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Abstract. Borel’s stability and vanishing theorem gives the stable cohomol-

ogy of GL(n,Z) with coefficients in algebraic GL(n,Z)-representations. By
combining the Borel theorem with the Hochschild–Serre spectral sequence, we

compute the twisted first cohomology of the automorphism group Aut(Fn) of

the free group Fn of rank n. We also study the stable rational cohomology of
the IA-automorphism group IAn of Fn. We propose a conjectural algebraic

structure of the stable rational cohomology of IAn, and consider some relations
to known results and conjectures. We also consider a conjectural structure of

the stable rational cohomology of the Torelli groups of surfaces.
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1. Introduction

Let Fn be the free group of rank n, Aut(Fn) the automorphism group of Fn and
GL(n,Z) the general linear group of rank n. Let IAn denote the IA-automorphism
group of Fn, which is defined by the following exact sequence

1→ IAn → Aut(Fn)→ GL(n,Z)→ 1.(1.0.1)

The Hochschild–Serre spectral sequence for the above exact sequence gives a strong
connection between the twisted cohomology of Aut(Fn), the twisted cohomology of
GL(n,Z) and the rational cohomology of IAn.

Borel [2] proved that the rational cohomology of GL(n,Z) stabilizes, which means
that the map on the rational cohomology in each degree induced by the inclusion
GL(n,Z) ↪→ GL(n+1,Z) is an isomorphism for sufficiently large n, and he computed
the stable rational cohomology of GL(n,Z). Borel [3] also computed the stable
cohomology of GL(n,Z) with coefficients in algebraic GL(n,Z)-representations. Li
and Sun [35] obtained an improved stable range that is independent of the types of
algebraic GL(n,Z)-representations.

Hatcher and Vogtmann [21, 22] showed that the rational homology of Aut(Fn)
stabilizes, and Galatius [14] showed that the stable rational homology is trivial. Let
HZ = H1(Fn,Z),H∗

Z = HomZ(H,Z),H = HZ⊗Q andH∗ = Hom(H,Q). Satoh [49,
50, 51] computed the low-degree (co)homology with coefficients in HZ, H

∗
Z and H∗

Z⊗∧2
HZ. The stable homology with coefficients in H⊗p

Z and (H∗)⊗q was computed
by Djament and Vespa [10], Vespa [53] and Randal-Williams [47]. Kawazumi and
Vespa [30] proposed a conjectural structure of the stable cohomology of Aut(Fn)
with coefficients in H⊗p ⊗ (H∗)⊗q, which has been proven by Lindell [37] recently.

By the exact sequence (1.0.1), we have a GL(n,Z)-action on the rational coho-
mology of IAn. Cohen and Pakianathan [7], Farb [11] and Kawazumi [28] indepen-
dently determined the first cohomology of IAn. Pettet [46] and the second-named
author [27] determined the second and third Albanese cohomology of IAn, which is
the GL(n,Z)-subrepresentation of the rational cohomology of IAn obtained as the
image of the rational cohomology of the abelianization of IAn under the induced
map by the abelianization map. Day and Putman [8] showed that the GL(n,Z)-
invariant part of H2(IAn,Z) vanishes.

Unlike the case of GL(n,Z) and Aut(Fn), the rational cohomology of IAn does
not stabilize. In what follows, by the stable rational cohomology of IAn we mean
the rational cohomology of IAn for sufficiently large n. The rational cohomology
of IAn is expected to stabilize as a family of GL(n,Z)-representations, which is
called representation stability [6]. In fact, the first rational cohomology of IAn is
representation stable. The stable rational cohomology of IAn in degree greater than
1 has not been determined. The second-named author [27] proposed a conjectural
structure of the stable Albanese cohomology of IAn. To the best of our knowledge,
no conjecture about the structure of the whole stable rational cohomology of IAn
has been given in the literature.
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In this paper, we consider the cohomology in a stable range of the families of
groups Aut(Fn) and IAn with coefficients in algebraic GL(n,Z)-representations. By
using the improved Borel theorem and the Hochschild–Serre spectral sequence as-
sociated to the exact sequence (1.0.1), we compute the first cohomology of Aut(Fn)
with coefficients in algebraic GL(n,Z)-representations and the Aut(Fn)-modules of
Jacobi diagrams and their duals. We propose a conjectural algebraic structure of
the stable rational cohomology of IAn. We also consider the stable rational co-
homology of IOn, which is an analogue of IAn to the outer automorphism group
Out(Fn) of Fn, and the stable rational cohomology of the Torelli groups of surfaces.

Here we make some conventions about stability. We say that some statement
about cohomology of groups depending on n holds stably if it holds for n suffi-
ciently large with respect to cohomological degree. A stable isomorphism means a
morphism that is stably an isomorphism. Note that if we say “we stably have an
isomorphism”, then we do not assume a morphism in an unstable range, while if
we say “we have a stable isomorphism”, then we assume that we have a morphism
in both stable and unstable ranges.

1.1. First cohomology of Aut(Fn) with coefficients in algebraic GL(n,Z)-
representations. Let H = H1(Fn,Q) and H∗ = H1(Fn,Q) = HomQ(H,Q).
Let Vλ denote the irreducible algebraic GL(n,Z)-representation corresponding to
the bipartition λ, i.e., a pair of partitions. See Section 2 for algebraic GL(n,Z)-
representations.

It is well known that we have H1(Aut(Fn),Q) = 0. We consider the twisted first
cohomology of Aut(Fn). We have the following result of Satoh [51, 49].

Theorem 1.1 (Satoh [51, 49]). We have

H1(Aut(Fn), H
∗) = 0, H1(Aut(Fn), H) = Q for n ≥ 2,

H1(Aut(Fn), V12,1) = Q for n ≥ 5.

Djament and Vespa [10] showed the vanishing of the stable homology of Aut(Fn)
with coefficients induced by reduced polynomial functors on the category of finitely
generated free groups. In particular, the stable homology with coefficients in H⊗p

vanishes for any p ≥ 1. By using Djament’s result [9], Vespa [53] obtained the stable
homology of Aut(Fn) with coefficients in (H∗)⊗q for any q ≥ 1. Randal-Williams
[47, Theorem A] obtained the following stable range by using geometric techniques

H1(Aut(Fn), (H
∗)⊗q) = 0, for n ≥ q + 5,

H1(Aut(Fn), H
⊗q) = 0, for n ≥ q + 5, q ̸= 1.

We obtain the vanishing of the first cohomology of Aut(Fn) with coefficients in
algebraic GL(n,Z)-representations Vλ for any bipartitions λ ̸= (1, 0), (12, 1).

Theorem 1.2 (Theorem 4.1). For any bipartition λ ̸= (1, 0), (12, 1), we have

H1(Aut(Fn), Vλ) = 0 for n ≥ 3.

For λ = (1, 0), (12, 1),

H1(Aut(Fn), V1,0) = Q for n ≥ 4,

H1(Aut(Fn), V12,1) = Q for n ≥ 4.
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Let Hp,q = H⊗p ⊗ (H∗)⊗q. Since Hp,q is decomposed into a direct sum of some
copies of Vλ for bipartitions λ, we obtain the first cohomology of Aut(Fn) with
coefficients in Hp,q.

Theorem 1.3 (Theorem 4.4). Let p, q ≥ 1.

(1) If p− q ̸= 1, then we have

H1(Aut(Fn), H
p,q) = 0 for n ≥ 3.

(2) If p− q = 1, then we have

H1(Aut(Fn), H
q+1,q) = Q

1
2 (q+2)! for n ≥ 4.

Kawazumi and Vespa [30] proposed a conjectural structure of the stable coho-
mology of Aut(Fn) with coefficients in Hp,q for p, q ≥ 0. The above theorem gives a
proof of their conjecture in cohomological degree 1. Lindell [37] has recently proved
their conjecture in all degrees (see Theorem 1.8) after the first version of the present
paper appeared.

1.2. Conjectural structure of the stable rational cohomology of IAn. In
this subsection, we make a conjecture about a complete algebraic structure of the
stable rational cohomology of IAn. To the best of our knowledge, no such conjecture
has been given in the literature.

Cohen and Pakianathan [7], Farb [11] and Kawazumi [28] independently deter-
mined the first cohomology of IAn. However, the rational cohomology of IAn of
degree greater than 1 has not been determined.

The Albanese cohomology H∗
A(IAn,Q) of IAn is defined as the image of the

rational cohomology of the abelianization of IAn under the induced map by the
abelianization map. This terminology was introduced in Church, Ellenberg and
Farb [5], but the notion had been studied earlier. Pettet [46] and the second-named
author [27] determined the stable GL(n,Q)-module structure of H2

A(IAn,Q) and
H3
A(IAn,Q), respectively.

Let W∗ denote the traceless part of the graded-symmetric algebra of U∗ =⊕
i≥1 Ui, where Ui = Hom(H,

∧i+1
H). Then the second-named author [27] made

the following conjecture.

Conjecture 1.4 ([27], see Conjecture 7.1). We stably have an isomorphism of
graded GL(n,Q)-representations

H∗
A(IAn,Q) ∼= (W∗)

∗,

where (W∗)
∗ is the graded-dual of W∗.

Let H∗(IAn,Q)GL(n,Z) denote the GL(n,Z)-invariant part of H∗(IAn,Q). Then
we have a graded algebra homomorphism induced by the cup product

ωn : H∗
A(IAn,Q)⊗H∗(IAn,Q)GL(n,Z) → H∗(IAn,Q).

Conjecture 1.5 (Conjecture 7.4). The morphism ωn is a stable isomorphism of
graded algebras with GL(n,Z)-actions.
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Day and Putman [8] showed that the GL(n,Z)-invariant part of H2(IAn,Z)
vanishes. We also propose a conjectural structure of the GL(n,Z)-invariant part of
the stable rational cohomology of IAn.

Conjecture 1.6 (Conjecture 6.1). The GL(n,Z)-invariant part of the rational
cohomology of IAn stabilizes, and we stably have an isomorphism of graded algebras

H∗(IAn,Q)GL(n,Z) ∼= Q[z1, z2, . . . ], deg zi = 4i.

By Conjectures 1.4, 1.5 and 1.6, we obtain the following conjecture about a
complete algebraic structure of H∗(IAn,Q).

Conjecture 1.7 (Conjecture 7.5). We stably have an isomorphism of graded alge-
bras with GL(n,Z)-actions

H∗(IAn,Q) ∼= (W∗)
∗ ⊗Q[z1, z2, . . . ], deg zi = 4i.

1.3. Relation to Church and Farb’s conjecture. Kawazumi and Vespa [30]
proposed a conjectural structure of the stable cohomologyH∗(Aut(Fn), H

p,q), which
was previously known to hold for p = 0 or q = 0 by [10, 9, 53, 47]. After the first
version of the present paper appeared on arXiv, Lindell [37] proved the conjecture
of Kawazumi and Vespa.

Theorem 1.8 (Lindell [37], see Theorem 7.3). Let p, q ≥ 0. If i ̸= p− q, then we
have

Hi(Aut(Fn), H
p,q) = 0

for sufficiently large n. Otherwise, we have

Hi(Aut(Fn), H
q+i,q) = CP⟳

0
(q + i, q)

for sufficiently large n, where CP⟳
0

is a certain wheeled PROP (see Remark 4.5).

We consider the following stability of the family {Hi(IAn,Q)}n of GL(n,Z)-
representations.

(SFi): For some r ≥ 0, {Hi(IAn,Q)}n≥r is a stable family of GL(n,Z)-representations,
that is, there are finitely many bipartitions λj (possibly with repetitions)
such that for all n ≥ r we have an isomorphism of GL(n,Z)-representations

Hi(IAn,Q) ∼=
⊕
j

Vλj
(n).

Conjecture 1.9 (Church–Farb [6], see Conjecture 6.3). For each i ≥ 0, the hy-
pothesis (SFi) holds.

By using Theorem 1.8, we have the following relation between the above conjec-
tures.

Theorem 1.10 (see Theorems 6.4 and 7.6). We have the following.

• Conjecture 1.9 implies Conjecture 1.6.
• Conjectures 1.4 and 1.9 imply Conjecture 1.5.

Therefore, Conjectures 1.4 and 1.9 imply Conjecture 1.7.
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1.4. Conjectural structure of the stable rational cohomology of IOn. Sim-
ilarly to the case of IAn, we make the following conjecture about a complete alge-
braic structure of the stable rational cohomology of IOn, which is an analogue of
Conjecture 1.7.

Conjecture 1.11 (Conjecture 8.7). We stably have an isomorphism of graded
algebras with GL(n,Z)-actions

H∗(IOn,Q) ∼= (WO
∗ )∗ ⊗Q[z1, z2, . . . ], deg zi = 4i,

where WO
∗ is the traceless part of the graded-symmetric algebra of UO∗ =

⊕
i≥1 U

O
i ,

where UO1 = U1/H and UOi = Ui for i ≥ 2.

A conjectural relation between the stable rational cohomology of IAn and IOn
is the following.

Conjecture 1.12 (Conjecture 8.13). We have a stable isomorphism

ψ : H∗(IOn,Q)⊗H∗(Fn,Q)→ H∗(IAn,Q)

of graded algebraic GL(n,Z)-representations.

1.5. Stable rational cohomology of the Torelli groups of surfaces. Let Ig
(resp. Ig,1) denote the Torelli group of a compact oriented surface of genus g (resp.
with one boundary component). Then Sp(2g,Z) acts on the rational cohomology
of the Torelli groups.

We have injective graded algebra maps

ιg : H
∗
A(Ig,Q) ↪→ H∗(Ig,Q), ιg,1 : H∗

A(Ig,1,Q) ↪→ H∗(Ig,1,Q).

Then the following conjecture determines an algebraic structure of the stable coho-
mology of the Torelli groups.

Conjecture 1.13 (Conjecture 9.13). The graded algebra maps ιg and ιg,1 are stable
isomorphisms.

Let ig,1 : Ig,1 ↪→ IA2g denote the Dehn–Nielsen embedding. We make the
following conjecture about the invariant parts of the stable rational cohomology of
IAn and Ig,1.

Conjecture 1.14 (Conjecture 9.10). The graded algebra homomorphism

i∗g,1 : H∗(IA2g,Q)GL(2g,Z) → H∗(Ig,1,Q)Sp(2g,Z)

induced by ig,1 is a stable isomorphism.

Remark 1.15. After the first version of the present paper was circulated, Oscar
Randal-Williams informed us of the result of Li and Sun about the improvement
of the Borel theorem [35]. We have removed our results about Borel’s stable range
in the first version since they are weaker than Li and Sun’s result. Our results on
Borel’s stable range has been separated into another paper [16] since they give an
approach different from Li and Sun’s. Also, we have improved the stable ranges of
the low degree cohomology of Aut(Fn) and Out(Fn) by using Li and Sun’s result.
Moreover, we realized that the assumption in Theorem 1.10, i.e. Conjecture 1.9,
can be replaced with a weaker assumption that the family {Hi(IAn;Q)}n is stably
algebraic in the sense of Remark 3.6.
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Remark 1.16. After the first version of the present paper was circulated, Erik
Lindell informed us of his proof of the conjecture of Kawazumi–Vespa, and later his
preprint appeared on arXiv [37]. In Section 7, we have decided to rely on Lindell’s
result, which was a conjecture in the previous version, so that our results about the
relations between various conjectures become simpler statements.

1.6. Organization of the paper. The rest of this paper is organized as follows. In
Section 2, we recall some facts about representation theory of GL(n,Q). In Section
3, we recall Borel’s stability and vanishing theorem for the cohomology of GL(n,Z)
with coefficients in irreducible algebraic representations Vλ corresponding to bi-
partitions. In Section 4, we compute the low-degree cohomology of Aut(Fn) with
coefficients in Vλ by using the Hochschild–Serre spectral sequence. In Section 5, we
compute the first cohomology of Aut(Fn) with coefficients in the Aut(Fn)-module
of Jacobi diagrams, which is not semisimple. In Section 6, we propose a conjectural
structure of the GL(n,Z)-invariant part of the stable cohomology H∗(IAn,Q) and
prove it under the assumption (SFi) for each i. In Section 7, we propose a conjec-
tural structure of the stable cohomology H∗(IAn,Q) and study relations to some
other known conjectures. In Section 8, we study the stable cohomology H∗(IOn,Q)
as in the case of H∗(IAn,Q). In Section 9, we make conjectures about the stable
rational cohomology of the Torelli groups of surfaces.

Acknowledgements. The authors thank Nariya Kawazumi, Erik Lindell, Geof-
frey Powell, Oscar Randal-Williams, Takuya Sakasai and Christine Vespa for help-
ful comments. K.H. was supported in part by JSPS KAKENHI Grant Number
18H01119 and 22K03311. M.K. was supported in part by JSPS KAKENHI Grant
Number JP22J14812.

2. Algebraic GL(n,Z)-representations

By a polynomial GL(n,Q)-representation, we mean a finite-dimensionalQ[GL(n,Q)]-
module V such that after choosing a basis for V , the (dimV )2 coordinate functions
are polynomial functions of the n2 variables. Similarly, a GL(n,Q)-representation
is algebraic if the coordinate functions are rational functions. We refer the reader
to [13] for some standard facts from representation theory.

It is well known that irreducible polynomial GL(n,Q)-representations are classi-
fied by partitions with at most n parts. A partition λ = (λ1, λ2, . . . , λl) is a sequence
of non-negative integers such that λ1 ≥ λ2 ≥ · · · ≥ λl. Let l(λ) = max({0} ∪ {i |
λi > 0}) denote the length of λ and |λ| = λ1 + · · ·+ λl(λ) the size of λ.

LetH = H(n) = Qn denote the standard representation of GL(n,Q). We usually
omit (n) in the following. For a partition λ, let Sλ denote the Specht module for
λ, which is an irreducible representation of S|λ|. Define a GL(n,Q)-representation

Vλ = Vλ(n) = H⊗|λ| ⊗Q[S|λ|] S
λ.

If l(λ) ≤ n, then Vλ is an irreducible polynomial GL(n,Q)-representation. If l(λ) >
n, then we have Vλ = 0.
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Let p and q be non-negative integers. Let Hp,q = H⊗p ⊗ (H∗)⊗q. For a pair
(i, j) ∈ {1, . . . , p} × {1, . . . , q}, the contraction map

ci,j : H
p,q → Hp−1,q−1

is defined by

ci,j((v1 ⊗ · · · ⊗ vp)⊗ (f1 ⊗ · · · ⊗ fq))

= ⟨vi, fj⟩(v1 ⊗ · · · v̂i · · · ⊗ vp)⊗ (f1 ⊗ · · · f̂j · · · ⊗ fq)

for v1, . . . , vp ∈ H and f1, . . . , fq ∈ H∗, where v̂i (resp. f̂j) denotes the omission of
vi (resp. fj), and where ⟨−,−⟩ : H ⊗H∗ → Q denotes the dual pairing.

Let H⟨p,q⟩ denote the traceless part of Hp,q, which is defined by

H⟨p,q⟩ =
⋂

(i,j)∈{1,...,p}×{1,...,q}

ker ci,j ⊂ Hp,q.

By a bipartition, we mean a pair λ = (λ, λ′) of two partitions λ and λ′. The
length of λ is l(λ) = l(λ)+ l(λ′). We define the degree of λ by deg λ = |λ|−|λ′| ∈ Z,
and the size of λ by |λ| = |λ|+ |λ′|. The dual of λ is defined by λ∗ = (λ′, λ).

Let λ be a bipartition, and set p = |λ| and q = |λ′|. Let

Vλ = Vλ(n) = H⟨p,q⟩ ⊗Q[Sp×Sq ] (S
λ ⊗ Sλ

′
).

If l(λ) ≤ n, then Vλ is an irreducible algebraic GL(n,Q)-representation. If l(λ) >

n, then we have Vλ = 0. We have the following decomposition of H⟨p,q⟩ as a
Q[GL(n,Q)× (Sp ×Sq)]-module

H⟨p,q⟩ =
⊕

λ=(λ,λ′):bipartition with
l(λ)≤n, |λ|=p, |λ′|=q

Vλ ⊗ (Sλ ⊗ Sλ
′
).(2.0.1)

(See [31, Theorem 1.1].) It is well known that irreducible algebraic GL(n,Q)-
representations are classified by bipartitions with at most n parts.

For 0 ≤ l ≤ min(p, q), let

Λp,q(l) = {((i1, j1), . . . , (il+1, jl+1)) ∈ ([p]× [q])l+1 | 1≤i1<i2<···<il+1≤p,
j1,j2,...,jl+1: distinct

}.

For I = ((i1, j1), . . . , (il+1, jl+1)) ∈ Λp,q(l), let

cI : H
p,q → Hp−l−1,q−l−1

be the composition of contraction maps defined by

(v1 ⊗ · · · ⊗ vp)⊗ (f1 ⊗ · · · ⊗ fq)

7→

(
l+1∏
r=1

⟨vir , fjr ⟩

)
(v1 ⊗ · · · v̂i1 · · · v̂il+1

· · · ⊗ vp)⊗ (f1 ⊗ · · · f̂j1 · · · f̂jl+1
· · · ⊗ fq).

Let k = min(p, q). Define an increasing filtration F ∗ = {F l}0≤l≤k
H⟨p,q⟩ = F 0 ⊂ F 1 ⊂ · · · ⊂ F l ⊂ F l+1 ⊂ · · · ⊂ F k = Hp,q

of Hp,q by

F l = ker

 ⊕
I∈Λp,q(l)

cI : Hp,q →
⊕

I∈Λp,q(l)

Hp−l−1,q−l−1

 .
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If n > p+ q − 1, then we have the following exact sequence

0→ F l−1 → F l → (H⟨p−l,q−l⟩)⊕(
p
l)(

q
l)l! → 0(2.0.2)

for 1 ≤ l ≤ k.
Let det denote the (1-dimensional) determinant representation. Then we have

det ∼=
∧n

V ∼= V(1n), where (1n) = (1, . . . , 1) consists of n copies of 1. For any
bipartition λ = (λ, λ′) with l(λ) ≤ n, we have

Vλ ∼= Vµ ⊗ detk,

where µ is a partition with at most n parts and k is an integer satisfying

(λ1, . . . , λl(λ), 0, . . . , 0,−λ′l(λ′), . . . ,−λ
′
1) = (µ1 + k, . . . , µn + k).

By an algebraic GL(n,Z)-representation, we mean the restriction to GL(n,Z) of
an algebraic GL(n,Q)-representation. Note that the square of the determinant rep-
resentation, det2, is trivial as a GL(n,Z)-representation. Therefore, any irreducible
algebraic GL(n,Z)-representation is equivalent to the restriction of an irreducible
polynomial GL(n,Q)-representation to GL(n,Z).

3. Borel’s stability and vanishing theorem for cohomology of
GL(n,Z)

In [2, 3], Borel computed the cohomology Hp(Γ, V ) of an arithmetic group Γ
with coefficients in an algebraic Γ-representation V in a stable range. Recently, Li
and Sun [35] gave an improved Borel’s stable range, which is independent of the
type of the representation V .

3.1. The stable cohomology of GL(n,Z). Here we recall known results about
the stable cohomology of GL(n,Z).

Theorem 3.1 (Borel [2, 3], Li–Sun [35]). (1) For each integer n ≥ 1, the algebra
map

H∗(GL(n+ 1,Z),Q)→ H∗(GL(n,Z),Q)

induced by the inclusion GL(n,Z) ↪→ GL(n+1,Z) is an isomorphism in ∗ ≤ n− 2.
Moreover, we have an algebra isomorphism

lim←−
n

H∗(GL(n,Z),Q) ∼=
∧

Q
(x1, x2, . . .), deg xi = 4i+ 1

in degree ∗ ≤ n− 2.

(2) Let V be an algebraic GL(n,Q)-representation such that V GL(n,Q) = 0. Then
we have

Hp(GL(n,Z), V ) = 0 for p ≤ n− 2.

Remark 3.2. Borel’s original result is about the real cohomology H∗(SL(n,Z),R).
We stably have H∗(SL(n,Z),R) =

∧
R(b1, b2, . . . ), where bk ∈ H4k+1(SL(n,Z),R)

is the Borel class. Since the natural map between the cohomology of SL(n,Z) and
GL(n,Z) is stably isomorphism, we consider the case of GL(n,Z) in Theorem 3.1.
The element xk ∈ H4k+1(GL(n,Z),Q) is a scalar multiple ckbk, where ck ∈ R\{0}.
The choice of ck does not matter in what follows.
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Kupers–Miller–Patzt [32] improved the stable range in Theorem 3.1 in the case
of the rational cohomology of GL(n,Z). The following theorem gives the best stable
range of the cohomology of GL(n,Z) that we know.

Theorem 3.3 (Borel [2, 3], Li–Sun [35], Kupers–Miller–Patzt [32]). Let p ≥ 0.
Then we have the following.

(1) For n ≥ p+ 1, we have

H∗(GL(n,Z),Q) ∼=
∧

Q
(x1, x2, . . .), deg xi = 4i+ 1

in cohomological degree ∗ ≤ p.
(2) Let λ ̸= (0, 0) be a bipartition. For n ≥ p+ 2, we have

Hp(GL(n,Z), Vλ) = 0.

3.2. Stable families of algebraic GL(n,Z)-representations. Here we consider
families of GL(n,Z)-representations indexed by n ∈ N that are stable with respect
to the types of representations.

Definition 3.4. Let 0 ≤ s ≤ r be integers. A family W∗ = {Wn}n≥s of GL(n,Z)-
representations Wn is called stable in ranks ≥ r if there are finitely many bipar-
titions λi (possibly with repetitions) such that for all n ≥ r we have a GL(n,Z)-
module isomorphism

Wn
∼=
⊕
i

Vλi
(n).

A stable family of GL(n,Z)-representations defined above is almost the same
as a “uniformly multiplicity-stable sequence” in the sense of Church and Farb [6].
(Here we consider only families of modules that are finite dimensional in the stable
range.)

Let W∗ be a stable family of GL(n,Z)-representations in ranks ≥ r such that
we have Wn

∼=
⊕

i Vλi
(n) for n ≥ r. For each n ≥ s and p ≥ 0, we have the cup

product map

θn,p : H
p(GL(n,Z),Q)⊗WGL(n,Z)

n → Hp(GL(n,Z),Wn).

By the work of Borel [3] and Li–Sun [35], it is known that the cup product map
θn,p is an isomorphism in a stable range. We will improve the stable range. For a
non-negative integer p, set

n0(W∗, p) =

{
max(r, p+ 1) (W∗ =

⊕
finite Q)

max(r, p+ 2) (otherwise).

By Theorem 3.3, we have the following proposition.

Proposition 3.5. Let W∗ be a stable family of GL(n,Z)-representations. Then
θn,p is an isomorphism for n ≥ n0(W∗, p).

Remark 3.6. Using Theorem 3.3, we can prove that Proposition 3.5 also holds for
stably algebraic families, which are weaker variants of stable families. Here a family
W∗ = {Wn}n≥s is stably algebraic in ranks ≥ r for some r ≥ s ifWn is an algebraic
GL(n,Z)-representation for all n ≥ r. In this case, the sources and targets of the

stable isomorphisms θn,p do not stabilize since they depend on W
GL(n,Z)
n .
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4. The low-degree twisted cohomology of Aut(Fn) and Out(Fn)

In this section, we compute the low-degree twisted cohomology of Aut(Fn) and
Out(Fn) by using Theorem 3.3 and the Hochschild–Serre spectral sequence (see [4]
for example). Let HZ = H1(Fn,Z), H∗

Z = H1(Fn,Z), H = H1(Fn,Q) ∼= Qn and
H∗ = H1(Fn,Q).

4.1. Known results about the first (co)homology of Aut(Fn) and Out(Fn).
Here we list what is known about the first (co)homology of Aut(Fn) and Out(Fn).
It is well known that H1(Aut(Fn),Q) = H1(Out(Fn),Q) = 0 for all n ≥ 1.

Satoh [51, 49] obtained

H1(Aut(Fn), HZ) = 0, H1(Out(Fn), HZ) = 0 for n ≥ 4,

H1(Aut(Fn), H
∗
Z) = Z, H1(Out(Fn), H

∗
Z) = Z/(n− 1)Z for n ≥ 4,

H1(Aut(Fn), IA
ab
n ) = Z2, H1(Out(Fn), IA

ab
n ) = Z for n ≥ 5,

and for coefficients H and H∗, the results hold for n ≥ 2 by tensoring Q.

Randal-Williams [47, Theorem A] obtained

H1(Aut(Fn), (H
∗
Z)

⊗q) = 0, H1(Out(Fn), (H
∗)⊗q) = 0 for n ≥ q + 5,

H1(Aut(Fn), H
⊗q) = 0, H1(Out(Fn), H

⊗q) = 0 for n ≥ q + 5, q ̸= 1.

He obtained similar results for higher degree cohomology as well (see Section 7.1).

4.2. First cohomology of Aut(Fn) and Out(Fn) with algebraic coefficients.
In this section, we compute the low-degree cohomology of Aut(Fn) and Out(Fn)
with coefficients induced by irreducible algebraic GL(n,Q)-representations.

Let λ be a bipartition. For the exact sequence

1→ IAn → Aut(Fn)→ GL(n,Z)→ 1,

we consider the Hochschild–Serre spectral sequence

Ep,q2 = Hp(GL(n,Z), Hq(IAn, Vλ))⇒ Hp+q(Aut(Fn), Vλ).

Since IAn acts trivially on Vλ, we have

E0,q
2 = H0(GL(n,Z), Hq(IAn, Vλ)) = (Hq(IAn,Q)⊗ Vλ)GL(n,Z).

By Theorem 3.3, if n ≥ p+ 2, then we have

Ep,02 = Hp(GL(n,Z), H0(IAn, Vλ)) = Hp(GL(n,Z), Vλ) = 0

for 1 ≤ p ≤ 4. By Farb [11], Cohen–Pakianathan [7] and Kawazumi [28], we have

H1(IAn,Q) = V0,1 ⊕ V1,12 for n ≥ 3.(4.2.1)

By the above argument, we obtain the following theorem.

Theorem 4.1. For any bipartition λ ̸= (1, 0), (12, 1), we have

H1(Aut(Fn), Vλ) = 0 for n ≥ 3.
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For λ = (1, 0), (12, 1),

H1(Aut(Fn), V1,0) = Q for n ≥ 4,

H1(Aut(Fn), V12,1) = Q for n ≥ 4.

Proof. For a bipartition λ ̸= (1, 0), (12, 1), we have

E0,1
2 = (H1(IAn,Q)⊗ Vλ)GL(n,Z) = ((V0,1 ⊕ V1,12)⊗ Vλ)GL(n,Z) = 0.

By Theorem 3.3, for n ≥ 3, we have E1,0
2 = 0 and thus we have

H1(Aut(Fn), Vλ) = 0.

For λ = (1, 0), we have

E0,1
2 = (H1(IAn,Q)⊗ V1,0)GL(n,Z) = ((V0,1 ⊕ V1,12)⊗ V1,0)GL(n,Z) = Q

for n ≥ 3. By Theorem 3.3, for n ≥ 4, we have E1,0
2 = E2,0

2 = 0 and thus we have

H1(Aut(Fn), V1,0) = E0,1
2 = Q.

For λ = (12, 1), we have

E0,1
2 = (H1(IAn,Q)⊗ V12,1)GL(n,Z) = ((V0,1 ⊕ V1,12)⊗ V12,1)GL(n,Z) = Q

for n ≥ 3. By Theorem 3.3, for n ≥ 4, we have E1,0
2 = E2,0

2 = 0 and thus we have

H1(Aut(Fn), V12,1) = E0,1
2 = Q. □

In a similar way, we have the following theorem for Out(Fn).

Theorem 4.2. For λ ̸= (12, 1), we have

H1(Out(Fn), Vλ) = 0 for n ≥ 3.

In particular, we have H1(Out(Fn), V1,0) = 0 for n ≥ 3.

For λ = (12, 1), we have

H1(Out(Fn), V12,1) = Q for n ≥ 4.

Proof. Let IOn be the subgroup of Out(Fn) appearing in the short exact sequence

1→ IOn → Out(Fn)→ GL(n,Z)→ 1.(4.2.2)

The proof is the same as that of Theorem 4.1 except that we use Kawazumi’s
computation [28]

H1(IO(Fn),Q) = V1,12

instead of (4.2.1) and the Hochschild–Serre spectral sequences for the short exact
sequence (4.2.2). □

By Theorems 4.1 and 4.2, we obtain the following corollary, which partially
recovers (and in a few cases improves) results of Satoh [51, 49] and Randal-Williams
[47] that we mentioned in Section 4.1.
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Corollary 4.3 (Cf. [51, 49, 47]).

H1(Aut(Fn), H) = 0, H1(Out(Fn), H) = 0 for n ≥ 3,

H1(Aut(Fn), H
∗) = Q for n ≥ 4, H1(Out(Fn), H

∗) = 0 for n ≥ 3,

H1(Aut(Fn), H1(IAn,Q)) = Q2, H1(Out(Fn), H1(IAn,Q)) = Q for n ≥ 4,

H1(Aut(Fn), (H
∗)⊗q) = 0, H1(Out(Fn), (H

∗)⊗q) = 0 for n ≥ 3,

H1(Aut(Fn), H
⊗q) = 0, H1(Out(Fn), H

⊗q) = 0 for n ≥ 3, q ̸= 1.

Proof. The proof is straightforward. For coefficients in H⊗q and (H∗)⊗q, we use

the decomposition H(n)⊗q =
⊕

λ Vλ(n)
⊕ dimSλ

, where λ runs through all partitions
with |λ| = q and l(λ) ≤ n. □

The following result complements Randal-Williams’s result for twisted cohomol-
ogy of Aut(Fn) and Out(Fn) [47, Theorem A] in cohomological degree 1.

Theorem 4.4. (1) Let p, q ≥ 1. If p− q ̸= 1, then we have

H1(Aut(Fn), H
p,q) = 0 for n ≥ 3.

For Out(Fn), the same result holds.

(2) Let p, q ≥ 1. If p− q = 1, then we have

H1(Aut(Fn), H
q+1,q) = Q

1
2 (q+2)! for n ≥ 4.

For Out(Fn), we have

H1(Out(Fn), H
q+1,q) = Q(q+1

2 )q! for n ≥ 4.

Proof. (1) By (2.0.1) and (2.0.2), Hp,q is a direct sum of some copies of Vλ’s for
λ = (λ, λ′) with deg λ = p − q and |λ| ≤ p + q. Therefore, the statements follow
from Theorems 4.1 and 4.2.

(2) If p = q + 1, then we need to count the multiplicities of V12,1 and V1,0 in
Hq+1,q since we have

H1(Aut(Fn), H
q+1,q) = H1(IAn, H

q+1,q)GL(n,Z)

for n ≥ 4 by the fact that E1,0
2 = E2,0

2 = 0 for n ≥ 4. By the exact sequence

(2.0.2), the multiplicity of V1,0 in Hq+1,q is
(
q+1
q

)(
q
q

)
q! = (q + 1)!, and the mul-

tiplicity of V ⟨2,1⟩ in Hq+1,q is
(
q+1
q−1

)(
q
q−1

)
(q − 1)! =

(
q+1
2

)
q!. Therefore, by the

decomposition (2.0.1), the multiplicity of V12,1 in Hq+1,q is
(
q+1
2

)
q! since we have

dim(S12) dim(S1) = 1. Therefore, we have

H1(Aut(Fn), H
q+1,q) = Q((q+1)!+(q+1

2 )q!) = Q
1
2 (q+2)!.

For Out(Fn), we only need the multiplicity of V12,1 in Hq+1,q, which is
(
q+1
2

)
q!

by the above argument. Therefore, we have

H1(Out(Fn), H
q+1,q) = H1(IOn, H

q+1,q)GL(n,Z) = Q(q+1
2 )q!

for n ≥ 4. □
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Remark 4.5. The vector spaces H1(Aut(Fn), H
p,q) and H1(Out(Fn), H

p,q) has
Sp × Sq-module structure. Conjecture 6 of [30] (see Theorem 7.3) implies that
for sufficiently large n, we have

H1(Aut(Fn), H
q+1,q) = CP⟳

0
(q + 1, q),

where CP⟳
0
is the wheeled PROP associated to the wheeled completion of the operad

P0, which is the operadic suspension of the operad Com (see also [27, Conjecture

12.2]). We can check that CP⟳
0
(q + 1, q) = Q 1

2 (q+2)!. Therefore, the above theorem

gives a proof of the degree 1 part of their conjecture. Note that Lindell [37] has
recently proved their conjecture in all degrees.

4.3. Second cohomology of Aut(Fn) and Out(Fn) with algebraic coeffi-
cients. Here we consider the second cohomology of Aut(Fn) and Out(Fn) and
apply it to the second cohomology of IAn and IOn.

Theorem 4.6. (1) For any bipartition λ = (λ, λ′) ̸= (0, 0), we have

H2(Aut(Fn), Vλ) ∼= (H2(IAn,Q)⊗ Vλ)GL(n,Z) for n ≥ 5.

For the trivial coefficient, we have

H2(Aut(Fn),Q) ∼= H2(IAn,Q)GL(n,Z) for n ≥ 4.

(2) For any bipartition λ = (λ, λ′) ̸= (0, 0), we have

H2(Out(Fn), Vλ) ∼= (H2(IOn,Q)⊗ Vλ)GL(n,Z) for n ≥ 5.

For the trivial coefficient, we have

H2(Out(Fn),Q) ∼= H2(IOn,Q)GL(n,Z) for n ≥ 4.

Proof. (1) For n ≥ 5, we have E2,0
2 = E3,0

2 = 0. For n ≥ 4, we have E1,1
2 = E2,1

2 = 0.
Therefore, we have

H2(Aut(Fn), Vλ) ∼= E0,2
2 = (H2(IAn,Q)⊗ Vλ)GL(n,Z).

The case of the trivial coefficient follows from Theorem 3.3 in a similar way.

(2) The proof is similar to that of (1). □

Day and Putman [8] showed that H2(IAn,Z)GL(n,Z) = 0 for n ≥ 6. The rational
version of this result follows from Theorem 4.6.

Corollary 4.7. For n ≥ 4, we have

H2(IAn,Q)GL(n,Z) = H2(IOn,Q)GL(n,Z) = 0.

Proof. We have H2(Aut(Fn),Q) = H2(Out(Fn),Q) = 0 for n ≥ 1 by Hatcher–
Vogtmann [22]. Therefore, by Theorem 4.6, we have

H2(IAn,Q)GL(n,Z) = H2(IOn,Q)GL(n,Z) = 0

for n ≥ 4. □
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5. Stable families of polynomial Aut(Fn)-modules

In this section, we apply the results of the previous sections to non-semisimple
Aut(Fn)-modules.

5.1. Polynomial Aut(Fn)-modules. Here we introduce polynomial Aut(Fn)-modules
which may relate to other well-known notions of polynomiality.

Definition 5.1. By a polynomial Aut(Fn)-module, we mean an Aut(Fn)-module
M which has a composition series of finite length

M =M0 ⊋M1 ⊋M2 ⊋ · · · ⊋Mk = 0

such that each composition factor Mj/Mj+1 is induced by an irreducible algebraic
GL(n,Z)-representation.

A family M(∗) = {M(n)}n≥0 of polynomial Aut(Fn)-modules M(n) is stable in
ranks ≥ r if there is a decreasing filtration

M(∗) =M0(∗) ⊋M1(∗) ⊋M2(∗) ⊋ · · · ⊋Mk(∗) = 0

such that each Mj(∗)/Mj+1(∗) is a stable family of GL(n,Z)-representations in

ranks ≥ r. Let grM(∗) =
⊕k−1

j=0 Mj(∗)/Mj+1(∗). We set

n0(M(∗), p) = n0(grM(∗), p).

Polynomial Out(Fn)-modules and stable families of polynomial Out(Fn)-modules
can be defined just in the same way as Aut(Fn).

Proposition 5.2. Let M(∗) be a stable family of polynomial Aut(Fn)-modules with
no composition factors that are isomorphic to either V1,0 or V12,1. Then we have

H1(Aut(Fn),M(n)) = 0(5.1.1)

for n ≥ n0(M(∗), 1).

Proof. Let n ≥ n0(M(∗), 1). We use the induction on the length k of the decreas-
ing filtration of M(∗). If k = 1, then M(n) is an irreducible algebraic GL(n,Z)-
representation Vλ such that λ ̸= (1, 0), (12, 1). Therefore, (5.1.1) follows from The-
orem 4.1. Suppose that (5.1.1) holds for k − 1. For M(∗) with length k, the exact
sequence of Aut(Fn)-modules

0→M1(n)→M(n)→M(n)/M1(n)→ 0

induces a long exact sequence

· · · → H1(Aut(Fn),M1(n))→ H1(Aut(Fn),M(n))→ H1(Aut(Fn),M(n)/M1(n))→ · · · .

By the hypothesis of the induction and Theorem 4.1, we have

H1(Aut(Fn),M(n)/M1(n)) = H1(Aut(Fn),M1(n)) = 0

for n ≥ n0(M(∗), 1), so we have H1(Aut(Fn),M(n)) = 0. □

For stable families of polynomial Out(Fn)-modules, we obtain the following.
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Proposition 5.3. Let M(∗) be a stable family of polynomial Out(Fn)-modules with
no composition factors that are isomorphic to V12,1. Then we have

H1(Out(Fn),M(n)) = 0

for n ≥ n0(M(∗), 1).

5.2. Applications to the Aut(Fn)-modules of Jacobi diagrams. Massuyeau
and the first-named author [17] extended the Kontsevich integral of links to a
functorial invariant defined on the category of bottom tangles in handlebodies. This
invariant takes values in the category A of Jacobi diagrams in handlebodies, where
Jacobi diagrams are certain uni-trivalent graphs.

The second-named author [25, 26] studied the Aut(Fn)-module structure on the
vector space A(n) =

⊕
d≥0Ad(n) of Jacobi diagrams on n oriented arcs, where the

action is induced by the composition of morphisms in the category A. For d = 0,
we have A0(n) = Q. For d > 0, Ad(n) admits a filtration

Ad(n) = Ad,0(n) ⊃ Ad,1(n) ⊃ · · · ⊃ Ad,2d−1(n) = 0,

whose associated gradedAd,k(n)/Ad,k+1(n) is identified with the vector spaceBd,k(n)
of open Jacobi diagrams of degree d with univalent vertices colored by elements
of the GL(n,Q)-module (Qn)∗. It follows that {Bd,k(n)}n is a stable family of
GL(n,Q)-representations. Hence {Ad(n)}n is a stable family of polynomial Aut(Fn)-
modules. Note here that the Aut(Fn)-module Ad(n) does not factor through a
GL(n,Z)-module if d ≥ 2.

We have the following result.

Proposition 5.4. For each d ≥ 0, we have

H1(Aut(Fn), Ad(n)) = H1(Aut(Fn), Ad(n)
∗) = 0

for n ≥ 3.

Proof. For d > 0, since each irreducible component of Bd(n) is of type V0,λ with
2 ≤ |λ| ≤ 2d, it is easily seen that Ad(n) and Ad(n)

∗ do not include composition
factors isomorphic to V0,1 or V1,12 . For example, A1(n) is isomorphic to V0,2, and
the Aut(Fn)-module A2(n) has the following composition series

A2(n) ⊋ A′′
2(n) ⊋ A2,1(n) ⊋ A2,2(n) ⊋ 0 (n ≥ 3)

whose composition factors are V0,4, V0,22 , V0,13 and V0,2 (see [25]). Hence Proposi-
tion 5.2 implies the desired result. □

Remark 5.5. Let d ≥ 0 and i ≥ 1. By [10] and the fact that Ad is a contravariant
polynomial functor on the category F of finitely generated free groups and homo-
morphisms [25], we obtain lim←−nH

i(Aut(Fn), Ad(n)) = 0. Considering the stable

range, one can show that

Hi(Aut(Fn), Ad(n)) = 0, n ≥ 2i+ 2d+ 3

and if i ≥ 2d+ 1, then one can also show that

Hi(Aut(Fn), Ad(n)
∗) = 0, n ≥ 2i+ 2d+ 3

by using Theorem 7.3 below. If i < 2d+1, then the latter twisted cohomology can
be non-trivial. For example, we have H3(Aut(Fn), A2(n)

∗) ̸= 0 for n ≥ 13.
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Remark 5.6. Vespa [54] generalized the functor Ad to another contravariant poly-
nomial functor Ad(m,−)0 of degree 2d on F by considering “beaded” Jacobi dia-
grams on oriented arcs. If m > 0, then {Ad(m,n)0}n≥0 is not a stable family of
polynomial Aut(Fn)-modules since Ad(m,n)0 is infinite-dimensional for d, n > 0.
However, each composition factor of Ad(m,n)0 is of the form Vλ(n)

∗, |λ| ≤ 2d.
Similarly to Remark 5.5, one can show that

Hi(Aut(Fn), Ad(m,n)0) = 0, n ≥ 2i+ 2d+ 3.

The second-named author [25] proved that the Aut(Fn)-module structure on
Ad(n) induces an Out(Fn)-module structure on Ad(n). Therefore, {Ad(n)}n is also
a stable family of polynomial Out(Fn)-modules. Then by Proposition 5.3, we obtain
the first cohomology of Out(Fn) in a similar way.

Proposition 5.7. For each d ≥ 0, we have

H1(Out(Fn), Ad(n)) = H1(Out(Fn), Ad(n)
∗) = 0

for n ≥ 3.

6. GL(n,Z)-invariant part of the stable rational cohomology of IAn

So far, no non-trivial elements of the GL(n,Z)-invariant part of the stable ratio-
nal cohomology H∗(IAn,Q) have been found. Igusa [23] constructed higher Franz–
Reidemeister torsion classes in H4i(IOn,Q)GL(n,Z). Morita, Sakasai and Suzuki [44]
constructed the “secondary classes” in H4i(IOn,Q)GL(n,Z) and H4i(IAn,Q)GL(n,Z)

(i ≥ 1). Their classes for IOn coincide with Igusa’s torsion classes. It is not known
whether or not these classes are non-trivial.

In this section, we propose a conjectural structure of the GL(n,Z)-invariant
part of the stable rational cohomology H∗(IAn,Q), and prove it under Church and
Farb’s stability conjecture (Conjecture 6.3).

6.1. Conjectural stable structure of H∗(IAn,Q)GL(n,Z). Let us recall some
facts and conjectures about H∗(IAn,Q)GL(n,Z). We have H1(IAn,Z)GL(n,Z) = 0
by [7, 11, 28]. As we mentioned in Section 4.3, we also have H2(IAn,Z)GL(n,Z) = 0
by [8]. Church and Farb [6, Conjecture 6.5] conjectured that the GL(n,Z)-invariant
part of H∗(IAn,Q) vanishes stably. We make the following conjecture, which con-
tradicts the above conjecture of Church and Farb.

Conjecture 6.1. The GL(n,Z)-invariant part of the rational cohomology of IAn
stabilizes, that is, for each i ≥ 0, there is an integer N ≥ 0 such that for all n ≥ N
the inclusion map IAn ↪→ IAn+1 induces an isomorphism

Hi(IAn+1,Q)GL(n+1,Z) ∼=→ Hi(IAn,Q)GL(n,Z).

Moreover, we stably have an isomorphism of graded algebras

H∗(IAn,Q)GL(n,Z) ∼= Q[z1, z2, . . . ], deg zi = 4i.

Remark 6.2. We expect that the generators zi of our conjectural structure of the
GL(n,Z)-invariant part ofH∗(IAn,Q) can be constructed by using the Borel classes.
See Proposition 6.7.
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We will prove Conjecture 6.1 by assuming the following conjecture, which follows
from [6, Conjectures 6.3, 6.6 and 6.7].

Conjecture 6.3 (Church–Farb [6]). For each i ≥ 0, the following hypothesis (SFi)
holds.

(SFi) {Hi(IAn,Q)}n is a stable family of GL(n,Z)-representations.

It is known that (SFi) holds for i = 0, 1.

The proof of the following theorem will be given in Section 6.5.

Theorem 6.4. Conjecture 6.3 implies Conjecture 6.1.

Remark 6.5. In Theorem 6.4, Conjecture 6.3 can be replaced with the weaker
assumption that the family {Hi(IAn,Q)}n is stably algebraic. See Remark 6.8.

6.2. Antitransgression maps. Here we discuss “antitransgression” maps for the
Hochschild–Serre spectral sequences for certain group extensions.

Let G be a group such that Hi(G,Q) = 0 for i = k, k+1, where k ≥ 1. Consider
an exact sequence of groups

1→ N → G→ Q→ 1

and the Hochschild–Serre spectral sequence

Ep,q2 = Hp(Q,Hq(N,Q))⇒ Hp+q(G,Q).

Since Hk(G,Q) = Hk+1(G,Q) = 0, we have E0,k
k+2 = Ek+1,0

k+2 = 0 and hence the

map d0,kk+1 : E0,k
k+1 → Ek+1,0

k+1 is an isomorphism. Define a Q-linear map

φk = ιk(d
0,k
k+1)

−1πk+1 : Ek+1,0
2 → E0,k

2 ,

where πk+1 : Ek+1,0
2 ↠ Ek+1,0

k+1 and ιk : E0,k
k+1 ↪→ E0,k

2 are the edge maps. We call
the map φk the kth antitransgression map since it runs in the opposite direction of
a transgression map (if it exists).

6.3. Graded-commutative multiplicative spectral sequences. Here we use
Zeeman’s comparison theorem to obtain certain isomorphism of graded algebras.

Let V =
⊕

k≥2 Vk be a graded vector space. Let V [−1] =
⊕

k≥1 V [−1]k,
V [−1]k = Vk+1, be the graded vector space obtained from V by degree-shift by −1.
Let SV =

⊕
i≥0 S

i(V ) and S(V [−1]) =
⊕

i≥0 S
i(V [−1]) be the graded-symmetric

algebras on V and V [−1], respectively.
A multiplicative spectral sequence E = {Ep,qr } is a spectral sequence with as-

sociative, unital multiplication maps Ep,qr ⊗ Ep
′,q′

r → Ep+p
′,q+q′

r . A multiplica-

tive spectral sequence E is graded-commutative if ab = (−1)(p+q)(p′+q′)ba for any

a ∈ Ep,qr and b ∈ Ep′,q′r . For example, the cohomological Hochschild–Serre spec-
tral sequences for exact sequences of groups are graded-commutative multiplicative
first-quadrant spectral sequences.

We have the following theorem, which is closely related to Borel’s result [1] (see
[39, Theorem 3.27]).
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Theorem 6.6. Let N,P,Q ∈ {0, 1, 2, . . . ,∞}. Let E be a graded-commutative,
multiplicative first-quadrant spectral sequence over Q satisfying the following con-
ditions

(1) the multiplication map Ep,02 ⊗E
0,q
2 → Ep,q2 is a linear isomorphism for p ≤ P ,

q ≤ Q,

(2) Ep,q∞ = 0 if 0 < p+ q ≤ N ,

(3) there is a graded vector space V =
⊕

k≥2 Vk such that we have an isomor-

phism of graded algebras E∗,0
2
∼= SV for ∗ ≤ P .

Then the restriction φk|Vk+1
of the antitransgression map φk : Ek+1,0

2 → E0,k
2 is

an isomorphism for each k ≥ 1, and we have an isomorphism of graded algebras

E0,∗
2
∼= S(V [−1])

for ∗ ≤ min(P − 2, Q,N − 2). Here, V [−1]k is identified with the image φk(Vk+1).

Proof. We first consider the case where at least one of P , Q and N are finite. Let
K = 2+min(P−2, Q,N−2). For 2 ≤ k ≤ K, let kE denote the graded-commutative
multiplicative first-quadrant spectral sequence given by

kEp,q2 = S(Vk)p ⊗ S(V [−1]k−1)q

with dj = 0 for j ̸= k and d0,k−1
k = idVk

: kE0,k−1
k

∼=→ kEk,0k . Since the differential
is determined by the Leibniz rule, we have an exact sequence

0→ Si(V [−1]k−1)→ S1(Vk)⊗ Si−1(V [−1]k−1)→ · · · → Si(Vk)→ 0

for each i ≥ 1. Therefore, we have kEp,qk+1 = · · · = kEp,q∞ = 0 for p + q > 0. Set
≤kE =

⊗
2≤i≤k

iE for 2 ≤ k ≤ K.

We claim that the restriction of φk−1 : Ek,02 → E0,k−1
2 to Vk is an isomorphism

for k = 2, . . . ,K, and that there are morphisms of multiplicative spectral sequences
kf : ≤kE → E

for k = 2, . . . ,K such that kfp,02 is an isomorphism for 0 ≤ p ≤ k, and such that
k+1f |≤kE = kf for each k = 2, . . . ,K − 1.

The proof of this claim is done by induction on k. For k = 2, the differential
d0,12 : E0,1

2 → E0,2
2 is an isomorphism by conditions (2) and (3). Therefore, the

inverse map φ1 : E2,0
2 = V2 → E0,1

2 is an isomorphism, and we have such a morphism
2f : ≤2E → E.

Let k ≥ 2. Suppose that such a morphism kf exists. Then since kfp,02 is an
isomorphism for 0 ≤ p ≤ k and kfp,q∞ is an isomorphism for any 0 < p + q ≤ N

by the condition (2), it follows from Zeeman’s comparison theorem [55] that kf0,q2

is an isomorphism for 0 ≤ q ≤ k − 2. Therefore, by the condition (1), kfp,q2 is an

isomorphism for 0 ≤ p ≤ k, 0 ≤ q ≤ k−2. In particular, kfp,k−p2 is an isomorphism

for 2 ≤ p ≤ k − 1. Since we have E1,0
2 = 0, by condition (1), we have E1,k−1

2 = 0.

Therefore, the restriction of the edge map πk : Ek+1,0
2 → Ek+1,0

k+1 to Vk+1 is an

isomorphism. Then the restriction of φk = ιk(d
0,k
k+1)

−1πk : Ek+1,0
2 → E0,k

2 to Vk+1

is an isomorphism. Hence, we have a morphism k+1f extending kf such that k+1fp,02

is an isomorphism for 0 ≤ p ≤ k + 1.
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We now have a morphism Kf : ≤KE → E. By Zeeman’s comparison theorem,
Kf0,q2 : ≤KE0,q

2 → E0,q
2 is an isomorphism for q ≤ K − 2, which implies E0,∗

2
∼=

S(V [−1]) for ∗ ≤ K − 2.

Let us consider the case where P = Q = N =∞. The above proof for the finite
case shows that there is a family of morphisms kf : ≤kE → E for k ≥ 2. Let
′E = lim−→k

≤kE =
⊗

k≥2
kE be the direct limit of multiplicative spectral sequence.

There is a morphism ′f : ′E → E extending kf for all k ≥ 2. By Zeeman’s
comparison theorem, we obtain E0,∗

2
∼= S(V [−1]) in a similar way. □

6.4. The classes yk ∈ H4k(IAn,Q)GL(n,Z). We apply the antitransgression map
to the exact sequence

1→ IAn → Aut(Fn)→ GL(n,Z)→ 1.

By Theorem 3.3, we have for n ≥ p+ 1

Ep,02 =
(
the degree p part of

∧
Q
(x1, x2, . . . )

)
,

where deg xk = 4k + 1.

For k ≥ 1, set

yk = φ4k(xk) ∈ E0,4k
2 = H4k(IAn,Q)GL(n,Z).

We expect that yk is a nonzero scalar multiple of the “secondary cohomology class”
Tβ0

2k+1 ∈ H4k(IAn,R) appearing in Morita, Sakasai and Suzuki [44].

6.5. Proof of Theorem 6.4. Let yk be the elements defined in Section 6.4. The-
orem 6.4 follows from the following.

Proposition 6.7. Let P,Q ≥ 0. Suppose (SFi) holds for any i ≤ Q. Let n ≥
max{n0({Hi(IAn,Q)}n, P )}i≤Q. Then we have a stable isomorphism of algebras

H∗(IAn,Q)GL(n,Z) ∼= Q[y1, y2, . . . ]

in degree ∗ ≤ min(P − 2, Q, n2 − 3).

Proof. Consider the cohomological Hochschild–Serre spectral sequence for the exact
sequence 1→ IAn → Aut(Fn)→ GL(n,Z)→ 1, which is graded-commutative and
multiplicative. By the assumption (SFi) for i ≤ Q, it follows from Proposition 3.5
that we have

Ep,q2 = Hp(GL(n,Z), Hq(IAn,Q)) ∼= Hp(GL(n,Z),Q)⊗ (Hq(IAn,Q))GL(n,Z)

for 0 ≤ p ≤ P , 0 ≤ q ≤ Q. By Galatius [14], we have Hi(Aut(Fn),Q) = 0 for
0 < i ≤ n−2

2 . Therefore, we have Ep,q∞ = 0 for 0 < p + q ≤ n−2
2 . By Theorem 3.3,

we have E∗,0
2
∼=
∧

Q(x1, . . .) for ∗ ≤ n− 1. Therefore, by Theorem 6.6, we have an
isomorphism of graded algebras

H∗(IAn,Q)GL(n,Z) ∼= S(V [−1])

for ∗ ≤ min(P − 2, Q, n2 − 3), where V =
⊕

k≥1 Qxk. Since we have V [−1] =⊕
k≥1 Qyk, S(V [−1]) = Q[y1, y2, . . .]. □

Remark 6.8. By Remark 3.6, we can deduce Proposition 6.7 with the assumption
(SFi) replaced with the following weaker assumption:
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(SAi) {Hi(IAn,Q)}n is a stably algebraic family.

7. Stable rational cohomology of IAn

The whole structure of the stable rational cohomology of IAn is still mysterious
in degree ≥ 2. In this section, we propose a conjectural structure of the stable
rational cohomology of IAn, and study some relations to other known conjectures.

7.1. Known results and conjectures. In [27], the second-named author studied
the Albanese homology HA

∗ (IAn,Q) of IAn, which is predual to the Albanese co-
homology in the sense of Church, Ellenberg and Farb [5]. The Albanese homology
HA

∗ (IAn,Q) of IAn is defined by

HA
∗ (IAn,Q) = im

(
H∗(IAn,Q)

τ∗−→ H∗(U,Q)
)
,

where U = H1(IAn,Q) and τ∗ is induced by the abelianization map τ : IAn → U .
The Albanese cohomology H∗

A(IAn,Q) of IAn is defined by

H∗
A(IAn,Q) = im

(
H∗(U,Q)

τ∗

−→ H∗(IAn,Q)
)
,

which is dual to HA
∗ (IAn,Q).

Note that we have H∗
A(IAn,Q)GL(n,Z) = 0 since H∗

A(IAn,Q) is a quotient of

H∗(U,Q) and since we have H∗(U,Q)GL(n,Z) = 0.

Let Ui = Hom(H,
∧i+1

H) for i ≥ 1. Let S∗(U∗) denote the graded-symmetric
algebra of the graded GL(n,Q)-representation U∗ =

⊕
i≥1 Ui. The traceless part

W∗ =
⊕

i≥0Wi of S∗(U∗) is defined by using contraction maps (see [27] for de-

tails). The second-named author [27] proved that HA
i (IAn,Q) includes a GL(n,Q)-

subrepresentation which is isomorphic to Wi, and made the following conjecture,
which holds for i = 1 [7, 11, 28], for i = 2 [46] and for i = 3 [27].

Conjecture 7.1 ([27]). Let i ≥ 0. We have a GL(n,Q)-isomorphism

HA
i (IAn,Q) ∼=Wi

for sufficiently large n.

For any algebraic GL(n,Q)-representation V , the inclusion map IAn ↪→ Aut(Fn)
induces a morphism of graded vector spaces

i∗ : H∗(Aut(Fn), V )→ H∗(IAn, V )GL(n,Z).(7.1.1)

The second-named author [27] also made the following conjecture about the relation
between the Albanese cohomology of IAn and the twisted cohomology of Aut(Fn).
For any algebraic GL(n,Q)-representation V , let Hi

A(IAn, V ) = Hi
A(IAn,Q)⊗ V .

Conjecture 7.2 ([27]). For any algebraic GL(n,Q)-representation V , the map i∗

is stably injective and its image stably equals to H∗
A(IAn, V )GL(n,Z). That is, we

stably have an isomorphism of graded vector spaces

i∗ : H∗(Aut(Fn), V )
∼=−→ H∗

A(IAn, V )GL(n,Z).
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Kawazumi and Vespa [30] proposed a conjectural structure of the cohomology
of Aut(Fn) with coefficients in Hp,q, the degree 1 part of which we have mentioned
in Remark 4.5, and which was previously known to hold for p = 0 or q = 0 by
Djament–Vespa [10], Djament [9], Vespa [53] and Randal-Williams [47]. Recently,
Lindell [37] proved their conjecture.

Theorem 7.3 (Lindell [37]). Let p, q ≥ 0. If i ̸= p− q, then we have

Hi(Aut(Fn), H
p,q) = 0

for sufficiently large n. Otherwise, we have

Hi(Aut(Fn), H
q+i,q) = CP⟳

0
(q + i, q)

for sufficiently large n. (Here CP⟳
0

is the wheeled PROP associated to the wheeled

completion of the operad P0, see Remark 4.5.)

By combining Theorem 7.3 and the result of the second-named author [27, Propo-
sition 12.7], it follows that Conjectures 7.1 and 7.2 are equivalent.

7.2. Conjectural stable structure of H∗(IAn,Q). Here we propose a conjec-
tural structure of the whole stable rational cohomology of IAn.

We have the restrictions of the cup product maps

ωn,i :
⊕
j+k=i

Hj
A(IAn,Q)⊗Hk(IAn,Q)GL(n,Z) → Hi(IAn,Q),

which form a graded algebra map

ωn : H∗
A(IAn,Q)⊗H∗(IAn,Q)GL(n,Z) → H∗(IAn,Q).

The map ωn,i is an isomorphism in degree i = 0, 1, since we have

Hi(IAn,Q) = Hi
A(IAn,Q) (i = 0, 1).

Conjecture 7.4. The graded algebra map ωn is a stable isomorphism.

Conjectures 7.4, 7.1 and 6.1 imply the following conjecture, which would give a
complete algebraic structure for the stable rational cohomology of IAn.

Conjecture 7.5. We stably have an isomorphism of graded algebras with GL(n,Z)-
actions

H∗(IAn,Q) ∼= (W∗)
∗ ⊗Q[z1, z2, . . . ], deg zi = 4i,

where (W∗)
∗ denotes the graded dual of W∗.

Conjecture 7.4 is related to some other conjectures as follows.

Theorem 7.6. Suppose that Conjectures 6.3 and 7.1 hold. Then Conjecture 7.4
holds.

Proof. By the assumptions (SFi), the graded algebra map

ωn : H∗
A(IAn,Q)⊗H∗(IAn,Q)GL(n,Z) → H∗(IAn,Q)

is a stable isomorphism if and only if for any bipartition λ, the cup product map

H∗
A(IAn, Vλ)

GL(n,Z) ⊗H∗(IAn,Q)GL(n,Z) ∪−→ H∗(IAn, Vλ)
GL(n,Z)
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is a stable isomorphism. Therefore, since Conjectures 7.1 and 7.2 are equivalent,
Conjecture 7.4 holds by Conjecture 7.2 and Lemma 7.7 below. □

We have a morphism of graded vector spaces

ξ : H∗(Aut(Fn), Vλ)⊗H∗(IAn,Q)GL(n,Z) → H∗(IAn, Vλ)
GL(n,Z)

defined by ξ(u⊗v) = i∗(u)∪v for u ∈ H∗(Aut(Fn), Vλ) and v ∈ H∗(IAn,Q)GL(n,Z),
where i∗ is defined in (7.1.1).

Lemma 7.7. Suppose that Conjecture 6.3 holds. Then for each bipartition λ, the
map ξ is a stable isomorphism.

Proof. Let λ be a bipartition. In what follows, we assume that n is sufficiently large
with respect to the cohomological degrees of cohomology groups that we consider.

We use induction on the cohomological degree i. The case i = 0 is trivial. Let
i ≥ 1. Suppose that we have

ξ :
⊕
j+k=q

Hj(Aut(Fn), Vλ)⊗Hk(IAn,Q)GL(n,Z) ∼=−→ Hq(IAn, Vλ)
GL(n,Z)(7.2.1)

for 0 ≤ q ≤ i− 1. We consider the Hochschild–Serre spectral sequence

E(λ)p,q2 = Hp(GL(n,Z), Hq(IAn, Vλ))⇒ Hp+q(Aut(Fn), Vλ).

If we haveHj(Aut(Fn), Vλ) = 0 for any j ≤ i−1, then we haveHq(IAn, Vλ)
GL(n,Z) =

0 for any q ≤ i−1 by (7.2.1). By the assumptions (SFj) for j ≤ i−1 and Proposition
3.5, we have E(λ)p,q2 = 0 for any q ≤ i−1. Therefore, by the convergence of the spec-

tral sequence, one can check that ξ = i∗ : Hi(Aut(Fn), Vλ)
∼=−→ Hi(IAn, Vλ)

GL(n,Z).

Otherwise, there is 0 ≤ q0 ≤ i − 1 such that we have Hq0(Aut(Fn), Vλ) ̸= 0.
Then by the first half of Theorem 7.3, we have Hq(Aut(Fn), Vλ) = 0 for q ̸= q0.
Therefore, by (7.2.1), ξ gives the following isomorphisms

Hq(IAn, Vλ)
GL(n,Z) ∼=


0 (q < q0)

Hq0(Aut(Fn), Vλ) (q = q0)

Hq0(IAn, Vλ)
GL(n,Z) ⊗Hq−q0(IAn,Q)GL(n,Z) (q0 < q ≤ i− 1).

(7.2.2)

Recall the Hochschild–Serre spectral sequence Ep,q2 = Hp(GL(n,Z), Hq(IAn,Q))

that we used in the proof of Proposition 6.7. Let Ê = {Êr}r≥2 denote the spectral

sequence concentrated in bidegree (0, q0) with Ê
0,q0
2 = Hq0(IAn, Vλ)

GL(n,Z). Then

we have a canonical morphism of spectral sequences ψ : Ê → E(λ). Consider the

tensor product Ê ⊗E of two spectral sequences Ê and E. We have a morphism of
spectral sequences defined as the composition

ϕ : Ê ⊗ E ψ⊗id−−−→ E(λ)⊗ E ∪−→ E(λ).
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We have the following commutative diagram

Hq0(IA, Vλ)
GL ⊗Hq−q0(IA,Q)GL ⊗Hp(GL,Q)

∪⊗id //

id⊗∪
��

Hq(IA, Vλ)
GL ⊗Hp(GL,Q)

∪
��

Hq0(IA, Vλ)
GL ⊗Hp(GL, Hq−q0(IA,Q))

∪=ϕp,q
2 // Hp(GL, Hq(IA, Vλ)),

where we write GL = GL(n,Z) and IA = IAn. Here the vertical maps are iso-
morphisms for q ≤ i − 1 by Proposition 3.5, and the upper horizontal map is an
isomorphism for q ≤ i − 1 by (7.2.2). Therefore, ϕp,q2 is also an isomorphism for
q ≤ i− 1.

By Lemma 7.8 below, the map ϕ0,i2 : (Ê ⊗ E)0,i2 → E(λ)0,i2 is an isomorphism
since we have

• ϕp,q2 is an isomorphism for q ≤ i− 1,

• for j = i, i+1, (Ê⊗E)j∞
∼= Ê0,q0

∞ ⊗Ej−q0∞
∼= Ê0,q0

2 ⊗Hj−q0(Aut(Fn),Q) = 0
by [14], and
• for j = i, i+ 1, E(λ)j∞

∼= Hj(Aut(Fn), Vλ) = 0.

Therefore, we have

ξ :
⊕
j+k=i

Hj(Aut(Fn), Vλ)⊗Hk(IAn,Q)GL(n,Z)

i∗⊗id−−−→∼=
Hq0(IAn, Vλ)

GL(n,Z) ⊗Hi−q0(IAn,Q)GL(n,Z)

∪=ϕ0,i
2−−−−→∼=

Hi(IAn, Vλ)
GL(n,Z),

which completes the proof. □

Lemma 7.8. Let ϕ : ′E → E be a morphism between first-quadrant spectral se-
quence. Let i ≥ 1 be an integer. Suppose that

(1) ϕp,q2 : ′Ep,q2 → Ep,q2 is an isomorphism for 0 ≤ q ≤ i− 1 and 0 ≤ p ≤ 2i.
(2) ′Ep,q∞ = Ep,q∞ = 0 for p, q with p+ q = i, i+ 1.

Then ϕ0,i2 is an isomorphism.

Proof. Firstly, note that if ϕp,qr and ϕp+r,q−r+1
r are isomorphisms, then we have

ϕp,qr (ker ′dp,qr ) = ker dp,qr , ϕp+r,q−r+1
r (im ′dp,qr ) = im dp,qr .

Therefore, if all of the three maps ϕp−r,q+r−1
r , ϕp,qr , ϕp+r,q−r+1

r are isomorphisms,
then ϕp,qr+1 is also an isomorphism. By the assumption (1), it follows inductively
that the maps ϕp,qr are isomorphisms for any q ≤ i− r + 1, p ≤ 2i− 2q.

Let Λ = {(p, q) | p + q = i + 1, p ≥ 2} ∪ {(0, i)}. We will show, by a backward
induction on r, that for 2 ≤ r ≤ i + 2, the map ϕp,qr is an isomorphism for each
(p, q) ∈ Λ. For each (p, q) ∈ Λ, the map ϕp,qi+2 is an isomorphism since we have
′Ep,q∞ (= ′Ep,qi+2) = 0 and Ep,q∞ (= Ep,qi+2) = 0 by the assumption (2). Suppose that
ϕp,qr+1 is an isomorphism for each (p, q) ∈ Λ. We consider the following commutative
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diagram

′E0,i
r

ϕ0,i
r //

′d0,ir

��

E0,i
r

d0,ir

��
′Er,i−r+1
r

ϕr,i−r+1
r //

′dr,i−r+1
r

��

Er,i−r+1
r

dr,i−r+1
r

��
′E2r,i−2r+2
r

ϕ2r,i−2r+2
r // E2r,i−2r+2

r .

(7.2.3)

As we mentioned in the first paragraph, ϕr,i−r+1
r and ϕ2r,i−2r+2

r are isomorphisms.
Therefore, we have an isomorphism

ϕr,i−r+1
r |ker ′dr,i−r+1

r
: ker ′dr,i−r+1

r

∼=−→ ker dr,i−r+1
r .

By the induction hypothesis, ϕr,i−r+1
r+1 is also an isomorphism, thus, we have

ker ′dr,i−r+1
r / im ′d0,ir = ′Er,i−r+1

r+1

∼=−→Er,i−r+1
r+1 = ker dr,i−r+1

r / im d0,ir .

Therefore, we have an isomorphism ϕr,i−r+1
r |im ′d0,ir

: im ′d0,ir
∼=−→ im d0,ir . We also

have

ker ′d0,ir = ′E0,i
r+1

∼=−→E0,i
r+1 = ker d0,ir

since ϕ0,ir+1 is also an isomorphism. Hence, ϕ0,ir is also an isomorphism. We can
also check that ϕp,qr are isomorphisms for p + q = i + 1, i − r + 1 < q ≤ i − 1 by
considering the commutative diagram starting at ′Ep,qr as in (7.2.3).

Therefore, by induction, ϕ0,i2 is an isomorphism. □

Remark 7.9. In the statements of Theorem 7.6 and Lemma 7.7, we can replace the
assumption, Conjecture 6.3, with the assumption (SAi), that we considered in Re-
mark 6.8. Consequently, if we assume Conjecture 7.1, the following are equivalent:

• Conjecture 7.5,
• Conjecture 6.3,
• for each i ≥ 0, the hypothesis (SAi) holds.

7.3. Types of irreducible components of H∗(IAn,Q). Here we obtain some ir-
reducible algebraic GL(n,Q)-representations which are not included in H∗(IAn,Q).

Proposition 7.10. Let q ≥ 0 and suppose that (SFi) holds for i ≤ q so that we
have

Hq(IAn,Q) ∼=
⊕
λ

V
⊕c(q,λ)
λ

for integers c(q, λ) ≥ 0 for all sufficiently large n. Then we have c(q, λ) = 0 for
bipartitions λ such that either deg λ ≤ −q − 1 or 0 ≤ deg λ with λ ̸= (0, 0).

Proof. Let λ be a bipartition such that either deg λ ≤ −q − 1 or 0 ≤ deg λ with
λ ̸= (0, 0). By Theorem 7.3, for any 0 ≤ i ≤ q, we have

(7.3.1) Hi(Aut(Fn), Vλ∗) = 0
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for sufficiently large n. We will prove by induction on i that for any 0 ≤ i ≤ q, we
have

Hi(IAn, Vλ∗)GL(n,Z) = 0

for sufficiently large n. For i = 0, we have H0(IAn, Vλ∗)GL(n,Z) = V
GL(n,Z)
λ∗ = 0.

Suppose that for any k ≤ i − 1, we have Hk(IAn, Vλ∗)GL(n,Z) = 0 for sufficiently
large n. Then by the assumption (SFi) and by Proposition 3.5, for any j ≤ i + 1,

we have Ej,k2 = Hj(GL(n,Z), Hk(IAn, Vλ∗)) = 0 for sufficiently large n. Therefore,

by (7.3.1), we have Hi(IAn, Vλ∗)GL(n,Z) = 0, which implies that Vλ is not included
in Hq(IAn,Q). □

8. Stable rational cohomology of IOn

In this section, we study the stable rational cohomology of IOn as in the case of
IAn.

8.1. GL(n,Z)-invariant part of H∗(IOn,Q). We make the following conjecture
about the GL(n,Z)-invariant part of H∗(IOn,Q).

Conjecture 8.1. We stably have an isomorphism of graded algebras

H∗(IOn,Q)GL(n,Z) ∼= Q[z1, z2, . . .], deg zi = 4i.

We will prove Conjecture 8.1 by assuming the following conjecture, which is
analogous to Conjecture 6.3.

Conjecture 8.2. For each i ≥ 0, the following hypothesis (SF′
i) holds.

(SF′
i) {Hi(IOn,Q)}n is a stable family of GL(n,Z)-representations.

It is known that (SF′
i) holds for i = 0, 1 [28].

Remark 8.3. Similarly to the case of IAn, we can replace the assumption in Theo-
rems 8.4 and 8.11, i.e. Conjecture 8.2, by the weaker assumption that {Hi(IOn,Q)}n
is a stably algebraic family.

Theorem 8.4. Conjecture 8.2 implies Conjecture 8.1.

Proof. We have an exact sequence

1→ IOn → Out(Fn)→ GL(n,Z)→ 1

and by Galatius [14], we have Hi(Out(Fn),Q) = 0 for n sufficiently large with
respect to i. Therefore, the proof is similar to that of Proposition 6.7. □

8.2. Conjectural stable structure of H∗(IOn,Q). The whole structure of the
stable rational cohomology of IOn has not been determined in degree ≥ 2. We
propose a conjectural stable structure of H∗(IOn,Q) as in the case of IAn.

We have the restriction of the cup product maps

ω′
n,i :

⊕
j+k=i

Hj
A(IOn,Q)⊗Hk(IOn,Q)GL(n,Z) → Hi(IOn,Q),
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which form a graded algebra map

ω′
n : H∗

A(IOn,Q)⊗H∗(IOn,Q)GL(n,Z) → H∗(IOn,Q).

The map ω′
n,i is an isomorphism in degree i = 0, 1.

Conjecture 8.5. The graded algebra map ω′
n is a stable isomorphism.

The second-named author [27] also defined the traceless part WO
∗ of the graded

symmetric algebra S∗(UO∗ ) of the graded GL(n,Q)-representation UO∗ =
⊕

i≥1 U
O
i ,

where UOi = Ui for i ≥ 2 and UO1 = U1/H ∼= V12,1, and proposed a conjectural

structure of the stable Albanese homology HA
∗ (IOn,Q).

Conjecture 8.6 ([27]). Let i ≥ 0. We have a GL(n,Q)-isomorphism

HA
i (IOn,Q) ∼=WO

i

for sufficiently large n.

By combining Conjecture 8.6 with Conjectures 8.1 and 8.5, we obtain the fol-
lowing conjecture, which would give a complete algebraic structure of the stable
rational cohomology of IOn.

Conjecture 8.7. We stably have an isomorphism of graded algebras with GL(n,Z)-
actions

H∗(IOn,Q) ∼= (WO
∗ )∗ ⊗Q[z1, z2, . . . ], deg zi = 4i.

8.3. Twisted stable cohomology of Out(Fn). The stable cohomology of Out(Fn)
with coefficients in Hp,0 and H0,q has been determined as follows.

Theorem 8.8 (Randal-Williams [47]). We have

Hi(Out(Fn), (H
∗
Z)

⊗q) = 0 for 2i ≤ n− q − 3,

Hi(Out(Fn), H
⊗q) = 0 for 2i ≤ n− q − 3, i ̸= q,

and for n ≥ 4q + 3, Hq(Out(Fn), H
⊗q) ⊗ sgnSq

is the permutation module on the

set of partitions of {1, . . . , q} having no parts of size 1.

Here we make the following conjecture about the relation between the twisted
stable cohomology of Out(Fn) and the stable Albanese cohomology of Out(Fn),
which is an analogue of Conjecture 7.2.

Conjecture 8.9. Let V be an algebraic GL(n,Q)-representation. We stably have
an isomorphism of graded algebras

H∗(Out(Fn), V ) ∼= H∗
A(IOn, V )GL(n,Z).

Conjectures 8.9 and 8.6 imply the following.

Conjecture 8.10. Let i ≥ 0 and let λ be a bipartition such that i ̸= deg λ. Then
we have

Hi(Out(Fn), Vλ) = 0

for sufficiently large n.

We obtain the following proposition which is analogous to Theorem 7.6.

Theorem 8.11. Conjectures 8.2, 8.9 and 8.10 imply Conjecture 8.5.
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8.4. Relation between H∗(IOn,Q) and H∗(IAn,Q). Here we study the relation
between H∗(IOn,Q) and H∗(IAn,Q).

Let n ≥ 2. The projection p : IAn ↠ IOn induces a morphism of graded
algebras with GL(n,Z)-actions p∗ : H∗(IOn,Q) → H∗(IAn,Q). The morphism of
graded GL(n,Z)-representationsH∗(IAn,Q)→ H∗(Fn,Q) induced by the inclusion
Fn ↪→ IAn has a splitting

t : H∗(Fn,Q)→ H∗(IAn,Q)

since H∗(Fn,Q) = Q[0] ⊕ H∗[1] and H1(IAn,Q) ∼= (U/H)∗ ⊕ H∗ = V1,12 ⊕ V0,1.
Define a morphism of graded GL(n,Z)-representations

ψ : H∗(IOn,Q)⊗H∗(Fn,Q)→ H∗(IAn,Q)

by ψ(u⊗ v) = p∗(u) ∪ t(v).

Proposition 8.12. Let n ≥ 2. We have an isomorphism of graded GL(n,Z)-
representations

grH∗(IAn,Q) ∼= H∗(IOn,Q)⊗H∗(Fn,Q)

where the left hand side denotes the associated graded of H∗(IAn,Q) with respect
to a filtration (of length 2) of the GL(n,Z)-representation H∗(IAn,Q).

Proof. Consider the Hochschild–Serre spectral sequence

Ep,q2 = Hp(IOn, H
q(Fn,Q))⇒ Hp+q(IAn,Q)

for the short exact sequence 1 → Fn → IAn → IOn → 1. Since IOn acts trivially
on H∗(Fn,Q) we have

Ep,q2 = Hp(IOn,Q)⊗Hq(Fn,Q).

For q > 1, we have Ep,q2 = 0 since Hq(Fn,Q) = 0. We have d0,12 = 0 : E0,1
2 =

H1(Fn,Q)→ E2,0
2 = H2(IOn,Q) since otherwise it would follow thatH1(IAn,Q) ∼=

E1,0
2 = H1(IOn,Q). By multiplicativity of the spectral sequence, we see that

d∗,∗2 = 0. Hence E∞ = E2. Therefore the result follows. □

Conjectures 6.3 and 8.2 and Proposition 8.12 imply the following conjecture.

Conjecture 8.13. The map ψ is a stable isomorphism of graded algebraic GL(n,Z)-
representations.

Note that for n ≥ 2, we have an isomorphism of graded algebraic GL(n,Z)-
representations

ψA : H∗
A(IOn,Q)⊗H∗

A(Fn,Q)
∼=−→ H∗

A(IAn,Q)

[27, Proposition 9.8]. The projection p : IAn ↠ IOn induces a morphism of graded

algebras p∗ : H∗(IOn,Q)GL(n,Z) ∼=−→ H∗(IAn,Q)GL(n,Z). Then we have the following
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commutative diagram

H∗
A(IOn,Q)⊗H∗

A(Fn,Q)⊗Q[y1, y2, . . .]
ψA

∼=
//

id⊗ id⊗φ
��

H∗
A(IAn,Q)⊗Q[y1, y2, . . .]

id⊗ϕ
��

H∗
A(IOn,Q)⊗H∗

A(Fn,Q)⊗H∗(IOn,Q)GL(n,Z) ψA⊗p∗//

ω′
n⊗id

��

H∗
A(IAn,Q)⊗H∗(IAn,Q)GL(n,Z)

ωn

��
H∗(IOn,Q)⊗H∗(Fn,Q)

ψ // H∗(IAn,Q),

where ϕ (resp. φ) is the canonical map that sends yi to yi ∈ H4i(IAn,Q)GL(n,Z)

(resp. yi ∈ H4i(IOn,Q)GL(n,Z)). Note that we have conjectured that the vertical
maps are all stable isomorphisms (see Proposition 6.7, Theorem 8.4 and Conjectures
7.4 and 8.5). By Conjecture 8.13 and the fact that ψA is an isomorphism, it is
natural to make the following conjecture as well.

Conjecture 8.14. The morphisms p∗ : Hi(IOn,Q)GL(n,Z) → Hi(IAn,Q)GL(n,Z)

are isomorphisms for n sufficiently large with respect to i.

Question 8.15. For coefficients in Z, are the morphisms p∗ : Hi(IOn,Z)GL(n,Z) →
Hi(IAn,Z)GL(n,Z) always isomorphisms?

9. Conjectures about the stable cohomology of the Torelli groups

In this section, we discuss some conjectures about the stable rational cohomology
of the Torelli groups and the relation to the stable rational cohomology of the IA-
automorphism groups of free groups.

9.1. Stable cohomology of the mapping class groups and the symplectic
groups. Let Σg (resp. Σg,1) denote a compact oriented surface of genus g (resp.
with one boundary component). Let Mg (resp. Mg,1) denote the mapping class
group of Σg (resp. Σg,1). Let Ig (resp. Ig,1) denote the Torelli group, which is
defined as the kernel of the canonical surjective homomorphism from Mg (resp.
Mg,1) to the symplectic group Sp(2g,Z). Then we have exact sequences

1→ Ig →Mg → Sp(2g,Z)→ 1, 1→ Ig,1 →Mg,1 → Sp(2g,Z)→ 1.(9.1.1)

Then Sp(2g,Z) acts on the cohomology of the Torelli groups. See e.g. [43] for more
precise definitions.

Madsen and Weiss [38] proved the Mumford conjecture [45], which determines
the stable rational cohomology of the mapping class groups.

Theorem 9.1 (Madsen–Weiss [38]). We stably have an algebra isomorphism

H∗(Mg,Q) ∼= H∗(Mg,1,Q) ∼= Q[e1, e2, . . .],

where ei is the Mumford–Morita–Miller class of degree 2i [45, 41, 40].

Borel’s stability and vanishing theorem can also be applied to Sp(2g,Z). In the
case of Sp(2g,Z), the stable range given by Li and Sun [35] is equal to Borel’s stable
range that Borel remarked in [3], which was computed by Tshishiku [52].
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Theorem 9.2 (Borel [2, 3], Li–Sun [35], Tshishiku [52]). (1) We have an algebra
isomorphism

H∗(Sp(2g,Z),Q) ∼= Q[u1, u2, . . .], deg ui = 4i− 2

in ∗ ≤ g − 1.

(2) Let V be an algebraic Sp(2g,Q)-representation such that V Sp(2g,Q) = 0. Then
we have

Hp(Sp(2g,Z), V ) = 0 for p ≤ g − 1.

Here we recall some relations between the stable rational cohomology of Sp(2g,Z)
and that ofMg described in the introduction of Morita’s paper [42]. The surjective
map p :Mg → Sp(2g,Z) induces an injective map

p∗ : lim←−
g

H∗(Sp(2g,Z),Q) ↪→ lim←−
g

H∗(Mg,Q).(9.1.2)

The image of lim←−gH
∗(Sp(2g,Z),Q) under p∗ is Q[e1, e3, . . .]. For i ≥ 1 and g suffi-

ciently large with respect to i, let e′2i−1 ∈ H4i−2(Sp(2g,Z),Q) denote the element
such that p∗(e′2i−1) = e2i−1.

9.2. Sp(2g,Z)-invariant part of the stable rational cohomology of the Torelli
groups. Kawazumi and Morita made the following conjecture about a stable struc-
ture of the Sp(2g,Z)-invariant part of the stable rational cohomology of Ig [29,
Conjecture 13.8] (see also [43, Conjecture 3.4]).

Conjecture 9.3 (Kawazumi–Morita [29]). We stably have

H∗(Ig,Q)Sp(2g,Z) ∼= Q[e2, e4, . . . ],

where e2i ∈ H4i(Ig,Q)Sp(2g,Z) is the image of e2i under the map induced by the
inclusion Ig ↪→Mg.

It is natural to make the following conjecture, which is a variant of Conjecture
9.3.

Conjecture 9.4. The Sp(2g,Z)-invariant part of the rational cohomology of Ig,1
stabilizes, that is, for each i ≥ 0, there is an integer N ≥ 0 such that for all g ≥ N
the inclusion map Ig,1 ↪→ Ig+1,1 induces an isomorphism

Hi(Ig+1,1,Q)Sp(2g+2,Z) ∼=→ Hi(Ig,1,Q)Sp(2g,Z).

Moreover, we stably have an algebra isomorphism

H∗(Ig,1,Q)Sp(2g,Z) ∼= Q[e2, e4, . . . ],

where e2i ∈ H4i(Ig,1,Q)Sp(2g,Z) is the image of e2i under the map induced by the
inclusion Ig,1 ↪→Mg,1.

For the second cohomology, we have the following Torelli group version of Corol-
lary 4.7. This result in some stable range has probably been known to some experts
regarding Conjecture 9.3, but we include it here because we could not find such a
result in the literature.

Proposition 9.5. For g ≥ 4, we have

H2(Ig,1,Q)Sp(2g,Z) = H2(Ig,Q)Sp(2g,Z) = 0.
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Proof. Associated to the exact sequences (9.1.1), we have the Hochschild–Serre
spectral sequences

Ep,q2 = Hp(Sp(2g,Z), Hq(Ig,Q))⇒ Hp+q(Mg,Q),

Ep,q2 = Hp(Sp(2g,Z), Hq(Ig,1,Q))⇒ Hp+q(Mg,1,Q),

respectively. Since we have E2,0
2 = Q, E1,1

2 = E3,0
2 = E2,1

2 = 0 by Theorem 9.2, we

have E0,2
2 = 0 by Theorem 9.1. The stable range of the cohomology of Mg and

Mg,1 are given by Harer [20] (see also [12, Theorem 5.8]) and the stable range of
the cohomology of Sp(2g,Z) is given by Tshishiku [52] (see Theorem 9.2). □

Similarly to Definition 3.4 for GL(n,Z)-representations, we make the following
definition.

Definition 9.6. By a stable family of Sp(2g,Z)-representations, we mean a family
W∗ = {Wg}g≥0 of Sp(2g,Z)-representations Wg such that there are finitely many
partitions λi (possibly with repetitions) such that, for sufficiently large g, we have
an Sp(2g,Z)-module isomorphism

Wg
∼=
⊕
i

V Sp
λi

(g),

where for a partition λ (with l(λ) ≤ g), V Sp
λ (g) denotes the irreducible Sp(2g,Z)-

representation corresponding to λ.

The following conjecture would follow from [6, Conjectures 6.1, 6.6 and 6.7], and
is analogous to Conjecture 6.3.

Conjecture 9.7 (Church–Farb [6]). For each i ≥ 0, the following hypothesis (SFI
i )

holds.

(SFI
i ) {Hi(Ig,1,Q)}g is a stable family of Sp(2g,Z)-representations.

We have (SFI
i ) for i = 0, 1. The cases i ≥ 2 are not known.

We will prove the following theorem which is analogous to Theorem 6.4. Morita
[43] gave a related argument.

Theorem 9.8. Conjecture 9.7 implies Conjecture 9.4. Similarly, the variant of
Conjecture 9.7 for {Hi(Ig,Q)}g implies Conjecture 9.3.

Proof. We consider only the case of Ig,1; the case of Ig can be proved in the same
way.

We have the Hochschild–Serre spectral sequence

Ep,q2 (g) = Hp(Sp(2g,Z), Hq(Ig,1,Q))⇒ Hp+q(Mg,1,Q)

associated to the exact sequence (9.1.1).

The map induced by the inclusion Ig,1 ↪→ Mg,1 can be decomposed into the
following maps

ϕ : H4j(Mg,1,Q) ↠ E0,4j
∞ (g) ↪→ E0,4j

2 (g) = H4j(Ig,1,Q)Sp(2g,Z).

Let e′2i = ϕ(e2i) ∈ H4j(Ig,1,Q)Sp(2g,Z).
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Let Q[ẽ1, ẽ2, . . .] be a bigraded polynomial algebra, where deg ẽ2i−1 = (4i− 2, 0)
and deg ẽ2i = (0, 4i) for each i ≥ 1. Consider the following hypothesis

(Pm,n) There is gm,n ≥ 0 such that for all g ≥ gm,n, the algebra map

fm,n : Q[ẽ1, ẽ3, . . . , ẽ2[m+2
4 ]−1, ẽ2, ẽ4, . . . , ẽ2[n4 ]]→ E∗,∗

2 (g)

which maps each ẽi to e
′
i, is an isomorphism in bidegree (p, q) with 0 ≤ p ≤

m, 0 ≤ q ≤ n, and we have isomorphisms

Ep,q2 (g) ∼= Ep,q∞ (g)

for any 0 ≤ p ≤ m, 0 ≤ q ≤ n.

Note that we have Ep,q2 (g) ∼= Ep,q∞ (g) if and only if the differentials to and from
Ep,qr are zero for all r ≥ 2.

We have (Pm,0) for any m ≥ 0 since we have p∗(e′2i−1) = e2i−1 for any i ≥ 1 and
we have lim←−g p

∗(H∗(Sp(2g,Z),Q)) = Q[e1, e3, . . .], where p
∗ is the injective map in

(9.1.2) withMg replaced byMg,1.

We prove (P0,n) by induction on n. For n = 0, we have already seen that (P0,0)
holds. Let n ≥ 0 and suppose that (P0,n) holds. We will first show that (Pm,n)
holds for any m ≥ 0. Let 0 ≤ p ≤ m, 0 ≤ q ≤ n and g sufficiently large with respect
to m and n. By the assumption (SFI

q ) and Theorem 9.2, we have

Ep,q2 (g) ∼= Ep,02 (g)⊗ E0,q
2 (g),

and thus fm,n in bidegree (p, q) can be identified with fm,0⊗f0,n : Q[ẽ1, ẽ3, . . . ]
p,0⊗

Q[ẽ2, ẽ4, . . . ]
0,q → Ep,02 (g) ⊗ E0,q

2 (g), which is an isomorphism by the hypotheses
(Pm,0) and (P0,n). Moreover, by (Pm,0) and (P0,n), we have

Ep,q2 (g) ∼= Ep,02 (g)⊗ E0,q
2 (g) ∼= Ep,0∞ (g)⊗ E0,q

∞ (g).

By the definition of the Hochschild–Serre spectral sequence, Ep,q∞ (g) is a subquo-
tient of Ep,q2 (g). Since lim←−gH

∗(Mg,1,Q) has no relation for the generators ei by

Theorem 9.1, and since the multiplication map of E∗,∗
∞ (g) is compatible with the

multiplication map of H∗(Mg,1,Q), it follows that if g is large enough, then the bi-
graded algebra E∗,∗

∞ (g) has no relation in bidegree (p, q) with 0 ≤ p ≤ m, 0 ≤ q ≤ n,
and thus we have Ep,q∞ (g) ∼= Ep,q2 (g). Therefore, (Pm,n) holds.

We will next show that (P0,n+1) holds. Since the Hochschild–Serre spectral
sequence is first-quadrant, the differentials to E0,n+1

r (g) are zero. The differentials

from E0,n+1
r (g) are also zero since (Pn+2,n) holds. Therefore, we have E0,n+1

2 (g) ∼=
E0,n+1

∞ (g). By the hypothesis (Pn+2,n), we have E
p,q
∞ (g) ∼= Q[ẽ1, ẽ2, . . .]

p,q for p+q =
n+1, 1 ≤ p ≤ n+1. By the argument in the above paragraph, E0,n+1

∞ (g) includes
Q[e′2, . . . , e

′
2[n4 ]]

0,n+1. Therefore, by using Theorem 9.1, we have

dimE0,n+1
2 (g)− dimQ[e′2, . . . , e

′
2[n4 ]]

0,n+1 =

{
1 (n+ 1 ≡ 0 (mod 4))

0 (otherwise).

Since E0,n+1
2 (g) ∼= E0,n+1

∞ (g), the map ϕ : Hn+1(Mg,1,Q)→ Hn+1(Ig,1,Q)Sp(2g,Z)

is surjective. Therefore, by dimension counting, we have e′n+1
2

̸= 0 if n + 1 ≡ 0

(mod 4) and thus the algebra map f0,n+1 is an isomorphism in bidegree (0, q) for
q ≤ n+ 1. This implies (P0,n+1).
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We now have (P0,n) for all n ≥ 0. Thus we stably have an algebra isomorphism

H∗(Ig,1,Q)Sp(2g,Z) ∼= Q[e′2, e
′
4, . . . ].

□

Remark 9.9. Similarly to the case of IAn, we can replace the assumption, Conjecture
9.7, with a weaker assumption that {Hp(Ig,1,Q)}g is a stably algebraic family of
Sp(2g,Z)-representations.

The Dehn–Nielsen–Baer embedding maps the mapping class group Mg,1 into
Aut(F2g) and restricts to an embedding ig,1 : Ig,1 → IA2g. Then Conjectures 6.1
and 9.4 imply the following conjecture.

Conjecture 9.10. The graded algebra homomorphism

i∗g,1 : H∗(IA2g,Q)GL(2g,Z) → H∗(Ig,1,Q)Sp(2g,Z)

induced by ig,1 is a stable isomorphism.

Remark 9.11. In Section 6.4, we defined yk ∈ H4k(IA2g,Q), which is expected to
be a nonzero scalar multiple of Tβ0

2k+1 ∈ H4k(IA2g,R). Morita, Sakasai and Suzuki

[44] proved that i∗g,1(Tβ
0
2k+1) is a nonzero scalar multiple of e2i ∈ H4i(Ig,1,Q)Sp(2g,Z).

Therefore, Conjecture 9.10 may follow from Proposition 6.7 and Conjecture 9.4.

9.3. The stable rational cohomology of the Torelli groups. Here we make
a conjecture about the relation between the stable rational cohomology and the
stable Albanese cohomology of the Torelli groups Ig and Ig,1.

The stable Albanese cohomology of the Torelli groups of degree ≤ 3 has been
determined by Johnson [24], Hain [18], Sakasai [48] and Kupers–Randal-Williams
[33]. Lindell [36] detected subquotient Sp(2g,Z)-representations of the higher de-
gree stable Albanese cohomology of the Torelli groups.

By [19, 34] it follows that the stable Albanese cohomology of the Torelli groups
is a quotient of the cohomology of the associated graded Lie algebra of the Torelli
groups with respect to the lower central series. The latter cohomology has been
studied by Hain [18], Garoufalidis–Getzler [15] and Kupers–Randal-Williams [34].

Recently, the second-named author [27] proposed conjectural structures of the
stable Albanese cohomology of the Torelli groups in a way similar to the Albanese
cohomology of IAn, which is true in degree ≤ 3 by [18, 48, 33]. In particular, she
made the following conjecture about the Sp(2g,Z)-invariant part.

Conjecture 9.12 ([27]). We stably have isomorphisms of graded algebras

H∗
A(Ig,Q)Sp(2g,Z) ∼= H∗

A(Ig,1,Q)Sp(2g,Z) ∼= Q[z1, z2, . . . ],

where deg zi = 4i.

By the definition of the Albanese cohomology, we have inclusion maps

ιig : H
i
A(Ig,Q) ↪→ Hi(Ig,Q), ιig,1 : Hi

A(Ig,1,Q) ↪→ Hi(Ig,1,Q),

which form graded algebra maps

ιg : H
∗
A(Ig,Q) ↪→ H∗(Ig,Q), ιg,1 : H∗

A(Ig,1,Q) ↪→ H∗(Ig,1,Q).
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The maps ιig and ιig,1 are isomorphisms in degree i = 0, 1. It seems natural to
make the following conjecture, which says that the rational cohomology and the
Albanese cohomology of the Torelli groups stably coincide.

Conjecture 9.13. The graded algebra maps ιg and ιg,1 are stable isomorphisms.
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