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Abstract

Let k£ be a number field and A be its ring of adeles. Let U be a unipotent group
defined over k, and o a k-rational involution of U with fixed points U*. As a consequence
of the results of Moore, the space L>(U(k)\Uyx) is multiplicity free as a representation of
Us. Setting p* to be the period integral attached to o on the space of smooth vectors of
L*(U(k)\Uy), we prove that if II is a topologically irreducible subspace of L*(U(k)\Us),
then p* is nonvanishing on the subspace of smooth vectors in II if and only if IIV = II?. This
is a global analogue of local results of Benoist and the author, on which the proof relies.

Introduction

Let k denote a number field, A its ring of adeles, G an algebraic group defined over k and o a k-
rational involution of G with fixed points G*. Suppose that the automorphic quotient G*(k)\G}
carries a right G} -invariant measure. Studying the non-vanishing of (possible regularizations of)
the linear form p* : ¢ — fG+(k)\G; #(g)dg on topologically irreducible subspaces of L?(G(k)\Gy)
is a very popular topic when G is reductive, as it is related to the Langlands functoriality con-
jectures. Less popular and much simpler is the case of unipotent G = U, which this paper is
concerned with. Nevertheless, the local analogues of this problem have been studied in [2] and
[3] for archimedean fields, and in [12] for p-adic fields. A common feature is that if v is a place
of k and 73° is a smooth irreducible representation of U(k, ), then the space Homg+(,)(7;°,C)
(where we ask the linear functionals to be continuous in the archimedean case) is at most one
dimensional and it is nonzero if and only if (75°)Y ~ (w2°)?. Here we prove that if IT is a closed
irreducible subspace of L?(U(k)\Uy), then p* is nonvanishing on the smooth vectors I1° of TI,
which we reword as II being distinguished, if and only if IT is conjugate self-dual: IIV = TI°.
Hence the local results stated above imply that p* is nonvanishing on IT*° if and only if each of
its local components 7y° is U* (k, )-distinguished for all places v of k. In fact because of the very
strong rigidity property satisfied by automorphic representations of Uy, the representation II is
conjugate self-dual if and only if one of its local component is, hence II is distinguished if and
only if it has one distinguished local component. The most important ingredient of the proof
is summarized in the following sentence: the period integral p* composed with the Richardson
intertwining operator from the Kirillov induced model of II* to L?(U(k)\Ua), which we define
in this paper, unfolds to the product of the local invariant linear forms on the Kirillov induced
model.
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1 Preliminary results

In this paper U denotes a (necessarily connected) unipotent algebraic group defined over a field
F of characteristic zero, with Lie algebra u equipped with the Lie bracket [—,—].

1.1 The exponential map

The exponential map
exp:u—->U

is an isomorphism of algebraic F-varieties with reciprocal map In ([8, Proposition 4.1]). It
restricts as a bijection from u(F) to U(F). We call U'(F) an F-subgroup of U(F) if it is
the F-points of a closed algebraic subgroup U’ of U defined over F. The map exp induces a
bijection between Lie sub-algebras of u(F) (resp. u) and the F-subgroups of U(F) (resp. U),
for which ideals correspond to normal subgroups. Moreover if U’ is an F-subgroup of U then
U'(F)\U(F) ~ (U\U)(F) by [16, 14.2.6], and this bijection becomes a group isomorphism if
5,((1;)) = 57 (F) via exp.

We denote by 3 the center of u, and by Z the center exp(3) of U. The nilpotency of u implies
that 3 is non trivial, and from this one easily deduces by induction, reasonning on whether it
contains 3 or not, that any codimension 1 Lie sub-algebra of u is automatically an ideal.

The fundamental example of non abelian unipotent group is the Heisenberg group

U'(F) is normal in U in which case both quotients identify to

1 xz
1

U(F) :HS(F) :{h(x,y,z) = y Ly Y, ZEF}'

— < W

We will denote by
L(F) ={n0,y,2), y, z€ F}

its normal Lagrangian subgroup.

1.2 Complementary basis of a Lie subalgebra

Let m(F') be a Lie subalgerba of u(F). We follow [2, Definition 2.1.1] for the definition of a
complementary basis of m(F') in u(F') (see also [7, 2. Definition] for the related and more or less
equivalent notion of weak basis of u(F") through m(F)). Set d := dim(u(F)) —dim(m(F)). Then
by definition, a complementary basis of m(F) in u(F) is a family (u1,...,uq) in u(F)? such that
w(F) =m(F) & Vectp(uy,...,uq) and such that m(F) @ Vectp(uy,...,uq-;) is a Lie subalgebra
of u(F) for i =0,...,d. Existence of such basis is easy to prove by induction (see for example |2,
Lemme 2.3.1], the proof of which is valid over F'). If B := (uy,...,uq) is such a basis, then by [2,
Lemme 2.1], the map:

Dyt (m,t1,... tg) em(F) x F4 s exp(m) exp(tiuy) ... exp(tgug) € U(F)



is bijective and polynomial, and its inverse map as well. In particular the map
Ipm: (ty, .. ta) € F4o ®g(0,t1,...,tq) € M(F)\U(F)

is a homeomorphism whenever F is a local field of characteristic zero.

1.3 Polarizations and restriction of scalars

For £ e u(F)* = Homp(u(F), F), we say that a Lie subalgebra v(F') of u(F") is subordinate to
Cif [o(F),0(F)] c Ker(£). We will moreover say that the pair (¢,v(F)) is polarized if v(F) is
subordinate to ¢ and of maximal dimension for this property. We denote by @(u(F')) the set
of polarized pairs for u(F'). The Lie algebra u(F') acts on u(F)* via the co-adjoint action. We
recall the following fact from [10, Lemma 5.2], the proof of which applies for unipotent F-groups.

Fact 1.1. If (¢,0(F)) € P(u(F)), then the coadjoint orbit U(F') - £ has even dimension and
dim(v(F)) = dim(u(F)) - dim(U(F) - £)/2.

We denote by [¢] the U(F)-orbit of ¢ € u(F)*. Suppose that F/K is a finite extension,
and denote by Resp/x the Weil restriction of scalars functor. For ¢ € Homp(u(F'), F'), we set
Ui = trpji ol € Respygu(K)* := Homg (u(F'), K). The group U(F) = Resp/xU(K) acts on
Resp/xu(K)* by the co-adjoint action as well, and we again use the notation [£f ] for the orbit
of lx € Resp/xu(K)*.

Lemma 1.1. The K-linear map { — {x is a bijection between u(F)* and Resp/xu(K)*, hence
induces an injection from [£]  [Lx] from U(F)\u(F)* to Resp/xU(K)\Resp/gu(K)*.

Proof. The map ¢ — { is injective because i = £} means that Im(¢—¢") is an F-vector subspace
of Ker(trp,x ), hence must be zero. It is bijective because both u(F)* and Resp/xu(K)* have
the same dimension dim g (u(F)) over K. O

We deduce from the above lemma the following consequence concerning polarizations.

Lemma 1.2. Let ¢ belong to u(F)*, and v(F) = Resp/x0(K) be a Lie sub-algebra of u(F).
Then (£,0(F)) € P(uw(F)) if and only if ({x,Resp/x0(K)) € P(Resp/xu(K)).

Proof. If v(F) is subordinate to ¢, then it is clearly subordinate to fx. Conversely if it is
subordinate to {x, then £([v(F),v(F)]) is an F-vector subspace of Ker(trp,x ), hence must be
trivial. Following the proof of [10, Lemma 5.2], the Lie algebra of the stabilizer U(F"), of ¢,
respectively of the stabilizer U(F)g,, of £, is equal to {z e u(F), £([u(F),z]) = 0}, respectively
{z eu(F), Lk ([u(F),z]) = 0}. In particular these two spaces are equal as Ker(trp,x) contains
no nonzero F-vector space. As a consequence the respective stabilizers U(F'), and U(F)y,. of ¢
and {x are equal because so are their Lie algebras, hence U(F')-¢ and U(F) - {x have the same
dimension over K. In particular the equality

dimg (0(£)) = dimg (w(F)) - dimg (U(F) - £k )/2

holds if and only if
dim - (o(F)) = dim e (u(F)) - dim e (U (F) - £)/2,

and we conclude thanks to Fact 1.1 again. O



1.4 Kirillov’s decomposition of nilpotent Lie algebras

In this paragraph we suppose that ; is of dimension 1. By Kirillov’s lemma ([10, Lemma 4.1])
there is a "canonical" decomposition

wF)=FrxeFyoFsoW(F)
which means that the vectors x, y, 5 and ¥ have the following properties:
1. 3(F) = F.3.
2. [x,y] = 3.
3. [y, W(F)] = {0}.
The Lie sub-algebra
u(F):=FyeFsoW(F)

is automatically a codimension 1 ideal of u(F') (it is the codimension one Lie subalgebra of u(F’)
centralizing y) and we set

Uo = exp(uo)-
We also set X (F) =exp(F.x), Y(F) =exp(F.y) and Z(F) = exp(F.5). Note that Fx@F.yeF.;
is a Lie algebra isomorphic to #3(F’), hence exp(F.x ® F.y @ F.3) is a closed subgroup of U(F’)

isomorphic to H(F'). We observe that y and 5 are central in uy(F") hence they belong to vo(F')
whenever (£,09(F)) € P(uo(F)). We set

h(z,y,2) = exp(y.y) exp(zr) exp(z.5)
and use h to consider H(F') as a subgroup of U(F) which satisfies
H(F)nUy(F)=L(F).
We also set
z(t) = h(t,0,0), y(t) = h(0,t,0) and z(t) = h(0,0,t)
for t in any F-algebra.

1.5 Rational involutions acting on unipotent groups

In this paragraph U is equipped with an F-rational involution o, and we denote by o again
the differential of o at 1: it is an involutive homomorphism of u(F). Whenever & is a o-stable
subspace of u(F’), it decomposes as §* @ & as the sum of the +1 eignespaces of o. In particular
any o € u(F') can be written uniquely as o* + 0. In this situation we have the following result as
a consequence of [2, Lemme 2.2.1]. Note that [2, Lemme 2.2.1] applies over F' as it relies on [4,
Proposition 1.1.2], and this latter reference has no assumption on the base field.

Lemma 1.3. Take ¢ e u(F)* such that ¢ is trivial on u(F)*, then there is a o-stable Lie algebra
o(F) of u(F) such that (¢,0(F)) € P(u(F)).

We also observe that it follows from [2, Lemme 2.2.1, a)] that Kirillov’s decomposition can
be chosen o-stable.

Lemma 1.4. Assume that 3(F') has dimension one. Suppose that o : U — U is an F-rational
involutive group homomorphism, and denote by o : u — u its differential at identity. Then one
can choose Vectp(x), Vectr(y), Vectr(5) and W(F) to be o-stable, hence ug(F) as well.



Proof. Clearly Vectr(5) = 3(F) is o-stable, hence 5 = 5* or 5 = 57. Then by [2, Lemme 2.2.1,
a)] there is a o-stable 2-dimensional ideal of u(F') containing 3(F'), in which 3(F') has a stable
complement because o is semi-simple. We take y a basis of it, so that y = y* or y = y~. Now
take x in u(F') such that [x,y] = 5. Because o is a Lie algebra homomorphism we can suppose
that either x = x* or x = x™ according to the parity of y and 5, and we do so. From the proof of
[10, Lemma 4.1|, the subspace of ug(F') of u(F') consists of vectors which commute with y, so it
is also o-stable. Finally Vectr(y,5) is a o-stable subspace of ug(F'), hence it admits a o-stable
complement which we take to be W/ (F). O

2 Irreducible representations of U(k,)

We recall that k is a number field, and for a place v of k, we denote by k, the completion of k
at this place. Hence k, is either R, C, or an extension of Q,, for some prime number p. When E
is a finite dimensional R-vector space, we denote by §(FE) the usual Schwartz space of smooth
functions from E to C having all their derivatives rapidly decreasing. For uniformization of
notations, when v is finite and F is a finite dimensional vector space over k,, we denote by S(FE)
the space of smooth functions with compact support in F and values in C. More generally in
the non Archimedean case, if M is a complex vector space, we denote by §(E, M) the space of
smooth functions from F to M with compact support in F.

2.1 Kirillov’s classification for continuous unitary representations

Let C, be the unit circle in C. We fix F' = k, for some place v of k, and ¢ : F' — C, a non-trivial
unitary character of F'. If £ e u(F)* and v(F) is a Lie sub-algebra of u(F') subordinate to ¢, then

Uy v e V(F) = ¢((In(v)))

is a unitary character of V(F'). Note that V(F') and U(F) are both unipotent, and we fix a right
U(F)-invariant measure on V(F)\U(F). One can then form the L?-induced representation

U(F),L?
Indy (" (W) = {f 1 U(F) > C, |fl e LX(V(ENU(F)),A(v)f = Try (v)f},
where X stands for left translation. Note that the choice of a complementary basis B of v(F)
identifies

2
Indy i) (Wv) = L2 (F7)

where the isometric isomorphism is given by
JfB,n tf e fOI@,n-

Kirillov’s results in [10] are stated for simply connected nilpotent real Lie groups which are
well-known to be algebraic over R, i.e. of the form U(R) for F' =R (in any case we only need to
know that U(R) is nilpotent and simply connected, which is obvious). It has also been observed
in [14, p.159-160] that Kirillov’s classification of irreducible unitary representations on Hilbert
spaces holds for unipotent groups defined over for Q,. From the observations in Section 1.3,
it follows that that Kirillov’s classification is valid over F' (one could also argue that Kirillov’s
proof applies directly over any local field, but we want to avoid this argument). Its content ([10,
Theorem 5.2]) is the following.

Theorem 2.1. Let F' be a local field.



1. If teu(F)* and v(F) is subordinate to ¢, then Indgg;’ﬁ(\hyv) is irreducible if and only
if (4, 0(F)) € 2(u(F)).

2. Any continuous irreducible unitary representation of U(F) is of the form Irld‘[ig;;’L2 (Tev),

for (£,0(F)) € P(u(F)).

3. If (¢,0(F)) and (¢',0'(F)) € P(uw(F)), then Ind‘(i,(f})’Lz(\IJ@,y,) ~ 1nd3§§§’L2(qf@7v) if and
only if [¢'] =[¢].

Proof. The theorem holds for K = R or Q, for some prime number p, as discussed before its
statement. Let ¢ : F — C, be a non-trivial character. We first suppose that it is of the form
Yo,K = Pootrp) i for by : K — C, a non-trivial character of K. Then write U(F') = Resp/x U (K).
First, if o(F) is a Lie sub-algebra of u(F) and ¢ € u(F)*, then the relation g o £ = 1p o ¥
UL (W) = dY " (W gy Resycv)-
V(F) ; V(F) L Respy e

Hence Indgg;’ﬁ(\hyv) is irreducible if and only if (¢,0(F)) € #(U(F)) thanks to Lemma 1.2
and this proves the first point of the theorem over F' for our particular choice of character.

Now let 7w be an irreducible representation of U(F') and write it Indgo((b;z’)Lz(\IlO,gO,V) where

lo € Resp/gv(K)*. One can write {y = {5 thanks to Lemma 1.1. No take v(F') such that
(¢,0(F)) e P(U(F)), so that (£o,Resp/x0(K)*) € P(Resp;xU(K)) thanks to Lemma 1.2. Then
U(F),L*
V(F)

(where we recall that {5 = trp,; of) implies that Ind

by the third point of the Theorem for K, one can write m = Ind

_ 1 qUF),L?
that 7 = IndV(F)

point follows from Lemma 1.1. Finally if ¢ : F - C, is non-trivial, it can be written ¢ = ¢'(a o)
2 2
for a € F* and ¢’ factorizing through trp x, and Ind‘[ig;’j—“ (Vo) = Indggg’L (V}-1py), hence

Kirillov’s classification holds for such . O

(Wo,00,Resp)scv)- It follows

(Wy,v), which proves the second point of the theorem over F, and the third

The above theorem makes the following notation legit:

mo([€], ) = Indy ) ™ (Wew),

where V is any F-subgroup of U such that (¢,0(F)) ¢ P(U(F)).

2.2 Smooth irreducible representations

When F'is a local field, smooth vectors of (topologically) irreducible infinite dimensional unitary
representations of U(F') live in some Schwartz space. For example the smooth vectors of the
irreducible infinite dimensional representations of the real Heisenberg group in 3 variables identify
with the Schwartz space of R. Similarly in the non Archimedean case, the smooth vectors are
given by the compact induced representation inside the L?-induced representation (the full and
compact induced representation coincide). Let us state the details. First for mo([¢], %) as above,
we introduce the notation

W([E],Q/}) = 7r2(|:€:|v¢)oo

for the U(F)-invariant subspace of smooth vectors.

2.2.1 Smooth Archimedean representations

We recall that we have fixed ¢ : F' - C,, a non-trivial character. For I’ archimedean we have the
following result thanks to [7, 3.1 Corollary| and [15, Theorem 3.4].



Theorem 2.2. Let (£,0(F)) be a polarized pair for w(F'), and let B be a complementary basis of
o(F) in u(F). With such choices, the restriction of the isomorhism Jg o : mo([(],%) ~ L?(F?) to
smooth vectors identifies w([{], 1) with the Schwartz space S(F®). Moreover w([(],v) determines

[4].

Remark 2.1. By [6, Proposition 2;6], the representation mw([£],) is topologically irreducible.
In fact by [9, 5.1 Théoréme| any smooth tempered irreducible representation of U(F') (see [9, 1.2
Definition]) is of this form.

2.2.2 Smooth non Archimedean representations

Here F is a finite extension of Q,, and we consider (¢,0(F)) € #(u(F)). In particular mo([¢], ) ~

Indggg’ﬁ(\llg}v). Hence w([¢],¢) ~ Indxg;(\lfg’v) where Indgg; denotes the usual smooth

induction for smooth representations of p-adic groups. We write indggg for compact induction.
The following result is proved in [12, Theorem 3.6] (we refer to [12] rather than the published
version [13] as the latter states Kirillov’s classification of smooth irreducible representations of
U(F) in a wrong manner, and contains a few other small inaccuracies, see Appendix 5 of the
present paper for an erratum). We briefly recall the arguments.

Lemma 2.1. With the above notations, the representation

U(F
Indy () (We,v)

1s wrreducible, hence equal to
. U(F
lndvgpg(\llé,V)'

Proof. The statement of [12, Theorem 3.6] refers directly to the compactly induced representa-

323(\1!@7‘/) is irreducible. However it is mentioned at the end of [12,

Section 2] that whenever indggg(\h,v) is admissible, then it is equal to Indggig(\ﬂg’v), and we
refer to [20, Chapitre I, 5.6] for a proof of this fact. On the other hand the admissibility of any
U(F)
V(F)
Corollary 3.3] (and in [19] in a slightly different manner) O

tion, i.e. states that ind

smooth irreducible representation of U(F), and in particular of ind (Uy,v), is proved in [12,

Remark 2.2. By [12, Theorem 3.6/, any smooth irreducible representation of U(F), in the usual
sense, is of the form w([£],v) for a unique [{].

From this it follows that given a basis B complementary to v(F) in u(F'), the map Jg
induces an isomorphism Jg , : indgg;(‘l’z,v) ~ §(F4), where we recall that d is the codimension
of v(F') inside u(F).

2.2.3 Local tensor products

Here we consider a number field k. Let S be a set of places of k, and fix ¢, : k, - C, a non-trivial
character. We set kg = [],cg kv and set

s = @uesPuy ks > Cy.
For each v € S we consider (£,,0,(ky)) € P(u(k,)). We set

Vig = H V;)(kv)a
veS



ls = Hgv : H U'U(kv) - kg,

veS veS
and
\Ijls,VS = ws OgS © ln : Vk‘s - (Cu'

We also denote by d, the codimension of v, (k,) inside u(k,). We denote by

WQ([ES]awS) = §2W2([€v]7wv)

the irreducible unitary representation of the locally compact group U (ks) := [1,.5 U (k) obtained
as the completed tensor product of representations ma([£y],1,) (see [14, Section 6]). Because

&2 gL (k%) ~ L*(T,eq k™), it follows that

mo([Ls], ¥s) ﬁIHd\%SS)’L (Vvg,es)-

We denote by
m([Ls],s) = m2([ls],s)™

the subspace of m2([¢s],1s) consisting of smooth vectors.

We denote by oo the set of infinite places of k£, and suppose for a moment that S € co. It follows
from Section 2.2.2 and [7, (3)] that the choice of complementary basis B, of v,(k,) provides the
identification

Jass i m([ls] Ps) = S (ks).

Denoting by ® the projective tensor product (denoted ®, in [17, Chapter 43] and which is shown
in [17, Chapter 50| to coincide with the tensor product denoted ®. in [17, Chapter 43] on nuclear
Fréchet spaces). It then follows from [17, Corollary to Theorem 51.5 and Theorem 51.6] that

m([€s],¥s) = Bues([£o],1h0)-

If S is not contained in oo, then we denote by S.. its intersection with co and by Sg, the set
of finite places it contains. In this case

W([fs]vl[]S) = [§veswﬂ([£v]7¢v)] ®ueSiin ﬂ—(wﬂ]vwv)v

and we denote again by ®,esm([£y], %) this tensor product.

2.3 Local distinction

Here we recall results from [2], [3] and [12] about U™ (k,)-distinguished representations of U (k).
In the non archimedean case, we also express the local invariant linear forms as local periods
for square-integrable representations. We thus fix F' to be a local field, and denote by o an
F-rational involution of U.

Definition 2.1. Let 7 be a smooth irreducible representation of U(F'), we say that 7w is Ut (F)-
distinguished if the space Homy-py(m,C) is not reduced to zero, where we request the ele-
ments of Homy+py(m,C) to be continuous with respect to the Fréchet topology on m when F
s archimedean.

We have the following result.



Theorem 2.3 ([2, Proposition 2.3|, [3, Corollaire 4.4.2], [12, Proposition 5.1]). A smooth repre-
sentation m of U(F) is Ut (F)-distinguished if and only if 77 = n%, where ¥ stands for the con-
tragredient of m and 7° for moo. Moreover if w is distinguished, then dim(Homg+ gy (7, C)) = 1.

We will need in a crucial way to express in an explicit manner the local invariant linear form
on the induced Kirillov model of 7 for our global application. The following is a consequence of
[2, Proposition 2.3] and [12, Proof of Theorem 5.3].

Proposition 2.1. Suppose that ¢ € u(F')* vanishes on u(F)* and that (¢,0(F)) € P(u(F))

with o(F) a o-stable Lie subalgebra of u(F). Set m = IndgEI;;’LQ(\IILV)"". Then the space

Homy+(py (7, C) is spanned by the following linear form, defined by absolutely convergent inte-
grals:
Mvi=f u)du
VEIT Jyeoneeiny T
Remark 2.3. In fact [2, Proposition 2.3], [3, Corollaire 4.4.2] and [12, Theorem 5.5] tell us

that any distinguished representation of U(F') can be written as an induced representation of the
u(F)
ut(F)

form given in Proposition 2.1. Observing that U (F') acts on (
a compact statement is that the map

)* wvia the co-adjoint action,

u(F)
ut(F)

(0) e UT(F)\( )" = ([€],9)

is injective with image the set of isomorphism classes of irreducible U(F)*-distinguished repre-
sentations of U(F).

Finally, though we will not need it, it is worth noticing that when F' is non Archimedean,
the local invariant linear forms on square-integrable distinguished representations can also be
expressed as local periods. First we observe that thanks to [18, 5, Theorem|, the smooth irre-
ducible square-integrable representations of U (F') are Z-compact in the terminilogy of [11]. If 7
is a smooth irreducible representation of U(F), this means that if v € 7 and v¥ € 7Y, then the
coefficient map c,v , : u = vV(mw(u)v) is compactly supported on U(F') mod Z(F). Then the
following is a special case of [11, Corollary 3.4].

Proposition 2.2. Suppose that F is non Archimedean. Let m be a smooth irreducible square-
integrable distinguished representation of U(F'), and fix any vector v¥ + 0 € ", then the up to
scalar unique non-zero element of Homy+(py(m,C) is given by

ov o () du.

Pyv 1 U C
ZH(F\U*(F)

3 Automorphic representations

Here we extend Moore’s results from k = Q to a general number field k, mainly deducing them
from Moore’s paper, using restriction of scalars, or sometimes giving slightly simplified proofs.
The proofs in [14] however hold directly for k. We also discuss the consequences of these results
for smooth vectors, as well as intertwining operators from global induced representations to the
"automorphic space". Here k is a number field and O its ring of integers, and we set F' =k, so
that U is a k-group. We fix ¢ : k\A - C, to be a non-trivial Hecke character, and denote by .,
its local component at the place v of k. We denote by O, the ring of integers of k, when v is
finite, and by P, its maximal ideal.



3.1 Restricted tensor products

First we want to defined Uy as a restricted direct product, hence we have to fix a compact open
subgroup K, of U, := U(k,) for almost all (meaning all except a finite number) finite places v of
k. One way of doing this, as observed in [14, Section 5], to fix a k basis of B = (u1,...,u,) of
u(k), and to put K, = exp(®,;0,u;). This defines by the Campbell-Hausdorff formula, which
is a finite sum with number of terms bounded by a function of n, a subgroup of U(k, ) for almost
all places v, as soon as the denominators denominators involved in the formula in question, as
well as the coefficients of the k-structure of (u(k),[ , ]) with respect to B, are invertible in O,,. It
is also observed in [14, Section 5| that changing B for another B’ will define the same groups K,
for almost all v as the change of variable from B to B’ is rational, so that @} ,0,u} = &7 ,0,u;
for almost all v. Hence the restricted tensor product U, of the groups U, with respect to the
groups K, is well defined and independent of the choice of 3.

Now we fix (¢,v(k)) € #(u(k)). For any place v of k, tensoring by k, produces (£,,b,) €
P(uy). It is proved in [14, Theorem 9|, the proof of which holds for k instead of Q, that for
almost all v, the representation 72 (A, %, ) is "spherical". We recall it (with slight variations),
instead of deducing it by restriction of scalars to Q.

Proposition 3.1. [14, Theorem 9] For almost all places v of k, the vector space mo([£,], 1) 5" =
7([lu],10) 5" is a line.

Proof. We set m, = m([{y],%,) for any place v. If Ker(¢) n3(k) # {0}, we can choose B in
the discussion above such that u; € Ker(£) n3(k) ¢ v(k), and complete it to a basis of u(k).
Note that because u; is central, we have exp(t1u1 + Yo tiwt;) = exp(t1uy) exp(Xiq tin;) for all
t; € ky. Setting Z; , := exp(kyuq), a simple computation shows that the basis B = (wz,...,7y)
of u, /31, satisfies exp(®} .k, w;) = Uy/Z1,, and K] := exp(®] ,0,%;) = K,/ K, 0 Z1 4, as soon as
exp(@®l,0,a;) is a group K, (i.e. for almost all v). In this situation =, is in fact a representation

K

K/
o0 =, " for lamost all v, and we

of U,/Zy, (because ¢, is trivial on k,.u;) which satisfies 7
conclude by induction.

If Ker(¢) n3(k) = {0}, then necessarily 3(k) is one dimensional. In this situation, by [10, Lemma
5.1], we can suppose that v(k) C ug(k) and ¢(y) = 0. We then take (uz,...,wn_q+1) to be a
basis of v(k) with us = y and uz = 35, complete it to a basis (us,...,u,) of ug(k), and set
w1 = x. Setting mp,, = indg:’”(‘l’v,ev,vv) for v a finite place, then m, = indﬁ;’ (7o), and we can
identify the space of m, with &(F, 7). Suppose that 1, has conductor zero, which is the case
for almost all places v. Then if f € S(F, ﬂqu,)K“, it is in particular O,-invariant on F', and by
[12, Lemma 3.2 and Equation (2)] we also see that the support of f in F must be contained

in the orthogonal of O, with respect to O,, i.e. in O,. Moreover f(1) € ﬂé,( » where this time
K! = exp(@™,0,u;) = K, nUy. So we have a bijection f = f(1) from 7,5 to 71'5,3, and we

conclude by induction again. O

In particular, for almost all finite place v, we can fix fy € m2([£, ], ) %" uniquely determined
by fo(1) =1, and this allows one to consider the restricted tensor product

T ([€], %) = & ma([£u], o).

The notation makes sense as if ¢ € [¢] then £ € [£,] for all v. It is a topologically irreducible
unitary representation of Usy. We observe that if one fixes v(k) subordinate to ¢ and of maximal
dimension, then

Mo ([],¢) = IndYE" (W),
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where
U,y :veVy - y((In(v))).

We now note that [14, Theorem 10] applies with the exact same proof, relying on [14, Lemma
7.1]. However we deduce it from [14, Theorem 10] restricting scalars to Q.

Theorem 3.1. [14, Theorem 10] For ¢ and ¢' in u(k)*, one has Ha([£],v) ~ Ia([¢'],%) if and
only if [£] =[¢'].

Proof. Clearly if [¢] = [¢'] then [¢,] = [£] for all v and II2([£],v) =~ a([¢'],%) thanks to
Theorem 2.1. Conversely if TI5([¢],¢) ~ IIo([¢'],%). Using restriction of scalars from k to Q
as we did from F to K in the proof of Theorem 2.1, we can write II5([¢],v) = IIz([(af)g], o)
for a € k* and ¢y : Q\Ag - C,, such that ¢ = ¢ x(a ®). The result follows from [14, Theorem
10]. O

Fact 3.1. According to Theorem 2.2 and Remark 2.2, the condition I1o([£],v) ~ T2 ([¢'],) holds
if and only if T ([€],v)> ~ T ([£'],4)>. We will use this fact without necessarily mentioning
it when used.

3.2 The decomposition of L2(U(k)\Up,)

According to [14, Theorem 11], when k = Q the space L?(U(k)\U,) decomposes in a multi-
plicity free way as the Hilbert direct sum of the irreducible representations introduced above.
The lengthy and quite involved proof of this theorem is by induction and uses Mackey theory
(but for induced representations of unitary representations from normal subgroups with infinite
index, so that there are canonical direct integral decompositions showing up, and which must
be compared), in the spirit of inductions that we have been doing before in the paper, and the
fact that the base field £ is k£ = Q plays no role in Moore’s proof. Moore also fixes a specific
automorphic character of Ag, which we did not do here, and which does not play any specific role
in his proof. Here again we prefer to use his result and restriction of scalars to Q to generalize
the statement of [14, Theorem 11] to any number field.

Theorem 3.2. [14, Theorem 11]

L2UENUL) = @ Ta(]¥).
[€1U (k)\u(k)*

Proof. It follows at once from [14, Theorem 11], using the equality II2([¢], %) = Ha2([(af)g], %0)
as in the proof of Theorem 3.1. O

3.3 Smooth vectors in irreducible components of L2(U(k)\U(A))

We denote by S(U(k)\U(A)) the space of smooth vectors in L?(U(k)\U(A)). By definition a
vector ¢ € L2(U(k)\U(A)) if it is fixed by a compact open subgroup of U(A;) and the map
Uoo € U(koo) = p(ties ) € L2(U(k)\U(A)) is smooth. For £ e u(k)*, we set

T([£], ) = Ta([€],40) n S(U(R)\U(A)).

It is a smooth Fréchet space as well as dense subspace of TI5([¢],), and it it is the restricted
completed tensor product of the local representations m([£,], 1, ):

I([€), %) = &ym([Lo], 0)-

11



3.4 Intertwining operators

In this section we define intertwining operators from II([¢],4) to S(U(K)\U(A)) in the most
possible naive way, following the construction of Esienstein series in the reductive case, and call
them Richarson intertwining operators following [7]. The exact analogues of these intertwiners
have been considered and used in [7] in the archimedean case, where the authors consider co-
compact discrete subgroups of U(R) when U is defined over R (and in fact over Q). Note that
in their situation Moore’s multiplicity one result does not hold. Let U,, be the subgroup of
GL,,, consisting of upper triangular unipotent matrices. For the proof of the next proposition,
we identify U with a k-subgroup of U, for some m € N*. In particular U(O) := U nU,,(O) is
a co-compact discrete subgroup of U(ke ) contained in U(k), according to |5]. Note that the
restricted product defining U, can be taken with respect to the groups U(O,) for v finite, and
it gives the same definition as before.

Proposition 3.2. Take ({,0(k)) € P(u(k)), and realize TI([{],7) as ®,7([Ly], %), where
w([€y],0) is itself realized as Ind‘[;:’L Uy, v,)°. Take f ell([£],7)). Then the series

> f(ve)

eV (R\U (k)

converges normally on compact subsets of Uy (in particular on any compact C such that Uy =
U(k)C), and the function
prium Y fw)
vV (k)\U (k)

belongs to S(U(k)\Ua). Morever the map
Re:frpp
15 an Up-intertwining operator.

Proof. To prove this statement we can take f of the form fo, ® fg, where the notation is self-
explanatory, and one can further suppose that fg, is the elemnteary tensor of the f,’s for v
varying through the set of finite places of k. Let C be a compact subset of Uy. We want to show
that the series of the statement converges normally on C, and for this we can suppose C to be
of the form Cy, x Cg, up to enlarging it. Because fg, only has a finite number of right translates
under Chy, it is enough to show that the series

S(e):= > feoly ®) fan(7)

eV (R)\U (k)

converges normally on Co,. Now we fix a complementary basis B of v(k) inside u(k). A system
of representatives of V(k)\U (k) is then given by ®g,(0,k?). For each finite place v, the map
®, = f, 0 Pz ,(0,e) has compact support in F?, contained in O for almost all v. From this we
deduce that one can index the sum defining S by I ,(J?) for J a fractional ideal of O. For
each finite place v, there is a compact open subgroup K, of U, containing ®g ,(0,J¢),, which
we take to contain U(O,) for all v, and equal to it for almost all v. The subgroup

T:={ueU(k), VveSan, u, € K,}

of U(k) thus contains U(O) = {u € U(k), Vv € Sgn, u, € U(O,)} with finite index, hence is
discrete and co-compact inside U (koo ). Moreover I ,(J?) identifies with a subset of I'nV (k)\T,
and we can take the summation in the series defining S on I'n V(k)\I' = I'n V (ke )\I" to prove
normal convergence. The result now follows from [7, (4)]. O
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4 Symmetric periods

Now U is again defined over a number field £ and we denote by ¢ a k-rational involuton of U.
We recall that we denote by p* the period p* : ¢ — fU+(k)\U+(A) e(ut)du* on S(U(K)\U(A)).

Definition 4.1. IfII is an irreducible subspace of L*(U(k)\Uy), we say that the representation
11 is distinguished if p* does not vanish on I1°°.

We set I1? = IToo, and denote by IIV the contragredient representation of II. The local results
on distinction and the decomposition of II into a restricted tensor product imply at once the
following.

Proposition 4.1. Let I be an irreducible subspace of L>(U(k)\Uy) such that 11 is distinguished,
then we have IV ~I17.

Proof. The period p* induces a nonzero U™ (k, )-linear form on each m, for all places v of k. The
result now follows from Theorems 3.2 and 2.3 (and Remark 3.1). O

We will call a local or global representation satisfying the relation of Proposition 4.1 above

conjugate self-dual. As already mentioned, the group U*(k) acts naturally on (;((kk)) )* and we
denote by (¢) the orbit of £ € ( u(k) )* for such an action. The following is a consequence of the

U+ (k)
fixed point result proved in [12, Lemma 4.2].

Proposition 4.2. The map (£) — I2([€],%) is a bijection from U+(k)\(1?+(?2))* to the set of
conjugate self-dual irreducible subspaces of L*(U(k)\Uy).

Proof. In view of Theorem 3.1, this follows from [12, Section 4], which is valid over any field of
characteristic zero. O

Finally if TI([¢],) is conjugate self-dual, we can suppose that £ is trivial on u*(k) thanks to

2
Proposition 4.2, and we can also suppose that I ([¢], ) ~ Indgﬁ’L (U, ) where V is o-stable
thanks to Lemma 1.3. In this induced model, one can consider the Uj-invariant linear form

Nevise [ e T )
A A

on the smooth vectors Indgf’LQ(\IIAV)"" ~ TI([€],%). Tt is well-defined and nonzero thanks to
Proposition 2.1, as it factorizes into the product of the local linear forms Ay, y,. Moreover
by local multiplicity at most one it spans the space Homy(II([¢],%),C) (where we impose
the linear forms to be continuous with respect to the Fréchet topology) thanks to Theorem
2.3. Of course by Theorem 2.3, if II is an irreducible subspace of L?(U(k)\Ua) such that
Homy+ (II([¢], 4),C) # {0}, then it is conjugate self-dual. To summarize:

Proposition 4.3. IfII is an irreducible subspace of L*>(U(k)\Uy), then it is conjugate self-dual
if and only if Homy (IT*°, C) is nonzero, in which case it is one dimensional. In this case one

can realize 11 as Ind‘U,ﬁ’LQ(\I!g,V) where £ is trivial on u* (k) and V is o-stable, and the space
Homy+ (11, C) is spanned by Ay .
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4.1 The case of the Heisenberg group

This section is devoted to the proof of our main result in the case of the Heisenberg group Hj.
This is not really needed but the key "unfolding" computation for the general case shows up very
clearly in the case of the Heisenberg group, hence we think that it can be useful to the reader to
treat this crucial special case first.

Proposition 4.4. LetII be an irreducible submodule of L*>(Hs(k)\H3 4 ), then I is distinguished
if and only if ITIV =T1°.

Proof. Thanks to Proposition 4.1, we can suppose that II is conjugate self-dual, and it remains
to prove that it is distinguished. Then Proposition 4.2 tells us that we can suppose that II is
of the form II([¢],%) with Uz vy = 0. Moreover by Lemma 1.4, we can suppose that X (k),
Y (k), and of course Z(k) are o-stable. If £j;)-, then II is one dimensional and the result is
an easy exercise. Hence we suppose that Ker(£) n3(k) = {0}. This assumption implies that that
3t (k) = {0} < 3(k) =37 (k). The relation [x,y] = 5 then implies that x and y are of different
parity. Clearly the commutative Lie algebra o' (k) is subordinate to ¢ and of maximal dimension
for this property, and we write ¥ for ¥, ;. In particular ¥ is trivial on L(k)L(A)*. We set
by =t W((E)).

2
We want to show that p* o R is nonzero on Indi‘i"L (¥)*° and we will in fact show that it is

a nonzero multiple of Ay 1. Indeed, for f € Indgf’LQ(\Il)“:

f(z(t)lh)dldh.
\H3} [X+(k)L+(k)\X+(k)L,{t;c (r(eih)

A

proR(f) = L 2 f@®)h)dh = fx+(k>L

H+(k)\HA tek

If X* =X, we obtain

P oR(f) - pamydin= [ f(ydn

X+(k)LI\H} ﬁ*(k)\X*(k)Lg\

- Ih)dldh = ¢ f h)dh
/Lg\Hg fL+(k)\Lg J(ih) LI\H} J(h)

for some positive c¢. If not then X = X~ and Y* =Y, and we obtain

proR(f)= fL+\H+ fmk)\p > f(x(t)ih)dldh =

A tek

) /LX\HA [Y(k)\YA tezkf(m(t)lh)dldh B fL:g\H:{ /aek\A Z f(a(t)y(a)h)dadh

tek

= fmm faek\AZw(ta)f(:v(t)h)dadm fp\m z/:c(/ek\Aw(ta)da)f(x(t)h)dh

tek a

because the sum is uniformly convergent on compact sets. This latter sum equals

- Cng\Hx F(h)dh

for some positive ¢ because jaek\Az/J(ta)da =0 except for t = 0. O
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4.2 Symmetric periods for unipotent groups

Here U is a unipotent group defined over k. We do the general unfolding computation to obtain
our main result.

Theorem 4.1. Let II be an irreducible submodule of L*>(U(k)\Uy), then 11 is distinguished if
and only if IIV =117,

Proof. We write IT = TI([(],¢) with £+) = 0, and take v(k) subordinate to £ of maximal
dimension and o-stable, such that II it is induced from Vj. If Ker(¢) n3(k) # {0} we conclude
by induction. Now we suppose that Ker(¢) n3(k) = {0}. According to Lemma 1.4, we can write
U(k) as a semi-direct product U (k) = Uy(k).X (k) where both Uy(k) and X (k) are o-stable, and
we recall that Y (k) can also be chosen o-stable, which is what we do. We then choose thanks
to Lemma 1.3 a o-stable v(k) subordinate to £, (x) such that (£j,x),0(k)) € P(uo(k)). In this

case it is automatic that (¢,0(k)) € P(u(k)). We identify I with Indgﬁ’LQ(\Il&v) and write ¥
for ¥, 1. We recall that we want to show that p* o R is a positive multiple of Ay on II*°. Take
fell™:

+ * -
pToR(f) = flyu™)du
U+(k)\U*(A) »er(kZ):\U(k)

- flyudu®))dud)du®
LS(A)X+(k)\U+(A)(ng(k)X*(k)\Ug(A)X*(k)(,YGV(I%:\U(]C)( ou"))dug)

= Ffyudu®))dud)du® =
ng(A)X%k)\U%A)(fUJ(M\Ua(A)(vev(%%U(k)( o ))dug)

- (/. ( Fuut ) du '
ng(A)X*(k)\UWA) Ug (R)\Ug (A) )\GUo(%:\U(k)[LEV(k)\Uo(k) 0 0

= Flpudu™))dug ) du*
[U(J)'(A)Xﬂk)\UJr(A)(ng(k)\UJ(A)(AE;k)#Ev(lg\:w)(k) ( ou))duy)

= FlpX ugu™))dug ) du*
fUJ(A)\U%A)(ftf(:(k)\va(A)(AE;(k)#ev(,ﬁz\wk)( "))

because we have the direct product decomposition X (k) = X* (k)X (k) because X * (k) normal-

izes U§ (k).
If X~ (k) is trivial, then the series of equalities continues as

= Flpudu®))dud)du*
fUJ(A)\U%A)(fan)\Ug(A)(Mev(k)Z\Uo(k)( 0w ))dug)

and then by induction

=c Flugu®)du? )du* :cf fut)du*
‘/(-JJ(A)\U+(A)([‘/+(A)\UJ(A) (ugu” )dug) VH(AN\UH(A) ()

for some ¢ > 0. This terminates the proof in the case X = X* (k).
We now treat the case X (k) = X~ (k), and recall that Y = Y*(k) in this case. For fixed u*

we have
1. (Y Y fAuut))dug

NUG (A) - X~ (k) peV (k)\Uo (k)
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- (X Y (p)NEA )i

Ug NUG (A)  \-e X (k) peV (B)\Uo (k)

As a consequence of Proposition 3.2 the function ¥ \-cx- (k) X puev (k)\vo (k) (P(uT) f)(HAT ®) is
defined by a series which converges uniformly on compact subsets of U(A). In particular the

function
F = > (p(u")f)(pe)
peV (k)\Uo (k)

is well defined on U(A) and the series ¥ \-cx-(x) F'(A™ o) converges uniformly on any compact
subset of U(A). This implies that we can reverse summation and integration in the following:

F(\uj) = Z

f 5 f FOud).
Ug (MN\UG (A) x-X= (k) A-eX- (k) Y U (M\UG (&)

Now fix A~ € X7 (k). Because Y (k) is central in Uy(k), the set Ui (k)Y *(A) is a subgroup of
Ug (A) and we can write

FOCul)du? = f f FOCytul)dy*dus.
fU&(k)\Ug(A) (g )duug U ()Y + (UG (8) Sy + ()\Y+ (8) ( 1 0
Now
FOTy'ul) = F(Ay" W) D u) = 30 () (e 7y (A7) A u).
HEV (I\Uo ()

But A"y*(A7)™! commutes with p as it is in the center of Uy(A), and for fixed u we have

(p(u) ) (A y"(A) DA aT) = Ty (A7) ) (p(u) ) (uA7ui).

Hence F(A\"y*uf) = U(A"y" (A7) 1) F (A uf) and we observe from the Heisenberg case that the
character y = W(A"y*(A7)7!) is trivial if and only if A~ = 1. In particular

F vy u))dyt =0
/w(k)\m) (At ul)dy

except when A\~ = 1. Thus we deduce

FOud)du?, = f F(ul)du?

[Ugw)\Ug(A) xe;(k) Ug (U (4)

so that

| (Y X N uu)du - [ > (o)) ),

Ug (ONUG (A) " \-X~ (k) peV ()\Uo (k) U NUG(A) pev ()\Uo (k)
and we conclude as in the case where X~ (k) is trivial. O
4.3 The very strong rigidity property of automorphic representations

The following result is proved in [14, Proof of Theorem 10], we reproduce its proof.

Theorem 4.2. Let I1 and I be topologically irreducible subspaces of L*(U(k)\Uy). Fiz v a
place of k. Then I =11 if and only if 7, ~ 7.
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Proof. One direction is obvious. Conversely if 7] ~ ,,. Write IT = TI([¢],4) and TI' = TI([¢'], %), so
that 72° = 7([(y], %) and 7~ = 7w ([¢}],,) where ¢, and ¢, are just obtained from ¢ by making
them k,-linear via scalar extension. Then by density of smooth vectors in the Hilbert completions
of mo([€y],1,) and ma([€]],1,) respectively, and Theorem 2.1, we deduce that [£,] = [£]], i.e.
that ¢ and ¢’ are conjugate by an element of U(k,). Now set X = {u € U, u-£ = {'} and
Ug={ueU, u-£=1~}. The space X is non empty as it has k,-points, hence it is a principal
homogenous space under U defined over k, and it follows from [1, Exposé 6, Théoréme 3| that
X has a point over k, which means that [¢] = [¢']. O

It then follows from Theorem 4.1 and the results on local distinction recalled in Section 2.3
that global distinction is detected by any given local component.

Corollary 4.1. II be a topologically irreducible subspace of L*(U(k)\Un). Fiz v a place of k.
Then 11 is distinguished if and only if m;° is distinguished.

5 Appendix: Erratum to [13]

The Kirillov classification in [13] is misstated, namely [13, Theorem 3.6, 3)] is incorrect. We
correct it here, as well as the incorrect proof of [13, Theorem 5.2] which follows from this mis-
statement. We also correct [13, Proof of Corollary 3.3] which contains minor problem. The full
corrected version is [12].

[13, Proof of Corollary 3.3] should be replaced by the following:

By induction on dim(U). If dim(U) =1 it is clear. If not, if either dim(Z) > 2 or if ¢, is trivial,
then setting K = Ker(c, ), the group U = U/Ker(c,) has dimension smaller than that of u and
we conclude by induction because 7 is a representation of U. If dim(Z) = 1 and c, is nontrivial
we can write 7 = imdg0 (mo) with 7y good, thanks to Proposition 3.1. In this case 7y must be
irreducible so by induction it is unitary and admissible, from which we already conclude that 7
is unitary. Moreover take a function f ¢ indgO (mo) = CZ(F,Vy,) which is fixed by a compact
open subgroup L of u. Then by Equation (2) there is k € Z depending on L such that f is an
wk Op-invariant function on F, and by Equation (2) it must vanish outside the orthogonal of
w%OF with respect to x. Hence f is determined by its values on a finite set A depending on L
but not on f € 7¥, and moreover its image is a subset of the finite dimensional space VWLO' where

L' = ngeaa ' La. This means that indgo(wo)L has finite dimension so that 7 is admissible.
Then [13, Lemma 4.3] and the discussion before it must be repalced by:

We make o act on 11* by the formula:
o(¢) =-¢7.
Then a very special case of [13, Lemma 4.2] is:

Lemma 5.1. Take ¢ € NN*, then o(P) and ¢ are in the same U-orbit if and only if there is a
o-fized linear form in the U-orbit of ¢, i.e. a linear form which vanishes on 1°.

Then [13, Theorem 3.6, 3)] should be replaced by the following statement:
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3) Two irreducible representations 7(U’,U,1,) and 7(U”,U,44 ) are isomorphic if and only if
¢ and ¢ are in the same U-orbit for the co-adjoint action.

The last two sentences of the proof of [13, Theorem 3.6, 3)] should be replaced by:

By induction this means that ¢, and (bl'no are ug-conjugate. Then it is explained just before

[10, Lemma 5.2] at the end of the proof of |10, Theorem 5.2| that this implies that ¢ and ¢’ are
indeed U-conjugate.

One can then introduce the following notation:

Notation 5.1. The isomorphism class of the irreducible representation w(U’, U, ¢) only depends
on ¢, we set

77(¢¢) = W(Ulv U, ¢¢>)

Finally the proofs and statements of [13, Theorem 5.2 and Corollary 5.3] must be corrected
as follow, thanks to Lemma 5.2 hereunder:

Note that (17*)? and (T%)* are canonically isomorphic, and we identify them. It is a space acted
upon by u?. Before stating the main theorem, we recall [3, Lemma 2.2.1], the proof of which is
valid over F (as it relies on [4, Proposition 1.1.2] which has no assumption on the field).

Lemma 5.2. Take ¢ € (hn—a)*, then there is a o-stable Lie sub-algebra ' of N such that (¢, N)
is polarized.

We can now prove the following result.

Theorem 5.1. A representation w € Irrye (U) is distinguished if and only if 7 = 7. Moreover
the map U?.¢ — w(1)y) is a bijection from U"\(%)* to Irrye_qist (U).

Proof. Suppose that m = 7()y) € Irr(U) is conjugate self-dual, then o(¢) and ¢’ are in the
same u-orbit, which must contain a o-fixed linear form thanks to Lemma 5.1. So we can in
fact suppose that ¢ € (7% *. In particular by Lemma 5.2 we can write m(1)y) = m(U’, U, 1)) for
U’ = exp(N’) which is o-stable. The quotient U'”\U? identifies with a closed subset of U\U: a
typical computation, relying on the fact that an element u' € U’ is anti-invariant under o if and
only if it is of the form ujo(u})™! for some u} € U’, indeed shows that is the fixed points of o.
Then the condition ¢ € (n%)* implies that 1, is trivial on U'?. Hence 7 is distinguished, with
explicit linear nonzero U?-invariant linear form given on 7 by

Aif e - f(u)du.

To finish the proof it remains to prove the injectivity of the map U%.¢ ~ m(1)y), which is [13,
Lemma 4.4]. O

In particular in the case of the Galois involution one gets a bijective correspondence between
Irr(U?) and Irrye_gist (u). Indeed U = Resg,p(U?) for £ a quadratic extension of F. Writing &
for an element of E — F with square in F. One can identify the space (117)* to the space (11*)°
by the map

¢a - ¢
where
d(N +3N') = o (N').

This yields:
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Corollary 5.1. When E/F is a Galois involution, the map m(vg,) — m(bg) is a bijective
correspondence from Irr(U%) to Irrye_gist (U)
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