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Brownian Hitting to Spheres
By Yuit HAMANA and HIROYUKI MATSUMOTO

Abstract. The joint distribution of the first hitting time of a Brownian
motion with constant drift to a sphere and the hitting place is studied. Explicit
formulae by means of spherical harmonics for the joint density are presented.
The result is applied to a study on the asymptotic behavior of the distribution
function.

1. Introduction and main results

For d =2 2, let B = {B(t)};>, be a standard d-dimensional Brownian motion.
Setting B(")(t) = B(t) + vt for a fixed v € R? we consider a Brownian motion
B® = {BW™)(t)},5, with the constant drift v. Letting S~ be the sphere in R¢ with
radius r and centered at the origin, we are concerned with the joint distribution of the
first hitting time o!”) of B® to S9-1 and the hitting place B(“)(ay@)).

The aim of this article is to show an explicit expression for the density of the joint
distribution by means of the spherical harmonics, that is, the Gegenbauer and the Cheby-
shev polynomials. As an application, we study the asymptotic behavior of the tail prob-
ability P,(t < ol < oo,B(”)(m(nv)) € A), A C 837! when the Brownian motion starts
from outside the ball.

Several authors have studied the joint distribution for the standard Brownian mo-
tion. It should be noted at first that in the exit problem, that is the case of a < r,
the joint density is given by a solution for a heat equation with the Dirichlet boundary
condition. See Aizenman-Simon [1] for general discussion and Hsu [11] for an explicit
expression in the case of the spheres. Wendel [23] has shown a nice result on the ex-
pectations of functions of (0'7(~O), B (aﬁo)) by using the spherical harmonics. See Gzyl [5]
and references therein for a recent study on this direction and Uchiyama [21, 22] on
the asymptotic behavior of the distribution functions and its application to the Wiener
sausage. A similar problem for a Brownian motion with drift has been discussed in
Yin-Wang [24].

We proceed to a different way from the above cited works. Starting from the skew-
product representation of Brownian motion, we use the fact that the one-dimensional
projection of the Brownian motion on the sphere S¢—! = Sld_1 defines a diffusion pro-
cess and that the eigenvalues and the eigenfunctions for the infinitesimal generator are
explicitly given by the spherical harmonics.

By the rotation invariance of the probability of Brownian motion, it is sufficient to
consider the case where B(0) = (a,0,...,0) and a > 0. As usual we denote by I, and K,
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the modified Bessel functions and also by C¥ and T}, the Gegenbauer and the Chebyshev
polynomials, respectively. The inner product in R? is written as { -, ).

THEOREM 1.1.  Denote by E, the expectation with respect to the probability law P,
of the Brownian motion B. Then, for all A > 0 and v € R%, we have

2
B, e_)‘07(~“€<u7B(U)(U7('v))>I{ o) }:| — o—an { L:O(a\/ 2\ + |'U‘ ) / 6T<u+v7z>d8(z)
o 0o ) g1

Lo(r/2A + |v|?

= Ln(a 2)\+|v|2)/
+2 et (2 Vds(z
Zﬁn(r o) s (21)ds(2)

n=1

when d = 2 and, when d = 3,

Ao (u,B™) (g(M))
E, {e e I{Jﬁu><oo}}
1 — VL (ay/20 2
— —e~aun Z(n+V)a + (a + |U| )/ 6T<u+v’z>CZ(Zl)d8(2),
v T D ) Jses

where ds is the uniform probability measure on S**, and L =1 for a < r and L = K
fora>r.

Setting v = 0,u = 0 and noting that the surface integrals of T, (z;) and C}(z)
vanish for n 2 1, we recover the well-known formula for E, [e‘*”v(-o)] (cf. [2]).

We can invert the joint Laplace transforms and obtain the following. We let p((l” T) (t)
be the probability density of the first hitting time to r of a Bessel process with index p
starting from a.

THEOREM 1.2.  Fort >0 and z € R? with |z| = r, we have

P.(c(”) € dt, BV (c(V)) € dz) = ema1+ W22t ?Z(t)dtdsr(z)

—av1+(v,z) ,— 5t - ayn (n) ﬂ
+ 2e e Z( ) P ()T ( . )dtds,(z)

when d = 2 and, when d 2 3

P,(cl") € dt,BY") € dz)

1 _ _
S av1+<v,z>e

v

S (04 0) (5)" ) ()Cr (5 ) dtds, (2),

n=0

where v = % and ds,. is the uniform probability measure on S4=1.

When v = 0, the authors [9] have shown another expression for the joint Laplace
transform, from which we can prove Theorem 1.2 by using the Cameron-Martin theorem
(see (4.1) below).

The rest of this article is organized as follows. In the next Section 2, admitting The-
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orem 1.2 as proved, we investigate the asymptotic behavior of the distribution function
Pt < ol < 00,BM(6{")) € A), A C 891 ast — oo. In Section 3 we study the
first coordinate or the one-dimensional projection of the Brownian motion on S¢~!. The
results play important roles in the final Section 4, where we give proofs of Theorems 1.1
and 1.2.

ACKNOWLEDGEMENTS. The authors are very grateful to the anonymous referee for
valuable suggestions.

2. Asymptotic behavior of distribution function

In this section, assuming a > r and applying Theorem 1.2, we study the asymptotic
behavior of the distribution function P,(t < o) < o0, B(”)(oy(av)) € A) ast — oo for a
fixed Borel subset A of the sphere S¢~1. We use the same notation as in the previous
section.

We need the following facts on the tail probabilities for the first hitting times of
Bessel processes. For details, see [7, 8] on the basic results, [3] and [10] on the estimates
for the remainder terms in the cases of d = 2 and d = 3, respectively.

Consider a Bessel process with index v and starting from a defined on some proba-
bility space (9, F, Q((lu)) and let 7. be its hitting time to r. Then the asymptotic behavior
of qu) (t < 7 < 00) when a > r is given by

2log(a/r) 1

QU (t <71, < o0) = log t ((logt)Q)

when d = 2 and

o(t=2) d=3,
QU(t <7 < o00) =kt +{ Ot 2logt) d=4, (2.2)
oit—v=1) dz5,

where the constant £*) is given by

W0 = s () {9 - ()7}

Applying these results with some estimates for the remainder terms, we show the
results in this section.

First we consider the usual Brownian motion. We write o, for crﬁo). As is easily
guessed, the leading term is given by the first terms of the right hand sides in Theorem

1.2.

THEOREM 2.1.  For any Borel subset A of S, we have, as t — oo,

2log(a/r)
logt

1
(logt)Q)

P,(t <o, <o0,B(o,) € A) = sr(A) + O

when d = 2 and
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o@t=2) d
P.(t <o, <o0,B(0,) € A) = ks, (At +{ Ot 2logt) d
oY d

3,
4,
5,

1\

REMARK 2.2. The leading terms of the tail probabilities were obtained by Hunt,
Spitzer and Port for the hitting times to general bounded sets. For the details, see
Port-Stone [19, pp. 64 and 81].

REMARK 2.3. For the distribution function Q% (t < 7, < 00) of the first hitting
time of the Bessel process, a precise asymptotic expansion has been shown in Hamana et
al. [6]. Using the results, we can show asymptotic expansions for our joint distribution
functions. The details will be published elsewhere.

For a proof of Theorem 2.1, we show the following estimate for the tail probability
of o,.

LEMMA 2.4. Assume d = 3. Then, for t > 0, we have

,r,21/

Pyt L
alt <or <20) = e

PrROOF. Let L, be the last hitting time of the Brownian motion B to the sphere
Sd-1.
L, =sup{s > 0:|B(s)| =r}.
As usual we set L, = 0 when B does not hit S¢~1. Then we have

P,(t <o, <) S Pt <Ly <o0).

Let p, be the equilibrium measure of the ball B,. with radius r and centered at the
origin. Then it is well known ([19]) that

> 1 le—al?
P L, = T B
W (t < Ly < 00) /t ds /Rd (27T8)d/2€ dp-(x)

Recalling now that the capacity of B, is u,(R?) = 275792 /D( — 1), we see

7,.21/

> 1
P,(t< L, < d —du, = - O
(< te<o0)2 [ ds [ o S @) = oy

REMARK 2.5. For transient one-dimensional diffusion processes, the densities of
the last hitting times are written by means of the transition densities. This is the case of
the Bessel processes with dimensions d 2 3 and, moreover, we have explicit expressions
for the transition densities. We can give another proof for Lemma 2.4 by using these
facts.

We can now give a proof of Theorem 2.1. Note that the infinite sum below for the
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expression for the joint distribution is absolutely convergent.
For d = 2, we have by Theorem 1.2

P,(t < 0, <00,B(0,) € A) = QO (7, > t)sy(A) + I,

where
et z
' ;(T) QU(t <77 < 00) | Tu(S)ds(2)
Assume ¢t > 1 and note |T),(z)| = |cos(narccosz)| < 1. Then, by Lemma 2.4, we get
> r2n 2 > /ar 2 a
223 (8 s <2y L < 2
‘t_zr 27T(n + 1)t tzz: _t2

and, by (2.1), the assertion of Theorem 2.1.
For d = 3, we have

P,(t < o, < 00,B(0,) € A) = QW (t < 7, < 00)s,(A) + Jy,

where

oo

Jt:%Z(n—l—y)( )nQ("+”)(t<T < 00 /C” Vs, (2).

n=1
Now recall the estimate

max |CY (y)| = C¥(1) £ Cn* ! (2.3)
lyl=1

for the Gegenbauer polynomial C¥, where C is some constant (see, e.g., [15, pp.218, 225]).
Then, combining this estimate with Lemma 2.4 and (2.2), we see J; = O(t~17") and the
assertion of Theorem 2.1.

Secondly we consider Brownian motion B(") with drift v and prove the following.

THEOREM 2.6.  For any Borel subset A of S, we have

P,(t <o) < 00, BV (6(")) € A)

4 a 1 [v|?
— 1 N —avy (v,z)d . — t 1 1
|v]2 Og(r)e /Ae 5r(2) x t(logt)26 T (1+o(1)

when d = 2 and

P,(t <o) < 00, BV (6" € A)

2wkW) ]2
= |W$|2 e / eV ds,(z) x t_”_le_%t(l +0(1))
v A

when d 2 3.
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For a proof of the theorem, we recall from [9] the asymptotic result for the integral

HO(1) = /tooe ) (s)ds.

We have, when d = 2,

4log(a/r) lv|2

HO(t) = ol 2 ‘(1+0(1)) (2.4)
and, when d 2 3,
Wy o 2Lv) w2y
H®)(t) = o (1 +o(1)). (2.5)

Note that there is a mistake in [9] for (2.4).

The main term of the first assertion is given by (2.4). Formula (2.5) is used to give
the main term when d = 3 and also to show estimates for the higher order terms.

The assertion of Theorem 2.6 follows from the following estimate for H®)(t), which
is uniform in the index v.

LEMMA 2.7.  There exists a constant C, depending on |v| and r, such that

Ccrzv 1 ]2
W) (¢ -5t
20 = 76y @y

holds for all d = 3.

PROOF. We use (2.5) when d = 3 and d = 4, and assume d 2 5 in the following.

Let P, be the d-dimensional Wiener measure with starting point y and use the same
notation o, for the first hitting time to S¢~! of the corresponding Brownian motion.
Moreover, let p(t,z,y) = (2nt)~ %2 exp(—|y — x|>/2t) be the Gaussian kernel and set
a = |[v|?/2 for simplicity. Then we have

HY)(t) = a/ e~ P, (t <oy < s)ds
t
and, setting e = (1,0, ...,0),

P,(t<o,<s) < / p(t,ae,y)Py(o, = s —t)dy
R4
1

by the Markov property of Brownian motion. Hence we get, after a simple change of
variables,

—at

o0
(V) < - —as
HY () < (27rt)d/2 / e~ “ds - Py(o, < s)dy.
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As in the proof of Lemma 2.4, let L, be the last hitting time of the Brownian motion
to S2=1. Then we have

Py(oy < s)dy = / P,(0 < L < s)dy +/ Py(o, <5< L)dy.  (2.6)
R4 R4 R4

For the second term of the right hand side, Le Gall [14] has shown

P,(o, $s< Ly)dy = P,(o, £ 5)P,(0, < 00)dy, (2.7)
R4 Rd
which implies
/ Py(o, <s< L,)dy < / P, (0, < 00)*dy. (2.8)
R4 Rd

This estimate is sufficient for our purpose. We give another elementary proof of (2.7)
after completing the proof of Lemma 2.7.

Letting p,- denote the equilibrium measure of the ball B,., we have, for the first term
of (2.6),

/ e“’sds/ P,(0< L, = s)dy:/ e_asds/ dy/ du/ p(u,y, 2)du.(2)
0 R4 0 R 0 R

:/ e*asds/ d’T/ du-(2)
0 0 R

27Td/27“d_2

a?l'(4 1)

For the second term, we recall

Then, by (2.8), we get

o 1 T\ 2(d—2)
easds/ Py(o, < 00)%dy = — / dy+/ — dy
/0 e ¥t ) 04{ MES |y|;r(|y|) }

B orsprd (1 1 )
aF(%) '

d + d—4
Combining the above inequalities, we obtain the assertion of the lemma. O

Proof of (2.7). By the Markov property of Brownian motion, we have

/ Py(oy = s < Ly)dy = / Eylio, <s3l{r,>s}ldy
R4 Rd

:/ Byl < Eps) (L, >0y]ldy
Rd
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— [ [ B,z Poco (L > OIBGs) = alp(s.p. )
R?  JRd

= / dx P.(L, > 0)Py(o, < s|B(s) = x)p(s,y, x)dy.
R R

Note here that P,(L, > 0) = P,(0, < o) and that the time reversal of a pinned
Brownian motion is again a pinned Brownian motion. Then we obtain

/ P,(o, <s<L,)dy = / P.(o, < o0)dx P.(o, < s|B(s) = y)p(s, z,y)dy
Rd Rd Rd

:/ P.(0, < o0)Py(o, £ s)dx. O
Rd

3. Projection of Brownian motion on sphere

In the proof of Theorem 1.1, we use the fact that the one-dimensional projections of
a Brownian motion on the sphere define diffusion processes and that the eigenfunctions
are given by the spherical harmonics. We here present the results which might be of
independent interest.

Let 6 = {0(t)},>¢ be a Brownian motion on S%~!, which corresponds to the Laplace-
Beltrami operator on S9!, endowed with the usual Euclidean metric. # may be given
by solving Stroock’s stochastic differential equation ([12, 20])

d
oy =Y (6 — 0107) odw!,  i=1,...d,

j=1

where {w;},>( is a d-dimensional standard Brownian motion. From this equation we can
easily show the following for the one-dimensional projections. The result is fundamental
in our argument. It should be noted that Mijatovic-Mramor-Uribe Bravo [16] has shown
that all the projections of # are diffusion processes which are realized as unique solutions
of stochastic differential equations.

PROPOSITION 3.1.  The first coordinate {01(t)},;>o of 0 is a diffusion process on
(—1,1) whose generator is

e a1
dz? 2 iz

Ga=5(1-2%)

1

2
We see easily that the boundaries +1 are regular and reflecting when d = 2 and they

are entrance ones when d = 3. The eigenvalues and the eigenfunctions of G4 are explicitly

given and we have the eigenfunction expansion for the transition densities. Since these

play important roles in the next section, we now recall some fundamental facts. For

details of the Chebyshev and the Gegenbauer polynomials, we refer to [4, 15, 17].
Write

Ga = ! d—3d(( ! d—li)



Brownian Hitting to Spheres 9

and let dm(z) = 2(1 — 22)“2" dz be the canonical (speed) measure. Note that dm is a
finite measure on (—1,1). Moreover, we take

s(z) = /j(l—y?)—d?dy

as the scale function.
When d = 2, s(£1) are both finite and the boundaries are regular. The Chebyshev
polynomial T;,(x) = cos(n arccos x) satisfies

2 1 dT,
G =—2T, and @) =0.
2 s'(x) dr |,_44
Moreover the orthogonality relation is given by
0 m#n
1 T e de. ) _ 7
. m () "(I)ﬁ =3 M= i
T m=n=
Hence, setting
0 1 0 1 >
¢o(z) = —= Pn(2) = —=Th(x) (n21),

Vo' va

we see that {¢Y }°°  gives rise to an orthonormal basis of L?(dm) and that the transition
density pa(t, z,y) of {61(t)},>¢ with respect to dm is given by

1 1 1,2
¢ =—+- TN (@) T (y). 3.1
pltie) = 50+ 2 3T ET0) (3.1)
For d 2 3, the eigenfunctions are given by the Gegenbauer polynomials C* defined
by
iu”C”(m) = ;7 lu| < 1.
v " (14 u? — 2uz)¥

In fact, recalling v = (d — 2)/2, we have

1 dC:(x) ~0
§'(x) dx w:il_

GaCy = —%n(n +2v)Cy and

and the orthogonality relation

wl(n + 2v)
(n+v)nl(C())*

1
[ cn@ca) -ty e = 8

Hence, setting
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(n+v)n!

AT o) ) 2T (1) O (),

o) = (

we obtain an orthonormal basis {¢” }5°, of L?(dm) and an eigenfunction expansion for
the transition density pa(t,,y) of {01(t)},>o with respect to dm,

palt,e,y) = Y e 3G ()7 (y). (3.2)
n=0

4. Proof of Theorems 1.1 and 1.2

First of all we note that the Cameron-Martin theorem and the strong Markov prop-
erty of Brownian motion imply

[v]2

:e_m’lEa |:6_(>\+ 2 )UT6<M+U’B(UT)>I{O.T<OO} . (41)

_)\Uﬁv) <u,B(”>(¢7£v))>
Ea € € I{aﬁ”)<oo}

We have written o, for 07(40) as before. Hence we have only to consider the usual Brownian

motion.

We start the argument from the skew-product representation of the standard Brow-
nian motion B = {B(t)},>(: there exists a d-dimensional Bessel process R = {R:};>
(with index v = (d — 2)/2) and a Brownian motion § = {6(t)},>, on S9~!, independent
of R, such that -

_ _ tds
Bt = Rtﬁ(:t), o = o Rig
By = (a,0,...,0) means Ry = a and §(0) = (1,0, ...,0).
We let 7, be the first hitting time of R to r. Then, denoting by Eéy)[ -] and Ep[ -]
the expectations with respect to the probability laws of R and 6, respectively, we have
by the independence of R and 6

E, [e—)\are(u,B(aT))] — Et(zy) [e—)\nEe [er(u,e(t»] ]

t=2,

r

First we prove the theorems when d = 2. Writing 6(¢) = (01(¢),02(¢)) and u =
(u1,us2), we have by the rotation invariance of the law of standard Brownian motion

Ey [67'<u,9(t)>] =By [eT'UIQI(t)Ee [6”‘292“)|91(t)]]
1
1
— / ermyi(erum/lfyz + efruzx/lfyz>P(91(t) c dy)’

-1

since the distribution of 65(t) given 6,(t) = y is the uniform distribution on the set of
the two points +4/1 — y2. Hence formula (3.1) implies

1
Eplerwo) — 1 / erulyl(emzx/lfy? n e*Wz\/l*?f")&
2

2 J_4 1—q2
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2dy

; —4n? / Ty -

since T, (1) = 1. The change of order of the integral and the sum is easily justified because
|T.(y)| < 1. We can write the integrals on the right hand side as surface integrals and
obtain

(erugy/l—yQ_’_e—rug 1—y2)Tn(y)

>H>—*
DN =

E6[€r<u,0(t)>] :/ er(u,z)ds +2Z —in t/ uZ)T (Zl)dS( )
Sl

Now, recalling the formula ([2, p.407])

— AT — %nQETT,] _ Ly (a\/ﬁ)
L, (rvV2X)’

we obtain the assertion of Theorem 1.1 when d =2 and v = 0.
To prove Theorem 1.2, note another formula (]2, p.398])

a""L,(av2))
riL,(rvV2X)

Then we obtain the density when d = 2. Again we can easily show the absolute conver-
gence and justify the change of the sum and the integrals in t.

For the Brownian motion B(") with drift v, we have only to use (4.1) and replace A
and u with A\ + |v|?/2 and u + v, respectively.

Next we prove the theorems in the case of d = 3, when, for the spherical Brownian
motion 6, the conditional distribution of (63(t), ..., 04(t)) given 60 (t) = &; is the uniform

distribution on the sphere Sj/L with radius \/1 — £2. Hence, writing u = (ug,u’),0 =

(01,0") € R x R41, we have

EW© e

a

e = [ eVt -
0

Bpletrt®)] = By[erati® [ VIR e

gd—2

By using the facts on the Gegenbauer polynomials given in the previous section and
writing the double integral as a surface integral, we obtain, from (3.2)

Fplelw o)

%S 1

= Yo etrergn) [ greemonn - ) e
n=0 -1

y / /18w gy _vollde)
Sd—2 VOl(SdiZ)

00 ’Il+1/ 22V 1F( ) VOI(Sd_l) —LIn(n+2v)t v (u,w)
g 7l (2v) vol(S4-2) ¢’ i Cy(wr)e ds(w).

We have used the formula C% (1) = I'(n + 2v)/(n!T'(2v)), and also the estimate (2.3) to
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justify the change of the order of the sum and the integration.
Moreover, recalling the formulae

21t 22v 1
1(541) = d T(Qv)=—=I)T —
WSt = s and TN = ZoT0N ),
we obtain
1 o0
Eylelwrf®)] = = Z(n + 1/)67%”(7”2”)lt C¥ (wy)e™ ™) ds(w).
1% "0 Sd—1

Now, using (4.2), we obtain the assertion of Theorem 1.1 when v = 0. Theorem 1.2 and
the results for B(*) are proven in the same way as in the case of d = 2.
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