10
11
12
13
14
15
16
17
18
19
20
21
22
23

24

VIRTUAL THOMPSON’S GROUP
YUYA KODAMA AND AKIHIRO TAKANO

ABSTRACT. For virtual knot theory, the virtual braid group was defined by generalizing
the braid group. It was proved that any virtual link can be obtained by the closure of
a virtual braid. On the other hand, due to work by Jones et al., it is known that any
(oriented) link is constructed from an element of Thompson’s group F. In this paper,
we define the “virtual version” of Thompson’s group F' and prove that any virtual link

is constructed from an element of the group.

1. INTRODUCTION

Virtual knot theory, introduced by Kauffman [15], is a generalization of classical knot
theory. There are some motivations in this theory. One is knot theory in ¥, x [0, 1], where
¥4 is a closed oriented surface of genus g > 0. Classical knot theory can be regarded as
the case of ¢ = 0. Another is the complete correspondence with the Gauss diagrams,
which are used to define a finite type invariant [9]. As in the braid group in classical knot
theory, the virtual braid group is defined and studied. Kamada [14], and Kauffman and
Lambropoulou |16] introduced this notion and proved Alexander’s theorem, that is, any
virtual link can be obtained from the closure of a virtual braid. Moreover, they showed
Markov’s theorem. In other words, this theorem gives a necessary and sufficient condition
for two different braids to have equivalent closures.

Recently, Jones [13] introduced a method of constructing a link from an element of
Thompson’s group F', and proved Alexander’s theorem. It means that any link can be
obtained from an element of F'. For the oriented case, Jones defined a subgroup of
F whose element yields an oriented link and showed the theorem with a weaker version.
After that Aiello [1] proved it completely. Golan and Sapir [§] showed the subgroup Fis
isomorphic to the Brown-Thompson group F'(3).

Thompson’s group F' is defined by Richard Thompson in 1965. This group is known to
be related to various areas and has been studied using various definitions such as piecewise
linear maps on [0, 1], pairs of binary trees, and so on. We consider F' as a diagram group
by referring to the approach in [8]. The notion of diagram groups was suggested by Meakin
and Sapir (unpublished), and then Kilibarda [17] studied the groups for the first time.
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2 YUYA KODAMA AND AKIHIRO TAKANO
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FiGURE 1. Classical and virtual crossings

This class of groups has been well studied not only algebraically but also geometrically.
For instance, these groups are finitely presented [10], torsion-free [10], totally orderable
[12], and act freely and cellularly on a CAT(0) cubical complex [6].

In this paper, we generalize Thompson’s group F' from the viewpoint of virtual knot
theory. Namely, we define virtual Thompson’s group V F' as a diagram group and show
the following:

THEOREM 1.1. Any virtual link can be obtained from an element in VF.

This paper is organized as follows: In Section[2] we first summarize definitions of virtual
links, diagram groups, and Thompson’s group F. Then we define virtual Thompson’s
group V F as a diagram group. At the end of this section, we discuss some properties of
diagram groups, and hence of V' F. In Section [3, we introduce a method of constructing
a virtual link from an element in V F'. This method is a generalization of the one for F.
Then we discuss the relationship between elements of V F' and labeled binary trees. Some
elements of V F' are represented by labeled binary trees. In this sense, we can regard V F
as a generalization of F'. In Section [d, we show that any virtual link is obtained from
some element in VF. Similar to [1,/13], this is achieved by constructing the Tait graph
from a virtual link and deforming it.

Various other generalizations of Thompson’s group F' are also known [2,3./5,/18]. It is
an interesting problem to study the relationship between them and V' F.

2. PRELIMINARIES

2.1. Virtual knots and links. In this section, we give a short description of the virtual

links.

DEFINITION 2.1. An n-component virtual link diagram is an immersion of n circles in
the 2-sphere S? (= R? U {oo}) such that the multiple point set consists of finite number
of transverse double points and each of them is labeled, either as a classical crossing or
as a virtual crossing (see Figure . In particular, if n = 1, we also call it a virtual knot
diagram. A virtual link diagram without virtual crossings is said to be classical.

DEFINITION 2.2. An n-component wvirtual link is an equivalence class of the set of

all n-component virtual link diagrams under the ambient isotopy on the plane and the



10
11
12
13
14
15
16
17

18

VIRTUAL THOMPSON’S GROUP

N
J \\ \

F1GURE 2. Classical Reidemeister moves

- - § §< B >§

FiGURE 3. Virtual Reidemeister moves
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generalized Reidemeister moves, that is, the (classical) Reidemeister moves (Figure [2)),
the virtual Reidemeister moves (Figure [3), and the mixed move (Figure [). If n = 1, we
also call it a virtual knot.

Similarly to classical knot theory, it is natural to consider the notion of the virtual braid.
Kamada [14], and Kauffman and Lambropoulou [16] defined the virtual braid group and
independently proved Alexander’s theorem for virtual links:

THEOREM 2.3 ([14, Proposition 3], [16, Theorem 1}). Any virtual link can be described
as the closure of a virtual braid.

2.2. Diagram groups over semigroups. In this section, we briefly review the definition
of diagram groups. Although our purpose is to define one diagram group, we explain the
formal definition of diagram groups for the reader’s convenience. See [10] for details.

Let P = (X | R) be a semigroup presentation. Here, 3 is a finite set of generators, and
R is a finite set of relations of the form v — v where u and v are finite words on ». We
always assume that there exists no relation of the form v — wu, where w is a finite word
on Y. For simplicity, if u — v is in R, then we regard v — u as also being in R.

We fix a finite word w on . Roughly speaking, for the given word w, each element
(called a diagram) of the diagram group represents a way of rewriting by relations from

w to itself again. Formally, for w, we define a diagram as a finite sequence of words on X
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4 YUYA KODAMA AND AKIHIRO TAKANO
with the following form
W=W —> Wy —> > Wp—1 —> Wy =W

where each w;_; — w; is of the form w’'(p;_1)w” — w'(p;)w” with certain words w’', w” on
Y and p;_1 — p; is in R. We call each replacement of the word in the sequence a cell of
the diagram.

We define a reduction of a dipole as follows: Let w = w; — -+ — w, = w be a
diagram and assume that there exists ¢ such that w;_y — w; — w;y; is of the form
W (pi)w” — w'(p))w” — w'(piy1)w” and p;_; = piyq holds. In this case, we obtain a
new diagram by eliminating w;_; and wj;, that is, by setting

W=wW; — Wy —> -+ —> Wi—g — Wip] —> -+ — Wy, = W.

This operation and its inverse are called the reduction of dipoles and the insertion of
dipoles, respectively.

We will identify diagrams A with A’ if A’ can be obtained from A by applying these
operations a finite number of times. In addition, we will identify two diagrams when “two
cells are separated”. More precisely, we define two diagrams of the following forms are

equivalent:

"/

/ 2 !/ 2 /. !/ !
w=w; — - = wpw'pw’ — wpiw pw” — w'piw pyw” — = w, = w

and

/ i i / "N (SN /Y e /)
W=1W; = = WPIW P — WPLW P — W PLW PoW —> -+ — Wy, = W,

where w', w”, w" are words on 3, and p; — p}, ps — pf are in R. We define the equivalence
relation on the set of all diagrams as the one generated by all of the above. We write
D(P,w) for the set of all equivalence classes of diagrams.

The product on D(P,w) is defined as follows: For two diagrams w =a; — -+ — a, =
wand w =b; — --- — b, = w, we define their product to be the equivalence class of the

“concatenation”
w=a —>-—a,=w=5b —---—>b, =w.

This product is well-defined, and D(P,w) is termed diagram group.
If we can not apply the reduction of dipoles, we call the diagram reduced. For each

element of D(P,w), there exists a unique representative with reduced [17].
EXAMPLE 2.4. Let P = (a,b| a — ab,b — aa,a — aa) and w = a. Then
(a) = (aa) = (a)a = (aa)a = a(aa) — a(a) = (aa) — (a)
and

(a) — (ab) = a(b) — a(aa) — a(a) = (aa) — (a) (2.1)
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VIRTUAL THOMPSON’S GROUP 5
are reduced diagrams. Their product is
(a) = (aa) = (a)a — (aa)a = a(aa) — a(a) = (aa) — (a)
— (ab) = a(b) — a(aa) = a(a) = (aa) — (a),
and this diagram is also reduced. The diagram

(a) = (ab) = (a)b — (ab)b — (a)b = a(b) — a(aa) — a(a) = (aa) — (a)

is not reduced since there exists (a)b — (ab)b — (a)b. If we reduce a dipole of this
diagram, then we get diagram 2.1 The diagrams

(a) — (ab) = a(b) — a(aa) = (a)aa — (aa)aa = aa(aa)
— aa(a) = a(aa) — a(a) = (aa) — (a)
and
(a) = (ab) = (a)b — (aa)b = aa(b) — aa(aa) — aa(a) = a(aa) — a(a) = (aa) — (a)
are equivalent. Observe the cells a(b) — a(aa) — (aa)aa and (a)b — (aa)b — aa(aa).

The notions in this section can also be represented by oriented graphs. Let w =
wiws - - - w, be a word where each w; is in 3. We first define the trivial geometric diagrams

as follows:
Let vy, vy, ...,v,11 be vertices, and each v; is connected to v;4; in this orientation.
Namely, this graph consists of n edges (vq,v2), (v2,v3),..., (Un,Vns1). We label each

(vi,vi41) as w; and omit the labels of vertices. We define a trivial geometric diagram
of w as this graph. For an oriented graph, given a vertex v and two edges (v',v) and
(v,0"), we say that (v/,v) and (v,v") are incoming and outgoing edges of v, respectively
(cf. Figure [12)).

Next, we define a geometric cell. Let p — ¢ be in R, where p = p;---p, and ¢ =
¢ Gm- Let v, and v,, be the vertices of the trivial diagram of p such that the edges
labeled by p; and p,, are outgoing and incoming edges of v,, and v,,,, respectively. For ¢,
we define the vertices v,, and v, similarly. Then the graph obtained by gluing v,, and
Up, 10 vy, and v,,,, respectively, is called a geometric (p, q)-cell.

Generally, a geometric diagram is represented by attaching geometric cells to a trivial
geometric diagram along corresponding sub-words successively. Let w be a given word
on X and w = 2; = 23 — -+ 2,1 — 2, = w be a diagram. Note that each z; | — z;
is of the form 2/(p;_1)2" — 2'(p;)2”, where 2/, 2" are some words on 3. Therefore we can
attach a (p1, p2)-cell along the subgraph of a trivial geometric diagram of w corresponding
to p1. Then the obtained graph has two paths, z/(p1)z” and 2/(p2)z”. Regarding 2’(ps)z"
as a trivial geometric diagram, and proceeding similarly to the end, we obtain a graph.
We call this graph geometric diagram. The trivial geometric (sub)diagrams corresponding
to the top and bottom w of the geometric diagram are called the top and bottom paths,
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FIGURE 5. Trivial geometric diagrams of a and ab, and geometric (a, ab)-

cell and (aa, a)-cell

a

N

FIGURE 6. The geometric diagram corresponding to diagram

respectively. In the top path or bottom path, the vertex with only one outgoing or
incoming edge is called the initial or terminal vertex, respectively. Note that for each
diagram, there exists exactly one initial vertex and one terminal vertex since the top path
and bottom path share them.

Similar to the equivalence relation of diagrams, we define the equivalence relation on
the set of all geometric diagrams. In the rest of this paper, we do not distinguish between
geometric diagrams and diagrams. See Figures [ and [f] for examples of trivial geomet-

ric diagrams, geometric cells, and a geometric diagram corresponding to diagram in

Example 2.4]

CONVENTION 2.5. Throughout this paper, we assume that all orientations of the edges
of the (geometric) diagrams illustrated in the figures are from left to right. For the sake
of simplicity, we omit the illustration of the orientations unless it is important.

2.3. Thompson’s group F' as a diagram group and its generalization. In this
section, we first recall Thompson’s group F. Then we give the definition and some
properties of virtual Thompson’s group V' F. This group is the most important one in
this paper.

We first outline the definition of Thompson’s group F'. It is known that there exist
various (equivalent) definitions for this group. We define this group as pairs of binary
trees and then see the correspondence of the other realizations.

Let 7 be the set of all pairs of binary trees whose numbers of leaves are the same.
We define the equivalence relation on 7. Let (T'y,7_) be such two binary trees with n
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4 1 reduction

FIGURE 7. Example of reduction of carets

leaves. We label the leaves of the trees with the numbers 1,2,...,n from left to right,
respectively. Assume that there exists ¢ € {1,2,...,n — 1} such that ¢ and i + 1 have
a common parent in both 7y and 7_. Then we can get the binary tree 7% by removing
leaves 7, 1 + 1 and corresponding two edges from T',. Similarly, we get 7" from T_. See
figure [7] for an example of this operation. We call this operation the reduction of carets.
We say an element in T is reduced if there exists no such i. Define the equivalence relation
as the one generated by reductions and its inverses. It is known that there exists a unique
reduced representative for each equivalence class [4, §2].

Let F' be the set of the equivalence classes of 7. We define the product on F as
follows: Let a = (A4, A_) and b = (B4, B_) be in 7. By the previous operations, we get
two element (A',, A" ) and (B, B") which are equivalent to a and b, respectively, and
A" = B’ holds. Then we define the product of the equivalent class of a and that of b as
that of (A’,, B" ). This is well-defined, and F is termed Thompson’s group F.

The following fact is well known.

PROPOSITION 2.6 ([4, §2]). Thompson’s group F' is isomorphic to the group consisting

of homeomorphisms on the closed interval [0, 1] satisfying the following conditions:

(1) they are piecewise linear and preserve the orientation,
(2) in each linear part, its slope is a power of 2, and
(3) the breakpoints are in Z[3] X Z[3].

Sketch of proof. Let T be a binary tree. We decompose [0, 1] by assigning a subinterval
to each vertex of T'. First, we consider the root to be [0, 1]. Next, if a parent has [a, b],
then we set its left child has [a, (a + ) /2] and its right child has [(a + b)/2, ], inductively.
As a result, the set of leaves of T gives the decomposition [ay, as|, [as, asl, ..., [an_1, ay]
where a; = 0 and a, = 1. See also Figure [§]

Let (T4,7_) be in 7. Since two trees have the same number of leaves, we get two
decompositions [a1, as], [ag, asl, ..., [an_1,a,] and [by, ba], [b2,bs],. .., [bn_1,bn]. Therefore
we get a piecewise linear map on [0, 1] by mapping each [a;, a;+1] linearly to [b;, b;+1]. This

induces an isomorphism. O

We define virtual Thompson’s group as a diagram group, but the following fact is

helpful for understanding where its definition comes from.
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0,1/2]  [1/2,1] [0,1/2] (1/2,1]

[0,1/4] [1/4,1/2] [1/2,3/4] [3/4,1]

FIGURE 8. Vertices of a binary tree and subintervals

FiGURE 9. Example of the correspondence of a reduced diagram and a
(reduced) pair of binary trees

PROPOSITION 2.7 ([10, Example 6.4], [6, Appendix]). Let Pr = (z |  — zz) be a
semigroup presentation. Then the diagram group D(Pr,x) is isomorphic to the group F'.

Sketch of proof. Let A be a reduced (geometric) diagram in D(Pg,z). We construct
a pair of binary trees from A. This is achieved by associating each cell with a binary
tree consisting of one parent and two children. Since each cell is of the form x — xx or
xx — x, we put a vertex on each edge and regard the vertex on the z-side (not xa-side)
as the parent.

By performing the same operation for all cells, we obtain a graph. Let 7'y and T_ be
the largest subgraphs whose roots are vertex on the top and bottom path, respectively.
See Figure [9 and note that we omit the labels on all edges of diagrams since they are
the same. Since A is reduced, the union of 7'y and 7" is the obtained graph, and their
intersection is a set of finitely many vertices. Moreover, (T, T_) is reduced.

Conversely, for given reduced (7)y,7), we can construct the diagram A by applying
the inverse operation to the graph attaching corresponding leaves of T to T',. It is easy

to see that this operation yields an isomorphism. 0
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VIRTUAL THOMPSON’S GROUP 9

In the following, we define the virtual version of Thompson’s group F. The name

“virtual” comes from virtual knot theory described in Section 2.1}

DEFINITION 2.8. Let Py be the following semigroup presentation:

<:(;,v

Then we define virtual Thompson’s group V' F' to be the diagram group D(Pyr, x).

T — TX, T — VU, T — VT, T —> TV >

V= VU,V =TT,V —> VT,V —> TV

REMARK 2.9. The group V F' is motivated by virtual knot theory as an analogy of the
virtual braid group. In this sense, this group is a “knot theoretic” Thompson’s group,
and seems to be algebraically different from the so-called “Thompson-like” groups.

2.4. Properties of VF. In this section, we list some properties of V F. The proper-
ties described below are already known to hold for diagram groups. See the respective
references for details.

The following statements (1) and (2) follow from [6, Theorem 3.13, Theorem 4.1], (3)
from |10, Theorem 15.25], (4) and (5) from [12, Theorem 6.1, Theorem 7.1], and (6) from
[11, Theorem 9.9].

THEOREM 2.10. Let P be a semigroup presentation and w be a given word.

(1) If P is a finite semigroup presentation, then D(P,w) acts properly, cellularly, and
freely by isometries on a proper CAT(0) cubical complex.

(2) If P is a finite semigroup presentation and the semigroup is finite, then the diagram
group D(P,w) is of type Fo,. Especially, D(P,w) is finitely presented.

(3) The group D(P,w) has the unique extraction of root property. Especially, D(P,w)
is torsion-free.

(4) The group D(P,w) is totally orderable.

(5) The group D(P,w) is residually countable.

(6) All integer homology groups of D(P,w) are free abelian. Especially, the abelian-
ization of the group D(P,w) is free abelian.

Here, for n > 1, a group G is of type .%, if there exists an aspherical CW-complex
such that its fundamental group is isomorphic to G and it has finitely many n-skeleton.
A group G is of type Z if G is of type Z, for all n > 1.

Note that statement (1) has various corollaries such as satisfying the Haagerup property
and the Baum—Connes conjecture. See [6], Section 3.4] for details.

We remark that we have x = v as an element of the semigroup determined by Py .
Therefore, since Py is a finite presentation and Py determines a trivial semigroup, we
have the following corollary:

COROLLARY 2.11. The group V' F' has all the properties in Theorem [2.10].
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10 YUYA KODAMA AND AKIHIRO TAKANO

In addition, by using only the relation x — zx in the rewriting, we have the following:
PROPOSITION 2.12. Thompson’s group F' is a subgroup of V' F.

In the rest of this section, we give an infinite presentation of V F' by using the Squier
complex. Let P = (3 | R) be a semigroup presentation. The Squier complex S(P) of P
is the 2-dimensional complex defined as follows:

e the O-cells are the words on ;
o the 1-cells ey, 4 connect two O-cells from pugq to pvg if u — v € R; and
o the 2-cells D, v, qus—vs,r bound the 4-cycles given by four 1-cells €, 4, v, quor
eP’Ulq,u2—>v2ﬂ"7 ezziltlﬁvl,qvgr(: epwl—)ul,qu?“)? and egullq,uzﬁm,r(: epu1q7v2—>u2,7“)7
where u; — v; € R (i = 1,2) and p, ¢, are words on X. Moreover, if e, , ., is an edge
in S(P), then we have e;,i_m’q = €py—uq- For a given word w on X, the diagram group

D(P,w) can be regarded as the fundamental group m1(S(P),w). See [10, Section 6] or
[7, Section 2] for details.

THEOREM 2.13. Virtual Thompson’s group V F admits the following infinite presenta-

tion:
Generators:

o X vws Xossvzr Xoosaw,

o Xyt Xvsotu (s€{x,v},te{zz, v, 0,00} and u is a word on X),

® X:c—nw,ua Xz—w:c,ua Xv—)x:c,ua Xv—)xv,u (U is a non-empty word on E)
Relations:

L XZ,Sl*}tl,pSQQXf,SZ*)tQ,q - Xx,SQHtQ,qu,slﬁh,ptgq;

L 'l),Sl‘)tl,}?SQqX'U,SQ*)tQ,q = Xv,szﬁtg,qu,&%tl,ptzq;

L Xa:—>vv,pquv,s—>t,q = Xx,s—>t,ar:—>vv,ptq;

b X:s—wx,pqu'u,sﬁt,q = r,s—>t,qu—>vm,ptq;

o Xv%w:p,pqux,s%t,q = v,s%t,quﬁmz,ptqa

o Xv%xv,pqux,s—)t,q = v,s—)t,qu%xv,ptq;
where 3 = {x,v}, s,81,82 € {x,v},t,t1,ts € {xx, 20, 02,00}, and p,q are words
in .

PROOF. First, we choose a spanning tree T of the Squier complex S(P), that is, a sub-
tree of S(P) which contains all vertices. Then the diagram group D(P,w) = 7 (S(P), w)
is generated by all edges subject to the following relations:

e ¢ =1 for any l-cell e € T,
e cieg- e, = 1 for any 2-cell ejey - - - €.

In this case, we define a spanning tree T of S(Pyr) by the following edges:

L4 650—)50507 ex—)mn eI—)U?L’) e.ﬁt—)’l}’U? 61}—)13237

® Croarrus Co—azvur Cv—vruy Cv—vv,u (u 1S a non—empty word on E)
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X (%

Txrx VLT

FIGURE 10. The Squier complex S(Pyr) corresponding to the words with
up to three letters on Y. The black edges are those of a spanning tree 7.

Figure shows the Squier complex corresponding to the words with up to three let-
ters on X. We rewrite the letter e, s 4 to X, s+, Then we obtain the generators of
m(S(Pyr),z) of the forms
o Xosw, Xvosvas Xoosavs
o X,stu (s€{z,v},t e {zx,zv,vz,vv}, pis a non-empty word, and u is a word
on X),

hd Xz—wv,zu Xa:—)vz,zw Xv—mz,u; Xv—mv,u (U Is a non—empty word on Z)

By the definition of the 2-cells, we have

Xp,slﬁtl7qS2TXpt1%82%t2,T = Xpslq,82%t2,7"Xp,81Ht17qt27“7
where s1, 89 € {z,v},t1,ts € {xx, 20, 02,00}, and p,q,r are words on . If p=1,5; = x
ans t; = xx, then we obtain
Xx%mx,qserqu,SQHtg,r = qu,SQHtQ,rXx%zx,thT-

Since €z pqgsor aNd €304 41, are edges of the spanning tree 7', they are trivial in
m(S(Pvr),z), and thus X,ugsoster = Xaugssotor- 10 general, we obtain a relation
Xy sty = Xugsotr for any word ¢. Similarly, we have X, s 1, = Xygs-1r, and they
are the second generators of the presentation in the theorem. By using these relations, if

p = x, then we are able to rewrite the relation

Xx,sl—nfl,qSQTthlq,SQ—HEQ,T - Xa:slq,SQ—)tg,TXw,sl—>t1,qtgr

to

Xx,slﬁtl,qsngx,sg—)tg,r = Xac,sg—>t2,7"Xa:,51—>t1,qt27‘a



10
11
12
13

14

12 YUYA KODAMA AND AKIHIRO TAKANO

X X

X

AN F, ) fo o
T\ \H

X

X X

FIGURE 11. The generators X, .z, Xz 2220 and X; ., where u is a

word ujusy - - - ug.

which is the first relation of the presentation. Similarly, we have

Xv,s1—>t1,q32er,sz—>t2,r = Xv,sg—)tg,er,slﬁththm

which is the second relation. Moreover, if p = 1,s; = z, and t; = vv, then

XQ’J*)U’U,(]SQT’X’UUQ,SQHtQ oo qu,SQ —to ,TXxHU’U,thT )

and thus
Xasvv,gsor Xv,ss—star = Xa,sy—rty,r Xa—vv,gtars
which is the third relation. Similarly, we obtain the fourth to sixth relations. O
For example, substituting s; = z,t; = zx (i = 1,2), p =27, and ¢ = 2% (j,k > 0) in
the first relation, we have

X

T, x—xr,rl re

kX,

T,T—TT,T

=X

T,x—TT,x

kX

r.x—xx,x) xxxk -

Set wy, = X, 4 402+, then we rewrite this relation as follows:
Tjtk+1Tk = ThTjtpk+2,
that is,
T = T (0 < k < n),

which is exactly the relation for Thompson’s group F'.

From the presentation in Theorem three generators X, .., Xy and X, _,,, have
no relations. Therefore, the virtual Thompson’s group V F' is the free product of the free
group of rank 3 generated by these generators and the remaining part of V F.

Finally, the generators of VI can be described as the geometric diagrams shown in

Figure [11]
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) €5

v
€9 €4
€3

F1GURE 12. The edge e; is the first incoming edge and e3 is the last in-
coming edge of v.

3. THE CONSTRUCTION OF VIRTUAL LINKS FROM VIRTUAL THOMPSON’S GROUP

3.1. The construction. In this section, we explain the construction of a virtual link
from an element of virtual Thompson’s group V F’ with an example. This construction is
based on [13] and [§].

Step 1: Construct the Thompson graph T'(A).

Let A be a reduced diagram in VF' = D(Py g, x). We define the Thompson graph T(A)
as a “subgraph” of the diagram A as follows (cf. [8, Definition 3.2]): the vertices of T'(A)
are all vertices of A except the terminal vertex. In order to define the edges of T(A), we
use the following lemma.

LEMMA 3.1 ([10, Lemma 3.7]). For any inner vertex v of A, that is, the vertex which
does not coincide with the initial vertex nor the terminal vertex, there uniquely exists a
sequence eq,...,e, of edges with endpoint v in the counterclockwise order such that for

some k (1 < k < n), edges eq,...,ex are incoming and edges ey, 1,...,e, are outgoing

(see Figure[12).

For any inner vertex v of A, we assign numbers to edges with endpoint v as in Lemma
.1l The edges of T(A) are the first and the last incoming edges with respect to the
order for each inner vertex of A. If the first and the last edges of v coincide, that is, v
has exactly one incoming edge, then we make a copy of the incoming edge labeled by the
same letter. Therefore, any inner vertex of T'(A) has two incoming edges. Figure [13|is an
example of this step.

Step 2: Construct the medial graph M(T(A)).

The medial graph is defined for any connected plane graph. Let GG be a connected plane
graph, and then its medial graph M (G) is obtained as follows: we put a vertex of M(G)
on every edge of (G, and join two new vertices by an edge if the corresponding edges of G
are adjacent on a face of GG. Figure [14]is an example of this step.

Step 3: Construct the virtual link diagram L(A).
In general, because the medial graph is 4-valent, we are able to obtain a virtual link

diagram L(A) by turning all vertices of M (T(A)) into classical or virtual crossings: for a
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7
g?
(3

FIGURE 13. An example of the Thompson graph T'(A)

@y

FIGURE 14. An example of the medial graph M(T'(A))

@))€

FIGURE 15. An example of the virtual link diagram L(A

vertex of M(T(A)), if the corresponding edge in T(A) is

the first and labeled by z, then X — 34,
the last and labeled by z, then X — X, or (3.1)
labeled by v, then X — X.

Figure [15] is an example of this step.

3.2. Labeled binary trees. In this section, we discuss the relationship between elements
of V' F and labeled binary trees. Suppose that the diagram A : z = w; — wy — -+ —
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X

FIGURE 16. An example of the correspondence of a diagram and a pair of
labeled binary trees.

w,_1 — w, = x satisfies the following condition:

|w;| < fwin] (1<7<i)

There uniquely exists ¢ € Z N [1,n] such that 7
|wj| > |wja| (i <j <n)

where | - | denotes the length of a word. Geometrically, this condition implies that all
vertices of A can be placed on a straight line, and every vertex except the initial vertex
has an incoming edge connected to its immediate left one. The path of A on the straight
line connecting all the vertices is exactly the trivial geometric diagram of w;. Then the
cell w; — wjqq for 1 < j < iis the (s,t)-cell and the cell w; — wjq for i < j < n is
the (¢, s)-cell, where s € {z,v} and t € {zz,zv,vz,vv}. In this case, the first and last
edges coincide with the top-most and bottom-most incoming edges of [8, Definition 3.2],
respectively. Similarly to the proof of Proposition [2.7] the diagram A can be described as
a pair (T, T_) of labeled binary trees with the same number of leaves. The label of each
edge is determined by the one of the corresponding “child” edge of the cell in A. We give
an example in Figure [16]

On the other hand, Jones |13] introduced a method of constructing a link diagram from
an element of I’ by using a pair of binary trees. In the case above, this construction can be
extended naturally. Let (7%, 7_) be a pair of reduced labeled binary trees with n+1 leaves
obtained from an element of V F', and place its leaves at (%, 0) , (%, 0) . (2”2“ , O). Note
that the tree 7', is in the upper half-plane, and 7" is in the lower half-plane. The plane

graph I'(T'y, T ), which is called the I'-graph of (7', , T_), is defined uniquely up to ambient
isotopy on the 2-sphere S? (= R? U {oo}) as follows: the vertices of I'(T,,T_) are put at
(0,0),(1,0),...,(n,0). An edge of I'(T,T_) passes transversely just once an edge / of
T, (i.e., an edge from top right to bottom left) or an edge \_of T_ (i.e., an edge from top
left to bottom right) and does not do the other edges of (7'y,7_). Every edge is labeled
by x or v corresponding to the label of an edge of (7,7-). We illustrate an example in

Figure [17]
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FIGURE 17. An example of the correspondence of a pair of labeled binary
trees and a I'-graph.

For the two constructions, the following holds:

PROPOSITION 3.2 (cf. [8, Proposition 3.5]). Let A be a diagram of V'F' satisfying con-
dition (3.2) and (T, T-) the pair of labeled binary trees obtained from A. Then the
Thompson graph T(A) is isomorphic to the I'-graph T'(Ty,T_).

PrROOF. Let A be a diagram in VF. By forgetting the labels z and v of the edges
in A, we obtain the (possibly non-reduced) diagram A in F. When the diagram A is
reduced, this proposition is already proved by Golan and Sapir [8] by stretching the edges
of T(A) upward. In general, A is not reduced but satisfies condition , and thus this
diagram can also be described as a pair (ﬁ,i) of (non-labeled) binary trees with the
same number of leaves. Then, we can use the argument of Golan and Sapir, and prove this
proposition. Putting the labels on the edges of (T, T_) (see Figure , we obtain the
pair (7', T) of labeled binary trees of A. Moreover, the correspondence of the labels of
the edges of T(A) and I'(T';, T-) is clear from the construction. We illustrate an example

in Figure [I8| O

4. PROOF OF THEOREM [L.1]

Theorem states that every virtual link can be described as the virtual link diagram
L(A) for an element A of V' F. In this section, we prove this theorem. The procedure
of the proof is based on [13]. In fact, we are always able to choose an element of V F
representing a given virtual link which satisfies condition (3.2]).

Let L be a virtual link diagram.

Step 1: Construct the Tait graph T'(L).

We apply the checkerboard coloring to the diagram L, that is, we paint regions of L
with black or white so that adjacent regions are different colors. By convention, the color
of the unbounded region is white. The vertices of the Tait graph T'(L) correspond to the
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FIGURE 18. An example of the correspondence in Proposition . By
stretching the edges of T(A) upward, it is isomorphic to the graph

(T, T-). The gray letters are labels of binary trees.

X X X

FIGURE 19. The labels of crossings

-0

F1GURE 20. An example of the checkerboard coloring and the Tait graph

black regions of L, and the edges correspond to the crossings and are labeled by +, —, or
v according to the rule in Figure [I19, We give an example of the Tait graph in Figure [20]
Step 2: Deform the graph T'(L).

Jones |13 gave a sufficient condition for a connected plane graph to be obtained from
an element (7,7_) of F. Due to the work of Golan and Sapir [8], this is interpreted in
terms of diagrams (cf. Proposition 2.7). Combining these two, the following holds:

LEmMMA 4.1 ([13, Lemma 4.1.4], [8, Proposition 3.5]). Let I" be a connected plane graph.
Suppose that T' consists of two trees, I'y in the upper half-plane and I'_ in the lower
half-plane, and these two trees satisfy the following properties:
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(1) the vertices are (0,0), (1,0),...,(n,0),

(2) each vertex other than (0,0) is connected to exactly one vertez to its left one, and

(3) each edge can be parametrized by a smooth curve (x(t),y(t)) for t € [0,1] with
2'(t) > 0 and either y(t) > 0 or y(t) <0 fort € (0,1).

Then there ezists an reduced element (T'y,T_) of F' such that I'(T,,T_) is isomorphic to
[. Equivalently, there exists a reduced diagram A of F such that T(A) is isomorphic to
r.

For the virtual case, the Thompson graph has labels x or v. In particular, if there exists
a vertex of a diagram A with exactly one incoming edge, then it has two incoming edges
with the same labels in the Thompson graph T'(A). Hence, we obtain the condition for

the virtual version:

LEMMA 4.2. Let T" be a connected plane graph with each edge labeled by x or v. Suppose
that I' consists of two trees, 'y in the upper half-plane and I'_ in the lower half-plane, and
these two trees satisfy the properties , and in Lemma . Moreover, assume
that I' satisfies the following condition:

(4) Two edges connecting adjacent two vertices have the same labels.

Then there exists a pair (T, T-) of labeled binary trees in VF such that T'(Ty,T_) is
isomorphic to I'. Equivalently, there exists an element A of V'F' satisfying condition (3.2))
such that T(A) is isomorphic to T.

For a diagram A satisfying condition (3.2)), the Tait graph of L(A) (i.e., the Thompson
graph T'(A)) satisfies the conditions of Lemma [1.2] with edges in the upper half-plane
labeled by + or v and edges in the lower half-plane labeled by — or v. Therefore, in order
to prove the main theorem, we apply the Reidemeister moves on the given Tait graph so
that the deformed graph satisfies the condition of Lemma [4.2]

We recall some local moves on the labeled plane graph corresponding to the Reidemeis-
ter moves R1 and R2 (see Figure [21)).

DEFINITION 4.3 ([13] Definition 5.3.4]). Two labeled plane graphs are 2-equivalent if
they differ by planar isotopies and any of the moves R1, R2a, and R2b.

The moves R1, R2a, and R2b on the labeled plane graph correspond to the Reidemeister
moves R1 and R2 on the virtual link diagram, respectively. Therefore, let L and L’ be
virtual link diagrams. If the Tait graphs T'(L) and T'(L’) are 2-equivalent, then L and L’

are equivalent.

LEMMA 4.4 (|13, Lemma 5.3.6]). Any Tait graph is 2-equivalent to a plane graph sat-
isfying conditions and in Lemma .
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Vamva
7 S

F1GURE 21. The Reidemeister moves R1 and R2 on the plane graph

Therefore, we may assume that the Tait graph 7'(L) satisfies the above conditions. Such
plane graph is said to be standard. Suppose that the edges of a standard plane graph are
oriented from left to right. We recall some notations in |13].

DEFINITION 4.5 (|13, Definition 5.3.7 and 5.3.8]). For a vertex u of T'(L), we set

e’ :={ee€ E(T(L)) | e lies in the upper half-plane} ,
edm .= {e € E(T(L)) | e lies in the lower half-plane}
e, ={e € E(T(L))| 7(e) = u},
(T'(L))

e :={e € E(T(L)) | le) =u},

where E(T(L)) is the set of all edges of T(L), and 7(e) and «(e) are the terminal and
initial vertices of e, respectively.

Case 1. There exists a vertex u different from (0,0) with e = (). Let w be the vertex
immediately to the left of u as below:

9! ,Lé
We add two edges connecting w and u so that the deformed graph is 2-equivalent to the

original graph:

T
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Case 2. There exists a vertex u with |e| = 1. We may assume that the incoming edge
of u is in the upper half-plane. This is labeled by +, —, or v. The situation near u is as
below:

w u

Then we add one vertex and three edges as below:

Case 3. There exists a vertex u with |[el® N e"] > 1 or [e® N e > 1. We may show
only the first case, and the other case is similar. The situation near u is below:

u

Then we add three vertices and five edges as below:

+

=~ Uu

We can repeat this operation until the vertex u satisfies |e® N e"P| = 1.

Case 4. After applying the previous deformations, all vertices, except the vertex (0,0),
have two incoming edges, one in the upper half-plane and the other in the lower half-plane.
Hence, this graph satisfies condition in Lemma . Then we may have two problems
that

(i) a —-labeled edge is in the upper half-plane or a +-labeled edge is in the lower
half-plane, and
(ii) two edges connecting the adjacent two vertices have labels + and v, or v and —,

respectively.

We consider the first problem, and we may show only the case of —-labeled edge in the
upper half-plane. This situation looks like:
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Then we apply the following deformation

Next, we consider the second problem. We may show only the case that two labels are
+ and v, respectively. Suppose that such two edges connect the adjacent vertices w and
u, then the situation looks like:

+

From the above, the proof of Theorem is complete.

EXAMPLE 4.6. Figure 22| shows the application of the algorithm to the virtual knot 3.1
in the lisiﬂ by Jeremy Green. Its last figure is a diagram of V' F representing 3.1. The top
and bottom paths must be labeled by x from the definition. However, other than those
edges, gray edges can be labeled by either = or v.

Since a virtual link is an immersion of circles, its orientation is induced from the one of
each circle. Jones defined a subgroup ? of F" which is called oriented Thompson’s group.
This group consists of all pairs of binary trees whose I'-graphs are 2-colorable, and its
element yields an oriented link. Aiello [1] proved Alexander’s theorem for the oriented
case by using another local move. From [8 Lemma 4.1], we are able to define a subgroup
V' F of VF consisting of all diagrams whose Thompson graphs are 2-colorable. Moreover,
by using Aiello’s move, the oriented version of Theorem can be proved similarly.

THEOREM 4.7. Any oriented virtual link can be obtained from an element in ﬁ

1http ://www.math.toronto.edu/~drorbn/Students/GreenJ/
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T

FIGURE 22

1 Finally, Golan and Sapir |§| showed that oriented Thompson’s group ? is isomorphic
2 to the Brown-Thompson group F'(3), which is a diagram group especially. In general, a
3 subgroup of the diagram group is not always a diagram group, and thus there is a natural
4 problem whether ﬁ is a diagram group or not.

5 ACKNOWLEDGEMENTS

6 We would like to thank Professor Tomohiro Fukaya who is the first author’s supervisor

7 for his several comments. We also wish to thank Professor Takuya Sakasai who is the



N

© 00 N o O

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

34
35
36
37
38
39

VIRTUAL THOMPSON’S GROUP 23

second author’s supervisor and Dr. Xiaobing Sheng for their helpful comments. We are
also very grateful to Professor Anthony Genevois for the valuable comments. Finally, we
would like to thank the anonymous referee for the careful reading and suggestions.

REFERENCES

[1] V. Aiello, On the Alezander Theorem for the oriented Thompson group F, Algebraic & Geometric
Topology 20 (2020), no. 1, 429-438.
[2] M. G. Brin, Higher dimensional Thompson groups, Geom. Dedicata 108 (2004), 163-192.
(3] , The algebra of strand splitting. 1. A braided version of Thompson’s group V', J. Group Theory
10 (2007), no. 6, 757-788.
[4] J. W. Cannon, W. J. Floyd, and W. R. Parry, Introductory notes on Richard Thompson’s groups,
Enseign. Math. (2) 42 (1996), no. 3-4, 215-256.
[5] P. Dehornoy, The group of parenthesized braids, Adv. Math. 205 (2006), no. 2, 354-409.
[6] D. S. Farley, Finiteness and CAT(0) properties of diagram groups, Topology 42 (2003), no. 5, 1065—
1082.
[7] A. Genevois, An introduction to diagram groups, arXiv:2211.12068.
[8] G. Golan and M. V. Sapir, On Jones’ subgroup of R. Thompson group F, Journal of Algebra 470
(2017), 122-159.
[9] M. Goussarov, M. Polyak, and O. Viro, Finite-type invariants of classical and virtual knots, Topology
39 (2000), no. 5, 1045-1068.
[10] V. S. Guba and M. V. Sapir, Diagram groups, Mem. Amer. Math. Soc. 130 (1997), no. 620, viii4+117.
1]

, Diagram groups and directed 2-complexes: homotopy and homology, J. Pure Appl. Algebra
205 (2006), no. 1, 1-47.

[12] , Diagram groups are totally orderable, J. Pure Appl. Algebra 205 (2006), no. 1, 48-73.

[13] V. Jones, Some unitary representations of Thompson’s groups F and T, J. Comb. Algebra 1 (2017),
no. 1, 1-44.

[14] S. Kamada, Braid presentation of virtual knots and welded knots, Osaka J. Math. 44 (2007), no. 2,
441-458.

[15] L. H. Kauffman, Virtual knot theory, European J. Combin. 20 (1999), no. 7, 663-690.

[16] L. H. Kauffman and S. Lambropoulou, Virtual braids, Fund. Math. 184 (2004), 159-186.

[17] V. Kilibarda, On the algebra of semigroup diagrams, ProQuest LLC, Ann Arbor, MI, 1994. Thesis
(Ph.D.)-The University of Nebraska - Lincoln.

[18] Y. Lodha and J. T. Moore, A nonamenable finitely presented group of piecewise projective homeo-
morphisms, Groups Geom. Dyn. 10 (2016), no. 1, 177-200.

DEPARTMENT OF MATHEMATICAL SCIENCES, TOKYO METROPOLITAN
UNIVERSITY, MINAMI-OSAWA HACHIOJI, TOKYO, 192-0397, JAPAN

E-mail address: kodama-yuya@ed.tmu.ac. jp

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, THE UNIVERSITY OF
TOKYO, 3-8-1 KOMABA, MEGURO-KU, TOKYO, 153-8914, JAPAN

E-mail address: takano@ms.u-tokyo.ac. jp


mailto:kodama-yuya@ed.tmu.ac.jp
takano@ms.u-tokyo.ac.jp

	1. Introduction
	2. Preliminaries
	2.1. Virtual knots and links
	2.2. Diagram groups over semigroups
	2.3. Thompson's group F as a diagram group and its generalization
	2.4. Properties of VF

	3. The Construction of virtual links from virtual Thompson's group
	3.1. The construction
	3.2. Labeled binary trees

	4. Proof of Theorem 1.1
	Acknowledgements
	References

