WICK-QUANTIZATION ON GROUPS AND APPLICATION TO GARDING
INEQUALITIES
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ABSTRACT. In this paper, we introduce Wick’s quantization on groups and discuss its links with
Kohn-Nirenberg’s. By quantization, we mean an operation that associates an operator to a symbol.
The notion of symbols for both quantizations is based on representation theory via the group Fourier
transform and the Plancherel theorem. As an application, we prove Garding inequalities for three
global symbolic pseudodifferential calculi on groups.
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1. INTRODUCTION

In this paper, we show how, as for the Kohn-Nirenberg quantization, the definition of the Wick
quantization extends naturally to groups that satisfy some hypotheses allowing for the definition of
the group Fourier transform (based on representation theory), and the associated Plancherel the-
orem. As a straightforward counterpart, we obtain the analogue of the Bargmann transform [25]
in the Euclidean case and a natural frame on graded Lie groups, based on the wave packets con-
structed in [8, [OL 11]. Although close in spirit, this frame is different from the wavelets frame

Key words and phrases. Abstract harmonic analysis, pseudodifferential calculus on compact and nilpotent Lie
groups, Garding inequality.
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defined on stratified Lie groups by [24], see also more generally [20]. It is the analogue of the
Gaussian frame used for constructing approximation of the Schrodinger propagator in the semi-
classical limit [26, 30], with applications in the numerical analysis of quantum dynamics [23]. We
think that our construction of the Wick quantization, though quite simple, opens the way to various
applications.

Here, as an application, we prove Garding inequalities for two global symbolic pseudodifferential
calculi on compact and graded nilpotent Lie groups, discussing also the semi-classical calculus in
the non-compact case. This topic, that is, Garding inequalities for global pseudodifferential calculi
on groups, has been the subject of many papers in recent years, see e.g. [16} 28 [3] [4].

It turns out that on R"”, the links between the Kohn-Nirenberg and Wick quantizations provide
some Garding inequalities; this is briefly sketched in Appendix[A]for the Hormander calculus on R™
while a reference for the semi-classical case is for instance Jean-Marc Bouclet’s lecture notes [2],
see also [25], [33]. Though weaker than what is usually meant by ‘sharp Garding inequality’, these
inequalities are interesting by themselves for applications and are still strong Garding inequalities,
in the sense that there is a gain of half a derivative or of a power of the semi-classical parameter if
any.

We extend this approach to the case of groups: we prove the Garding inequalities that are
summarised in the three following theorems, although their statements will use the notation for the
settings and the calculi recalled later on in the paper. The first inequality is set on compact Lie
groups and considers the global symbolic pseudodifferential calculus proposed in [27) 29], studied
in [I2] and briefly recalled in Section We will prove the (p, d)-generalisation of the following
Garding inequality (see Theorem [3.5)):

Theorem 1.1. Let G be a connected compact Lie group. Let m € R. Assume that the symbol
o € S™(Q) satisfies the elliptic condition o > co(id + L£)2 for some constant co > 0. Then there
exist constants ¢,C > 0 such that

Vi eCx(@),  R(OPOS) 1 2 Al ) — OWID mis

Above, the spaces H™((G) denote the usual Sobolev spaces defined on any compact manifold,
here G, while the definitions of the symbol classes S™(G) and the Laplace-Beltrami operator £ as
well as its Fourier transform are recalled in Section B.1l

The next result concerns the symbolic pseudodifferential calculus on a graded Lie group G
[8, 4], briefly recalled in Section The Sobolev space L%(G) will be the ones adapted to this
setting [14, [I5]. We will prove the (p,d)-generalisation of the following Garding inequality (see
Theorem [4.5):

Theorem 1.2. Let G be a graded nilpotent Lie group. Let m € R. Assume that o € S™(G) satisfies

the elliptic condition o > co(id 4+ ﬁ)% for some constant co > 0 where R is a positive Rockland
operator of homogeneous degree v. Then there exist constants c¢,C' > 0 such that

Viec® (@),  R(0p*N(o)f, a2 elflzs, @) — C”fH%Qm_I(G)'
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Still in the context of graded Lie groups, our method is particularly adapted to the semi-classical
counter-part of Theorem

Theorem 1.3. Let o € Ay, that is, the symbol o is a smoothing symbol with x-compact support.
If o is non-negative, then there exists a constant C' > 0 such that

(1.1) VieLX(G), Vee(0,1],  R(Op.(0)f o) = —Cellflizc):
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This inequality is exactly what is used in the Euclidean setting for proving the positivity of
semi-classical measures (see [2I]). However, in R™, one can prove a stronger result, known as sharp
Garding inequality, in which the right-hand side in is —=Ce||f H?{*l /2, under the assumptions
of Theorem (see [33]). The proof of such an estimate requires to use other tools than the sole
Wick quantization. The semi-classical calculus in this setting [9, [10] is recalled in Section as
well as the definitions for Ay and Op,.

On a compact Lie group G, the pseudodifferential calculus mentioned above with p > ¢ and
p > 1—0 coincides with Hormander’s pseudodifferential calculus defined via charts on the compact
Lie group G viewed as a compact manifold [12, 29]. However, the notion of symbols are not the
same in these two calculi: the one presented here or in [12) 27 29] is global and based on the
representations of the group. For a graded nilpotent Lie group G, the pseudodifferential calculus
mentioned above coincides with the (global) Hérmander calculus only when G is abelian, that is,
only when G is the abelian group (R", +) with n = dim G. Otherwise, although a graded nilpotent
Lie group is globally diffeomorphic to R™ as a manifold, the calculi will not be comparable. At this
point, we ought to clarify what we mean by pseudodifferential calculus on a smooth manifold M
in this paper:

Definition 1.4. For each m € R, let ¥ (M) be a given Fréchet space of continuous operators
D(M) — D(M). We say that the space V(M) := U, ¥ (M) form a pseudodifferential calculus
when it is an algebra of operators satisfying:

(1) The continuous inclusions U™ (M) € U™ (M) hold for any m < m/'.

(2) ¥*°(M) is an algebra of operators. Furthermore if T} € U™ (M), T, € ¥™2(M), then
TyTy € W™ +m2(M) and the composition is continuous as a map W™ (M) x U™2(M) —
Pmitme (M)

(3) w*°(M) is stable under taking the adjoint. Furthermore if 7' € U™ (M) then T € U™ (M),
and taking the adjoint is continuous as a map V™ (M) — ¥ (M).

The paper is organised as follows. We start with recalling the definition of the Kohn-Nirenberg
quantization on groups and introducing Wick’s (Section . Then we show that a link between
these two quantizations in the symbolic calculi provides a proof of Garding inequalities in the
cases of compact Lie groups G (Section , and of graded nilpotent Lie groups G (Section . In
the latter case, we also study the semi-classical analogue in Section [5| and discuss in that setting
the consequences of the Wick-calculus in terms of frame. In the Appendix, we develop the same
strategy of proof in the Euclidean case.

Acknowledgements. The authors warmly thank Serena Federico for interesting and useful dis-
cussions on Garding inequalities. CFK thanks the Erwin Schrodinger Institut for its hospitality
when writing this paper. LB and CFK benefit from the support of the Région Pays de la Loire via
the Connect Talent Project HiFrAn 2022 07750, and from the France 2030 program, Centre Henri
Lebesgue ANR-11-LABX-0020-01. CFK and VF acknowledge the support of The Leverhulme Trust
via Research Project Grant RPG 2020-037.

Notation. We use the notation f < g when there exists a constant C' > 0 such that f < Cg.
Moreover, when f < g and g < f, we will write f ~ g. We will write f < g when the constant
involved in the estimate depends on G.

2. QUANTIZATIONS ON GROUPS

In this section, we discuss two quantizations procedures on groups that are based on the group
Fourier transform and the associated Plancherel theorem. These latter notions require some hy-
potheses on the group we now list. The group G is a separable locally compact group. We assume
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that it is unimodular, that is, its left (resp. right) Haar measures are also right (resp. left) invariant.
We also assume that it is of type I. The paper may be read without understanding these technical
hypotheses. It suffices to know that they ensure that the Plancherel theorem holds, and that they
are naturally satisfied on Lie groups that are compact or nilpotent.

2.1. Fourier analysis.

2.1.1. The dual set. Recall that a (unitary) representation (Hr, m) of G is a pair consisting in a
Hilbert space H, and a group morphism 7 from G to the set of (unitary) operators on H,. In
this paper, the representations will always be assumed (unitary) strongly continuous, and their
associated Hilbert spaces separable. A representation is said to be irreducible if the only closed
subspaces of H, that are stable under 7 are {0} and H, itself. Two representations m; and my are
equivalent if there exists a unitary transform U called an intertwining map that sends H,, on Hr,
with

7T1=U_1O7T20U.

The dual set G is obtained by taking the quotient of the set of irreducible representations by this
equivalence relation. We may still denote by 7 the elements of G and we keep in mind that different
representations of the class are equivalent through intertwining operators.

2.1.2. Fizing o Haar measure. We fix a Haar measure that we denote by dx when the variable of
integration is « € G or by dy if the variable is y.
The non-commutative convolution is given via

(2.1) m*ﬁmmzéﬁ@mw*@@,xea

for f1, f2 € C.(G); here C.(G) denotes the space of continuous complex-valued functions on G' with
compact support.

2.1.3. The Fourier transform. The Fourier transform of an integrable function f € L'(G) at a
representation 7 of G is the operator acting on H, via

~

ﬂm:fUW%=AﬂQWMYW
Note that if fi, fo € C.(G) then

(2.2) fixfo= ol

If 7, mo are two equivalent representations of G with 7 = U~
operator U, then

1o 7y 0 U for some intertwining

F(f)(m) =U"t o F(f)(m2) o U.

Hence, this defines the measurable field of operators {F(f)(m), 7 € é} modulo equivalence. The
unitary dual G is equipped with its natural Borel structure, and the equivalence comes from quo-
tienting the set of irreducible representations of GG together with understanding the resulting fields

of operators modulo intertwiners.
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2.1.4. The Plancherel Theorem. Here, we recall the Plancherel Theorem due to Dixmier [7, Ch.
18]. Among other results, it states the existence and uniqueness of the Plancherel measure, that is,
the positive Borel measure p on G such that the Plancherel formula

(2.3) w@@—éwm%wéwm%mmwm

or equivalently
(hefie) = [ h@R@drds = [, (AR date)

holds for any f € C.(G). Here || - [|rg(3,) denotes the Hilbert-Schmidt norm on #H,. This implies

that the group Fourier transform is a unitary map from L'(G) N L?(G) equipped with the norm of
L?(G) to the Hilbert space

L*(G) := /@ Hye @ HE du(r).

We identify LQ(G) with the space of u-square integrable Hilbert-Schmidt fields on @; its Hilbert
norm and scalar products are then given by

7120y = [ I sy dutr). 7€ 2@,

(7—1,7-2)L2(a) = /@trHW(Tl(ﬂ) 7—2(7{')*) dlu(ﬂ), T, Ty € LQ(G).

Here try;, denotes the trace of operators on the Hilbert space H,. The group Fourier transform F
extends unitarily from L2(G) onto L2(G).

We denote by L(G) the space of measurable fields (modulo equivalence) of bounded operators
o ={o(r) € L(HMy):me G} on G such that

ol e ) 2= sup o) 2
TeG
is finite; here the supremum refers to the essential supremum with respect to the Plancherel measure
wof G. In fact, L™ (@) is naturally a Banach space and moreover a von Neumann algebra, sometimes
called the von Neumann algebra of the group G. It acts naturally on L2(CA¥) by composition on the
left:
(o7)(7) = o(x) 7(x), weG, oeL®G)and 7 € L*(G),

(it also acts on the right) and this action is continuous

lomll 26 < ol Il 2(ey

Dixmier’s Plancherel theorem implies that L*°(G) is isomorphic to the von Neumann algebra
Z(L*(G))% of linear bounded operators on G that are invariant under left translations. The
isomorphism is given by the fact that the Fourier multiplier with symbol o, i.e. the operator
f+ F~Y(of), is an operator in Z(L?*(G))C.

Note that FLY(G) C L>®(G) with

Ve LNG), Il < Mo

2.2. The Kohn-Nirenberg quantization. In this section, we recall some results related to the
symbolic quantization on groups introduced by Michael Taylor [3I]. When G is the abelian
group R"™, this is the quantization often used in the field of Partial Differential Equations and
called the Kohn-Nirenberg quantization or classical quantization [22] [I]. We keep this vocabulary
in the group case.
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2.2.1. The space L*(G x G). We may identify the tensor product L2(G) ® L%(G) with the space
denoted by L?(G x G) of measurable fields 7 = {7(z,7) € HS(H:) : (x,7) € G x G} of Hilbert-
Schmidt operators (up to equivalence) such that the quantities

- 2
sy = [ el daditr)
are finite. It is naturally a separable Hilbert space with norm || - [, (@) and scalar product given
by
(71’72)L2(Gxé) :/ try, (1i(z, ) (2, 7)) daedpu(n), 1T € LQ(G « a)
GxG

By the Plancherel theorem, the Hilbert space L2(G x G) and L*(G x G) are isomorphic via the
Fourier transform in the second variable:

LH(GxG) — L*GxG), k— (id® F)k.
In other words, any 7 € L?(G x é) may be written as
T(x,m) = Rrg(m),

for a unique function ki, : (x,y) — Kr.(y) = k- (z,y) in L?(G x G).
2.2.2. The quantization OpN on L2(G x G). For any f € Co(G) and 7 € L%(G x @), the symbol

7f = {r(z,m)n(f) : (x,7) € Gx G}
is measurable on G x G and satisfies

Il ey < Il Flie @ < 172 1l

Hence 7f € L2(G x G) and we can define (id @ F1)(rf) € L2(G x G). By (2.2), we have:

(id® F )T f)(@,2) = f % kra(2) = / FWkraly™2)dy,  (2,2) € G xG.
G

-~

As f € C.(@), id® F~1)(7f)(z, 2) is in fact continuous in z and it makes sense to define:
(2.4) Op*N(1) f(z) := (id® f_l)(Tf)(m,:L‘) = f*Krq(2), feC(G), z € G.
It follows from the formula above that the integral kernel of Op*N(7) is given by
G x G35 (2,y) — kra(y o).

Hence, the operator OpX¥N(7) extends uniquely into a Hilbert-Schmidt operator on L?*(G) with
norm
KN
10p™" (Dl msrzey) = I5rllzaxa) = 17l 2 gxa)-

Consequently, Op®N is an isometry from L?(G x G) onto HS(L*(Q)).

2.2.3. Eztension of OpXN to C(G, FL'(G)). We can extend naturally OpXN via to the space
C(G,FL'(Q)), that is, to the symbols o of the form o(z,7) = ,(7) with convolution kernel
k€ C(G, LY(@)). By injectivity of the Fourier transform, the two possible definitions of Op*N
symbols in L%(G x G) and C(G, FL*(G)) coincide. Note that OpXN(¢) with ¢ € C(G, FL'(G)) will
act on C.(G) and the Young convolution inequality implies the following estimate for the operator
norm as operators on L?(G).

Lemma 2.1. If 0 € C(G, FL'(G)) then

10PN (0) | 22 < / sup | (4)|dy.
G zeG
6



Proof. Let k € C(G, L*(G)) and f € C.(G). We have
|f # k()| < [f]* sup [rar|(2),

z'eG

so the Young convolution inequality yields
¢ L1 natods < i1« s bl <l [sup o]
L2(@) z'eG LY(@)
O
If o € C(G, FL'(Q)), we define
(25) lolagi= [ suplealdy,  ole,m) = Fia(r),
G zeG

We denote by C,(G, FLY(G)) the subspace of those o € C(G, FL'(G)) such that ||| 4, is finite. We
also denote by Cy(G, L'(G)) the space of k € C(G, L'(G)) such that [, sup,cq |r2(y)|dy is finite.

2.2.4. Extension of Op™N wia the inversion formula. We can extend Op®N to a larger space of
symbols than C(G, FL'(G)) but acting on a smaller space of functions than C.(G) under some
further technical assumptions. Indeed, let us consider the space C(G L>(G)) of symbols o that
are continuous maps from G to L=(G). A symbol ¢ in C(G, L®(G)) is naturally identified with
a measurable field (up to equivalence) of operators o = {o(z,7) € L (M) : (z,7) € G x G}
satisfying conditions of continuity in # and boundedness in m. We also consider, when it exists, a
space S of bounded, continuous and integrable functions satisfying;:

(i) the space S NC.(G) is dense in L*(G),
(ii) for any f € S, the operators f ( ), TE G are trace-class and the following quantity is finite:

[ b, | F(m)ldpr) < oc.
G

As a consequence of the Plancherel formula, the following inversion formula holds:

~

f(z) = /atl"m (v(@)fm)) du(r), fes, zec,

provided that G is amenable. We will not discuss here these technical assumptions (existence of S
and amenability of G), but just comment on the fact that they are naturally satisfied for compact
or nilpotent Lie groups with S being the space of smooth functions with compact support; in the
nilpotent case, we can take S to be the space of Schwartz functions. With the inversion formula,
OpXN extends to the quantization given for symbols o in C(G, LOO(CAJ)) by:

~

OpsN (o) f(z) = /@ try. (ﬂ(x)a(x,ﬂ) (W))du(ﬂ), fes zed.

Naturally, this coincides with the quantization defined above for ¢ € L?(G x @) and for o €
C(G, FLYQ)).

At least formally, the integral kernel of Op®N is made explicit when writing

(2.6) 0PN () f(x) = /G i, (o)) F(y) ).
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2.3. The Wick quantization. Another natural symbolic quantization appears on the (locally
compact, unimodular, type I) group G, in the same flavour as Wick’s quantization (see [25]). For
this, we start by defining the transformation B = B, associated with a continuous, square-integrable
and bounded function a satisfying [lal[z2(q) = 1.

On R™, the natural choice for such a function a is a Gaussian, or a family of Gaussian re-scaled
with a small parameter (see [3]). In the examples we treat in the next sections, a similar choice will
be to consider a family of functions a = a; which are the heat kernels at time ¢ when the group is
equipped with a Laplace-like operator, as in Section [3] or the t-rescaling of a given function when
the group is equipped with dilations (see Sections [4| and [5| below).

2.3.1. The transformation B. First, for each (x,7) € GX CAT’, we define the operator on H, depending
ony € G,

Fur(y) = alz™ y)m(y)"

We check readily that %, . € C(G, L*°(G)) with

sup || Ze,. (Yl 700 a0 < llallze (-
w1 172 () @) < lallmio
We can now define the operator B = B, on C.(G) via

Blfl(e.m) = [ F0) Feai)y. 1 €CAG). (2.7) € G x G

We observe that B[f] is the field of operators on G x G given by
(2.7) Blf)(z,7) = F (fa(z"1)) (n),  (z,7) € G xG.

Remark 2.2. In the case of G = R", we have G = R" and H, = C. Therefore, for all a € L?(R"),
the function F, (y) is scalar-valued. It coincides with the wave packets defined in [5]. Moreover,
if a is chosen as a Gaussian function, we recognize B as the Bargmann transform [19] 25, [5]. This
explains the notation.

The map B has frame’s properties:
Proposition 2.3. (1) For any f € Co(G), Blf] defines an element of L*(G x G) with norm
HB[f]”LZ(GX@) - HfHLQ(G)7

and the map B extends uniquely to an isometry from L*(G) to L*(G x (A}') for which we keep
the same notation. N
(2) The adjoint map B* : L*(G x G) — L*(G) is given by

Bl = [t () (o) dodu(r), 7€ LG x B, y € G
GxG
in the sense that for any f € L*(G),

(B*[T],f)Lz(G) = /(;Xétrq{ﬂ (T(:U,TF) (f (fa(x_l )) (w))*> dxdp(m).
If T =(id® F)k, k € L*(G x G), then
(2.8) B[r](y) = /G e (y)ale™ )z = (k.(y) + @) (y).

(3) We have B*B = id 2y while BB* is a projection on a closed subspace of L?(G x é)
8



Proof. From ([2.7)) and the Plancherel formula (2.3)), we obtain

/é 1BL), ™) sy dn(m) = [Fale™ ey, @€

Integrating against dx yields Part (1).
Part (2) follows from

| tw (rlom) (7 (Fale™ ) (m)) doda() = [ e (rlaym) (BLS) i, m))") (),
GxG GxG
by .

Part 3 follows from Part (1) since it implies for any f,g € L*(G)

(£.9)22c) = BULBIO) 1oy = (B BUL 9)12(c.
]
As a corollary, considering in each space H, an orthonormal basis (¢(7))ker,, where I C N, we
obtain an integral representation of square integrable functions as a superposition of wave packets
(see [9 I1]). Set for (z,7) € G x G and k, ! € I,
ga},mk,ﬁ(y) = (yx,w(y)*gpk’(ﬂ-)? SOK(W))HW y Y € Ga
where (-, )3, denotes the inner product of .. The frame properties in Proposition [2.3] (3) implies

the following decomposition.

Corollary 2.4. A function f € L*(G) decomposes in L*(G) as

/G Z (fs G,m ke 0) 2(G g”kgd:zdu()

G 10t

in the sense that

o) = [ 3 1) o)

k: Lelr
or equivalently for any f1, fo € L*(Q)

(f1, )12 () = / > (f1s 9z mit) 12y (20 Gom ) [2() dwdp(m).

Gk Lelr

Proof. By Proposition we have for any f € L?(Q)

11 6) = BN sy = [ IBLAe: Ml ).
The Hilbert-Schmidt norms may be written in the basis (cpk) as
1B, ™) 530, = ZI )Pk P |

with
(BLf) (@, )00 90)1 / FO) (FerW)rs 90)31,dy

:/Gf(y)(w,fm(y)%)mdy

= /Gf(y) (yx,ﬂ—(y)*@b Sok)'dey = (f7 gxﬂr,é,k)[?(G)'

We then conclude on (f1, f2)r2(g) by considering || f1 £ f2l|? and || f1 £ ifo]?. O
9



2.3.2. The quantization Op"Vi%*. We can now define the Wick quantization Op"Wick = QpWicka [t

depends on the function a fixed at the beginning of the Section with [lallg2(y = 1. We set
opVik(o)f = B oB[f],  f e L*G), o€ L™(G x Q).

Here, L*°(G x G) denotes the space of symbols o = {o(z,7) : (z,7) € G x G} which are bounded
in (z,7) € G x G, i.e. a measurable field of operators in (z,7) € G x G such that

0@y = 5w lloe, Lo
(z,m)eGXG

is finite, the supremum referring to the essential supremum for the measure dxdy on G X G. This is
naturally a Banach space (even a von Neumann algebra). Moreover, it acts naturally continuously

on L2(G x G) by left composition (and also right composition) with

1ol 2(xcy < 10 17l z@nay 0 € L@ x G), 7€ IX(G x G).

This implies that the quantization Op™i* is well defined:

Proposition 2.5. The symbolic quantization Op*V'* is well defined on L™(G x é) and satisfies
Vo e L2(Gx G), [0V (o)l 22y < 1ol iy

Proof. We have for any f € L?(G):

10pYi* (@) Il 2y = I1B*0Bf]ll r2(c)
< ||B*|‘3(L2(GX@)7L2(G))HUHLoo(GX@)||B||3(L2(G)7L2(GX§))||f”L2(G)~
Since B is an isometry, the operator norms of B and B* are equal to 1. O

Remark 2.6. In the case of G = R™ as in Remark and for a being a Gaussian function, we
recognize OpWVik as the Wick quantization [19, 25} [5].

As an example, we observe that Proposition (3) may be rephrased as OpWiCk(id) = idz2(q)
where id is the symbol id = {idy_, (z,7) € G X G)}.

The following computation will allow for the comparison between the Wick and Kohn-Nirenberg
quantizations on Cy(G, FLY(G)); note that a symbol in Cy(G, FL(G)) is in L>®(G x Q).

Lemma 2.7. If a symbol o is in Cp(G, FL(Q)), then
Op"¥(0)f(2) = f+r"¥ (@),  [EC(G), w€Q,
where KV € Cy(G, LY(Q)) is given by:

T

kYK ) = [ a(z lzw Ha(z )k, (w)dz
(w) = [ af (=) (w)d

- / a(zlw_l)a(zl)’{mz’_l (w)dzl?
G

and r € Cp(G, L (Q)) is the convolution kernel of o in the sense that o(x,m) = Fry(T).

We will call £Wick the Wick convolution kernel of o. Let us denote by oWVick the symbol associated
with gWVick je. gWick = FrWick Temma can be rephrased as

OpWiCk(U) — OpKN (O_Wick) )
10



Proof. We first check readily that xVik € C,(G, L*(G)) with

/ sup | ko K (w) [dw g/ sup |k (w)] (/ |a|(z'w_1)|a|(z’)dz’> dw §/ sup |k (w)|dw,
G zeG Gz'eG G Gzr'eG

by the Cauchy-Schwartz inequality since ||al|z2(q) = 1.

Let us now prove the core of the statement. Let f € C.(G). Properties (2.2)) and (2.7)) yield for
(x,m) e GxG

oBf)(x,7) = (ReF (falz™" )))(m) = F ((falz™")) * #) (m),
so by equation of Part 2 of Proposition we obtain for z € G

<)p“m*(0)f(w)=:/Q(fa(z‘l-ﬁ=*Hz(x)@(z‘1w)dz

= / F)a(z"ty)rx(y ™ z) a(=""z)dydsz,
GxG
and we recognise f * k) K(x). O

2.3.3. Some properties of Op*N and OpVik. In our definitions of the quantizations, we choose to
act on the left by 7 in (2.4) or equivalently to place k, on the right of the convolution product
in (2.4) while we made choices in the writing of .%#; ». These choices imply that our quantization
interact well with the left translations L, by xo on functions, i.e. Ly, f(x) = f(zoz) for any
function f defined on G, and also on symbols: Ly o(z,m) = o(zoz, 7). Indeed, we check readily
that
OpWiCk(LxOU) = L, OpWiCk(U)L;O1 and OpKN(LxOO') = LxOOpKN(U)L;OI.

The Wick quantization Op"V'® has the advantage of preserving formal self-adjointness and of

being naturally positive. Indeed, for any o € L>*(G x G), we have

(OpWick(O_))* — B*¢*B = OpWiCk(O'*),
so if o is formally self-adjoint in the sense that o(z,7) = o(z,7)* for almost all (z,7) € G x G,
then Opw“’k(a) is formally self-adjoint. Moreover, if ¢ is a non-negative symbol in the sense that

the operator o(z, ) is bounded below by 0 for almost every (z,7) € G x G, then the corresponding
operator acting on L?(G x G) is also non-negative so

(29) (O 0)f. i) = OB B ony 20 0 € L¥(G x ), f €ClG),

and OpVi%(¢) is a non-negative operator on L?(G).

In general, the Kohn-Nirenberg quantization OpXY will not be positive. However, weaker prop-
erties of positivity may be recovered in certain cases via Garding inequalities in pseudodifferential
calculi. The rest of this paper is devoted to showing Garding inequalities in the case of graded
nilpotent Lie groups and compact Lie groups.

3. GARDING INEQUALITY ON COMPACT LIE GROUPS

Here, GG is a connected compact Lie group. Automatically, all the technical assumptions men-
tioned in Section [2 (locally compact, unimodular, type I, amenable) are satisfied. In this case,
every irreducible representation is finite dimensional, the dual set G is discrete and the Plancherel
measure is known explicitly: u({r}) = d; is the dimension of 7 € G , so that we have the Plancherel

formula:
£ 72y = D dn If(m ) s

el
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A symbol is a family o = {o(z,7) € L(Hx) : (z,7) € G x G} of finite dimensional linear maps
parametrised by (x, ), each acting on the (finite dimensional) space of the representation. We can
define the Fourier transform not only of integrable functions, but also of any distributions in this
context.

3.1. The pseudodifferential calculus. In this section, we set some notation and recall briefly the
global symbol classes defined on G together with some properties of the pseudodifferential calculus.
We refer to [12] for more details.

3.1.1. Definitions. We start with general definitions. We fix a basis Xy, ..., X, for the Lie algebra
g of the group G. We keep the same notation for the associated left-invariant vector fields on G.
For a multi-index a = (o, ..., ) € Nfj, we set X = X[ ... X%, For s € Ny, the Sobolev space
H*(Q) is the space of the functions f € L?(G) such that
Iflles ) = |Sl|1p X fll2(q) < +o0.
a|=s

The Sobolev spaces H*(G) with s > 0 are then defined by interpolation and those with s < 0 by
duality.

We fix a scalar product on g that is invariant under the adjoint action. The Laplace-Beltrami
operator is the differential operator £ = —X? —...— X2 for any orthonormal basis X1, ..., X, of g.
Identified with an element of the universal enveloping algebra and keeping the same notation for a
representation 7w of G and its infinitesimal counterpart for g, w(£) is scalar when 7 is irreducible,

E(ﬂ') =7(L) = \eidy,
with A; > 0. In fact, Ay = 0 when 7 is the trivial representation 1, while Ay > 0 when 7 # 1.
Let us now define symbol classes. Let m € Rand 1> p > § > 0. A symbol ¢ is in ;’?6(G) when
for any multi-indices «, 3, there exists C' = C'(a, §) > 0 such that

Bra m—plal+5]3] ~
[X"A% (2, 7) || 2 (3,) < C(1+ Ax) 2 , (x,7) € GxG.

Above, A® denotes the intrinsic difference operators (see [12, I3] for more details) or the RT-

difference operators (see (3.1)) below). This yields the following semi-norm

m=pla|+5|8]
2

sup (14 Ar)~
(z,m)eGXG
If (p,0) = (1,0), we simply write S™(G) = ST (G).
The following theorem summarises the main property of the classes of operators obtained by the
Op®N-quantization of the classes ;”5(G). As mentioned at the beginning of the section, the reader
can refer to [12] where proofs are detailed.

IXP A% (2, )| 23,

lollsprs.a = o a8 <b

Theorem 3.1. For each m € R, and 1 > p > 6 > 0, equipped with the semi-norms || - ||S;"57a,b,

o5(G) becomes a Fréchet space. The space of operators W7's(G) := OpKN(S;"J(G)) inherits this
structure of Fréchet space. If 6 # 1, the classes of operators \I/;f’(;(G) = UmeR\I/;%(G) s a pseudo-
differential calculus in the sense of Definition[1.} Moreover, we have the following properties:

(1) The calculus ¥5%5(G) acts continuously on the Sobolev spaces H*(G) in the following sense:
if o € S)%5(G) then Op*N(¢) maps H*(G) to H*~™(G) for any s € R. Furthermore, the
map o — Op¥N(a) is continuous os(G) = Z(H(G), H™(G)).

(2) For any o1 € S and o2 € S'§, we have

Op*N(01)0p N (02) — Op*N(0102) € W52V ().
12



Furthermore, the map (o1, 02) — OpEN(a1)0pEN(a2) — OpXN(o109) is continuous S5 %
S‘ZL(SQ . \IJZ?(;erzf(pf&)(G)'
(3) For any o € )5, we have
Op*N(0)* — 0piN(0*) € ¥ (G).

Furthermore, the map o — OpXN(o)* — Op*N(o*) is continuous Shts = \I/Z’Za_(p_é)(G).

When p > § and p > 1—9, this calculus coincides with the Hérmander pseudodifferential calculus
defined locally via charts.

3.1.2. Properties of pseudodifferential operators. Any o € S;%(G) admits a distributional convolu-
tion kernel k : z — (2 — k. (2)) € C*(G,D'(GQ)), i.e. o(x,m) = Ky(7), and
Op*N(0)f(z) = f* ku(w), [eD(G), z€G.

In the following, we will use properties of symbols with respect to the RT-difference operators.
Let us recall that the RT-difference operator A, associated to g € C*°(G) is defined via:

(3.1) Ak = F(gk), k € D'(G).
The following property of RT-difference operators follows readily from [I2], Section 5]:
Lemma 3.2. LetmeR and1>p>9§ > 0.

(1) If ¢ € D(G), then the map o — Aqo is continuous S)'5(G) — Sy

o5(G). Moreover, q — Aq
is continuous D(G) — ZL(5](G)).

(2) The map o = Ay_y(eq)0 is continuous S)'s(G) — S;fld_(p_é)(G) for any m € R. Moreover,
q = By_g(eq) 18 continuous D(G) — ZL(S]5(G), S;?g(pfé)(G)).

Secondly, we will use the following property of right translations:

Lemma 3.3. Letm € R and1 > p > 6 > 0. If zo € G, then for any o € S(G), the symbol

Ryyo = {o(zxg, ) : (z,7m) € Gx G} is in o5(G). Moreover, the map (zo,0) — Ry,0 is continuous
G x S75(G) = S)5(G).

Proof. We consider the semi-norms

m=pla|+5|8]
2

sup (14 Ap)"

R IXP A (2, 7)|| 22
(z,m)EGXG

/ -
HUHS;"‘(S,a,b' |a\g%\gb

where we have used the right-invariant derivatives X# instead of the left-invariant ones X7.
As G is compact, the semi-norms || - Hig;%:avb generate the topology of S7'5(G). We observe that
HRQCOUHQ/%,M = Ha||fgg?§7a7b. This implies the statement. O

Finally, we will need some properties of convolution in the z-variable of a symbol. They are
summarised in the next statement, but first let us define what we mean by convolution of a symbol.
If o € 57'%5(G) and ¢ € C*°(G), then we denote by o ¢ the symbol

oxp={ox* o) : (z,7)€CGxGqG},
with
ox* p(x,m) = /Ga(z,ﬁ)go(z_la:)dz = /Ga(:z(z')_l,w)go(z')dz', (z,7) € G x G.

Lemma 3.4. LetmeR and1>p>9§ > 0.
13



(1) If o € S5(G) and ¢ € C2(G), then o * ¢ € S5(G) and we have for any semi-norm
I syt
lo s ellsmiap < Cllolsm; a0,

where C' is a constant depending on ¢ and b. This implies that o — o * @ is continuous on
ST(G).
2]

(2) Furthermore, if [, (y)dy =1 then we have for any semi-norm || - ||Sz?6+57a’b

o+ ¢ = 0llgss o = € ([ b o) lolsp v

where C' is a constant depending on b, and where |z| denotes the Riemann distance of z € G
to the neutral element eq. (The invariant Riemannian distance is induced by our choice of
scalar product on g.)

Proof. We observe that
A XP (o % p)(x,m) = A% * XPp (z,m), and o * (@, )| 2, < lellr@ ol @ua:

This readily implies Part (1).
Assume [, ¢(y)dy = 1. Part (2) will follow from the Taylor estimate:

vieCl @), ()~ f(0)| Sc Il jmax sup X5 (),

PR

Indeed, we may write:

A°XB (0 % — o), m) = /G (A°XBo(ay™! 1) — A*XPo(z, m))p(y)dy,

IAX (0 % — o) (@, 7)1, < / 1A X o(ey ™! m) — A*X 0 (2, 7)) |, [ (y)ldy

Sa_max sup A, Xo(az,m) [, / Y lo(w)ldy.
n e

We conclude with

max sup||AaX]ZX o(rz, 7)), Sa,p  max p ||A® X7 o2, m))|x, -
J=Leon zei |B'|= |5\+1a: eG

0

3.2. Proof of the Garding inequality. Here, we prove the following (p,d)-generalisation of
Theorem [T}

Theorem 3.5. Let G be a connected compact Lie group. Let m € R and 1 > p > § > 0. Assume
that the symbol o € SZ%(G) satisfies the positivity condition o > 0. Then, for all n > 0, there exists
a constant Cy, > 0 such that

00 KN 2 2
(3.2) VfeC®(G),  R(Op™(0)f. f) 2 = - I mgs gy = Call N, metpes ©

Moreover, if 6 = 0 and o € S]'5(G) satisfies the ellipticity condition o > co(id + E)m/2, that 1s,

o(z,m) > co(1+ Ap) Zidy,, (z,7) € G x G,
for some constant cg > 0, then there exist constants ¢,C' > 0 such that

vfec(@), RPN ) ) 2 Ay ) = O e -
14



Remark 3.6. (1) When 6 =0 and p = 1, the second part of Theorem is Theorem
(2) When 6 # 0, the inequality differs from the usual sharp Garding inequality in which
the term with coefficient n does not appear. The inequality also differs from the
straightforward estimate

\SR(OPKN(U)faf)LQ( C’1Hf||H2(G

by the fact that n can be chosen as small as possible. The presence of this term in 7 shows
the limit of our approach in the (p, §)-calculus when § # 0.

3.2.1. The main ingredients of the proof. The main ingredients for our proof of Theorem are
firstly an analysis of the Wick quantization in the \Ilz%-calculus, and secondly the choice of a in the
Wick quantization.

We observe that if o € S7(G) with m < 0, then 0 € L™ (G x @) and we can consider OpVik (o).
It therefore makes sense to study it in the \Il s-calculus:

Lemma 3.7. Here, we consider the Wick quantization OpVie®

LetmeR and 1> p>95 >0 with § # 1.
(1) If o € S75(G) with m <0, then o € L>(G x G) and OpVik(s) € U7'5(G). Moreover, the
map o — OpVi%¥(a) is continuous bs(G) = UI(G).
(2) If o € S75(G) with m <0, then we have

OpWiCk(U) — OpKN(U * |a] ) € \If (p 5)(G).

with a smooth function a : G — C.

Wick(a) ,Ta(G) — \I/ (” ‘”(G).

Proof of Lemma[3.7. We may rephrase Lemma as OpVik(g) = OpX¥N (o Wick) with

aWiCk(x,Tr):/ Ay o(zzt m)dz,
G

Moreover, the map o — Op — O0p*N(o % |al?) is continuous

where ¢.(w) = a(zw~1)a(z). By Lemmata 3.3 and (1), this implies Part 1.
We observe that

/ Ay ez ) dz —/ la|?(z ,m)dz =0 * |a|?(z, 7).

Hence, Lemma [3.2] (2) implies Part 2. O

The choice of the functions a for the Wick quantization is at the core of our proof of the Garding
inequality. We do it in relation to an approximation of the identity. By an approximation of
the identity on a compact Lie group G, we mean here a family of functions ¢; € D(G), t > 0,
satisfying fG ¢t(z)dz = 1 for any t > 0 and for any neighbourhood V' of the neutral element e,
lim; 4o fZ¢V |pe(2)dz = 0 and sup,¢ (o1 [,ey |9£(2)]dz < 0o. We then have

(3.3) V6 EC(G,C),  Tmmax |(e) — v+ pi(w)] = 0.

The properties regarding the approximation of the identity that we will use in our proof of Garding
inequalities below are summarised in the following lemma:

Lemma 3.8. LetmeR and1>p >0 > 0. Let oy, t > 0, be an approzimation of the identity on
the compact Lie group G (as defined above). We assume that it satisfies pi(z) > 0 for any z € G
and t € (0,1). Then for any o € S;'5(G), ast — 0, 0 ¢ converges to o in S;”gr‘s(G), that s, for

any semi-norm || - HS,T(;H(G) b, we have

,@0,%0

%5% |lo— o % wt”szﬁgé(a),ao,bo =0.
15



Proof of Lemma[3.8. We observe that for any ¢ € C*°(G), we have

o %0 = 0l g3ty S [ oIy ol
by Lemma (2). By (3.3) and because ¢; > 0, we have

. —1 T —1 T . _ _
%g%/G!y Hwt(y)!dy—}g%/Gly !@t(y)dy—g%(! | % ¢¢)(0) = |0] = 0.

Therefore lim;_,q ||o — o * Sotusgfﬁ(G),ao,bo =0. O
In the proof of the Garding inequality for symbol of order 0 below, we will choose an approxi-
mation of the identity ¢, t > 0, that never vanishes, i.e. ¢(z) > 0 for any x € G and t > 0, and

then take a := ,/p;. Such an approximation of the identity ¢ is obtained by considering the heat
kernel p; [32, [12], that is, the convolution kernel of e £,

3.2.2. Proof of Theorem[3.5. We start by proving the result for m = 0, then we extend the result
to any m € R.

Proof of Theorem[3.9 for m = 0. Let o € 5275(6‘) satisfying o(z, ) = o(z,7)* > 0 for any (z,7) €

G x G. The link between the Wick and Kohn-Nirenberg quantizations (Lemma and the
properties of the pseudodifferential calculus (Theorem imply

1
2
with 7 € Sp_gp_é)(G). Hence, we obtain:

(34) 8%(OPKN(O-)fa f)LQ(G) > (OpWiCk(U)fa f)L2(G) - ‘(OpKN(U — 0% |a|2)fa f)LZ(G)‘
— [l0p"%(7)

(0p™(0) + 0P (0)*) = Op™*(0) + Op*¥ (0 — 0 * |af*) + 0PN (7),

-3 01,107 oy 38
The property in for the Wick quantization and the hypothesis o(z,7) > 0 for any (x,7) €
G x G yield

0DV (o) £, f)12() = 0.
We then choose a := ,/p; with ¢¢(x) > 0 an approximation of the identity. By Theorem (1),
we have

(00N (o = 0 4 [a) . ) o | < 10PN (o = 0 5 [a])]

by Lemma for some t = t(n). Finally, the properties of the pseudodifferential calculus (The-
orem l imply that the operator norm ||OpXN(7) is finite. Therefore, col-

lecting in these facts, we deduce from (|3.4])

ROPO) Drzey 2 Op™ 0N Drzey =G g gy = Call I, s

Z(H_&_}(G),H&_}(G)) (note that 7 depends on a = /@y, or,
equivalently on ¢, and thus, on 7). This concludes the first part of the Theorem, in the case
o€ 527 5(G).

The second part of the Theorem, with § = 0, is obtained in a similar manner by observing that
the property (2.9)) of the Wick quantization and the hypothesis o(x,7) > ¢ for any (z,7) € G x G
yield

2 < 2
vt g o <l

|22 (.5 )

for some constant C,, = ||OpXN(7)||

(OpY' (o) f, L2y = coll 12y
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One then choose 1 < ¢p so that the term T]HinIg o anH%Q(G) is absorbed by conH%Q(G). O

(
Proof of Theorem|[3. for any m € R. Let o € S;’:L&(G) be such that ¢ > 0. By the properties of
the pseudodifferential calculus, we may write

(id 4+ £)"™40p"N(¢) (id + £)"™* = 0p*N(a) + Op*N(7),

with o € Sg’é(G) given by o1(z,7) := (1 + Az)""™?0(z,7), and 7 € Sp_gp_é)(G). We observe
that o) satisfies the hypothesis of Theorem with m = 0. Therefore for any f € C*(G), setting
fi = (id + £)™/*f, we have

ROP*N(0) f, F)12(6) = R((1d + £)~TOp"N(0) (id + £) 77 f1, /i) 12(c)
= R(Op"N(01) f1, [1)r2(c) + ROPN(71) f1, 1) 12(cr)
> — 2 ~Cylall* -
> 77||f1HH%(G) "Hfl”H*”T‘S(G)’
by Theorem with m = 0 applied to o1 and the properties of the pseudodifferential calculus
applied to 7. The conclusion follows from ||f1HH_pT_5(G) ~ HfHHmf(pra <’ O

4. GARDING INEQUALITY ON GRADED NILPOTENT LIE GROUPS

Here, we prove the Garding inequality on a graded nilpotent Lie group G. Before this, we
recall some definitions and notation about this class of groups and the associated pseudodifferential
calculus. We refer to [14] for more details.

4.1. Preliminaries on graded nilpotent groups. A graded group G is a connected simply
connected nilpotent Lie group whose (finite dimensional, real) Lie algebra g admits an N-gradation
into linear subspaces,
g=®52,9; with [gi,9;] Cgitj, 1507,

where all but a finite number of subspaces g; are trivial. We denote by 7 = rg the smallest integer j
such that all the subspaces g;, j > r, are trivial. If the first stratum g; generates the whole Lie
algebra, then g;;1 = [g1, g;] for all j € Ny and r is the step of the group; the group G is then said
to be stratified, and also (after a choice of basis or inner product for g;) Carnot.

4.1.1. The exponential map and functional spaces. The product law on G is derived from the
exponential map exps : g — G which is a global diffeomorphism from g onto G. Once a basis
X1,..., X, for g has been chosen, we may identify the points (z1,...,z,) € R™ with the points
x=exp(r1X1+ - +x,X,) in G, n = dimg. It allows us to define the (topological vector) spaces
C>®(G), D(G) and S(G) of smooth, continuous and compactly supported, and Schwartz functions
on ( identified with R™; note that the resulting spaces are intrinsically defined as spaces of functions
on G and do not depend on a choice of basis.

The exponential map induces a Haar measure dr on G which is invariant under left and right
translations and defines Lebesgue spaces on G.

Finally, it is worth mentioning that in the present case of a graded group G, the dual set G and
the Plancherel measure p can be explicitly described via Kirillov’s orbit method [6].

4.1.2. Adapted basis and dilations. We now construct a basis adapted to the gradation. Set d; =
dim g; for 1 < j < r. We choose a basis { X1, ..., Xg, } of g1 (this basis is possibly reduced to (), then
{Xd,41,- -, Xd,+d, ; & basis of go (possibly {0}) and so on. Such a basis B = (X1, -+ , Xd,+-+d,)
of g is said to be adapted to the gradation; and we have n =d; + --- + d,..

The Lie algebra g is a homogeneous Lie algebra equipped with the family of dilations {J,,r > 0},

6y : g — g, defined by §,X = rX for every X € gy, £ € N [I8, [14]. We re-write the set of integers
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¢ € N such that gs # {0} into the increasing sequence of positive integers vy, ..., v, counted with
multiplicity, the multiplicity of g being its dimension. In this way, the integers v, ..., v, become
the weights of the dilations and we have 6, X; =X, j = 1,...,n, on the chosen basis of g. The
associated group dilations are defined by

Opr(x) =re = (r'xy, rPxe, ..., r"xy,), x=(21,...,2,) € G, 7> 0.

In a canonical way, this leads to the notions of homogeneity for functions and operators. For
instance, the Haar measure is homogeneous of degree

n
Q=) v,
/=1

which is called the homogeneous dimension of the group. Another example is the vector field
corresponding to an element X € g,: it is ~-homogeneous.

An important class of homogeneous map are the homogeneneous quasi-norms, that is, a 1-
homogeneous non-negative map G > z + |z| which is symmetric and definite in the sense that
|7t = |z| and |x| = 0 <= 2 = 0. In fact, all the homogeneous quasi-norms are equivalent in the
sense that if |- |; and | - |2 are two of them, then

3C >0, Vzred, Clzlp <lzfp <Ozl

Examples may be constructed easily, such as

n
2| = (O |z [N/*) YN for any N >0,
j=1

with the convention above.

In the rest of the paper, we assume that we have fixed a basis Xi,...,X, of g adapted to
the gradation. We keep the same notation for the associated left-invariant vector fields on G,
and we denote the corresponding right invariant vector fields by X1,...,X,. For a multi-index
a=(ag,...,0n) € NI weset X* = X . X% and X = X ... X2». The differential operators

X and X® are homogeneous of degree
[a] = viar + ... + vpan.

Left and right vector fields and translations have many relations. For instance, for any function
feC>®(G) and z,x0 € G, we have X, f(zx0) = Xz, f(xx0). Since the left and right differential
operators are related by polynomial relations (see [14, Corollary 3.1.30]), this implies

(4.1) X f(amo) = X0 f(zo) = Y Pog(r0) X f(),
(Bl=[e]

where the P, g’s are ([] — [a])-homogeneous polynomials.

The Sobolev spaces L2(G) adapted to the graded nilpotent Lie group G were studied in [14} [15]
generalising slightly the stratified case [I7]. A possible definition is as follows. For each s € Ny a
common multiple of the dilation’s weights v1, . .., v,, the Sobolev space L?(Q) is defined as the set
of functions f € L?(G) for which

1 fllz2(@) = Sl]lp 1X*fll 2y < +oo.
a|=S
For other values of s > 0, they are obtained by interpolation, and by duality for s < 0. These are
well defined Hilbert spaces, [14, Section 4.4].
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4.1.3. Approximation of identity. Below, we will use approximations of the identity built using
dilations in the following sense:

Lemma 4.1. [I8, [14] Let 91 € S(G) with fG p1 = 1. Consider the family of integrable functions
0 =t"%p1 00,1, t > 0. The family of functions @y, t > 0, form an approzimation of identity on
LP(@Q), p € [1,00) and on the space Co(G) of continuous functions vanishing at infinity in the sense
that

lim (|9 = ¢ % 1| Lo () = 0,
for ¢ € LP(QG) (resp. Co(G)) for p € [1,00) (resp. p = o0).

This is more convenient than considering only heat kernels p; of a positive Rockland operators R,
i.e. the convolution kernels of e™*®, t > 0, although the latter do provide approximations of the
identity [14}[I8]. When G is stratified and R is a sub-Laplacian, the heat kernels will be non-negative
and never vanishing. However, these properties of the heat kernel for a general positive Rockland
operator are not guaranteed in the graded case, and we observe that the heat kernel being positive
and never vanishing was used in the proof of the compact case in Section Furthermore, in our
proof in the nilpotent case below, considering approximations of the identity built using dilations
is, in fact, more practical.

We discuss in the next section the pseudodifferential calculus on nilpotent graded groups and its
properties.

4.2. The pseudodifferential calculus. In this section, we set some notations and recall briefly
the global symbol classes defined on G together with some properties of the pseudodifferential
calculus. We refer to [14] for more details.

4.2.1. The symbol classes and the calculus. A symbol o is in S7%(G) when for any multi-indices
a, € Njj and v € R, there exists C = C(a, ) such that we have for almost (z,7) € G X G,

m—pla]+3(5]+
(4.2) i+ R)= T XA (2, m)m(id + R) ) < Capr

where R is a (and then any) positive Rockland operator of homogeneous degree v; we may assume
v € Z.

In (4.2)), the difference operator A® is the difference operator Ay« for the monomial % in the
coordinates xj, j = 1,...,n. Generalising the definition in the compact setting, the difference
operator A, associated to ¢ € C*(G) is defined via Ajk = F(gr) for any x € S'(G) for which k
and ¢x admits a Fourier transform (see [14]).

We set

HO-HSm Ca7ﬁ7’y’

py(ya:bvc T

max
o] <a,| BI<D, [v|<c
for the best constants Cy g~ in and a,b,c € Ng. If (p,d) = (1,0), we simply write S™(G) =
S?}O(G).

The following theorem summarises the main properties of the classes of operators obtained by
the OpX¥N-quantization of the classes Ss(G):

Theorem 4.2. Theorem holds for G a graded nilpotent Lie group when replacing the symbol
classes with the ones defined above and the Sobolev spaces with L*(G).

Any o € S)5(G) admits a distributional convolution kernel & : z = r(2) € C*(G,S'(G)), ie.
o(z,m) = Re(m) and Op*N(0) f(x) = f * ko(2), f € S(G).
In the next subsections, we discuss the properties of the pseudodifferential calculus with respect

to the application of a difference operator A, for ¢ € S(G) and with the convolution by a Schwartz
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function. Those properties were the main ingredients of the proof of Garding inequality in the case
of compact groups.

4.2.2. Stability of the symbol classes with respect to difference operators. The statement of Lemma
holds in the context of graded Lie groups if a € D(G) is replaced with a € S(G).

Sketch of the proof for Lemma for G graded and a Schwartz. The properties of the convolution
kernels of symbols in Sl%(G), for instance being Schwartz away from the origin, implies that we
may assume g € D(G) with compact support near the origin. Let x € D(G) be such that x = 1
on the support of g. Let Pf(z) be the Taylor polynomial at order N in the sense of Folland-Stein
[18] 14] for q. The estimates of the convolution kernel s of o imply that

sup [x(q — Py)kal(y)

z,yeG
will be finite for N large enough, with a constant given by semi-norms in o, and similarly for
X52X52yax(q — P]%)anm. This implies the statement. O

4.2.3. Stability of the symbol classes with respect to convolution. The analysis of the convolution of
a symbol requires first to consider the properties relatively with right-translation. The situation is
more involved because the group G is not compact. The analogue of Lemma [3.3]is the following.

Lemma 4.3. Letm € R and1 > p > 6 > 0. If g € G, then for any o € S;(G), the symbol
Ry,o = {o(zxo,7) : (z,7) € G X G} is in STs(G) and the map (xo,0) — Ra,0 is continuous
G x S7%(G) — S7%(G). Moreover, if we fir a homogeneous quasi-norm |- | on G, then for any

P06 22
semi-norm || - HS’; abe; there exists N € N and C > 0 such that

Vzg € G, Vo € ;7'5(G), ||Rx00'||5’g? abe, < c(1+ |5L'0|)N”0'||S;'fé,a,b76'
Proof. The proof follows the lines of the proof of Lemma using (4.1)). (|

We define the convolution of a symbol with a (suitable) function formally as in the compact case.
As we will see below, certain properties of convoluting a symbol will be more involved in the graded
case because derivatives of higher weights start appearing in the Taylor estimates on graded Lie
groups, although on stratified Lie groups, only the derivatives of weight one occur (see the proof
of Lemma below). More precisely, the analogue of Lemma is the next Lemma and uses
the notation:

(4.3) 1 if G is stratified.

Lemma 4.4. LetmeR and 1 > p >4 > 0.

(1) If 0 € SJ5(G) and ¢ € S(G), then we have o * ¢ € S75(G). Moreover, for any semi-norm
Il - Hg;né,m@C and ¢ € S(G), there exists C = C(p,b) > 0 such that

L { vp, if G is graded,

Vo e S55(G), o * @llsmape < Cllollsm a0

This implies that o — o * ¢ is continuous on S5(G).
(2) Furthermore, if we fir a homogeneous quasi-norm | -| on G and if [, ¢(y)dy = 1 then for
any semi-norm || - || gm+vs there exists N € Ny and C" = C'(b) > 0 such that for any
p,0

o € S7%(G), we have:

,a,b,c’

lo s o= ollgnssn 4o < C /G I (L + ) e Wldy o5 oo

P8’

Recall that v; = 1 in the stratified case.
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Proof. Adapting the proof of the compact case, we observe that
A“XPo % o(x,m) = / R, A% (x, ™ XPo(y)dy.
G
Therefore, ¢ being Schwartz class and Lemma [4.3] together with [14, Corollary 3.1.32] readily imply

Part (1).
Assume now [, ¢(y)dy = 1. Then,

(0% p—0)(e,m) = /G (o(ay™7) — oz, ™)) p(y)dy,

By the Taylor estimates due to Folland and Stein [14, Section 3.1.8], we have

X2 =@z < [ [¥Eotar™ m) =@, el

<Z / " sup [y Xfotey )| le(w)ldy

AN Z(Hx)

<Z /|y\“11+\y| Niewldy | max s X2 (! m)

=[Bl+vn z'ec Z(Hx) ’
for some N € Ny, by and [14, Corollary 3.1.32]. This implies Part (2) when m = 0, a = 0,
9 =0 and ¢ = 0. The same arguments imply Part (2) for any semi-norm || - Hsm+vns abe

In the stratified case, the Taylor estimates due to Folland and Stein [I8], (1. 41)] involve only the
left-invariant derivatives of weight vq = 1, yielding Part (2) in this case. O

4.3. Proof of the Garding inequality. Here, we prove the following (p,d)-generalisation of
Theorem [1.2}

Theorem 4.5. Let G be a graded nilpotent Lie group. Letm € R and 1 > p > § > 0. Assume that
the symbol o € ;?5(G) satisfies the positivity condition o > 0. Then, for all n > 0, there exists a
constant Cy, > 0 such that

WS RO ey = 0, 0~ Gl o
s

where v is defined in (4.3)) (recall v =1 if G is stratified).

Moreover, if 6 = 0 and o € S}'(G) satisfies the elliptic condition o9 > c(id + R)", for some
constant cg > 0 where R is a positive Rockland operator of homogeneous degree v. Then there exist
constants ¢, C' > 0 such that

vf € S(G)v R (OpKN(U)fa f)L2(G) > C”f”%ﬁm @) CHf”i?m_p (G
2 2

The analogue of Remark [3.6] is true in the case of nilpotent Lie groups.

The proof of Theorem [.5is an adaptation of the case of compact groups given in Section [3.2] We
first need to replace the Sobolev spaces H*(G) with the Sobolev space L2(G) adapted to the graded
nilpotent case. Moreover, in the final argument showing that the case of a symbol o € ;%(G)
follows from the case of a symbol of order 0, we need to replace o7 with

o1 = (id+R) zo(id + R) 3.
Before detailing the proof for a symbol ¢ € Sg’ 5(G) of order 0, we discuss the two main ingre-
dients: the use of an approximation of the identity and the comparison of the Kohn-Niremberg
approximation with the Wick’s one. We shall use the approximation of identity from Lemma

and the following corollary of Lemma
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Corollary 4.6. We continue with the setting of Lemma[4.1 Let m € R and 1> p > 6 > 0. For

any semi-norm || - HSZL;ms(G)’aO’bO’CO and any p1 € S(G), there exists C > 0 such that

Vt € (O, 1], VO’ S ZLJ(G), ||U — 0 * SDtHS;'};’”‘s(G),ao,bo,cO S CtHU”SZL&(G),aO,bO‘Fv’cO’
where v is defined by (4.3)).
Proof. By Lemma (2),

o — o * SOtHS;n;ua(G)7a07b07C0 < C"HUHngé(G),ao,bo—i-v,co /G ly[“1 (L + [y)) N e (y)|dy

< C/‘|O-||S:;:’5(G),a(),b0+’u7co /G 160/ [V (1 + |5ty")N|801(y')|dy’,

after the change of variable y = §;3. Since
/| =tly/|  and  (L+1]0']) < (1 +1)(1+1y]),
the conclusion follows for ¢ € (0, 1]. 0

As in compact groups, the main step in our proof will be the analysis of the Wick quantization
in the ¥7%-calculus. Indeed, if o € S)%(G) with m <0, then o € L*(G x G) and we can consider

OpWVik(g) and its membership in the -calculus:

Wick,a

Lemma 4.7. Let a € S(G) and consider the Wick quantization Op with a. Let m € R and

1>p>6>0 with 6 # 1.
(1) If o € S)%5(G) with m <0, then o € L>(G x G) and OpVik (o) € U75(G). Moreover, the
map o — OpVik(a) is continuous bs(G) = WS(G).
(2) If o € SJ5(G) with m <0, then we have

Op"i* (o) — Op*N(o + faf’) € ¥ (@).
Moreover, the map o — Op*Vi*(a) — Op"N (o * |a|?) is continuous os(G) — \If (p 5)(G).

Proof. We adapt the proof of Lemma and start by rephrasing Lemma as OleCk(a) =
OpKN(UWiCk) with
o Wick( 1y / Ay.o(wz ), m) a(z) dz = / Ros Aoz, 7) a(2) dz,
G G

where ¢,(w) := a(zw™!). Since Lemma (1) also holds on graded nilpotent Lie groups G for
Schwartz functions using Lemma and the fact that a € S(G), we obtain Point (1).
For Point (2), we observe that

/ Ay (eq)o (T2 ,7T) a(z)dz = / |a|2(z) 0(1:2_1,71') dz = 0 * |a\2($,7r).
G
Hence,
Wik (5 1) — i 0, 7) = / R By (eono(m) a(z) dz,
G

and we conclude using Lemma (2) for graded groups, the estimate of Lemma and the fact
that a € S(G). O

We can now prove Theorem
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Proof of Theorem[{.5. As explained above, it suffices to show the statement for o € Sg, 5(G) satis-
fying o(x,7) > 0. We fix a function a1 € S(G) with [[a1]|z2(¢) = 1, and set ay(z) := t=@2ay (67 ),
x € G, t>0. We observe that |a;|? = t=%|ay|? o (5{1, t > 0, is an approximation of the identity in
the sense of Lemma [4.1]

We now consider the Wick quantization OpWi¢ with a = a; to be chosen at the end of the
proof. The properties of the Wick quantization (see (2.9)) imply that for all f € S(G),

ROPN (o) f, 2y = — ‘(OPKN(U —oxla)f, f)L2(G)‘ ~ClIf1Z: 5 (@)

2

for some constant C' > 0. We now choose a = a; with ¢t > 0 small enough so that, by Corollary

(00 (o = 1a)f. ) oy | <72

w‘@
1S

This shows the case of o € 5’2 5(G) and we can conclude the proof of Theorem in a similar
manner as for Theorem [3.5 O

5. SEMI-CLASSICAL GARDING INEQUALITY ON GRADED NILPOTENT LIE GROUPS

In this section, we show the semi-classical inequality stated in Theorem[I.3] The proof is inspired
by Lemma 1.2 in [21]. Before this, we recall the definition of the semi-classical calculus and we
introduce the Wick quantization adapted to the semi-classical setting.

5.1. Semi-classical p§eud0diﬁ'erential calculus. The set Agy is the space of symbols ¢ =
{o(z,m): (z,7) € G x G} of the form

o(z,m) = Frg(r) = /G o () (),

where (z,y) — rg(y) is a function of the topological vector space C:°(G,S(G)) of smooth and
compactly supported functions in the variable x € G valued in the set of Schwartz class functions.
As before, x — K, is called the convolution kernel of o.

With the symbol o € Ay, we associate the (family of) semi-classical pseudodifferential operators

Op.(c) = Op%N (o(-, 6. 1)), e € (0,1],
where the Kohn-Nirenberg quantization OpXYN was defined in Section and 6, denotes the
action of RT on G given via

Sm(x) =7(6x), z€G, meq, r>0.

By Plancherel’s theorem, in particular the uniqueness of the Plancherel measure du, the latter is
@-homogeneous on G for these dilations.
In other words, we have

Op.(o)f(x) = /e@ Try, (w(z)o(z, 0em)F f(m)) du(m), feS(G), zeQG.

Lo(x, ), we have

Op.(0)f(x) = f & (x), feS(G), zeq.

In terms of the convolution kernel x, = F—

Above, /-ﬁ:(f) is the convolution kernel of o (-, d. -) and is given by a rescaling of the convolution kernel
of o:

£ (y) = e (57 1y).
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5.2. The semi-classical Wick quantization. Let a € S(G) such that [[a||12(q) = 1. We set

_Q
a:: =€ 4a00 _1, e >0,
€

|

so that a. € S(G) with ||ac||z2(q) = 1. Moreover, for each (z,7) € G x G, we define the operator
on H, depending on y € G,
ffiw(y) = a:(x"'y)a ' (y)*,
and define the operator B¢ on S(G) via
B[f](z,7) = 2 /f ydy, feS@Q), (z,7)eG@xG.
Note that, with respect to the operator B, defined in Section we have
B f)(w,m) = == Bu. [f](w, 05 7).
Hence, by Proposition the map B° extends uniquely to an isometry from L?(G) to L?(G x CAJ)

for which we keep the same notation. Denoting by B%* : L?(G x é) — L*(G) its adjoint map, we
have B**B® = idy2(g) while B°B** is a projection on a closed subspace of L*(G x G).

Set for (z,7) € G x G,
Tomint®) = (Fsx (W) on(m) pe(m)),, v €G,

where (-,-)3,. denotes the inner product of Hr and (pr(7))ker,, I C N is an orthonormal basis
of H,. Then, arguing as in Corollary [2.4] we obtain the semi-classical frame decomposition:

f /G>< Z f’gxwkﬁ)LQ(G) gxﬂkﬁdxdu( ) fEL2(G)

k(€L
We define the semi-classical Wick quantization for o € Loo(é)
OpWICk( ) — Bf*o 3.

Here again, it is a positive quantization and we can compute the convolution kernel of Op;
as in Lemma

Lemma 5.1. If o € Ag, then

Wick (0.)

OpW1ck< ) _ Opg(U‘E’WiCk),
where o5 Vi ¢ Aq has the convolution kernel

,Wick _ -1\~
R w) = [ a8 el g s ()
Proof. Arguing as in Lemma we obtain (using changes of variables)
rEWick(y) = / ac(z tedw ™ Na (27 )k, (w)dz
G

= / ac(2' 0.0 1) ac () k1 (w)dz!
G

:/Ga(z’(s\/gw_ Ya(2' )k K5 2 1 (w)dz'.
O

Corollary 5.2. We choose a function a € D(G) that is even, i.e. a(x™') = a(x), and real valued.
Then for any o € Ay, there exists C > 0 such that for all € € (0, 1],

|0p.(0) — OpY ¥ (0)|| 2(12(c)) < Ce.
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Proof. By Lemma using the Ag-norm defined in (2.5)), we have
|0p.(0) — OpY ™ (o)l 2(12(cy) < llo — 0= ViK|| 4y < Ii(€) + La(e),

L :/Sup/ a(z 2 Ke(W) — ks _,—1(w)) dz
€)= [ s [ Ja) (ra() ~ g5 s ()

I(e) := /Ggsctelg /G(a(z) —a(zé\/gwfl))a(z)/%gﬁzq(w)dz

By the Taylor estimates due to Folland and Stein [I8, [I4], if v; = 1, we have:

where

dw,

dw.

Ii(e) = Ve Gsug Z/G(—zjﬂa(z)\zdz Xjakz(w)| dw + O(e),
s j=1

Le) =z | sup Z/G(—w]) a(2) X ;a(2)kz(w)dz| dw + O(e)
fAS j=1

o] [ sl sup ()] + OFC).
G ' eG

We recall that n; denotes the dimension of the first strata (see paragraph where the basis
(X;)1<j<n has been introduced). As a is even, for any polynomial g satisfying ¢(z~!) = —¢(2) such
as the coordinate polynomials z;, we have [, ]a(z)|*q(z)dz = 0. As a is real valued, for any left or
right invariant vector field X, an integration by parts shows [, Xja(z)a(z)dz = 0. Consequently,
Ii(e) = O(e) and Ix(e) = O(e) if v1 = 1. Moreover, if v1 > 1, then the Taylor estimate gives
L(g) + I(e) = O(c2) = O(e). O

5.3. Proof of the semi-classical Garding inequality. Let o € A with o > 0. By the properties
of the semi-classical Wick quantisation, then

( chk( ), f) (O’Bef’BEf)LZ(GXCAJ) > 0.

2(G
We write
R (Op(9)f, 2 2( pY (o) f, f> —[10p.(0) = 0P (o)l 222 I f 172 ()
> *llOPE( ) — Opwmk( o)l 22 If 17 2(c)-
By Corollary [5.2] |OpEYN OpYVick(g)) 2(12(c)) = O(e). This concludes the proof of Theo-

rem [L3]

We point out that the semi-classical case is more straightforward because we restrict ourselves
to the use of L?-norm and to a gain in the semi-classical parameter . Moreover, we do not need
a strong ellipticity assumption on the symbol ¢ and its positivity is enough to conclude. This is
specific to the semi-classical setting.

APPENDIX A. THE EUCLIDEAN CASE

In this section, we recall the definitions and some properties of the Kohn-Nirenberg and Wick
quantizations in the Euclidean case R™. We develop the same chain of arguments that show the
Garding inequality for the Hormander calculus on R™ as in the core of the paper. This leads to a
proof which is close to the one of [I9, Chapter 2, section 6], while leading to a weaker result when

5 #0.
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A.1. Kohn-Nirenberg and Wick quantizations. On R", the Kohn-Nirenberg quantization
may be defined for any symbols o € §'(R™ x R™) via the formula

o~

0PN f(@) = [ o FOds e R £ e SEY,
where f: F f denotes the Euclidean Fourier transform of f:
FHO=F©) = [ e iwdn,  gerr

With the convolution kernel k. := F'o(x,-) of o, this may be rewritten as
Op*N(o)f(z) = fxka(z), =z €R", feSRM.

Fixing a continuous, bounded and square-integrable function a with [|a||;2rn) = 1, we set for
any f € L?(R") and (x,¢) € R?

Bo[f](z,§) := F(fa(- —2))(§) = - fly)aly —x)e ™y,

This defines the generalised Bargmann transform B, = B. The function a is usually chosen as the
Gaussian function a(x) = w_%e_@ [5]. It is an isometry L?(R") — L?(R™ x R™). Denoting by B*
its adjoint, we define the Wick quantization OpWVik = OpWVick¢  for any symbol o € L>*(R™ x R™)
via:
OpVi(o)f = B*oBlf],  fe€ L*R").
This quantization has the advantage of yielding bounded operators on L?, of preserving formal
self-adjointness:
10p™V (o)l 22y < ol @nxmny,  OpV'(a)* = Op™'™(7),
and positivity:
o(x,€) > 0 for all (z,£) € R" x R" = (Op"V'™(0)f, f)r2(rn) > 0.

The link between the Kohn-Nirenberg and Wick quantization for a bounded symbol is the fol-

lowing:

Lemma A.1. Let a € S(R™) with ||al|p2@ny = 1, and consider the associated Wick quantization.
For any symbol o € L>°(R™ x R™), we have:
Op™' (o) f(z) = f#ry “(x), feSRY), xR,
where kYK € S'(R™ x R™) is given by
WY (y) = [ ale = par- )
where kg = F~Yo(z,-) denotes the convolution kernel of o. Hence, OpWVick(g) = OpKN(gWick)
where o Wik € S'(R™ x R™) is the symbol given by oV (z,£) = Fryick(g),

A.2. Garding inequalities for Hormander symbols. First, let us recall the definition of the
Hoérmander classes of symbols.

Definition A.2. A function ¢ € C*°(R" x R") is a Hormander symbol of order m € R and index
(p,0) when

m—pla|+d|B]
2

Va, B €NG, 3Cap >0, V(2,6 €R" xR, [9]0¢0(x,6)| < Cap(l+ €

The space of Hérmander symbols of order m and index (p, ) is denoted by ;’fé(Rn).
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The space ;?5(]1%") is naturally equipped with a structure of Fréchet space, inherited by the

resulting class of operators WJ';(R") := OpKN(S%(R”)). Moreover, the Hérmander calculus
UmeR\P%(R”) is a calculus in the sense of Definition In this context, the link between the
Kohn-Nirenberg and Wick quantizations is given in Part (2) of the following statement.

Proposition A.3. Let 1> p> 4§ > 0 with § # 1.
(1) Let m € R. If p € S(R") and o € ST%(R™) then
oxp:(r,8§) — A p(2)o(z—2,6) = oxp(-,§) (z),
defines a symbol in S's(R™).
(2) We assume that a € S(R") with ||al|p2@ny = 1. If o € 5’275(]1%"), then

OpWick(O_) _ OpKN(O' % ‘a|2) c \Il;gp_é) (Rn)

(3) Let a; defined by as(x) == t~"/2ay(t~'z), with t > 0 and a1 € S(R"), ||a1||z2 = 1. Then for
any o € ST(R™), ast — 0, 0 * lat|? converges to o in S;”JJ(R").
Sketch of the proof of Proposition[A.3. Part (1) is easily checked. For Part (2), we may rephrase

Lemma E using the notion of difference operators A, (which coincide with ﬁagj when ¢ = z;)
defined formally via:

(8g0)(2,8) = F (aF to(z,-)) (§) = Flgra)(€) = o(x, -) *q(€),

with k, = F~1o(z,-) the convolution kernel of . We have:

OpWiCk(g) = OpKN(UWiCk), with O'WiCk(fL’, f) = / Aqu(x -z, é)dz)
R

where ¢,(w) = a(z — w)a(z). We then conclude with the following asymptotic expansion in any
symbol class S7%(R™) for a difference operator associated with ¢ € S(R")

Ago ~ q(0)o+ ) cadq(0)00,
a>0
with explicit coefficients c,.

For Part (3), we observe that the convolution in o *|a|? is in the variable z only, so that denoting
31B8l=pla]

oap =1+ = 3?350, we have:

318l=plal

L+ 7 0g0k(o —oxlal*) = gas — 0aslal.

Using this relation for a = a;, we estimate the semi-norm via a Taylor expansion of ¢, which
involves derivatives of order 1 in z, and a loss of ¢ in the symbol class. This gives Part (3). t

The properties of the Kohn-Nirenberg and Wick quantizations imply the following Garding
inequality:

Theorem A.4. Let m € R and 1 > p > § > 0. Assume that the symbol o € S;”(;(R") satisfies the

elliptic condition o(x,€) > co(1 + |£]2)™/2, for some constant co > 0. Then, for all n > 0, there
exists a constant C,) > 0 such that

(Al) Vf e S(Rn), R (OpKN(U)f7 f)LQ(Rn) > _UHinImT-HS(]R"
Moreover, if § = 0, then there exists C' > 0 such that

(A.2) VfES®Y),  R(OP (o) f) agny = —CIFIE me
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Note that the so-called sharp Garding inequality states that (A.1)) holds under the weaker as-
sumption o > 0 [I9]. The inequality of Theorem is weaker, though useful and easy to prove.

Sketch of the proof of Theorem[A.J) Tt suffices to show the case m = 0. Let o € Sg’a(R") satisfying
o(x,§) > cp. Because the Wick quantization preserves positivity, Part (2) of Proposition |A.3|)
implies

(A.3) wmﬁW®ﬂnm®ﬂz%wﬁmm—ﬂmﬁ“w—a*m%ﬁﬁﬂmﬂ

—Clfl? 7

1 58
for some constant C' > 0 that depends on the choice of the function a. We fix a function a; € S(R")
with [la1]|L2@ny = 1 and set a;(z) := t="2a,(t~'z). We use Part (3) of Proposition with ¢
small enough so that

(00 N — % 1), 1) gy | ST g 0

for some 7 that has been fixed first. It follows that (A.3]) writes
KN 2 2 2
R(Op™ (o) f, f)r2mny = coll flI72mn) — 7I||f||H%(Rn) - CHfHHpT—é(Rn),

where C' = C), depends on 7 via the choice of ¢. This gives (A.l). Equation (A.2) comes from
choosing 7 = ¢/2 in the latter equation. O
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