Linear relations among algebraic points on tensor powers of the Carlitz
module
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ABSTRACT. In the present paper, we study linear equations on tensor powers of the Carlitz
module using the theory of Anderson dual t-motives and a detailed analysis of a specific
Frobenius difference equation. As an application, we derive some explicit sufficient con-
ditions for the linear independence of Carlitz polylogarithms at algebraic points in both
oo-adic and v-adic settings.
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1. INTRODUCTION

1.1. Motivation and the main result. Let G,, be the multiplicative group and let
ar,...,ap € G, (Q) = Q . Then they are called multiplicatively dependent if there exist
integers nq,...,ny, not all zero, such that

aytea)t = 1
It is natural to ask how to decide if they are multiplicatively dependent. Moreover, let
R:={(ny,...,ne) €Z' | a}*+a}’ =1} c Z°.
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Can one find a set of generators of R as a Z-module and estimate its size? The estimations
in this direction were first established by Baker using his celebrated theory of linear forms
in logarithms. Another approach is due to Masser, using the geometry of numbers. More
precisely, let K be a number field containing «,...,a,. We identify G,,(K) with P1(K)
minus two points (1 : 0) and (0 : 1) by identifying x with (1 : ). Then we can employ
the usual logarithmic height function on P'(K). For x = (x1,...,x,) € Z¢, the size of x is
defined by [x| := max{_ {|z;|}. It was shown in [Mas88, Theorem G,,, p. 253| that there is
a set m of generators for R so that the size |m| is bounded by an explicit quantity which
involves the number of algebraic points, the heights of these points, and the cardinality of
the roots of unity in K. The main result in the present paper is to study an analogue of
the multiplicative dependence question for the Carlitz module and its higher dimensional
generalizations.

Let F, be the finite field with ¢ elements, for ¢ a power of a prime number p. Let ¢,0, X
be independent variables. Let A := F,[6] be the polynomial ring and k := F,(#) be its
field of fractions. Let |-|. be the normalized non-archimedean absolute value on k so that
|f/9loo := qlege()=dego(9) for f g e A with g # 0. We denote by k. the completion of k with
respect to |- |e. We further set C,, to be the completion of a fixed algebraic closure ko of
ko and we fix k to be the algebraic closure of k inside Co,. For a commutative algebra R
containing A, we set R[7] to be the twisted polynomial ring subject to the relation 7o = a97
for e R. Note that R[7] can be realized as the F -linear endomorphism ring on R.

The Carlitz module is a pair C := (G,,[:]), where ([-] := a ~ [a]) : F,[t] - k[7] is an
[F,-algebra homomorphism uniquely determined by [¢] := 8 + 7. We can associate an F,-
linear power series exps(X) € k[X] satisfying exps(X) = X (mod X9) and expg(a(8)X) =
[a](expe(X)) for all a e F,[t]. In addition, expc(X) induces an entire, surjective, F -linear
map on C,. Furthermore, the following short exact sequences of F,[t]-modules commute
for any a € Fy[t]

0 s A s Co, 2229 5 0
(1.1) l“(") l‘l“’) l[‘”
0 s A s Co, 229 5 0

where Ag = Ker(expg) = A7 and 7 = 0(=0)Y (@D 12 (1 - 61-4)1 ¢ Cx for some fixed
(¢ — 1)th root of —6. Note that (1.1) could be regarded as an analogue of the analytic
uniformization of the complex multiplicative group G,,,. Let n € Z.y. The n-th tensor power
of the Carlitz module, which is a higher dimensional generalization of the Carlitz module,
is the pair €O = (G2, [],), where ([, := a > [al) : Fy[t] - Mat, (K[]) is an F-algebra
homomorphism uniquely determined by

[t], := j:: | € Mat, (K[]).

T 0
Note that C®! is simply the Carlitz module.
We denote by C®*(k) = Gj(k) the k-valued points on the additive group equipped with
the F,[t]-module structure arising from [-],. Given Pi,..., P, € C®*(k), we say that they
are linearly dependent over F,[t] if there exist ay,...,ap € F,[t], not all zero, such that

[al]npl + -+ [a,g]npg =0.
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With the analogy between the complex multiplicative group G,, and the Carlitz module C,
one can ask an analogue of the multiplicative dependence problem, that is, how to determine
whether these points are linearly dependent over F,[¢] or not. Moreover, let

G={(a1,...,ar) e F [t]" | [a1]n Py + - [ac]nPr = 0} c F[t]".

One can also ask if we can find a set of generators of G over F,[t] and estimate its size. We

give an affirmative answer as follows. Let L c k be a finite extension of k, and for a divisor
D e div(L) we set

L(D)={feL*|div(f)+D>0}u{0}.

For m := (myq,...,my) € F,[t]¢, we define deg,(m) := max’_, {deg,(m;)}.

Theorem 1.1. Let L c k be a finite extension of k and n € Zyy. Let C® = (G",[-],)
be the n-th tensor power of the Carlitz module and Pi,..., P, € C®(L) be distinct non-
zero L-valued points. Then there exists an explicitly constructed divisor D € div(L) and
{mi,...,m,} c G with bounded degree deg,(m;) < n(dimg, L(D)+{) such that rankg, G = v
and G = Spang, {my,...,m,}.

We mention that Denis considered this type of linear dependence problem for a family
of t-modules including tensor powers of the Carlitz module. He established an analogue
of Masser’s result [Den92a, Appendix 2| using his theory of canonical height introduced
in [Den92b|. In the present paper, we adopt a different method and obtain a new upper
bound to this problem. Unlike Denis’ upper bound which is given by the analytic invariant
from the canonical height, the upper bound established in the present paper only includes
the algebraic terms such as the dimension of the Riemann-Roch space £(D) over F,. Our
approach involves the theory of Anderson’s dual ¢t-motives and the analysis of Frobenius
difference equations. The techniques used here are rooted in [Chal6, KL16] for the study of
characteristic p multiple zeta values, and in [Che23b, Ho20| to the study of linear relations
among algebraic points on Drinfeld modules. In addition, our strategy could be used to
show that the rank of the F,[¢]-module C®*(L) is countably infinite (see Theorem 3.4). This
gives an alternative proof of a part of [Kua23, Cor.3.6.1|, where Kuan’s method is based on
a generalization of Poonen’s work [Poo95| on local height function of certain t-modules.

1.2. Carlitz polylogarithms at algebraic points. By virtue of Anderson-Thakur [AT90],
it is known that the special values of Carlitz polylogarithm (CPL), and v-adic CPL (v is a
finite place in k) are interpreted by some algebraic points of C®*(k). Then, by giving a slight
generalization of this interpretation (see Proposition 4.1), we can apply our techniques of
proving Theorem 1.1 to obtain sufficient conditions of linear/algebraic independence among
the special values of CPLs, and v-adic CPLs, as below.

We set Lo:=1and L; := (0 - 07)--(0 —69") € A for each i > 1. For n € Z,q, the n-th CPL
was defined by Anderson and Thakur [AT90] as follows:

. 24

(1.2) Li,(2) := QZOL? € k[z].
Note that CPLs can be viewed as an analogue of classical polylogarithms in positive char-
acteristic. The n-th CPL converges at zp € Coo with |2o|e < [0/, Tt is known due to
Anderson and Thakur [AT90] that the n-th CPL appears as the last entry of a logarithm of
C®n at a specific point whenever it is defined (see Section 4.1 for related details).
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Let Lo :=1 and L; := (t — 09)---(t = 69') € A[t] for each i > 1. For n € Z, and f € Co[t], we
define
£
(1.3) Len(t)=) € Coo[t],
i>0 1
where £() € C..[¢] is the i-th Frobenius twisting defined in (2.1). If f = fo + fit + - + f,,t" €
Co[t] with f; € Cq for each 0 < i <m, we set |f] := maxocicm{|filo}- By [CYOT7], it is known

that L¢,, converges at t = § whenever |f| < |6|Z§/(q‘1)

I£] = [20] < |9|Zf/(q_1), we have

. In particular, when f = z5 € C,, with

Ezo,n|t:9 = Lln(ZO)
Thus, L., , can be regarded as a deformation series of Li,(z9). This suggests that L, (6)

can be constructed as a CPL at f € Co,[t] with || £] < |6|22/(™V.

Let L c k be a finite extension of k. We set M}, to be the set of places of L. For w € My and
f=fo+ fit +-+ fiut™, we define ord, (f) := min}",{ord, (f;)}. By using the study of linear
equations on tensor powers of the Carlitz module, we get a sufficient condition for linear
independence among algebraic points of tensor powers of the Carlitz module. This result is
stated as Theorem 3.4. We can relate the algebraic points to the special values of CPLs by
Proposition 4.1. Then, by applying Yu’s transcendence result [Yu91, Thm. 2.3|, we can show
that if algebraic points of tensor powers of the Carlitz module are F,[¢]-linearly independent,
the related special values of CPLs are k-linearly independent (see Lemma 4.4). Combining
Theorem 3.4, Lemma 4.4 and the transcendence result by Chang [Chal4, Thm. 5.4.3|, we
obtain the following explicit sufficient condition for the special values of CPLs being linearly
independent.

Theorem 1.2. Let L c k be a finite extension of k. Let n € Zyy and f; = p([f] +p£i](t— 0)+--+
p,[ﬁl(t —0) 1 e L[t] with pg.z] €L and |f| < |9|Zf/(q_1) for1<i</l and 0<j<n-1. Suppose
that

(1) fi,.... £ are linearly independent over F[t],

(2) ord,,(f)) >0 forall1<i<{, if we My and w | oo,

(3) ord,(f)>1-q for all1<i<{, if we My and w 4 oo.
Then

dimg Spang{L¢, »(0),..., Len(0)} =L

Moreover, if ||f;]| < |6’|%(q_1) for each 1 <i < /¥, then
dimy Spanc{1, L5, 1(60), ..., L5, 1(0), ., Lein(8), -, Lo n(0)} =l + 1.

It is worth mentioning that in the special case f; = a; € L, condition (1) in Theorem 1.2 is
equivalent to saying aq, ..., o are linearly independent over I, since L and FF,[¢] are linearly
disjoint over F,. As an application of [Mis17, Thm. 4.2] (cf. [CY07, Thm. 4.5] and [Pap08,
Thm. 6.4.2]), Theorem 1.2 implies the following algebraic independence result immediately.

Corollary 1.3. Let L c k be a finite extension of k. Let ny,...,ng be d distinct positive
integers, and let fy,... £, € L[t] with ||f;] < |«9|qu/(q_l) for each 1 <i <l and 1< j <d.
Suppose that n; is not divisible by q—1 for each 1 < j <d, n;[n; is not an integer power of p
for each i # j, and fy,... £, satisfy all the conditions stated in Theorem 1.2. Then

tr.degr (7, Lo (0), o+, Loymy (), o, Lorms (), Loy (6)) = dC+1.
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Let €1,...,€ € Fy be distinct elements. For each 1 <4 < ¢, consider v; to be a fixed
(¢ — 1)-th root of ¢;. Then Yeo proved in [Yeo22, Lem. 4.23] that for any fixed n € Zs
and uq,...,up € A, the set of ¢ values {Li,(e1uq),...,Li,(eue)} is a k-linearly independent

set. Due to the condition (2) stated in Theorem 1.2, if we set L = K(ey,...,€), then one
sees easily that ord,(eu;) < 0 for any u; € A with 1 < ¢ < ¢, and w € My with w | co.
Thus, Theorem 1.2 does not include his result. However, the sufficient conditions stated in
Theorem 1.2 can be applied to any finite extension of k, rather than just the constant field
extension K (€, ...,€).

In fact, we also have a parallel v-adic version of Theorem 1.2 in the following sense. Let
v € M}, be a finite place and p, € A be the monic irreducible polynomial in A corresponding
to v. We define the normalized v-adic absolute value on k by setting |p,|, = (1/q)dege().
Consider the completion k, of k with respect to |-|,. Let C, be the v-adic completion of
an algebraic closure of k,. Throughout this article, we fix an embedding ¢, : k = C,. Note
that CPLs converge at zg € C, with |z, < 1 if we regard (1.2) as v-adic analytic functions
on C, via the embedding ¢,. Inspired by the work of Anderson and Thakur [AT90|, Chang
and Mishiba proposed a way to enlarge the defining domain of v-adic CPLs in [CM19] so
that v-adic CPLs are defined at z € C, with |z], <1 (see Section 4.2 for more details). In
this case, we denote by Li,(29), its value in C,. Due to the lack of Chang’s result [Chal4,
Thm. 5.4.3] in the v-adic setting, we only have the following v-adic analogue of Theorem 1.2.

Theorem 1.4. Let Lck be a finite extension of k. Let n € Zsg and a; € L with |oy|, <1 for
1<i <. Suppose that

(1) au,...,ap are linearly independent over F,,
(2) ordy(c;) >0 for all1<i< ¥, if we My, and w | oo,
(3) ordy () >1—=q forall1<i <, if we My, and w + oo.

Then
dimy, Span, {Li, (1), - ., Liy(ap), } = £.
We end up this subsection with the following few remarks. As an analogue of the classical

multiple polylogarithms, for s = (s1,...,5,) € (Zs9)", Chang introduced the s-th Carlitz
multiple polylogarithm (CMPL) in [Chal4]|, which is defined as follows:

JR A
(1.4) Lis(z1,--2) = ) Zs—er ekla, o],
i1>>020 Mg TG,

Linear relations among CMPLs at algebraic points have been studied in [Chal4, CPY19,
CH21, CCM23, IKLNDP22|. But none of them gives explicit sufficient conditions on alge-
braic points so that the special values of CMPLs with fixed s at these points are linearly
independent over k. It is natural to ask whether we have generalizations of Theorem 1.2 for
CMPLs at algebraic points. We hope to tackle this problem in the near future.

At the time of writing this paper, there have been some developments concerning similar
topics about linear relations among CPLs at algebraic points. For example, using the theory
of non-commutative factorization, an abundant family of Eulerian type relations involving
CPLs at algebraic points have been constructed explicitly in [Pel23, Thm. C]. On the other
hand, it has been shown in [GM22, Thm. A| that several linear relations and linearly inde-
pendence results about CPLs at integral points in A can be explained by the integral motivic
cohomology theory introduced in [Gaz24|. It would be interesting to compare these results
with our approaches presented in this paper.
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1.3. Organization. The organization of the present article is given as follows. In Section
2, we first follow closely the exposition in [NP21] to review the theory of ¢-modules and
Anderson dual t-motives. Then we review the essential properties of tensor powers of the
Carlitz module. In Section 3, we first establish the equivalence between the existence of
[F,[t]-linear relations among algebraic points on tensor powers of the Carlitz module and the
existence of solutions of an explicitly constructed Frobenius difference equation. Then we
give a proof of Theorem 1.1, an analogue of Masser’s result for tensor powers of the Carlitz
module. In Section 4, we recall some results related to CPLs for our later use. Then as
an application of the techniques we develop in Section 3, we prove Theorem 1.2, Corollary
1.3, and Theorem 1.4. Then we derive a concrete sufficient condition for CPLs at algebraic
points to be linearly independent over &k in both co-adic and v-adic settings.

2. PRELIMINARIES
2.1. Notation.

F, := A fixed finite field with ¢ elements, for ¢ a power of a prime number p.
oo := A fixed closed point on the projective line P1(F,).
A :=TF,[0], the regular functions of P! away from oo.
k = F,(0), the function field of P.
ks := The completion of k at the place oco.
Co := The completion of a fixed algebraic closure of k.
k := A fixed algebraic closure of k with a fixed embedding into C..
L := A finite extension of k.
M7, = The set of all places in L.
L(D) :={feL*|div(f)+D>0}u{0}, the Riemann-Roch space for a divisor D of L.

2.2. Anderson t-modules and dual z-motives. In this section, we recall the notion of
Anderson t-modules [And86] and dual t-motives [ABP04, Definition 4.4.1]. For further in-
formation on these objects, one can consult [BP20, HJ20, NP21]. For n € Z and the field of
Laurent series Coo((t)), we define the n-fold Frobenius twisting by

Coo(1) = C (1))
(2.1) fi=Yaiti o Zag"ti = f)

We denote by k[t,o] the non-commutative k[t]-algebra generated by o subject to the fol-
lowing relation:

of = Vo, feR[t]
Note that k[t,o] contains k[t], k[c], and its center is F,[t]. Now we recall the notion of
Anderson dual t-motives.

Definition 2.1 (|[ABP04, Section 4.4.1]). An Anderson dual t-motive is a left k[t, o ]-module
M such that
(i) M is a free left E[t]—module of finite rank.
(ii) M is a free left k[o]-module of finite rank.
(iii) (t-0)"M c oM for any sufficiently large integer n.
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We give the following fundamental example of Anderson dual t-motives which plays a
crucial role in our study of the tensor powers of the Carlitz module.

Example 2.2. Let n € Z.y. Then the n-th tensor power of the Carlitz motive is defined by
C®n = k[t] with the o-action given by o f = fCD(t - )™ for each f € k[t]. Note that C®" is
a dual t-motive, the set {1} forms a k[t]-basis of C®", and the set {(t—60)"1,... (t-0),1}
forms a k[c]-basis of C'®".

Let R be an F -algebra and 7 := (z ~ 2%) : R - R be the Frobenius ¢-th power operator.
We set R[7] to be the twisted polynomial ring in 7 over R subject to the relation 7o = 97
for a € R. Now we recall the notion of Anderson t-modules.

Definition 2.3 (|[And86, Section 1.1]). Let L c k be a field containing A and d € Z,,. A
d-dimensional t-module defined over L is a pair E = (GY, p) where G¢ is the d-dimensional
additive group scheme over L and p is an [F-algebra homomorphism

p:F,[t] > Maty(L[7])
a - P

such that dp; — 61, is a nilpotent matrix. Here, for a € F,[t] we define Jp, := oy whenever
Pa = Qo+ Xy T for a; € Maty(L).

Let F be a subfield of k containing L. Then we denote by E(F) the F-valued points
of the Anderson t-module E defined over L. More precisely, it is a pair (G¢(F),p) of the
F-valued points of G? and the homomorphism p defined over L. Given a d-dimensional
Anderson t-module E = (G¢,p) over L, Anderson [And86] (see [Gos96, Lem. 5.9.3] and
[NP21, Rem. 2.2.3] for related discussions) showed that there exists a unique d-variable
[F,-linear power series

2 2 27
expg| P =] [+D.Qi| ¢ | QieMaty(L)

: T
2d Zd i>1 Zg

such that, as formal power series, the following identity holds for any a € F [¢]

Pa © €XPE = €XPpg Oapa,
The power series expy is called the exponential map of E. The kernel of the exponential
map expy is called the period lattice of E and is denoted by Ag. The formal inverse of expp
is denoted by logy and is called the logarithm map of E. As a formal power series, log is
of the form

i

2 21 2]
logg| i =] |+ P i |, P eMaty(L).
Zd Zd 1>1 Zgz

Moreover, as formal power series, the following identity holds for any a € F,[¢]

log 0pa = Opa 0 logg -

In what follows, we explain how to associate a k[t,o]-module My for a given t-module
E = (Gi,p) over L. We set Mp = Matiq(k[c]). It naturally has a left k[o]-module
structure. The left k[t]-module structure of Mg is given in the following way: for each

m e Mg, we define
(2.2) tm = mp; .
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Here we define
(2.3) pr = + (ag_l))tra +oee (ag_r))tras
whenever p; = ag + Y a;7t with a; € Matg(L). It is clear that Mg is free of rank d over
k[o] and a straightforward computation shows that
(t-0)MpgcoMpg.

If My is free of finite rank over k[t], namely it defines an Anderson dual £-motive, then the
t-module F is called t-finite. In this case, we define r := rankg[t] Mg to be the rank of the
dual t-motive Mg.

We now explain how to recover a t-finite t-module E = (G4, p) from its associated Anderson
dual t-motive My = Matiq(k[c]). Let m = ¥ ;0" € Mp with o; € Maty,q(k). Then we
define

n . tr _
co(m):=af, e (m):= (Z al(z)) ek
i=0

—d — —
Note that ¢y : Mg - k is a k-linear map and ¢; : Mg - kd is an F,-linear map. We have
the following lemma due to Anderson.

Lemma 2.4 (Anderson, [HJ20, Prop. 2.5.8|, [NP21, Lem. 3.1.2]). For any a € F,[t], we have
the following commutative diagrams with exact rows:

o() 0 7

0 — Mp —— Mg > k > 0
la(.) la(.) lapa(')
0 —— Mp 2% Mp 2 7 s 0
and
0 —— Mp T29 M 2 7 > 0
la(‘) la@ lpac)
0 —— Mp T29 My 2 7 > 0.

In particular, ¢y and ¢, induce isomorphisms of k[t]-modules and F,[t]-modules respectively:
€ - ME/O'ME = Lle(E)(E), €1 ME/(O' - 1)ME = E(E)

where by Lie(E)(k) we mean the Lie algebra Lie G2(k) = 5 equipped with the F,[t]-module

structure coming from (0p:= a v Op,) : F[t] - Maty(k).

2.3. Tensor powers of the Carlitz module. In what follows, we recall the definition of
the tensor powers of the Carlitz module.

Definition 2.5. Let n € Z.y. Then the n-th tensor power of the Carlitz module is the
t-module given by the pair C®" := (G7,[-],), where [-],, is uniquely determined by

0 1

[t], = j:: | € Mat, (k[7]).

T 0
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Note that the associated k[t,o]-module is Mcen = Maty.,(k[c]) whose t-action on the
element m € Mcen is given by

0 0 - 0 1
tm =m[t]: =m( L 9 ) + . 0 o).
16 0

Let {e;}}L; be the standard k[o]-basis of Mgen. Recall from Example 2.2 that C®" = k[t] is
the k[t, o]-module with o-action given by o f = f(1)(t - 6)" for each f € k[t]. Since the set
{(t-0)"1 ..., (t-0),1} forms a k[o]-basis of C'®", for 1 <i <n, the assignment

©: Mcgen —» C®"

(24) e; (t _ Q)n—z

induces an isomorphism of k[c]-modules between Mgen and the dual t-motive C®" we
introduced in Example 2.2. In fact, it is straightforward to verify that © is an isomorphism
of k[t,o]-modules, and thus C®" is t-finite.

One can show that every element f € C®"/(c - 1)C®" admits the unique expression

f=po+p1(t=0)++p,1(t-0)""+(c-1)C®" e C®*"/(0 - 1)C®"

where p; € k for 0 <i<n—1. Then according to Lemma 2.4, the composition e; 0 ©~! defines

an isomorphism of F [¢]-modules
2.5) (0071 :C®"/(0 - 1)C®" - C®"(k)
. po+pi(t=0)+-+poa(t-60)" = (puoy, -, p0)"

An immediate consequence is the following result which gives a collection of generators of
Cen(L). It is also crucial for the later study of the relations between CPLs and the logarithm
of C®n,

Lemma 2.6. Let n € Zy. Let L c k be a finite extension of k. For each P = (pp_1,...,po)" €
Cen(L), we have

P= [ti]n(o,...,o,fi)“

i=0
where f; = Z;‘;-l D; (Z)(—@)j‘i for each 0<i<n-1. In particular, we have
C®*(L) = Spang,1{(0,...,0,a)" [ave L}.
Proof. Consider
fp = po+pr(t—0) + -+ pua(t—0)"" e L[t].
Note that fp can be expressed as
fp = fo+ fit + -+ fuat" " € L[t],

where f; = Y7} p;(?)(~0)7~" € L for each 0 <i <n—1. On the one hand, we have

(1007 (fp) = (1007") (o +pr(t =)+ +pos(t-0)" 1) = P,
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On the other hand, we have
(e1007) (fp) = (e1007Y) (fo + fit + -+ fort"™)

[t']n (e1007") (f)

— =

]

o

= [tz]n(()’aoafl)tr

1=l

.

7
L

o

Here the second equality comes from the fact that e;0©~! is F,[¢]-linear and the last equation
follows by (2.5) that (e; 0 ©~1) (f;) =(0,...,0, f;)'. The desired result now follows. O

3. LINEAR EQUATIONS ON TENSOR POWERS OF THE CARLITZ MODULE

3.1. The main results. In this section, we follow [Che23b]| closely to study the F,[¢]-linear
relations among algebraic points of tensor powers of the Carlitz module. Throughout this
section, we fix L/k to be a finite extension.

Let Py,...,P, e C®"(L). Then we may express

(3.1) Pr=pM,, . b e Mat,, (L)
We set
(3.2) ;= pid+ pl(t = 0) -+ I (e - 0)" e L[1].
Then for each ay,...,a, € F [t] we have
(3.3) (61 o @’1) (arfy + -+ apfy) = [a1]n(Py) + - + [ar]n (B).
We first give an equivalence between the existence of F,[¢]-linear relations among P, ..., P

and the existence of the solution of a specific Frobenius difference equation.

Lemma 3.1. Given Py,..., P, e C®"(L) with the expression in (3.1), let f; be defined as in
(3.2) for each 1 <i <. Then the following statements are equivalent.

(1) There exist ay,. .., a, € Fy[t] such that

(3.4) [a1]n(Py) + -+ [a¢]n(Pr) = 0.
(2) There exist ay,...,a; € F,[t] and g € L[t] such that

(3.5) gV = (t=0)"g = arfy + - + af,.

Proof. By (3.3) we know that the existence of ay,...,a, € F,[t] such that (3.4) holds is
equivzﬂent to aify +---+ aufy € (0 —1)C®". The latter statement is equivalent to the existence
of § € k[t] such that
arfy+ - +af=(o0-1)0 = (t-0)"5CD 6.

After defining g := (-1, we see that the existence of ay,...,a, € F,[t] such that (3.4) holds
is equivalent to the existence of ai,...,a, € F [t] and g € k[t] such that (3.5) holds.

Now it remains to check that if there exist ai,...,a, € F [t] and g € k[t] such that (3.5)
holds, then g is essentially in L[t]. To see this, we apply H.-J. Chen’s approach which is

also adopted in the proof of [KL16, Thm. 2|, [Chal6, Thm. 6.1.1|, and [Che23b, Lem. 3.1.1].
Let § := aify + -+ + a,f,. By comparing deg,(-) on both sides of (3.5), if deg,(g) = m, then
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deg,(§) = n +m. Now we express g = go + git + -+ + gnt™ and § = Fo + F1t + -+ + Fpaml™™
where go,...,gm €k and Fo, ..., Sn+m € L. Then (3.5) implies that

g+ git+ -+ ght™ = (go+ gut + -+ gmt™) Y. (?)(—9)"‘””'
=0

+ (30 + ;3:115 +oee+ Sn+mtn+m) .

By comparing the coefficients of t**™ of both sides, we obtain 0 = g,,, + §n+m and thus g,, € L.
Then by comparing the coefficients of tn+m-1 ¢n+m=2 47 inductively, we get the desired
result. O

Based on the previous lemma, we are able to see the connection between the F,[t]-linear
relations among Py, ..., Py and the solution space of an explicit F [¢]-linear system. Recall
that for a place w € My, and f = fo+ fit+---+ f,,t™, we have defined ord,, (f) = min},{ord,, (f;)}.

Theorem 3.2. Given Pi,..., P, € C®*(L) with the expression in (3.1), let f; be defined as
in (3.2) for each 1 <i<{ and

D:= % (-C,)-weDiv(L)

’LUEML

where
n

Cyp = g}g{ordw(ﬂ) +(n-1)ord,(t-0),| . Jord,,(t-0)}.

q pa—
Let d = dimg, L(D) and {by,...,bg} be an Fy-basis of L(D). Then for 1 <i</{ we express
f, = fgi]bl ot f([f]bd for some fgi], . ,fg] e F,[t]. Moreover, the following statements are
equivalent.
(1) There exist ay,...,a; € F,[t] such that
(36) [al]n(Pl) + et [ag]n(Pg) =0.

(2) There exist ay,...,a; € Fy[t] and g1,..., 94 € Fy[t] such that

14 , J4 ]
(37) glb? +oeet gdbg - (t - 0)"(9151 + e+ gdbd) = (Z azfgl]) []1 4+ oeee 4+ (Z azfg]) bd-
i-1 i=1
Proof. By Lemma 3.1, it suffices to show that (3.5) is equivalent to (3.7). Let g € L[¢] such
that
(3.8) g™ - (t—0)g = arfy + - + af,.

Let § := aif; +--- + a,f,. We claim that ord,(g) > C,, and ord, (§) > C,, for each w e M. We
first note that by (3.1) and (3.2), we have

ord, (§) = ord, (a1 fy + - + a,fy) > {nig{ordw(p([)i] 4o +pm1(t -0)" 1)}

> {niré{ordw(ﬂ)} +(n-1)ord,(t—0) > C,.
To see ord,(g) > C,, we suppose to the contrary that ord,(g) < C,. Since ord,(t-0) =
min{ord, (1), ord,(#)} <0, we have
ord,(g) < Cy < ord,(F) —n-ord, (t - 0).
In particular, we have

ord, ((t=0)"g) =n-ord,(t —0) + ord,(g) < ord,(F).
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Then by comparing both sides of (3.8), we must have
q-ordy,(g) =n-ord,(t—6) +ord,(g).
This implies that

n-ordy,(t—0)=(g-1) ordy,(g9) <(¢g-1)-Cyp<(g-1)-[

which leads to a contradiction. Hence we have ord,(g) > C,.

Note that we just explained that g,§ € £L(D) ®r, Fy[t] in the sense that if we regard them
as polynomials in variable ¢, then their coefficients are actually in £(D). Thus, we can
express

n
qg-1

Jord,, (t - 6)

g =911+ +gabg

for some g1,...,gq € Fy[t]. In particular, (3.8) becomes
[ ) ¢ A
G167 + -+ gabg = (t = 0)"(g1by + -+ + gaby) = (Z aif?]) by +- 4 (Z aifg‘]) by
i=1 i=1
as desired. 0

To demonstrate Theorem 3.2, we provide the following explicit example.

Example 3.3. We set n =2, ¢=3 and L = k. Consider the following two points

0 0
P1:(02+1 ),sz( 9_1 )€C®2(1€).

We claim that P; and P, are linearly independent over F3[t]. To begin with, we choose
places w = 00,0, 6% + 1. By the definition of C,,, we obtain that

-3 (w = 00),
Cp=1-1 (w=20),

0 (w=0%+1)

For the divisor D :=3-(o0) +1-(0) of k, we set
L(D)=L(3-(c0)+1-(0))={f€k*|orde(f)>-3, ordg(f)>-1}u{0}.
Then we have
L(D) =F307" +F3+F30 + - + F50°.

If there are aj,as € F3[t] such that [ai]2P + [az]2P> = 0, by Theorem 3.2, there exist
gi,---,gs € F3[t] so that the following equation holds:

G073+ ga+g3(0)> + -+ g5(0%)2 = (£ = 0)2(g107" + go + g30 + -+ + g560°) + 07" + ay + a4 0.
By comparing the coefficients of (6%)3 and 0 for —1 < i < 3, we obtain
1 0 0 0 0 0 O

42 0 0 0 0 0 -1 0
2% 1-2 0 0 0 -1 0 91 |
1 2% 2 0 0 -1 0 92 8
0 -1 2 -2 0 0 0 9s
0 0 o0 2 -2 0 o ||%]|7]|?
O 0 0 -1 2 0 0 95 0
O 0 0 0 -1 0 0 “ 0
O 0 0 1 0 0 0 2 0
O 0 0 0 1 0 0
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One can perform the Gauss-Jordan elimination to the above matrix equation. Then we can
conclude that ¢q,...,g5 and a1, as must be zero. Therefore P, P, are linearly independent
over Fs[t].

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let D € div(L) be the divisor of L constructed in Theorem 3.2. Let
d:=dimg, £(D) and {by,..., by} be an F,-basis of L(D). Now we set

W := Spang, {b;, b], 076, }1<icd, 1<jn-
Let {\i,...,\;} € W be an F-basis of W, where d = dimg, WW. Then we express (3.7) as

(39) Ql(gla"'agdaalw"aaﬂ)')‘1+"'+Qj(gla'-'agdaala"waf)')‘JZO

where Q;(X1,..., Xar) € Fy[t][X1,..., Xare] is @ homogeneous polynomial of degree one
in variables Xi,..., Xy and deg,(Q;) < 1 for each 1 < i < d. Since A, ..., A are Fo-
linearly independent, and I [t] and L are linearly disjoint over F,, we obtain A,..., \; are
F,[t]-linearly independent. Thus, Q;(g1,..., g4, a1,...,a;) = 0 for 1 < i < d give rise to an
IF,[t]-linear system

B-(g1,--, 94,01, ..,a0)" =0
for some B € Mat,,«s(F,[t]) with deg,(B) < n and 0 < m = rank(B) < s = d+ ¢. Note

that every solution x of Bx' = 0 gives a solution of (3.7) and vice versa. Thus, we have a
well-defined surjective [F,[¢]-module homomorphism

m:D = {x e T[]0 | Bx" = 0} » G = {(a1,...,a0) e F,[t]"] ﬂ[ai]n(Pz-) =0}

)

(91,1 9a,a1, - ap) = (ag, ..., ap).

By [Che23b, Cor. 2.2.3|, there exist F [t]-linearly independent vectors xi,...,Xs_,, with
entries in F,[t] such that deg,(x;) < rank(B) - deg,(B) < n(d +¢) and B - x!* = 0 for each
1 <i<s-m. Let v:=rankg ;1 G. Since G is a free Fy[t]-module of rank v and 7 is surjective,
there exists an F [t]-linearly independent set

{mf,....m)} c{n(x1),...,7(Xsom)}

such that Go = Spang {m/,...,m}} c G is of finite index. In other words, we have
ranky, ;] Go = rankp, ) G = v. Now we apply [Che23b, Lem. 2.2.4] and we get an F [t]-basis
{my,...,m,} of G such that deg,(m;) < max’_,{deg,(m})} <n(d+¥¢). O

3.2. A sufficient condition for linear independence. Let L c k be a finite extension
of k. In this section, we will present a linear independence criterion for a specific family of
algebraic points on C®*(L). As a consequence, we prove that the dimension of the F,(t)-
vector space C®"(L) ®g, 1] Fy(t) is countably infinite.

Theorem 3.4. Let n € Zsy and P; = (pgll,...,p([]i])tr e Co(L) for 1 <i < (. We set
f = p([f] 4o +p£:11(t —0)»te L[t]. Suppose that

(1) fi,.... £ are linearly independent over F[t],

(2) ordy,(£) >0 for all 1 <i<l, if we My and w | oo,

(3) ordy,(f)>1-q forall1<i<{, if we My and w + oo.
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Then

rankp, 4] SpanFq [t]{Pl, Py =4
In particular, we have

dim]pq(t) C®"(L) ®r,[t] Fq(t) = Ry.

Proof. Suppose on the contrary that there exist ay,...,a, € F,[t] not all zero such that
[a1]n(Pr) + -+ [ae]n(P2) = 0.
By Lemma 3.1, there exists g € L[t] such that
gV = (t=0)"g = arfy + - + a,f,.

Let F':= aif; + - + a,fy € L[t]. Since fy,... £ € L[t] are linearly independent over F,[¢] we
have F' # 0 in L[t] and hence g # 0 in L[t].
Let w € My, with w | co. Then

ord,, (F) = ord,,(a,f; + - + a,f;) > min{ord,,(£;)}2, > 0.

Thus, if we express F' = Fy + Fit + -+ + F,,t™ where m € Zsq and F; € L for 0 < i < m, then
ord, (F;) > 0 for each 0 < <m and w e My with w | co. Since F' #0 in L[t], we may assume
that £, # 0. Then there exists w € M, with w + oo such that

ord, (F') = min{ord,, (F;)}I%, < ord,(F},) < 0.
Note that we must have ord,(g) < 0, otherwise
ordy, (F) = ord,, (¢ - (t - 6)"g)
>min{q-ord,(g),n-ord,(t—6) +ord,(g)}
>0
which leads to a contradiction.
On the other hand, the fact that ord,(g) <0 implies that
min{q-ord,(g),n-ord,(t—0) +ord,(g)} = q-ord,(g)
and hence ord, (F') = ¢-ord,(g). Now the inequality
0>q-ord,(g) = ord,(F) = ord,(arf; + -+ afy) >1-¢q

leads to a contradiction because ord,(g) € Z.
Finally, we are going to prove that

dim]pq(t) C®n(L) ®]Fq[t] Fq(t) = Rp.
Since L is a countable set, it is clear that dimg, ) C®"(L) ®,1) Fq(t) < Rp. On the other
hand, since C®"(k) c C®"(L), it is enough to show that dimg, ¢y C®"(k) ®r, 1 F4(t) > Ro.
Let w € M, be a finite place and let f,, € A be the monic irreducible polynomial associated
to w. We claim that any finite non-empty subset S of {(0,...,0, fz')" fuerso oo} © CE(K)
is an Fy[t]-linearly independent set. Indeed, it is clear that {f;'}uersfooy is an Fy-linearly

independent set. Also, orde(f,') = degy(fw) > 0 and ord,(f;') = —1 imply that S is an
[F,[t]-linearly independent set by the first part of the proof. Hence

Ro = rankp, 1 Spang, ;,1{(0, . ..,0, Fo ) Yuentpn ooy < dimg, ) C= (k) @, 1) Fy(2).

Now the desired result follows immediately. 0
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4. CARLITZ POLYLOGARITHMS

The main purpose of this section is to derive some sufficient conditions for Carlitz poly-
logarithms at algebraic points to be linearly independent over k.

4.1. Linear relations among CPLs at algebraic points. For n € Z.(, we recall that the
n-th Carlitz polylogarithms (CPLs) is given in (1.2). It is due to Anderson-Thakur [AT90]

that if o € Coo With |at]ee < |0]2/“™) | then

0 *
(4.1) logcen 0 = * € LieC®"(C,).
a Li, (o)

In what follows, we give a slight generalization of (4.1) regarding the last entry of logae. at
arbitrary algebraic points P € C®"(k). This is simply an application of Lemma 2.6 and (4.1).
It also gives an alternate proof of [CCM22, Thm. 4.1.4] (see also [Che23a, Thm. 3.2.10]) in
the case of tensor powers of the Carlitz module.

Proposition 4.1. Let n € Z.g and P = (p,_1,...,po)* € C®(k) with |pj|e < q‘j+% for each
0<j<n—-1. If we set fp = po+p1(t = 0) + -+ pu_i(t — )1 € k[t], then we have

loggen (P) = : = : ,

* *

Zie1 o D™ (0)0 I i (0™pn-3) ) \Lepn(0)
where Lg, ,(t) is the deformation series defined in (1.3) and L, n(0) := Lep n(t) |i=o-

Proof. Note that by Lemma 2.6, we have

—_

n—

(4.2) P=Y[1.(0,....0. f)"

1=0

where f; = Z?j P; (g)(—&)j‘i. The condition |pj|e < q7j+% for each 0 < j <n -1 implies that
107Dl < q% for each 0 < j <n-1and 0 <m < j. It ensures that all the points P and

(0,...,0, f;) for each 0 <7 <n -1 are inside the convergence domain of logce.. Then we
may apply logcen () on both sides of (4.2) to get

n-1
(4.3) loggen (P) = > O[t'], logeen (0, ..., 0, i)™
i=0
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In particular, the n-th coordinate of loggen (P) equals to

Zelen(fz) Zelen(Zp]( )( 0)7~)
5%

M i

)J(Z )ei Lin (67 'p;)

=0 j=1i
— ZZ( 1)7, j(n ])9n le (el—jpn ])
i=1 j=1 n-1

>

=11
n—j n]

= —-1)™ Q”mJLne n
IPX >(m) (0.

Here the second equality comes from the F,-linearity of Li,(-). In the third equality, we
replace ¢ and j by n—i and n — j respectively. The fourth equality is just the change of the
order of the summation. The last equality follows by the change of variables m =i — j.

To complete the proof of this proposition, it remains to explain the second equality in the
statement. Recall from (1.3) that

f(j)
Lenn(0) =D 7 L |leo
Note that fp = fo + fit + -+ f,_1t™ . Thus,
£ (ot fit + o+ frtm )@
AR

n
320 i>0 L ;

—2#(25)

Jj=0

n-—1

- 1)i- J(” J)en iy (0 )

.

' ||M:

3 o

By specializing at ¢ = 6, we derive that L, ,(0) = ¥ 07 Li,(f;). The desired result now
follows immediately by comparing with the n-th coordinate of the right-hand-side of (4.3).

U
Remark 4.2. Note that [CCM22, Thm. 4.1.4] and [Che23a, Thm. 3.2.10] use a different
ordering for the coordinate. More precisely, if we set x = (z1,...,2,)" € C®"(k), then the

n-th coordinate of loggen (x) is given by Y7 ¥4 (- 1)m( _3)9” m-j Lln(ﬁmx]) which exactly
matches with the formula established in [CCM22 Thm. 4.1.4] and [Che23a, Thm. 3.2.10] for
the special case of C®".

Example 4.3. We mention that Proposition 4.1 can be used to produce linear relations
among CPLs at algebraic points. This is in the same spirit of [Che23a, Ex. 3.2.13]. Let
g=3,n=2,and v=(0,1)" e C®*2(k). Then Proposition 4.1 shows that

logaez ([1* = 1]2v) = logges (32) (29 L12(0)* le(gz))

On the other hand, by the functional equation of logce2, we have

logc®2([t2 —1]ov) = (92 - 1) logce> ((1)) = ((92 - 1; Li2(1)) '
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Combining the equations above, we conclude that
20 Liy(0) — Lig(6?) = (6% — 1) Liy(1).

By [Yu91, Thm. 2.3], it is known that for each non-zero vector Y = (yi,...,y,)" €
Lie C®"(C,, ) satisfying expgen (Y) € C®"(k), the n-th coordinate v, is transcendental over k.
Using this transcendence result together with Proposition 4.1, we can deduce the following
result immediately.

Lemma 4.4. Let n € Zy and P, = (pq[ﬁl, . ,p([)i])tr e Co(k) for 1 <i<{ with |pje < q’j+%
for each 0<j<n—-1. We setf; := p([)i] 4o +p£ﬁl(t —-0)1 e k[t]. Then

dimy, Span { L, n(0), . .., L,n(0)} 2 rank, ;) Spang, ({1, ..., P}

Proof. Suppose that there is a non-trivial k-linear relations among L¢, ,,(9), ..., L, »(0), that

is, there exist c¢y,...,cs € k not all zero such that
clﬁfhn(Q) + e+ Cg£f£7n(¢9)) =0.
After multiplying denominators of ¢y, ..., ¢, if it is necessary, we may assume that all the
coefficients c1,...,c, € A. Now by Proposition 4.1 we set
*
Y; == loggen (P;) = * € LieC®"(C,)
[’fz‘m(e)

for each 1 <7 </¢. We claim that

X :=[c1(O)]nPr++[ce(t)]nP=0¢ C®"(E).
Let

Y :=0[c1 ()], Y1 + - + O ce(t) ], Ye € Lie C®"(C.,).
Then
expgen (Y) = [e1(t) Jn expoen (Y1) + -+ + [co(t) ]n expoen (Y2) = X.
If we write Y = (y1,...,y,)", then it is clear from the definition that
Un = C1Ley n(0) + -+ ciLs, n(0) = 0.

Then Yu’s theorem [Yu91, Thm 2.3] implies that Y is a zero vector and hence X =0 as
desired. As every k-linear relation among L¢, ,(0), ..., L, »(0) can be lifted to a F,[¢]-linear
relation among P, ..., P, the desired inequality now follows immediately. 0

Remark 4.5. We mention that the same spirit of Lemma 4.4 was already known in [Chal6,
Thm. 5.1.1]. In fact, we have the following identity

(4.4) dimy, Span, {7", Lg, n(0), ..., Lg,n(0)} = 1 + rankg, () Spang g1 P, - . ., P}
By Theorem 3.4 and Lemma 4.4, we can deduce Theorem 1.2.
Proof of Theorem 1.2. To prove the first assertion, note that we have
¢ > dimg Spang{L¢, »(0),...,Ls,(0)}
= dimy, Span, {L¢, ,(0), ..., Ls, »(0)}
> ranky, (1] Spang, {1, - -+, Pr}
=/.
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Here the first inequality is clear from the counting argument, the second equality follows
by [Chal4, Thm. 5.4.3], the third inequality comes from Lemma 4.4, and the last equality
follows by Theorem 3.4.

For the second assertion, we first notice that Li,(f;) is a k-linear combination of Li,(-) at
some explicitly constructed algebraic points by Proposition 4.1. Then [Chal4, Thm. 5.4.3]
implies that

dimESpanE{l, ,thl(&), e ,Efé’l(e), I ,thn(@), Ce ,;thn(e)}

=1+ Z dimy, Span, { L, ;(0),...,Ls,:(0)}.

i=1

The desired result now follows immediately from the first assertion. O

Proof of Corollary 1.3. Recall that n4,...,n, are d distinct positive integers so that n;/n;
is not an integral power of p for each i # j. By [Misl7, Thm. 4.2] (see also [CY07]), if
7%, Lt 0, (0),. .., Lg, 0, (0) are linearly independent over k, then the set of df + 1 elements
{7, Le;n(0) | 1<i<d, 1<j<U(} are algebraically independent over k. Since fi,....f €
L[t] satisfy the sufficient conditions stated in Theorem 1.2, the desired result follows from
Theorem 3.4 together with (4.4). O

4.2. v-adic CPLs at algebraic points. Recall that CPLs converges at zy € C, with |zg|, < 1
if we regard (1.2) as v-adic analytic functions on C, via the embedding ¢, : £ - C, as we

mentioned in the introduction. Let a € k with |a], < 1. Tt is known due to Anderson and
Thakur [AT90] that (4.1) still holds in the v-adic setting. More precisely, we have

0 *
(4.5) logaen 0 = * € LieC®*"(C,).
a Li, (),

Inspired by the v-twist operation proposed by Anderson and Thakur [AT90, pg. 18Z],
Chang and Mishiba introduced a way to enlarge the defining domain of CPLs to {a € k |
||, < 1}. To be precise, for a € k with |af, < 1, the v-adic CPL at « is defined by

0
Li,(a), := a ' x n-th coordinate of loggex | [a(t)], 0 e LieC®"(C,)

«

whenever a € A so that [a(t)],(0,...,0,a)™ € C®(k) lies in the v-adic convergence domain
of loggen. Note that [CM19, Prop. 4.1.1] guarantees the existence of such element a € A. In
addition, Yu’s transcendence theorem [Yu91, Thm.3.7| for the last coordinate of loggen is
still valid in the v-adic setting. Now we are able to present a v-adic analogue of Lemma 4.4.

Lemma 4.6. Let oy, ..., ap € k such that |oil, <1 for each 1 <i <. Then
0 0
dimy, Spany {Li,(a1)y, . .., Lin(ar)y } 2 ranky, () Spang, ;71

(@3] Qy
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Proof. Suppose that there are non-trivial k-linear relations among Li,(cv1)y,. .., Li, ().,
that is, there exist ¢y, ..., ¢, € k which are not all zero such that

c1 Lip(ay)y + -+ ¢ Lin (), = 0.

After multiplying denominators of cq,..., ¢, if it is necessary, we may assume that all the

coefficients ¢y, ...,c, € A. Let a; € A so that [a;(¢)].(0,...,0,a;)" € C®(k) lies in the v-adic
convergence domain of logeen. We set

0
Y; = loggen | [as(t)], O ¢ Lie C*"(C,)
Q;
for each 1 <7 </¢. We claim that
0 0
Xo=[a®Olula®]a| |+ + lee®]alae®)]n O =0eC®"(k).
(71 Qy
Let
Y = 0[cr(t)],Y1 + -+ 0[ce(t)],Ye € Lie C®*(C,).
Then

expgen (Y) = [c1(t) ]n expeen (Y1) + - + [co(t) ]n expgen (Ye) = X.
If we write Y = (y1,...,y,)", then it is clear from the definition of Y that

Yn = 1 Lip(aq)y + - + ¢ Lin(ag), = 0.

Then the v-adic version of Yu’s theorem [Yu91, Thm. 3.7] implies that Y is a zero vector
and hence X =0 as desired. Consequently, we derive

0 0
dimy, Span; {Li, (o1 )y, . . ., Liy(ar)o} 2 rank, Span]Fq[t]{[al(t)]n 0 voees Lae(t)]n 0 }
aq Qy
0 0
= rankp,[4] SpanFq[t]{ O yeees O b
(05] Qy

O

Now we are ready to present the proof of Theorem 1.4. Most of the arguments are parallel
to the proof of Theorem 1.2.

Proof of Theorem 1.4. Note that we have
¢ > dimy, Span, {Li,,(a1)y, - - -, Lin(aw)y }

0 0
> rankp, [4] SpanFq[t]{ O ey O }
(03] Qy

= /.
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Here the first inequality is clear from the counting argument, the second inequality comes
from Lemma 4.6, and the third equality follows by Theorem 3.4. U
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