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Abstract. Let G = expg be an exponential solvable Lie group with Lie
algebra g and g* the dual vector space of g. We take two (real) polarizations
hi,b2 of g at f € g* which satisfy the Pukanszky condition and define a
unitary character xy of H; = exp(h;) (j = 1,2) by the formula xf(exp X) =
el (X)) (X ep j). Then, it is well known that the two monomial representations
T = indgj Xf (j = 1,2) are mutually equivalent and we even have a natural
candidate of the intertwining operator between them. In order to verify that
it is a true intertwining operator, the principal obstacle is the convergence of
the integral in question. A property which assures this convergence, is the
closedness of the simple product set H2H1 in G. In this paper, we establish
this property, generalizing then a previous proof in the particular case when
one of the polarizations is of Vergne type.

1. Introduction

Let G = exp g be an exponential solvable Lie group with Lie algebra g. We consider
f € g* and two (real) polarizations b1, ha of g at f which satisfy the Pukanszky condition.
This means that f—l—bj‘ = H;-f with H; = exp(h;)(1 < j < 2). Starting from the unitary
character x; of H; defined by y;(expX) = e/(X) (X € p;), we induce a monomial
representation m; = indgj Xy of G. Thus, it comes that 71, m are irreducible and
mutually equivalent (cf. [4]). For j = 1,2, we denote by H, the Hilbert space of 7;. We
propose to construct explicitly an intertwining operator between them. Our first step in
[5] was to establish the relation

Tr ady, /(n,np,)X + Tr adp, /(h,np,) X =0

for all X € h; N ho. This leads to

An, a(h) = Ay .a(h)AY Ag, m,(h) (h € HiNHy).
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This being set, for ¢ € Hr, and g € G, the function ®, on H, defined by

®,(h) = o(gh)x (M) AL a(R)

verifies the relation

Oy (ht) = Mgt oy 11, (@) (h) (b € Ha,w € Hy N Hy).

Hence we are able to describe formally the integral

(Than,0) (9) = j{; P )so(gh)Xf(h)ABi,/é(h)dV(h) (9€G). (L.1)

At least on the formal level, it is clair that Tj,y, ¢ verifies the covariance condition
required to belong to the space H, and that T},;, commutes with the action of G by left
translations. In fact, it is not exaggerated [3] to say that one of the principal problems
is the question of the convergence of the integral (1.1), which will be settled when the
following claim holds:

CramM 1.1.  The product HoH is closed in G.

Indeed, it turns out from the Pukanszky condition that the simple product set
HyH, is locally closed in G and hence that the space HoHq/H; is homeomorphic to
homogeneous space Hs/(Hy N Hz). Therefore, if Claim 1.1 holds, the integral (1.1) is
convergent for all continuous function ¢ with compact support modulo H; of H., .

Note that Claim 1.1 holds, in the setting when G is nilpotent or at least one of
the polarisations b; is of Vergne type (cf. [10]), and also in the case where b + b2 is a
subalgebra of g (cf. [1]). The aim of the paper is to provide a proof in the general setting
of exponential solvable Lie groups.

The outline of the paper is as follows. The next section presents some preliminaries
about the representation theory of exponential solvable Lie groups and the orbit method.
Section 3 proves first preparations of the proof of the main result proving that Claim
1.1 holds whenever there exists an abelian ideal n between the nilpotent radical of g
and [g,g] (cf. Proposition 3.2). This is actually crucial for the proof of the general
case. Section 4 treats the setting where G is completely solvable, where by means of
the techniques of Proposition 3.2, we overcome the technical difficulties raised through
the induction procedure, (cf. Theorem 4.1). The last section proves the general case of
exponential solvable, and as a consequence the convergence of the intertwining integral
(1.1) (cf. Corollary 5.2), and also the composition formula introducing the Maslov index
(cf. Corollary 5.3).



The closedness of the product set of two Pukanszky polarizations 3

2. Backgrounds

2.1. Induced representations
Let dg be a left Haar measure on G and Ag the modular function of G so that we
have

/ olge)dg = Ag(x) / og)dg (z€C)
G G

for all functions ¢ belonging to the space K(G) of the continuous functions on G with
compact support. We have

Ag(z) = |det(Adz)| ™! (z € Q).

A closed subgroup H with Lie algebra h being given, we denote by Ay g the char-
acter of H with values in R defined by

Apag(h) =

It follows that, for X € b,

Apglexp X) = exp(Tr adg/p X).

Let K (G, H) be the space of the numerical continuous functions ¢ on G with compact
support modulo H and which verify ¢(gh) = Ag,c(h)p(g) for all g € G and h € H.
G acting on K (G, H) by left translations, we know that there exists, up to a scalar
multiplication, one and only one G-invariant positive linear form. We denote it by v g
or more simply v and write it in the form of an integral

ve,u(p) = ji/H e(g)dv(g).

If Ay = Ag on H, vg, g is nothing but a G-invariant measure on the homogeneous space
G/H.

Let 7 be a unitary representation of H in the Hilbert space H, (G, H, ) the space
of continuous functions ¢ on G with values in H,, having the compact support modulo
H and verifying the covariance condition

Ag(h)
Ag(h)

W(gh) = ( ) 2a Y (h)plg) (g€ G, he H). (2.1)

We define the norm ||¢|| in K(G, H, ) by
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1/2
9l = (%G/H Iw(g)IQdVG,H(g)> :

Then G acts isometrically in the space (G, H, ) by left translations and we obtain the
induced unitary representation 7 = Indgﬂ of G in the completion H. of K(G, H, 7).

In the case where m = x is a unitary character of H, 7 is the induced monomial
representation Ind% y.

2.2. The orbit method theory

The Kirillov-Bernat-Vergne orbit method makes it possible to parameterize the uni-
tary dual G of G by the space of coadjoint orbits of G in g*. For ¢ € g*, let B, be the
bilinear form on g defined by B,(X,Y) = ¢([X,Y]) and g(¢) the radical of B,. We take a
polarization b C g at ¢ (a totally isotropic subalgebra of g (or Lagrangian) with respect
of By of maximal dimension equals to %(dim g+ dim g(¢))), satisfying Pukanszky’s con-
dition B - ¢ = ¢+ b*, where B := expb. We define the unitary character x, : B — U(1)
associated to £ by

ye(exp X) := X)) (X e b), (2.2)

and denote by m;p the induced unitary representation Indgxg of G. Then myp is an
irreducible representation of G and its equivalence class [mp] only depends upon the
coadjoint orbit €, through ¢. Every unitary and irreducible representation 7w of G is
equivalent to the representation 7y, induced from a character x, and a Pukanszky po-
larization b at £. Moreover, the Kirillov-Bernat-Vergne mapping

9ng*—> é

2.3
Qg — UV ( )
which factors through the quotient to:
Oc:9*/G— G (2.4)
Qp — [mep] = 7,
is a homeomorphism. For more details, see [6].
3. Orientation of our study
We begin with groping our way to find an orientation.
EXAMPLE 3.1. Let g = (z,y,2,a) : [x,y] = z,[x,a] = a. Then, the derived

algebra g, g] is commutative. At the point f = z* in g*, the subalgebra h = (z, q, z)y is
a polarization satisfying the Pukanszky condition and b is not contained in the nilpotent
radical of g.
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3.1. Indices and notations
Let

S:{0}=g0Cg1 C-Cgn1Cgy=g,dimg; =7 (0<;j<n)

be a good sequence of subalgebras of g which passes a nilpotent ideal n = g;, containing
[g,9]. What is to say, if g; is not an ideal of g, then g;11 are ideals of g and the adjoint
representation of g on g;41/g;-1 is irreducible. If g; and g;_1 are ideals of g, we obtain
aroot aj: g — Rofg:

ad(X)(X;) — (X)X € gj-1, X €9, X; €9, \gj-1-

If g; is not an ideal of g, then we take a subspace v; of dimension 2 of gj;; such
that g;41 = v; + g;—1 and there exists a homomorphism «; of g to the algebra of the
endomorphisms of v; such that

ad(X)v —a;(X)vegj_1, X €9, veEvY;.
We define for a subspace v of g the index set I° C {1,2,...,n} by

I"={1<j<mo+gj=v+g;_1}
={1<j<mnjoNng; #vNgj1}.

Choose for j € I192\191™2 an element U; € ha N g; outside of gj_1 and determine the
integer k = k(j) < j as the smallest index such that

(Uj + (b2 Ngj—1) +b1) Ngr # 0.

Then, k > 1. This gives us, retaking U; again if necessary, an element S; € h; and an
element Vj € gi(;) \ 8k(j)—1 such that

Uy =V;+5,.

We see that j € I"2\I" if and only if k(j) = j. In this case, we can take S; = 0 and
V; = U;. Because of the minimality of k(j), we know that k(j) ¢ I" and that the

mapping

Jh2 ﬁ[hl\[blﬂhz 3j— k(]) c Ihz+h1\(1h1 UIhz)

is injective.
We set

" = {j € 1"\ k(j) < jo}.
For 0 < 7 < jo, we put my; = g; + by and

102 = {1<j <jo;haNm; # haNmy_y}.
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Let j € I,?f. Let us show that there exists X; in ho N'm; outside of ha Nm;_; such that
we have [X;,g;] C g;j—1. When we can take X in n, our assertion is trivial.

We first prove the following:

ProproSITION 3.2. Let G = expg be an exponential solvable Lie group with Lie
algebra g such that there exists an abelian ideal n between the nilpotent radical of g and
[9,9]. Let f € g*, b1,b2 two polarizations at f satisfying the Pukanszky condition and
Hj =exph; for j =1,2. Then, Claim 1.1 holds.

PROOF. Let us proceed by induction on dim G. If there exists a non-trivial ideal
on which f vanishes, then this ideal is contained in h; N ho and we can descend to the
quotient by this ideal and apply there the induction hypothesis, because the image of n
in the quotient is found between the nilpotent radical and the derived algebra. Suppose
hereafter that there is no such an ideal, what brings that the dimension of the center 3
of g is inferior or equal to 1. If there exists a minimal ideal a # {0}, then, since f does
not vanish on a, the subalgebra

0 ={X eg f([X,qa]) ={0}}

turns out to be proper in g. Since the Pukanszky condition requires that hq,hs are
contained in g, the induction hypothesis suffices for us. These observations apply to the
general setting without any assumption and we can assume in what follows 3 = RZ with
f(Z)=1.

In this way, we are led to the following situation: g; = 3, f does not vanish on g; and
a = go or a = g3 is a minimal non-central ideal of g. In order to simplify the notation,
designate g by €, which is a proper subalgebra of g. Remark that g = €+ [g, g] except
the case where a = gy and where [g, a] = 3, namely that ag = 0. In this last case, £ is an
ideal of g and our hypothesis on the existence of n regulate this eventuality. All taken
into account, we obtain a good sequence of subalgebras of £ by taking the intersection S’
of § with ¢ and €N n is found between the nilpotent radical of ¢ and [, €].

This taken in mind, if a C b1 Nho, it suffices for us to apply the induction hypothesis
to the subgroup K = expt. For i = 1,2, put h? =bh;Ntand b; = f)? + a. When b,
contains a and h; does not contain a, it suffices for us to apply the induction hypothesis
to the data (¢, b7, b2, S").

Suppose that h; contains a and so does not ha. Since gj, is commutative and g;,
contains a, gj, is contained in €. It follows that mj, N ha C hY. Therefore, our assertion
results from that already established for h; and bj.

Suppose from now on that neither h; nor ho contains a. If h; Nho is not contained in
€, our assertion follows from that already established for b} and h5. It remains to examine
the situation where a C b +h2. Recall that g; = 3 and a = go. So, let 3 =RZ, f(Z) =1,
and go = RY + RZ with f(Y) =0.

First, suppose that a C hY + Y. Write Y = Xp — X with X € hg(l <k <2).
Let ip be the smallest index in I2? such that ha Nm;, ¢ hY. If there does not exist
such an index ig, we have nothing to do. It comes that h3 N'm;, C m;,_; and then that
there exists V' € g;, \ gi,—1 which is written as V =Ty, — T} with T} € by \ hg verifying
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[T:, Y] = Z (1 < k <2) (cf. Lemma 4.4 in the sequel). Modifying the elements X5, X
by elements of h; N2, we can choose X2, X, in such a manner that Bf(Xg, giy—1) = {0}.
Write [Ty, Xo] = BXs +w, with 8 € R and wy € hY such that By(T1,w2) =0. Asn =g,
is commutative, we have

0= f([V, T2, X2]]) = Bf(V, [Tz, X2]) = —By(T1, [T2, X3))
= —ﬁBf(Tl,Xg) = —ﬁBf(Tl,Y) =—p.

Hence, [Tz, X3] = wo. Similarly, [T1, X1] = wy with wy € Y verifying By(Tz,w;) = 0.
Then, we have

[V, Xo] = [To — T, Xo] = [T2, Xo] = [T1, X1 + Y] = w2 — w1 — Z
and consequently

0= By(1T3, [V, X2]) = By([12, V], X2) + B (V, [T», X2])
= Bf([TQaV}’XQ)a

what says that [T, V] belongs to gi,—1-

Second, suppose that a ¢ h7+53. Writing Y = To—T3 with T} € b \b? (1 <k < 2),
we know that the Pukanszky condition allows us to choose T} in such a manner that
[Tk, Y] belongs to g1 (cf. Lemma 4.4).

We can treat similarly the case where dima = 3. Let iy be the smallest index in
L?f such that hs Nm;, ¢ 9. Then, there exists V € Gio \ Gio—1 which is written as
V =Ty, — Ty with T, € b \ bY verifying [T}, Y] = Z (1 < k < 2) because of Lemma 4.4.
Following the same way as above, we find [T}, V] € giy—1.

Now, putting M; = expm; for 1 < j < jo, let us show by induction on j that
HyHyNMj is a closed subset of M;. When j = 1, it is trivial. Suppose that HoHNM;_4
is closed in M;_;. If j & I,?{“, it turns out that HoH, N M; = HyHy N M;_;. Suppose
that j € I3?. Take X, in haNm; outside of m;_; in the way that we have [X;, g,] C gj_1.
Let X; = V; + X} with Vj € g; \ gj—1 and X € h1. Let now {x;}32; be a sequence in
HyHy N M, convergent in G. Write

x; = exp(t; X;)-g; (ti €R, g; € HoHy1 N M;_q).
Because
z; = exp(t;i(V; + X}))-g; = exp(t;V;)-g;

with g} € M;_1, the sequence {¢;}$2, is convergent and consequently the sequence g; =
eXp(—tin)mi too. Say, lim; ,oot; = to € R and lim;_, gi = go € Mj_l. Since
HyHy N Mj;_; is closed in M;_1, we confirm that go € HaH,. After these observations,
lim; 0 z; = exp(t;X;)-g; is found in HoH;. We see in this way that HyH; N M; is a
closed subset of M;.

Finally, HoHy N Mj, is closed in M;,. By adding to the subalgebra m;, a coexpo-
nential basis {W1,...,W,} in bhs to ha Nm;,, we conclude that
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HoH, = exp(RWl) s exp(RWp)(Hng N Mjn)

is a closed subset in G. O

4. Case of completely solvable Lie groups

Suppose here that g is completely solvable, and we shall provide a proof of Claim
1.1. Our main result in this section is the following:

THEOREM 4.1. Let G = expg be a completely solvable Lie group with Lie algebra
g, f€g" and bh; € S(f,9)(j = 1,2) two Pukanszky (real) polarizations of g at f € g*.
Put Hj = exp(h;)(j = 1,2). Then, the product HyH; is closed in G.

4.1. First preparations

Let n be a nilpotent ideal of g containing [g, g]. Put ng = {0} and let n; be an ideal
of g contained in n and having the dimension 1. We denote by ¢(ny,ng) the centralizer
of ny in n, what evidently leads the equality ¢(nj,ng) = n. Take now an ideal ny of g
included in n, containing n; and having the dimension 2. If we put

c(ng,ng) = {X € n; [X,n9] Cngl,
then,
{0} =np Cny Cny Ce(ng,ng) Cn, dim (n/c(ng,ng)) < 1.
If ny # ¢(ng, ng), we take an ideal ng of g such that
ng C ng C ¢(ng,ng), dim(ng/ng) = 1.
Next we consider the ideal
c(ng,ny) = {X € c(ng,ng) : [X,ng] Cnq}.
of g. Then,
ny Cnp Cng Ce(ng,ng) C e(ng,ng), dim (c(ng, ng)/c(ng,ny)) < 1.
If ng # ¢(ng, ny), we take an ideal ny of g such that
ng C ng C ¢(ns,ny), dim(ng/ng) =1.
Next we consider the ideal
c(ng,ng) = {X € c(nz,ny); [X,ny4] C 0o}

of g. Then,
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n; Cng Cng Cny Ce(ng,ng) Ce(ng,ng) Ce(ng,mng) Cn

and dim (c(ng, n1)/c(ng,n2)) < 1.
We continue the same process until we have an index kg such that

N, = C(nko, nko_g).
By this way, we arrive to a sequence of ideals of g:

{0} =Mno g n -,C«- na -,C«- e g— Ny = c(nkoanko—Q)

C ¢(Ngy—1,Mkg—3) C -+ C c(ng,ng) C n.
Denote this sequence made by different terms by S:
{0}=npCny C---Cpmy Ty =, dim(ng/nj) =1 (1 <5 <m).
For 1 <j <m, we set m; =n; + b, and
I = {1<j<m;hanm; #hyNmy_1}.
Now, we propose the following claim:

CrLAIM 4.2.  Let j € I"2. There exists X in ha Nm; outside of ho N'm;_1 such that
we have [X;,n;] C nj_q.

Then the following is immediate from the proof of Proposition 3.2:

ProprosITION 4.3.  If Claim 4.2 holds, then so does Claim 1.1, so a proof of The-
orem 4.1.

Proof of Theorem 4.1. We shall draw a proof through different steps, here is the
first one:

4.2. Step 1: An induction procedure

We proceed by induction on dimg. If by = by = g(f) = g, HoHy = Hy = Hy = G.
If f vanishes on an ideal a # {0} of g, a C g(f) C h1 Nh2 and we can pass to the quotient
g/a to which applies the induction hypothesis. Hence, we can suppose that the center 3
satisfies dim3 < 1, and that f does not vanish on § when dim3 = 1. Let a be a minimal
non-central ideal of g and g = {X € g; Bf(X,a) = {0}} which is a proper subalgebra
of g. If a is a minimal ideal of g, then the Pukanszky condition implies b,(j = 1,2) are
contained in g (cf. [4]) and the result commes immediately from the induction hypothesis
applied to G = exp(g).

Suppose hereafter that a is not a minimal ideal of g. This means n; = dimj =
l,dima=2and 3 C a. Let 3 = RZ,a =RY @ ; such that f(Z) =1 and f(Y) = 0. Note
that the intersection of g with n is nothing but c¢(na,ng) = c(ng, {0}).

Now let a ¢ by Nhy and put h? = h; Ng, b, =6 +afor 1 <i < 2. It is well
known that h} is a polarization at f verifying the Pukanszky condition (cf. [4]). Let us
introduce
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go={X€g;[X,a) Cny}.

Case 1. by C g and hy ¢ g. It matters only that 5 = m, otherwise we can apply
the induction hypothesis to by, b contained in g. If ho C go, then [h2,n] C nNg and
hence [h2,n;] C n;_1, from which comes the result. If ha ¢ go, the Pukanszky condition
implies (cf. [4]) b ¢ go and hence there is a nilpotent element in ho \ 9 which serves as
a coexponential basis in g to g.

Case 2. h; ¢ gand ho C g. Just as in the case 1, we are led to the situation where j =
m. If by C go, [f)l +n, Il] cnjg and hence [mj,nj] cnj-a, further [hg N mj,nj] cnja.
If b1 ¢ go, the Pukanszky condition demands just as in Case 1 that by Nn; # by Nnj_;g.
Namely, m; = m;_; and hence j ¢ I"2.

Case 3. by ¢ gand hs ¢ g. First, let a & by +bho. Then, there exists 0 # X € h1Nhy
outside of g. If j < m, modifying by X the concerned elements of h1, b2, we immediately
see that

by N (nj +b7) # by N (nj_1 +bY).

If j = m, we can proceed as in the previous cases. Indeed, if hs ¢ gg, we can take
in [h2, X] a coexponential basis in g to g. Let ha C go. If h; C go, we can apply the
induction hypothesis to go. If h1 ¢ go, we have that h; N n,, # hy Nn,y,_1. Namely,
m,, = m,,_; and hence m ¢ I92.

Suppose in what follows that a C h; + ho. First of all let a ¢ b + b9, Write
Y =Ty — Ty with T; € h;\h? for 1 < i < 2. We know that T; € go (1 < i < 2) from the
Pukanszky condition (cf. Lemma 4.4 below). By replacing X by Tj,T> we can make
the same argument as in the precedent situation.

Finally, let us treat the essential case where a C hJ+b3. Let jo be the smallest index
such that there exists V € nj,\nj,_; which is written V =T, — T} with T; € h;\h? (1 <
i < 2). Then (h? +b3) Nnj, C nj,_1. If jo = m, we can repeat the arguments utilized
in the case 1 or 2. Thus, let jo < m, namely V € g. When we write Y = X5 — X with
X; €h? (1 <i<2), wehave by Nhy = RXs + (hy Nh2) and hy Nhy = RX; + (hy N ba).
Since (b1 + h2) Nnjo—1 C hY + Y, we ascertain

B(Xa,nj,-1) = By(X1,nj,-1) = {0}

by modifying X; by the elements of h; Nhs if necessary. In fact, let ny = RV +ng_q1 with
k< jo—1. If Vi & b1 +bo, there exists zj, € h1 Nh such that By(xy, Vi) # 0. Modifying
X, by z, we can assume By (X;, V) = 0. If Vj, € hi+bo, then Vi, = 9 —x withz; € f)?.
This means By(X1,z2) = Bf(X2,21) = 0 and hence B¢(X», Vi) = By(X:1, Vi) = 0.
Moreover, we can suppose that f(X;) = f(X2) = 0 by modifying X; by Z if necessary.
Let us normalize T; or Y so that By(T;,Y) = 1. This leads to

Bf(T1,X2) =1, Bf(T2,X1) = Bf(V, X1) = B§(V, X2) = —1.

LEMMA 4.4.  Let us assume more generally that g is exponential here. We can take
T; in go, for 1 <j < 2.
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Proor. Suppose for a while that g is completely solvable and that T; & go. Then,
from the Pukanszky condition there exist (cf. [4]) T} € h) outside go and hence two
elements 0 # v; = [T}, T;] € (h; Nw)\bY (j = 1,2) and let ko be the smallest index
satisfying a = vo — v1 € ng, by the use of such nilpotent elements vy, vz in b; \ hg. This
brings that jo < ko <m — 1. If kg = jo, we can choose T; = v; € n C gg. Suppose hence
jo < ko. This being done, from the induction hypothesis there exists S; € f)? (j=1,2)
such that

b=2S5 —S1 € ny \ngo—1, [S5, k) C Nip—1.
This says that
[S2,a] = [S2,v2] — [S2,v1] € Mpy—1,
namely,

[S2,a] = [Sa,v2] — [S1 + b, v1]
= [Sa, v2] — [S1,v1] — [b,v1] € ngy_1.

Consequently,
[S2,v2] — [S1,v1] € ngy—1,

which contradicts the choice of kg unless S; € go (j = 1,2).
By considering an appropriate multiple of S;, we can suppose that

b+a= (SQ -|—’l)2) — (Sl -|—’l}1) € Ngg—1-
Then,

Ngo—1 2 [Tg,b—Fa] = [TQ,SQ —I—’Ug} — [T2781 +U1]
= [TQ,SQ + ’UQ] — [Tl + V, Sl + ”Ul]
= [TQ,SQ + UQ] — [Tl,Sl + U1] — [V, S1 + 1}1].

Since [V, S1 + v1] € nj, and jo < ko — 1, we have
[Tg, Sy + Ug] — [Tl,Sl + ’Uﬂ € Ngy—1-

All taken into account, if T; & go, this contradicts the choice of ko because [T}, S; +v;] &
b? (j=1,2). In sum, T} € go.

Now suppose that g is exponential. Let ko = jo. If [T}, n;,] ¢ nj,—1, the equation

[Ty, a] = [Ty, vo] — [T1,v1] — [V, v1]

shows that we can take T in h; N n. Thus, we can assume jy < kyp and we can repeat
the above arguments done for the completely solvable case. U
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REMARK 4.5. In the proof of Lemma 4.4, if jo = kg, we establish our assertion by
taking T; = v;(j = 1,2). Besides, if jo < ko, it is obligatory that T; € go(j = 1,2). So,
when we write an element A of n;,i < jo, as A = ay — a; with a; € h;(i = 1,2), we can
always suppose that a; € go(i = 1,2). For example, this is the case for X; introduced
above. (See the proof of the next lemma.)

Taking into account By(T1, X2) = 1 and By(T», X;) = —1, write
[Ty, X1] = BX1 + wi, [To, Xo] =7 X2 + wo
with w; € h?(j = 1,2) verifying
B¢ (Ti,w2) = By (Th,w1) = 0.
Then, it is immediate that

[V, Xa] = [V, Xo] = [T> — T1, Xa] = T2, Xa] — [T1, Xo]

[T5, X — [Th, X1+ Y] =vXo+we — (X1 +w1) — Z
(v=P)Xat+wy—w +5Y —Z (4.1)
(v =B)X1 +ws —wy +7Y — Z.

Let us calculate further
By (T, [V, Xa]) = f([T2, [V, X2]]) = (v = B) f([T2, X2]) + Bf(Z) = B.

On the other hand,

By (T, [V, X2]) = Bf([12, V], X2) + B¢ (V, [T, X3])
=B ([T5, V], X2) + Bf(V,vX2 + wg) = By([T2, V], X2) — 7.

Consequently,
T3, V] = (T3, V] = ~(B+ )V + W (4.2)

with a certain element W € n;,_1. So, the task consists in showing that 5+ v = 0,
which will close the proof thanks to Proposition 4.3. Note that this aim is immediately
attained if both h; and hy are abelian.

4.3. Step 2: Toward 3+~ =0
Let us first compute:
[Ty, [V, Xo]] = (v — B)[T2, Xa] + [Ta, wa] — [Tz, w1] + BZ
=— (B+ [V, Xo] + [W, Xo] + [V, Xo] + [V, w2]
=—B{(y—B)Xe +we — w1 + BY — Z} + [W, Xo] + [V, wq].

Hence,
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(v = B)[Tz, Xo] + [To, wa] — [T2,w1]
= —B(y — B) X2 — Bwa + fw;y — B2Y + [W, Xa] + [V, wa).

Thus, in particular f([W, Xs3]) = 0.
The three equations (4.1)-(4.3) are our poor tools.

As we may replace V' by any element of g;, which is found in h; + b2 but outside of
HY + b3, think for a while about the possibility to modify V' so that we would have v = 0
for instance. Let U = Ry — Ry € nj,_1 with R; € h? (j = 1,2). Let us compute ', the

new v, for V 4+ aU. We find that
’}/ = Bf(T1 + aRy, [TQ + OéRQ,XQD.
Namely,

v =B (R1, Ry, Xs])o® + (Bf(Ry, [T2, X))
+ Bf(Tl, [RQ,XQD)O( + v

and similarly

—B' =Bj(Ry, [Ry, X1])a® + (By(Ra, [T1, X1])
+ Bf(TQ, [R1,X1D)a - B.

Thus,

B+ =8+~

+ (B (Ry, w2) + By(T1, [Ry, X2]) — By(Ra, w1) — By(Ts, [Ry, X1])) o

and we may choose a € R in such a manner that
B +9"=0

provided that

Bf(Rl,’wg) + Bf(Tl, [RQ,XQ]) — Bf(RQ,'LUl) — Bf(Tg, [R1,X1]) #0.

We can hence suppose that

By(R1,w2) + By (11, [Re, Xa]) — By (Ra,w1) — By(Tz, [R1, X1]) = 0.

When we make the changes
T; — kT;, Xj—~k'X; (ke R\ {0}, j=1,2)
in the expressions of (4.4) and (4.5), we check that

By (R, [R2, Xa]) = Bf(Ra, [R1, X1]) = 0,

(4.4)
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otherwise we can choose the sign of B¢(R1, [Ra, X2]) by multiplying it by k! so that we
would have a real « such that v = 0 for example. Consequently,

By (R, [Tz, Xa]) + By(Th, [Re, X2]) (4.6)
= Bf(Rg, [Ty, X1]) + Bf(Tz, [R1,X4]) =0,

otherwise we may arrive to the situation 8 + -« = 0 by a suitable choice of «. The last
equation (4.6) is written again

Bf(Rl,wz) + .Bf(Tl7 [RQ,XQ]) = Bf(R27w1) + Bf(TQ, [Rl,Xl]) =0.
Next, as

By(Ts, [Ry, X1]) = By([Th, Ra), X1) + By (R, [Tz, X1))
= Bf(Ry, [V, X4]) = Bf(R1,w2),

we have
By (U,wy —wz) = By(R2 — R1, w1 — w2) = By(R1,wa) + By(Ra,w1) = 0.
LEMMA 4.6. Rj € go for1 <5 <2.
Proor. If R; & go, we find
[R2, To] — [R1,T1] = [Re, V] — [T}, U]

in nj,. We can take this relation instead of Tb — T =V, if [Ra, V] & nj,_1. Otherwise,
[R2,V] € nj,_1 and

[R;,T;] € 6] (j=1,2)

if R; ¢ go, the above relation contradicts the choice of jo. (|

Now let us start the following computations. Put

By(Ty, [Ty, ws]) = p, By(T, [T2, w1]) =g, (4.7)
Bf(Tl, [Tg,wﬂ) =T, Bf(TQ, [Tl,U)g]) = S.

and let us begin our calculations. From (4.3),
[T1,ws] — [T2,w1] = (8% = ¥*) X2 + Bwy — ywz — 7Y + [W, X;). (4.8)
Since

By (T, [W, Xo]) = By (W, [Tz, X2]) = By (W, w2)
By(Ty, [W, X1]) = Bp(W, [T1, X1]) = Bp(W, wr),
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it follows from (4.8) that
p—1r=Br(W,w) —~% q—s5= 3%~ By(W,ws). (4.9)
Furthermore,

r = By(Ts, [Ty, w1]) + By (W, w1),

s = By(T1, [Ty, w]) — By (W, ws). (4.10)
We emphasize

B(W, X1) = Bs(W, X,) = 0. (4.11)

Suppose first 7 # 0, s # 0 and put
m, = {X € by By(Tj, X) = By(T;, [T}, X]) = 0}
for 1 <14 # j < 2. Then, as vector spaces,
hi = RX; ® Rw; & m; (1 <4 <2).
Let

[T1,w1] = (By(W,w1) — r) X1 + bwi +u, u€my, (4.12)

[TQ, wg} = (S + Bf(W, U)Q))XQ + d’wg + v, vE M.
Further, let us consider the subspaces

; = {X S g;Bf(Tl,X) = Bf(Tg,X)
= By (T}, [T}, X]) = By (T, [T;, X]) = 0}

for 1 <14 # j < 2. Then, supposing first pg # 0, we have
g= RXs ® RX| d Rwy d Rwsy P to;.

We immediately see that {X;, X2, wy,ws} are linearly independent if pg # 0, what
will turn out little important in the future situation where sr = 0 or pg = 0. In fact, if
r =0 or s =0, we can take as m; or w;(i = 1,2) a subspace of h; or g complementary to
RXZ D Rwl or RXl D RXQ D Rw1 D ng. Let

[Ty, ws] = pXao + aws — sX1 + ew; +m, m € wy, (4.13)
[To,w1] = rXa + cwy — ¢X1 + hwy +n, n € r,.

From these, the relations (4.9), (4.13) give us
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W, X1] = [W, X5
[Ty, ws] — [To,wi] + (2 = %) Xa + ywz — Bun + %Y
=(p—r+7)Xo + (a —c+ 7wz + (¢ — s — )X,
+(e—h—=Bur+m-—n (4.14)
=(a —c+y)ws + (e — h — Blwi + Bf(W, w2)Y
+ (Bf(W,w1) — Bf(W,w2)) X2 +m — n.

We further calculate:
(T2, [Ty, un]] = (B (W, w1) — 7)[T2, Xa] + b[To, w1 + [T2, u]. (4.15)
Taking the value Bf(T1,-) of both members, we have
By (Th, [To, [Th, w1]]) = (By(W,wy) — r)y + br(+ B (Th, [Tz, u]) if » = 0).
On the other hand,

By(Th, [Ty, [Ty, w1]]) =B (T4, [(B +v)V — W,w1])
+ Bf(Tl, [Tl,’I“XQ + cwy — q X1 + hwy + ’I’LD
=(B+7)r — B¢ (Th, [W,w1]) + cp + By (T1, [T1, n]).

Hence

Bp(Ty, [Wown]) = (r = By (W, w1))y + (B+v = b)r (4.16)
+cp + By(Th, [T1,n)) (=B (T4, T2, u]) if r = 0).

Taking the value By(Tb, ) of both members of equation (4.15), we have
Bf(TQ’ [TQ? [Tla wl“) = bq + Bf(TQa [T27u])
On the other hand,

By (T, [Tz, [T1, wi]]) = By (T2, [(B +7)V — W,wi)
+By¢(Ty, [T1,r X2 + cws — ¢ X1 + hwy + 1))
=B+ g+ By(W,w1) —r) — B (T, [W,w1])
+B(q — 1)+ cs+ h(r — Bf(W,w1))(+B¢(T%, [T1,n]) if s =0).

Hence,

By(To, [W,wr1]) = es + (28 +7 = b)g+ (h =28 —)r
+(B8+7 — h)By(W,w1) — By(T2, T2, u]) (4.17)

Now,
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[Tl, [TQ, ’wg]] = (S + Bf(VV, ’U)Q))[Tl, XQ] + d[Tl, ’wg] + [Tl, ’U]. (418)
Taking the value B;(T1, ) of both members of this relation, we see
By(Ty, [T1, [Tz, w2]]) = dp + By (11, [Ty, v]).

On the other hand,

By (Tv, [T1, [Tz, wa]]) = By(Th, [= (B +7)V + W, wa])
+Bf(T1, [T27pX2 —+ aws — SX1 + ewq + m])
=—(B+7)(s+ Bf(W,w2) = p) + By(T1, [W, w2])
+7(p — 5) + a(s + By(W,w2)) + er(+Bs(T1, [Tz, m]) if r = 0).

Thus,
B(Th, [Wywe]) = (d — 8 —27)p+ (B + 2y —a)s —er

+(5+’Y—G)Bf(VV,w2)+Bf(T1,[T1,’U]) (4.19)
(—Bf(Tl, [Tg,m]) lf T = 0)

Next, we take the value By (T5,-) of both members of the equation (4.18).
On one hand,

By(Ty, [T, [Ty, wsl]) = —B(s + By(W,ws)) + ds(+By (Ts, [Ty, v]) i 5 = 0).
On the other hand,
By(Ty, [Th, [Tz, wa]]) =B(To, [=(B+ 1)V + W, w2])

+ By (T, [Tn, pXa + aws — sX; + ews + m))
=(B +7)s + By(Tz, [W,ws]) + eq + By (Ty, [Tz, m]).

Therefore,

By (T, [W,ws]) =(d — 26 — v)s — eq — BBy(W,wz) — By(T3, [Tz, m])

Now,
V. [V. Xa]] =(v = B{(y = B) X2 + w2 — w1 + BY — Z}
+ [‘/, wg — wl]. (421)
Hence, on one hand

By (Tz, [T, [V, [V, Xa]]])
=By (Ty, [T, (v — B){(v — B) X2 + wa — w1 } + [V, w2 — wi]])
=(8 —7) By (12, [Tz, w1]) + By (13, [T, [V, w2 — wi]])
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=B —7)q+ By(Ts, [T»,sX1 — ew; —m+ ¢X1 —hwy —n

(By(W,w1) — ) X1 + bwy + u]) (4.22)
=(

=(

+

B—7)q+ (b—e—h)qg— Bf(Ts, [To,m+nl]) + By(Ts, [Tz, u))
B — ’7+b_6_h)q_Bf(T27[T2am+n])+Bf(T2a[T2au])'

On the other hand,

By (T, [13, [V, [V, X3]]])

=B¢(To, [-(B+ NV + W, (v = B) X2 + w2 — wi])
+By(To, [V, [-(B+ 1)V + W, Xa]])

+B¢(Ts, [V, [V,7X2 + ws]])

B
=(8% =7*)8 — (B+7)By(T2, [V, w2 — wi])

+(v = B)Bf (W, w2) + By (T2, [W, w2 — wi])
—(B+7)By (T2, [V, (v — B) X2 + w2 — w1])
+B¢(Ts, [V, (a — c+ Y)we + (e — h — Bwy
+(By(Woawr) — By (W, w2)) X2 + m — n])
By (Ty, [V, (v — B) X2 + wa — w1])
+Bf(Ts, [V, (s + Bf(W,w2))Xs + dws + v
—pXo — aws + $X7 — ew; —m])
=B(8% =7%) + (B+)(s + ¢+ Bp(W,w1) — 1)
+(y = B)By (W, wa) + By (Ta, [W,wa —wi]) = (v* = 5)8
=(B4+7)Bs (T, [Viws —wi]) = (a—c+7)s
+(e —h—pB)(q+ Bf(W,wy) — 1)
+B(Bp(W,wy) — Bp(W, w2))
+B¢ (T2, [V,m —nl) + By(vy — B) +vBs(Tz, [V, w2 — w1])
+B(s + By (W,w2)) — ds + By (T3, [V,v]) + B(s — p) + as
—e(q+ Bp(W,wi) —r) — By(13, [V, m])
=26(62 —=7*) + (28 +)(s + ¢ — 7+ B (W, wr))
+(v = B) By (W, w2) + Bp (T2, [W,wa —wi1]) — (@ —c+7)s
+(e —h—B)(q+ Bf(W,wy) — 1)
+B(Bs(W,w1) — Bf (W, w2)) (4.23)
+B¢(To, [V,m —n]) + By(y — B) + B(s + By (W, w2))
+(a—d)s + By(T,[V,v]) + B(s — p)
+e(r — Bf(W,w1) — q) — By(Ts, [V, m]).
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4.4. Step 3: (28 + 3v)q=0.
Putting in equality the results of the two last calculations, we have

By (To, [W, we — w1])
=26(v* = %) + (28 +7)(r — s — ¢ — Bf(W,w1))
+(8 = 7)By(W,ws) + (a — c+7)s
+(B+h—e)(qg+ Bp(W,wi) —r) — BB (W, w1)
=By (T3, [V,m —n]) + Bv(8 — ) (4.24)
+(d—a—B)s — Bp(Tz, [V, v]) + B(p — )
+e(q+ Bp(W,w1) — ) + Bp(T2, [V,m])
+(B+b—v—e—h)qg— Bs(Tz, [To,m+n]) + By (13, [T2, u]).

On the other hand, equations (4.17) and (4.20) become

By (T3, [W, wg — wi])
=(d— 28 —7)s — BBs(W,wz) — eq + By (T, [T1,v])
—By(To,[T2,m]) —cs = 28+~ = b)g— (h =28 —~)r
—(B+~ = h)Bf(W,w1) + By (1%, [Tz, u]) — By (T3, [T1,n]).

Now, we have from (4.21):

By (11, [T2, [V, [V, Xo]]]) = Bf(=(B+ )V + W,
(v =By = B) X2 + w2 — w1) + [V,w2 — wi])
+By (T2, [=(B+ 1)V + W, (v = B) Xz + w2 — wi])
+By(To, [V, [ (B+ 7V + W, X5]]) + By (T3, [V, [V, BX1 + wi]])

=(B+(B—=7)? = (B+7)Bs(V,[V,wy — wy))
+(y = B)By (W, wa — wi) + B (W, [V,wy —wn]) = B(7* = B%)
—(B47) B (Tz, [V, w2 — wi]) + (v = B) By (T2, [W, X2])
+B (1o, [W, w2 — wi]) = (B +7) By (T2, [V, (v = B) Xz + w2 — wi])
+By (1o, [V, [W, X2]]) + BB (T2, [V, (v — B) X2 + w2 — wi])
+B (T3, [V, [V, w1]])
=(B+7)(v = B)* = (B+7)Bs(V, [V, wy — wy))
+(v = B)By (W, wa —w1) + By(W, [V,wz — wn]) + B(67 — 7%
—(B+ 27) By (T3, [V,wa — wi]) + (v — B) By (W, w2)
+ By (T, [W,wy — wn]) 4+ (8% = 7%) + By (To, [V, (a — ¢ + y)ws
+(e = h = B)wr + (By(W,w1) — By (W, w2)) X2 +m — nl)
+B%(y = B) + B (To, [V,7 X2 + cws — X1 + hwy +n
—(Bf(W,wy) —r) X1 — bwy — u))
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(B+7)(v = B)*+ (B+7)Bs (11, [V, ws — wi])
—(28 4 37) By (Ty, [V, wa — wr]) + (v — B) By (W, w2)
(B =7)By(W,w1) + Bp(W, [Tz, w2 — w1]) — Bp(W, [Ty, w2 — wi])

+ o+

B(B% = 7%) + (v = B)By(W,ws) + By (T2, [W,ws — wi))
+B8(8% =7%) = (a—c+7)s+ (e —h—B)(g+ By(W,wr) =)
+B(Bf(W,w1) — By(W,ws)) + By (T2, [V,m —n]) + 5%(v = B)
+B(r —q+r—Bp(W,wy)) — cs + (h — b)(q + By (W,w1) — )
+B¢(To, [V,n — ul)
=(B+7)(y = B)* + (B+)(s + By (W,wz) —p—r)
—(28+37)(q—s+7r— By(W,wi1)) + (v = B)Bs(W, ws)
+(B =) Bs(W,w1) + By(W, dwz + v — cwz — hwy —n)
— B¢ (W, aws + ewy +m — bwy —u) + 6(62 — 72)
+(y = B) By (W, wa) + B (To, [W, w1 — ws]) + B(62 = %)
—(a—c+7)s+(e—h—PB)(qg+ Bf(W,w1) —r)
+B(Bf(W,w1) — By(W,ws)) + By (T2, [V,m —n]) + 5%(y = B)
+B(2r —q— By(W,w1)) — cs + (h = b)(q + By(W,wy) — 1)
+B¢ (T, [V,n — ul).

From (4.21), we also get

By (Ty, [T2, [V, [V, Xa]]])

=B (T, [T2, (v = B){(v = B) X2 + w2 — w1} + [V, w2 — w1]])
=(v =By + (v — B)Bs(Tv, [To, wz — w1))

+B¢(Th, [Ty, [V, ws — w1]]) (4.25)
=(y = B)*y + (v = B)(s + By(W,wa) —7)

+By (T, [T2, (s + Bf(W,w2)) X2 + dws + v — pXo

—awg + sX1 —ew; —m —rXg —cws + qX1 — hw; —n
+(By(W,w1) — ) X1 + bwy + u))

(v = B)%7 + (v = B)(s + By (W,wz) — 1)

+(s + Bf(W,w2))(y +d —a —c)

(Bf(W,wi) =r+s—p=r+q)y

+(b—e—h)r+ B¢(T1, [To,u —m —n+v]).

+

Comparing these two computations, we find

By(Ty, [W,wy — wr]) = By* — B(y — B)* — B>
—B(B> =)+ (B+7)(p+r—s— Bp(W,uws))
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+(28+3v)(q —s+r—Br(W,wi)) + (v = B) By (W, w1)
—(v = 28)Bf(W,w2) — Bf(W,dwz + v —n)

+By(W,ewr +m —u) + (h+ 8 —e)(g+ By(W,w1) — )
+B(q —2r) + (v — ¢)s + (b — h)qg — B¢(T», [V,m])

+By(To, [Vou]) + (v = B)(s =)

(s + Bf(W,w2))(v + d) + (Bf(W,w1) = 2r —p+ s +q)y
—er + By (Th, [Tz, u —m —n +v]) (4.26)
=B(v* + By —28%) — (48 +c — d)s + Bp

+(B+y—h)r+ (@B +4y+b—e)g+ (B—7)Br(W,w2)
—(28 +v = h)Bf(W,w1) — By (1%, [Tz, m]) 4+ By (T3, [T2,u])
+By (13, [T1,v]) — By (T2, [T1,n]).

Combining this with (4.24), we find

BV + By = 26%) + (4B + 67)q = 2B(7* — B*) + Bv(B — 7).

In sum,

(284 3v)g =0. (4.27)

4.5. Step 4: 7%2(v —3) =0.
From (4.21) we get:
By (T, [T, [V, [V, X2]]])

=By(T1, [Tz, (v = B{(v — B) X2 + w2 —wi} + [V, w2 — wi]])
=(v =By + (v — B)Bs(Ty, [To, wz — w1))
+By(T1, [T, [V, wz — wi]]) (4.28)
=(y =By + (v = B)(s + By(W,wz) — 1)
+B¢(Th, [Ts, (s + By (W, w2)) X2 + dws + v — pXo
—awg + sX1 —ew; —m —rXo —cwy +qX1 — hw, —n

+(By(W,w1) — 1) X1 + bwy + u])

=(v = B8)*y + (v = B)(s + By(W,wa) — 1)

s+ By (Wown))(y+d—a—c)

(By(W,w1) —r+s—p—r+q)y
+(b—e—h)r+ By(Ty, [To,u —m —n+v)).

+

On the other hand,

By (11, [T, [V, [V, Xa]]])
=B¢(T1,[-(B+ 7V + W, (v — B) X2 + wa — w1])
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+B (T, [V, [ (B+ 1)V + W, Xa]]) + By (T1, [V, [V, 7 X2 4+ w2]])
=7(8% = %) = (B47)Bs(T1, [V, ws — w1]) + (v — B) By (W, w1)
+B¢ (T, W, w2 — wi]) = (B4 7) By (11, [V, (v — B) Xz + w2 — w1])
+B¢(T1,[V, (a = c+y)wz + (e = h — Blwy

+(Bf(W,w1) — Bp(W,w2)) X2 +m — nl)

+yBy(T1, [V, (v — B) X2 + w2 — wi])

+B¢(Th, [V, (s + By (W, w2)) X2 + dws + v

—pXo — aws + sX; — ewy — m])

=(8% =) + (v = B)By(W,w1) = 2(8 + ) B (Th, [V, wy — w1])
+B(T1, [Wwz — wi]) = v(v* = 8%)

+(a—c+7)(s+ Bp(W,w2) = p) + (e — h = B)r + (B (W, w1)
—By(W,wy)) + By (T, [V,m —n]) +*(y = B)

+7(s + Bp(W,w2) —p —7) + (s + B (W, ws))

+v(s = p) + (d — a)(s + By(W,w2) — p) — er + By (11, [V,v — m])
=(82 = 7*)y + (v = B)Bs (W, wr)

—(2B8+7)(s + By (W,w2) —p — 1) + By (T1, [W,wa — w1])

—(v* = B8%) + (c = d)(p — s — By(W,w2)) + 27(s — p)

~(B+h)r + By (W w1) + By (T1, [V,m —n]) ++%(y = )

+7(s + Bf(W,w2)) + B¢(T1, [V,v — m]).

Equaling these two expressions, we have

By(T1, [W,wz — wi]) = v(y* = B%) + (8 — 7) By (W, w1)
+(28 +7)(s + By(Wowz) —p — 1) +7(7* = %) —cp
+0r —yBy(W,w1) + B (T4, [V, n]) (4.29)
+7%(8 =) +dp + B¢ (T, [T1,0]) + (v — B)*v
+(y = B)(s + Bp(W,ws) — r) — as + By(W,w2)) — (s — p)
+(By(W,w1) —2r+q)y+ (b —e)r + By(Th, [I>,u — m — n]).

On the other side, the equations (4.16) and (4.19) give

By (Th, [W,ws]) = By (11, [W,wi])
=(B+27)(s —p) + (B+7—a)Bp(W,ws2) (4.30)
—er +dp+ By(Th, [T1,v]) — Bf(T1, [To,m]) —as — (B + 2y)r
+yBy(W,wy) + br — ep — By(Th, [T1, 1)) + By (Th, [Ty, ul).

Equaling once again these two expressions, we have

2v(v* — B%) + (B — 27) By (W, wy) — Bp — 297
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+y(v = B)? + vBp(W,ws) +vq = —2rp — Br + s

Taking into account the equations (4.9), we get

V(v —8) =0. (4.31)

4.6. Step 5: B(2s+p+ Bvy) = 0.
We need to continue our calculations:

By (1o, [T1, [V, [V, X2]]])
=B (13, [T1, (v = B){(v — B) X2 + w2 — w1}])
+By(Ty, [T1, [V, we — w1]])
=—B(y—B)* + (v = B)(s + By (W,wn) — )
+By(Ty, [T1, (s + Bf(W,w2)) Xa + dws + v
—pXo —awg + sX1 —ew; —m — rXs — cwsy (4.32)
+¢X1 — hwy —n+ (Bp(W,w1) — ) X1 + bwi + u])
=By = B)*+ (v = B)(s + Bf(W,w1) — 1)
—B(s+ By(W,wa) —p+s—r+q+Br(Ww1) —r)
+d—a—-c)s+ (b—e—h)(r—By(W,w1))
+B¢(To, [Th,v —m —n+u).

On the other hand,

By (Ty, [T1, [V, [V, Xo]l])
=B(To, [-(B+ NV + W, (v = B) X2 + w2 — wi])
+B¢(To, [V, [=(B+7)V + W, Xo]]) + By (T2, [V, [V, BX1 + wr])
=B(8° =7*) = (B+7)Bs(Ta, [V, we — wi]) + (v = B) By (W, w2)
+B¢(To, [W, w2 — wi]) — (B4 7) B (T2, [V, (v — B) Xz + w2 — w1])
+By(T», [V, (a — c+y)ws + (e — h — f)w
+(Bp(W,w1) — Bp(W,w2)) X2 +m — nl)
+B8Bf(To, [V (v — 8) X2 + w2 — w1])
+B¢(To, [V, rXs + cws — qX1 + hwi +n
—(Bf(W,wq) —r) X1 — bwy —u])
=B(6% = 7*) + (8 +27)(s + ¢ + B (W,w1) — )
+(y = B)By (W, ws) + By (Ta, [W,wa — wi]) = B(v* = %)
—(a—c+7)s+(e—h—pB) g+ Bf(W,w1) —r)
+B(By(W,w1) — By(W,ws)) + By (Tz, [V,m — n]) + 5°(y — )
—B(s+q+ By (W,w1) —r) —cs+ (h—b)(qg + Bp(W,w1) — )
+Bf(T2, [V,n — ul).
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Everything as before we find from these calculations

By (T, [W,wa — w1])
=26(7* = B%) = (g =) = (B+7)(s + Bf(W,wn))
+y(r —s—q—Br(W,w1)) = Bp(To,[V,m — n]) + s
—eq+ B%(8—7) +bg — By(To, [V,n —u]) — By - B)?
+(y=B)s—r)=B(s—p—7r)+(d—0c)s (4.33)
+h(Bf(W,w1) — 7) + By(Ta, [Ty, v — m —n + u])
+(v = B)(Bf(W,w1) — By (W, wz)).
While we have

Bf(T2a [VV, w2 — w1D

— (28 +7)s — BBy (W, w2) + ds — eq + By (T3, [T1,v])
By (T3, [To,m]) —cs — (2B +v = b)g— (h =28 —)r
—(B+7v—h)Bf(W,w1) + By(Is, [T, u]) — Bf(Ts, [T1,n]).

The equality of these two expressions gives us

B(Y? + By —28%)
+(28 = v)(q+ B(W,wz2) — s) + Bs + B(p — By (W,w1)) = 0.

Taking into account the equations (4.9),

B(s+1r)=0. (4.34)

Further we compute

By(Ty, [T, [V, [V, Xa]]])

=Bi(B+V =W, (v = B)((y = B) X2 + wa — w1) + [V, wa — w1])
[
v,

+B¢(T1, [=(B+7)V + W, (v = B) X2 + wa — w1])
+Bf(T17 [—(B+7)V + W, Xo]]) + By(Th, [V, [V, v X2 + wo]])
— (Y= BB+ + (B+7Br(V,[V,wa — unl) + (8 — 7) B (W, wa)

+(v = B)Bf(W,w1) — B (W, [V,wz — wr]) + (8° = %)y
—(B+7)Bs(T1, [V,we — wi]) + (v = B) By (T1, [W, Xa])
+By(T1, [W,wa —w1]) — (B +7)Bs(T1, [V, (v — B) X2 + w2 — wi1])
+By (T, [V, [W, Xa]]) + vBy (11, [V, (v — B) X2 + w2 — w1])
+B¢(Th, [V, [V, w2]])
== B+ —B8)?— (B8 +2y)By (T, [V, w2 — wr])
+(B +7) By (T2, [Viwa — wi]) + (B — 7) Bp(W,wa) + (v — B) By (W, wr)
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—By(W,[V,wz —wi]) + (82 = 7*)y + (v = B) B (W, w1)

+By (11, [W,wz — w1]) = By(y = B) + By (T, [V, [W, Xa]])
+B¢(Th, [V, [V, w,]])

== B+ =8 = (B8 +29)(s + By(W,wg) —p —r)

+(B +7) B (12, [V,wz — wi]) + (B — v)Bp(W,w2) + 2(y — B) B (W, w1)
—By(W, dws + v — awy — ewy — cws — hwy —m — n + bwy + u)
(B2 =)y + By (T, W, wg — wi]) = By(y = B)
+(a—c+7)(s+ By (W,wz) —p) + (e = h = B)r

+y(Bf(W,w1) — Bf(W,wz)) + By (T1, [V,m — n])

(s + Bf(W,w2) —p+s) + (d — a)(s + Bs(W,w2) — p)

—er + By (T4, [V,v —m]).

Comparing this with (4.32),

By(T1, [Wywz —wi]) = (v = B)(28° + 29° + 357)
+(B+y—a)s+(d—c—2B8)p+ (b—e—4y)r+ g
+(B+ 2y — a)By(W,w2) + (B — ) Bp(W,w1) + By (T, [T1,v])
—By(T1, [T, m]) — By (11, [T, n]) + By (T, [Tz, ul). (4.35)

Now the equations (4.29), (4.35) give us

(Y =B)28°+ 29 +387) + (B+y—a)s+ (d—c—28)p
+(b—e—4y)r +vq+ (B + 2y — a) By (W,wz2) + (B —v) By (W, w1)
+B¢(Th, [T, v]) — Bf(Th, [To, m]) — By (Tx, [Th, n]) + B (Th, [T2, u])
=(d=B-2v)p+ (B+2y—a)s—er+ (B+7—a)Bp(W,w2)
+By(Ty, [T1,v]) = By(Th, [To,m]) — (v = By (W,w1))y — (B+~ —b)r
—cp — By(Th, [T, n]) + By (T4, [T2, ul).

Namely,

(v = B)(2B% +29* +3B7) + (B — 29)(r — p+ By(W,wy))
+v(q — s+ Bp(W,wz)) = 0.

From (4.9) this becomes
26(y = B)(B +~) = 0.
Hence, if 8+ v # 0,

Bly—pB)=0. (4.36)

Here, substituting (4.33) into (4.23) and comparing the result with (4.22), we get
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26(8* = 7%) = 2B +7)(r — Bf(W,w1) — s — q) + (v — B) B (W, ws)
+28(7* = B%) = (g — 1) = (B +7)(s + By (W, wn))
+y(r = s — q = Bf(W,w1)) — B(Ty, [V,m — n]) + s — eq + 52(8 —7)
b — By(Ta, [Vyn — u]) — By — B)° + (1 — B)(5 — 1) — A5 —p— 1)
+(d—c)s+ h(Bf(W,w1) —r) + Bs(To, [Th,v —m —n+u)
+(v = B)(Bf(W,w1) = By(W,w2)) + (¢ —a —7)s
+(e—h—pB) g+ Br(W,w1) —r) + B(Bf(W,w1) — Bg(W, w3))
+B(Ta, [V.m —n]) + By(y — B) + B(Br(W,w2) + 5)
—ds + By(Ty, [V,v]) + B(s —p) + as
—e(q+ Bf(W,w1) —r) — By (To, [V, m])
=(B—v+b—e—h)qg— Bf(Ts,[To,m + n]) + Be(Ts, [Ts,u]).

Thus,
265 + B(r + By(W,w1)) + *(8 —7) = B(y = ) =0
Taking into account the equations (4.9) again,
28s + B(p+7°) — By* + B>y =0.
In sum,
B(2s +p+By) =0.

4.7. Step 6: 3+~ = 0.
We add further two calculations.

By (T, [T1, [V, [V, X2]]])
=B;(T1, [-(B+7)V + W, (v = B) X2 + w2 — wi))
+Bf(T1 [V, [Th, (v — B) X2 + wa — wr]])

— (B+)Bs(=(B+7)V + W, (y = B) Xz + w2 — w1)

—(ﬁ +3) By (V, [T1, (v — B) X2 + w2 — wi])
+By(T1, [W, (v — B) X2 + w2 — wi]) + (v — B) By (11, [V, BX1 + wi])
+By (T, [V, pXo + aws — sX1 + ew; +m
—(Bf(W,w1) —r) X1 — bwi — ul)

— (B4 = B) = (B+7)(Bf(W,wz) — Bf(W,wy))
—B(B% =% = (B+)(s —p+ B(W,w1) =) + (v = B) By (W, wn)
+By(T1, [W,wa —wn]) + By(y = B) — (v = B)r
+y(p—s+r— Br(W,w1)) + a(s + By (W,w2) —p) + (e = b)r
+B¢ (T4, [V.m]) — By (T, [T2, u)

(4.37)
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=(y—B)p+dp+ By(Th,[T1,v]) — (a+c)p
—Bf(Tl, [Tl,m}) — Bf(Tl, [Tl,n])

Therefore,

By (Th, [W,wz — w1])
=v(¥* = B%) + (B +7)Bs (W, w2) — (B+7)(p +7)
+(y=B)p+dp— (a+c)p+ Bp(Th,[Th,v]) — By(Th, [Ty, m])
—B¢(Th, [T1,n]) + By(B—7) + (v = B)r (4.38)
+v(s + Bf(W,wy) —p—1)+a(p—s— B(W,wz)) + (b—e)r
=By (T3, [V,m]) + By (11, [T, ul).

The equality of two equations (4.29) and (4.38) brings

By(B =) — Br+ (s + Bp(W,w))
=(B—7)Bf(W,w1) + (28 +7)s +v(v* — %) + Br
YV B=)+ (v =B)v+(y—B)s—v(s—p) + (g —2r)y

By means of (4.9), this reduces to
By =By +  =B(s+p+7)+(a—p). (4.39)

Finally,

By (T, [T3, [V, [V, X3]]])
=By(T1,[-(B+ 1)V + W, (v — B) Xz + wa — wi])
+Bf(T1a [V [Tz, (v — B) X2 + w2 — w1]])
— (B4+7)By(T1, [V, (v — B) X2 + w2 — wi])
+Bf(T17 W, (v — B) X2 + w2 — wy])
+(y = B) By (11, [V, v X2 + wa]) + By (T1, [V, [T2, wa — w1]])

— (BB (=(B+NV + W, (y — B)X2 + w2 —w1)
—(B+7)Bs(V, [T1, (v — B) Xz + wz — wi]) + (v — B) By (W, w1)
+B(T1, [Wwz — wi]) +7°(y = B) + (v = B) (s + By(W,ws) — p)
+By(T1, [V, (s + By (W,w2)) X2 + dwz + v
—rXs — cwy + ¢X1 — hwy — n))
=B+ =) = (B +1)(Bs(W,wa) — By (W,w1)) + B(* — %)
=(B+7)(s —p+ Br(W,w1) —7) + (v = B)Bs(W,w1)
+B¢(Th, [W,wz — wi]) +7%(v = B) + (v = B)(s + Bf (W, w3) — p)
+y(s + Bp(W,w2) —r +q) + (d — ¢)(s + By (W, w2) — p) — hr
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—B¢(T1,[V.n]) + B¢(T1, [V, v])

=(v = B)*y + (v = B)(s + By(W,wz) — p)

+(s+ Br(W,w2)) (v +d—a—c)+ (Bf(W,w1) —r+s—7r+q)y
+(b—e—h)r+ BT, [T, u —m —n+v]),

taking (4.23) into account. Thus,

By(Ty, [Wywy —wi]) = (B+7)(v* - 57)
+(B+7)(Br(W,wa) — Br(W,w1)) + B(5* = %)
+(B+7)(s —p+ Br(W,w1) —r) + (8 =) By (W, wi)
(v = B) + (B —)(s + By (W, w2) — p)
—y(s + Bf(W,w2) — 1+ q) + hr + By(T1, [V, n]) (4.40)
+(c—d)(s + Bf(W,ws) — p) — By (T, [V,0)) + (v = B)*y
+(y = B)(s + Bp(W,wz) — 1) + (s + Bp(W,w2))(y +d —a—c)
+(Bf(W,wi) —2r+s—p+q)y+ (b—e—h)r
+B¢(Th, [Tz, u —m — n +v]).

If (8,7) # (0,0), then equations (4.31), (4.36) imply 8 = 7. Then, equation (4.27)
implies ¢ = 0 and finally (4.34), (4.39) say 8 = v = 0. In this way, we arrive to the
desired result § 4+ = 0. From the result [T5, V] € nj,_1, we can argue just as in the

proof of Proposition 3.2 to show that the limit point of a convergent sequence {x;}5°; in
HyHy N M; belongs to HyH;. O

5. The general case

We now proceed in parallel for the general exponential case. Employing the same
induction procedure, we are led to the case where the center 3 of g is of dimension 1 and
f does not vanish there. This being assumed, let n be a nilpotent ideal of g containing
[g, 9] and a a minimal non-central ideal of g contained in n. Then,

{0}=gocacnna’ cncyg
is a sequence of ideals of g. Cutting this sequence, we obtain a good sequence
{0} =g0C g1 C- Cgn1Cgn =09, dim(gj/g;-1) =1(1 <j<n),

where n = gj,, of subalgebras of g. Just as Proposition 3.2, in order to pass from M;_;
to M; for j < jo the essential case is one where there exist Y € a outside of a N3 which
is written Y = X, — X; with X; € h?(: = 1,2) and V € g; \ g;—1 which is written
V =T, — Ty with T; € b;(i = 1,2) where [T2,Y] = [T1,Y] = Z,3 = RZ, f(Z) = 1 and
f(Y) =0 as before. We choose such an index j minimal. In these circumstances we can
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see that the root of the adjoint action of T; on V' vanishes even if g; or g;_; is not an
ideal of g. Indeed, let us place ourselves in this situation and put

[T, W] = AW + 6V

modulo the precedent ideal of the Jordan-Hdlder sequence of g in question. We are
obliged to follow the route made above. We go to notice the necessary changes in the
calculations already done above in the completely solvable case.

We have

[Ty, ws] — [T, w1] = (8% — ) X2 + Bwi — yws — B°Y + [W, Xa].
and

W, Xq1] = [W, Xa] = (a — c+7)wa + (e — h — Blun
HBp(W,wa) = 8)Y + (Bf(W,w1) — By (W, wz2)) X2 +m —n.

Since
By (T, [W, X;]) = By ([T;, W], X;) + B (W, [T}, X;]) = =6 + By (W, wy)
for 7 = 1,2, it follows that
p—r=By(W,w1) —~v*—6,q—s=p>+6— Br(W,wy).

Repeating with these changes all the calculations done in the completely solvable
case, we remark that equations (4.27) - (4.39) all hold without change. So, we arrive to
the result 8 4+ v = 0 even in the exponential case.

Our algebra g being exponential, the result 5 4 v = 0 signifies that the two roots of
the action ad(T;)(¢ = 1,2) at the level of g; are zeros and this allows us to apply the same
reasoning as before about a convergent sequence in Ho Hy. There is a possibility that we
would have the same situation at other level, but we can treat it in parallel. Namely,
when a = RY + RY’ + 3, we repeat the same arguments for Y’ and at other levels we
apply the induction hypothesis applied to (b}, b%) contained in the proper subalgebra g.

It is in this way that we achieve the proof of Claim 1.1, and verify the following:

THEOREM 5.1. Let G = exp g be an exponential solvable Lie group with Lie algebra
g. Let f € g* and b; (j =1,2) two polarizations verifying the Pukanszky condition of g
at f. Put H; = exp(h;) for j =1,2. Then the product set HoHy is a closed set of G.

As explained in the introduction, the followings are straightforward:

COROLLARY 5.2. (¢f. [3]) Let G = expg be an exponential solvable Lie group
with Lie algebra g. Let f € g* and let h; (j = 1,2) be two polarizations verifying the
Pukanszky condition of g at f. Put H; = exp(h;) and m; = indfljxf for 5 =1,2, where
X denotes the unitary character of H; defined by xr(exp X) = X (X € h;). Let
Hr, be the Hilbert space of w1. Then the integral Toy as defined in formula (1.1) by
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—1/2
(Ta)(0) = Toan, )0) = § gy (R) A6 (b)),
Hy /(HyNHy)
converges for continuous functions ¢ € Hr, with compact supports modulo Hy and ex-
tends into an intertwining operator from my to ma.

For given three lagrangian subspaces for the bilinear form By, let 7(hs, b2, h1) des-
ignates the Maslov index for the triple (hs,b2,b1) (cf. [1]). The following is a direct
consequence from Corollary 5.2 and [1]. For more details, the readers could consult the
reference [7] for the treatment of the nilpotent contexts, and also [8], [9].

COROLLARY 5.3. (c¢f. [2]) Let G = expg be an exponential solvable Lie group with
Lie algebra g. Let f € g* and let h; (j = 1,2,3) be three polarizations verifying the
Pukanszky condition of g at f. Put H; = exp(b;) and m; = indj xy for j = 1,2,3,
where x5 denotes the unitary character of H; defined by xf(exp X) = X (X € h;).
For 1 < i,j < 3, we normalize the intertwining operators Tj; as defined in Corollary
5.2, in order to obtain an isometry I;; which intertwines m; and m;. Then, we have the
composition formula

imT(h3,h2,h1)
4

1130[320[21 =€ Id.
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