, P’, P").

Lemma 5.10. Let (P, P, P") be a G-triple. Assume that R is a quasi-Galois point
not in the G-triangle PP'"UP'P"JP"P. Then one of three lines RP, RP' and RP"

1s not a multiple tangent line, that is, one of them contains at least three points of

C.

Proof. For a suitable system, we can assume that P = (1:0:0), P =(0:1:0),
P"=(0:0:1)and R=(1:1:1). Then the defining equation of C' is of the form

F=X"+Y'4+ 2+ aX?Y2 4+ bY? 2% + cZ°X?* = 0,

where a,b,c € K and F(1,1,1) =3+ a+ b+ ¢ # 0. Assume that the three lines
are multiple tangent lines. By the condition that the line RP is a multiple tangent

line, it follows that
Di(1,1) = (a+c)* —4(b+2) =0,
where D, (Y, Z) is the discriminant

(aY? 4 cZ%)* —4(Yr +bY? 2% + Z%).
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By the symmetry, we have the equations
Dy = (a+b)?—4(c+2)=0, and D3 = (b+¢c)* — 4(a +2) = 0.
By the relation D; — Dy = 0,
(b—c)2a+b+c+4)=0.
Similarly,
(a—b)la+b+2c+4)=0, and (¢ —a)(a+2b+c+4) =0.

Assume that @ = b = ¢. Then 3a + 3 # 0 and (2a)? — 4(a + 2) = 0. This implies
that @ = 2. This is a contradiction to the smoothness.

We can assume that a #b. Then a +b+2c+4=0. If b = ¢, then a = —3c — 4
and (—2c —4)> —4(c+2) =0. Then ¢ = =2 or a = b = ¢ = —1. The former
is a contradiction to the smoothness, and the latter is a contradiction to a # b.
Therefore, b # ¢. Then

20+b+c+4=a+b+2c+4=0,
and a = ¢. Therefore, b = —3c — 4 and (—2c — 4)> — 4(c+2) = 0. Then ¢ = —2

or ¢ = —1. The former is a contradiction to the smoothness, and the latter is a
contradiction to b # c. O

Proposition 5.11. Assume that there ezists a G-triple (P, P, P"), and 0'[4] = 0.
Then
§'[2] = 3,5,9 or 21.
Furthermore, the following hold.
(1) ¢'[2] = 21 if and only if C is projectively equivalent to the curve defined by
XYY+ 2+ a( X2+ Y222+ 22X = 0,
where a € K satisfies a® + 3a + 18 = 0.
(2) ¢'[2] =9 if and only if C is projectively equivalent to the curve defined by
X'+ Y P+ 2+ a(XY2+ Y222+ 22X = 0,
where a € K\ {0, -1} and a* + 3a + 18 # 0.
(3) ¢'[2] =5 if and only if C is projectively equivalent to the curve defined by
X4+ Y '+ 20+ a XY+ 0(YP 22 + 2P X7) = 0,

where a,b € K, b# 0 and b # +a.
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Proof. Assume that there exists a quasi-Galois point R ¢ PP’ U P'P" U P"P. By
Proposition 5.10, we can assume that RP” is not a multiple tangent line. By Propo-
sitions 5.3, 5.7 and 5.8, it follows that there exist four quasi-Galois points on the
line RP”, and that the point P, given PP’ N RP” is a quasi-Galois point. For the
involution ¢ € G[P], o(P,) is a quasi-Galois point and the line o(P,)P” contains
four quasi-Galois points. It follows that the triple (P, o(P2), P”) is a G-triple such
that two edges of the G-triangle contain four quasi-Galois points. In this case, it

follows form Proposition 5.4 that C' is projectively equivalent to the curve defined
by

X'+ Y '+ 2+ a(XPY?+ Y222 4+ 27 X7) = 0,

and the triangle Pyo(P2)Uo(P2)P"UP" P, contains 9 quasi-Galois points. By taking
a suitable system of coordinates, we can assume that P = (1:0:0), P'=(0:1:0),

P"=(0:0:1), C is defined by

X 4 Y P+ 2+ a( X2+ Y222+ 27X =0

for some a € K \ {0}, and #A'N(PP'UP'P"U P"P) = 9.

Assume that §'[2] > 10. Let R be a quasi-Galois point with R ¢ PP'UP'P"UP"P.
By Proposition 5.10, we can assume that RP is not a multiple tangent line. It
follows from Proposition 5.5 that P, := (0 : 1 : 1) and Py := (0 : =1 : 1) €
FIPI\ {P} = {X = 0} are quasi-Galois. Note that (P, P;) is a G-pair, since
(P', P") is a G-pair. We can assume that R € PP, with R # P, P}. Let 7 € G[R)]
be the involution. Note that 7(Pj) = P, since (P, P}) is a G-pair. Since (P, P)
and (P,, Py) are G-pairs, F[P,] \ {P,} = PPy > R, and hence, (P, R) is a G-pair.
Therefore 7(P,) = P,. Since 7((0:1:1))=(0:1:1),7((0: =1:1)) =(1:0:0),
and 7((1:0:0)) =(0: —1:1), 7 is represented by the matrix

>
== N

—_ =
NN
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where A € K. Then (771)*F and F are the same up to a constant. Here

(r™HY'F = (;) Y -2 '+ A +Y + 2+ (-2 X +Y + 2)!

9\ 2
+a (X) Y — 2POX +Y + 22+ aDX +Y + 2)2(-AX +Y + 2)?
9\ 2
+a <X> (-AX +Y +2)*(Y — 2)
The coefficient of X2Y 7 is

2\ 2 2\ 2
12)% + 12)% — 24 (X) A2 — 4a)? — 2a (X) A2 =0.

We have A\? = 4a/(6 — a). The coefficient of Y37 is

A

We have a® + a? + 12a — 36 = 0. Since a # 2, we have a® + 3a + 18 = 0.
On the contrary, let a® + 3a + 18 = 0, and let C' be the plane curve given by

2\ 4
—4 (—) +4+4+4a=0.

F=X'4+Y'"+ 72"+ a(X?Y? +Y?2° + 2°X?) = 0.

By Proposition 5.5, we have 9 quasi-Galois points on the union of the lines X = 0,
Y =0and Z = 0. Let ) be a solution of A> = 4a/(6 —a), and let 7 be the involution
given by

2
by

— = >N

1

—A 1
Then 7 acts on C. It is inferred that 7 is an involution, T{Y +Z =0}) = {Y +Z =
0}, and 7 is not identity on this line. By the proof of [5, Proposition 2.6], 7 is the
involution of some quasi-Galois point R on the line Y + Z = 0 other than (1:0: 0)
or (0 : —1:1). By considering the actions associated with points (1 : 0 : 0),
(0:1:0)and (0:0: 1), we have four quasi-Galois points not in {XY Z = 0}. Note
that R is different from (£1 : +1 : 1). Using the linear transformation given by
(X:Y:Z)— (Z:X:Y), we have 4 x 3 additional quasi-Galois points. Therefore,

we have 0'[2] > 9+ 12 = 21.

We prove that ¢'[2] < 21. Let P € A’ and let £ 5 P be a line. If #A'N{ > 2,
then #A’'N¢ = 2,3 or 4, by Propositions 5.3, 5.7, 5.8 and 5.9. If #A’N{ = 3, then

¢ is a multiple tangent line, and hence, it follows from Lemma 5.1 that such lines
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¢ are at most 4. If #A’ N ¢ = 2 or 4, then there exists a point P’ € ¢ such that
P" € F[P]\ {P}, by Proposition 5.3. Since #A’' N (F[P]\ {P}) < 4, such lines ¢ are
at most 4. Therefore, 0'[2] <144 x2+4 x 3 =21.

Assume that A’ C PP'UP'P"UP"P and ¢'[2] > 4. Let R € A’\{P, P, P"}. We

can assume that R € PP’. By Proposition 5.3, there exist four quasi-Galois points

on the line PP’. For a suitable system of coordinates, we can assume that the line

PP’ is defined by Z = 0 and C' is defined by
X4V + 20+ a XY+ 0(YP 22 + 22 X?) = 0,

where a,b € K. By Proposition 5.5, it follows that b # 0. In this case, ¢'[2] > 5.
If §[2] > 5, then the line P’P” or P”P contains four quasi-Galois points. It follows
from Proposition 5.4 that a = 4b. In this case, C' is projectively equivalent to the
curve defined by

X4V 4+ 2P+ a(XPY2 + Y222 4+ 22 X?) =0

where a # 0 and a* + 3a + 18 # 0, and ¢'[2] = 9. For the smoothness, we need the
condition a # —1. If §'[2] = 5, then b # +a, by Proposition 5.4. O

Theorem 5.12. Let C' C P? be a smooth curve of degree four. Then
§'[2] =0,1,3,5,6,9,12 or 21.
Furthermore, the following hold.
(1) ¢'[2] = 21 if and only if C is projectively equivalent to the curve defined by
X'+ Y 4+ 2+ a(XPY? + Y222+ Z2X?) =0,

where a € K satisfies a® + 3a + 18 = 0.
(2) ¢'[2] =12 if and only if C is projectively equivalent to the Fermat curve.
(3) ¢'[2] =9 if and only if C is projectively equivalent to the curve defined by

X'+ Y '+ 2+ a(XPY?P+ Y? 22 + 27 X7) = 0,

where a € K \ {0, -1} and a* + 3a + 18 # 0.
(4) ¢'[2] = 6 if and only if C is projectively equivalent to the curve defined by

XYY+ 2+ aX?Y? =0,

where a € K \ {0} and a # +6.
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(5) ¢'[2] =5 if and only if C is projectively equivalent to the curve defined by
X 4+ Y P+ 2+ a XY +0(Y2Z2 + 22 X?) =0,
where a,b € K, b# 0 and b # *a.

Proof. Assume that ¢'[> 2] > 2 and ¢§'[4] > 1. By Proposition 5.5 and Corollary 5.6,
C is projectively equivalent to the curve defined by

X4+ Y+ 724+ aX?Y?=0.

Furthermore, if a = 0 or £6, then §'[2] = 12 and C' is the Fermat curve, otherwise,
d'[2] = 6. The assertion follows.

Hereafter, we assume that ¢'[4] = 0 and §'[2] > 2. By Proposition 5.5, there does
not exist a line ¢ such that #/ N A’ = 6. If two Galois points form a G-pair, then,
by Proposition 5.2, there exists a G-triple and 0’[2] > 3. Therefore, ¢'[2] > 3 in any
case. If there exists a G-triple, then the assertion follows by Proposition 5.11. We
can assume that there does not exist a G-pair.

Assume that ¢'[2] > 4. By Propositions 5.3, 5.7, 5.8 and 5.9, there exists a line ¢
containing exactly three quasi-Galois points Py, P, and P3. Let P, be a quasi-Galois
point with P, ¢ ¢. Then the line P,P, contains exactly three quasi-Galois points
for each i. Therefore, §'[2] > 7. It follows from Proposition 5.8 that there exists an
automorphism o of order three such that o(¢) = ¢ and the fixed point of ¢ not in
¢ coincides with the point given by F[P| N F[P]. If ¢'[2] = 7 or 8, then o acts on
7—3=4or 8 —3 =5 points. Therefore, o fixes some quasi-Galois point P. Then
P € F[P,] and hence, (P, P) is a G-pair. This is a contradiction. It follows that
d[2] > 9.

Assume that §'[2] = 9. Since there does not exist a G-pair, the line P, P, contains
exactly three quasi-Galois points for each pair of different quasi-Galois points P;
and P». We consider the set

I={(P0)c A xP*|Pct, #A' Nt =3}

with projections py : I — A’ and ps : I — P2, where P? is the dual projective plane.
Since #I = 9 x 4 = 36 and each fiber of py contains exactly 3 points, it follows that
#po(I) = 12. Let £ € py(I) and let o be an automorphism of order three on the
line ¢ as in Proposition 5.8. Since the automorphism o acts on the set po(I) \ {¢}
and #po(I)\ {¢} = 11, there exists a line ¢’ € py(1) \ {¢} such that o(¢') = ¢. Then
c(lNn?)=¢n{. By Proposition 5.8, the point given by ¢ N ¢ is contained in C'.
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Since the tangent line at the point given by £ N ¢ coincides with lines ¢ and ¢'. This
is a contradiction to the smoothness. It follows that ¢’[2] > 10.

Assume that §’[2] > 10. Let P € A’. Since lines containing P and another
two quasi-Galois points are at most 4, there exists a line containing four quasi-
Galois points. In this case, there exists a G-pair, by Proposition 5.3. This is a

contradiction. O

Remark 5.13. It is known that the curve defined by
X'+ Y '+ 20+ a(XPY?P+ Y? 22 + Z°X7) = 0,

where a € K satisfies a®+3a+ 18 = 0, is projectively equivalent to the Klein quartic
X3Y +Y3Z + 273X =0 ([7], [13]).

Remark 5.14. For d = 5 and n = 2, the third author determined the number §[2]

([16]).
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