REALIZATION OF MANIFOLDS AS LEAVES USING GRAPH COLORINGS

JESUS A. ALVAREZ LOPEZ AND RAMON BARRAL L1JO

ABSTRACT. It is proved that any (repetitive) Riemannian manifold of bounded geometry can be realized as
a leaf of some (minimal) Riemannian matchbox manifold without holonomy. Our methods can be adapted to
achieve Cantor transversals or a prescribed holonomy covering, but losing the density of our leaf.

1. INTRODUCTION

The present paper relates to the study of which connected manifolds can be realized as leaves of foliations
on compact manifolds, a question that Sondow [50] and Sullivan [51] first posed in the seventies. A manifold
is called a leaf or a mon-leaf depending on whether it can be realized or not. Typically, we restrict our
attention to a particular class of foliations (say, of a given codimension or differentiablity class), and then the
literature abounds with known results. The most prominent setting is perhaps codimension one, where Ghys
[27], Inaba et al. [33], and Schweitzer and Souza [47] have constructed non-leaves of dimension 3 and higher;
on the other hand, Cantwell and Conlon [19] have shown that any open connected surface is a leaf. More
recently, Menino Cotén and Schweitzer [38] have pioneered the use of exotic differential structures to produce
novel examples of non-leaves.

One can try sprinkling some geometry on top of this question by noticing first that a leaf of a foliation on
a compact Riemannian manifold is of bounded geometry; moreover, its quasi-isometry type is independent
of the ambient Riemannian metric. We obtain thus a variation of the original realization problem: Which
connected Riemannian manifolds of bounded geometry are quasi-isometric to leaves of foliations on compact
Riemannian manifolds? Again, results and techniques are plentiful, including the works of Phillips and
Sullivan [41], Januszkiewicz [34], Cantwell and Conlon |16-18], Cass [20], Schweitzer [45l46], Attie and Hurder
[11], and Zeghib [52].

Considering more general ambient spaces, one can also study which manifolds can be realized as leaves on
compact Polish foliated spaces, where the differentiable structure and the Riemannian metric are avaliable
only in the leafwise direction. Schweitzer and Souza [48] have constructed connected Riemannian manifolds
of bounded geometry that are not quasi-isometric to leaves in compact equicontinuous foliated spaces; Hurder
and Lukina have used a coarse quasi-isometric invariant, the coarse entropy, to estimate the Hausdorff
dimension of local transversals when applied to leaves of compact foliated spaces; and Lukina [37] has studied
the Hausdorff dimension of local transversals in a foliated space.

Leaves of compact foliated spaces with leafwise Riemannian metrics are always of bounded geometry. The
authors have proved that, in this setting, the converse statement is also true: every connected Riemannian
manifold of bounded geometry is isometric to a leaf without holonomy in a compact Riemannian foliated
space ([5, Theorem 1.1], see also |7, Theorem 1.5] and [4]).

Our main contribution is a strengthening of this last result.

Theorem 1.1. Any (repetitive) connected Riemannian manifold of bounded geometry is isometric to a leaf
in a (minimal) Riemannian matchbox manifold without holonomy.

The improvement over [5, Theorem 1.1] is twofold: we manage to trivialize the holonomy group of every
leaf and we realize our leaf in a matchbox manifold (a foliated space with totally disconnected transversals).
This last improvement is an extension of a result by Anderson |10, Theorem IIIB], stating that any continuous
flow on a compactum can be raised to a continuous flow on a 1-dimensional compactumﬂ Our interest in
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minimal matchbox manifolds without holonomy stems from the work of Clark, Hurder and Lukina ([23], see
also [2]), where they prove that these are inverse limits of compact branched manifolds. This description was
purportedly generalized to arbitrary matchbox manifolds in [36], but it has since been acknowledged that the
proof is not correct.

For example, Theorem can be applied to any complete connected hyperbolic manifold with positive
injectivity radius, or to any connected Lie group with a left invariant metric. Some of them are not coarsely
quasi-isometric to any finitely generated group [21)26], yielding compact, minimal, Riemannian matchbox
manifolds without holonomy whose leaves are isometric to each other, but not coarsely quasi-isometric to any
finitely generated group.

Since any smooth C'*° manifold admits a metric of bounded geometry [29], Theorem implies that
any C* connected manifold can be realized as a leaf of a C°° matchbox manifold without holonomy. This
includes, for instance, the exotic non-leaves in codimension one constucted in [38].

In the following consequences of Theorem the realization of a Riemannian manifold as a leaf is achieved
with some additional properties, but losing the density of that leaf.

Theorem 1.2. Any non-compact connected Riemannian manifold of bounded geometry is isometric to a leaf
in some Riemannian matchbox manifold without holonomy with a complete transversal homeomorphic to a
Cantor space.

Note that, since minimal matchbox manifolds have complete Cantor transversals, Theorem is a direct
consequence of Theorem if the manifold is repetitive, but not in the general case (Section . We also
remark that, when a matchbox manifold is not minimal, the transversal models may contain isolated points
and not be homeomorphic to the Cantor set.

Theorem 1.3. Let M be a connected Riemannian manifold of bounded geometry, and let M be a regular
covering of M. Then M is isometric to a leaf with holonomy covering M in a compact Riemannian matchbox
manifold.

Describing the pairs (M, M) that satisfy the statement of Theorem |1.3{ with a minimal compact foliated
space seems less feasible. In this regard, Cass [20] has given a quasi-isometric property satisfied by the leaves
of compact minimal foliated spaces with no restriction on the holonomy.

The proof of Theorem proceeds in two steps. We begin in Theorem by realizing M as a dense leaf
of a (minimal) compact Riemannian foliated space X without holonomy. This step mirrors the techniques
used in [5, Theorem 1.1], where we realize manifolds in a universal space JVEZ} consisting of triples [M, z, f],
where M is a connected Riemannian n-manifold, x € M and f: M — § is a smooth function taking values
in a separable Hilbert space. The idea is, given a candidate manifold M, to find a suitable f so that the
closure of {[M,x, f] | © € M} is the desired foliated space containing M as a leaf. In the construction of
f (Proposition , an important role is played by a Delone subset X C M, which becomes a (repetitive)
connected graph of finite degree by attaching an edge between any pair of close enough points. Then f is
defined using normal coordinates at the points of X, and a (repetitive) limit aperiodic coloring ¢ of X by
finitely many colors. The existence of ¢ is guaranteed by |6, Theorem 1.4].

The second step of the proof constructs a (minimal) matchbox manifold 9t without holonomy and a
foliated projection 7 : 9 — X whose restrictions to the leaves are diffeomorphisms (Theorem [4.1). Then
X can be replaced with 9t by considering the lift of the Riemannian metric of X to 9. To obtain I, we
introduce a totally disconnected extension of the transversal dynamical system associated to 901, a technique
that is most commonly used in the context of actions of countable groups on compact spaces (see [10}24] and
the references therein). This idea is implemented by using again the space JV[Z

The proofs of Theorems and use the following common procedure: Let E — M be a Polish flat
bundle with non-compact, locally compact fibers. Realize the manifold M in 9t as above, and then glue F
to 9, obtaining a new compact foliated space 9’ (Section ; choosing E appropriately in each case, I
satisfies the property stated in the corresponding corollary.

2. PRELIMINARIES

2.1. Partitioned spaces. If X is a topological space equipped with an equivalence relation R, then we call
(X, R) a partitioned space.



Lemma 2.1. If the saturation of any open subset of X is open, then the closure of any saturated subset of X
1s saturated.

Proof. For any saturated A C X, let z € A and y € R(x). For every open neighborhood U of y, its saturation
R(U) is an open neighborhood of z, and therefore R(U) N A # (). Since A is saturated, it follows that
U N A # (. This shows that y € A, and therefore A is saturated. ]

The properties indicated in Lemma [2.7] are well known for the equivalence relations defined by continuous
group actions or foliated structures.

Like in the case of group actions or foliations, a minimal set A in X is a non-empty closed saturated subset
that is minimal among the sets with these properties. Minimality is achieved just when every equivalence
class in A is dense in A.

Given another partitioned space (Y,8), a map f: X — Y is said to be relation-preserving if f(R(z)) C
8(f(x)) for all x € X. The notation f: (X,R) — (Y, 8) is used in this case.

2.2. Metric spaces. Let X be a metric space. For x € X and r € R, let S(z,r) ={y € X | d(z,y) =1},
B(z,r)={y e X |d(z,y) <r}and D(z,r) ={y € X | d(x,y) <r} (the sphere, and the open and closed
balls of center x and radius 7). For x € X and 0 <r < s, let C(z,r,s) = B(x,s) \ D(z,r) (The open corona
of inner radius r and outer radius s). We may add X as a subindex to all of this notation if necessary.
Counsider a subset  C X. It is said that @ is (K-) separated if there is some K > 0 such that d(z,y) > K
for all  # y in Q. On the other hand, @ is said to be (C-) relatively densﬂ in X if there is some C' > 0 such
that quQ D(q,C) = X. A separated relatively dense subset is called a Delone subset.

Lemma 2.2. If Q =, Qn, where Qo C Q1 C --- and every Q,, is K-separated, then Q is K -separated.
Proof. Given x # y in @, we have z,y € Q,, for some n, and therefore d(z,y) > K. O

Lemma 2.3 (Alvarez—Candel [8) Proof of Lemma 2.1]). A mazimal K-separated subset of X is K-relatively
dense.

Lemma has the following easy consequence using Zorn’s lemma.

Corollary 2.4 (Cf. [9, Lemma 2.3 and Remark 2.4]). Any K-separated subset of X is contained in some
mazimal K-separated K -relatively dense subset.

Recall that X is said to be proper is its bounded sets are relatively compact; i.e., the map d(z,-) : X — [0, 00)
is proper for any = € X.

Definition 2.5. For A C X and € > 0, a subset B C X is called an e-perturbation of A if there is a bijection
h: A — B such that d(z, h(z)) < € for every x € A.

The following result is an elementary consequence of the triangle inequality.

Lemma 2.6. Let A C X and let B C X be an e-perturbation of A. If A is n-relatively dense in X forn > 0,
then B is (n + €)-relatively dense in X. If A is T-separated for 7 > 2¢, then B is (T — 2¢)-separated.

2.3. Riemannian manifolds. Let M be a connected complete Riemannian n-manifold, g its metric tensor,
d its distance function, V its Levi-Civita connection, R its curvature tensor, inj(z) its injectivity radius at
x € M, and inj = inf,cps inj(x) (its injectivity radius). If necessary, we may add “M” as a subindex or
superindex to this notation, or the subindex or superindex “i” when a family of Riemannian manifolds M; is
considered. Since M is complete, it is proper as metric space.

Let TOM = M, and T M =TT DM for m € Z*. If | < j, then TW M is sometimes identified with
a regular submanifold of 7™ M via zero sections. Any C™ map between Riemannian manifolds, h : M — M’,
induces a map him) :TM — T M’ defined by h,(ko) = h and him) = (hgmfl))* forme Z™.

The Levi-Civita connection determines a decomposition T2 M = H @&V, as direct sum of the horizontal
and vertical subbundles. Consider the Sasaki metric g®) on TM, which is the unique Riemannian metric
such that } L V and the canonical identities H¢ = Tz M = V; are isometries for every { € T'M. For m > 2,
consider the Sasaki metric g™ = (gtm=1)M) on T M. The notation d™ is used for the corresponding

2A C-net is similarly defined with the penumbra. If reference to C' is omitted, both concepts are equivalent.
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distance function, and the corresponding open and closed balls of center v € TU™ M and radius r > 0 are
denoted by B (v,7) and D™ (v, 7). For | < j, TWM is totally geodesic in TU™ M and g\")| 7y = g©.

Let D C M be a compact domairé and m € N. The C™ tensors on D of a fixed type form a Banach space
with the norm || ||¢m p,q defined by

|Allcm,p,g = o ax V' A()] .
By taking the projective limit as m — oo, we get the Fréchet space of C'™° tensors on D of that type equipped
with the C™ topology (see e.g. [32]). Similar definitions apply to the space of C™ or C'*° functions on M
with values in a separable Hilbert space (of finite or infinite dimension).

Recall that a C* map between Riemannian manifolds, h: M — M’, is called a (\-) quasi-isometry if there
is some A > 1 such that A=! [v| < |hy(v)] < A|v] for all v € TM.

Recall also that a partial map h of M to M’ is a map from a subset of M to M’'; it is denoted by
h: M > M’, and its domain and image are denoted by domh and imh. For m € N, a partial map
h: M — M'is called a C™ local diffeomorphism if dom h and im h are open in M and M’, respectively, and
h:domh — imh is a C™ diffeomorphism. If moreover h(x) = 2’ for distinguished points, 2 € dom h and
2’ € im h, then h is said to be pointed, and the notation h : (M, z) — (M’,z’) is used. The term (pointed)
local homeomorphism is used in the C° case.

Form € N, R > 0and A > 1, an (m, R, \)-pointed partial quasi—isometryﬁ (or simply an (m, R, \)-p.p.q.i.)
is a pointed partial map h: (M, z) — (M’,2'), with dom h = D(x, R), which can be extended to a C™¥1-
diffeomorphism h between open subsets such that Dg\?) (z, R) C dom B&m) and B&m) is a A-quasi-isometry of
some neighborhood of DE\Z"L)(J:, R) in T M to T M’. The following result has an elementary proof.

Proposition 2.7. Let h: (M,z) — (M,y) be an (m, R, \)-p.p.q.i. and h': (M,z) — (M,y’) an (m’,R',\')-
p.p.q.i. Then h=': (M,y) — (M, x) is an (m,\"*R,\)-p.p.q.i. If m" > m and R\ + d(x,y) < R', then
Wh: (M,z) — (M,h'(y)) is an (m, R, AX')-p.p.q..

In the following two results, E is a (real) Hilbert bundle over M, equipped with an orthogonal connection
V. Let C™(M; E) denote the space of its C™ sections (m € NU {o0}), and E, its fiber over any x € M.

Proposition 2.8 (Cf. [7|, Proposition 3.11]). Let 8§ C C°°(M; E). Then 8§ is precompact in C*>°(M; E) if and
only if:

(i) sup,egsupp |VFs| < oo for every compact subset D C M and k € N; and

(i) {(V*s)(z)|s €8} is precompact nﬂ E, @@, Ty M for allz € M and k € N,

Proof. By definition of the topology of C°°(M; E), the map
(Ve : C*(M; B) = [] o(M: B @ T M)
k=0 k

is a topological embedding, so we need to show that every V*(8) is precompact in C(M; E ® @, T*M) if
and only if|(i)| and are true. This equivalence is given by the version of the Arzela-Ascoli theorem given
in [12, Chap. X, Sec. 5, Corollary 3]. |

Recall that M is said to be of bounded geometry if inj,, > 0 and sup,; |[V" Ry| < oo for all m € N. For a
given manifold M of bounded geometry, the optimal bounds of the previous inequalities will be referred to as
the geometric bounds of M. Let B, = Bgn(0,7) (r > 0).

Proposition 2.9 (See [43| Theorem A.1], [44, Theorem 2.5], [42, Proposition 2.4], [25]). M is of bounded
geometry if and only if there is some 0 < ro < inj,, such that, for normal parametrizations kg : By, —
B (z,m0) (z € M), the corresponding metric coefficients, g;; and g*, as a family of C™ functions on By,
parametrized by x, i and j, lie in a bounded subset of the Fréchet space C*°(B,).

3A regular submanifold of the same dimension as M, possibly with boundary.
4The extension h is an (m, R, A)-pointed local quasi-isometry, as defined in [5]. On the other hand, any (m, R, A)-pointed
local quasi-isometry defines an (m, R, A)-pointed partial quasi-isometry by restriction. Thus both notions are equivalent.
5E., ® QR Ta M = Hom(Q),, Tx M, E) is endowed with the topology of uniform convergence over bounded subsets, induced
by the operator norm. It agrees with the topology of pointwise convergence because dim @), T M < oco.
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Proposition 2.10 (See the proof of [44, Proposition 3.2], [49, A1.2 and A1.3]). Suppose that M is of bounded
geometry. For every T > 0, there is some map c: RT — N, depending only on 7 and the geometric bounds of
M, such that, for any T-separated subset X C M, and all x € M and § > 0, we have |D(z,§) N X| < ¢(4).

Proposition 2.11. Let X be a T-separated n-relatively dense subset of a manifold of bounded geometry
M for some 0 <7 <n. Given0 <e <7/2ando >0, let 7 =7 —2¢ andn =n+e. Then there is
some 0 < P = P(¢) < o, depending only on T, €, o and the geometric bounds of M, such that P(e) — 0 as
e = 0 and, for every 0 < p < P and A C X satisfying d(a,b) ¢ (o6 — p,0 + p) for all a,b € A, there is an
e-perturbation X' C M of X satisfying A C X' and d(2',y') ¢ (0 — p,o+p) for all ',y € X'. In particular,
X' is '-separated and n'-relatively dense.

Proof. By Propositions and the following properties hold:

(a) There are C, Py > 0 such that every 7’-separated subset Y C M satisfies |[Y N D(y,oc+p+7/2)| < C
forally e Y and 0 < p < Fp.

(b) There is some K = K(¢) > 0, with K(¢) — 0 as ¢ — 0, such that vol B(z,¢) > K for all x € M.

(c) With the notation of [(a)] and [(b)} given 0 < L < K/C, there is some 0 < P = P(e) < Py, with
P(e) = 0 as € — 0, such that volC(z,0 — p,c + p) < Lforx € M and 0 < p < P.

Take any 0 < p < P.
Claim 2.12. Let Y C M be a 7'-separated subset, and let
B={zeY |dz,y) ¢ (c—p,o+p) VyeY}.
Then, for all z € Y \ B, there is some & € M such that d(z, %) < € and
(Y \{=) U{a}) N Clao— po+p) = 0.
By the subset
Z:={ze€X|B(z,e)NC(z,0 —p,c+p) #0} C XND(x,0+p+7/2)

has cardinality at most C. Thus, by and @ forallz € Y\ B,

vol (B(x,s) N U C(z,0 —p,a—i—p)) < ZVOIC’(Z,U —p,0+p) <CL< K <volB(zx,e) .
z€Z z2€EZ

So there is some & € B(z,¢) such that & ¢ C(y,0 — p,0 + p) for every y € Z. Therefore & ¢ C(y,0 — p,0 +p)
for all y € Y, and Claim follows.

Let @1, 2,... be a (finite or infinite) sequence enumerating the elements of X \ A. Then X' is defined
as the union of A and a sequence of elements z, such that d(z}, z;) < € for all ¢. In particular, X’ will be
an e-perturbation of X. Let us define 2} by induction on i as follows. We use the notation Xy = X and
Xi = (Xiz1 \ {=:}) U{z}} (i > 1). Note that X; is also an e-perturbation of X and therefore 7’-separated.
Assume that X;_1 is defined for some ¢ > 1. By Claim we can take some z} € X \ X;_; such that
d(z;,x}) < e and X; N C(z},0 — p,0 + p) = . The resulting set X’ satisfies the desired properties; in
particular, it is a 7'-separated 7/-relatively dense subset of M by Lemma [2.6 O

Proposition 2.13. Let X be an e-relatively dense subset of M for some € > 0, and let h be an isometry of
M. If € is small enough and h =id on X, then h =id on M.

Proof. Fix any x9 € M and 0 < 7y < inj,;(2g). For 0 < r < g, let B(r) denote the open ball B(0,7) in

T, M. Moreover let X = exp, }(X) C Ty, M. There is some A > 1 such that exp,, : B(ro) — Bu(zo,70) is a

A-bi-Lipschitz diffeomorphism. Since X is an e-relatively dense subset of M, for all x € By (g, 70 — €), there

is some y € X N By (20,70) with dys(x,y) < e. Hence, for all v € B(rg — ¢), there is some w € X N B(rg)

with |[v — w| < Ae. If ¢ is small enough, it follows that X N B(ry) generates the linear space T,, M. Since

h, =id on X N B(rg) because h = id on X, we get h, = id on T}, M, yielding h = id on M. O
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2.4. Foliated spaces. A foliated space (or lamination) X = (X,F) of dimension n is a Polish space X
equipped with a partition F (a foliated or laminated structure) into injectively immersed manifolds (leaves)
so that X has an open cover {U;} with homeomorphisms ¢; : U; — B; x T, for some open balls B; C R and
Polish spaces ¥;, such that the slices B; x {*} correspond to open sets in the leaves (plaques); every (U, ¢;)
is called a foliated chart and U = {U;, ¢;} a foliated atlas. The corresponding changes of foliated coordinates
are locally of the form d)i(bj_l(y, z) = (fij(y,2), hij(2)). Let p; : U; — T; denote the projection defined by
every ¢;, whose fibers are the plaques. The subspaces transverse to the leaves are called transversals; for
instance, the subspaces gf)i_l({*} x %;) = F; are local transversals. A transversal is said to be complete if it
meets all leaves. X is called a matchbox manifold if it is compact and connected, and its local transversals are
totally disconnected.

We can assume that U is regular in the sense that it is locally finite, every ¢; can be extended to a foliated
chart whose domain contains U;, and every plaque of U; meets at most one plaque of U ;. In this case, the maps
hi; define unique homeomorphisms h;; : p;(U; NU;) — pi(U; NU;) (elementary holonomy transformations) so
that p; = h,;p; on U;NU;, which generate a pseudogroup H on ¥ := |, ¥;. This H{ is unique up to Haefliger’s
equivalences [30131], and its equivalence class is called the holonomy pseudogroup. The H-orbits are equipped
with a connected graph structure so that a pair of points is joined by an edge if they correspond by some h;;.
The projections p; define an identity between the leaf space X/F and the orbit space T/H. Moreover we can
choose points y; € B; so that the corresponding local transversals ¢; Y({y:} x T;) are disjoint. Then their
union is a complete transversal homeomorphic to ¥, and the JH-orbits are given by the intersection of the
complete transversal with the leaves. If X is compact, then U is finite, and therefore the vertex degrees of
the H-orbits is bounded by the finite number of maps h;;. Moreover the coarse quasi-isometry class of the
H-orbits is independent of U in this case.

If the functions y — f;;(y, z) are C'*° with partial derivatives of arbitrary order depending continuously on
z, then U defines a C'*° structure on X, and X becomes a C*° foliated space with such a structure. Then C'*®
bundles and their C*° sections also make sense on X, defined by requiring that their local descriptions are
C® in a similar sense. For instance, the tangent bundle TX (or T%) is the C* vector bundle over X that
consists of the vectors tangent to the leaves, and a Riemannian metric on X consists of Riemannian metrics
on the leaves that define a C'° section on X. This gives rise to the concept of Riemannian foliated space. If
X is a compact C'* foliated space, then the differentiable quasi-isometry type of every leaf is independent of
the choice of the Riemannian metric on X, and is coarsely quasi-isometric to the corresponding H-orbits (see
e.g. [9, Section 10.3]).

Many of the concepts and properties of foliated spaces are direct generalizations from foliations. Several
results about foliations have obvious versions for foliated spaces, like the holonomy group and holonomy cover
of the leaves, and the Reeb’s local stability theorem. This can be seen in the following standard references
about foliated spaces: [39], [14, Chapter 11], |15, Part 1] and [28].

2.5. Space of pointed connected complete Riemannian manifolds. Let us recall some concepts and
properties used in our main results and their proofs, already used in [5|. Consider pairs (M, x), where M is a
complete connected Riemannian n-manifold and x € M. Two such pairs are equivalent (M,x) ~ (M’', z') if
there is pointed isometry ¢ : (M, x) — (M’ 2’). Let MZ be the Polish space of equivalence classes [M, x] of
pairs (M, x), with the topology induced by the C*° convergence of pointed Riemannian manifolds. For any
M as above, there is a map ¢pr : M — M? defined by ¢pr(z) = [M, z]. The images [M] of all possible maps
tpy form a canonical partition of M7, which is considered when using saturations or minimal sets in M7.

Intuitively, the space M7 is constructed as follows: For every isometry class of complete, connected
Riemannian n-manifold, take a representative M and consider the quotient M/Iso(M). M, as a set, is the
union of all these quotients, and the maps tp;: M — M7 are just the composition of the quotient and the
inclusion M — M/ Iso(M) — M?, the image being denoted by [M] = {[M, z] | x € M}. The topology can
be described in terms of convergence as follows: the sequence [M,,, x,] converges to [M, z] if, for every radius
r > 0, there are embeddings h,,: B(x,r) — My, for m large enough satisfying that Ay, gar,, — gn|B(a,r) in
the C'* topology; this describes a Polish topology on M? [5, Theorem 1.3].

As an illustration, let M be the standard 2-sphere. Then, since Iso(M) acts transitively, [M] C M2 is a
singleton and ¢y, is a constant map. Let L now be the 2-sphere endowed with a modified metric so that
Iso(L) = {id}, then ¢, : L — [L] C M2 is actually a homeomorphism. Finally, let L,, be homeomorphic to L
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but endowed with the scaled Riemannian metric ngr. Then, for any point = € L, we have [L,, 2] — [R?,p],
where p is any point in the plane.

There are other similar constructions of universal spaces consisting of equivalence classes of pointed objects;
for example, for tilings and graphs [3]. Adopting the same terminology, it is said that M is:
aperiodic: if ¢/ is injective (idas is the only isometry of M);
limit aperiodic: if M’ is aperiodic for all [M’,z'] € [M]; and
repetitive: if, roughly speaking, every ball is approximately repeated uniformly in M (Section .

Intuitively, aperiodic means that M has no non-trivial symmetries, whereas limit aperiodic means that
not only M has no non-trivial symmetries, but the same is true for all the limiting manifolds (think of the
sequence of scaled aperiodic 2-spheres converging to the plane). When W is compact, the repetitivity of M
means that [M] is minimal (Proposition .

As seen in [3], one can get new universal spaces by considering, instead of equivalence classes of pointed
graphs, equivalence classes of pointed colored graphs where vertices are labeled. Similarly, we can add to the
pairs (M, x) extra structure and thus obtain larger universal spaces where realization of manifolds as leaves
becomes easier. This will be done in the next few sections.

2.6. The space ﬁ:} For any n € N, consider triples (M, z, f), where (M, x) is a pointed complete connected
Riemannian n-manifold and f : M — $ is a C* function to a (separable real) Hilbert space (of finite or infinite
dimension). Two such triples, (M, z, f) and (M’, 2, '), are said to be equwalent if there is a pointed isometry
h:(M,z) = (M',z") such that h*f" = f. Letﬁ Mr = M”(jﬁ) be the se " of equivalence classes [M, x f] of
the above triples (M, z, f). A sequence [M;,z;, f;] € M" is said to be C'™ convergent to [M,z, f] € M” if,
for any compact domain D C M containing z, there are pointed C* embeddings h; : (D, z) — (Mz, x;), for
large enough 4, such that hlg; — gap|p and bl f; — f|p as i — oo in the C* topology®l In other words, for
allm e N, Re >0 and A > 1, there is an (m, R, \)-p.p.q.i. h; : (M, x) — (M;,x;), for i large enough, with
|VH(f — h*fl)\ <& on Dy(z, R) for 0 <! < m [7, Propositions 6.4 and 6.5). The C* convergence describes
a Polish topology on M" [5, Theorem 1.3] and the evaluation map ev : M = 9, ev([M,z, f]) = f(z), is
continuous.

We will now review some basic properties of the space ﬁ*(n), a more detailed exposition can be found
in [5]. For any connected complete Riemannian n-manifold M and any C*° function f : M — $), there is a
canonical continuous map ps, 5 : M — JVEQ defined by in,¢(x) = [M, z, f], whose image is denoted by [M, f].
We have [M, f] = Iso(M, f)\M, where Iso(M, f) denotes the group of isometries of M preserving f. All
possible sets [M, f] form a canonical partition of JV[Q, which is considered when using saturations or minimal
sets in ﬁf Any bounded linear map between Hilbert spaces, ® : § — §’, induces a relation-preserving
continuous map P, : JT/EZ(?)) - M (8)), given by ®.([M,z, f]) = [M,x, ®f] (it is relation-preserving because
O.([M, f]) = [M, @ []).

Lemma 2.14. The saturation of any open subset of J\A/[f is open, and therefore the closure of any saturated
subset of M7 is saturated.

Proof. Let V be the saturation of some open U C M*, and let [M,z, f] € V. Since the saturation of
[M,x, f] is the set [M, f], this means that there is some y € M such that [M,y, f] € U. But U is open
and C*°-convergence is defined in terms of pointed partial quasi-isometries, as explained above, so there
are m € N, R.e > 0 and A > 1 satisfying that, for all [M’,y/, f'] € M2, if there is an (m, R, \)-p.p.q.i.
h:(M,y) — (M'y') with |[VY(f — h*f")| < e on Dy (y,R) for 0 <1 < m, then [M’,y/, f'] € U. We can
assume that R > dy(z,y).
Take now any convergent sequence [M;, z;, f;] = [M, z, f] in M" we will show that necessarily [M;, x;, fi] €

V for i large enough, implying that V is open. For ¢ large enough, by the definition of C*° convergence, there

6 |56719], the notation M« (n) and M. (n) was used instead of M% and J/\\/[f, adding the superindex “co” when equipped with
the topology defined by the C*° convergence.

"The cardinality of each complete connected Riemannian n-manifold is less than or equal to the cardinality of the continuum,
and therefore it may be assumed that its underlying set is contained in R. With this assumption, JV[Z} is a well defined set.

8The C™m+1 embeddings and C™ convergence of |7, Definition 1.1] and |5, Definition 1.2], for arbitrary order m, can be
assumed to be C°° embeddings and C'*° convergence |32, Theorem 2.2.7].
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is some (m, 2R, \)-p.p.q.i.
hi : (M, .Z') — (M“.’17l>

with

IV'(f=hif)l <e
on Dy(z,2R) for 0 < 1 < m. Since Dp(y,R) C Dp(x,2R), the closure of Dys(y, R) is contained in
dom h;, so it follows that the restriction h;|x of h; to some compact domain K containing Dy (y, R) is a
(m, R, \)-p.p.q.i.

h: (M,y) — (Mi, hi(y))

satisfying

IVH(f = hifi)| <e
on Dps(y, R) for 0 <1 < m. Hence [M;, h;(y), fi] € W and [M;, z;, f;] € V for i large enough.

The last part of the statement follows from the first part and Lemma [2.1] O

In the case of the zero Hilbert space, $ = 0, there is a canonical identity of partitioned topological spaces,
M2($H) = M2, [M,x, f] = [M, z]. Hence the following is a particular case of Lemma

Corollary 2.15. The saturation of any open subset of M7 is open, and therefore the closure of any saturated
subset of M7 is saturated.

Consider an arbitrary equivalence class [M, f] = Iso(M, f)\M. The Riemannian metric dj; induces a
distance function

d([vaaf]’[Mayaf]) - inf{dJVI(uvv) | u,v € M, [Maxmﬂ - [Mvua.ﬂ? [nyaf] - [Mavmﬂ}

on [M, f] = M/Iso(M, f) (see e.g. [13, Thm. 2.1]). Let d : (M2 — [0, 00] be the metric with possible infinite
values induced by dps on every equivalence class [M, f], and equal to co on non-related pairs.

Lemma 2.16. For every open U C J?E:}, the map aZ(-,U) : J\A/Ef — [0, 00] is upper semicontinuous.

Proof. To prove the upper semicontinuity of d(-,U) at any point [M, z, f], we can assume that d([M, z, f],U) <
oo, and therefore there is some y € M such that [M,y, f] € U. Take a convergent sequence [M;, z;, fi| —

[M,z, f] in J/\FEZL and let ¢ > 0. We can also suppose that

d([M, . f], [M,y, f]) < d([M,z, f,U) +¢/3, du(z,y) <d([M,z, f],[M,y, f]) +e/3.
Since U is open, there are m € N, R > dy(x,y) +¢, 1 < A < (dp(z,y) +¢/3)/dm(x,y) and 0 < 6 < € so
that, for all [M',y/, f'] € J/\\/EZ, if there is an (m, R, \)-p.p.q.i. h: (M,y) — (M',y") with |V!(f —h*f')] < §
on Dy (y, R) for 0 <1 < m, then [M',y, f'] € U. By the convergence [M;,z;, f;] — [M,z, f], for i large
enough, there is some (m, 2R, \)-p.p.q.i. h; : (M, x) — (M;, x;) with |V!(f — h!f;)| < § on Dy(x,2R) for
0 <1 <m. Since Dy(y, R) C Das(x,2R), it follows that [M;,y;, f;] € U for y; = h;(y), and

Hence d([M;, z;, fi],U0) < d([M, z, f],U) + ¢ for i large enough. O

It is said that (M, f) (or f) is (locally) non-periodic (or (locally) aperiodic) if ipr s is (locally) injective;
i.e., aperiodicity means Iso(M, f) = {idy}, and local aperiodicity means that the canonical projection
M — Tso(M, f)\M is a covering map. More strongly, (M, f) (or f) is said to be limit aperiodic if (M’, f') is

aperiodic for all [M’, ', f'] € [M, f]. On the other hand, (M, f) (or f) is said to be repetitive if, given any
pe M, forallm e N, Re >0 and )\ > 1, the points x € M such that

Jan (m, R, \)-p.p.q.i. h: (M, p) — (M,z) with [V'(f —h*f)| < e on Dy (p,R) VI <m (2.1)
form a relatively dense subset of M. This property is independent of the choice of p; this can be checked by

hand or, when [M, f] is compact—which is the case that we will consider in this paper—, it is a consequence
of the following proposition.

Proposition 2.17. The following holds for any connected complete Riemannian n-manifold M :

(i) If (M, f) is repetitive, then [M, f] is minimal.
(ii) If [M, f] is compact and minimal, then (M, f) is repetitive.
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Proof. By Lemma [M, f] is saturated, and therefore its minimality can be considered.
Item follows by showing that [M, f] C [M’, f'] for every equivalence class [M’, f'] C [M, f]. In fact, it
is enough to prove that [M, f] N [M’, f'] # () because [M’, f’] is saturated. Fix any p € M, and let m € N,
R,e > 0and A > 1. By the repetitiveness of (M, f), for some ¢ > 0, there is a c-relatively dense subset X C M
such that, for all x € X, there is an (m, R, \'/?)-p.p.q.i. hy : (M,p) — (M, x) with |[V!(f — hXf)| < &/2 and
|ViREp| < 3h*|V @| on Dps(z, R) for 0 <1 <m and ¢ € C°(M). On the other hand, since [M’, f'] C [M, f],
given any y’ € M’, there are some y € M and an (m, \/?¢c + AR, A\Y/?)-p.p.q.i. h: (M',y') — (M,y) so that
IVHf — (hY)*f")| < €/3 on h(Dp(x, \/?c + AR)) for 0 < I < m. Take some z € X with dy(z,y) < c.
We have Dy (y,c) C h(Dar(y', A\/?¢)), and therefore there is some 2’ € Dy (y', \'/2¢) with h(z') = z. By
Proposition the composite h~'h, defines an (m, R, \)-p.p.q.i. (M,p) — (M’,2'). Moreover

IVI(f = (W he)" I < IVU(F = haf)l + [V (hef = (W ha)* )

< VU =)+ SV = Y ) < s =
on Dys(p, R) for 0 <1 < m. Since m, R, € and A are arbitrary, we get [M,p, f] € [M, f]N[M’, f'].
To prove [(ii)] fix any p € M, and take m € N, R,e > 0 and A > 1. The set
U={[M ' f]eM*|3an (m, R,\)-p.p.qi h: (M,p) — (M )
with |V!(f — h*f')| < e on Dy(p,R) VI <m}

is an open neighborhood of [M, p, f] in JV[Z By Lemma and the compactness and minimality of [M, f],
we have d(-,U) < ¢ on M? for some ¢ > 0. It follows that the points z € M satisfying ([2.1]) form a c-relatively

dense subset of M. Since m, R, € and A are arbitrary, we get that (M, f) is repetitive. |
The non-periodic and locally non-periodic pairs (M, f) define saturated subspaces M p C M* 1np C M.
The pairs (M, f), where f is an immersion, define a saturated Polish subspace M* imm C M* Inp- The

following properties hold [5, Theorem 1.4]:
° M"

* 1mm

QM"

* 1mm

e The foliated space Mn

ivyp: M — M" is also C'° for all pairs (M, f) where f is an immersion.
e Every map ins g : M — [M, f] = Iso(M, f)\M is the holonomy covering of the leaf [M, f]. Thus

n n
M* ,np n M* ,imm

e The C* foliated space M* imm
Iso(M, f)\M is a local isometry.

By forgetting the functions f, we recover the Polish space M? |7, Theorem 1.2]. We have M? = JT/[Q(O),
using the zero Hilbert space. The forgetful or underlying map u : M? — M, w([M,z, f]) = [M,z], is
continuous. We also have the canonical partition defined by the images [M] of canonical continuous maps
Lty : M — MP, so the following properties hold for n > 2 |7, Theorem 1.3]:

o M"

*,lnp

is open and dense in M7.
o MY, is a foliated space with the restriction of the canonical partition.
The fohated space M7 Inp has a unique C*° and Riemannian structures such that every map ¢ps :

M — [M] =Iso(M)\M is a local isometry. Furthermore u : J\A/[ijimm — M7y, is a C foliated map.

e Every map tps : M — [M] =1Iso(M)\M is the holonomy covering of the leaf [M]. Thus MY is the
union of leaves without holonomy.

is open and dense in J\/["
is a foliated space with the restriction of the canonical partition.

has unique C° structure such that ev : J\A/Ef,} — 9 is C*°. Furthermore

* 1mm

is the union of leaves without holonomy.

has a Riemannian metric so that every map iy : M — [M, f] =

Moreover [M] is compact if and only if M is of bounded geometry [7, Theorem 12.3] (see also [22], |40
Chapter 10, Sections 3 and 4]).

Now consider quadruples (M, z, f,v), where (M,z, f) is like in the definition of J/\\/E:} and v € T, M.
An equivalence between such quadruples, (M, x, f,v) ~ (M',2’, f’,v’), means that there is an isometry
h: M — M’ defining an equivalence (M, x, f) ~ (M',2’, f') with h,v = v’. The corresponding equivalence
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classes, denoted by [M,z, f,v], define a set ‘IJT/[:}, like in the case of ﬁ:} Moreover the C*° convergence
[Mi,xi,fi,vi] — [M,z, f,v] in ‘J'J/\;[” means that, for allm € N, R,e > 0 and A > 1, there is an (m, R, \)-p.p.q.i.
hi + (M, x) — (M;,z;), for i large enough, such that |Vl(f hifi)| < eon DM(x R) for 0 <1 < m and
(hf )«v; — v. Like in the case of J\/[" it can be proved that this convergence defines a Polish topology on ‘J'M".
Moreover there are continuous maps Ty : T*M — T*M™, defined by Ti f(z,v) = [M,z, f,v], whose
1mages T[M, f] form a canonical partition of ’J'M" satisfying the same basic propertles as the canonical partition
of M" We also have a continuous forgetful or underlying map u : ‘J'M” — M” given by u([M,z, f,v]) =
[M,z, f].

The above definition can be modified in obvious ways, giving rise to other partitioned spaces with
the same basic properties. For instance, by using cotangent spaces T M instead of the tangent spaces
T,.M, we get a partitioned space ‘J'*J\/["7 where the partition is defined by the images T*[M, f] of maps
T*ipp: T*M — ‘J'*J/\;[Z, given by T*ip f(z,§) = [M, z, f,£]. Actually, the metrics of the manifolds M define
identities T, M = T M, yielding an identity ‘.TAZ = ‘J'*JT/[:}. Next, for £k € N, we can also use the tensor
products @), T M or @, T M, giving rise to partitioned spaces &), TM” and (o T*M™.

For a normed vector space V', or more generally a vector bundle E with a continuous function that restricts
to a norm on each fiber, and r > 0, let

D.V={veV||v|<r}, D.E={ecE]||r|<r}.
Hence, we obtain a fiber bundle D,.(T, M) C T,,M with compact fibers, and also the partitioned subspaces
D, (‘TJ\A/EZ) of TM?. Similarly, we get partitioned subspaces DT.(‘T*JVEZ}) (®k ‘J’M") and D, (Q), ‘J'*J\/["),
consisting on the vectors in the disks of center zero and radius r on T*MZ}, @), TM? and (8 ‘J’*MZZ,
respectively. A continuous forgetful or underlying map u is defined in all of these spaces with values in M".
We will use the notation u,; = u: D, (Q), ‘IJV[:}) — M.

Proposition 2.18. The map u, 1 : D,.(Q), ‘J'JT/[;’) — JQ[Z is proper.

Proof. For any compact subset X C J\A/[f, take a sequence [M;, z;, fi,vi] in (u,) "1 (XK). Since X is compact,
after taking a subsequence if necessary, we can assume that [M;, z;, f;] converges to some element [M,x, f]
in X. Thus there are sequences, m; Tooin N, 0 < R; T o0, 0 <¢; J 0and 1 < \; | 1, such that, for every
i, there is some an (mi,Ri,)\ )-p-p-a.i. hi o (M, x) — (M;,x;) with |V!(f — hffi)| < ei on Dys(x, R;) for
0 <1< my. Since A\;% < [(h;1).v;| < AF for all i, some subsequence (h; 1) v;, is convergent in @, T M to
some v with |v| < r. Using h;, , it follows that the subsequence [wazk,f%,vlk] converges to [M, z, f,v] in
(1)1 (X), showing that (u,. )1 (X) is compact. O

For all k € N, a well-defined continuous map V* : @), ‘J’J\A/[f — § is given by V*([M, z, f,v]) = (V* f)(x,v).

(
Proposition 2.19. Let M be a complete connected Riemannian n-manifold, and let f € C°(M,$), xo € M
and r > 0. Then [M, f] is compact if and only if M is of bounded geometry and V*((u, 1)~ 1([M, f])) is
precompact in $ for all k € N.

Proof. Assume that [M, f] is compact to prove the “only if” part. The map u : J\A/[” — M7 defines a map
u: [M, f] — [M] with dense image because ¢); = iy, ;. Moreover, u is continuous, so the image of [M, f]

must be a dense compact subset of [M]; since [M] is closed, it follows that u is surjective and [M] is compact.
So M is of bounded geometry [7, Theorem 12.3]. Furthermore u - ~L([M, f]) is compact because u,.j is proper,
so V¥ ((u,x)~Y([M, £])) is precompact in § for all k& € N.

The “if” part follows by showing that any sequence [M, f, z,] in [M, f] has a subsequence that is convergent
in M" Since [M] is compact and u : M” — M7 continuous, we can suppose that [M, z,] converges to some
point [M’, z'] in M7. Take a sequence of compact domains D, in M’ such that By (z',q+1) C Dy. For every
g, there are pointed C*° embeddings hg, : (Dg,2") = (M, :Cp) for p large enough, such that hq »IM — gN
on D, as p — oo with respect to the C'°° topology. Let f’ a.pd on Dg. From the compactness of

Vk((unk)_l([M, f1)), it easily follows that, for every ¢ and k, we have sup, supp, V¥ f] ] < oo, and the

elements (V™ f; )(z",v") form a precompact subset of § for any fixed 2" € D, and v” €D (&, T M').

Since @), T M is of ﬁnite dimension, it follows that the elements (V™ f; ) (z"” ) form a precompact subset
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of H ® Q) Ty»M'. Hence the functions f, , form a precompact subset of C*°(D,,$) with the C*° topology
by Proposition So some subsequence f(; p(a,0) is convergent to some f; € C*°(Dy, $) with respect to the
C® topology. In fact, arguing inductively on ¢, it is easy to see that we can assume that each f(; 1p(g+1,0) is
a subsequence of f(; p(q.0)> and therefore fy+1 extends f;. Thus the functions f; can be combined to define a
function " € C*°(M’,$). Take sequences £y, mq T 0o in N so that
£ — Z,p(q,eq)fHCW,Dq,gN = ||f(; - f;,p(q,eq)”CT”Q,Dq,gN —0.

Hence [M, f,zp(q.e,)] = [M', f';2'] in J%f as g — oo. O

The following is an elementary consequence of Proposition 2.19]

Corollary 2.20. Let M be a complete connected Riemannian n-manifold, and let f € C°(M,$). Suppose
that dim $ < co. Then [M, f] is compact if and only if M is of bounded geometry and sup,; |V™ f| < oo for
all m € N.

Corollary 2.21. Let M be a complete connected Riemannian n-manifold, let $ = $H1 & Ho be a direct sum
decomposition of Hilbert spaces, and let

f=(f1,f2) € C(M,H) = C™(M,$H:) ® C™ (M, Hs) .
Then [M, f] is compact if and only if [M, f1] and [M, f3] are compact.

Proof. Assume that [M, f] is compact to prove the “only if” part. Let II, : $ — 2 (a = 1,2) denote the
factor projections. The induced maps IT,, : M7 () — M?($,) define continuous maps I, : [M, f] = [M, f.],
whose images are dense because iy, y, = Hguinr, ;. By the compactness of [M, f], it follows that these maps

are surjective and the spaces [M, f,] are compact.

Now assume that every space [M, f,] (a = 1,2) is compact to prove the “if” part. By Proposition this
means that M is of bounded geometry and every set V™ (u~!([M, f,])) is precompact in ), for all m € N.
Since

V™M, ) € VT uTH(M, f1]) x VT H(M, f2])
for every m because (V™ f)(x,§) = (V" f1)(z,€), (V" f2)(2,§)) for all z € M and § € Q,, Ti M, we get
that V™ (u=!([M, f])) is precompact in § for all m. Hence [M, f] is compact by Propositior;m O
Proposition 2.22. Let M be a complete connected Riemannian n-manifold, and let f € C°(M,$). Then
the following properties hold:
(i) If[M, f] is a compact subspace of JV/[f,imm, then infpr [V f| > 0.
(i) Ifinfy [Vf| > 0, then [M, f] C M"

*,imm *

Proof. This holds because the mapping [M’, 2/, f'] — |[(Vf)(2')] is well defined and continuous on M. O

Proposition 2.23. In any minimal compact Riemannian foliated space, all leaves without holonomy are
repetitive.

Proof. This is a direct consequence of the Reeb’s local stability theorem and the fact that L NU is relatively
dense in L for all leaf L and open U # () in a minimal compact foliated space [9, Second proof of Theorem 1.13,
p. 123]. |

Example 2.24. For any compact C* foliated space X, there is a C*° embedding into some separable
Hilbert space, h : X — $ [14, Theorem 11.4.4]. Suppose that X is transitive and without holonomy, and
endowed with a Riemannian metric. Let M be a dense leaf of X, which is of bounded geometry, and let
[ =hlm € C°(M,$). We have infy |V f| = ming [Vh| > 0. So X' := [M, f] is a Riemannian foliated
subspace of J/\\/[f,imm (Proposition @ Since X is compact and without holonomy, and M is dense in X,
it follows from the Reeb’s local stability theorem that the leaves of X" are the subspaces [L, h|L], for leaves
L of X, and the combination of the corresponding maps maps iy, 5|, is an isometric foliated surjective map
ixn: X — X'. Using that evix j = h, we get that ix ; : ¥ — X’ is an isometric foliated diffeomorphism, and
ev: X — 9 is a C* embedding whose image is h(X). Thus ¥’ is compact and without holonomy, and (M, f)
is limit aperiodic. If moreover X is minimal, then (M, f) is repetitive by Proposition
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2.7. The spaces G, and §* As auxiliary objects, we will use connected (simple) graphs with finite vertex
degrees, as well as their (vertex) colorings. For convenience, in this subsection, these graphs will be identified
with their vertex sets equipped with the natural N-valued metric on the vertex set. In other parts of the
paper, the graphs will be distinguished from their vertex sets by adding a subscript to the notation, which
refers to the definition of its edges. The natural metric of a connected graph is defined as the minimum length
of graph-theoretic paths (finite sequences of contiguous vertices) between any pair of points. The existence of
geodesic segments (minimizing graph-theoretic paths) between any two vertices is elementary. For such a
graph X, the degree of a vertex z is denoted by degy x (or deg ). The supremum of the vertex degrees is
called the degree of X, denoted by deg X € NU {oco}. The natural N-valued metric of X is denoted by dx.

Given a countable set F', any map ¢ : X — F is called an (F-) coloring of X, and (X, ¢) is called
an (F'-) colored graph. We will take F = Z* or F = {1,...,¢} (¢ € Z"). For a connected subgraph
Y C X, we will use the notation (Y,¢) = (Y, d|y). Let g, = §*(F) be the Setﬂ of isomorphism classes
[X, z, ¢] of pointed connected F-colored graphs (X, z,$) with finite vertex degrees. For R > 0, let Ug be
the set of pairs ([ X, z, ], [Y,y,¢]) € (§*)2 such that there is a pointed color-preserving graph isomorphism
(Dx(z,R),z,¢) = (Dy(y,R),y,¥). These sets form a base of entourages of a uniformity on §*, which is
metrizable because this base is countable since ﬁR = ﬁt r|- Moreover it is easy to see that this uniformity

is complete. Equip §* with the corresponding underlying topology. The evaluation map ev : §* — F,
ev([X, z,4]) = ¢(z), and the degree map deg : S, = Z+, deg([X, z, ¢]) = degx x, are well defined and locally
constant. The space §* is also separable; in fact, a countable dense subset of §* is defined by the finite
pointed colored graphs because F' is countable. Therefore §* is a Polish space.

Let (X, ¢) be a connected colored graph with finite vertex degrees, whose group of color-preserving
graph automorphisms is denoted by Aut(X,¢). There is a canonical map ix g : X — G, defined by
ix ¢(x) = [X,z,¢]. Its image, denoted by [X, ¢, can be identified with Aut(X, ¢)\X, and has an induced
connected colored graph structure. All possible sets [X, ¢] form a canonical partition of §* Like in Lemma
it follows that the saturation of any open subset of §* is open, and therefore the closure of any saturated
subset of G, is saturated; in particular, [X, @] is saturated. It is said that (X, ) (or ¢) is aperiodic (or
non-periodic) if Aut(X, ¢) = {idx}, which means that ix 4 is injective. More strongly, (X, ¢) (or ¢) is called
limit aperiodic if (Y,1)) is aperiodic for all [Y,y,¢] € [X,¢]. On the other hand, (X, ¢) (or ¢) is called
repetitive if, for any p € X and R > 0, the points z € X such that there is a pointed color-preserving graph
isomorphism (Dx (p, R),p,$) = (Dx(x, R),x,1) form a relatively dense subset of X. Clearly, this property
is independent of the choice of p. Like in Proposition if (X, ¢) is repetitive, then [X, ¢] is minimal, and
the reciprocal also holds when [X, ¢] is compact.

There are obvious versions without colorings of the above definitions and properties, which can be also
described by taking F' = {1}. Namely, we get: a Polish space G, canonical continuous maps tx : X — G,
tx () = [X, z], whose images, denoted by [X], define a canonical partition of G, and the concepts of non-

periodic (or aperiodic), limit aperiodic and repetitive graphs. The forgetful (or underlying) map u: G, — G,
uw([X,z,¢]) = [X, ], is continuous. If X is repetitive, then [X] is minimal, and the reciprocal also holds when
[X] is compact. The closure [X] is compact if and only if deg X < co. Then, like in Proposition we
obtain that [X, ¢] is compact if and only if deg X < oo and im ¢ is finite.

We will use the following graph version of (m, R,\)-p.p.q.i. (Section 2.3). For R > 0 and A > 1,
an (R, \)-pointed partial quasi-isometry (shortly, an (R, \)-p.p.q.i.) between pointed graphs, (X,z) and
(Y,y), is a A-bilipschitz pointed partial map h: (X, z) — (Y, y) such that D(x, R) = dom h, and therefore
D(y,R/\) C im h. This definition satisfies the obvious analogue of Proposition The following is a simple
consequence of the fact that graph metrics take integer values.

Proposition 2.25. Let 1 <A <2 and R>0. Any (R, \)-p.p.q.i. h: (X, z) — (Y,y) between pointed graphs
defines a pointed graph isomorphism h : (domh,z) — (im h,y). In particular, it defines an (R/\,1)-p.p.q.i.
(X, z) — (Y,y).

9Each connected graph with finite vertex degrees is countable, and therefore it may be assumed that its underlying set is
contained in N. With this assumption, G, is a well defined set.
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Corollary 2.26. A colored graph (X, @) is repetitive if and only if, given any p € X, for all R > 0 and
1< \<2, the set

{x € X | 3 a color preserving (R, \)-p.p.q.i. h: (X,p,¢) — (X, z,¢)}
1s relatively dense in X.

2.8. The space CM". Fix some countable set F like in Section Let CM? = @MQ(F) denote the set
of equivalence classes [M, x, C, ¢] of quadruples (M, z, C, ¢), where M is a complete connected Riemannian
manifold of dimension n, x € M, C' C M a closed subset and ¢: C' — F' a locally constant coloring ¢ : C' — F;
an equivalence (M, z,C, ¢) ~ (M',2’,C’,4’") means that there is a pointed isometry h : (M, x) — (M’,z’)
with h(C) = C" and h*¢' = ¢.

Similarly to M?”, we have a natural notion of convergence, this time using a version of what is called

*

Chabauty convergence of closed subsets.

Definition 2.27. The sequence [M;, z;, C;, ¢;] is C°-Chabauty convergent to [M,x,C, ¢] if, for any compact
domain D C M containing z, for all m € N, R > ¢ > 0 and A > 1, there is some (m, R, \)-p.p.q.i.
h; : (M, z) — (M;,x;), for i large enough, such that:
(a) for all y € Dp(x, R — €) N C, there is some y; € h; ' (C;) C Dy(x, R) with dps(y,y;) < e and
¢(y) = ¢ihi(y:); and,
(b) for all y; € Dy(z, R — &) N h;'(C;), there is some y € C N Dy(x, R) with das(y,y:) < e and
d(y) = dihi(y:).

Like in |1, Theorem A.17], it can be proved that this convergence defines a Polish topology on @M*,
although we will not need that fact here. There are canonical continuous maps iy .c¢ : M — emn,
imce(r) =[M,z,C, ¢], whose images, denoted by [M, C, ¢], form a canonical partition of CM? satisfying
the obvious version of Lemma m Each image [M, C, ¢] can be identified with M/Iso(M,C, ¢), where
Iso(M,C, ¢) is the group of isometries h satisfying h(C) = C and h*¢ = ¢. We say that [M,C,¢] (or
(M, C,9)) is

e aperiodic if Iso(M, C, ¢) = {id}.
o limit aperiodic if Iso(M’,C",¢") = {id} for every [M',C",¢'] € [M,C, ¢).

3. REALIZATION OF MANIFOLDS AS LEAVES IN COMPACT FOLIATED SPACES WITHOUT HOLONOMY

Theorem 3.1. For any (repetitive) connected Riemannian manifold M of bounded geometry, there is a
(minimal) compact Riemannian foliated space X without holonomy with a leaf isometric to M.

To prove this theorem, the construction of X begins with the following result.

Proposition 3.2. Let M be a connected Riemannian manifold of bounded geometry. For every n > 0, there
is some separated n-relatively dense subset X C M, and some coloring ¢ of X by finitely many colors such
that (M, X, ¢) is limit aperiodic.

Proof. Let 0 <7 < n. Choose 0 < ¢ <7 — 7 and take any (7 + 2¢)-separated (1 — €)-relatively dense subset
X C M (Corollary . By Proposition there are p > 0, 0 > 31, and a 7-separated n-relatively dense

subset X such that
dv(v,y) ¢ (0 —p,o+p) Yr,ye X. (3.1)
X is the set of vertices of a graph whose set of edges is
Ex,={(z,y) € X*|0<dy(v,y)<o}.
For the sake of simplicity, the graph (X, Ex ) is simply denoted by X, (see Section .
Claim 3.3. X, is connected, and X N Dys(x,7) C Dx, (z,|r/n] +1) for all z € X and r > 0.

Let z,y € X and k = |d(z,y)/n|+1. Since M is connected, there is a finite sequence = ug, uy,...,ur =y
such that dps(u;—1,u;) <n (i =1,...,k). Using that X is n-relatively dense in M, we get another finite
sequence T = 2q, 21,---,2k = ¥y in X so that dys(u;, z;) < n for all i. Then

da(ziz1, 7)) < dpr(zim1,ui—1) + dar(wi—1, wi) + dag(ug, 2;) < 3n <o .
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So, either z;_1 = z;, or (z;_1,2;) € E,. Thus, omitting consecutive repetitions, zg, z1, ..., 2 gives rise to a
graph-theoretic path between x and y in X,. This shows that X, is a connected graph and dx_(z,y) < k, as
desired.
By Proposition there is some ¢ € N such that, for all z € M, the disk Dy, (z,0) N X has at most ¢
points, obtaining that
deg X, <c. (3.2)
Now [6, Theorem 1.4] ensures that there exists a limit aperiodic coloring ¢ : X — {1,...,c}. By the definition
of E,, we also get
Dx, (z,7) C Dpy(z,7r0) (3.3)
for all x € X and r € N. R
For n = dim M, take a class [M', X', ¢'] C [M, X, ¢] in CM2({1,...,c}) (Section . As before, consider
the graph X/ = (X', Exs ), where

Ex ,={(,y)e(X)?|0<dy(d,y)<o}.

Claim 3.4. We have that:
(a) X’ is 7-separated and n-relatively dense in M’,
(b) X7 is connected and X' N Dy (2',7) C Dx: (2', |r/n] +1) for all 2’ € X’ and r > 0,
(c) deg X! < ¢, and
(d) [X',¢'] C[X,¢] in G.({1,...,c}).
Let us prove@ Given 2’ € X', m € Z*, R > § > 0 and A > 1, there are some z € X and an
(m, R, \)-p.p.q.i. h: (M',2") — (M, z) such that:
o forallu € D(z/, R—4&)N X', there is some v € h™1(X) C D(2/, R) with d(u,v) < § and ¢’ (u) = ¢ph(v);
and,
e forallv € D(z', R—3§)Nh~1(X), there is some u € X' N D(z', R) with d(u,v) < § and ¢'(u) = ¢h(v).
For the sake of simplicity, let § = h~!(y) for every y € imh. Since X Nh(Dyp (2', R)), X' N Dy (2', R)
and h(Dyp (2, R)) are compact, given any 0 < 7, we can assume that A — 1 and § are so small that
2M < 1. (3.4)

For any 3’ € X' N Dy (2, R — 0), there is some y € X N h(Dy/ (2, R)) such that dp(y',7) < § and
&' (YY) =¢(y). If z€ X Nh(Dyp (2, R)) also satisfies dp/ (y', Z) < 9, then, by (3.4),

dM(y,Z) < )‘dM/(gvz) < )‘(dM/(ylvz) + dM’(y/ag)) <20 <T ;

yielding y = z because X is 7-separated. So y is uniquely associated to y’, and therefore the assignment
1y’ — y defines a color-preserving map

h:X' 0Dy, R—06) = X Nh(Dy (', R)) ;
in particular, ﬁ(x’) = h(z') = z. Since h is an (m, R, \)-p.p.q.i., for all ¥/, 2’ € X' N Dpp (2, R — 6),

(dar (', 2') — 20) /N < dar(h(y'), h(2")) < Mdar (i, 2') + 26) . (3.5)

Furthermore, either da(h(y'), h(2')) = 0, or das(h(y'), h(2')) > T because X is T-separated. So, either
dy (', 2") < 26, or dpp (Y, 2') > 7/X — 28 by . Letting 6 -+ 0, A— 1 — 0 and R — oo, we infer that,
for every ¢/, 2’ € X', either d(y’,2’) = 0 or d(y', 2') > 7; that is, X’ is T-separated and yields that & is
injective.
By taking § and A — 1 small enough, we can also assume that
Mo—p+20)<o<(c+p—25)/\. (3.6)

Given ¢,z € X' N Dpp(2', R —6), let y = h(y') and z = h(2’) in X Nh(Dpp(2', R)). I dpyr (v, 2") < o — p,
then, by (3:5),

d(y, 2) < My (9, 2) < Mdar (y',2') +20) <o .
If dpp (y', 2') > o + p, then, by (3.6)),

du(y, 2) > da (9,2) /A > (dae (v, 2') = 20) /A > 0.
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These inequalities, (3.5) and the injectivity of h show that
h:X' 0Dy, R—06) = h(X' N Dy (z', R —6)) (3.7)

is a color-preserving graph isomorphism.
Like in (3.5), for all ¢’ € X' N Dy (2', R —6),

(darr (2, y') = 8) /A < dar(, b)) < Mdar (2, y') +6) - (3.8)
We use these inequalities to show that
X N Dy(z, (R—26)/A) C (X' N Dyy(a’,R—6)) € XN Dy, AR) . (3.9)

Here, the second inclusion is a direct consequence of . To show the first inclusion, observe that
Dy(z, (R —268)/\) C h(Dpy(z, R — 26)) because h : (M',2') — (M, z) is an (m, R, \)-p.p.q.i. Thus, for any
y € XN Dy(x,(R—25)/N), we have § € Dy (', R — 26) with h(y) = y. Moreover there is some 3’ € X’
such that dy (y/,7) < 8. Then dag (z',y') < dpp(2',7) + 6 < R — 6, and h(y’) = y by the definition of h. So
y € (X' N Dy (2, R — §)), completing the proof of (9.

Now, for any y' € Dy (2', (R—20)/(A—n)\), we get h(y') € Dpy(z, (R—20)/A—n) because h : (M',z') —
(M, z) is an (m, R, \)-p.p.q.i. Since X is n-relatively dense, there is some y € M such that d(h(y'),y) <7
We have y € Dy (z, (R — 25)/)) by the triangle inequality. Moreover y € im h by (:9). So h=1(y) € X' and

dy',h=(y)) < d(y',5) +8 < Ad(h(y'),y) +6 < A+

Since R is arbitrarily large, and § and A — 1 are arbitrarily small, it follows that X’ is n-relatively dense in
M’, completing the proof of @

Item @ follows from @ with the same argument as in Claim

Finally, given any A > 0, if R is large enough, and § and A\ — 1 are small enough, then the color-preserving
graph isomorphism restricts to a color-preserving graph isomorphism h : Dx: (2',A) — Dx, (iz(x’ ), A4)
by . Thus follows from , and @ follows from the definition of the topology of §*({1, cocl)
(Section . This completes the proof of Claim

Note that the statement of Proposition [3.2]is stronger when 7 > 0 is taken smaller.

Claim 3.5. If n is small enough, then (M, X, ¢) is limit aperiodic.

Consider any class [M’, X', ¢/] C [M, X, ¢] in CM™({1,...,c}), and let h be an isometry of M’ preserving
X" and ¢'. Then h defines a color-preserving graph automorphism (X7, ¢’). By Claim and since (X, @)
is limit aperiodic, we get that h = id on X’. By Proposition it follows that A = id on M’ if 7 is small
enough. So (M’ X' ¢') is aperiodic, completing the proof of Claim |3.5 |

Corollary 3.6. In Pmposition we may assume that ¢(x) # ¢(y) if t #y € X and d(z,y) < 4n.

Proof. Let ¢ and n be as in the proof of Proposition [3.2 Two points in X at distance < 47 in M are at
distance < 5 with respect to the graph distance dx_ by Claim Since X, has finite degree, the cardinality
of the balls Bx, (z,5) is uniformly bounded by some constant F' > 0, and therefore X N B(x,4n) is uniformly
bounded on x too. Hence, by the pidgeonhole principle, there is some coloring a on X using finitely many
colors and such that different points at distance < 47 in M take different colors. Then the product coloring
¢ X « uses finitely many colors (at most the product of the numbers of colors used by ¢ and «), and ¢ X « is
limit aperiodic because ¢ is limit aperiodic. O

As explained in Section Theoremholds with the Riemannian foliated subspace X = [M, f] C J\A/[f’imm
(n = dim M), where f € C>(M,$) is given by the following result.

Proposition 3.7 (Cf. |5, Proposition 7.1]). Let M be a (repetitive) connected Riemannian manifold. There
is some (repetitive) limit aperiodic f € C™(M,$), where $ is a finite-dimensional Hilbert space, so that
sup,s |V f| < oo for all m € N and inf; [V f| > 0.

Proof. In Proposition we constructed a separated, relatively dense set X C M and a coloring ¢ of X
such that (M, X, ¢) is limit aperiodic. The overarching idea of the present proof is to substitute this discrete
set and coloring by a smooth function. However, finding a function satisfying sup,, |V"™ f| < oo for all m € N
and inf s |V f| > 0 requires some careful choices.
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We begin by fixing ro > 0 and normal parametrizations &, : B, — By (z,79) (x € M) like in Propo-
sition Now, fix 0 < r < 19 and take X, ¢ and ¢ like in Proposition with n = 2r/3. Write
X ={z; | i€ I} for some index set I, and let k; = ky, : B = By(w;,7) and ¢; = ¢(x;) (i € I). X has a
graph structure, already defined in the proof of Proposition [3.2] using o = 31 = 2r. Since adjacent points z,
y in X are at positive distance less than 47, we will assume ¢(z) # ¢(y) using Corollary

Let 0 < v < r be such that X is v-separated. For n = dim M, choose some function p € CS°(R™) such that
p(x) depends only on |z], 0 < p <1, p(x) =1 if |z| < v/2, and p(x) = 0 if |z| > v; that is, p is a spherically
symmetric bump function on R™. Let S be an isometric copy in R"*! of the standard n-dimensional sphere so
that 0 € S, and take some C* map 7 : R® — R™"! that restricts to a diffeomorphism B, — S\ {0} and maps
R™\ B, to 0. Let V' = 7(B,2) C S and yo = 7(0) € V.. For every i € I, pulling back by w1t By(wi,7) — By,
we get functions p; = pr; ': Byr(wi,7) — Rand 7; = 7r; 12 Bpy(wg,7) — S € R

Let ¢ take values in {1,...,c}. For every color k € {0,...,c}, let X}, be the points of X with ¢(z) = k.
Then, let f* = (fF, f¥) : M — R xR = R"*2 be the extension by zero of the combination of the compactly
supported functions (p;, 7;) on the disjoint balls Bys(z;,7), for 2; € Xi. Note that f§ encodes both X
and U, cx, B(wi,7); Xy is precisely (f5)~Y(yo) and U.,ex, B(wi,r) is the set of points 2 with fX(2) #0.
Moreover, for every € X, we have ff(r) = 1if z € X, and ff(z) = 0 if x ¢ X}, because X is v-separated
and p vanishes outside of B, /; thus, fF encodes the coloring ¢ of X.

Let us now take the Cartesian product of all maps, so

f:(fl,"",fc):M%(Rn+2)CERC(n+2).
Claim 3.8. supy; V™ f| < oo for all m € N and infy; [V f| > 0.

To prove sup,; |V™f| < oo, it is clearly enough to prove that sup,, |me]'-“\ <ocoforallmeN 1<k<c
and j € {1,2}. By definition, ff is the extension by 0 of the combination of the maps /)/Qi_l over the
balls Bps(z;,7) with ¢(x;) = k; but sup,, |Vm/<{1| < oo for every m by Proposition and p is fixed, so
we obtain that sup,, [V™fF| < oo for all m and k. The same argument using 7 instead of p proves that
sup,, [V f¥| < oo for all m and k.

In order to show that inf; |V f| > 0, it is enough to show that there is K > 0 so that, for every x € M, there
is some k € {1,...,m} such that |[Vf§| > K. First, note that, by the construction of X in Proposition
X is n-relatively dense, with 7 = 2r/3. This means that the balls By (x,2r/3), z € X, still cover M. By
Proposition inf |Vx;!| is uniformly bounded from below over the balls By (x;,2r/3), so there is K so
that for every x there is i with such that |Vk;'|, > K. Moveover, x; ' (z) is inside the Euclidean ball
By, /3 because k; determines a normal coordinate system. The function 7 restricts to a diffeomorphism
B, — S\ {0}, so in particular inf |V7| is bounded from below over B, /3; by reducing K if necessary, we
may assume inf V7| > K over By, /3. Taking k to be the color ¢(z;) and applying the chain rule, we obtain
that |V f¥|, > K? and, since x was arbitrary, the claim is proved.

We can write f = (f1, fa), where f1 = (ff,..., ff™) M - R°and fo = (f3,..., f5T) : M — (R*1)c =
Rc(nJrl)'

Recall that 0 < 7 < inj,, is taken like in Proposition [2.9] and therefore the constant 0 < r < rg can be
chosen as small as desired.

Claim 3.9. If r is small enough, then f is limit aperiodic.

Take any class [M’, f'] € [M, f]. Then [M'] € [M], obtaining that inj,,, > inj,, > ro and M’ satisfies the
property stated in Proposition 2.9 We can consider

f/ _ (fll f/c+1) M — (Rn+2)c+1 = R(c+1)(n+2)

with '8 = (f{*, f4%) : M" - R x R**! = R"2, Given 2’ € M’, there are sequences, 0 < R, 1 0o and 7, | 0

in R, my, 1 oo in N, of smooth compact domains D, C M’ with By (2', R,) C Dy C By (2, Rpy1), and of
C*° embeddings h, : D, = M, such that

q>p = |higm — gmrlloma,pygys W f = f

Under these conditions, we can show now that the Delone set X on M induces a Delone set X’ on M’

and, moreover, X’ has a canonical graph structure induced from that on X: Let X} = (f3*¥)"(yo) C M’ and

X' =X{U---UX/, . Write X’ = {x | a € A} for some index set A, and let Ay, = {a € A |z, € X} }.
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For any a € Ay, we have Dy (xl,r) C D, for p large enough. Let Z,, = hy(z}) for ¢ > p. Then
I5(Za.q) — fAF(2)) = yo as ¢ — co. By the definition of fF, it follows that there is a sequence i, 4 € I
such that das(2s, ,,Za,q) — 0. Given 0 < 0 < r/2, we get hqy(Dyp(2},,0)) C By (s, ,,7/2) for ¢ > p large
enough, and /fi;lq hq = T’lkahq — 771 4% with respect to the C> topology on Dy (z!,,0). Thus there is
some normal parametrization x/, : B, — By (2, 7) such that 771 f3% = k7! on Dy (2/,6). Since 6 is
arbitrary, we get f3¥ = 7/ 71 on By (2!, 7/2); in particular, f3¥ : By (2, 7/2) — V is a diffeomorphism.

Now, using the properties of X and the convergence ds(x;, ,,Ta,q) — 0, it easily follows that X' is also
v-separated and n-relatively dense in M’ and, for all 2’ € M’, the ball By (2’,0) N X’ has at most ¢ points.
Hence, like in the case of X, the connected graph X/ = (X', Ex/ ) satisfies deg X/ < ¢, where

Ex o ={(2),z},) |a,be A, 0 <dpp(x),z}) <o}.

Let 5 denote the set of points @, in X' such that Dy (x,,7) C D,. From the convergence ds (4, ., Ta,q) — 0,
we also get that, if p and ¢ are large enough with ¢ > p, then, for all a,b € A with z/,x} € l~)p, we have
(%i, ,»2i,,) € Ex o if and only if (:U ,x3) € Ex/,. Thus an injection h,, : Dp — X is defined by
hpq(zh) = x5, . and hy. a - D, — hy4(D,) is a graph isomorphism. Moreover, for any N € ZT and a € A,
we have Dx/ (z;,, N) C Dp if Dpg/(z),,2Nr) C Dy, which holds for p large enough. Then there is a pointed
isomorphism (Bx: (v, N),z,) — (Bx, (i, ,,N),2i,,) if p and ¢ are large enough with ¢ > p, yielding
(X!, 2] € [X,], and therefore [X’] C [X,].

Furthermore, the original coloring ¢ on X also induces a coloring on X’. Recall that ¢(x) = k for x € X if
and only if f¥(z) =1 and fF'(z) = 0 for all k" # k. Thus,

1 if ¢(a,,) = k for ¢ large enough,

q—

() = Hm ff(7aq) = lm fi(zi,,) = {0 othori
So a coloring ¢’ : X’ — {1,...,c} is defined by taking ¢’ = k on every X}, where k is the only value with

{k( ") =1 for ' € X', and we have h,, ;¢ = ¢ on Dx: (x,, N). Hence [X[,x;,¢'] € [Xs, ], and therefore
[X!,¢'] C[Xs,d]. Moreover (X!, ¢') is aperiodic because (X, ¢) is limit aperiodic.

Let us prove that (M’, f') is aperiodic. Let h be an isometry of M’ such that h* f' = f’. Then h* f{* = f}*
forallk=1,...,c+1and j =1,2. So h(X') = X" and h: X! — X is a graph isomorphism preserving ¢’.
Since (X, d)’) is aperiodic, it follows that h is the identity on X’. So h = id on M’ if r is small enough by
Proposition [2 This completes the proof of Claim [3.9]

To finish the proof, let us show that we can get (M, f) repetitive if M is repetitive. Define f as above,

then the closure [M f] is compact, so it contains some [N, g] with minimal closure. The image of [N, g] by

the forgetful map M? — M™ is a compact, saturated subset of [M], so it is in fact all of [M] because this
set is minimal. Hence, [N, g] = [M, h] for some h, and (M, h) is repetitive because [M, h] is compact and
minimal. Finally, (M, h) is limit aperiodic because [M, h] € [M, f]. O

4. REPLACING COMPACT FOLIATED SPACES WITH MATCHBOX MANIFOLDS

Theorem 4.1. For any (minimal) transitive compact C™ foliated space X without holonomy, there is a C™
(minimal) matchbox manifold M without holonomy, and there is a C*° surjective foliated map m: MM — X
that restricts to diffeomorphisms between the leaves of M and X.

Proof. Fix any dense leaf M of X, an auxiliary Riemannian metric on X, and a C*° embedding into some
separable Hilbert space, h : X — $1. Let f1 = h|pr and 9 = [M, f1] in Jﬁﬁ(ﬁl) (n =dim M). Then (M, fi)
is limit aperiodic, 2, is compact, and we have an induced isometric diffeomorphism between Riemannian
foliated spaces, iz, : X — 9y (Example [2.24).

There are regular foliated atlases U = {U;, ¢;} and U = {U;, d;} of X (i = 1,. ,¢), with foliated charts
¢ U; — B; xT; and ¢; : U; — B; XSZ, such that U; C U; and o; = ¢1|U ThusB CB in R™ (n*dlm%)7
and every T; is a relatively compact subspace of ‘I Moreover the projections p; = pry @ U — ‘I extend the
projections p; = pry ¢; : U; — T;, and the elementary holonomy transformations hm p,(U NU, i) — pJ(U NU; )
defined by U extend the elementary holonomy transformations h;; : p;(U;NU;) — p;(U;NU;) defined by U. Let
J denote the set of all finite sequences of indices in {1, ..., ¢} of length > 0; in particular, J contains the empty
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sequence, denoted by e. For every I = (ig,41,...,ix) € J, let h; = il‘ik—lik < hiyig and by = hi, i o Rigigs
which may be empty maps; if the length of T is less than 2, then we set h; to be the identity. There are points
y; € B; such that the local transversals q@;l({yi} X %Z) = %i have disjoint closures in X, and therefore we can
realize T := LJ; T, as a complete transversal in X (Section . Hence ¢; ' ({y;} x T;) =T; and T:=| |, T,
also have these properties.

Since X is Polish and compact, it is locally compact and second countable, and therefore T is also locally
compact and second countable. Then there is a countable base of relatively compact open subsets Vi (k € N)
of T. Fix any relatively compact open subset &; of every %Z containing T;, and let & = L]; &i. Given a
metric on T inducing its topology, we can suppose that there is a sequence 0 = kg < k1 < --- in N such that
the sets V,.,..., Vi, ,,—1 cover & and have diameter < 1/(m + 1) for all m € N. Using K = {0,1}" as a

model of the Cantor space, let 1) : T — K be defined by

0 if.%‘%Vk
1 ifxeV,.

Since J is countable, K7 is homeomorphic to K. Let U : T — K7 be the map defined by

Yhr(z) if z € domhy

V(@)D = {0 if z ¢ dom hy

where 0 = (0,0,...) € K.

Remark 4.2. Let I = (io, ... i) and J = (jo,...,ji) satisfy i, = jo, and let = € domhy. Then hj(z) €

dom hy if and only if z € dom hy.;, in which case hy.j(z) = hy(h(z)), and the definition of ¥ yields
U(hy(2))(J) = V() - J).

Claim 4.3. For any sequence z, in &, if ¥(z,) is convergent in K, then z, is convergent in ‘f, and lim, z,
depends only on lim, ¥(z,).

The convergence of ¢)(z,) in K means that, for every m € N, there is some a,, € N such that ¢(z,)(k) =
Y(xp)(k) for all k < kyq1 and a,b > ay,. Since the sets Vi, ..., Vi, ., 1 cover &, it follows that there
is a sequence l,, € N such that k,, < {,, < kpy1 and 2, € V;,, for all a > ap,. Thus the limit set

Ny {2a | @ > ap, } is a nonempty subset of (), V;,,, which consists of a unique point of & because every V;,

is compact with diameter < 1/(m + 1). Thus z, is convergent in ¥.

Now let y, be another sequence in & such that 1(y,) is convergent in K and lim, ¥(y,) = lim, ¥(z,). We
have already proved that y, is convergent in T. Moreover, taking a,, large enough in the above argument, we
also get ¥(yq)(k) = ¥(x4)(k) for all k < k11 and a > ay,,. This yields y, € V},, for all a > a,,, and therefore
lim, y, = lim, .. This completes the proof of Claim [£.3]

Claim 4.4. There is a continuous map @ : (&) — & defined by
fz}= (| " = @@ =2, (4.1)
keg=1(1)

and we have wy =id on &

Let £ € ¢(&). Then ¢ is the limit of some sequence ) (z,) for =, € &. By Claim x5 converges to
some point  in & and, moreover, if we take any other sequence y,, such that lim(y,) = &, then limy, = z.
This assignment & — z defines a function @ : ¥(&) — &, which satisfies by the definition of the map .

To show that wy = id on &, take any x € & and let £ = ¢(x). Taking the constant sequence x,, = x, we
see that limz,, = z and lim(z,,) = £. Therefore w() = x, as desired.

Remark 4.5. Every map hy, I = (ig, . . . ,ik), induces a local homeomorphism in ¢(&), which for simplicity we
will denote again by h;. Take a sequence x, in & such that ¢ (x,) is convergent in ¢(&). By Claim [4.3] z, is

convergent in @;ﬁssume that limz, € ‘}Eo’ this clearly determines an open subset of (,25(62, which vxiill be dom hy.
Then we define h;(lim¥(x,)) = lim ¥ (hy(z,)); it is clear with this definition that w(h;(§)) = hr(w(§)).
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Similarly, for elements in im ¥(&), we can define h;(lim ¥ (z,)) = lim ¥(h;(z,)) whenever z, € dom h;.
Consider the map II: im ¥(&) — & given by II(a) = w(a(e)). Recall that o isa map J — K and € € J is
the empty sequence. By the previous claim and the definition of W, IT is a continuous inverse to ¥ which
satisfies II(hy(a)) = hr(I(c)).

At this point, we only need to show that w is continuous. Let &, be a sequence in ¢(&) converging to
¢, and let w(¢) = x. Choose some open set U containing z; since the basic open sets V; cover &, there is
some V; such that z € V; C U. Since §,, converges to &, we have &,(j) = 1 for n large enough, and therefore
w(&y,) € U for n large enough, as desired. This completes the proof of Claim

Let X; =%;,NM and X = J, X; = TN M, which is a Delone set in M (see e.g. |9, Proposition 10.5]). For
every i, let A; : X — [0, 1] be a C* function with A; =1 on U; and A; = 0 on some neighborhood of X\ ﬁz
containing T \ &;. Fix an embedding o : K’ — R, and let fo = (f1,...,f5) : M — R® =: §)5, where

i Xi(z) - oUp;(z) ifxeMn U;
f3(x) = . ~
0 ifx e M\Ul .

We have sup,, |[V™ fa| = max; supy |[V™ ;| < oo for all m € N. So My := [M, f2] is compact by Corollary

Consider the C* function f = (f1, f2) : M — ) := $H1 B H2, and M = [M, f] in JV[:}(%) Since M; and
M, are compact, we get that 91 is also compact by Corollary We have infy, |Vf| > infy |V fi| =
infy [VA| > 0, and therefore M C J\A/[f,imm () by Proposition (ii)} The pair (M, f) is limit aperiodic

because (M, f1) is limit aperiodic, and therefore 91 has no holonomy (Section [2.6]).
For a = 1,2, let I1, : $ — §, denote the corresponding factor projection.

Claim 4.6. IIi, : MM — My is a surjective C'*° foliated map restricting to isometries between the leaves.

This map is foliated because II;, : JV[:}(.@) - M ($1) is relation-preserving (Section. Moreover it is
C*°, which follows from the description of the C*° foliated structure of f/[f’imm(ﬁ) and M7 ;,, (91) given in
[5, Section 5].

We have II;, = id : [M,f] = M — [M, fi] = M by the aperiodicity of (M, f) and (M, f1). So
Iy, : O — 9 is surjective since [M, f] and [M, fi] are dense in the respective compact spaces 9 and ;.

Obviously, the restrictions of II1, : 9t — 9Ny to the leaves are local isometries. Then they are also covering
maps because the leaves are of bounded geometry by the compactness of 9t and 9t;. But we have seen
that its restriction to dense leaves, Iy, : [M, f] — [M, fi1], is a diffeomorphism, and 9 and 93 have no
holonomy. Then, using the Reeb’s local stability theorem, it easily follows that II;, : 9t — 9)t; restricts to
diffeomorphisms between the leaves. This completes the proof of Claim

By Claim the map 7 := (ixp,) 1. : M — X is also a surjective C> foliated map restricting to
isometries between the leaves. Thus every leaf of 9 is of the form [M’, f'], where M’ is a leaf of X and
f/ = (f{afZ/) M — ﬁa where f{ = h|M’ and [Mlvfé] C Ma.

Let p, : Ul := 7~ Y(U;) = T} := 7~ 1(%;) be defined by p;([M', ', f']) = [M’, pi(z'), f'], for leaves M’ of X,
and let ¢, = (pry ¢;m,pl) : Ul — B; x T}, where pr; : B; X T; — B; is the first factor projection. Using the
description of the C™ foliated structure of M™ (%) given in [5, Section 5], it is easy to check that {U}, ¢}

*,imm

is a C> foliated atlas of M. Thus ¥ = J, T, = | |, T, is a complete transversal of M.

Claim 4.7. The map ev : T — §) is an embedding whose image is f(X).

Since ev : T — § is a continuous map defined on a compact space, and { [M,z, f] | z € X } is dense in T/,
it is enough to prove that ev : T — § is injective. Let [M' 2/, f'],[M", 2", "] € T with f'(z') = f"(z").
We can assume that M’ and M" are leaves of X, 2’ € M'NT, 2" € M" NT, f' = (f], f}) with f| = h|y,
and [ = (f{, f) with f{" = h|ar+. Then h(z’) = h(z"), yielding 2’ = 2" and M’ = M"". On the other hand,
there are sequences z/, and z// in M N'T converging to 2’ in T such that (M, z!,, fo) and (M,z",, f2) are
C>-convergent to (M’,z', f5) and (M', ', f4), respectively. If 2’ € T;, we can assume that a},, z,;, € M NT;
for all m. Writing f5 = (f3},..., i) and f = ({1, ..., f5°), we get

limoW(z! ) = f(z') = f"(2) = limoW(z) .
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So limm‘ll(m’ ) = lim,,, ¥(a7,), vielding limy, Why(z},) = lim,, Vhi(zy,) for all I € J. Since hs(xy,) and

m

hr(zl) converge to hr(z') in T, using the Reeb’s local stability theorem and the definition of f3, it follows
that both (M, mm, f2) and (M, xm, f2) are C>°-convergent to the same triple with first components (M’, z’).
Therefore f5 = fi, yielding [M', o, f'] = [M",z", f"], as desired.

According to Clalm . T’ is homeomorphic to the subspace

FX) = { (@) fol2)) [z € X} C f1(T) x (o(K7))*

By the conditions on the functions A;, this subspace is homeomorphic to the subspace

U@ ¥@ e e X} = T=0 .0 T € 1)

7|_|{ §)]¢eu(Xy) }c|_|s xK'=Tx K7,

which in turn is homeomorphic to the subspace | J, U(X;) € K because w is continuous. So ¥’ and ¥’ are
zero-dimensional, obtaining that 9t is a matchbox manifold.

Now suppose that X is minimal. Then (M, f1) is repetitive (Example . A simple refinement of the
proof of Proposition also shows that (M, fs) is repetitive. In both cases, this property can be described
with the same partial pointed quasi-isometries given by the Reeb’s local stability theorem. So (M, f) is also
repetitive, and therefore 91 is minimal by Proposition (]

Theorem [L.1] now follows from Theorems [3.1] and (.11

Remark 4.8. As mentioned in Section [I} Theorem is an extension to foliated spaces of a theorem proved
by Anderson for flows [10, Theorem IIIB]. In fact, both constructions are almost exactly the same. Suppose,
for the sake of clarifying our construction, that we are dealing with a Z-action instead of a pseudogroup, so we
have a doubly-infinite sequence of iterates of some homeomorphism g: X — X for some Polish space X. Our
construction consists of taking a countable basis {V} | k € N} and defining the coding map 9: X — 2N by

d)(z)_{l ifzeV,.

Then we construct ¥: X — (2M)Z = 282 which codifies entire orbits, by

U(2)(2) = vg*(z) .
(In this case, it is not needed to discriminate whether z € dom g* since dom g* = X.) Finally, we detail in
Remark why ¥ has a continuous inverse IT: im W — X that is equivariant with respect to the Z-action on
im ¥ given by

g (m ¥ (z,)) = im U (g*(z,)).
But, in the case of a Z-action, this is just the usual shift map g*(a)(n,2’) = a(n, 2/ — z). Note that all of this
holds even though the coding map is not continuous.

Anderson partitions Z into a disjoint union of doubly infinite subsequences, denoted n;, and now the
shift map, instead of moving all elements on Z one step to the right, moves each element to its successor in
the subsequence which contains it. This is the same as considering Z x N and taking the shift map to be
(z,n) = (2 + 1,n), where now each horizontal copy of Z corresponds to one of the n;. He takes a family of
sets that are the closures of a basis, which we may denote here by {V;}. The desired zero-dimensional space
is then the set of pairs (x,p) in X x 2% that do not satisfy either of these conditions:

(1) for some n and z, z ¢ ¢*(V,,) and p(n,z) = 1;

(2) for some n and z, z € CI(X \ ¢*(V,,)) and p(n, 2) = 1.
This is easily seen to be equivalent to the set of pairs (z,p) satisfying the following two conditions:

(1) for all n and z, if x € g*(V,,) then p(n, z) = 1; and,

(2) for all n and 2, if x € X \ g*(V,,) then p(n,z) = 0.
It is elementary to check now that our map W is such that (z, ¥(z)) satisfies these conditions, and therefore the
map im ¥ — X x 2NV%Z_given by ¢ — (w(c), c), is an embedding. So, at last, we see that our zero-dimensional
extension is a closed, saturated subspace of Anderson’s.
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Remark 4.9. The argument of the proof of Theorem does not entail any contradiction in our constructions
because we do not claim that 1 is a surjective function. We merely claim that it has a left inverse. For
example, consider the map 2N — [0, 1] that sends a sequence zoxy --- to the real number with dyadic
expansion 0.x1xs - - -; this would correspond to our map w. Indeed, there is no possible surjective section
1, but this does not contradict the fact that w is continuous and well-defined. Moreover, this does not
contradict the fact that there are several choices for non-injective, non-continuous sections 1, that would
correspond to different codings; for example, one may take the convention that a number with two possible
dyadic expansions gets sent to the expansion ending in all zeros. Furthermore, this section v satisfies the
property analogous to that of Claim [£.3} if we take a sequence of numbers 7, and their dyadic expansions
(given by ¥(r,)) converge, then the sequence r,, converges as well, and their limit depends only on the limit
of the dyadic expansions.

The case of the Denjoy construction is similar: there is no surjective section from the circle to the Cantor
set, but one may easily adopt some convention (for example: for the points that get split in two, associate it
to the copy that gets moved in the counter-clockwise direction) and find a section with similar properties as
before. Since coding maps cannot be continuous, one has great flexibility when constructing them.

Regarding our construction, there is one fundamental difference with the last two: we are using open
sets for our coding functions, so we don’t need any conventions or choices to define our map . Taking a
suitable sequence of open sets Vj, as explained right before Claim we simply define the coding function by
Y(x)(k) =1if z € Vi or ¢(z)(k) = 1 if not. However, we may still find a continuous projection from a Cantor
set to our transversal T which is a left inverse to 1, and that is precisely the contents of Claims [£.3] and [£.4]

5. ATTACHING FLAT BUNDLES TO FOLIATED SPACES

In this section we will prove Theorems and The main idea can be explained simply as follows:
consider a circle, denoted S, as a trivial foliated space with one leaf only, and suppose we want to modify this
foliated space so that the holonomy covering of this leaf is R. Consider the universal covering R — S, and
add S to this bundle as a circle “at infinity”, so that we obtain a space X which is the union of S and R with
R accumulating on S on both ends. Such a foliated space can be described as the closure of a non-compact
leaf in the non-orientable Reeb component on the M&bius band. It is easy to check that, in this enlarged
space, the holonomy covering of S is R.

Our strategy will be a generalization of this simple idea: Take a manifold M to realize as a leaf with
holonomy cover M. Using the results from the previous sections, we can realize M as a leaf in a matchbox
manifold without holonomy. Then, we will see that choosing a suitable bundle £F — M, adding a copy of M
at infinity, and gluing this copy at infinity and the leaf M inside our matchbox manifold, we obtain a larger
matchbox manifold that still contains M, but now with the desired holonomy cover.

In the following, we will develop the technical tools to make this construction work: Let X = (X,F) be a
compact C'* foliated space of dimension n, and let M be a leaf of X. On the other hand, let p: £ — M be a
locally compact flat bundle with typical fiber F' and horizontal foliated structure H. This can be described
as the suspension of its holonomy homomorphism A : 71 M — Homeo(F'), whose image is its holonomy group
G; they are well defined up to conjugation in Homeo(F). Any foliated concept of E refers to 3. The C*
differentiable structure of M induces a C'*° differentiable structure of H. Assume that F' is a non-compact,
zero dimensional locally compact Polish space; then F is also non-compact, locally compact and Polish. The
notation E, = p~!(z) and Ex = p~1(X) will be used for z € M and X C M.

The one-point compactifications E} = {z} U E, of the fibers E, (z € M) are the fibers of another C*
flat bundle pt : B — M; thus ET = M U E as sets. Its typical fiber is the one-point compactification
F*t = {0} UF of F, the leaves of its horizontal foliation H* are M and the leaves of ¥, its holonomy
homomorphism h™ : 7y M — Homeo(F™) is induced by h, and its holonomy group is denoted by G*. The
more specific notation h, : (M, z) — Homeo(F'), b : m (M, z) — Homeo(F1), G, and G} will be used
to indicate the base point x.

Let us topologize X' = X U E = X Uiq,, E™T as follows: Take any foliated chart U = B x T of X with ball
B C R”™ and local transversal €. We have M NU = B x D for some countable subset D C €. Since the
plaques of U are contractible, p has a local trivialization Epyny = (M NU) x F. Consider the topology on
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' =% U (D x F) with basic clopen sets of the forms
U =PuU{d} xVa={d} x Vg, W=WezulJ{z}x (F\K.),

where d € D, V; C F is clopen, W C T is clopen, z € Ws N D, and K, C F is compact and open with
K. = ) for almost all z. Then X’ has a topology with basic open sets of the form

V=0U(Bx{dxV)=Bx97, WEBX(WQUU({Z}X(F\KZ)))EBXW7

for all possible foliated charts U = B x ¥ of X, and all d, V, Wz, z and K, as above for every foliated chart.
If the foliated atlas is a base of open sets of X, then it is enough to take Ws = ¥ to obtain a base of open
sets of X’; in this case, the sets W would be of the form

w=Uu(BxJdz) < (F\K.),
Using these basic open sets, it is easy to check that X’ is Hausdorff, second countable and compact, and ¥’ is
in addition zero-dimensional. So ¥’ is metrizable |35, Proposition 4.6], and hence Polish. In particular, the
sets
U=UUEynu=(BxIT)U(BxDxF)=Bx%

are open in X', and the fibers B x {x} correspond to open subsets of leaves of F or 3. Thus these identities
are foliated charts of a foliated structure 3’ on X', and its leaves are the leaves of F and H. As sets, we can
write X' = X Uiq,, ET and ¥ = T Uq,, (D x F1), where we consider D = D x {oo} C D x F*; we can also
write ¥ =T U Ep =% Ui, Ej{). Since ¥’ is zero-dimensional, we have constructed a matchbox manifold.

Consider a regular foliated atlas of X consisting of charts U; = B; x ¥;, for balls B; C R™ and local
transversal ;. As before, take local trivializations Eyny, = (M NU;) x F of the flat bundle p, write
M NU; = B; x D; for countable subsets D; C ¥;, and consider the induced foliated charts U/ = B; x T,
of ¥, where U] = U; U Eyny, and T, = T, U (D; x F), endowed with Polish topologies. The changes
of coordinates of the foliated charts U; = B; x T; are of the form (y, z) — (fi;(y, 2), hij(2)), where every
mapping y — fi;(y, z) is C* with all of its partial derivatives of arbitrary order depending continuously on z.
Using local trivializations of E and foliated charts of F, we get Epny, = (M NU;) X F = B; x D; x F. The
changes of these local descriptions are of the form (y, z,u) — (fi;(y, 2), hij(2), gi; (2, 1)), where the maps g;;
are independent of y because ET is flat. Then the changes of coordinates of the foliated charts U] = B; x T,
are of the form

(y,2') — (fij(y, 2'), hiz(#)) € B; x T if 2/ €%
’ (fii(y,2), (hij(2),9i(z,u))) € Bj x (D; x F) if 2/ = (2,u) € D; x F.

This map is continuous because oo is fixed by the unique continuous extension F'* of the homeomorphism
gij(%,-) of F. Moreover it is C* (in the foliated sense) because only its component f;;(y,2’) or fi;(y, 2)
depends on y. Thus the charts U/ = B; x ¥, define a C* structure on X’ = (X’,F"). The corresponding
elementary holonomy transformations hgj are combinations of maps h;; and g;;. Using these foliated charts,
it also follows that X and E are embedded C* foliated subspaces of X', E* is an injectively immersed C'™°
foliated subspace of X', and the combination 7 : X' — X of idx and p (or p*) is a C™ foliated retraction.
The fibers of 7 are
1) {{x}I_I[Z)E {z} fzeX\M
{z}UE,=E} ifzeM.

Lemma 5.1. Suppose that the restrictions of p to the leaves of H are regular coverings of the leaves of F,
and that the leaf M of F has no holonomy. Then the holonomy group of the leaf M of F is isomorphic to the
group of germs at oo of the elements of the subgroup G C Homeo(FT).

Proof. With the above notation, fix an index 79 and some point ¢ € D;, = %;, " M = T;O N M, considering

Ty C X and T} C X'. Let c¢: [0,1] — M be a loop based at xg. Since the holonomy group of M in X

is trivial, there is a family of leafwise loops ¢, : [0,1] — X, depending continuously on z in some open

neighborhood ¥y of z¢ in %;,, such that ¢;, = ¢. Let Dy = D;, N Ty. From the above description of the
22
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elementary holonomy transformations hj;, it follows that the holonomy of F” defined by [c] € m1 (M, xp) is

the germ at x9 = (wo,00) of the homeomorphism g. of T} = T;, U (D;, x F') given by
z if 2/ € %o

gc(z ) = (I, hx([cx])(u)) if 2/ = (I‘,U) € DO X F ’

using [c,] € m1 (M, z). Since the restrictions of p to the leaves of H are regular coverings of M, we easily
get that A} ([c,])(u) = u for some z € Dy and u € F'* close enough to oo if and only if A}, ([c])(u) = u for
u € F* close enough to oo. So, by restricting every g, to {zo} x F* = F'T, we get an isomorphism from the
holonomy group of the leaf M of F” at x¢ to the group of germs of the elements of G at co. O

Proofs of Theorems and[1-3 Let M be non-compact connected Riemannian manifold of bounded geome-
try. By Theorem M is isometric to a leaf in some Riemannian matchbox manifold 9t without holonomy.
Now Theorems and follow by considering the foliated space 9 constructed as above with 91 and an
appropriate flat bundle E over M, and lifting the Riemannian metric of 9 to 9.

In the case of Theorem we can use the trivial flat bundle E = M x K over M, where K is the Cantor
space. By the density of M in 90, it follows that 9t has a compact zero-dimensional complete transversal ¥’
without isolated points, and therefore ¥’ is homeomorphic to the Cantor space. .

In the case of Theorem let I' denote the group of deck transformations of the given regular covering M
of M, equipped with the discrete topology. If I' is infinite, we can take £ = M, whose typical fiber is F' =T
If I is finite, we can take E = M X Z, whose typical fiber is FF =TI x Z. In any case, F' is non-compact, and
the action of I' on itself by left translations induces a canonical action of I' on F', which in turn induces an
action on F*. By Lemma and the regularity of the covering M of M , the holonomy group of M in I’ is
isomorphic to the group of germs at oo of the action of the elements of I' on F'T, which is itself isomorphic to
I" because the action of I on F is free and its extension to an action on F'T fixes oo. ]
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