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Abstract. Honda, Izawa and Suwa define Cech-Dolbeault represen-
tation of hyperfunctions and an embedding of distributions to the space of
hyperfunctions. With this embedding, we can regard C*° functions as hyper-
functions in the framework of Cech-Dolbeault cohomology.

This article aims to characterize a Cech-Dolbeault representative which
corresponds to the image of the embedding of a C'°° function, and also to
construct the inverse map of the embedding of C*° functions.

1. Introduction

Hyperfunctions play an essential role in the theory of linear partial differential equa-
tions. Mikio Sato invented the hyperfunction theory in 1958 (Sato[14],[15]), and this
theory founded the field of mathematics known as algebraic analysis (see Sato-Kawai-
Kashiwara[16], Kashiwara-Kawai-Kimura[6], Kashiwara-Schapira[7],[8]). The sheaf of
hyperfunctions is defined by local cohomology with coefficients in the holomorphic func-
tions. A section of the sheaf cohomology is usually calculated by employing the theory
of Cech cohomology, and Cech representation of hyperfunctions is well-researched sub-
ject (see Kashiwara-Kawai-Kimura[6], Kaneko[5], Aoki-Kataoka-Yamazaki[l], Komori-
Umeta[11]). However, to manipulate the hyperfunction theory, we often have to use
sophisticated techniques of complex analysis in several variables. Recently, N. Honda,
T. Izawa and T. Suwa introduce a new representation of hyperfunctions in Honda-Izawa-
Suwa[2] based on the theory of Cech-Dolbeault cohomology.

Let M be a real analytic, n-dimensional, oriented manifold and X its complexification.
In Cech representation, a hyperfunction is represented by a formal sum of holomorphic
functions such as @,;(—1)F;. On the other hand, the Cech-Dolbeault representative of
a hyperfunction is a pair of C*° differential forms (1, 101), where p1 is a (0, n)-form on
X, and po; is a (0,n — 1)-form on X \ M. Remarkably, only two differential forms suffice
to represent a hyperfunction. Additionally, by the softness of the sheaf of C'*° forms, we
can employ helpful tools such as cutoff functions or partitions of unity.

Since Honda-Izawa-Suwa|2] defines an embedding of distributions, we can regard C'*°
functions as hyperfunctions in Cech-Dolbeault representation. This article aims to char-
acterize a Cech-Dolbeault representative which corresponds to the image of a C* function
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by the embedding map and also to construct the inverse map of the embedding of C'*°
functions.

In Cech representation, an inverse map of the embedding of C* functions is defined by
a sum of limits @,(—1)"EB(z++v—1y) = >_,;(=1)"B(z) (y — 0). Morimoto and Kaneko
established this inverse map in Cech representation (Morimoto[13], Kaneko[5]). However,
since non-trivial Cech-Dolbeault representatives always diverge on M, we cannot consider
the limit }13}) po1(z + v/ —1rw) as the one for a Cech representative. To overcome this
difficulty, we introduce a new class of forms called “quasi-Whitney”, for which we can
consider the limit of the form in an appropriate sense. In Lemma 4.14, we show that there
always exists a representative belonging to the quasi-Whitney class for the hyperfunction
image of a C'* function. Following this, for such a representative, we provide a simple
expression of the inverse map in Theorems 4.10 and 4.11, which is our main result.

The article is organized as follows: In Section 2, we recall notations and definitions
of hyperfunctions and hyperforms.

In Section 3, we recall hyperfunctions and their representations. Firstly, in Sub-
section 3.1, we prepare Cech-Dolbeault representation of hyperfunctions. Next, Sub-
section 3.2 explains the relationship between Cech representation and Cech-Dolbeault
representation. Then, in Subsection 3.3, we introduce infinitesimal wedges and a twisted
Radon kernel, which plays an important role in the definition of an embedding of dis-
tributions in Cech representation. Lastly, in Subsection 3.4, we define an embedding of
distributions in Cech-Dolbeault representation.

Section 4 treats the main subject of our article. Subsections 4.1 and 4.2 are prepara-
tions for Subsection 4.3. Subsection 4.1 defines limits of (n — 1)-forms. Subsection 4.2
gives an inverse map of C'°° functions with compact support. Subsection 4.3 shows our
main results, which are Theorems 4.10 and 4.11. These theorems give a simple expres-
sion of the inverse of the embedding map, where the limits of forms are essential for this
expression.

2. Preliminary

2.1. Notations
Notation 2.1 Let X be a topological space. Op(X) denotes the set of open subsets in
X. For any subset K C X, we write an interior of K as Int(K). For any V,V’ € Op(X),
V'’ CC V means that V' is a relatively compact subset of V.

Notation 2.2 For any subset K in a topological space X and for any sheaf .# on X,
we define F#[K] by

FIK] = lm F(U),

KcU

where U C X runs through open neighborhoods of K. This means that .#[K] is a set of
sections defined in open neighborhoods of K.

Let M be a real analytic manifold of dimension n and X its complexification.

Remark 2.3 In this article, we assume that manifolds are always countable at infinity,
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and that sheaves are always those of abelian groups.

Notation 2.4 For any U € Op(M) and for any V' € Op(X), we say that V is a complex
neighborhood of U if U C V and U is a closed set in V. Moreover, if a complex
neighborhood V' of U is a Stein open set, we call V' a Stein neighborhood of U.

Notation 2.5 Zjs (resp. Zx) denotes the sheaf of Z valued locally constant functions
on M (resp. X).

Notation 2.6 We define «j; to be the sheaf of real analytic functions on M and Ox
to be the sheaf of holomorphic functions on X.

Remark 2.7 For any U € Op(M), we define the sections of real analytic functions on
M by

Ay (U) = h7> ox(V),

where V' runs through complex neighborhoods of U.

Definition 2.8 Let K be a closed set in M. We define 2b), as the sheaf of distributions
on M and also define Zbk to be the sheaf of distributions supported by K.

Notation 2.9 For any p,q € {0,1, --- ,n}, we define that @7]&)) is the sheaf of real
analytic p-forms on M, ﬁgf) is the sheaf of holomorphic p-forms on X, and 6")({” D g
the sheaf of C*° (p, q)-forms on X. For other p,q € Z, we set dj\(/}j) =0, ﬁg?) =0 and
&P = 0.

Remark 2.10 ,d]\(/?) (resp. ﬁ’g?)) is nothing but @), (resp. Ox).

Notation 2.11 The symbol ® means to omit the corresponding letter in a sequence or
a family of sets, etc. For example, we employ the following notations:

° (iOailv ailv 7ik) - (iO;il, ai2717i5+1; 7ik)a

. Vbﬂ‘/lﬂ...ﬂf/}ﬂ...ﬁvk:%ﬁ‘/’lﬂ...ﬂwilﬂw+lﬂ...ﬂ‘/}“
where k.0 € Zsog = {i € Z | i > 0}, £ < k, (ig,i1, -+ ,ix) € {0,1, -+ ,n}**! and
%7‘/17 e 7Vk? S Op(X)

2.2. Hyperfunctions and hyperforms
Let M be a real analytic, n-dimensional, oriented manifold and X its complexification,
and let U € Op(M) and V € Op(X) such that V is a complex neighborhood of U.

Notation 2.12 (Relative cohomology) For any sheaf # on X and for any k € Z,
HE(V;.7) denotes the k-th relative cohomology group of .# with supports in U.

See Kashiwara-Kawai-Kimura[6] for the relative cohomology groups of a sheaf.
Definition 2.13 (Hyperfunctions) We define the space of hyperfunctions on U by

:@M(U)ZH;}(V;ﬁx) & O’I"]\/[/X(U)7
Zn (U)
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where ory/x (U) = Hi3(V; Zx) is the sections of the relative orientation sheaf on U.

Definition 2.14 (Hyperforms) The space of p-hyperforms on U is given by

@gy(y) = H(V; ﬁgp) ®U) orarx (U).

]VI(

Note that %y (U) = %gg)(U). Similarly, we define hyperforms and hyperfunctions
with closed support as follows.

Definition 2.15 For any closed set K in U, the space of p-hyperforms supported by K
is defined by

%’?(U) = Hp(V; ﬁg’)) ®U) orpax (U).

1\4(

The space #x (U) of hyperfunctions supported by K is defined in the same way.

Remark 2.16 %](\Z) = {%J(\Z)(U)}erp(M) and %g) = {%g%U(U)}erp(M) form
sheaves. For more details, refer to Kashiwara-Kawai-Kimura[6].

3. Cech cohomology and Cech-Dolbeault cohomology

A concrete expression of a hyperfunction is usually realized by using either the theory
of Cech cohomology or that of Cech-Dolbeault cohomology. Both of these cohomology
theories have their own advantages. In this section, we briefly review their definitions
and establish the canonical isomorphism between them. Additionally, we consider the
embedding of distributions into hyperfunctions from the viewpoint of both cohomology
theories.

3.1. Cech-Dolbeault cohomology and hyperfunctions
Let M be a real analytic, n-dimensional, oriented manifold and X its complexification,
and let U € Op(M) and V € Op(X) such that V is a complex neighborhood of U.

Definition 3.1 For any p, g € Z, we define
PN VYD) =807 (V)@ &N (VAD),
and

b ELVV,V\U) —— EPT(V,V\U)
w w
(B po1) ——— (Opa, p1ly gy — Optor)-
\

Then, (éa)((p") (V,V\U),?) is a complex of vector spaces. HZY(V,V\U) denotes the g-th
cohomology group of this complex.

If S'is a closed set in V', we can define a complex (5)((17") (V,V\S),?) and a cohomology
HZY(V,V\ S) in the same way.
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Theorem 3.2 (Relative Dolbeault theorem) For any closed set S in V', we have the
canonical isomorphism

HYY(V,V\ S) = HY(V; 69)).

In Theorem A.3, we provide a proof of this theorem using the framework of the
derived category. Additionally, Theorem 3.23 establishes an isomorphism between Cech
cohomology and Cech-Dolbeault cohomology, and its proof may offer further insights.
For more details, refer to Honda-Izawa-Suwa[2] and Suwa[18].

Corollary 3.3 Let K be a closed set in U. There are isomorphisms

%J(g})(U) ~ Hg,n(MV\U)Z (X()U) orpx (U)

and

AL (U) ~ HY"(V,V \ K) 8 ora x (U).

Definition 3.4 (Integration of n-forms) Let K be a compact set in U, and let orp,
denote the orientation sheaf of M. We define the integration

/;93%”(0’) ® oru(U) = C
U Zm(U)

as follows: For any u € %’%’)(U) represented by (u1, po1) € é")((n’n)(V) @ £§n’n71)(V\K),

we define
/U:/Ml—/ Ho1,
U D oD

where D is an open set with C* boundary satisfying K ¢ D C D C V, and 9D is the
boundary of D.

Remark 3.5 We choose (y1, -+ ,Yn,Z1, -+ ,Zn) as a positive coordinate system of C™
with z; = z; ++/—1y; (i =1, --- ,n) through this article. Additionally, 9D is oriented as
follows: D is a manifold with C>° boundary dD. Let p € D. There exist a neighborhood

U of p and a coordinate system (p1, --- ,p2,) on U such that DNU = {p € U | p; <
0}. If (p1,p2,p3, -+ ,P2n) is a positive coordinate system on D N U, we define that
(p2,ps, - -+ ,P2n) is a positive coordinate system on 9D NU.

Definition 3.6 (Integration of hyperfunction) Assume M = R"™ and X = C" with
the coordinates (21, - - - , z,,), and let K be a compact set in U. Then, for any u € B (U)
represented by (u1, po1) € 6’)((0’")(1/) e 5’)((0’"_1)(‘/ \ K), we define

/udxz/,ul/\dz—/ o1 A dz,
U D aD

where dz = dz; A --- ANdz,, D is an open set with C* boundary satisfying K C D C
D C V, and 9D is the boundary of D.
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Theorem 3.7 ([2, Corollary 6.12]) Let ¢ : M — X be the canonical embedding, and let
K be a compact set in U. Then, %’g)(U) and 4&71\(/}"_’7) [K] become FS and DFS spaces,
respectively, and

BL ) x ()] VK] @ ora(U)) — HY™V,V\K) @i orx (V) L C

is topologically non-degenerate. Here, an F'S space means a Fréchet-Schwartz topological
vector space, and a DFS space is a dual Fréchet-Schwartz topological vector space (see
Komatsu[10]). Hence, we have

B V) = (7 P [K] @ orar (U))-
Note that (o)’ denotes the strong dual of a topological vector space.

Proposition 3.8 (Excision, [2, Proposition 4.8]) For any complex neighborhood V of
U, there is an isomorphism

HY(V,V\U) ~ HY(V,V\U).

Let us define an embedding of real analytic functions in Cech-Dolbeault representa-
tion. Since M is orientable, we can choose a generator ey x € oryyx(U) such that
en/x,» generates a stalk ory/x , over Z for any x € U. By considering the canonical
morphism

OTM/X(U) = H{}(V,Zx) — H{}(V,ﬁx)7

we get a representative v € éa)((o’")(V, V\U) of the image of ep;/x € orpyx(U) through
the above morphism. Then, we set the constant function 1 € By (U) as [v] @ epr/x. Let
v be such a representative.

Definition 3.9 (Embedding of .7); in Cech-Dolbeault representation) We define
an embedding Lgﬁ(U) sy (U) — Hg’"(V, VAU)®oryx(U) ~ Br(U) by

P ) A (U) — HYMV,V\U) @ orpgyx (U) = HY"(V,V\U) @ orpyx (U).
W W

f _ |:ﬁ V|§:| ®€M/X
Here V C V' is a complex neighborhood of U on which f can be extended to a holomorphic
function F' € Ox (V).
Proposition 3.10 ng = {L;ﬁ(U)}erp(M) is a sheaf morphism from &j; to %;.

Let us define boundary value morphisms. If Q € Op(X) satisfies good geometrical
conditions, we can regard holomorphic functions on € as hyperfunctions.

Recall that V is a complex neighborhood of U € Op(M). We take Q@ € Op(X)
satisfying the following two conditions:
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(B;) Q> U.
(B2) The inclusion (V' \ Q) \ M — V' \ Q gives a homotopy equivalence.

Proposition 3.11 ([2, Lemma 7.10]) We can take a representative v = (vy,v91) €
éa)((o’n)(V,V \ U) introduced before Definition 3.9 such that Suppy(r1) C Q and
Suppy\p (vo1) C Q.

Definition 3.12 (Boundary value morphism, [2, Subsection 7.2]) Let v €
@@)((O’n)(V, V' \ U) be a representative given in Proposition 3.11. We define

b : Ox(Q) = By (U) = Hy"(V,V\U) ®z,,w) oraryx (U)
by
bQ(F)Z[FV]@BM/X (FEﬁx(Q))

3.2. Cech cohomology and isomorphism by

This subsection aims to define a map from Cech-Dolbeault representation to Cech
representation of hyperfunctions, which is given in Definition 3.22. We refer the reader
to Kaneko[5] and Kashiwara-Kawai-Kimura[6] for the theory of Cech cohomology.

Assume M = R"™ and X = C". Let U € Op(M) and let V be a Stein neighborhood of
U. Here, by Grauert’s theorem (see Theorem 1.2.3 of Kashiwara-Kawai-Kimura[6]), we
can take a Stein neighborhood V' of U. In what follows, we fix a section epr)x € ory/x )
such that it generates orys,x over Zx on U and determines the same relative orientation
along M on each connected component of U.

Take vg,v1, -+ ,v,—1 as basis vectors of R", and set v, = —(vo +v1 + -+ 4+ Vp—1).
Moreover, we assume that the orientation of the frame vg, vy, - -+ ,v,_1 is the same as the
one determined by ey x. Let H; = {y € R" | (y,v;) > 0} and V; = (R" +/—1H;) NV
(0 <i < n). Furthermore, we define V,, 11 =V, A’ ={0,1, --- ,n}and A = {0,1, --- ,n+
1}. Then, V' = {V, }ieas is a covering of V\U and V = {V; };en = V' U{V} is a covering
of V. Since R" + /=1 Hy, --- , R" ++/—1 H,, and V are Stein open sets, V = {V; };ea is
a Stein covering of V, that is, each V; is a Stein open set.

Definition 3.13 (Cech cohomology) Let .Z be a sheaf on X. We define
F

io, - ie € ‘g\(VZU n---N Vik)v
k /. _ _
C (Vvv 7'?) = {Fio,"-,ik}(io,m,ik)GAk*l FiO:"'aiZ»i€+17"‘7ik - _Fi07“‘:7;6+17722;"'7ik7 s
. . k+1
(’Lo, ,’Lk) e N :>Fio,-~,ik =0

and a map § : C*(V,V';.7) — CFL(V,V';.F) is defined by

k+1

g <{Fi0x vik}(im ﬂ'k)GAk“) = {Z(_l)é ij e Tes kb

Vjoﬂ”'ﬂvjk } . .
£=0 ) (oo yjrs1) EARF2

)

where ® means to omit the corresponding letter in a sequence. (C*(V,V';.%),0) is a
complex, and we write its k-th cohomology group as H*(V,V';.%).



8 T. NISHIDA

Remark 3.14 We have

kW, V' 0) F) F(Vig NN V).

(0, -+ ,ig) EARTL

In Cech cohomology, the sorting order of subscripts is important for the sign of represen-

tatives because of the condition Fi, .. i, 4001, i, = —Fig, - iep1sic, ,in- 10 emphasize

this point, Kaneko[5] uses the symbol #(V;, A --- AV}, ) instead of F(V;, N---NV,,).
In this article, we do not use this notation. However, we pay attention to the order of
subscripts.

Theorem 3.15 (Leray) There is the canonical isomorphism
H*WV, V' 0x) ~ HE(V; Ox).

To prove Leray’s theorem, V must be a Stein covering. We omit the proof of The-
orem 3.15. See Theorem 5.5.6 of Kaneko[5] or Theorem 1.2.1 of Kashiwara-Kawai-
Kimura[6]. Theorem 3.15 means that a formal direct sum of holomorphic functions
represents a hyperfunction, i.e.,

P e P oxwy

0<i<n 0<i<n
gives a hyperfunction on U, where V5= VN --- mZ- N---NVypr and B = FO) et

Remark 3.16 We must clarify the sequence order of the 7. In what follows, we write q
for the increasing sequence 0,1,2, --- ,i — 1,541, --- ,n+1 €& A"*+L,

Proposition 3.17 (Excision) For any Stein neighborhood V of U, we define V=
{Vitiea and V' = {V;}iens by

Vo=R"+V=1H)NV, -, Vo=(R"++V—1Hy)NV, and V,;q = V.
Then, there exists the canonical isomorphism
H"(V,V; 0x) ~ H*(V,V; Ox). (3.1)
Furthermore, we have the canonical isomorphism

H"(V,V'; 0x) ~ lim H"(V,V'; Ox), (3.2)
ucv

where V runs through complex neighborhoods of U.

PRrROOF. We may assume VCv. Now, we have a commutative diagram

Hp(V; 0x) —— HE(V; 0x)

! |

H"(V,V';0x) — H*(V,V'; Ox).
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By Theorem 3.15 (Leray’s theorem), the vertical morphisms are isomorphic. Addition-
ally, by the excision theorem of local cohomology, the first horizontal morphism is an
isomorphism. Then, the equation (3.1) holds. By Grauert’s theorem, the equation (3.2)
is also valid. (|

Note that the excision theorem of local cohomology is explained after Definition 1.1.9
of Kashiwara-Kawai-Kimura[6], and that we refer the reader to Lemma 5.5.12 of
Kaneko[5] for more details of Proposition 3.17.

Definition 3.18 (Embedding of <%, in Cech representation) For any f € @/ (U),
we define L;M(U) sy (U) = H'(V, V' 0x) @ orp x (U) ~ B (U) by

'y Gu(U) — HMV, V' 0x) @ oryyx(U) = H"(V,V';6x) @ oryx(U),
w w

f——— [Pl ] ®led]

for some k € {0,1,--- ,n}. Here V C V is a Stein neighborhood of U on which f can be
extended to a holomorphic function F' € Ox(V), we set

V= {Vh= R+ VIIH) OV, - T = (R V=IH,) (T )
and]jzljlu{f/nﬂ :‘7}

as in Proposition 3.17, and [eg] € oryx (U) = H*(V, Vi Zx) ~ H™(V,V'; Zx) is repre-
sented by

%= {Gio’"‘vin}(io,---,in)eAan € @ Zx(ViyN---NVi,),

(i0, - in)EAR™TT

where Ay, = {0,1,--- k- 1,k+1,--- ,n+1}, Gp = Go, ... k—1,k+1, n+1 = 1 and

Gio, - igsivsr, - in = —Glo, - iggrie, - i, fOr any L.
Note that [(—1)¥ez] = epr/x holds for any k= 0,1, -+ ,n.
Proposition 3.19 LgM(U) does not depend on the choices of k € {0,1,---,n} and

Lf;;M = {LS{M(U)}erp(M) becomes a sheaf morphism from @), to %B),.

Remark 3.20 When we fix a generator ey x € ora/x(U), for any hyperfunction u =
[D;(-1)'B] ® enyx € H'(V,V';0x) @ orpyx(U) = Bu(U), we call @,(—-1)'F €
@, Ox(15) a Cech representative of u. This expression is different from the one given in
Kaneko[5], which is explained in Remark 3.29.

Now, by the map bg in Definition 3.12, we can define an isomorphism from Cech
representation to Cech-Dolbeault representation. Let us construct the special represen-
tative v whose support is contained in V5. Recall that U € Op(M) and that V is a Stein
neighborhood of U.
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Example 3.21 (]2, Example 7.14]) Let g, 1, - , ¢, be C functions on V' \ U which
satisfy
(1) SuppV\U(@Z) C ‘/Z (Z = Oa 17 T ,TL),

n

(2) ZapizlonV\U.

i=0
For any ¢ = 0,1, --- ,n, we define
Yo (2) = {1 if z € 15,
: 0 otherwise,
and
y (—1)i(n—l)IXVi\&oo/\-~-/\5/<;/\-~-/\5<pn,1 (i=0,1,---,n—1),
3,01 =

(=1)"(n = DXy Opo A+ A Dppz (i = n).
Then, v; = (0,v4,01) satisfies [v;] ® epryx =1 € By (U) and Suppyn y(vi,01) C W

Definition 3.22 For any i = 0,1, --- ,n, we take v; as (0,v;,01) given in Example 3.21,
and we set the map by by b%i(F;) = [Py ®ep/x as in Definition 3.12. Then, we define

amap by : H"(V,V'; Ox) @ orax (U) = HY" (V,V\U) @ orpy x (U) by

bU<

where ey, x is the section of ory;/x (U) specified at the beginning of Subsection 3.2.

n

Dy'E

=0

® €M/X> = Z b (F5),
i=0

Example 7.17 of Honda-Izawa-Suwa/[2] is helpful for the reader in understanding the
map by .

Theorem 3.23 The map by is an isomorphism.

PROOF. We have a double complex

0 — COW,V;0x) — CO(V, V600 25 ooy, v ) 22

I b o

0 — CY(V,V;0x) — C1(V,V:600) 25 ot v ey 25

I o =

Note that 077 is the Dolbeault operator 0. Since V is a Stein covering, each row is
exact (Corollary 2.5.12 of Hérmander[4]). By the Weil procedure, the first column is
quasi-isomorphic to the complex tot(C*(V,V';&(0*)) (Theorem 12.5.4 of Kashiwara-
Schapira[8]). The complex tot(C*(V, V'; &(9*))) is defined as follows: For any p, q € Z, we
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write A4 for CP(V,V'; g)((O’Q)) and let A denote a double complex { AP, P9, 51”‘1}%[]62.
For any k € Z, let us define

tot(A)F = @ AP,

p+q=k

and

Ao 5, = 0+ (1P

Here the simple complex (tot(A)7 diot( A)) is called the total complex of a double complex
A.

On the other hand, for any ¢ € Z, we have isomorphisms

EQVV) = COW, V3607,
ECTVWVA\U) = Kerobi-t ¢ 1w,V 607Y),

. (0,q—1)
since &y

is a sheaf. Then, a morphism

91 0 COW, VL) @ Ker 6191 —— O,V £09M) @ Ker g1
w w

(11, po1) = (0%9p11, 0%y — 0™ o),

defines the differential of Cech-Dolbeault complex in Definition 3.1.

Now, let us prove that the diagram chasing on the double complex C*(V,V'; & (O"))
sends a cocycle of C™(V,V'; 0x) to a cocycle of CO(V,V’;é}((O’n)) @® Ker 61"~1 which
belongs to the same cohomology class as the one given by by in Definition 3.22. For

any i € A" ={0,1, --- ,n}, let ; be a cutoff function defined in Example 3.21. Firstly,

we regard @Fy € Kerd" C C™"(V,V';0x) as an element w™" in C”(MV’;(%((O’O)).
i=0

Secondly, for any a = (o, a1, -+ ,ap—1) € A" ={0,1, -+ ,;n+ 1}", we define

wg*l,O = Z (PiFiozon.an—l S (53)((0’0)(‘/040 N Val n---nN VOén—z)'
o

Then, w" 10 = {wn=10} can € C"_l(MV’;g’)((O’O)) satisfies g7~ 10(wn=1.0) = 0.

Since OF> = 0 for any i € A’, we have

5&)2'_1’0 = Z 5901‘Fia0---a”,2 .
i€a

Finally, we set w” 5! = w10 ¢ C"~1(V,V"; é")((o’l)). If we repeat this procedure, we
n

get wh" Tl = ZF?VZ',OM where the representative v; = (0,v;,01) € éa)((o’n_l)(V,V \U)

=0
n

is defined in Example 3.21. Summing up, by ([@(1)’}1

%
=0

& 6M/X> =[(0, " N ®
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em/x € Hg’"(V, V\U)® ory x(U) holds, and the above diagram chasing induces the
same morphism from H"(V,V'; Ox) ® oryx(U) — Hg’"(V, VAU)®ory x(U) as the
one given by the quasi-isomorphisms

C W,V Ox) — tot(C*(V,V; &) «=— &0V, v\ U).

The Weil procedure shows that the left morphism is quasi-isomorphic, as at the beginning
of this proof. The right quasi-isomorphism is explained in Honda-Izawa-Suwal[2] and
Suwa[18]. This completes the proof. O

3.3. Infinitesimal wedges and embedding of distributions via Cech coho-
mology

In this subsection, we define an embedding of distributions via Cech cohomology.
Kaneko[5] and Aoki-Kataoka-Yamazaki[l] are helpful for readers. We use the same no-
tations as Subsection 3.2, i.e., we keep the notations below:

e M =R" X =Cn",

o« UeOp(M),V e Op(X) is a Stein neighborhood of U,

e vg,V1, -+ ,VUp_1 are basis vectors of R™, which has the same orientation as that of

6M/X~

o vp=—(vo+vi+- -+ V1),

e Vi=R"+V-1H)NV (0<i<n), Vo1 =V,

e« N'={0,1,---,n}, A={0,1, -+ ;n+1},

® V/ = {Vi}ieA/, V= {‘/i}iGA,

e B=Von-nVin- NV (0<i<n).
We set T; = Hyn---NH;N---N H, for any ¢ = 0,1, --- ,n, and we have V5 = (U +

Definition 3.24 (Proper cone and Dual cone) A subset I' C R” is called a cone if
I satisfies

{ryeR” |yel,r>0}cCT.
We define a proper cone I' C R™ as a cone I' C R™ satisfying
I\ {0} c {y e R" | (&) >0}
for some £ € R™. For any cone I' C R", its dual cone I'° is defined by
[°={(cR"[({y) >0 (Vyel)}.

Definition 3.25 (Infinitesimal wedge, [5, Definition 2.2.9]) Let I' C R™ be an open
cone and U € Op(R™). An open set W C C" is called an infinitesimal wedge of type
U+ +/—1T0 if it satisfies the following conditions:



Embedding of infinitely differentiable functions and its inverse map 13

(a) WU+ +/—1T holds.

(b) For any open subcone I C T with T"\ {0} C I" and for any compact set K C U,
there exists 6 > 0 such that

K+vV-1I'n{yeR" ||yl <d}) cW.

U is called the edge of the infinitesimal wedge W of type U + +/—1T10, and T is called
the opening of the infinitesimal wedge W of type U + +/—1T'0.

F(z) € Ox(U 4+ +/—1T0) means that F(z) is holomorphic in an infinitesimal wedge
of type U + v/—1T0. We set, for 0 <i < j <mn,

Tyy=Hon---NH;N---NH;N---NH,,

and define the morphism p : @ Ox (U + v—1I';;0) — @ Ox (U + v—1TI',0) by

0<i<j<n 0<i<n

k U+s/—1FiO> ’

> m— ¥ (S

0<i<j<n 0<i<n \k=0

Ut+v=Ir0 ;

Here, for any 0 < k < (vesp. i <k <n), Fs € Ox(U++v—1I'y;0) (vesp. F € Ox (U +
v —1T';;0)), and ki (resp. ﬁf) means 0,1, --- ,k—1,k+1,---,i—1,4+1,--- . n+1¢€
A™ (resp. 0,1, -+ i—1,i+1,---  k—1,k+1,--- ,n+1€A") as in Remark 3.16.
Definition 3.26 We define

Ox (U +/—1I,0)

0<i<n

p @ ﬁx(U+ \/j].].—‘”())

0<i<j<n

H({U + V=1T,0}y; Ox) =

Remark 3.27 Since H({U 4 v/—1I;0}?_; Ox) is a variant of Cech cohomology group,
correctly speaking, we regard an element Fr € Ox (U ++/—1I';0) as an alternative section
like the definition of Cech cohomology. In this article, we identify F with the alternative

section {F Faef0,1, o yim1,i41, o 1t satlsfylngFA F01 et o1 = P

K2

Theorem 3.28 There exists the canonical isomorphism
H"(V,V';60x) ~ H{U + V=1T,0}1_g; Ox).

ProOF. Let W € Op(C"™) be a Stein neighborhood of U. For a sufficiently small § > 0,
we define an open covering W' = {Wy, Wy, --- , Wy} of W\ U by

Wi:Wﬁ{ze(C"’xEU,5|y\<<y,vi>} (i:O,l,--~,n),
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and an open covering W of W by
W= {W07 Wl) T aWn; Wn+1 = W}

Note that each W, is also a Stein open set. By the definition of infinitesimal wedges, the
restriction morphism induces the canonical morphisms

H"(V,V', 0x) =5 H{U +V=I0,0}_g; 0x) 25 lim H"(W, W', Ox),
ucw

where W runs through Stein neighborhoods of U. Using the same arguments as in the
proof of Proposition 3.17, all the morphisms in the following commutative diagram are
isomorphic:

J B

H"(V,V';0x) — lim H"(W,W'; Ox).
Ucw
This means that ps o p; is isomorphic. It follows from the theorem of the edge of the
wedge by A. Martineau (see Corollary 4.6.13 [5]) that po is injective. Thus we conclude
that p; is an isomorphism. O

Note that Komori-Umeta[l1] explains the general cases of Theorem 3.28.

Remark 3.29 As in the case of Remark 3.20, we write a representative of a hy-
perfunction u = [P,(—1)'F] @ ex/x € H{U + V=1IT,0},; Ox) © orax(U) as
@,(-1)'F € @, Ox(U + v/—1T',0) for a fixed generator ey x € orpyx(U). Since
the equation

[@en%

=0

n

@eryx =Y [P @ lei] € H{U +V=IT,0}g; Ox) ® oragyx (U)
=0

holds, Kaneko[5] writes a Cech representative of a hyperfunction Y, [F] ® [e;] as
> i Bz +/—1I',0) . Here, [e;] € orp/x(U) is defined in Definition 3.18.

Fix a sufficiently small § > 0 and set
H§7i:{y€Rn|5|y|<<yavi>} (ZZO,L,N)
We also define H,7 in the same way as 15, that is,
Hé,’i\: HsoN---NHs;N---NHsp.

Let v; = (0,v501) (i = 0,1, --- ,n) be the one constructed in Example 3.21, where we
replace the condition (1) in Example 3.21 with the following (1)*:

(1)* SuppV\U(@z) cU + V _1H5,i (’L = 07 ]-1 e 7n)a
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Then, in this case, the resulting v; satisfies
Suppy\p (vi01) CU + V—1H;% (t=0,1,---,n).

Note that Hs; is a convex cone properly contained in I';. By the definition of the
infinitesimal wedge, for any infinitesimal wedge Q of type U + /—1I';, there exists an
complex neighborhood W of U such that

Suppy\p (vio1) "W C (U +V—1Hs3) NW C €,

from which we have the well-defined morphism

@ ﬁx(U-F\/—lFiO) ®0T]V[/X(U) — @Hgn(WW\U)®OTM/X(U)
w

0<i<n

D ~0E) sers — | 5 Ay vl | Seas.
0<i<n 0<i<n

where W runs through Stein neighborhoods of U. The above morphism sends

p EB Ox (U ++v—=11';;0) | ® orpyx(U) to 0. Hence we have the morphism

0<i<j<n

ﬁ({U + \/—1Fi0};l:0; ﬁx) ® O’I“M/X(U) — hg Hg’n(VV,W \ U) Q OTM/X(U).
ucw

Thanks to Theorems 3.23 and 3.28, we obtain the theorem below.
Theorem 3.30 We have the following commutative diagram whose morphisms are all
isomorphic:

H(V,V'; 0x) @ orpp x (U) ———— HY"(V,V\U) ® orpyx (U)

J |

ﬁ({U + \/—1Fi0}?:0; ﬁx) X OTM/X(U) — h%nl HgﬂL(WW \ U) ® OT]\/[/X(U).
ucw

PRoOF. 1t follows from Theorem 3.28 that the first vertical morphism is isomorphic. By
Proposition 3.8, the second vertical morphism is also isomorphic. Since the map by is
an isomorphism by Theorem 3.23, the second horizontal morphism is also isomorphic,
which completes the proof. O

Definition 3.31 The second horizontal isomorphism in the above theorem

ﬁ({U + \/—1Fi0}?:0; ﬁx> X OTM/X(U) — ]1_1)n Hg’"(VV, W \ U) ® O’I“M/X(U)
Uucw
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is also denoted by by .

Now then, let us consider an embedding of distributions via Cech cohomology. For
any z, ¢ € C", we use the notations 2{ = 21(1 + -+ + 2,(n and (2 = + -+ + 2.

Definition 3.32 For any (z,(), the twisted Radon kernel W(z, () is defined by

(n=1)! (1= v=Te¢/V/)" ! = (1= V=T2(/ /)" 2% = (20)°/¢%)
(—2my/—1)" {2¢ + V=1(22V/C = (20)2// ()}

Here, we define /o : C — C by

W<Za<) =

ﬁ:\/;eﬁep (r>0,—m7<6<m, z=re‘/jw).

Lemma 3.33 ([5, Lemma 2.3.4]) We write z =  + /-1y and { = £ + /—1n. Let
I' € R™ be an arbitrary proper convex open cone and I'° its dual cone. There exists
a 2n dimensional open convex cone A C R} x R} such that AN {n = 0} D T and

W(z,¢) € Oxxx (R™ x Int(T) + v=TAO0).

Moreover, W(z, () can be analytically continued to a neighborhood of the real open
set (R™\{0}) xInt(I'*). In particular, if we fix { = £ € R™"\{0}, W(z, () is holomorphic as
a function of z in the following infinitesimal wedge with the half-space {y € R" | y¢ > 0}
as the opening:

R" + V=1 {y e R" | y& > y*[¢| — (€)*/I¢]} -

Furthermore, it is analytically continued to the following complex neighborhood of

R™\ {0}:
{x—l— V—-1lyeC"

€]+ (0216] - 9?16 < 1 (6] + 20216 - @)/leh) }-

Lemma 3.34 ([5, Lemma 2.3.5]) Let f(x) be a C™ function on U supported by a
compact set K C U. We define

F(Z,C) = - f(’U))W(Z - waC) dw

Then, F(z,() satisfies the following conditions:

(1) For any proper convex open cone I' C R™, F' is a holomorphic function of (z, () in the
infinitesimal wedge of type R™ X Int(T"°) 4+ +/—1A0 where A is defined in Lemma 3.33.

(2) F can be analytically continued to a neighborhood of (U \ K) x (R™\ {0}).

(3) F can be continuously extended to U x (R™ \ {0}), and the continuously extended
function F'(z, &) satisfies

f@= [ Faod
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Lemma 3.35 ([5, Corollary 2.3.6]) We have the equation

W(z,€)d{=0
gn—1

in a neighborhood of R™ \ {0}. This integral converges locally uniformly in z.
Definition 3.36 For any non-empty proper cone I' C R", we define
W(z,T°) = / W(z,¢&)dé € O(R™ + v —11'0).
rensn—1
Definition 3.37 (Embedding of Pk in Cech representation) Let K be a compact
set in U. For any u € Zbgk (U) and for any i = 0,1, --- ,n, we set
E(z) = (u(w), W(z —w,T7) dw) € (U + v—1T',0),

and let us define L%bK(U) : Db (U) — Bk (U) by u — [@,(—1)"B] ®epx. Here epy/x
is the section of ory;/x (U) specified at the beginning of Subsection 3.2.

Proposition 3.38 Supp(L%bK(U)(u)) C Supp(u) holds.
This proposition easily follows from Lemma 3.35.

Definition 3.39 (Embedding of b in Cech representation) Let u € by (U).
Decompose u into a locally finite sum as v = ), uy, where uy € Zbg, (U) and K is a
compact set in U. We define L%bM(U)(’LL) => L%bKA(U) (ur) € Bu(U).

Remark 3.40 Since (u(w), W(z —w,I'Y)dw) € 0(U ++/—1I',0) for any i = 0,1, --- ,n,
Lng(U) is a map from 2y (U) to H{U + /=1T;0}7_y; Ox) ® oryx(U) = Bu(U).

Proposition 3.41 L%bM(U) is well-defined, and L%bM = {L%bM(U)}UEOp(M) is a sheaf
morphism from Zby; to By,

Proposition 3.42 ([5, Theorem 3.5.5]) The diagram below commutes.

v
U
M (U) Lng(U)

H"(V,V';0x) @ orpryx (U)

where o7 (U) < Pbp(U) is the canonical embedding, and L%M(U) is defined in Def-
inition 3.18. Note that we identify H™(V,V'; Ox) with H({U + v/—1I;,0}",; 6x) by
Theorem 3.28.

3.4. Embedding of distributions via Cech-Dolbeault cohomology
Honda-Izawa-Suwa[2] defines an embedding Pby; — % in the framework of Cech-
Dolbeault cohomology. Let M = R", X = C" and U € Op(M). Since M = R" is
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oriented, there is an isomorphism ory; ~ Zjy; which also gives the isomorphism
#u(U) = Hj(V; Ox),

where V' is a complex neighborhood of U. By this isomorphism, we omit the section
of the relative orientation sheaf in the definition of %y (U). Now, let §(z,t) be a C*
function on X x U which satisfies the following conditions:

(1) 0(z,t) is identically 1 in a neighborhood of {0} x U.
(2) Supp(#) C T, where T is an open set in X x U such that

{0} xUCTcC{(zt)e X xU]|lz| <3 'min{l, dist(t, M\ U)}}.

Here, dist(¢, M \U) means the distance from ¢ to M \U in M, and we set dist(¢, &) = +o0.

Definition 3.43 ([2, Theorem 8.1]) Let 7 = (71,701) € (g’)((o’n)(X,X \ M) be a Cech-
Dolbeault representative of Dirac’s delta function. For any u € Pby,(U), we define

Lo 0y (1) = [(/U(Gn + 0.0 A1o1)(z — t, t)u(t)dt,/

U

(0701) (2 — t, t)u(t)dt)] .

Proposition 3.44 ([2, Lemma 8.19]) L%?M = {Lng(U)}erp(M) is a sheaf morphism
from 9b,; to B,y.

We omit the proof of this proposition. For more details, see Section 8 of Honda-Izawa-
Suwal[2]. Thanks to Proposition 3.44, by gluing the embedding morphisms on each local
chart, we can obtain the embedding morphism L%bDM s Dby — Py for a real analytic

manifold M.

4. Embedding of C*° functions

4.1. Limits of (n — 1)-forms
Let M be a real analytic, n-dimensional, oriented manifold and X its complexification.
We define a normal bundle Ty X by Coker (T'M — M x T'X) as a vector bundle, and
X

we write the coordinate of Tpy X as (z,m). Moreover, we equip Tps X with a bundle
metric and fix it in what follows. By the tubular neighborhood theorem, we can find an
isomorphism T3 X ~ X with the following commutative diagram:

T]wX — 5 X.

%

Here M — Ty, X is the embedding which regards M as the zero section of Th; X and
M — X is the closed embedding. Note that we replace X with a small open neighborhood
of M in X if necessary, and that we identify X with Th;X in this subsection.

We define B = {(z,n) € Ty X =X ||| <1} and S = 0B. Let 7: S — M be the
restriction of the canonical projection X ~ Ty X — M, and let i be an embedding
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S X\ M. Set S, = SN7~Y(z) for z € M. The projection 7 : S — M induces maps

T : TS —-SxTM and 7°:SxT*M —T*S.
M M

For any A > 0 and for any (z,7) € ThyX ~ X, let us define amap ¢) : X\ M = X\ M
by éx(z,n) = (x,An). We note that the Ker 7, consists of a vector field on S which is
tangent to S, for any z € M.

Definition 4.1 For any pe A"~ ' T*(X \ M) and for any v € A"~ ' Ker 7., if the limit

lim ("¢, v)

A—+40

exists and converges locally uniformly on S, we say that p converges locally uniformly
on S. Then, there exists a form g € /\"_1 Coker 7* such that

(v) = lim (" 63p.0)

A=+
for any v € A"~ Ker7,. We define L(u) = —2"" 1.
Since a form in Im 7" C TS becomes zero on Ker 7. C T'S, we can regard L(u)l|g,

as an (n — 1)-form on S,. Hence we may consider the integration of L(u) on S, and

I(p)(z) = L(p) is a continuous function on M. By a system of local coordinates, we

can describe Definition 4.1 concretely as follows:

Remark 4.2 We identify S with M x v/—15"~! and take w = (wy, - ,w,) as a system
of homogeneous coordinates of S”~!. We define i, : S, — X \ M by

Qg 1 Sy —— X\ M
w W
wrH—— r+vV—1w

for any x € M. Let us take

n—1
/L(Z): Z fLJ(Z)dZ[/\deE /\T*(X\M),
[I|+]J|=n—1
and we define 7 ; by
san <Zl e lp J1 ot g ) if’h, 7ip7j17 7jq are
€r,J = kv kpkpyroo ko mutually distinct,

0 otherwise,

where p,g € {0,1,2,--- ,n}, p+q = n—-1, I = (i1, - ,4p) € {1,2,---,n}?,
J = (oo dg) € {12 n}9, dap = dzi, A Adziy, d2g = dZ, Ao A dE,
{kl,~~~,kn_l}:IUJandkl<k2<~~<k:n_1.
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If the limit

Jim (65 0 63 (1) ()

:gnlo(\/_u)n—l S () e s fr (e 4 V=TAw)
1]+ J|=n—1,
ke{1, - ,n}\(JUJ)

exists and converges to a continuous function locally uniformly on S for any (z, v—1w) €
M x /=18""1 we say that u converges locally uniformly on S. Then L(u) exists and
it is given by

L) (@, w) = =271 lim (3% 0 64 ()) (@)

A—+40

= lim (2v/—1M\)""! E (—D)HEer s wn fro(x +V—T)w) ds.
A—+0 i
[I|+]J|=n—1,
ke{1,-- ,n}\(JUJ)

Here ds = Z(fl)”lwi dwi A+ A Ec:, A A dwy.
i=1

4.2. Reconstruction of C*° functions with compact support

Let M = R” and X = C", and let U € Op(M) and V € Op(X) such that V is
a complex neighborhood of U. Since M = R™ is oriented, we omit the section of the
relative orientation sheaf in the definition of %, (U).

Theorem 4.3 Let K be a compact set in U, f(x) € C™(U) whose support is contained
in K, and let p = (p1,p01) € éa)((o’")(V,V \ K) be a representative of L%{?M(U)(f). We
define

ﬁ(z,():/DW(sz,C)ul(w)/\dwf 8DW(Zfw,(),um(w)/\dw,

where D is an open set with C°° boundary satisfying K C D C D cCVandz¢D. Then,
R does not depend on the choices of a representative u and a domain D, and satisfies
the following conditions:

(1) For any proper convex open cone I' C R™, R is a holomorphic function of (2,¢) in the
infinitesimal wedge of type R™ x Int(I"°) 4+ +/—1A0 where A is defined in Lemma 3.33.

(2) R can be analytically continued to a neighborhood of (U \ K) x (R™\ {0}).

(3) R can be continuously extended to U x (R"\ {0}), and the continuously extended
function R(z, &) satisfies

f(z) = R(z,€) d€.

Sn—1

PROOF. Firstly, we show that p € Imv = R = 0. By the assumption, there exists
(71,701) such that 1 = 01 on V, o1 = 711 — 97101 on V' \ K. Then, we have the following
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calculation:

R(=.0) = [ W= w.00m ) ndw— [ Wiz =0, (r(w) = dros(w) A du
= /80 W(z —w,¢) 0701 (w) A dw (the Stokes formula and d = 9 + 9)
=0 (89D = @).

Hence R does not depend on the choice of representatives.
Secondly, we prove that R does not depend on a domain D. Let K c D' c D CV
and z € D. Since

R0 = [ W= ) Adw— [ W= w.0 por(w)
= | W(z—w,Q)p(w) Adw— W(z = w,¢) por(w) A dw
D’ oD’
+ W(wa,C)ul(w)/\dwf/ W(z —w, () por(w) A dw,
D\D’ 9(D\D")

it is sufficient to prove that

W(z—w,C),ul(w)/\dw:/ W(z —w, ) po1(w) A dw.

D\D’ a(D\D")

This equation follows from dug; = g on D\ D’ C V' \ K and the Stokes formula.
Finally, let us prove

R(z0) = /U Wz — t.0)f(t)d.

n(n+1)
2

We choose Bochner-Martinelli type (0, —(—1)
where [ is defined by

B) as a representative of Dirac’s 4,

n

nin-n  (n—1)! 1 i1- - -~ _
1)~ = (=) Zdzy A ANdZ N NdZy.
@myv/=1) 2] ;

We take §(z,t) € C°(V xU) satisfying the conditions of Definition 3.43. By the definition
of L%bDA , (U)( f), we can choose a representative p as follows:

Bz) = (=

j= (1) (/U FO)3.0(5 — 1) A B(= — t) dt, /Uf(t)e(z — 08— 1) dt) .

Using the Bochner-Martinelli formula (Lemma A.5), we get

R(z,():—(—l)%/DW(z—mC) (/Uf(t)awﬁ(w—t,t)/\ﬂ(w—t)dt)/\dw

(D)™ W —w,0) (/U FO0(w — t,t)B(w — t) dt> A dw

oD
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/ f(t)dt ( g W(z —w,()0(w —t,t)8(w —t) A dw
oD

—(—1 ”“*“/szwg)a O(w—t,t) A B(w t)/\dw>

= [ rowie—t.c0 = [ rowi—toa

By Lemma 3.34, f(x) = R(z,€) d¢ holds. O
Snfl

Definition 4.4 Let K be a compact set in U. For any u = [u] = [(p1, po1)] € Bk (U),

we define

Rll(,¢) = /D W= w0 () Adw— [ W (e =€) ) 1

where D is an open set with C*° boundary satisfying K ¢ D ¢ D C V and z ¢ D.

Since ﬁ[u] does not depend on the choice of i by the same arguments as in the proof
of Theorem 4.3, for any u = [u] € Bk (U), we write R[u] = R[u]. Recall that M = R",
X =C" and U € Op(M).

Lemma 4.5 We assume that I'; is defined as in Subsection 3.3 for any ¢ = 0,1, --- ,n.
Let K be a compact set in U, V a Stein neighborhood of U and u = [u] = [(p1, o1)] €
B (U) (pe L™ (V,V\ K)). We define R[] (2,T2) by

Rlp(2,T2) = /msn RIpl(=,€)d€ € Ox (U + V=1T,0).

Then, @ R[u 2,T%) is a Cech representative of u, and the morphism

R:HY"(V,V\K) @ oryyx(U) = H{U + vV=1T:0}; Ox) @ orar x (U)
~H"(VV;0x) @ ory x(U)

defined by
R(u) = R(pn) = [@(—1)i7§[/¢](2i?)]
i=0
satisfies by o R = id on Bk (U), where by is given in Definition 3.31.

PROOF. Since 7%[ ](z re ) can be analytically continued to a complex neighborhood V'

of U\ K and Z R[1)(2,T?) = 0 holds in V", for any ¢ € «;[K], we can perform

=0
the integration of the hyperfunction )R (u) as the one defined by Kaneko (see Section 3.4

of [5]). Let us show

(R(), Ydz) = (p, pdx) (¢ € u[K]).
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Here, the above symbols (e, e) on the left-hand side and the right-hand side are coho-
mological pairings realized by the integrations of Cech cohomology and Cech-Dolbeault
cohomology, respectively.

Let V" € Op(X) be the intersection of V and the domain of ¢ € #7[K], and let W;

(1 =0, ---,n) be the infinitesimal wedge of type U 4+ /—1I';0 on which R[u](z,I'7) is
defined. By the definition of the integration of Cech representation, we have

(R(w), ydx)

¥(z) (~1) R[u)(2,TF) d=

7

- i /(—1)i(U'+\/lei)
-y / $(2) Rl (2. T2) dz
i "+ -Te;

-3 J—cy - ([ we-wemew nao

W= w,€) s (w) A dw) dé d:
oD

(o o 02) i
- /BD (Z /1“ng»1—1 /’+ﬁai V() Wz —w,§)dz d§> por(w) A dw

= / P(w) pr(w) A dw — P(w) po1(w) A dw
D aD
= (p, ¢dz),

where U’ (D K) is an open set in U such that U’ CC U, ¢; : U — R" is a smooth
mapping such that

ei(t) =0 (teU\U),
t++v—1re;t) e (U +v/=-1)NnW,nV" (el 0<r<1),

U4V—1le, ={t+vV—1¢e;i(t) |t € U'} and —(U' ++/—1¢;) is just U’ ++/—1¢; with the
opposite orientation, and D € Op(X) satisfies K ¢ D C D C V" and (U'++/—1¢&;)ND =
.

Since B (U) is the dual topological vector space of «y/[K]| by Theorem 3.7,
(R(p),vdx) = (u,dx) means that R(u) and p represent the same hyperfunction. Be-
cause by is isomorphic, we get by o R = id on B (U). O

Corollary 4.6 Let tg,, ) : @u(U) — Zby(U) be the canonical embedding. The
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diagram below commutes.

Lat g (U)

i (U) i (T Dops(U).
W} L(%My
H"(V,V';0x) @ orpyx (U)

. w) ®)

WCP cp

g (U) bu Lobp (U)
HY™(V,V\U) @ orpx(U)

Note that we identify H"(V,V'; 6x) with H({U + v/—1T;,0}?_y; Ox) by Theorem 3.28.

PROOF. By Proposition 3.42; (T) commutes. The commutativity of (L) is obvious from
the definition. Let us prove that (R) commutes. Since all morphisms are induced from
the sheaf morphisms and Zb,; is a soft sheaf, it is enough to prove the claim locally.
Hence, we may consider only sections with compact support.

Let U be an open set in M, K a compact set in U and u a section of 2bx (U). Using
the same arguments as in the proof of Theorem 4.3, we have

RIul(2,T5) = (u(t), W(z = . T9)dt) (i =0,1, - ,n),

where 41 is a Cech-Dolbeault representative of 15} . (w). By Definition 3.37, the dia-
gram below commutes.

C
H"(V,V'; 0x) ® oy x (U) «——=— T (U).
R LCD
265 (U)
Hg’"(V, V\K)®oryx(U)
Then, we obtain the commutativity of (R) by Lemma 4.5. O

By Corollary 4.6, L%ﬁ , coincides with L%ﬁ .

‘WM

4.3. Inverse map of embedding of C*° functions

Let us consider the characterization of L%bDA ,(C>) and the inverse map from L%ﬁ (C%)
to C*°.

Let M be a real analytic, n-dimensional, oriented manifold and X its complexification,
and let U € Op(M) and V € Op(X) such that V is a complex neighborhood of U. Since
M is oriented, we omit the section of the relative orientation sheaf in the definition of
P (U).

Throughout this subsection, we use the same notations as in Subsection 4.1: We
write B = {(z,n) € X ‘ In| <1}, S =0B and S, = 90BN 7 () for any x € U. We
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may assume B C V. Remember that the projection 7 : S — U is associated with the
projection V ~ TyV — U which is given by the tubular neighborhood theorem. The
projection 7 : S — U induces maps

T : TS =S xTU and 7°:8xT*U — T*8S.
U U

In what follows, since the problem is local, we regard V (resp. U) as X (resp. M). Note
that we can regard S, and S as S™ ! and U x /—18""!, respectively.

Definition 4.7 A form pg; € &0 (V \ U) is said to belong to & "D (v \ U) if
the following conditions are satisfied.

(1) por € N T*(V \ U) converges to a continuous form L(ug1) € A" ' Coker7*
locally uniformly on S.

(2) L(po1) is a C* form on S.
Here, L(uo1) is defined in Subsection 4.1.

Note that we call 5§W’(O’n71)(V \ U) a space of quasi-Whitney (0,n — 1)-forms. By
Remark 4.2, we can rephrase Definition 4.7 as follows:

Remark 4.8 A form j; € &0V (V\U) is said to belong to & "~ (V\ U7) if the
following conditions are satisfied.

(1) For any z € U and w € S™~1, the limit
lim (—2v/—1))"* Z(—l)iwifi(x +vV—-1)w)

A—+0
+ =1

exists and converges to a continuous function locally uniformly with respect to
(r,v/—1w) € U x \/=18""1, where fi, - -+, f, are coefficients of yg;, that is,

n
por = fida Ao Adzi A A dE.
=1

(2) L(uoy) is a C* form on U x /—15"1L.

Recall that we can write

L(po1)(z,w) = lim (=2v/—1\)""* i(—l)i wi filx + v —1)\w) ds, (4.1)

A—+0
n

and ds = Z(—l)”lwi dwi A+ A gw\z A ANdwy,.
i=1

Definition 4.9 Let us define
OV VAU) = {1 = (o) € ECVVVAD) | o1 € SO\ D)

The following theorem is our main result.
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Theorem 4.10 Let zy € M. There exist an open neighborhood U of g and a complex
neighborhood V' of U for which the following 2 conditions are equivalent. For any u €

*%M(U)v
(1) There is a C* function f on U such that u = L%EM(U)(f).

(2) There is a Cech-Dolbeault representative g = (u1,p01) of u such that u €
sV D).

Additionally,
I()(x) = /S L(pon) () € C=(U)

is well-defined and we get I(u) = f.
We give a global version of Theorem 4.10 for M = R"™.

Theorem 4.11 Assume M = R" and X = C". For any U € Op(M), for any V € Op(X)
which is a complex neighborhood of U and for any u € %, (U), the conditions (1) and (2)
as in Theorem 4.10 are equivalent. Additionally, we define I(u) as the same integration
in Theorem 4.10. Then, I(p) is well-defined and I(u) = f holds.

Considering a local coordinate system, it is enough to prove Theorem 4.11 for The-
orem 4.10. To show Theorem 4.11, we prove the following 3 lemmas (Lemma 4.12,
Lemma 4.13 and Lemma 4.14). Hereafter, let us assume M = R", X = C", and let
U € Op(M) and V € Op(X) such that V is a complex neighborhood of U.

Lemma 4.12 Let u be a hyperfunction on U, and let u and p’ be representatives of u.
If p, € EXOM(V,V\U), then I(n) = (i),

PROOF. Fix xg € U. Let us prove that there exists an open neighborhood Uy of xg such
that I(p) = I(¢')on Up. Let zg € V' cCc V' cc V,U" =V"NU,and U’ =V'NU. We
can choose representatives i and i’ satisfying the following conditions (see Lemma A.4):

(1) fvand i’ determine the same hyperfunction on U.
(2) p=ponV”"and i/ =y on V".
(3) Suppjii C V' and Supp i’ C V.
It is clear that fi[y.,. , i'|, € cg’)%w’(o’n)(V”, V" \ U"). Then, we set
RI(0 = [ W= w0 mw) ndw— [ Wz =w.0)fin(w) A do.

R[ii')(z,¢) = /D W(z —w,C) i) (w) Adw— - W(z —w,C) fig; (w) A dw,
with the notations of Theorem 4.3. We may assume V" CC D. Since i and i’ satisfy
the condition (1), we can prove R[f](z,{) = R[i'](z,¢) in the same way as the proof
of Theorem 4.3. Hence, it is enough to prove that there exists an open neighborhood
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Uy C U” of x4 such that R[fi)(z,¢) can be continuously extended to Uy x (R™\ {0}) and
we have

Rlji)(z,€)dé = I()(@)  (x € V).

Sn—1

Let D’ be an open subset of V such that DN (U \ U”) C D" and zg € Int(U" \ D’).
We define D" as an open subset of U” such that D” = Int(U"” \ D’). By deforming D,
we get

R[[L](Z, C) = D W(Z - w, C) ,[Ll(w) A dw — op W(Z - w, C) ﬂ’Ol(w) A dw

+ . W(z—t,) (/Snl L(Mo1)(t7w)> dt,

for any z ¢ D’ U D”. Note that, by i = g on V", we have L(fig1)(t,w) = L(uo1)(t,w)
(t € D", we S"1). The deformation of D is illustrated in Figure 1.

=

TTT

Figure 1. Deformation of the integration domain D

From Lemma 3.33, the first and the second integrals can be analytically continued to
a complex neighborhood of D", and the third integral can be continuously extended to
D" x (R™\ {0}) by Theorem 4.3 (3). Hence, for any x € D", the equation

R ode= [ ([ wie-w.9mw naw) a

_/Sn_1 < . Wz —w,¢) ﬂm(w)/\dw) d¢
+/SH - W(x —t,§) (/S L(um)(t,w)) dt d¢

holds. By Lemma 3.35, the first and the second integrals become 0. Then, we get the
equation

Sn—1

R (x, €) dE = Wz —t,€) I(p)(t)dtds  (z € D").
Sn—l Sn—l D//

By applying Lemmas 3.34 and 3.35 to the case f = I(u), we obtain

/ Wio—t,6) I () dtd = I(w)(x) (v € D",
Snfl D

This completes the proof. O
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By Lemma 4.12, I(11) does not depend on the choice of p € (g’)‘}w’“””’(w VAU). Ifa

hyperfunction w is represented by an element p of éa)(}w’(o’n)(V, V\U), we write I(u) for
I(u) hereafter. We can regard I as a map

N sV VAD)

C=(U) .

Lemma 4.13 Let f € C>(U). If L%{E’M(U)(f) has a representative p € éagw’(o’")(ﬁ VA\U),
then IOL%bDM(U)(f) = f.
PROOF. Let . € U”" cCc U’ cC U and ¢ € C§°(U) such that

1 onU”,
v = {0 on U\ U".

We write complex neighborhoods of U”, U’, and U as V" cC V' CcC V, respectively.
By Lemma A.4, there exists a representative fi of L%EM(U)@/} f) such that

gp=ponV” and g=0onV\V'.

Since Supp(L%gu(U)Oﬁf)) C U, it follows from Theorem 4.3 and Lemma 4.12 that
@) = | - R, ds = v(@)f (@) = f()

hold for any z € U”. This completes the proof. O
Remember that U € Op(R") and that V' € Op(C™) is a complex neighborhood of U.

Lemma 4.14 Let u be a hyperfunction on U. The following conditions are equivalent.

(i) There exists f € C°°(U) such that u = LngM(U)(f>.
(ii) There exists a representative p of u such that p € (E’QW’(O’”)(V, VA\U).

(n —1)! 9y /\~--/\8g0n1>
2ry/—=1)" 21+ 2,

as a representative of Dirac’s delta function. Here ¢; € C*(X \ M) (i = 1, --- ,n) is
defined as follows:

PROOF. First, we prove (i) = (ii). We define (71, 701) = (0,

Let {@;}"; be the partition of unity of S"~! such that @; = 0 on a neigh-
borhood of S"~*N{y; =0} (i=1, --- ,n). Then, we define

ei(z +V-1rw) = gi(w)
for any € M, r >0, w € S"~! such that = + /—1rw € X.

This representative is explained in Example 7.26 of Honda-Izawa-Suwa[2]. By the defi-
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nition of L%ﬁww)(f) =[] = [(p1, po1)], we obtain

. (/{J(en + 3.0 Aroy) (2 — t,t)f(t)dt,/

U

(97’01)(2 — t, t)f(t)dt) .

Then, it is sufficient to prove that pu = (11, 1) satisfies po1 € (g’;w’(ov”‘”(v \ U). Note
that we have

(n=1)!0p1 A+ AOpn_q 0(z—t,t)f(t)
o @ry/=1)" L

Let z =2 ++/—1y, r=+/y? +---+ 92 and

(wla"'awn):(&a"',yn>eSn1 c R"™.

r r

The embedding i : S~ — R" induces the map

TS ! — §"1 x TR™,
Rn

that is, by considering the (n — 1)-sphere S"~! as a subset of R™, a vector field on S"~*
can be described by a vector field on R”. The space Im i, is generated by
0 0 . 0
= YN T (1=1,2, - n)

Y
ow;  Oy; 12 = 7 Oy

with the relation

wiJr eri*()
181 naw”* ’

0 0
and we have p, (8) =r~'—, where p : Y/ = R"\ {0} 2 y — y/r € 5" and
Yi

Ow;’
P TY' =Y’ S>< ) TS™~! is induced by p. Under the above consideration, we define
8(,01 6@1 661 8(21
Jn = o and J, = e
a907171 890an 8Sznfl a@nfl
0z1 0z, Owi  Owy,

Note that ¢;(z) = @i(w). Additionally, an (n — 1) x (n — 1) matrix J,; (resp. Jn;)
denotes the submatrix of J, (resp. Jy,) from which the é-th column is omitted. The
(0,n — 1)-form dpy A -+ A Opy,—1 is written as

<Z?‘;§l ) ./\<Z&gz1 > ZdetJm dZy A~ Adzi A - AdZ,,.

=1 =1
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Since det J,; = (—2y/—1r) "+l det jm, the coefficient of L(po1) is represented by

n

—1)! —1rw —
lim " i D () i det T / bla t v—Irw — 6,0/ (1) dt.
s (2my/-1)" = v (@ ++vV—Trwy —t1) (2 +V=1rw, —ty)

Here, L(j01) is defined by the equation (4.1) in Remark 4.8.

Let us prove that the coefficient of L(f91) converges to a continuous function locally
uniformly on U x v/—15"~! (the condition (1) of Definition 4.7). The det J,,; vanishes
in a neighborhood of the set {y1ys -y, = 0}, since dp1 A -+ A dp,_1 is 0 in a conic

open neighborhood of the set {y1y2 - -y, = 0}. Therefore, we consider the above limit
on {ws -+ wy, # 0}. By Lebesgue’s dominated convergence theorem, the integral

/ 0" (0(z — t,1) f(1))
U

IS log(z1 — t1) - - - log(zy, — t,)dt

is continuous on z € U. Then, as was in the proof of Corollary 2.3.2 of Kaneko[5], by
employing the partial integration with respect to the variables t1,ts, - - - |, respectively,
the coefficient of L(up1) converges to a continuous function

n

(2(7?—\/?11))!” Z( 1) w; det Jm/ o™( 6;61— tat)f(t)) log(z1 — t1) - - log (2 — tn)dt

with respect to (x,v/—1w) € U x +/—=18""1 which implies the condition (1) of Defi-
nition 4.7. By the repetition of partial integrations several times in the same way as
above, we can also show that L(pg1) is a C® form on U x /—158""! (the condition (2)
of Definition 4.7).

Next, let us prove (i) = (i). It suffices to show L%EM(U) o I(u) and p give the same
equivalent class. Let U’ be a sufficiently small open neighborhood of z, V' a complex
neighborhood of U’ such that V' C V, and Xy the characteristic function of U’. By
considering Xy I(p) instead of I(p) and noticing that L%{E’M(U) is induced from a sheaf
morphism, we have

1oy (T (1))

_ ,CD
_— L@bM(U)(XU'I(N))‘U/

= ([ en a0 nm - oo | @ - o)

U’

Now we take (71, 7p1) to be a representative of bys <€B(—1)2 /
rensn—1

W (=, §)d£>. Note

%

that by is defined in Definition 3.31 and that @(fl)i W (z,€)d¢ is a Cech
- rensn—1

representative of Dirac’s delta. Since V' is small enough, we can take the 6 so that
(Tl(Z),T()l(Z)) = ((97’1 + 520 A 7'01)(2,t), 0T01(Z,t)) ((Z,t) S V/ X U/)

holds. Then, in the definition of by (Definitions 3.22 and 3.31), we take the specific
;’s which are independent of the variables x such as the ones given in the first part of
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this proof. For such a by, we can interchange the order of by and the integrations with
respect to the variable ¢, and hence, we have

= [bU, (@(—1)2‘ / et Jy, W8OI dg)] .

By Lemma 4.5, it is enough to prove that

L%?M(U) o I(u)

on U’ (4.2)

[@(M[mu,rn] - [@(1)" Lo ] we—rorgow

%

holds as Cech representation, where ji is a Cech-Dolbeault representative such that
fily, = ply, and fi € &2 (V,V \ K) for a compact set K with U7 C Int(K) ¢ K C U.
RI[i](z,T?) is defined by

Rt = [ () Wt a0 ) .

By deforming D suitably and using the same arguments as in the proof of Lemma 4.12,
we can prove the equation (4.2). This completes the proof. O

A. Appendix
Let X be a complex manifold, V' an open set in X and S a closed set in V.
Definition A.1 For any complex (.%*,d®) of sheaves on X, we define
FUV,V\S)=ZFU(V)e FT1(V\9),
and
9L FUVV N S) ————— FI(V VN S)

W W
(81,801) _ (dq(Sl), Sl‘V\S — dq_l(S()l)).

Then, (F*(V,V \ 5),9°*) is a complex of abelian groups. HY(V,V \ S;.%#*) denotes the
g-th cohomology group of this complex.
By the definition, we can also write Z4(V,V \ S) =T(V;Z9) @ T(V\S;.Z7171).

Lemma A.2 Let .#°® and ¢° be complexes bounded below consisting of soft sheaves on
X. If Z* is quasi-isomorphic to ¢°, then .#*(V, V\S) is quasi-isomorphic to 4*(V, V'\ S).

PrOOF. By Lemma 1 and Lemma 2 of Kashiwara-Kawai-Kimura[6], we may assume that
there is a morphism from .%°® to ¥°. Here, we note that flabby sheaves are soft. Let us
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consider the following commutative diagram of short exact sequences of complexes.

0 — (F[-1DUV\S) 2, FIV)e FIH(V\S) L F9V) — 0

| | |

0— (@ [-1)1(V\ S) -2 99(V) e 9LV \ S) 25 99(V) —> 0,

where (o)[—1] is the shift functor, ¢ € Z, i3 is the inclusion map into the second com-
ponent and p; is the projection onto the first component. Then, we get the following
commutative diagram of long exact sequences.

S HITWV 8,.7%) = HUV,V\ S;.7°%) = HI(V;.Z%) 4 HI(V\ S;.7°%) = -

| | | |

o HITWV N 8,9%) — HI(V,V\ S;9°) — HI(V;9%) 5 HI(V\ S;9°) = -+,

where ¢ € Z and ¢ is induced by restriction. These long exact sequences are discussed
in Suwa[l7]. Since soft sheaves are T'(W;e)-injective for any W € Op(X) (see Def-
inition 1.8.2, Proposition 2.5.10 and Exercise 11.6 of Kashiwara-Schapira[7]), we have
HYW; F#*) ~ HI(W;¥9°*) for any W € Op(X) and ¢ € Z. Applying the 5-lemma to the
above diagram, we obtain H4(V,V \ S;.%*) ~ H1(V,V \ S;%°*) for any q € Z. O

Theorem A.3 For any p € Z, we have the quasi-isomorphisms
ELNVVAS) = SV S) = RIs(V;O),

where (.#°,d*®) is a flabby resolution of ﬁg).

PROOF. Since .#° is a flabby resolution of ﬁg?% RIs(V; ﬁ;f)) is quasi-isomorphic to
I's(V;.#*). Moreover, by Lemma A.2, &7*)(V,V \ §) is quasi-isomorphic to .#*(V, V' \
S). Then, it suffices to show that I'g(V; #*) is quasi-isomorphic to #*(V,V \ S).

The canonical morphism ¢ : I'g(V; .#°) — #*(V,V \ S) is defined by

Lg(V; 7)) —— J9V,V\5) (¢ € 7).
g% (SK,UO)

By supp(s) C S, ¢ forms a complex morphism and it induces morphisms between the
cohomology groups. It is easy to see that each ¢? : HL(V;.7%) — HI(V,V \ S;.#°) is
injective. Hence, let us show that for any q € Z, ¢? is surjective.

Since each 17 is flabby, for any [(s1,s01)] € HU(V,V \ S;.#*), there exists s €
I'(V,#971) such that 8’|y s = So1. Then, we get

[(s1,501)] = [(s1,501) — 9(s,0)] = [(s1 — d7'(5"),0)]

and we define § = s; — d?71(s’). By (s1,501) € Kerd9, we have 5‘\/\5 = 31|V\S —
di ' (sp1) = 0 and [3] € HL(V;.#*). This means that ¢ is surjective, and it has been
shown that HI(V;.#*) ~ HY(V,V \ S;.#*) for any ¢ € Z. This completes the proof. 0]
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For the proof above, Honda-Komori[3] is a useful reference. If the readers are inter-
ested in the specific flabby resolution Z(®+*) of ﬁgf), Komatsu[9] will be a useful reference.

Let M be a real analytic, n-dimensional, oriented manifold and X its complexification,
and let U € Op(M) and V a complex neighborhood of U. Since M is oriented, we omit
the section of the relative orientation sheaf in the definition of %y, (U).

Lemma A.4 (a representative with compact support) Assume U CC M. Let
JTRS é‘}((o’n)(V, V' \ U) be a representative of a hyperfunction and V', V" € Op(X) such
that V! cC V cC V”. Then, there exists a representative fi € é’)((O’") (X, X \ M) such

that
_ Jpon V',
"= 0on X \V".

PROOF. Since %) is flabby, we can find a hyperfunction @ € %y (M) such that al, =
(1], ﬁ|M\U = 0. Hence, there exist pg € é")((o’n)(X,X \ M), " e €§O’"71)(M VA\U) and
e &L(XN\ V(X \ V) \ (M \T)) such that

:U’O|V+1§Tl:;u7
,U,0|X\V-‘r1§7'//:0.

Let Vy and Vy’ be satisfying V' cC Vy cCc V ccC V§ cC V”. We define ¢/, 9" €
Cg°(X) by

,  Jlon V', s Jlon X\ V7,
v 0on X\ V, v 0 on Vy'.

Then, if we set fi = po + 9('7") + (" 7"), we get
Aly: = poly: +0 7'y, = ply
ﬂlX\W = NO|X\W +7 Tl/lX\W =0.
This completes the proof. O

Lemma A.5 (Bochner-Martinelli formula) Let D C C" be a bounded domain with
C' boundary. For any z € D and for any g € C*(D), we have

o(2) = (—1) "= /8 QA€ = =) g — (-1 /D 89(C) A B(C — 2) AdC.

n

no-n (n—1)1 1 C1- - —~ _
2 E (1) Zidzy Ao ANdZ N Nd .
@ryv/=1) [[2]*" =

We omit the proof of Lemma A.5 (see Krantz[12]). Note that we choose
(Y1, *** yYn,T1, -+ ,&p) as a positive coordinate system on C". Since the conventional
positive coordinate system is (21,41, - ,Zn,Yn), We have to multiply the formula by

Blz) = (-1)
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