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Sections of time-like twistor spaces with light-like or zero
covariant derivatives

By Naoya Ando

Abstract. The conformal Gauss maps of time-like minimal surfaces in
the Lorentz-Minkowski 3-space E3

1 give sections of the time-like twistor spaces
associated with the pull-back bundles such that the covariant derivatives are
fully light-like, that is, these are either light-like or zero, and do not vanish at
any point. For an oriented neutral 4n-manifold (M̃, h), if J is an h-reversing
almost paracomplex structure of M̃ such that ∇J is locally given by the tensor
product of a nowhere zero 1-form and an almost nilpotent structure related
to J , then we will see that ∇J is valued in a light-like 2n-dimensional dis-
tribution D such that (M̃, h,D) is a Walker manifold and that the square
norm ‖∇J ‖2 of ∇J vanishes. We will obtain examples of h-reversing almost
paracomplex structures of E4n

2n as above. In addition, we will obtain all the
pairs of h-reversing almost paracomplex structures of E4

2 such that each pair
gives sections of the two time-like twistor spaces with fully light-like covariant
derivatives.

1. Introduction

Neutral metrics are already investigated in various situations. The space of oriented
lines in the Euclidean 3-space E3 admits a neutral Kähler structure ([23]). Analogous
spaces are found in [1], [28]. See [29] for fibrations of E3 by oriented lines. See [21] for
almost paracomplex structures on neutral 4-manifolds. See [16] for anti-self-dual null-
Kähler structures. The ultra-hyperbolic equation is a neutral analogue of the Laplace
equation (see [9], [13], [26]), and related to tomography ([22]). See [27] for quantum
field theories in neutral spaces.

Let E be an oriented vector bundle of rank 4. Let h be a positive-definite or neutral
metric of E and ∇ an h-connection of E. An h-preserving complex structure I of E
satisfies ∇I = 0 if and only if the corresponding section Ω of one of the twistor or
space-like twistor spaces associated with E is horizontal with respect to the connection
∇̂ induced by ∇. If E is the tangent bundle TM̃ of an oriented Riemannian or neutral
4-manifold M̃ and if h, ∇ are its metric and the Levi-Civita connection of h respectively,
then I is an almost complex structure of M̃ and ∇I = 0 just means that (M̃, h, I) is a
Kähler or neutral Kähler surface. If E is the pull-back bundle F ∗TM̃ over a Riemann
surface M by a space-like and conformal immersion F : M −→ M̃ with zero mean
curvature vector, then ∇I = 0 for a twistor lift Ω of F just means that F is isotropic
(refer to [19], [2]). For the twistor spaces and the space-like twistor spaces, refer to [18],
[11] respectively. Suppose that M̃ is neutral. Then, even if the square norm ‖∇I ‖2 of
∇I vanishes, ∇I does not necessarily vanish. We say that (M̃, h, I) is isotropic Kähler if
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‖∇I ‖2= 0. See [14], [20] for examples of isotropic Kähler but non-Kähler 4-manifolds.
See [10] for examples of isotropic Kähler but non-Kähler 6-manifolds.

Let E be as in the beginning of the previous paragraph. Let h, ∇ be a neutral metric
and an h-connection of E respectively. Then an h-reversing paracomplex structure J of
E satisfies ∇J = 0 if and only if the corresponding section Ω of one of the time-like
twistor spaces associated with E is horizontal with respect to ∇̂. If E = TM̃ for an
oriented neutral 4-manifold M̃ , then J is an almost paracomplex structure of M̃ and
∇J = 0 just means that (M̃, h, J) is a paraKähler surface. If E = F ∗TM̃ for a time-like
and conformal immersion F : M −→ M̃ of a Lorentz surface M into M̃ with zero mean
curvature vector and if Ω is a twistor lift of F , then ∇J = 0 implies that F is isotropic.
Refer to [24], [25] for the time-like twistor spaces. Even if F is isotropic, ∇J does not
necessarily vanish ([2]). It is possible that ∇̂Ω is either light-like or zero, and does not
vanish at any point. In such a case, ∇̂Ω determines a light-like one-dimensional subspace
of the fiber of

∧2
E at each point of M and then we say that ∇̂Ω is fully light-like. Let F

be the conformal Gauss map of a time-like minimal surface with nowhere zero curvature
in the Lorentz-Minkowski 3-space E3

1 . Then M̃ = S4
2 , and we see that F has zero mean

curvature vector and isotropicity and that the covariant derivatives of the twistor lifts Ω±
are fully light-like. We will see that for a paracomplex structure J = Jε corresponding
to Ωε (ε ∈ {+,−}), ∇J is locally represented as ∇J = α⊗N for a nowhere zero 1-form
α and a nilpotent structure N related to J and therefore ∇J is valued in a light-like
subbundle of the pull-back bundle of rank 2 (Theorem 5.2). We will define a nilpotent
structure of an oriented vector bundle E of rank 4n with a neutral metric h. Then
a nilpotent structure N gives a null structure on each fiber of E such that the image
is a light-like 2n-dimensional subspace and h is null-Hermitian with respect to N (see
Section 3 and refer to [17]). We will characterize an h-reversing paracomplex structure
J of E such that for an h-connection ∇ of E, ∇J is locally represented as ∇J = α⊗N

for a 1-form α and a nilpotent structure N related to J (Theorem 4.1). See [3], [8] for
nilpotent structures for n = 1.

Let M̃ be an oriented neutral 4n-manifold. Then M̃ has a neutral metric h and
h gives the Levi-Civita connection ∇. Let J be an h-reversing almost paracomplex
structure of M̃ such that ∇J is locally represented as ∇J = α⊗N for a nowhere zero 1-
form α and an almost nilpotent structure N related to J . Then ∇J is valued in a light-like
2n-dimensional distribution DJ on M̃ . We will see that (M̃, h,DJ) is a Walker manifold,
that is, the covariant derivatives of local generators of DJ by any tangent vector of M̃ are
contained in DJ (Theorem 6.1). This implies that DJ is involutive and therefore N is a
null structure. See [12], [30] for Walker manifolds and see [17] for null structures. We will
see that the square norm ‖∇J ‖2 of ∇J vanishes, that is, (M̃, h, J) is isotropic paraKähler
(Theorem 7.1). See [15] for isotropic paraKähler manifolds. Suppose n = 1. Let J be
an h-reversing almost paracomplex structure of M̃ such that the covariant derivative of
the corresponding section of one of the time-like twistor spaces is fully light-like. Then
∇J is locally represented as above and therefore (M̃, h,DJ) is a Walker manifold. Let
D be a light-like two-dimensional distribution on an oriented neutral 4-manifold M̃ such
that (M̃, h,D) is a Walker manifold. Then D is locally given by ImN for an almost
nilpotent structure N . We will find an h-reversing almost paracomplex structure J of a
neighborhood of each point of M̃ satisfying ∇J = α⊗N for a nowhere zero 1-form α and
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that N is related to J (Theorem 6.3). In particular, for an almost nilpotent structure N
of M̃ satisfying ∇N = 0, there exists J as above on a neighborhood of each point, since
(M̃, h,D) with D = ImN is a Walker manifold.

Let E be an oriented vector bundle over Rm (m ≥ 2) of rank 4n. Let h be a
neutral metric of E and ∇ a flat h-connection of E. We will find examples of h-reversing
paracomplex structures of E such that for each J , ∇J is represented as ∇J = α ⊗ N

for a nowhere zero 1-form α and a nilpotent structure N related to J (Example 8.1 ∼
Example 8.4). In particular, we will find examples of h-reversing almost paracomplex
structures of E4n

2n as above (Remark 8.6). Suppose n = 1. We will characterize sections
of the time-like twistor spaces associated with E such that the covariant derivatives are
fully light-like and we will see that the covariant derivative of a paracomplex structure
J corresponding to such a section can be represented as ∇J = α ⊗ N for a nowhere
zero 1-form α and a nilpotent structure N satisfying ∇N = 0 (Proposition 9.1). In
addition, we will obtain all the pairs of sections of the two time-like twistor spaces with
fully light-like covariant derivatives (Theorem 9.3). Then we will find two types of such
pairs (Remark 9.5). One type corresponds to the pair of the lifts of the conformal Gauss
map of a time-like minimal surface in E3

1 and the other type corresponds to the pair
of the lifts of a time-like surface in a 4-dimensional neutral space form with zero mean
curvature vector given in [4]. Based on these studies, we can obtain the results in the
case of E = TE4

2 (Corollary 9.2, Remark 9.4). Therefore we can find all the pairs of
h-reversing almost paracomplex structures of E4

2 such that each pair gives sections of the
two time-like twistor spaces with fully light-like covariant derivatives.

2. Elements of SO(2n, 2n) preserving oriented light-like 2n-planes

Let V be an oriented 4n-dimensional vector space and hV a neutral metric of V . Let
W be a light-like 2n-dimensional subspace of V . Let (e1, . . . , e2n, e2n+1, . . . , e4n) be an
ordered pseudo-orthonormal basis of V giving the orientation of V such that e1, . . . , e2n
(respectively, e2n+1, . . . , e4n) are space-like (respectively, time-like). Suppose that W is
spanned by

ξ1 := e1 − e2n+1, . . . , ξn := en − e3n,

ξn+1 := en+1 + e3n+1, . . . , ξ2n := e2n + e4n.
(2.1)

Let T be an automorphism of V which preserves hV and the orientation of V . Then
there exists an element A of SO(2n, 2n) satisfying

(Te1, . . . , T e2n, T e2n+1, . . . , T e4n) = (e1, . . . , e2n, e2n+1, . . . , e4n)A.

We represent A as

A =


A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44

 ,
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where Aij (i, j = 1, 2, 3, 4) are n× n matrices. We call Aij the (i, j)-block of A. We use
not only Aij but also A(i,j) in order to represent the (i, j)-block of A. We set

A× :=


A22 −A21 A42 A41

−A12 A11 A32 A31

A24 A23 A44 −A43

A14 A13 −A34 A33

 .
Let T× be an endomorphism of V such that A× is the representation matrix with respect
to (e1, . . . , e2n, e2n+1, . . . , e4n).

Proposition 2.1. The following are mutually equivalent:

(a) T induces an endomorphism ΦT of W ;

(b) A(i,j) + (−1)jA(i,j+2) = (−1)i(A(i+2,j) + (−1)jA(i+2,j+2)) for i, j = 1, 2;

(c) A(i,j) + (−1)i−1A(i+2,j) = (−1)j−1(A(i,j+2) + (−1)i−1A(i+2,j+2)) for i, j = 1, 2;

(d) T× induces an endomorphism ΦT× of W .

Proof. We see that (a) and (b) are equivalent. We can rewrite (b) into (c)
immediately. We see that (c) and (d) are equivalent. �

For i, j = 1, 2, we set

Pij := A(i,j) + (−1)jA(i,j+2),

P×
ij := (−1)i

′+j′(A(i′,j′) + (−1)i
′−1A(i′+2,j′)),

where {i, i′} = {j, j′} = {1, 2}. We set

P :=

[
P11 P12

P21 P22

]
, P× :=

[
P×
11 P

×
12

P×
21 P

×
22

]
.

If T induces an endomorphism ΦT of W , that is, if T× induces an endomorphism ΦT×

of W , then P , P× are the representation matrices of ΦT , ΦT× respectively with respect
to ξ1, . . . , ξ2n. Let Λn be a 4n× 4n matrix defined by

Λn :=


On −In On In
In On In On

On In On −In
In On In On

 ,
where In is the n× n unit matrix and On is the n× n zero matrix. We obtain

Proposition 2.2. An automorphism T satisfies not only one of (a)∼(d) in Propo-
sition 2.1 but also P = P× if and only if A and Λn are commutative.

Remark 2.3. The condition AΛn = ΛnA just means that T is null-linear (see
[17]).
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Let G be a Lie subgroup of SO(2n, 2n) defined by AΛn = ΛnA for A ∈ SO(2n, 2n).
Then each element of the Lie algebra of G is represented as

U11 U12 U11 + Z −U12 +X

−tU12 U22 −tU12 + Y −U22 +
tZ

−U11 +
tZ −U12 + Y −U11 − Z + tZ U12 −X − Y

−tU12 +X U22 + Z −tU12 +X + Y −U22 − Z + tZ

 ,
where

tU11 = −U11,
tU22 = −U22,

tX = X, tY = Y.

Therefore we obtain dimG = 4n2. We will prove

Proposition 2.4. Suppose that T satisfies one of (a)∼(d) in Proposition 2.1.
Then

(a) |P ||P×| = 1;

(b) if P = P×, that is, if A ∈ G, then |P | = 1, that is, ξ := ξ1 ∧ · · · ∧ ξ2n is invariant
by ΦT = ΦT× .

Proof. Since A ∈ SO(2n, 2n), we have |A| = 1. Using (b) in Proposition 2.1, we
obtain ∣∣∣∣∣∣∣∣

A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
A11 A12 A13 −A11 A14 +A12

A21 A22 A23 −A21 A24 +A22

A31 A32 A33 −A31 A34 +A32

A41 A42 A43 −A41 A44 +A42

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
A11 A12 A13 −A11 A14 +A12

A21 A22 A23 −A21 A24 +A22

A31 A32 A11 −A13 −A14 −A12

A41 A42 A23 −A21 A22 +A24

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
A11 +A31 A12 +A32 On On

A21 −A41 A22 −A42 On On

A31 A32 A11 −A13 −A14 −A12

A41 A42 A23 −A21 A22 +A24

∣∣∣∣∣∣∣∣ .
Therefore we obtain (a) in Proposition 2.4. We will prove (b) in Proposition 2.4 by
induction as follows.
Part 1 Suppose n = 1. Then an element A of SO(2, 2) is represented as A = BC, where
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B =


b1 −b2 b3 b4
b2 b1 −b4 b3
b3 −b4 b1 b2
b4 b3 −b2 b1

 (
b1, b2, b3, b4 ∈ R,

b21 + b22 − b23 − b24 = 1

)

and

C =


1 0 0 0

0 c22 c23 c24
0 c32 c33 c34
0 c42 c43 c44

 ([cij ] ∈ SO(1, 2)).

Suppose C = I4. Then A = B satisfies (b) in Proposition 2.1, P = P× and |P | = 1.
Suppose B = I4. Then A = C satisfies (b) in Proposition 2.1 if and only if [cij ] ∈ SO(1, 2)

satisfies c22 c23 c24c32 c33 c34
c42 c43 c44

 =

ε(cosh t+ e−tc2/2) c ε(sinh t− e−tc2/2)

εe−tc 1 −εe−tc

ε(sinh t+ e−tc2/2) c ε(cosh t− e−tc2/2)

 , (2.2)

where ε = +1 or −1, and c, t ∈ R. Suppose that [cij ] ∈ SO(1, 2) satisfies (2.2). Then
we have

P =

[
1 0

−c εet

]
, P× =

[
εe−t 0

−εe−tc 1

]
.

Therefore the following are mutually equivalent: (i) ε = 1 and t = 0; (ii) P = P×;
(iii) |P | = |P×| = 1. In particular, if P = P×, then |P | = 1. In general, if A = BC

satisfies not only one of (a)∼(d) in Proposition 2.1 but also P = P×, then noticing
Proposition 2.2, we see that both B and C satisfy these conditions. Therefore we obtain
|P | = 1 for T given by A = BC. Hence we obtain (b) in Proposition 2.4 in the case of
n = 1.
Part 2 Suppose n ≥ 2. We set

H :=



A11 −A21 A31 A41

A21 A11 −A41 A31

A31 −A41 A11 A21

A41 A31 −A21 A11

 ∈ SO(2n, 2n)

 . (2.3)

Then H is a Lie subgroup of G with dimH = 2n2 + n. Since there exists a path in H

from the unit element to each element of H, any element of H satisfies |P | = 1. For each
element A of G, there exists an element B of H such that C := AB satisfies
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C11 =


1 0 · · · 0

0 ∗ · · · ∗
...

...
. . .

...
0 ∗ · · · ∗

 , C1j =


0 0 · · · 0

∗ ∗ · · · ∗
...

...
. . .

...
∗ ∗ · · · ∗

 (j = 2, 3, 4),

Ci1 =


0 ∗ · · · ∗
0 ∗ · · · ∗
...

...
. . .

...
0 ∗ · · · ∗

 (i = 2, 3, 4).

In addition, noticing AΛn = ΛnA and A ∈ SO(2n, 2n), we see that C satisfies

Cii =


1 0 · · · 0

0 ∗ · · · ∗
...

...
. . .

...
0 ∗ · · · ∗

 (i = 2, 3, 4), Cij =


0 0 · · · 0

0 ∗ · · · ∗
...

...
. . .

...
0 ∗ · · · ∗

 (i 6= j).

Therefore noticing Part 1, we see by induction that A satisfies |P | = 1. Hence we obtain
(b) in Proposition 2.4 in the case of n ≥ 2. �

Remark 2.5. Suppose n ≥ 2 and that A ∈ SO(2n, 2n) satisfies one of (a)∼(d) in
Proposition 2.1. Then even if |P | = 1, it is possible that P 6= P×. For example, if X, Y
are distinct elements of SO(n), then

X On On On

On Y On On

On On X On

On On On Y


satisfies one of (a)∼(d) in Proposition 2.1 and |P | = 1 but does not satisfy P 6= P×.

Remark 2.6. We set

G̃ := {A ∈ GL(4n,R) | AΛn = ΛnA}.

Then G̃ is a Lie subgroup of GL(4n,R) with dim G̃ = 8n2 and G is a Lie subgroup of
G̃. Referring to the proof of (a) in Proposition 2.4, we see that G̃ is contained in the
connected component GL0(4n,R) of GL(4n,R) with the unit element. Since each A ∈ G̃

gives an automorphism of W , we obtain a homomorphism ψ from G̃ to GL(2n,R). Since
dimKerψ = 4n2, ψ is a surjective homomorphism from the connected component of G̃
with the unit element onto GL0(2n,R). In addition, if A is an element of G̃ given by

A =


In On On On

On In On −2Zn

−2Zn On In,− On

On On On In,−

 ,



8 N. Ando

where

I1,− := −1, In,− :=


−1 0 · · · 0

0 1
. . .

...
...

. . . . . . 0

0 · · · 0 1

 (n ≥ 2) (2.4)

and

Z1 := 1, Zn :=


1 0 · · · 0

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 (n ≥ 2),

then P satisfies P11 = In, P22 = In,− and P12 = P21 = On. Therefore ψ : G̃ −→
GL(2n,R) is surjective. We see from (b) in Proposition 2.4 that Imψ|G is contained in
SL(2n,R), and since dimKerψ|G = 2n2 − n, ψ|G : G −→ SL(2n,R) is not surjective if
n ≥ 2.

3. Nilpotent structures

Let M be a manifold and E an oriented vector bundle over M of rank 4n. Let h
be a neutral metric of E. Let N be a section of EndE. We say that N is a nilpotent
structure of E if on a neighborhood of each point of M , there exists an ordered pseudo-
orthonormal local frame field e = (e1, . . . , e2n, e2n+1, . . . , e4n) of E satisfying Ne = eΛn

and that e1, . . . , e2n (respectively, e2n+1, . . . , e4n) are space-like (respectively, time-like).
Let N be a nilpotent structure of E. Then we have

(i) ImN = KerN ,

(ii) πN := ImN = KerN is a subbundle of E of rank 2n such that each fiber is
light-like,

(iii) h(φ,Nφ) = 0 for any local section φ of E.

In particular, N gives a null structure on each fiber of E and h is null-Hermitian with
respect to N (see [17]).

Let N be a section of EndE satisfying (i), (ii), (iii) in the previous paragraph. Then
there exist local sections ξ1, . . . , ξ2n of πN which form a local frame field of πN and local
sections ξ′1, . . . , ξ′2n of E satisfying

(i) h(ξ′i, ξ
′
j) = 0 for i, j = 1, . . . , 2n,

(ii) h(ξi, ξ
′
j) = 0 for i, j = 1, . . . , 2n with i 6= j,

(iii) N(ξ′i) = ξn+i, N(ξ′n+i) = ξi for i = 1, . . . , n,

(iv) for i = 1, . . . , n, h(ξi, ξ′i) = 1, that is, h(ξn+i, ξ
′
n+i) = −1.
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For i = 1, . . . , n, we set

ei :=
1

2
(2ξ′i + ξi), en+i :=

1

2
(−2ξ′n+i + ξn+i),

e2n+i :=
1

2
(2ξ′i − ξi), e3n+i :=

1

2
(2ξ′n+i + ξn+i).

Then (e1, . . . , e2n, e2n+1, . . . , e4n) is an ordered pseudo-orthonormal local frame field of E
such that e1, . . . , e2n (respectively, e2n+1, . . . , e4n) are space-like (respectively, time-like).
From N(ξ′i) = ξn+i, N(ξ′n+i) = ξi, we see that N is a nilpotent structure of E. Let S be
an element of GL(4n,R) satisfying

(e1, . . . , e4n) = (ξ′1, . . . , ξ
′
2n, ξ1, . . . , ξ2n)S.

Then detS > 0. Therefore (ξ′1, . . . , ξ
′
2n, ξ1, . . . , ξ2n) gives the orientation of E if and only

if (e1, . . . , e4n) gives the orientation of E.
Let N be a nilpotent structure of E. For ε ∈ {+,−}, we set

I ′4n,ε :=


In On On On

On In On On

On On In On

On On On In,ε

 ,
where In,+ := In and In,− is as in (2.4). For ε ∈ {+,−}, we say that N is an ε-
nilpotent structure if we can choose an ordered pseudo-orthonormal local frame field e

of E on a neighborhood of each point of M giving the orientation of E and satisfying
NeI ′4n,ε = eI ′4n,εΛn. Let N be an ε-nilpotent structure of E. Then such a frame field as
e for N is called an admissible frame field of N . For an admissible frame field e of N ,

ξ1 := e1 − e2n+1, ξi := ei − e2n+i,

ξn+1 := en+1 + εe3n+1, ξn+i := en+i + e3n+i
(i = 2, . . . , n) (3.1)

form a local frame field of πN ((3.1) with ε = + coincides with (2.1)). Let f =

(f1, . . . , f2n, f2n+1, . . . , f4n) be an ordered pseudo-orthonormal local frame field of E
giving the orientation. Then f is an admissible frame field of N if and only if for each
admissible frame field e of N , an SO(2n, 2n)-valued function A on the intersection of the
domains of e and f given by fI ′4n,ε = eI ′4n,εA is valued in G. Therefore we see by (b)
in Proposition 2.4 that for ξ1, . . . , ξ2n as in (3.1), ξ = ξ1 ∧ · · · ∧ ξ2n does not depend on
the choice of an admissible frame field of N and this means that N gives a section ξ of∧2n

E.
Let ξ be a section of

∧2n
E and suppose that ξ is locally represented as ξ = ξ1 ∧

· · · ∧ ξ2n for local light-like sections ξ1, . . . , ξ2n of E defined on a neighborhood U of
each point of M such that at each point of U , they span a light-like 2n-dimensional
subspace of the fiber of E. Then ξ1, . . . , ξ2n are represented as in (3.1) for ε ∈ {+,−}
and an ordered pseudo-orthonormal local frame field e = (e1, . . . , e2n, e2n+1, . . . , e4n) of
E giving the orientation of E. Suppose that n is even. Then noticing that there exists
A ∈ SO(2n, 2n) satisfying one of (a)∼(d) in Proposition 2.1, |P | = 1 and P 6= P×
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(Remark 2.5), we see that ξ gives plural ε-nilpotent structures of the restriction of E
on a neighborhood of each point of M . Suppose that n is odd. Then ξ gives at least
one ε-nilpotent structure as above and we see in particular that n = 1 if and only if ξ
determines a unique ε-nilpotent structure of E. See [3], [8] for the case of n = 1.

In the rest of this section, suppose n = 1. Let ĥ be the metric of
∧2
E in-

duced by h. Then ĥ has signature (2, 4). Noticing the double covering SO0(2, 2) −→
SO0(1, 2) × SO0(1, 2), we see that

∧2
E is represented as the direct sum of its two ori-

entable subbundles
∧2

+E,
∧2

−E of rank 3. We see that
∧2

+E is orthogonal to
∧2

−E with
respect to ĥ and that the restriction of ĥ on each of

∧2
+E,

∧2
−E has signature (1, 2).

Let (e1, e2, e3, e4) be an ordered pseudo-orthonormal local frame field of E giving the
orientation of E. We set

Ω±,1 :=
1√
2
(e1 ∧ e2 ± e3 ∧ e4),

Ω±,2 :=
1√
2
(e1 ∧ e3 ± e4 ∧ e2),

Ω±,3 :=
1√
2
(e1 ∧ e4 ± e2 ∧ e3).

(3.2)

Then Ω±,1 are space-like and Ω±,2, Ω±,3 are time-like, and we can suppose that Ω−,1,
Ω+,2, Ω+,3 (respectively, Ω+,1, Ω−,2, Ω−,3) form a pseudo-orthonormal local frame field
of

∧2
+E (respectively,

∧2
−E). The light-like twistor spaces associated with E are fiber

bundles

U0

(∧2
±E

)
:=

{
θ ∈

∧2
±E \ {0}

∣∣∣ ĥ(θ, θ) = 0
}

in
∧2

±E respectively. We can refer to [3], [8] for the light-like twistor spaces. Let Ω be
a section of U0

(∧2
εE

)
(ε ∈ {+,−}). Then we can find (e1, e2, e3, e4) as above satisfying

Ω = Ω−ε,1 + εΩε,3.

Therefore Ω is locally represented as Ω = (1/
√
2)ξ1∧ξ2. Then Ω gives a unique ε-nilpotent

structure N of E. It satisfies

(Ne1, Ne2, Ne3, Nεe4) = (e1, e2, e3, εe4)Λ1, (3.3)

that is, (e1, e2, e3, e4) is an admissible frame field of N . Notice that in (3.3), ε is put
before e4, while in the corresponding equation in [3], ε is put before e3. Each ε-nilpotent
structure of E gives a unique section of U0

(∧2
εE

)
and therefore there exists a one-to-

one correspondence between the set of sections of U0

(∧2
εE

)
and the set of ε-nilpotent

structures of E.



Sections of time-like twistor spaces 11

4. The covariant derivatives of paracomplex structures

Let E, h be as in the beginning of the previous section. Let ∇ be an h-connection of
E, i.e., a connection of E satisfying ∇h = 0. Let J be a section of EndE. For ε ∈ {+,−},
we say that J is an ε-paracomplex structure of E if J satisfies

(i) J is a paracomplex structure of E,

(ii) J is h-reversing, that is, J∗h = −h,

(iii) there exists an ordered pseudo-orthonormal local frame field e =

(e1, . . . e2n, e2n+1, . . . , e4n) of E on a neighborhood of each point of M giv-
ing the orientation and satisfying

(Je1, . . . , Je2n, Je2n+1, . . . , Je4n)I
′
4n,ε

= (e1, . . . , e2n, e2n+1, . . . , e4n)I
′
4n,ε


On On In On

On On On −In
In On On On

On −In On On

 . (4.1)

Let J be an ε-paracomplex structure of E. Then such a frame field as e is called an
admissible frame field of J . For an admissible frame field e of J , let ω = [ωi

j ] be the
connection form of ∇ with respect to e: ∇e = eω. Then we have

ωi
j =

{
−ωj

i ((i, j) ∈ (Σ1∼2n × Σ1∼2n) ∪ (Σ2n+1∼4n × Σ2n+1∼4n)),

ωj
i ((i, j) ∈ (Σ1∼2n × Σ2n+1∼4n) ∪ (Σ2n+1∼4n × Σ1∼2n)),

(4.2)

where Σ1∼2n := {1, . . . , 2n}, Σ2n+1∼4n := {2n+ 1, . . . , 4n}. For µ ∈ {+,−}, we set

e(µ) := (e1, . . . , e2n, µe2n+1, . . . , µe4n).

Suppose that ∇J is locally represented as the tensor product of a 1-form α and an ε-
nilpotent structure N so that e(µ) is an admissible frame field of N . In the following,
we say that such an ε-nilpotent structure as N is related to J (by (e, µ)). Then using
(∇J)(ek) = ∇(Jek)− J(∇ek), we obtain

µ(ωn+i
j + (ε1)δi1ω3n+i

2n+j) = ωn+i
2n+j + (ε1)δi1ω3n+i

j = αδij ,

ωi
j − ω2n+i

2n+j = ωi
2n+j − ω2n+i

j = 0,

ωn+i
n+j − (ε1)δi1+δj1ω3n+i

3n+j = ωn+i
3n+j − (ε1)δi1+δj1ω3n+i

n+j = 0

(4.3)

for i, j ∈ {1, . . . , n}. Conversely, if we suppose (4.3), then ∇J is locally represented as
above. Therefore we obtain

Theorem 4.1. Let J be an ε-paracomplex structure of E for ε ∈ {+,−} and e an
admissible frame field of J . Then for µ ∈ {+,−}, the following are equivalent:

(a) ∇J is locally represented by the tensor product of a 1-form α and an ε-nilpotent
structure N related to J by (e, µ);
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(b) the connection form ω = [ωi
j ] of ∇ with respect to e satisfies (4.3).

Remark 4.2. The main object of study in the present paper is an ε-paracomplex
structure J of E such that ∇J is locally represented by the tensor product of a 1-form
and an ε-nilpotent structure related to J . In [6], the author studies nilpotent structures
of an oriented vector bundle E of rank 4n with a neutral metric h and an h-connection ∇.
For a Lie subgroup K of SO(2n, 2n), K-nilpotent structures of (E, h,∇) are defined. For
each K-nilpotent structure, a principal K-bundle P is constructed, by choosing special
admissible frame fields. In addition, ∇ gives a connection in P , so that the connection
form of ∇ with respect to such an admissible frame field is valued in the Lie algebra of K.
A G-nilpotent structure N of (E, h,∇) is characterized by ∇N = 0 ([6]). If there exist a
complex structure I and paracomplex structures J1, J2 such that h, ∇, I, J1, J2 form a
neutral hyperKähler structure of E, then there exist H-nilpotent structures of (E, h,∇)

([6]), where H is as in (2.3). In addition, if there exists an H-nilpotent structure of
(E, h,∇), then N has the dual H-nilpotent structure N×, and h, ∇, I := (1/2)(N+N×),
J1 := −IJ2, J2 := (1/2)(N −N×) form a neutral hyperKähler structure of E ([6]).

In the following, suppose n = 1. Let ∇̂ be the connection of
∧2
E induced by ∇.

Then ∇̂ is an ĥ-connection and it gives connections of
∧2

+E,
∧2

−E. Fiber bundles

U−

(∧2
±E

)
:=

{
θ ∈

∧2
±E

∣∣∣ ĥ(θ, θ) = −1
}

in
∧2

±E respectively are the time-like twistor spaces associated with E. There exists
a one-to-one correspondence between the set of sections of U−

(∧2
εE

)
and the set of

ε-paracomplex structures of E. Let Ω be a section of U−

(∧2
εE

)
for ε ∈ {+,−}. Then

we can find e = (e1, e2, e3, e4) satisfying Ω = Ωε,2. Let ω = [ωi
j ] be the connection form

of ∇ with respect to e. Then we have

ωi
j =


0 (i = j),

−ωj
i ({i, j} ∈ {{1, 2}, {3, 4}}),
ωj
i ({i, j} ∈ {{1, 3}, {1, 4}, {2, 3}, {2, 4}}).

(4.4)

Suppose that the covariant derivative of Ω is fully light-like. Then for µ = + or −, we
obtain

ω3
2 + εω4

1 = µ(ω4
3 + εω2

1) (4.5)

and ∇̂Ω = α⊗ Ω0, where

α := ω3
2 + εω4

1 , Ω0 := Ω−ε,1 + µΩε,3.

We have α 6= 0 and Ω0 is a local section of a light-like twistor space U0

(∧2
εE

)
. Let

J be an ε-paracomplex structure of E corresponding to Ω. Then we obtain Je1 = e3,
Je2 = −εe4 and therefore e is an admissible frame field of J . In addition, we obtain
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∇J = α⊗ (θ1 ⊗ ξ2 − θ2 ⊗ ξ1), (4.6)

where

ξ1 := e1 − εµe3, ξ2 := e2 + µe4,

θ1 := e1 + εµe3, θ2 := e2 − µe4
(4.7)

and (e1, e2, e3, e4) is the dual frame field of (e1, e2, e3, e4). We see thatN := θ1⊗ξ2−θ2⊗ξ1
is an ε-nilpotent structure corresponding to a local light-like section Ω0 and related to
J by (e, εµ). Noticing that e = (e1, e2, e3, e4) satisfying Ω = Ωε,2 is not unique, we see
that Ω0 and N are not uniquely determined by Ω. However, Ω0 is uniquely determined
by Ω up to a nowhere zero function. Therefore E has a light-like subbundle of rank 2
given by Ω and locally generated by ξ1, ξ2. Hence we obtain

Proposition 4.3. Let Ω be a section of U−

(∧2
εE

)
for ε ∈ {+,−} such that ∇̂Ω

is fully light-like. Then ∇̂Ω is locally represented as ∇̂Ω = α ⊗ Ω0 for a nowhere zero
1-form α and a light-like section Ω0. In addition, if J is an ε-paracomplex structure of
E corresponding to Ω, then ∇J is locally represented as ∇J = α ⊗ N , where N is an
ε-nilpotent structure corresponding to Ω0 and related to J .

In the next section, we will see that the lifts of the conformal Gauss maps of time-like
minimal surfaces in E3

1 are examples of sections of the time-like twistor spaces with fully
light-like covariant derivatives.

Let J be an ε-paracomplex structure of E for ε ∈ {+,−}. Suppose that the covariant
derivative of a section Ω of U−

(∧2
εE

)
corresponding to J is fully light-like. Then whether

we can find an ordered pseudo-orthonormal local frame field e = (e1, e2, e3, e4) of E as
above for Ω such that Ω0 is horizontal is determined by J . Referring to [3], we see that
Ω0 is horizontal if and only if the corresponding nilpotent structure N satisfies ∇N = 0.
The following proposition will be used in Section 9.

Proposition 4.4. The following two conditions are equivalent to each other :

(a) there exists an ordered pseudo-orthonormal local frame field e of E as above for Ω

such that Ω0 is horizontal;

(b) there exists an ordered pseudo-orthonormal local frame field e of E as above for Ω

such that the connection form [ωi
j ] of ∇ with respect to e satisfies d(ω4

2 − εω3
1) = 0.

Proof. Suppose (a). Then we see that Ω0 is horizontal for an ordered pseudo-
orthonormal local frame field e. Using (4.5), we obtain

√
2∇̂Ω0 = ∇̂(ξ1 ∧ ξ2) = µ(ω4

2 − εω3
1)⊗ ξ1 ∧ ξ2. (4.8)

Therefore ∇̂Ω0 = 0 means ω4
2 − εω3

1 = 0. Hence e is a suitable frame field for Condition
(b). Suppose (b) and let e be as in (b). Then there exists a function f satisfying
ω4
2 − εω3

1 = −df . Using this and (4.8), we obtain ∇̂(eµfξ1 ∧ ξ2) = 0. We set
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e′1 := e1, e′2 := (cosh f)e2 + (sinh f)e4,

e′3 := e3, e′4 := (sinh f)e2 + (cosh f)e4.

Then e′ = (e′1, e
′
2, e

′
3, e

′
4) is an ordered pseudo-orthonormal local frame field satisfying

(i) e′1, e′2 are space-like and e′3, e′4 are time-like,

(ii) e′ gives the orientation of E,

(iii) Ω = Ω′
ε,2, where Ω′

±,2 are defined for e′ as in (3.2),

(iv) Ω0 for e′ is horizontal.

Hence e′ = (e′1, e
′
2, e

′
3, e

′
4) is a suitable frame field for Condition (a). �

5. The conformal Gauss maps of time-like minimal surfaces in E3
1

Let M be a Lorentz surface. Let ι : M −→ E3
1 be a time-like and conformal

immersion of M into E3
1 . Let 〈 , 〉 be the metric of E5

2 and set

L := {x = (x1, x2, x3, x4, x5) ∈ E5
2 \ {0} | 〈x, x〉 = 0}.

We identify E3
1 with L ∩ {x5 = x1 + 1} and therefore we consider ι to be an L-valued

function. Suppose that ι is minimal. Let γ be the unit normal vector field of ι determined
by the orientations of M and E3

1 . Then γ is a map from M into S4
2 . Let gM be the

induced metric of M by ι and KM the curvature of gM . Let Reg (ι) be the set of nonzero
points of KM . Then the restriction of γ on Reg (ι) is a time-like and conformal immersion
which induces a Lorentz metric g given by g = −KMgM . We call γ : M −→ S4

2 the
conformal Gauss map of ι. We can refer to [7] for the conformal Gauss maps of time-like
minimal surfaces in E3

1 .
Let w = u+ jv be a local paracomplex coordinate of Reg (ι). Then we represent gM

as gM = e2λdwdw and we see that there exist functions l, m satisfying

ιuu = λuιu + λvιv + lγ, ιuv = λvιu + λuιv +mγ (5.1)

and ιvv = ιuu. By (5.1), we obtain

(γu γv) = (ιu ιv)
1

e2λ

[
−l−m
m l

]
. (5.2)

Therefore we can consider ι to be a light-like normal vector field of F := γ|Reg (ι). Since
KM 6= 0 on Reg (ι), we have l2 6= m2. Let Aι be the shape operator of F with respect
to ι. Then from (5.2), we obtain(

Aι

(
∂

∂u

)
Aι

(
∂

∂v

))
=

(
dF

(
∂

∂u

)
dF

(
∂

∂v

))
e2λ

l2 −m2

[
l m

−m−l

]
.

(5.3)

Let ν be a light-like normal vector field of F satisfying 〈ν, ι〉 = −1.
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Proposition 5.1. The shape operator Aν of F with respect to ν vanishes.

Proof. We can prove Proposition 5.1, referring to [2]. Since ι is minimal, a para-
complex quartic differential Q̃ defined on M vanishes. This means that a paracomplex
quartic differential Q defined on Reg (ι) and given by F vanishes. Therefore ν is contained
in a constant direction in E5

2 . This means that Aν vanishes. �

From (5.3) and Proposition 5.1, we see that F has zero mean curvature vector. This
is also seen from a fact that a time-like minimal immersion ι is of Willmore type ([2]).

Suppose KM < 0, i.e., l2 > m2. Then Fu is space-like and Fv is time-like. We set

e1 :=
1√

−KMeλ
Fu, e3 :=

1√
−KMeλ

Fv.

Let e2, e4 be normal vector fields of F satisfying

〈e2, e2〉 = 1, 〈e4, e4〉 = −1, ι =
1√
2
(e4 − e2), ν =

1√
2
(e4 + e2).

Then e = (e1, e2, e3, e4) is an ordered pseudo-orthonormal local frame field of the pull-
back bundle E := F ∗TS4

2 by F : Reg (ι) −→ S4
2 and we can suppose that e = (e1, e2, e3, e4)

gives the orientation of S4
2 . Let (e1, e3) be the dual frame field of an ordered pseudo-

orthonormal local frame field (e1, e3) of the tangent bundle TM . Let h, ∇ be the metric
and the Levi-Civita connection of S4

2 . Then they naturally give a metric and an h-
connection of E and these are also denoted by h, ∇. Let ω = [ωi

j ] be the connection form
of ∇ with respect to e. Then we obtain

ω2
1 = ω4

1 = −(l̃e1 + m̃e3), ω3
2 = ω4

3 = −(m̃e1 + l̃e3) (5.4)

with

l̃ :=
le2λ√

2(l2 −m2)
, m̃ :=

me2λ√
2(l2 −m2)

.

Let ∇̂ be the connection of
∧2

E induced by ∇. Then by (5.4), we obtain ∇̂Ωε,2 = α⊗Ω0

for ε ∈ {+,−}, where

α := −(εl̃ + m̃)(e1 + εe3), Ω0 := Ω−ε,1 +Ωε,3

and Ω±,1, Ω±,2, Ω±,3 are as in (3.2). We have α 6= 0. Let F̂± be the lifts of F . Then
F̂± are sections of U−

(∧2
±E

)
and locally represented as F̂± = Ω±,2 respectively. Let

Jε be an ε-paracomplex structure of E corresponding to F̂ε. Then we have Jεe1 = e3,
Jεe2 = −εe4. For J = Jε, we obtain (4.6) with (4.7) and µ = +. We see from (4.6) for
J = Jε that ∇Jε is valued in a light-like subbundle of E = F ∗TS4

2 of rank 2 which is
locally generated by e1 − εe3, e2 + e4. Hence we obtain
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Theorem 5.2. The covariant derivatives of the lifts F̂± are fully light-like. In
addition, for an ε-paracomplex structure Jε corresponding to F̂ε, ∇Jε is locally represented
as ∇Jε = α⊗N , where α := −(εl̃+ m̃)θ1, N := θ1 ⊗ ξ2 − θ2 ⊗ ξ1 with (4.7) and µ = +.

Let M be a Lorentz surface and F :M −→ S4
2 a time-like and conformal immersion

with zero mean curvature vector. According to [4], if the covariant derivatives of the lifts
F̂± are fully light-like, then F has one of the following two properties:

(i) the shape operator of F with respect to a light-like normal vector field vanishes;

(ii) the shape operator of F with respect to any normal vector field is light-like or zero.

As was already seen by Proposition 5.1, the conformal Gauss maps of time-like minimal
surfaces in E3

1 satisfy (i). We can find a characterization of a time-like and conformal
immersion F :M −→ S4

2 with zero mean curvature vector and (ii) in terms of the Gauss-
Codazzi-Ricci equations ([4]). The immersion F satisfies either (i) or (ii) if and only
if the curvature K of the induced metric on M by F is identically equal to 1 ([5]). In
addition, K ≡ 1 if and only if not only the paracomplex quartic differential Q is null or
zero but also the normal connection ∇⊥ of F is flat ([5]). Notice that Q is null or zero
if and only if at least one of the covariant derivatives of F̂± is light-like or zero ([5]) and
that K ≡ 1 means that ∇⊥ is flat, while the converse is not necessarily true ([5]).

6. Walker 4n-manifolds

Let M be an oriented neutral 4n-manifold and h its metric. Let ∇ be the Levi-Civita
connection of h. Let D be a light-like 2n-dimensional distribution on M . We say that
(M,h,D) is a Walker manifold if the covariant derivatives of local generators of D by
any tangent vector of M with respect to ∇ are contained in D. See [12], [30] for Walker
manifolds. If (M,h,D) is a Walker manifold, then D is involutive. In the case of n = 1,
D is involutive if and only if the covariant derivatives of local generators of D by any
tangent vector in D are contained in D (see [3]).

Let J be an almost ε-paracomplex structure of M for ε ∈ {+,−}. Suppose that
∇J satisfies (a) in Theorem 4.1 for a nowhere zero 1-form α. Then ∇J gives a light-like
subbundle of TM of rank 2n, i.e., a light-like 2n-dimensional distribution DJ on M .

Theorem 6.1. Let J be as above. Then (M,h,DJ) is a Walker manifold.

Proof. Let e = (e1, . . . e2n, e2n+1, . . . , e4n) be an admissible frame field of J such
that ∇J is locally represented as ∇J = α ⊗ N for an almost ε-nilpotent structure N
related to J by (e, µ). Then we have (4.3). Let ξ1, . . . , ξ2n be as in (3.1) for e(µ). For
i, j ∈ {1, . . . , n}, we obtain

h(∇ξi, ξj) = ωj
i − µωj

2n+i + µω2n+j
i − ω2n+j

2n+i ,

h(∇ξi, ξn+j) = −h(ξi,∇ξn+j)

= ωn+j
i − µωn+j

2n+i − µ(ε1)δj1ω3n+j
i + (ε1)δj1ω3n+j

2n+i ,

h(∇ξn+i, ξn+j)

= ωn+j
n+i + µ(ε1)δi1ωn+j

3n+i − µ(ε1)δj1ω3n+j
n+i − (ε1)δi1+δj1ω3n+j

3n+i .

(6.1)
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Applying (4.3) to (6.1), we obtain h(∇ξi, ξj) = 0 for i, j = 1, . . . , 2n. Therefore (M,h,DJ)

is a Walker manifold. �

Remark 6.2. Suppose n = 1. Let J be an almost ε-paracomplex structure of M
such that the covariant derivative of the corresponding section of U−

(∧2
εTM

)
is fully

light-like. Then noticing Proposition 4.3, we see from Theorem 6.1 that (M,h,DJ) is a
Walker manifold.

Suppose n = 1. Let D be a light-like two-dimensional distribution on M . Then D is
locally generated by light-like vector fields ξ1, ξ2 such that (1/

√
2)ξ1∧ξ2 is a local section

of U0

(∧2
εTM

)
for ε = + or −. Therefore there exists an almost ε-nilpotent structure N

of a neighborhood of each point of M such that D is locally given by πN . We will prove

Theorem 6.3. Suppose n = 1. Let D be a light-like two-dimensional distribution
on M such that (M,h,D) is a Walker manifold. Let N be an almost ε-nilpotent structure
as above. Then there exists an almost ε-paracomplex structure J of a neighborhood of the
point satisfying

(a) ∇J = α⊗N for a nowhere zero 1-form α,

(b) N is related to J .

Proof. Let D, N be as in Theorem 6.3. Suppose that N corresponds to a local
section Ω0 of U0

(∧2
+TM

)
. Let (e1, e2, e3, e4) be an admissible frame field of N . Then

Ω0 = Ω−,1+Ω+,3 and D is locally generated by ξ1 = e1−e3, ξ2 = e2+e4. Since (M,h,D)

is a Walker manifold, we have h(∇ξ1, ξ2) = 0 and this is rewritten into ω3
2+ω

4
1 = ω4

3+ω
2
1 .

In addition, we can suppose ω3
2 +ω4

1 6= 0, rechoosing (e1, e2, e3, e4) if necessary: if we set

(ẽ1, ẽ2, ẽ3, ẽ4) = (e1, e2, e3, e4)


1 0 0 0

0 f2+2
2 f − f2

2

0 f 1 −f
0 f2

2 f − f2−2
2


for a function f , then

(i) (ẽ1, ẽ2, ẽ3, ẽ4) is an ordered pseudo-orthonormal local frame field of M giving the
orientation of M ,

(ii) (ẽ1, ẽ2, ẽ3, ẽ4) is an admissible frame field of N ,

(iii) for the connection form [ω̃i
j ] of ∇ with respect to (ẽ1, ẽ2, ẽ3, ẽ4),

ω̃3
2 + ω̃4

1 = df − f2 − 2

2
(ω3

2 + ω4
1) +

f2

2
(ω4

3 + ω2
1) + f(ω4

2 − ω3
1).

Therefore the covariant derivative of Ω = Ω+,2 is fully light-like. Let J be an almost
+-paracomplex structure corresponding to Ω. Then J satisfies (a), (b) in Theorem 6.3.
In the case where Ω0 is a local section of U0

(∧2
−TM

)
, we can obtain the same result. �
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Remark 6.4. Let N be an almost ε-nilpotent structure of M satisfying ∇N =

0. Then (M,h,D) is a Walker manifold for a light-like two-dimensional distribution D
on M given by πN . Therefore there exists an almost ε-paracomplex structure J on a
neighborhood of each point of M satisfying (a), (b) in Theorem 6.3.

7. The square norm of the covariant derivative of an h-reversing almost
paracomplex structure

Let M , h, ∇ be as in the beginning of the previous section. Let J be an h-reversing
almost paracomplex structure of M . Then the square norm ‖∇J ‖2 of ∇J is defined by

‖∇J ‖2:=
4n∑

i,j=1

δiδjh((∇eiJ)(ej), (∇eiJ)(ej)),

where e = (e1, . . . , e2n, e2n+1, . . . , e4n) is an ordered pseudo-orthonormal local frame field
of M giving the orientation and δk = 1, δ2n+k = −1 (k = 1, . . . , 2n). The square norm
‖ ∇J ‖2 does not depend on the choice of e. Let Ω∗ be a 2-form on M defined by
Ω∗(X,Y ) := h(X, JY ) for tangent vectors X, Y of M . Then the square norm ‖∇Ω∗ ‖2
of ∇Ω∗ is defined by

‖∇Ω∗ ‖2:=
4n∑

i,j,k=1

δiδjδk((∇eiΩ
∗)(ej , ek))

2. (7.1)

Noticing

h((∇eiJ)(ej), ek) = −(∇eiΩ
∗)(ej , ek),

we obtain ‖∇J ‖2=‖∇Ω∗ ‖2.
Suppose that J is an almost ε-paracomplex structure of M for ε ∈ {+,−}. Let e be

an admissible frame field of J . Then we have

Ω∗ =
n∑

i=1

(ei ∧ e2n+i − (ε1)δi1en+i ∧ e3n+i),

where (e1, . . . , e2n, e2n+1, . . . , e4n) is the dual frame field of e and ε1 denotes 1 or −1

according to ε = + or −. Suppose that ∇J satisfies (a) in Theorem 4.1. Then we have
(4.3). Therefore we see

(i) ((∇eiΩ
∗)(ej , ek))

2 = α(ei)
2 if

{j, k} ∈ {{l, n+ l}, {l, 3n+ l}, {n+ l, 2n+ l}, {2n+ l, 3n+ l}} (7.2)

for l ∈ {1, . . . , n},

(ii) ((∇eiΩ
∗)(ej , ek))

2 = 0 if {j, k} does not satisfy (7.2) for any l ∈ {1, . . . , n}.

Therefore noticing
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δjδk =

{
1 ({j, k} ∈

⋃n
l=1{{l, n+ l}, {2n+ l, 3n+ l}}),

−1 ({j, k} ∈
⋃n

l=1{{l, 3n+ l}, {n+ l, 2n+ l}}),

we see by (7.1) that ‖∇Ω∗ ‖2= 0. This means ‖∇J ‖2= 0.
Hence we obtain

Theorem 7.1. Let J be an almost ε-paracomplex structure of M such that ∇J is
locally represented as in (a) in Theorem 4.1. Then ‖∇J‖2= 0, that is, (M,h) equipped
with J is isotropic paraKähler.

8. Frame fields of neutral vector bundles of rank 4n with flat metric
connections

Let E be an oriented vector bundle over Rm of rank 4n (m ≥ 2, n ≥ 1). Let h be
a neutral metric of E and ∇ an h-connection of E. Suppose that ∇ is flat, that is, the
curvature tensor R of ∇ vanishes.

Let J be a +-paracomplex structure of E. Then there exists an ordered pseudo-
orthonormal frame field e = (e1, . . . , e2n, e2n+1, . . . , e4n) of E giving the orientation and
satisfying (4.1) with ε = +. Let ω = [ωi

j ] be the connection form of ∇ with respect to e.
Then we have (4.2). Suppose that ∇J is nowhere zero and satisfies (a) in Theorem 4.1
for ε = +. Then we have (4.3) for a nowhere zero 1-form α on Rm. Suppose µ = +. Let
Dij be the (i, j)-block of ω (i, j ∈ {1, 2, 3, 4}). Then we have

ω =


D11 D12 D13 D14

D21 D22 D23 D24

D31 D32 D33 D34

D41 D42 D43 D44

 .
From (4.2), we obtain

tDij =

{
−Dji (i, j = 1, 2 or i, j = 3, 4),

Dji (i = 1, 2, j = 3, 4 or i = 3, 4, j = 1, 2).
(8.1)

From (4.3), we obtain

D11 = D33, D13 = D31, D22 = D44, D24 = D42,

D21 +D43 = D41 +D23 = αIn.
(8.2)

Let Ψij be the (i, j)-block of ω ∧ ω (i, j ∈ {1, 2, 3, 4}). Suppose

D11 = D22, D13 = D24. (8.3)

Then from (8.2) and (8.3), we obtain Ψ21+Ψ43 = On, Ψ41+Ψ23 = On. Since R vanishes,
dω+ω∧ω vanishes. Therefore we obtain d(D21+D43) = On, d(D41+D23) = On. These
mean dα = 0. Therefore a function f on Rm satisfies df = α. Suppose D21 = D43,
D41 = D23. Then we see by (8.1) that ω is represented as in the form of
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ω =


D11 − 1

2dfIn D31
1
2dfIn

1
2dfIn D11

1
2dfIn D31

D31
1
2dfIn D11 − 1

2dfIn
1
2dfIn D31

1
2dfIn D11

 , (8.4)

where D11, D31 satisfy tD11 = −D11, tD31 = D31 and

dD11 +D11 ∧D11 +D31 ∧D31 = On,

dD31 +D31 ∧D11 +D11 ∧D31 = On.
(8.5)

Let D11, D31 be n × n matrices such that each component is a 1-form on Rm.
Suppose that D11, D31 satisfy tD11 = −D11, tD31 = D31 and (8.5). Let f be a function
on Rm such that df is nowhere zero. Then a 4n× 4n matrix ω defined by (8.4) satisfies
(4.2) and (4.3) with α = df and ε = µ = +, and dω+ω∧ω vanishes. Therefore, noticing
R = 0, we see that there exists an ordered frame field e = (e1, . . . , e2n, e2n+1, . . . , e4n) of
E such that ω is a connection form of ∇ with respect to e. Such a frame field is uniquely
determined by an initial value at a point. If e satisfies

h(ei, ej) =


1 (i = j = 1, . . . , 2n),

−1 (i = j = 2n+ 1, . . . , 4n),

0 (i 6= j)

(8.6)

at a point of Rm, then noticing that ∇ is an h-connection, we see that e satisfies (8.6)
on Rm. Therefore there exists an ordered pseudo-orthonormal frame field e of E giving
the orientation of E and satisfying ∇e = eω. Let J be a +-paracomplex structure of E
satisfying (4.1) for ε = + and e. Then ∇J is nowhere zero and satisfies (a) in Theorem 4.1
with α = df for ε = µ = +.

Example 8.1. We set D11 := On and D31 := dφC0, where φ is a function on Rm

and C0 is a constant symmetric matrix. Then D11, D31 satisfy tD11 = −D11, tD31 = D31

and (8.5).

Example 8.2. We set D11 := On and

D31 :=



df1 df2 0 · · · 0

df2 df1 df2
. . .

...

0 df2
. . . . . . 0

...
. . . . . . . . . df2

0 · · · 0 df2 df1


for functions f1, f2 on Rm. Then D11, D31 satisfy tD11 = −D11, tD31 = D31 and (8.5).

Example 8.3. We set D31 := On and D11 := dψC0, where ψ is a function on
Rm and C0 is a constant skew-symmetric matrix. Then D11, D31 satisfy tD11 = −D11,
tD31 = D31 and (8.5).
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Example 8.4. Suppose n = 4p for p ∈ N . We set

Di1 :=



Ci1 Ci2 O4 · · · O4

Ci2 Ci1 Ci2
. . .

...

O4 Ci2
. . . . . . O4

...
. . . . . . . . . Ci2

O4 · · · O4 Ci2 Ci1


(i = 1, 3),

where

C1k :=


0 −dak 0 −dbk
dak 0 dbk 0

0 −dbk 0 −dak
dbk 0 dak 0

 , C3k :=


0 dak 0 dbk
dak 0 dbk 0

0 dbk 0 dak
dbk 0 dak 0


and ak, bk are functions on Rm (k = 1, 2). Then D11, D31 satisfy tD11 = −D11,
tD31 = D31, and noticing

Cik ∧ Cjk = O4, Ci1 ∧ Cj2 + Ci2 ∧ Cj1 = O4 (i, j = 1, 3, k = 1, 2),

we obtain Di1 ∧Dj1 = On (i, j = 1, 3). Therefore D11, D31 satisfy (8.5).

Remark 8.5. For any of the above examples, ω is exact and represented as ω = dx

for a function x on Rm valued in the Lie algebra of SO(2n, 2n). Therefore a suitable
frame field e is given by e exp(x) for an ordered pseudo-orthonormal parallel frame field
e of E giving the orientation of E.

If we suppose µ = −, then we have similar discussions and examples. In addition,
we can have similar discussions and examples of −-paracomplex structures.

Remark 8.6. Suppose m = 4n and that E is the tangent bundle TE4n
2n of E4n

2n . Let
h be the metric of E4n

2n and ∇ the Levi-Civita connection of h. Then the curvature tensor
R of ∇ vanishes. Therefore we can find examples of almost ε-paracomplex structures of
E4n

2n such that the covariant derivatives are nowhere zero and satisfy (a) in Theorem 4.1.

9. Frame fields of neutral vector bundles of rank 4 with flat metric con-
nections

In the following, suppose n = 1. Let e = (e1, e2, e3, e4) be an ordered pseudo-
orthonormal frame field of E giving the orientation of E such that ∇̂Ωε,2 (ε ∈ {+,−})
is fully light-like. Let ω = [ωi

j ] be the connection form of ∇ with respect to e. Then
we have (4.4). Since R vanishes, dω + ω ∧ ω vanishes. Since ∇̂Ωε,2 is fully light-like,
we have (4.5) for µ = µε ∈ {+,−}. We set ψ = [ψi

j ] := ω ∧ ω. Then from (4.5), we
obtain ψ4

2 = εψ3
1 . Since dω + ψ vanishes, we obtain d(ω4

2 − εω3
1) = 0. Therefore noticing

Proposition 4.4, we can choose e so that Ω0 for Ω = Ωε,2 is horizontal. If e is such a frame
field, then referring to the proof of Proposition 4.4, we obtain ω4

2 − εω3
1 = 0. However,
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in the following, we suppose only d(ω4
2 − εω3

1) = 0. Then there exists a function fε on
Rm satisfying ω4

2 − εω3
1 = −dfε. Applying this to ψ and noticing that dω + ψ vanishes,

we obtain

d(ω3
2 + εω4

1) = µdfε ∧ (ω3
2 + εω4

1),

i.e., d(e−µfε

(ω3
2+εω

4
1)) = 0. This means that there exists a function gε on Rm satisfying

dgε 6= 0 and

dgε = e−µfε

(ω3
2 + εω4

1) = µe−µfε

(ω4
3 + εω2

1).

Therefore we obtain

ω4
1 = εeµf

ε

dgε − εω3
2 , ω4

2 = εω3
1 − dfε,

ω4
3 = µeµf

ε

dgε − εω2
1 .

(9.1)

Then the condition that dω+ω∧ω vanishes is rewritten into a system of three equations
as follows:

dω2
1 =2ω3

1 ∧ ω3
2 − eµf

ε

ω3
1 ∧ dgε

+ εω3
2 ∧ dfε + εeµf

ε

dfε ∧ dgε,

dω3
1 =2ω2

1 ∧ ω3
2 − eµf

ε

ω2
1 ∧ dgε + εµeµf

ε

ω3
2 ∧ dgε,

dω3
2 =− 2ω2

1 ∧ ω3
1 + εω2

1 ∧ dfε

− εµeµf
ε

ω3
1 ∧ dgε + µeµf

ε

dfε ∧ dgε.

(9.2)

Let fε, gε be functions on Rm with dgε 6= 0. Let ω2
1 , ω3

1 , ω3
2 be 1-forms on Rm

satisfying (9.2). Let ω4
1 , ω4

2 , ω4
3 be as in (9.1) and ω a 4× 4 matrix such that the (i, j)-

component is given by ωi
j with (4.4). Then dω+ω∧ω vanishes. Therefore, noticing R = 0,

we see that there exists an ordered pseudo-orthonormal frame field e = (e1, e2, e3, e4) of
E giving the orientation of E and satisfying ∇e = eω. Then for Ωε,2 as in (3.2), we
obtain ∇̂Ωε,2 = α⊗ Ω0, where

α := eµf
ε

dgε, Ω0 := Ω−ε,1 + µΩε,3. (9.3)

Since dgε 6= 0, we have α 6= 0. Since d(ω4
2 − εω3

1) = 0, we see from Proposition 4.4 that
Ω0 can be horizontal for a suitable frame field. Let Jε be an ε-paracomplex structure of
E corresponding to Ωε,2. Then we have Jεe1 = e3, Jεe2 = −εe4, and J = Jε satisfies
(4.6) with (4.7) and (9.3).

Hence we obtain

Proposition 9.1. The following two conditions are equivalent:

(a) the covariant derivative of Ωε,2 is fully light-like;

(b) the connection form ω = [ωi
j ] of ∇ with respect to the frame field e = (e1, e2, e3, e4)

satisfies (9.1), (9.2) and dgε 6= 0 for functions fε, gε on Rm and µ ∈ {+,−}.
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In addition, if one of (a), (b) holds, then ∇̂Ωε,2 is represented as ∇̂Ωε,2 = α⊗Ω0, where
α, Ω0 are as in (9.3) and Ω0 can be horizontal for a suitable frame field.

Suppose m = 4 and that E is the tangent bundle TE4
2 of E4

2 . Let h be the metric of
E4

2 and ∇ the Levi-Civita connection of h. Then the curvature tensor R of ∇ vanishes.
Therefore, referring to the above discussions, we obtain

Corollary 9.2. For E = TE4
2 , (a), (b) in Proposition 9.1 are equivalent to

each other. In addition, if one of (a), (b) in Proposition 9.1 holds, then the remaining
statements in Proposition 9.1 hold.

Suppose that there exist sections Ω± of U−

(∧2
±E

)
respectively such that the co-

variant derivatives are fully light-like. Then noticing the double covering SO0(2, 2) −→
SO0(1, 2)×SO0(1, 2), we see that there exists an ordered pseudo-orthonormal frame field
e = (e1, e2, e3, e4) of E such that both of ∇̂Ω±,2 are fully light-like. Let ω = [ωi

j ] be the
connection form of ∇ with respect to e. Then we have (4.5) for µ = µε, ε = +, −.
Therefore we have the second relation in (9.1) for ε = +, −. Therefore we have

ω3
1 =

1

2
(df+ − df−), ω4

2 = −1

2
(df+ + df−). (9.4)

Noticing (4.5), we obtain either ω4
1 = µω2

1 , ω4
3 = µω3

2 or ω3
2 = µω2

1 , ω4
3 = µω4

1 for
µ ∈ {+,−}. Suppose ω4

1 = µω2
1 and ω4

3 = µω3
2 . Then by (9.1), we obtain

ω2
1 =

µ

2

(
eµf

+

dg+ − eµf
−
dg−

)
,

ω3
2 =

1

2

(
eµf

+

dg+ + eµf
−
dg−

) (9.5)

and

ω4
1 =

1

2

(
eµf

+

dg+ − eµf
−
dg−

)
,

ω4
3 =

µ

2

(
eµf

+

dg+ + eµf
−
dg−

)
.

(9.6)

Suppose ω3
2 = µω2

1 and ω4
3 = µω4

1 . Then by (9.1), we obtain

ω2
1 =

µ

2

(
eµf

+

dg+ + e−µf−
dg−

)
,

ω3
2 =

1

2

(
eµf

+

dg+ + e−µf−
dg−

) (9.7)

and

ω4
1 =

1

2

(
eµf

+

dg+ − e−µf−
dg−

)
,

ω4
3 =

µ

2

(
eµf

+

dg+ − e−µf−
dg−

)
.

(9.8)

Let f±, g± be functions on Rm with dg± 6= 0 and ω3
1 , ω4

2 1-forms on Rm given by
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(9.4). Let ω2
1 , ω3

2 , ω4
1 , ω4

3 be 1-forms on Rm given by either (9.5), (9.6) or (9.7), (9.8).
Then ω2

1 , ω3
1 , ω3

2 , ω4
1 , ω4

2 , ω4
3 satisfy (9.1), (9.2) for ε = +, − and µ = µε. Let ω be a

4× 4 matrix such that the (i, j)-component is given by ωi
j with (4.4). Then there exists

an ordered pseudo-orthonormal frame field e = (e1, e2, e3, e4) of E with ∇e = eω giving
the orientation of E and both of ∇̂Ω±,2 are fully light-like.

Hence we obtain

Theorem 9.3. The following two conditions are equivalent:

(a) the covariant derivatives of both of Ω±,2 are fully light-like;

(b) the connection form ω = [ωi
j ] of ∇ with respect to the frame field e = (e1, e2, e3, e4)

satisfies (9.4) and either (9.5), (9.6) or (9.7), (9.8) for functions f±, g± on Rm

with dg± 6= 0.

Remark 9.4. Based on Theorem 9.3, we see that each pair of almost ±-
paracomplex structures of E4

2 giving sections Ω±,2 of the two time-like twistor spaces
as in (a) in Theorem 9.3 is given by functions f±, g± on E4

2 with dg± 6= 0.

Remark 9.5. Suppose that the covariant derivatives of Ω±,2 are fully light-like.
Then as was already seen, we have either ω4

1 = µω2
1 , ω4

3 = µω3
2 or ω3

2 = µω2
1 , ω4

3 = µω4
1

for µ ∈ {+,−}. The former (respectively, latter) case corresponds to (i) (respectively,
(ii)) in the last paragraph of Section 5.
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