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YASUYUKI NAGATOMO

ABSTRACT. A harmonic map from a Riemannian manifold into a Grass-
mann manifold is characterized by a vector bundle, a space of sections
of this bundle and a Laplace operator. We apply our main theorem
(a generalization of Theorem of Takahashi) to generalize the theory of
do Carmo and Wallach and to describe the moduli space of harmonic
maps satisfying the gauge and the Einstein—-Hermitian conditions from
a compact Riemannian manifold into a Grassmannian. The geomet-
ric meaning of the compactification of the moduli space is interpreted
and it is shown that the compactified moduli space is connected and
convex. As applications, several rigidity results are exhibited and we
also construct moduli spaces of holomorphic isometric embeddings of
the complex projective line into complex quadrics of low degree. The
compactification of the moduli space leads to classification theorems for
equivariant harmonic maps.
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1. INTRODUCTION

What this paper attempts to do is to bring ideas from the gauge theory
of vector bundles into the theory of harmonic maps.

One of our main purposes is to generalize Theorem of Takahashi [32].
Let f: M — SN~ be a smooth map from a Riemannian manifold (M, g)
into the standard sphere SV~1, which can be considered as a unit sphere

of the Euclidean space RN. If we fix an orthonormal basis ej,--- ,en of
RY and the associated co-ordinates are denoted by (z1,--- ,znN), then each
co-ordinate function z4 (A = 1,---,N) can be regarded as a function on

SN=1 by restriction. We can pull-back each x4 by f : M — SN~1 to obtain
a function on M, which is also denoted by the same symbol. Then (a version
of) Theorem of Takahashi [32] states

Theorem 1.1. A map f : M — SN=1 is a harmonic map if and only if there
exists a function h : M — R such that Axp = hxy for all A=1,---,N,
where A is the Laplace operator of (M, g). Under these conditions, we have
h = |df|?.

In the proof of Theorem 1.1, the position vector f(z) € RN (z € M),
considered as f : M — RY, plays a central role.

First of all, our concern is with a map from (M, g) into a real or com-
plex Grassmann manifold Gr,(W) parametrizing p-dimensional subspaces
of W with a standard metric of Fubini-Study type, where W is a real or
complex vector space with an inner product or a Hermitian inner product.
We abbreviate an inner product and a Hermitian inner product to a scalar
product denoted by (+,-). To emphasize the role of the scalar product (-, ),
we denote by (Gry,(W), (+,-)) a Grassmannian with a metric of Fubini-Study
type induced by (-, -).

Let S — Grp(W) be the tautological vector bundle over Gr,(W). Since
S — Grp(W) is a subbundle of a trivial bundle W = Gr,(W) x W —
Gry(W), we have a quotient bundle ) — Gr,(W), which is called the
universal quotient bundle. The scalar product on W gives an identifica-
tion of ) — Gr,(W) with the orthogonal complement of S — Gr,(WW) in
W — Gr,(W). Consequently, vector bundles S,Q — Gr,(W) are equipped
with induced fiber metrics and connections.

When the standard sphere SV~ is identified with the real Grassmannian
of oriented (N — 1)-planes in R, the position vector f(z) € R can be
considered as a section of the universal quotient bundle @ — Gry_1(RY)
which is also regarded as the normal bundle of S¥~! into RY. Then we
use the inner product on R to recover functions x1,---,zy by relations
za(z) = (ea, f(z)) and thus RY induces sections of the universal quotient
bundle as z4(x)f(x). The differential of the position vector can be recog-
nized as the second fundamental form of the subbundle Q@ — RY in the
sense of Griffiths [16] and Kobayashi [18] in a natural manner. Since the
bundle has a preferred connection, the Laplace operator acting on sections
of the bundle is well-defined, which is indeed a Laplace operator acting on
functions due to the trivialization by f(x) of the pull-back bundle f*Q — M.
Hence we can reformulate Theorem 1.1 from the viewpoint of vector bundles
when these geometric structures are pulled back. Our first result is
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Main Theorem 1. (Theorem 3.5) Let (M,g) be a Riemannian manifold
and f: M — Gry(W) a smooth map. We fix a scalar product (-,-) on W,
which gives a Riemannian structure on Grp(W). We regard W as a space
of sections of the pull-back bundle f*Q — M.
Then, the following three conditions are equivalent.
(1) f:(M,g) = (Grp(W),(-,-)) is a harmonic map.
(2) W has the zero property for the Laplacian acting on sections of the
pull-back bundle f*Q — M of the universal quotient bundle.
(3) There exists an endomorphism A of the bundle f*Q — M such that
At + At =0 for an arbitrary t € W.

Under these conditions, a bundle endomorphism A turns out to be the mean
curvature operator of f: M — Grp(W) and

|df|? = —trace A (whenW = RY), |df|> = —2trace A (whenW = CN).

See Definition 3.4 for the zero property for the Laplacian. The bundle
endomorphism A on f*Q — M, called the mean curvature operator, is also
defined in §3 and plays a crucial role in the sequel.

In §4, we introduce three natural functionals and use the Gauss-Codazzi
equations for vector bundles to compute their Euler-Lagrange equations in
terms of the second fundamental forms. The first two functionals are well-
known: they are a modification of the Yang-Mills functional for the pull-back
connections of the universal quotient bundle and the energy functional of a
map. (The modification means that the Yang-Mills type functional is de-
fined on the space of mappings into Grassmannians, which is different from
the ordinary Yang-Mills functional defined on the space of connections on
the fixed bundle.) The third functional is obtained as the L? norm of the
mean curvature operator of mappings. This functional has a lower bound
which relates to the total energy of the map. A map which minimizes the
third functional has the property that its mean curvature operator is propor-
tional to the identity of the pull-back bundle. This property shall be referred
to as the Finstein-Hermitian condition. A minimal immersion is a special
case of a harmonic map with constant energy density. In cases of isometric
minimal immersions into the sphere and holomorphic isometric immersions
into the complex projective space regarded as Gr,(C"*1) = P(C"*1"), the
pull-back connections are product connections and Hermitian Yang-Mills
connections on line bundles, respectively, and the mean curvature opera-
tors can be considered as constant functions. However, when the target is a
Grassmannian of higher rank, we could have various connections as the pull-
back connections and various bundle endomorphisms as the mean curvature
operators, which we call admissible connections and admissible endomor-
phisms for harmonic maps, respectively, or an admissible pair for short. To
determine admissible pairs could give us some difficulties in describing a set
of harmonic maps. Even if we could specify an admissible pair of a con-
nection V and a bundle endomorphism A, we could have various harmonic
maps with (V, A) as admissible pair, which is the subject in §5.

A vector bundle together with a finite-dimensional vector space of sections
of the bundle induces a map into a Grassmannian. Such a map is called the
induced map or classifying map in [4] (Definition 5.1). A famous example of
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induced maps is the Kodaira embedding of an algebraic manifold into the
complex projective space, which is induced by a holomorphic line bundle and
the space of holomorphic sections of it. Though it is well-known that any
holomorphic map between Kéhler manifolds is a harmonic map, our Main
Theorem 1 with Lemma 4.2 yields the fact in the case where the target is
Grp(CY) or a complex hyperquadric QV.

In the theory of do Carmo-Wallach [7], Theorem of Takahashi with rep-
resentation theory of the special orthogonal groups is applied to classify
isometric minimal immersions of spheres into spheres. Toth and D’ambra
obtain the exact dimension of the moduli spaces of those immersions and
extend the do Carmo-Wallach theory to the case that the domain manifold
is a compact isotropy irreducible Riemannian homogeneous space [35] (see
also Wallach [36]). Section 5 is devoted to developing a generalization of
the theory of do Carmo and Wallach by Main Theorem 1. Instead of repre-
sentation theory, we make use of geometry of vector bundles. We are now
concerned with a harmonic map from a compact Riemannian manifold into
a Grassmannian, satisfying the gauge and the Finstein-Hermitian conditions
(see §84 and 5 for the definition): by the gauge condition on a harmonic map,
we specify a vector bundle with a fiber metric and a connection obtained
as the pull-back of the universal quotient bundle. The Einstein-Hermitian
condition relates a harmonic map to an eigenspace of the Laplace operator.
After fixing a vector bundle with a metric and a connection on a compact
Riemannian manifold, a standard map is defined as the induced map by a
subspace of the space of sections on the bundle with L? scalar product. We
show that any harmonic map with gauge and Einstein-Hermitian conditions
is realized as a deformation of a standard map and corresponds to a pair
(W, T), where W is an eigenspace with L? scalar product of the Laplacian
acting on sections of the vector bundle and T is a positive semi-definite Her-
mitian endomorphism on W satisfying the MC' equations (Theorem 5.12).
One of the important features in our theory is that every harmonic map can
be realized as an induced map with a bundle isomorphism called the natural
identification (Definition 5.9). To establish the correspondence, we intro-
duce the notion of gauge equivalence of maps, while the equivalence relation
used in the original do Carmo-Wallach theory is called image equivalence :
the isometry (sub)group of a Grassmannian acts on the space of harmonic
maps into the Grassmannian via the composite, of which the orbits give
the image equivalence relation of maps. An isometry of Grassmannian also
induces an isomorphism of the universal quotient bundle which covers the
isometry. Since any harmonic map is realized along with the natural iden-
tification, the induced bundle isomorphism enters into our theory to define
the gauge equivalence relation of maps (Definitions 5.7 and 5.9). From the
point of view of gauge theory, even in the original do Carmo-Wallach theory,
we can find an isomorphism of the pull-back of the universal quotient bundle
and a flat line bundle preserving metrics and connections for each isometric
minimal immersion, which is fulfilled with the position vector. This means
that the gauge condition is automatically satisfied in the original theory. On
the other hand, the mean curvature operator is regarded as a function in the
case where the target is the sphere or the complex projective space, since
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the universal quotient bundle is of real or complex rank one in each case.
Thus, the Einstein-Hermitian condition is also automatically satisfied in the
original theory. These could explain why the gauge theoretic side of the
theory might have been overlooked in the literature. However the situation
changes: we could have various admissible pairs when considering harmonic
maps into Grassmannians of higher rank. For this, we adopt the gauge
and Einstein-Hermitian conditions in a generalization of do Carmo-Wallach
theory at the first stage.

Next, by relaxing the Einstein-Hermitian condition, we develop a consid-
erable generalization of do Carmo-Wallach theory which is needed in the case
where the target is a Grassmannian of higher rank. Instead of eigenspaces
of the Laplacian, we consider the solution space of the “generalized Laplace
equation” (A 4+ A)t = 0 for sections ¢, where A is a bundle endomorphism,
which is eventually recognized as the mean curvature operator of the induced
map. In the generalization of do Carmo-Wallach theory, any harmonic map
in question is realized as an induced map with the natural identification and
parametrized in an analogous way by a pair (W4, T) modulo gauge equiv-
alence, where W4 is the solution space of the generalized Laplace equation
(Theorem 5.15).

To construct the moduli space, we need a relative version of a general-
ization of do Carmo-Wallach theorem (Theorem 5.20). Then the moduli
space M modulo gauge equivalence is described in Theorem 5.24. Using
the L? scalar product on Wy, we provide M with a natural topology and
derive topological properties of it. We will interpret the geometric meaning
of the compactification of M (see Remark after Corollary 5.25). The com-
pactification involves totally geodesic submanifolds of the target manifold
and harmonic maps into the submanifolds. Such a totally geodesic subman-
ifold emerges as the zero set of the sections of the universal quotient bundle
which belong to KerT C W, and is thus a Grassmann manifold whose
universal quotient bundle has the same rank as that of the target. The
compactification of M leads to the notion of terminal harmonic map (Defi-
nition 5.26), which is implicit in the original theory. To proceed further, we
utilise the connectedness of the compactified moduli space to conclude that
the terminal harmonic map is rigid (Corollary 5.27). We also exploit the
connectedness of the compactified moduli space to obtain various rigidity
results (Theorems 6.24, 6.28 , 6.29, 6.30 and Corollary 6.25). In any case, it
plays a significant role that totally geodesic embeddings of low dimensional
Grassmannians are involved in our compactification of the moduli spaces.

When considering the moduli space by image equivalence, we encounter
the action on M of a Lie subgroup of the structure group of the pull-back
of the universal quotient bundle. The Lie subgroup is indeed the centralizer
of the holonomy group of the induced connection on the pull-back bundle.
In the original do Carmo-Wallach theory, both the holonomy group and the
structure group are trivial. It follows that the moduli spaces modulo image
equivalence coincide with those modulo gauge equivalence (Lemma 5.28).
After reviewing the original do Carmo-Wallach theorem briefly, we present
a direct generalization of it as Theorem 5.29. Our theory thus includes the
original theory. On the contrary, we will give an example in which the moduli
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space by gauge equivalence is different from that by image equivalence (see
Theorems 6.21 and 6.22). This example could justify to bring a bit of
complicated gauge equivalence relation of maps into our theory, because the
moduli space M by gauge equivalence is easily described as a connected,
convex and open subset of some Euclidean space (Theorem 5.24), while the
moduli space by image equivalence might be a quotient space of M by a Lie
group (Theorem 5.32).

Next, we focus our attention on a homogeneous vector bundle with a
canonical connection over a compact reductive Riemannian homogeneous
space G/K . Then, each invariant subspace of the eigenspace of the Laplace
operator on the vector bundle induces a G-equivariant map from G/K into
a Grassmannian, which is also called a standard map. We give a suffi-
cient condition for a standard map being a harmonic map with gauge and
Einstein-Hermitian conditions (Lemma 5.36). Since the standard map is
G-equivariant, the energy density is constant, its value being expressible
through its eigenvalue. In this subsection a few examples of standard maps
are displayed, some of which are related to Kéahler or quaternion-Kahler
moment maps. We shall modify the MC equations to obtain a classification
of harmonic maps in Theorem 5.37. As a result, the description of moduli
spaces is connected with the representation theory of compact Lie groups.
This gives a straightforward generalization of Toth-D’ambra theory [35] and
Wallach [36] and will be of use in §6.

In section 6, we apply our generalization of do Carmo-Wallach theory to
obtain various rigidity theorems and moduli spaces. We give an alternative
proof of the Theorem of Bando-Ohnita [2], J.Bolton-G.R.Jensen-M.Rigoli-
L.M.Woodward [3] and Ohnita [28], which states the rigidity of isometric
minimal immersions of the complex projective line CP! into complex projec-
tive spaces. The same method yields rigidity of holomorphic isometric em-
beddings between complex projective spaces, which is a part of well-known
theorem of Calabi [5]. Toth defines the notion of polynomial minimal im-
mersion between complex projective spaces [34]. In this notion, the gauge
condition is implicitly supposed to be satisfied. Then, we show that ev-
ery harmonic map between complex projective spaces satisfying the gauge
condition for the canonical connection on a complex line bundle is automat-
ically a polynomial map in the sense of Toth by Theorem 3.5. We give a
generalization of Calabi’s rigidity theorem on holomorphic isometric embed-
dings between complex projective spaces as Theorem 6.14, in which we show
the rigidity of Einstein-Hermitian holomorphic embeddings from irreducible
Hermitian symmetric spaces of compact type into complex Grassmannians
with the gauge condition for a direct sum of r-copies of an irreducible ho-
mogeneous bundle and the canonical connections.

Next, we use Theorems 5.15, 5.24, 5.32 and 5.37 to describe the moduli
spaces of holomorphic isometric embeddings of CP! into complex hyper-
quadrics @Y, which are also Einstein-Hermitian holomorphic embeddings.
At this stage, these examples manifest the difference of gauge equivalence
and image equivalence. We see from the description of the compactified
moduli space that the real standard map (defined in §6) is the unique rep-
resentative in the homotopy class of maps of degree 2 of CP! into QV
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which is the Einstein-Hermitian holomorphic terminal map with the pull-
back connection being a Hermitian Yang-Mills connection. Finally, we give
an equivariant version of Theorem 5.20 (Theorem 6.23) to obtain classifi-
cation theorems on equivariant harmonic maps of the complex projective
spaces into Gr,(CY) or QV. Here Theorem 5.15 is needed and we eventu-
ally meet harmonic maps into complex Grassmannians which do not satisfy
the Einstein-Hermitian condition.

In the final section, we compare the generalized do Carmo-Wallach con-
struction with the well-known ADHM-construction of instantons on S*.
Though both the harmonic map equation and the anti-self-dual equation
are non-linear, linear equations naturally emerge in our geometric setting,
which lead us to a description of moduli spaces in linear algebraic terms.

The author would like to express his gratitude to Professors O.Macia,
M.Takahashi and I.Koga for many valuable comments and discussions. He
is also very grateful to the anonymous referee for careful reading the man-
uscript and a lot of comments which led him to the essential change of the
manuscript.

This research is supported by JSPS KAKENHI Grant Number 21K03236.

2. PRELIMINARIES

Throughout this paper, a manifold is supposed to be connected. We
review some standard material, mostly in order to fix our notation.

2.1. A harmonic map. Let M and N be Riemannian manifolds and f :

M — N be a (smooth is always understood) map. We define the energy
density e(f) : M — R of f as

dim M

e(f)(x) = |df|* = Z |df (e;)]?,

where we use both Riemannian metrics on M and N and eq,-- - ,edim M
denotes an orthonormal basis of the tangent space T,M at x. Then, the
tension field T(f) of f is defined to be
dim M
7(f)a = trace Vdf = > (Ve,df)(e:),
i=1
which is a section of the pull-back bundle f*T'N — M of the tangent bundle

TN — N. The definition of harmonic maps is due to Eells and Sampson
[11].

Definition 2.1. A map f: M — N is called a harmonic map if the tension
field vanishes (7(f) = 0).

The symmetric form Vdf with values in f*T'N — M is called the second
fundamental form. We say that a map f: M — N is a totally geodesic map
if Vdf = 0. By definition, a totally geodesic map is a harmonic map.

If we suppose that f : M — N is an isometric immersion, then the tension
field is a mean curvature vector, the second fundamental form is the same as
that in submanifold geometry and a harmonic map is nothing but a minimal
immersion.
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2.2. Geometry of Grassmann manifolds. First of all, we focus our at-
tention on a real Grassmann manifold.

Let W be a real N-dimensional vector space with an orientation. Let
Gry(W) be a Grassmann manifold of (oriented) p-planes in W and S —
Gry(W) the tautological vector bundle. Then we have an exact sequence of
vector bundles:

0SLW5Q—o0,

where W — Gr,(W) is a trivial vector bundle of fiber W, and Q — Gr,(W)
is the quotient bundle which is called the universal quotient bundle.

When W is equipped with an inner product (-,-) on W, we can define
a homogeneous Riemannian metric gg, induced by (-,-) such that Gr,(W)
is a Riemannian symmetric space. To define gg, more precisely, we notice
that (-,-) induces the fibre metrics g¢ on S — Gr,(W) and gg on Q@ —
Gryp(W). Since the tangent bundle T' = T'Gr,(W) of Gr,(W) is identified
with §* ® Q = S ® @), the Riemannian metric gg, is induced as the tensor
product of gg and gg : gar = 95 ® gg. We call gg, a Riemannian metric
of Fubini-Study type. To emphasize the role of the inner product (-,-), we
denote by (Gr,(W),(:,-)) a Grassmannian with a metric of Fubini-Study
type induced by (-, -).

We fix an orthonormal basis w1, -- ,wy of W which is compatible with
its orientation. We denote by R? the subspace spanned by w1, -- ,w, and
by RY the orthogonal complementary subspace. The orthogonal projection
to R? is denoted by m, and the orthogonal projection to R? by m,. Using the
orthogonal projection m,, we can explicitly write a bundle map = : W — Q:

g (w) = [9,79(g7'w)] € Q=G xx, R, weW, g€eQG,

where G = SO(NV) and Ky = SO(p) x SO(g). The inner product (-,-) gives
a bundle injection 7* : Q@ — W: 7*([g,v]) = ([9],gv), v € RY, which is
the adjoint bundle map of w. Hence, @ — Gr,(W) is also regarded as the
orthogonal complementary bundle S+ — Gr,(W) to S — Gr,(W). We can
define a connection V¥ on Q — Gr,(W). If t is a section of Q — Gr,(W),
then we have

VOt = d (7*(t)) .

The connection V¥ is called the canonical connection.

In a similar way, we can use ¢ : S — W: i([g,u]) = ([g], gu), v € RP and
its adjoint bundle map i* : W — S:i*(w) := [g, mp(97 w)] € G x g, RP to
define the connection V*:

Vs =i*d(i(s)), seTl(9),

which is also called the canonical connection. Using the identification T' =
S*®Q, we can see that the Levi-Civita connection coincides with one induced
by the canonical connections.

In this context, since S — Gr,(W) is a subbundle of W — Gr,(W), it is
natural to introduce the second fundamental form H (for example, see [16]
and [18]), which is a 1-form with values in Hom(S, Q) = S* ® Q:

dis = iVs +n*Hs, Hs=md(i(s)).
8



If s = i*(w), then we can compute

(2.1) Hs = [g,mm(g" ' dg)mp(g~ ' w)]

where we use an orthogonal decomposition of Lie algebra g of G: g = t&®m,
t = so(p) @ so(q), with respect to a G-invariant inner product on g and the
orthogonal projection 7, : g — m.

Since T is identified with S* ® @, the cotangent bundle 7™ is considered
as T* = S ® Q*. Hence the second fundamental form H € Q'(S* ® Q) can
also be regarded as a section of T* T =5 ® 5*® Q ® Q*.

Lemma 2.2. The second fundamental form H can be regarded as the iden-
tity transformation of the tangent bundle T .

Proof. Since H is an invariant form, we may evaluate at the reference point
le] of Grp(W), where e is the unit element of G. From (2.1), using 7' =
G X, m and Tjg = m, we have for X € m that Hx = [e, T (X)] = X. O

Since the canonical connections preserves the irreducible decomposition
of T* ® T, we can see that

Corollary 2.3. The second fundamental form H is parallel.

We can also define the second fundamental form K € QY(Q* ® S) of a
subbundle 7* : Q — W:

digt = m*V9 +iKt, Kt=i*d(r*(t))

For a fixed vector w € W, assigning x € Gr,(W) to i} (w) and 7, (w) for
w € W, we obtain two sections s = i*(w) of S and t = w(w) of @, each of
which is called the section corresponding to w. Thus W can be considered
as a subspace of sections of S,Q — Gry(W).

Proposition 2.4. If s and t are the sections corresponding to w € W, then
VSs=—Kt, V9 =—Hs.
Proof. By definition, we have that w = i(s) + 7*(¢). Then,
Vs = i*di(s) = i*d (w — 7% (t)) = —i*dn*(t) = —Kt.

We get the other equation in a similar way. O
Lemma 2.5. The second fundamental forms H and K satisfy

go(Hu,v) = —gs(u, Kv), u€ S, and v € Qy,
where Sy and Q are the fibers of S and Q over x € Gry,(W), respectively.

Proof. If we take sections s of S and ¢ of @ such that s(z) = uw and ¢(z) = v,
then ggo(Hs,t) = (di(s), 7t)w = —(is,dr*t)w = —gs(s, Kt). O

The second fundamental form K € Q1(Q* ® S) can also be regarded as a
section of QRS®Q®.S. Under the irreducible decomposition, K corresponds
to a constant section of R C Q ® S ® Q ® S. Obviously, we have

Lemma 2.6. The second fundamental form K is also parallel.

The orthonormal basis wq, - - - ,wy of W provides us with the correspond-
ing sections s4 = i*(wa) and tg4 = mg(wa).
9



Proposition 2.7. For arbitrary tangent vectors X and Y on a real Grass-
mannian, we have

(2.2) 9or(X,Y) =Y " gsreoHx, Hy) = Y ggras(Kx, Ky)
A A

= go(Hxsa, Hysa) = > gs(Kxta,Kyta).
A A

Proof. The key fact is that the second fundamental form H is considered as
an isomorphism of bundles from T to S* ® @) preserving the metrics and the
connections (Lemma 2.2). Consequently, (2.2) follows. O

Remark. Lemma 2.5 and Proposition 2.7 give us
gar = —traceg HK = —traces K H.

Next, we consider a complex Grassmann manifold. The main difference
of a complex Grassmannian from a real Grassmannian is that we can use the
Hodge decomposition, since a complex Grassmannian is a Kéhler manifold.
More precisely, let W be a complex vector space with a Hermitian inner
product (-,-)w and Grp(W) a complex Grassmannian of p-planes in W. We
can define homogeneous vector bundles S — Gr,(W) and Q — Gr,(W) with
induced Hermitian metrics hg and hg by W, respectively. The canonical
connections equip S and Q — Gr,(W) with holomorphic vector bundle
structures. Then, W is regarded as the space of holomorphic sections of
@ — Grp(W). The holomorphic tangent bundle is identified with S*®@) and
the holomorphic cotangent bundle is S®Q*. The identification is compatible
with Hermitian metrics and connections. The second fundamental form
H € Q'(Hom(S,Q)) is of type (1,0). It follows that H is considered as a
section of S ® Q* ® §* ® ) and we obtain H = idg ® idg in a similar way.
The second fundamental form K € Q!(Hom(Q, S)) is of type (0,1). Since
the Hermitian metric on the holomorphic tangent bundle is induced from
that on S* ® Q — Gr,(W), the Riemannian metric gg, satisfies

(2.3) gar(X,Y) = — traceqg Hx Ky — traces Kx Hy
= —2Re (traceQ HxKy) ,

for arbitrary real tangent vectors X and Y on the complex Grassmannian.

3. HARMONIC MAPS INTO GRASSMANNIANS

In this section, we shall prove the main theorems. We denote by W — M a
trivial vector bundle over M with a vector space W as its fiber: M xW — M.
For a vector bundle V' — M, I'(V') denotes the space of (smooth) sections
of V.— M. Then for each x € M, we have a linear map ev, : I'(V) = V,
called the evaluation map as assigning ¢t € I'(V') to t(z), where V, is the
fiber of V. — M over x € M (see, for example, [4, p.298]). Thus the
evaluation map is considered as a bundle map ev : M x I'(V) — V defined
by ev(z,t) = evy(t) = t(z) for x € M and t € T'(V). If a (finite-dimensional)
subspace W C T'(V) is given, then the restriction of ev to M xW is also called
the evaluation map which is denoted by the same symbol ev : W — V and so,
we have a linear map ev, : W — V,, for each x € M as ev,(w) = ev(x,w) for
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w € W. We denote by End V' the bundle of endomorphisms of V. — M. For a
connection on V' — M, its curvature 2-form is denoted by RV € Q?(End V).

Definition 3.1. Let V' — M be a vector bundle and W a space of sections
of V.— M. The vector bundle V' — M is called to be globally generated by
W if the evaluation map ev : W — V is surjective.

Since m : W — @ provides the corresponding section of @@ — Gr,(W)
to each w € W, 7 is also recognized as the evaluation map ev : W — @ :
ev(z,w) = my(w). We always regard W as a space of sections of @ —
Grp(W) in this way. Then Q — Gr,(W) is globally generated by W.

Let f : M — Grp(W) be a smooth map. We fix an inner product or a
Hermitian inner product (-,-) on a vector space W according to a ground
field. We call (-, -) a scalar product. Then, as explained in §2, the scalar prod-
uct on W provides the Grassmannian Gr,(WW) with a Riemannian structure
and the vector bundles S — Gr,(W) and @ — Gr,(W) can be regarded as
homogeneous vector bundles on Gr,(W) with fiber metrics and canonical
connections. Pulling back @ — Gr,(W) to M by f, we obtain a vector
bundle f*@Q — M. Since W can be regarded as a subspace of I'(Q), we have
a linear map F : W — I'(f*Q) defined by

(3.1) F(w)(z) = (z,ev(f(x), w)) = (f*tw)(z) € [FQ C M xQ,

for x € M and w € W, which is the pull-back of the section t,, of Q —
Grp(W) corresponding to w € W. However, it might not be an injection.
Even in such a case, W is still called a space of sections of f*Q) — M and we
obtain the evaluation map denoted by the same symbol ev : M x W — f*Q
as

(3.2) ev(z,w) = F(w)(x),

which is the pull-back of the evaluation map ev : Gr,(W) x W — Q. Then
the pull-back bundle f*@Q — M is also globally generated by W. We also
pull back a fiber metric and a connection on @@ — Gr,(W) to obtain a fiber
metric gy« and a connection VI @ on f*Q — M.

In a similar way, the pull-back bundle f*S — M has the pull-back fiber
metric g¢+g and the pull-back connection V7S, When we fix w € W and
take the sections corresponding to w denoted by s € I'(S) and ¢ € I'(Q), the
pull-back of sections f*s € W C I'(f*S) and f*t € W C I'(f*Q) are also
called the sections corresponding to w. We abbreviate f*s and f*t to s and
t, respectively.

The second fundamental forms are also pulled back and denoted by the
same symbols H € T'(f*T*®(f*S)* @ f*Q) and K € T(f*T*®(f*Q)*®f*9).
If we restrict bundle-valued linear forms H and K on the pull-back bundle
f*T* — M to linear forms on M, H and K are nothing but the second
fundamental forms of the exact sequence: 0 — f*S — W — f*@Q — 0.

From now on, we assume that (M, g) is a Riemannian manifold with a
metric g. Then, we use the Riemannian structure on M and the pull-back
connection on f*Q — M to define the Laplace operator Af'@ = A =
-y vie (V/79) (e;) acting on sections of f*Q — M and an endomor-
phism A of the bundle f*@Q) — M is defined as the trace of the composition
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of the second fundamental forms H and K:
m
Ay = Z H. K.,
i=1

where m is the dimension of M and {e;}i=1 2 ...m is an orthonormal basis of
the tangent space to M at xz. The bundle endomorphism A € I" (End f*Q)
is called the mean curvature operator of f.

We now describe properties of A € I" (End f*@).

Lemma 3.2. The mean curvature operator A is a negative semi-definite
symmetric (or Hermitian) endomorphism of f*Q — M.

Proof. Tt follows from Lemma 2.5 that Kx* = —Hx. From the definition of
A, we immediately obtain the result. U

Lemma 3.3. The energy density e(f) is equal to —trace A in the case when
W is a real vector space or —2trace A in the case when W is a complex
vector space.

Proof. We use Proposition 2.7 to obtain

e(f) = ZgGr(df(ei), df(e;)) = — Ztrace H. K., = —trace A.

i=1 =1
When W is a complex vector space, use (2.3). O

Definition 3.4. Let V — M be a vector bundle and ¢ a section of V" — M.
We denote by Z; the zero set of t: Z; := {x € M |t(x) =0}. A space of
sections W of a vector bundle V. — M is called to have the zero property
for the Laplacian if Z; C Za; for an arbitrary t € W.

Ezxample. When W is an eigenspace for A, it has the zero property.
We now formulate one of main theorems in this section.

Theorem 3.5. Let (M, g) be a Riemannian manifold and f : M — Gr,(W)
a smooth map. We fix a scalar product (-,-) on W, which equips Gry(W)
with a Riemannian structure. We regard W as a space of sections of the
pull-back bundle f*Q) — M.
Then, the following three conditions are equivalent.
(1) f:(M,g) = (Grp(W),(-,-)) is a harmonic map.
(2) W has the zero property for the Laplacian acting on sections of the
pull-back bundle of the universal quotient bundle.
(3) There exists an endomorphism A of the pull-back bundle of the uni-
versal quotient bundle such that At+ At = 0 for an arbitrary t € W.

Under these conditions, A = A, where A is the mean curvature operator of
f:M — Grp(W) and
e(f) = —trace A (whenW =RY), e(f) = —2trace A (whenW = CV).

Proof. Let X and Y be tangent vectors of M and t € I'(f*Q). We consider
the second fundamental form K € Q! ((f*Q)* ® f*S). Since VK = 0 on
12



Grp(W), we have
(VxK)(Y;t) = VL5 (Kyt) — Ky vt — Ky (V4 9t)
*S *
= K@wxanmt,
where V is the Levi-Civita connection on M, V is the Levi-Civita connection
on Grp(W) and K is also regarded as a section of f*T™* ® (f*Q)* @ f*S. In
particular, we obtain
(3.3) —VEK =K.y,

where 7(f) is the tension field of f : M — Gr,(W).

Next we fix a vector w € W and take the sections s € W C I'(f*S) and
t e W C I'(f*Q) corresponding to w. Then it follows from Proposition 2.4
that

(7)) 0 (e0) ~wE5
o0 Qo
—V#uv(vﬁanO Ve v—wxanm!
o0 Q
_vdf(X) (VQt) (df(Y)) + V(def)(Y)t
=Hy Kxt = Hwcap(v)*

In particular, we obtain

m
(34)  At—H.ps+ Y HeKet=At—H, s+ At =0.
i=1
First, we assume that the condition (1) is satisfied. The assumption that
f: M — Grp(W) is harmonic yields that the equation (3.4) reduces to

(3.5) At + At = 0.

We conclude that W has the zero property and the condition (3).

Conversely, suppose that we have the condition (2). For an arbitrary
vector u € (f*S)z, v € M, we can find an element w € W such that the
corresponding sections s € I'(f*S) and t € I'(f*Q) satisfy

s(x) =w, and t(x)=0.
The equation (3.4) gives us

Since W has the zero property for the Laplacian and ¢(z) = 0, it follows
that At(z) = 0. Hence we have

He(pyu =0,

and Lemma 2.2 yields 7(f) = 0, which means that f is a harmonic map.

It is clear that (3) yields (2).

Finally, we suppose that the conditions (1), (2) and (3) are satisfied. It
follows from (3.5) that At + At = 0 for any ¢ € W. On the other hand, (3)
yields that At + At = 0 for an arbitrary ¢t € W. Since W globally generates
V — M, we can deduce that A = A. O

13



Corollary 3.6. Let f : (M,g) = (Grp(W),(-,-)) be a smooth map. Then f
is a totally geodesic map if and only if the second fundamental form K of
vector bundles is covariant constant.

Proof. In the proof of Theorem 3.5, we show that VK = Kygr. From the
definition of totally geodesic map, we get the result. O

Remark. Totally geodesic maps into Grassmannians will be discussed in
detail and Theorem of Takahashi will be generalized in the case where the
target is any symmetric space of compact type [25].

Next, suppose that f : M — Grp(WW) is an isometric immersion. Instead
of the tension field, we use the mean curvature vector to obtain a similar
result. When f is an isometric immersion, the energy density is a constant
function: e(f) = m. In particular, we can state a straightforward generaliza-
tion of Theorem of Takahashi [32] by replacing a harmonic map by minimal
immersion.

Corollary 3.7. Let (M, g) be an m-dimensional Riemannian manifold and
f:(M,g) = (Grp(W), (+,-)) an isometric immersion.
Then, the following three conditions are equivalent.
(1) f: M — Gry,(W) is a minimal immersion.
(2) W has the zero property for the Laplacian acting on sections of the
pull-back bundle of the universal quotient bundle.
(3) There exists a bundle endomorphism A of the pull-back of the uni-
versal quotient bundle such that

At+ At =0 for an arbitrary t € W.

Moreover, under the above conditions, we have A = A, where A is the mean
curvature operator of f and

m = —trace A (whenW =RY),  m = —2trace A (whenW = CV).

Remark. This gives us the original form of Theorem of Takahashi [32]. To
this end, we regard the standard sphere as the Grassmannian of oriented
hyperplanes in R**!: Gr,(R"!). Since Q@ — Grp,(R""!) is of rank 1,
which can also be regarded as the normal bundle of the unit sphere S™ in
R"*! the mean curvature operator A can always be considered as a function
—e(f) from Lemma 3.3.

4. FUNCTIONALS

4.1. The equations of Gauss-Codazzi. Let f : (M, g) — (Grp(W), (-,-))
be a smooth map. Since the connection on W — M is flat, it follows from
the Gauss-Codazzi equations [18, p.23 (6.12)] for vector bundles that

(41)  R79X,Y)=HyKx - HxKy, (VxEK)(Y)= (VyK)(X).
We have

(VXxRINY, Z) =Hwwary ) Ky + Hz K (v yap)(v)

— Hwyapv)yKz — Hy K(v cdp)(2)-
14



In particular,
(4.2) (6VRI"9)(X) = =(Ve, R P) (s, X)
=~ Hv.dnooKe; = HxKrp) + He(p Kx + He, K (9.4 (x)-
On the other hand, we obtain
(4.3) VxA=Hy, g)x)Ke, + He, (v, af) (x)-
First of all, we have

Lemma 4.1. Let f : (M,g) — (Grp(W),(-,-)) be a smooth map. If f is
a totally geodesic map, then the pull-back conmection on f*Q — M is a
Yang-Mills connection and A is parallel.

Proof. The result follows from Corollary 3.6 with (4.2) and (4.3). O

We shall present another occurrence in which the pull-back connection is
a Yang-Mills connection and A is covariant constant. Let V' — M be a holo-
morphic vector bundle with a Hermitian metric h over a Kéhler manifold M,
which is denoted by (V, h) and called a Hermitian holomorphic bundle. The
unique connection on (V,h) compatible with the Hermitian metric and the
holomorphic vector bundle structure is called the Hermitian connection (we
follow Kobayashi [18]). We denote by H?(M;V) the space of holomorphic
sections on V' — M.

Lemma 4.2. Let M be a Kahler manifold and V — M a holomorphic vector
bundle with a Hermitian metric. We take the Hermitian connection V on
V — M. Then, for any holomorphic section t € HY(M;V), we have

At = Kgyt,

where Kgp is the mean curvature in the sense of Kobayashi [18]:
m

(4.4) Kpu =vV=1)_ R(e;, Je;)
i=1

where J is the complex structure of M, e1, Je1, - , em, Jem is an orthonor-
mal basis and R is the curvature of the Hermitian connection.

Proof. We put Z; = % (ei — \/—1Je,~). We can extend the vectors Z; locally

to get a local holomorphic frame field denoted by the same symbols. On the
one hand, since t is a holomorphic section, we have that

V. (V1) (Z;) = Vz, <Vz—it> ~Vp, 7t =0.
On the other hand, we get
2> V7 (V) (Z) = =AMt + > V=1R(e;, Jei)t,
=1

i=1
and the result follows. O
Though it is well-known that any holomorphic map between Kéahler man-

ifolds is a harmonic map, we can use Theorem 3.5 to see
15



Proposition 4.3. Let M be a Kdhler manifold and Grp(W) a complex
Grassmannian or a complex quadric with the Fubini-Study metric. Suppose
that f : M — Grp(W) is a holomorphic map. Then f is a harmonic map
and the mean curvature Kgpg of the pull-back bundle f*QQ — M of the
universal quotient bundle equals minus the mean curvature operator A of f.

Proof. We can regard W as a space of holomorphic sections of the pull-back
of the universal quotient bundle. It follows from Theorem 3.5 and Lemma
4.2 that f is a harmonic map and A = —Kgp. U

Remark. When the target is a complex Grassmannian, the formula A =
— K g can also be obtained as a straightforward application of the equation
of Gauss (4.1). Since the second fundamental forms H and K are of type
(1,0) and (0,1), respectively, (4.1) and (4.4) yield the result.

If the mean curvature Kgpg of (V,h) satisfies Kpg = uldy for some
constant p, then (V,h) is called an Einstein-Hermitian vector bundle. If
(V, h) is an Einstein-Hermitian vector bundle, then the Hermitian connection
is called a Hermitian Yang-Mills connection (see, for example, [9] and [18]).

We have from Lemma 4.2 that

Corollary 4.4. Under the hypothesis of Lemma 4.2, suppose that V. — M
is globally generated by H°(M;V). Then (V,h) is an Einstein-Hermitian
vector bundle if and only if H*(M;V) is an eigenspace of the Laplacian.

Corollary 4.5. Let M be a compact Kdhler manifold and Gr,(W') a complex
Grassmannian or a compler quadric with the Fubini-Study metric.

If f: M — Grp(W) is a holomorphic map such that the pull-back bundle
*Q — M with the induced metric is an Finstein-Hermitian vector bundle,
then the Hermitian connection on f*Q — M is a Yang-Mills connection and
the mean curvature operator A is equal to —ulds-q for some non-negative
constant .

Proof. Since any Hermitian Yang-Mills connection minimizes the Yang-Mills
functional, the pull-back connection is a Yang-Mills connection. Proposition
4.3 yields that A = —uldy+g for some non-negative constant . O

4.2. Functionals. When M is compact, we naturally have three functionals
on the space of mappings f : M — Gr,(W):

/|Rf*Q|2de,/ |H|2de,/ \A|2de,
M M M

where dvy; is the Riemannian volume form on M. If the tangent space to the

space of mappings C*°(M, Gr,(W)) at f is identified with I'((f*5)* ® f*Q),

the Euler-Lagrange equation for the first functional takes the form:

(4.5) sV (C(RIFCH)) ==Y V., (C(R'?H)) (e;) =0,
CICRCIES A CICED)
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where C' is the contraction operator: C (R/"H) = S R/"Q(e;,-)H,,,
and e, , e, is an orthonormal basis of TM. Using the equation of Co-
dazzi (4.1), we see that (4.5) is equivalent to the equation

C((6VR ) = YGRS ) (e, =0
i=1
When we define the total energy E(f) of the map f: M — Gr,(W) by

«E(f):=J64€(f)deu

Lemma 3.3 and the definition of A yield that

E(f), when W =RV
[t = [ (iPan =1 D e
M M EE(f), when W =C 5

and we can see that 0¥ H = —7(f) from Lemma 2.5 and (3.3). Finally, we
have

6V (AH) = Zvel (AH)(e;) =0
i=1

as the Euler-Lagrange equation for the third functional.
If M is a Kéhler manifold and f : M — Gr,(W) is a holomorphic map
into a complex Grassmannian or a complex quadric, then Proposition 4.3

yields that
/ ’A‘Qd’UM—/ ’KEH‘QdUM.
M M

In this case, it is the same as the Yang-Mills functional up to a topological
constant [18, p.111], (though the functional is defined on C*°(M, Gr,(W))).

Henceif f : M — Grp(W) is a totally geodesic map or if f : M — Gry(W)
is a holomorphic map with the pull-back bundle being an Einstein-Hermitian
vector bundle, then f is an extremal of all the three functionals.

4.3. The Einstein-Hermitian condition. We consider a set of harmonic
maps f from a compact Riemannian manifold M into a real Grassmannian
Grp(RY) with the fixed energy E(f). Let p be a non- negative constant
determined by guVol (M) = E(f), where ¢ = N —p and Vol (M) = [}, dvy,.
Then

0 < A+ pldpql* = |A]? + 2utraceA + pq = |A]* — 2ue(f) + 1’q.

Integration and the definition of p yield that

qu*Vol (M / |A2dvyy,

where the equality holds if and only if A = —pulds«q.

When f is a map into a complex Grassmannian Grp(CN ), p is defined by
2quVol (M) = E(f). Then we have that

(4.6) fﬂE / |A|?dvyy,

where the equality holds if and only if A = —pulds«q.
17



If the mean curvature operator A of f : M — Gr,(W) is expressed as A =
—pld s« for some non-negative constant i, then f is said to satisfy Einstein-
Hermitian condition or EH condition for short. A map which satisfies the
Einstein-Hermitian condition is called an Finstein-Hermitian (EH) map. If
f is an Einstein-Hermitian map with A = —ulds«q, then f is called to have
an Einstein-Hermitian (EH) constant — .

4.4. Maps of Kahler manifolds into complex Grassmannians. Let
[+ M — Gry(CPt9) be a smooth map of compact Kéhler manifold M
with the second fundamental form K of vector bundles which is a one-form
with values in Hom(f*@, f*S). We denote by m the complex dimension
of M and by wjys the Kahler form on M. According to the bi-degree, the
components of K are denoted by KV € Q0 (Hom(f*Q, f*S)) and K%! €
Q%1 (Hom(f*@Q, £*9)), respectively. With this understood,

Lemma 4.6. Let f : M — Gry(CP*9) be a smooth map of complex m-
dimensional Kdahler manifold M. Then we have that

* ].
(4.7) V-Itr R A wmt = — (=K + K% ?) wiy.

Proof. When we denote by /\ the contraction of the curvature Rf @ with the
Kahler form wy; on M and ey, Jei,es, Jea, -+, em, Je, is an orthonormal
basis of T'M, the equation of Gauss-Codazzi and Lemma 2.5 yield that

VTN RIC =0 Y RI(Z,Z) = Y by (Rf*Q(Zi,Z-)va,va)
1 =1

K]
m

= Z hf*@ <(HZKZz - HZZ-KZ)UOH Ua)
=1

m m
= =3 hpq (Bzva Kzva) + Y iy (sza, sza>
i=1 i=1

— ’K1,0’2 + ‘KO,l‘Z’

where Z; = % (ei - \/—1Jei), t=1,2,--- ,m and v1,---,v4 is a unitary
basis of f*@Q. From the identity

* ]. *
RI"Q AWt = - (/\Rf Q> Wiy,
(4.7) is proved. O

Corollary 4.7. If f : M — Gr,(CP™?) is a smooth map of a compact
Kahler manifold, then the first Chern class c1(f*Q) of f*Q — M satisfies

the inequality :

(’m4f1)! ‘/M ca(f Q) /\""]\W/LF1 < E(f).

the equality holds if and only if f is holomorphic, i.e. K = 0, or anti-
holomorphic, i.e. K%' =0.
18



Proof. It [, c1(f*Q) Awiy~ 1 >0, then Lemma 4.6 and Chern-Weil theory
yield that

27rm/ c1 f Q /\wM :/ (—|K1’0’2+’K0’1 Q)Wﬂg/ ’Ko’l‘Qwﬁ
M M

1
f/ (K012 + KO )w}@:/ ’K\Qwﬁ:/ |df|Pwh
M M 2 Jm

We use dvyr = %w]\"}[ to obtain the result. The equality holds if and only if

K9 = 0. In the other case, we use

_27rm/ a(f*Q) /\wM - / (’Kl,O‘Q _ ‘K0’1|2) Wil < / ‘KLOFWT/D
M M
to obtain the result. O

Theorem 4.8. If f : M — Gr,(CP*9) is a smooth map of a compact Kdihler
manifold, then

<(m2j1)| /M c(f Q) /\(A)ﬂ—1>2 < qvol(M) /M A vy

The equality holds if and only if f is an Einstein-Hermitian holomorphic or
anti-holomorphic map with EH constant —|c|, where

27
B qvol(M)(m_l)!/ a(fr Q) Anuwi!

Proof. The definition of u with (4.6) yields that

%E( )2 < quol(M) /M |A[2d.

The inequality follows from Corollary 4.7.
The equality holds if and only if A = —uld and

(méljl)! / ci(f* Q)/\WM

in other words, f is holomorphic or anti-holomorphic.
If f is holomorphic, then Lemma 4.6 yields that

1 m
a(ff Q) Awi = %‘KOJFWM =

It follows from Lemma 3.3 that

1 1

_ B(f)= —— K|2dvy = c.
2qvol(M) () qvol(M) /M‘ [Fdvar = ¢

When f is anti-holomorphic, we have ;4 = —c in a similar way. U

- 1!
M|K‘2de_
2m

/’L:

Notice that, by definition, the constant ¢ depends only on the homotopy
class of f and the cohomology class of wyy.

Remark. When the target is a quadric hypersurface of the complex projective
space, we have a similar result:

8 <(m”_1), /M 1 (F7Q) /\w]\m41)2 < vol(M) /M | A2 dvay,
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and
T

— * A m—l'
vol(M)(m — 1)! /M ei(/7Q) Al
Since a complex quadric can be identified with a real Grassmann manifold

of codimension-2 oriented subspaces (see §6.3), this difference arises from
the definition of y in §4.3.

4.5. An admissible pair. We consider the complex projective space as
Gr,(C"*1) = P(C"17). Then the universal quotient bundle is the complex
line bundle of degree 1. If f : M — Gr,(C""!) is a holomorphic isometric
immersion, then we have Kry = puldsq for some positive constant y from
Lemma 3.3 and Proposition 4.3. We thus have only the Hermitian Yang-
Mills connection as the pull-back connection and f is an Einstein-Hermitian
holomorphic map with EH constant —u: A = —pulds«q.

For a similar reason, if f : M — Gr,(R""1) = S™ is an isometric mini-
mal immersion, then we have only the product connection as the pull-back
connection and a constant function as the mean curvature operator: f is an
EH harmonic map.

However, when the target is a Grassmannian of higher rank, we could
have various connections and bundle endomorphisms as the induced geo-
metric structures, which are called admissible connections and admissible
endomorphisms for harmonic maps, respectively. We abbreviate them to
an admissible pair. Hence, to describe a set of harmonic maps, we need
to detect admissible pairs as the first step. Even if we could succeed in
specifying an admissible pair (V, A), we could have various harmonic maps
with (V, A) as admissible pair, which is the subject of §5. Thus the set of
harmonic maps could be a singular fiber bundle over the set of admissible
pairs.

Ezxample. For a holomorphic map, from Proposition 4.3 we may consider
only an admissible connection instead of an admissible pair. It is shown
in [20] that the set of admissible connections for equivariant holomorphic
embeddings f : CP! — Gr,(C"2) coincides with the set of invariant
connections with positive semi-definite curvatures on rank 2 homogeneous
vector bundles modulo gauge equivalence (for the definition of an equivari-
ant map, see §6.4). In addition, for each admissible connection V modulo
gauge equivalence, we have the unique equivariant holomorphic embedding
f: CP! — Gr,(C™?2) modulo congruence, which has V as the admissible
connection. This sort of rigidity result on holomorphic map with a fixed
admissible connection into the complex Grassmannian could be regarded as
a generalization of the well-known Calabi’s rigidity theorem on holomorphic
isometric immersions into the complex projective space [5], which is one of
the main subjects in [26].

5. A GENERALIZATION OF THEORY OF DO CARMO AND WALLACH

We will prove a series of main theorems in this section: a generalization of
do Carmo-Wallach theory [7]. In the original theory, the space of functions is
regarded as the representation space and they established the classification
of minimal immersions of spheres into spheres modulo congruence using
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Theorem of Takahashi and representation theory of Lie groups. Instead of
representation theory, we employ geometry of vector bundles. As already
stated, it is sufficient to consider only a product connection and a constant
function as the mean curvature operator in the original theory. We will need
to fix a connection and a bundle endomorphism in the sequel to develop a
generalization.

Definition 5.1. Let V' — M be a real or complex vector bundle of rank ¢
which is globally generated by W C I'(V') of dimension N. Then Gr,(W)
denotes a real or complex Grassmannian according to the coefficient field of
V, where p = N — q. We regard ev, : W — V, as a surjective linear map
for each z € M. Then a map f: M — Grp(W) is defined as

f(z) :=Kerev, = {t € W |t(xz) =0}.

We call f: M — Gry(W) the map induced by (V — M, W), or the map
induced by W, if the vector bundle V' — M is specified. (Such an f is also
called a classifying map in [4, p.298]. As the choice of a space of sections is
crucial in our theory, we use the term a map induced by (V,W). )

When V is a real vector bundle with an orientation, we also fix an orien-
tation on W and suppose that Gr,(W) is an oriented real Grassmannian.
To obtain a map into an oriented Grassmannian Gr,(W), we induce the
orientation of f(z) from those of V-— M and W.

From the definition of the induced map f : M — Gry,(W), the vector
bundle V' — M can naturally be identified with f*@ — M. To be more
precise, let Kerev — M be a vector bundle obtained as the kernel of ev :
W — V. Since Sy(,) = Ker ev;, we get a natural identification i : Ker ev —
f*S. Then the following diagram gives a bundle map ¢ : V — f*@Q, which
is called the natural identification of V. — M with f*Q — M.

0 —— Kerev w Vv —— 0
| | |
0 —— f*S w ffQ —— 0.

Conversely, if f : M — Gr,(W) is a smooth map, then we obtain a vector
bundle f*@Q? — M which is globally generated by W, where W is regarded
as a space of sections of the pull-back bundle. It is easily observed that the
map induced by W is the same as the original map f : M — Gr,(W). In
this way, every map f : M — Gr,(W) can be recognized as a map induced
by (f*Q — M,W).

Let (M,g) be a compact Riemannian manifold and V' — M a vector
bundle with a fiber metric h and a compatible connection V. Then the
space of sections I'(V) of V — M has the L? scalar product induced by ¢
and h. Moreover, using the Riemannian structure and V, we can define the
Laplace operator A acting on I'(V'). Since A is an elliptic operator, we can
decompose I'(V) into the eigenspaces of the Laplacian in the L?-sense:

rv)y=e,wW,, W,={tel(V)|At=put}.

It is well-known that W, is a finite-dimensional vector space equipped with

the scalar product (-, ), induced from the L? scalar product.
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5.1. Standard maps. Suppose that a rank ¢ vector bundle V. — M is
globally generated by a finite-dimensional subspace W of T'(V) with L?
scalar product (-,-). Then we define the map fo : M — Grp(WW) induced by
(V,W), where p = dim W — q. We call fy the standard map by W. Thus
the standard map means a map into (Gr,(W), (-,-)) defined as Kerev, or
more precisely, the term standard amounts to fixing the scalar product on
W by L? scalar product and a bundle map ev : M x W — V which is the
restriction of the evaluation map ev: M x I'(V) — V.

When a real vector bundle V' has an orientation, to define the induced
map into an oriented Grassmannian Gr,(R"™), we need to fix an orientation
of R* C I'(V)). We denote by R} the Euclidean space with the fixed orien-
tation and by R™ that with the opposite orientation. Then we can consider
two standard maps: those into Gr,(R'}) and Gry(R™ ), respectively. To dis-
tinguish between them, we define an isometry 7 : Gr,(R") — Gr,(R") as
the map obtained by switching the orientation of p-dimensional subspaces
of R™ and 7 is called the inversion in this article. If fj is the standard map
into G, (R ), then so is 7o fy into G'r,(R™). Notice that 7 might not be an
element of the orthogonal group O(n) (e.g. when p and n are even), while
in the original do Carmo-Wallach theory, 7 does belong to O(n). This will
affect our theory through the definition of gauge and image equivalence.

5.2. A generalization of do Carmo-Wallach Theory. In this section,
K denotes R or C. When K" is a real or complex vector space with a
scalar product (-, -), self-adjoint endomorphisms on K" are called Hermitian
endomorphisms, for simplicity.

Definition 5.2. Let f : M — Gr,(K™) be a smooth map and we consider
the induced linear map F' : K" — T'(f*Q), (see (3.1) for the definition of F).
Then the map f: M — Grp(K") is called a full map if F': K" — I'(f*Q) is
injective.

To understand the definition of the fullness, we give a generalization of a
result of Erbacher [12].

Let f: M — Grp,(K") be a smooth map. Assume that K" has a scalar

product. The pull-back bundles of S — Gr,(K") and @ — Gr,(K") are
denoted by U — M and V — M, respectively:

0-ULK' SV 0
Define U! C U, as the image of the second fundamental form at = € M:
Ul :=ImK,,

where K € Q(V* ® U) is the second fundamental form of vector bundles.

Suppose that the dimension of U} is independent of 2 € M and so, we have
a subbundle U' — U. Then we obtain an orthogonal direct sum of vector
bundles: U = U! @ U?, where U? — M is the orthogonal complementary
bundle of U! — M in U — M. It follows from Lemma 2.5 that U2, is
characterized by U?, = {u € U, | Hu = 0}, where H € QY (U* ® V) is the
second fundamental form. With this understood, we have

Theorem 5.3. Let f : M — Gr,(K") be a smooth map. If Ut — M is

a rank k vector bundle preserved by the induced connection VY, then we
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have a totally geodesic submanifold Gry, (K"*(p*k)) of Grp(K™) such that
f(M) c Gri(K*®=k). The subspace K"~ ") of K" is the orthogonal
complement of the kernel of F : K" — I'(f*Q).

Proof. Since VY is compatible with the induced metric, U> — M is also a
vector bundle preserved by VY. Then the equation of Gauss (4.1) yields
that U%2 — M is flat;

RY(X,Y)|y2u = KyHxu — KxHyu =0, forucU>

Let & be a (local) parallel section of U? — M. From the definition of VY,
we have that
d(i(¢)) =i(VYE) +n*(HE) =040 =0.

Hence the W-valued function i(§) is constant, say w = i(§) € W. It follows
from the definition of s,, € I'(U) corresponding to w that s,, = i*(w) =
i*i(§) = €. Since w = i(sy) = i(§) = ii*(w), we can see that 7*m(w) =
w — " (w) = w —i(sy) = 0. Therefore t,, = m(w) € T'(V') vanishes, Thus,
for any x € M,

i(U2) = {w € K" |sp(z) € U2} = {w € K" | ty(x) = 0}.

Since M is connected, we obtain a subspace i(U?) of K", which is the
kernel of F : K" — I'(f*Q). It follows that f(M) is a subset of {y €
Grp(K") | tw(y) = 0,w € i(U?)}. O

In the case when p = n — 1, Theorem 5.3 is an Erbacher’s result [12].

Notice that the notion of full map is the same as one in [7], [29] and [34]
if the target space is the sphere or the complex projective space.

Let f be a full map of M into Gr,(K") with a Fubini-Study metric.
Suppose that the pull-back of the universal quotient bundle has a decompo-
sition Vo@®V; — M, where Vj — M is a trivial bundle with a flat connection.
Suppose that K" has a subspace Wy which consists of parallel sections of
Vo — M and does not induce any sections of Vi — M except the zero sec-
tion. Since f is a full map, we have that dim Wy = rank Vj;. We take the
orthogonal complementary subspace of Wy in K™ denoted by Wi. Then we
obtain a totally geodesic embedding i : Gr,(Wi) — Grp(K™). Since each
element of Wy C K" is a parallel section, we see that f is a composite of ¢
and the induced map f; by (Vi — M, Wi). Hence f is essentially the same
as f1 from the point of view of Riemannian geometry.

Definition 5.4. Let f be a full map of M into Gr,(K") with a Fubini-Study
metric.

Then f: M — Gr,(K") is called a full map with trivial summand, if
(1) the pull-back of the universal quotient bundle is decomposed into Vj &
Vi — M, where Vj — M is a trivial bundle with a flat connection, and
(2) K™ has a subspace W, which consists of parallel sections of Vj — M and
does not induce any sections of V; — M except the zero section, (hence we
have that dim Wy = rank V).

We call f a full map with no trivial summand, unless f is a full map with
trivial summand.

When K" has a scalar product (+,-), we give two equivalence relations of
maps. We denote by Aut(K"™) the unitary group U(n) or the orthogonal
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group O(n) according to the coefficient field K. In the sequel, Aut(K"™) will
also be regarded as a subgroup of the isometry group of (Gr,(K"), (-,-)).

Definition 5.5. Let f; and fo : M — (Grp(K"™),(-,-)) be smooth maps.
Then f; is called image equivalent to fo, if there exists an isometry ¢ €
Aut(K") of (Gr,(K™), (+,-)) such that fo = ¢ o fi.

An isometry ¢ € Aut(K") induces an isomorphism of the bundle Q —
Gr,(K™) denoted by 9 which covers 1. If we have a map f : M — Gr,(K™),
then ¢ o f : M — Grp(K") is also a map and ¢ induces an isomorphism
of bundles denoted by the same symbol ¢ : f*Q — (Yo fQ = f*Q.
By definition, ¢ ((x,v)) = (2,9 (v)), where z € M and v € Q). We also

regard 1) itself as an element of Aut(K").

From now on, we assume that a vector bundle V' — M has a fiber metric
h and a connection V compatible with the metric h, for which we write
(V.— M,h,V) or (V,h,V). In this article, a vector bundle V; — M is called
to be isomorphic to Vo — M if there exists a bundle map ¢ : Vi — V5 such
that ¢ is an isomorphism of vector bundles preserving the metrics and the
connections. In the case when each vector bundle V; — M (i = 1,2) defined
over R has an orientation, ¢ is also supposed to preserve the orientation.
Then ¢ is called a bundle isomorphism.

To define another equivalence relation for maps into Grassmannians with
the Fubini-Study metric, we need to fix a vector bundle over the domain
manifold.

Definition 5.6. We fix a vector bundle (V' — M, h,V) and let f be a
smooth map of M into Gr,(K") with the Fubini-Study metric. Then f
is called to satisfy the gauge condition for (V. — M,h,V) if f*Q — M is
isomorphic to V. — M.

Remark. Let G(V') be the group of gauge transformations on V- — M i.e.
the group of automorphisms on V' — M preserving the metric (and the
orientation, if the structure group of V' is SO(n—p)) and covering the identity
map on M. If ¢ : (V,h,V) — (f*Q,hf*Q,Vf*Q) is a bundle isomorphism,
then so is pog : (V,h,gVg™t) — (f*Q, hyq, VI Q) for any g € G(V), where
hy«g and V1@ are the pull-back metric and connection by f, respectively.
Thus the gauge condition fixes a representative of the gauge equivalence
class of connections.

Remark. The gauge condition might be close to the balanced condition (cf.
[8] and [39]). However, the gauge condition only concerns the fiber metric
and the connection induced by the scalar product on K™, while in the bal-
anced condition we also pay attention on the L? scalar product induced by
the fiber metric and the volume form. We will be concerned with the case
when the scalar product on K" is not an L? scalar product (see Theorem
5.20).

We would like to take account of bundle isomorphisms to introduce an-
other equivalence relation of maps. To do so, we take two steps.

We consider a pair (f, ), where f : M — Grp(K") is a smooth map
satisfying gauge condition for (V — M, h,V) and ¢ : V — f*Q is a bundle
isomorphism. With this understood,
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Definition 5.7. Fix a vector bundle (V — M, h, V) and let f be a map of
M into (Gr,(K"™), (-, -)) satisfying the gauge condition for (V — M, h, V).
Then pairs (f1, ¢1) and (fa2, ¢2) are called gauge equivalent, if there exists an
isometry ¢ € Aut(K") of Gr,(K"™) such that fo =1 o f; and ¢ = ¥ o br.

We fix (V — M, h,V) and consider a map f of M into a Grassmannian
Grp(K™) with the Fubini-Study metric induced by a scalar product on K.
Let ev : K™ — f*@Q denote the pull-back of the evaluation map (see (3.2)).
Suppose that a bundle isomorphism ¢ : (V,h, V) — (f*Q,hf*Q,Vf*Q) is
given. Then ¢ induces a linear isomorphism of I'(V') onto I'(f*@) as assign-
ing t € (V) to ¢(t) € I'(f*Q). Thus, ¢~ *(K") C I'(V) is a subspace of the
space of sections of V' — M.

Definition 5.8. Fix a vector bundle (V' — M, h, V). When we have a linear
monomorphism i : K" — I'(V'), we consider a linear map ev, 0i: K" — V,
for each x € M. Thus we obtain a bundle map, with a slight abuse of
notation, evoi : K" — V defined as evoi(z,w) = ev, (i(w)), for w € K". If
ev o1 is surjective, then it is said that K" globally generates V. — M. When
K" globally generates V' — M, then the map f : M — Grp(K") defined as
assigning x € M to a subspace Ker (ev, o) of K":

f(z) = Ker (evg 09)(C K") = {w € K" |evg(i(w)) =0}, xze€M

is called the map induced by a triple (V, K", 1).

When a real vector bundle V' — M has an orientation, to determine
the map into an oriented Grassmannian induced by a triple (V, K", 1), we
suppose that K™ has an orientation.

Remark. Using this term, we can say that (one of) the standard map is the
map induced by (V, W, Idw) of M into (Gry(W),(-,-)), where W C I'(V)
(with an orientation) and (-,-) is the L? scalar product.

In our theory, linear monomorphisms of K™ into I'(V') will parametrize
harmonic maps modulo gauge equivalence of maps.

Definition 5.9. Let (V — M,h,V) be a vector bundle and K" an n-
dimensional vector space with a scalar product (-,-). Let f, (o = 1,2) be
maps induced by (V — M, K", i,) from M into (Gr,(K"), (-,-)). Then, we
have a bundle map denoted by ev, := evoiy, : K* — V. We take the
adjoint bundle map ev’ : V. — K" of ev, with respect to h and (-,-). If
fo@@ — M are identified with the orthogonal complement of f;S — M in
M x K" and we recognize ev}, as a bundle map onto the image, then ev}, can
be considered as a bundle map onto f*(). Suppose that each ev}, : V — f2(Q
is a bundle isomorphism.

Then, fi is called gauge equivalent to fa if (f1,ev]) is gauge equivalent to
(f2,ev3). Wecall ev, : K" — V an evaluation map by fo and ev’, : V — f2Q
a natural identification by fa.

Forgetting the bundle isomorphisms, we see that gauge equivalence yields
image equivalence of maps.
For a vector space W, End (W) denotes the set of endomorphisms on W.

Definition 5.10. We fix a vector bundle (V' — M, h, V) over K. Suppose
that T is a subspace of I'(V') with a scalar product (-, )y and T' € End (W)
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is a positive semi-definite Hermitian endomorphism on W. We denote by
Ker T+ the orthogonal complement of Ker T in W.
(i) The MC equations for (V,h,V) to T € End (W) is defined as:

(5.1) evoT?oev* = Idy, and evoT? o (Vev*) =0 € QY(End V),

where ev* : V. — W is the adjoint bundle map of ev : W — V and the
connection V on Hom (V, W) is induced by the product connection on W —
M and VonV — M.

(ii) Let (K™, (+,-)) be a vector space with a scalar product (-,-) and ¢ : K" —
W a linear injection. We take the scalar product ¢*(-,-)w on K" induced
from (-,-)w by ¢. Then the adjoint linear map ¢* : W — K" is defined with
respect to (-, -)w and ¢*(-,-)y. Thus * : W — K" can be regarded as the
orthogonal projection onto ¢(K™). Then (K™, (+,-),¢) is said to be compatible
with (W, T), if 1(K") = Ker T+ and

(5.2) (T " Te) = 0(4 )w
Notice that ¢*T't is a positive Hermitian endomorphism on (K", t*(-, - )w ).

Remark. We will not distinguish K" from Ker T by considering ¢ as the
inclusion. Then the induced scalar product t*(+,-)w by ¢ : K® — W will be
abbreviated to (-, )y, when no confusion may arise.

The role of the MC equations will be elucidated in Theorem 5.12, which
is related to the gauge condition: a fiber metric and a connection. First of
all, we mention consequences from the compatibility condition.

Lemma 5.11. Let (M, g) be a Riemannian manifold and V. — M a rank q
vector bundle over the coefficient field K with a metric h. Suppose that W
is a subspace of T'(V') with a scalar product (-,-)w and T € End (W) is a
positive semi-definite Hermitian endomorphism on W such that V. — M is
globally generated by Ker T+. When V. — M s a real vector bundle with an
orientation, we fix orientations of both W and KerT.
If (K™, (+,-),t) is compatible with (W, T), then

(i) we have a unique full map f : M — Gry(K"™) (n = p+ q) induced by a
triple (V, K", 0 (L*T1)) :

(5.3) f(x) = (*Te) " Ker (evy 0 1) = Ker (evg o 1o (1°T0))

such that the natural identification by f is expressed as a bundle map (*T't)o
tFoevt = (evoro ()" + V = f*Q, when we regard Grp(K™) as a
Riemannian manifold (Gr,(K"), (-,-)w) and

(ii) T and ¢ induce an isometry (Grp(K"),(-,-)) = (Grp(K"™), (-, )w) and a
totally geodesic submanifold (Gry(K"), (+,-)w) of (Gry (W), (-, )w) as the
common zero set of sections of KerT C W, where p’ = p + dimKer T

Proof. Since Ker T globally generates V' — M by the hypothesis, the com-
patibility condition yields that we can define a map f : M — Grp,(K") as
the map induced by (V, K", ¢ (¢*T)) (Definition 5.8). When V' — M is an
oriented real vector bundle, since we fix orientations of W and Ker T by defi-
nition, the orientation of R” is uniquely determined. Then f is also uniquely
defined so that the restriction of ev, to Ker (ev, o /,)J‘ onto V. preserves the
orientation.
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It follows from KerT'N¢(K™) = {0} that f is a full map.

By Definition 5.9, we see that the natural identification by f takes the
form: (evoro (W*T0))*:V — f*Q.

Since *T'v is invertible, we have a map Gr,(K") — Gr,(K") given by
U~ (T L)_l U, where U is a p-dimensional subspace of K™. It turns
out to be an isometry (Gr,(K"),(-,-)) = (Grp(K"), (-,-)w) from (5.2) in
Definition 5.10.

We will describe the common zero set Z of sections of KerT' C W in
Gry (W). From definition of the corresponding section, we have that

Z={U' cW|dimU’ =p' and KerT C U’}
:{U@KerTc W|U ¢ Ker T and dimU:p}.

Then we can define an embedding of Gr,(K"™) into Gry (W) by identify-
ing the zero set Z with its image. (When V' — M is an oriented bundle
over R, since the orientation of KerT is fixed, we can define the embed-
ding.) It follows that (Gr,(K"), (-,-)w) is a totally geodesic submanifold of
(GTPI(W),(-,‘)W). D
Remark. Let ip : (Grp(K"), (+,-)) = (Grp(K"™), (+,-)w) denote the isometry
obtained in Lemma 5.11. Thus, for f : M — (Grp,(K"),(-,-)), we can not
distinguish between the composition iz o f : M — (Grp(K"), (-, )w) and f
itself from the point of view of Riemannian geometry. If f is a harmonic map
into (Grp(K™), (-, -)), then so is iro f as a map into (Gr,(K"), (-, )w). When
i o f can be expressed as the map induced by (V, K", ¢ (.*T¢)), f is said to
be realized as the map induced by (V,K", ¢ (¢*T¢)) into (Grp(K"), (-, )w).

We are now in a position to state one of the main theorems in this section.

Theorem 5.12. Let (M, g) be a compact Riemannian manifold. We fix a
vector bundle (V. — M, h,V) of rank q and denote by (Wi, (-,-)x) C I'(V)
the eigenspace with eigenvalue X of the Laplacian acting on I'(V') with the
L? scalar product (-, -)y.

Let f: M — (Grp(K"), (-,-)) be a full harmonic map into a Grassman-
nian with the Fubuni-Study metric satisfying the following two properties.
(i) f satisfies the gauge condition for (V,h,V). (Hence, ¢ =n — p.)

(ii) f is an Einstein-Hermitian map with EH-constant —u for some positive
real number p, and so e(f) = ug (K =R) ore(f) =2uq (K =C).

Then p is an eigenvalue of the Laplacian acting on T'(V). If we fix a
bundle isomorphism between (V,h,V) and (f*Q,f*hQ,Vf*Q), then there
exist a unique linear injection v : K" — W, and a positive semi-definite
Hermitian endomorphism T € End (W,) satisfying the MC equations for
(V,h,V) such that
(a) (K™, (-,-),¢) is compatible with (W, T) (In particular, n < dim W,,).
(b) f: M — (Grp(K"),(-,-)) is realized as the map induced by a triple
(VK™ 0 (¢*T)) into (Grp(K™), () u)-

Conversely, for any eigenvalue p of the Laplacian acting on I'(V), if a
positive semi-definite Hermitian endomorphism T € End (W),) satisfies the
MC equations for (V,h,V) and K" := (Ker T)* globally generates V. — M,
then the map induced by a triple (V, K", ¢ (¢*T1)) is a full harmonic map into
(Grp(K™), (-, -)u) satisfying (i) and (ii), where v : K™ — W), is the inclusion.
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Suppose that f; : M — (Grp(K™), (+,-)u) be maps induced by those triples
(V. K™, 0 (¢*Tje)) with the inclusion v : K™ — W, such that ¢ (K")* = KerTj,
(i=1,2). Then, f1 and fy are gauge equivalent (Definition 5.9) if and only
if Ty = To.

Remark. One of the important features is the following: any harmonic map
with properties (i) and (ii) can be realized as an induced map with the
natural identification which is a bundle isomorphism.

We begin with a lemma needed for the proof of Theorem 5.12.

Lemma 5.13. Let W be a vector space with a scalar product and K" a
subspace of W. The orthogonal projection is denoted by m : W — K".
Let V' be a vector space with a scalar product and suppose that we have a
surjective linear map ev : W — V.

If the restriction of ev to K" denoted by evi is also surjective, then,

T (Ker evJ‘) = (Ker evg)™,

where Kerevt (resp. (Kerevg)t) denotes the orthogonal complement of

Kerev of W ( resp. Kerevyg of K" endowed with the induced scalar product).

Proof. Using the scalar product, we have adjoint homomorphisms ev* and
evy of ev and evg, respectively. From the hypothesis, we have evot = evg
on K", where ¢ : K" — W is the inclusion map. The adjoint of ¢ is nothing
but the projection 7. It follows that ev}, = (*oev* and so, evy = moev*. [

Proof of Theorem 5.12 . Let f : M — (Grp(K"),(-,-)) be a full harmonic
map satisfying properties (i) and (ii).

From the gauge condition (i), we fix a bundle isomorphism ¢ : (V,h, V) —
(f*Q, fhq, Vf*Q). Then ¢ induces a linear isomorphism I'(V) — I'(f*Q)
denoted by the same symbol. It follows from Theorem 3.5 together with
the Einstein-Hermitian condition (ii) that At = ut, for an arbitrary ¢ €
¢~1(K™) C I'(V). Since f is a full map, ¢~!(K") is a subspace of W = W,
and so, n < dim W. Thus the restriction of ¢! : T'(f*Q) — I'(V) to K"
provides a unique injective linear map ¢ : K* — ¢ }(K") C W. Since
¢~ 1(K") globally generates V — M, so does W. Hence we have a surjective
evaluation map ev, : W — V, for each x € M, which is the restriction of
evy : I'(V) — V.. Therefore the composition of ¢ and ev, defines a surjective
bundle map ev ot : K® — V. Then the map f is expressed as

(5.4) f(x) = Ker (evy 0 t) C K™

Alternatively, f : M — (Grp(K"), (-,-)) is realized as the map induced by
(V,K",t). (In the case where Gr,(R") is an oriented Grassmannian, notice
that R"™ is supposed to possess an orientation from our definition.) Hence,
we need to identify the scalar product on K" to describe a full harmonic
map f into Gr,(K") with (i) and (ii).

To do so, we recognize K™ as a subspace of W by ¢ and induce another
scalar product on K" by the restriction of (-,-), by ¢, which is denoted by
the same symbol. To describe the difference of two scalar products on K",
we use a positive Hermitian endomorphism T : K” — K" such that

(5.5) (L T) = ()
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Asin Lemma 5.11, we have an isometry denoted by T~ : (Gr,(K"), (-,-)) —
(Grp(K™), (-,-),) is given by U + T7'U, where U is a p-dimensional sub-
space of K". Then the composition 7' o f : M — (Gr,(K"), (-,-),) is also
a full harmonic map satisfying properties (i) and (ii). Thus, from now on, we
consider 77! o f which is referred to simply as f : M — (Gr,(K"), (-, "))
Then we have

(5.6) f(z) = T 'Ker (evy o t) = Ker (evy 0 1o T) € K",

In this way, a full harmonic map f is specified by the positive Hermitian
endomorphism 7" on K" with the fixed scalar product (-, -),.
Since
(T~ 'Ker ev, o L)L =T (Kerevy 0 1)",

we apply lemma 5.13 to obtain
(I_lKer evg O L)J_ =T (Ker evL> ,

T

where ¢* : W — K" is the adjoint of ¢ with respect to (-,-), on K" and W
(i.e. ¢* is the orthogonal projection). Let K" be the orthogonal complement
of K" in W. We define a positive semi-definite Hermitian endomorphism
T :W — W in such a way that K" is the kernel of T and T|kn» =T. More
precisely, the latter condition means that .*T'c = 1. Thus the definition of
T with (5.5) yields that (K™, (-,-),¢) is compatible with (W, T).
The definition of 7" and (5.6) yields that f is expressed as
f(z) = (*Te) ' Ker (evy 0 1) = Ker (ev, o1 (1*T1)),

which is the map induced by a triple (V,K",¢(¢*T¢)). When f*Q — M
is identified with the orthogonal complement of f*S — M, it follows from
Lemma 5.11 that the natural identification ¢ : V' — f*Q by f takes the
form:

(5.7) ¢r (v) = (z, (" T1) evg(v))

where v € V,, and (¢*T't) t*ev’ is considered as a map onto the image.

Since the metric hy«g on f*¢) — M is induced by the scalar product on
K™ C W, it follows from the gauge condition (i) and (5.7) that

h(v,v") =h (qﬁx(v), gbx(v’)) = ((L*TL) tFevy(v), (¢ Te) L*C’U;(U/))u
=h (evx o1 (1*T0)? v* o ev(v), v’)

for arbitrary v,v’ € V. From the definition of T, we have that (L*TL)2 =
T2, and 1*T?0* = T?. Hence
ev o1 (FT)* 1* o ev* (v) = ev o W*T%(u ev* (v)) = ev o T? o ev* (v)

for v € V. Thus

(5.8) h(v,v") = h (ev o T? o ev*(v),v')
and we obtain
(5.9) evoT?oev* = Idy.

Next, we compare the original connection V with the pull-back connection
V@ by f: M — Gry(K") on V — M. Using the natural identification, we
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do not distinguish V' from f*@Q. Since the orthogonal projection K™ — V' is
evor (¢*T't), which is the adjoint homomorphism of ¢, the induced connection
is expressed as follows:

V@t =evor(t*TL) odp(t) = evor (*Te) (z, (T *d (ev*(t)))
=evor(LT) (z, (L"Te) " (Vev™) () +evor (W Te) (z, (¢ Te) " o ev™ (V)
—ev o1 (FT0)? 1* o (Vev*) (t) + ¢*¢(Vt)
=evoT? o (Vev*) (t) + ¢*¢(Vt)

for an arbitrary section ¢ € I'(V). It follows from (5.9) that ¢*¢ = Idy and
we derive

(5.10) VI _V=cvoT?o (Ver*).

The gauge condition (i) with (5.9) and (5.10) yields that T satisfies the MC
equations for (V,h, V).

Let W be an eigenspace with an eigenvalue p and 7' € End (W) a pos-
itive semi-definite Hermitian endomorphism satisfying the MC equations
for (V,h,V). Suppose that K" := (KerT)* globally generates V — M.
Then (after fixing the orientation of K", if necessary), we can define a
full map f : M — Grp(K") induced by (V,K",:(¢*T¢)). As a map into
(Grp(K™), (+,-)u), we obtain property (i), because the natural identification
by f preserves the metrics and the connections from (5.8) and (5.10). There-
fore, we can apply Theorem 3.5 to conclude that f is an Einstein-Hermitian
full harmonic map with EH-constant — .

Let fi and f2 be the maps induced by (V,K",:(.*T;t)) with the in-
clusion ¢ : K" — W), where T; € End(W,) is a positive semi-definite
Hermitian endomorphism satisfying the MC equations for (V,h,V) and
1 (K™) = Ker T{- = Ker T3" globally generates V — M, (i = 1,2). Suppose
that fi and fo are gauge equivalent as induced maps into (Gr,(K"), (+,).)-
By definition of gauge equivalence, we can see from (5.7) that for the natural
identification ¢; by f;, there exists a ¢ € Aut(K"™) such that

(5.11) Vo1(v) = a(v) <= P (*Tye) Fev* (v) = (¥ Tor) t*ev™(v),
for an arbitrary v € V. Since f; and fo are full maps, (5.11) gives
T = ST

Then the uniqueness of the polar decomposition yields that ¢ = Idgn» and
1*The = 1*The. Then, from Ker T} = Ker 15, we obtain T = T5.

Conversely, suppose that 73 = T». A problem may arise only when the
target is an oriented Grassmannian, in other words, a real vector bundle
V — M has an orientation. However, since K" is supposed to have an
orientation from our definition of the induced map, the gauge condition (i)
yields that (V, K", ¢ (¢*T;¢)) do induce the same maps.

Remark. When the sphere SV~ is identified with Gry_1(R"™) a Grass-

mannian of oriented hyperplanes of RY, the position vector gives a triv-

ialization of @ — Gry_1(RY) and so, a product connection. Thus, this

connection gives the usual derivative of functions. When we have a map

f: M — Gry_1(RY), f can also be recognized as a trivialization of

f*Q — M. Then every section of the pull-back bundle can be recognized as
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a function on M, and the pull-back connection gives the usual derivative of
functions. Consequently, when the target is the standard sphere, we do not
need the gauge condition (i) in Theorem 5.12.

Remark. When the target is a symmetric space of rank 1, the universal
quotient bundle is of rank 1. Hence the mean curvature operator can be
considered as a function. Thus, in this case, the EH condition in Theorem
5.12 is equivalent to the condition that f has constant energy density from
Lemma 3.3.

Hence, the properties (i) and (ii) are automatically satisfied in the original
do Carmo-Wallach theory. In addition, when the target is neither the sphere
nor the projective space, it turns out to be more involved to describe the
moduli space by do Carmo-Wallach theory from the viewpoint of the theory
of connections. To see this, we give a remark.

Remark. At the beginning of the proof of Theorem 5.12, we have fixed a
bundle isomorphism ¢ : (V,h, V) — (f*Q, f*hQ,Vf*Q) for a given f. Then
the linear injection ¢ : K" — W, is uniquely determined as the restriction
of 71 : T(f*Q) — I'(V) to K" C I'(f*Q). We would like to discuss the
effect when we take another bundle isomorphism ¢; between them. To
do so, let C'(V) denote the centralizer of the holonomy group of V in the
structure group of V. Since qbl_lqﬁ is a gauge transformation preserving the
metric and the connection on (V, h, V) and the base manifold is connected,
we can find ¢ € C(V) such that ¢ = ¢ o ¢, where C(V) is now regarded
as a subgroup of G(V) the group of gauge transformations on V. — M.
Thus ¢;(K") = c¢~'(K"). Notice that any g € G(V) induces a linear
automorphism on I'(V') denoted by the same symbol: (g(t)) (x) = g(t(x))
for t e I'(V) and = € M. In other words, evo g = goev. Since ¢ preserves
W, C I'(V'), this means that f can also be realized as the map induced by
(VK" ct((et)*(cTc*)er)) = (V, K™, ce(¢*Te)). In the case where the target
is the sphere, C(V) is a trivial group (cf. Lemma 5.28). When the target is
the projective space, C'(V) consists of scalars of unit length (cf. Proposition
5.30). Hence the map induced by (V,K", ct(¢*T)) is the same induced by
(V,K",1(¢*T¢)) in those cases. On the contrary, when we consider a map
into a Grassmannian of higher rank, C'(V) might provide a non-trivial action
on the set of the map (see Proposition 6.21 for a concrete example). We
will encounter C'(V) again when considering the image equivalence relation
in the next subsection.

In order to proceed further for a generalization of do Carmo-Wallach
theory, we relax the EH condition and so, we do not need the eigenspaces of
the Laplace operator. Indeed we have examples of harmonic maps which do
not satisfy the EH condition in the case that the target is a Grassmannian
of higher rank (see Theorem 6.28).

To state the generalization, we fix (V) h, V) over a compact Riemannian
manifold M, and let A € I'(End V') be a negative semi-definite Hermitian
endomorphism of V' — M. Since A + A is an elliptic operator on a compact
manifold M, the solution space of (A+ A)t = 0 for t € T'(V) is a finite-
dimensional vector subspace of I'(V'). The equation (A + A)t = 0 is called
the generalized Laplace equation with A and its solution space is denoted by
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W4 throughout this paper. If W4 is non-trivial, then W4 has the induced
L? scalar product (-, Jw, and the evaluation map ev : Wy — V. When
W4 globally generates V' — M, we also have the standard map f : M —
(Grp(Wa), (-, )w,) defined as f(x) = Kerev, C Wy.

Definition 5.14. We fix a vector bundle (V' — M,h,V) and a negative
semi-definite Hermitian endomorphism A € I'(End V). Then a harmonic
map f: M — Gry,(W) is called to have an admissible pair ((V,h,V), A) if
f satisfies the gauge condition for (V,h,V) and has A € T'(End V) as the
mean curvature operator.

Remark. Different from the Einstein-Hermitian case, the gauge group G(V)
could act on A in a non-trivial way. Thus it acts on the set of admissible
pairs: ((V,h,V),A) — ((V,h,gVg'),9gAg™!) for any g € G(V). Hence
by fixing the admissible pair, we exclude the redundancy due to the gauge
group.

With this understood, Theorem 5.12 can be generalized.

Theorem 5.15. Let M be a compact Riemannian manifold. We fiz a vec-
tor bundle (V — M, h,V) and a negative semi-definite Hermitian endomor-
phism A € I'(End V). Let (Wa, (-, )w,) C I'(V) be the solution space of the
generalized Laplace equation with A with the L? scalar product (-, W, -

If f: M — (Grp(K™), (-,-)) is a full harmonic map into a Grassmannian
with the Fubuni-Study metric which has an admissible pair (V,h,V), A)
and we fir a bundle isomorphism between (V,h,V) and (f*Q, f*hg, V! ?),
then there exist a unique linear injection v : K™ — W4 and a positive semi-
definite Hermitian endomorphism T on Wy satisfying the MC' equations for
(V,h,V) such that
(a) (K™, (-,-),¢) is compatible with (Wa,T). In particular, n < dim Wy.
(b) f: M — (Grp(K"),(-,-)) is realized as the map induced by a triple
(VK™ 0 (¢*T)) into (Grp(K™), (- )w,)-

Conwversely, if a positive semi-definite Hermitian endomorphism T on Wy
satisfies the MC' equations for (V,h,V) and K" := (Ker T)* globally gener-
ates V.— M, then the map induced by a triple (V, K", ¢ (¢*T1)) is a full har-
monic map into (Grp(K"), (-, )w,) with an admissible pair (V,h,V),A),
where ¢ : K™ — W4 s the inclusion.

Let fi + M — (Gry(K"),(-,-)w,) be the maps induced by those triples
(V,K", 1 (*Ty)) with the inclusion ¢ : K* — Wy such that o (K")& =
KerT;, (i = 1,2). Then, f1 and fa are gauge equivalent if and only if
T, =1Ts.

Proof. From Theorem 3.5, we may replace an eigenspace W, in the proof of
Theorem 5.12 by the solution space Wy. (]

Remark. When f is an Einstein-Hermitian harmonic map or more generally,
the mean curvature operator A is covariant constant, the centralizer C'(V)
of the holonomy group of V in the structure group of V' acts trivially on A.
Otherwise, viewing C(V) as a subgroup of G(V'), we can see that ¢(Wy) is
the solution space of the generalized Laplace equation with cAc~!. Therefore
the moduli space of harmonic maps with an admissible pair ((V,h, V), A)
can naturally be identified with that of harmonic maps with an admissible
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pair ((V, h,V), cAcfl). Thus C(V) also acts on the set of admissible pairs
for harmonic maps, even if (V, h, V) is fixed.

Definition 5.16. Let (V' — M, h, V) be a vector bundle on a Riemmanian
manifold M and A € I'(End V') a negative semi-definite Hermitian endomor-
phism. Let Wy C I'(V') denote the solution space of the generalized Laplace
equation with A. Suppose that f: M — (Gr,(K"),(,-)) is a full harmonic
map with ((V,h, V), A) as an admissible pair.

If n = dim W4, then f is called a mazimal harmonic map with an admis-
sible pair ((V,h, V), A).

Using L? scalar product, we can show the following

Lemma 5.17. Let M be a compact Riemannian manifold. We fix a vector
bundle (V. — M,h,V) of rank q and a negative semi-definite Hermitian
endomorphism A € T'(End V). Let W4 be the kernel of A+ A equipped with
the L? scalar product (-, )w,.

If T is a positive semi-definite Hermitian endomorphism on W4 satisfying
the MC' equation, then we have that

(5.12) trace T? = ¢Vol(M),
where, Vol(M) denotes the volume of M.

Proof. Let wy,--- ,wy be a unitary basis of W4. We claim that
N
Z (Twp, Twg)y,, = qVol(M).
B=1

To see this, we use the definition of L? scalar product to get
N

N
5.13 Twg, Tw = h(ev(Twg),ev(Twg)) dv
513 3 (TunTun)y, BZ/M (ev(Twp), ev(Tws))

N
— Z h(ev(Twg),ev(Twg)) dv,
M p—y

where dv denotes the volume form on M. Fix a point x € M and let
v1,--+,Ug be a unitary basis of V. Since T satisfies the MC equation
by assumption, we can derive that (w;,w;)y,, = h(ev(Tw;), ev(Tw;)), for
wi, w; € [*Q,. If w € W is perpendicular to f*Q,, then
0= (Tev*(vy),w)w, = (ev*(v;), Tw)w, = h(v;, ev(Tw)).

Hence, if necessary, we can take another unitary basis of W such that
ev(Tw;) = v; for i = 1,--- ,q and ev(Twgyj) = 0 for j = 1,---N —q.
However, the sum Zgzl hy, (ev(Twg),ev(Twg)) does not change, because
hy (evT, evT') can be considered as a Hermitian form on Wy. Therefore,

N q
Z h(ev(Twg),ev(Twg)) = Z h (vi,v;) = gq.
B=1 i=1
Combining this with (5.13), we obtain the desired formula. O

Remark. Notice that we use only evT?ev* = Idy in the MC equations in
the proof.
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Corollary 5.18. Under the hypothesis of Lemma 5.17, suppose that the
standard map fo(z) = Kerevy by (V. — M,Wa,) has an admissible pair
((V,h, V), A). If T is a positive semi-definite Hermitian endomorphism on
W4 satisfying the MC equation, then we have that

(5.14) trace T2 = dim W 4.

Proof. Since the identity transformation Id on W4 corresponds to the stan-
dard map in Theorem 5.15, we see that Id satisfies the MC equations. We
can apply Lemma 5.17 to Id to get

dim W, = trace Id* = qVol(M).
The result follows from (5.12). O

5.3. The moduli spaces. Now we can discuss a topological property on
the moduli space. Before proceeding further, we give a remark.

Remark. In the sequel, when we consider a map into an oriented Grassman-
nian Grp(R"™), we will not distinguish a map f : M — Gr,(R"™) from a map
7o f: M — Grp(R"). In particular, two standard maps fy and 7o fy are
identified. This means that 7 could induce non-trivial action on the sets of
harmonic maps into Gr,(R"™) modulo gauge and image equivalence. Then
we take the quotient of them which are referred to the moduli spaces.

For a vector space W with a scalar product, H(W) denotes the set of
Hermitian endomorphisms on W. We equip H(W) with the induced inner
product (-,+)g; (A, B)g := trace AB, for A, B € H(W).

Under the hypothesis in Theorem 5.15, let M be the set of gauge equiva-
lence classes of harmonic maps of M into (Gry,(Wa), (-, -)w, ) with admissible
pair ((V,h,V),A). Theorem 5.15 yields that M is identified with a subset
of H(W,). Hence M has the topology induced from that of H(TWy4).

Proposition 5.19. Suppose that M is a compact Riemannian manifold,
(V.— M,h,V) is a vector bundle and A € I'(End V') is a negative semi-
definite Hermitian endomorphism. Let W4 be the kernel of A+ A acting on
(V) equipped with the L? scalar product up to a positive constant multiple.

If M denotes the set of gauge equivalence classes of harmonic maps of
M into (Grpy(Wa), (-, )w,) with (V,h,V), A) as admissible pairs, then M
is a bounded set in H(W4).

Proof. From Theorem 5.15, f € M corresponds to T € H(Wj4) which is
positive semi-definite and satisfies the MC equations. Then the result follows
from Lemma 5.17 by definition of the inner product on H(Wj,). O

To obtain more topolological properties of the moduli space, we need a
relative version of Theorem 5.15 without mentioning the L? scalar product.
For this, we regard any harmonic map into Grassmannian as an induced
map.

When we have a positive semi-definite Hermitian endomorphism S on a
vector space W with a scalar product, we can define a unique positive semi-
definite Hermitian endomorphism 7" on W such that 72 = S and the kernel
of T coincides with that of S. Then T is denoted by S 2
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Theorem 5.20. Let (V, h, V) be a vector bundle over a compact Riemannian
manifold M and A a negative semi-definite Hermitian endomorphism on V.

Suppose that fo is a full harmonic map of M into (Grp(K™), (-,-)o) with
an admissible pair ((V,h,V),A). We realize fy as an induced map with
evg : K" = V and evi : V — f*Q as the evaluation map and the natural
identification by fo, respectively.

Ifm<nandfi: M- (Grp/(Km), (-, )1) s a full harmonic map with
an admissible pair ((V,h,V), A) (hence, n —p = m — p'), then there exist
a linear injection ¢ : K™ — K" and a Hermitian endomorphism C on K"
which is neither positive nor negative semi-definite (possibly C' = O) such
that :

(i) C satisfies

(5.15) evgCevy =0, evyCVevy = 0.

(ii) Id + C is positive semi-definite.
(iii) ( ,*)1,t) is compatible with (K™, T), where T = (Id + C’)%
(iv ) M —> (Gry (K™), (+,)1) is realized as the map induced by a triple
(V,K™,1(¢*Te)) into (Grp(K™), (-, +)o)-

C’onversely, if a Hermitian endomorphism C on (K", (-,-)o) satisfies the
conditions (i) and (ii), then
(a) K™ :=Ker (Id + C)* globally generates V. — M, and
(b) the map f into (Gry(K™),(-,-)o) induced by (V, Km,LL*(Id—i—C)%/,)
is a full harmonic map with ((V,h,V),A) as an admissible pair, where v :
K™ — K" is the inclusion.

Let fi : M — (Grp(K™),(-,-)o) be the maps induced by those triples

(V, K™, w*(Id+ Ci)%L) with the inclusion v : K™ — K" such that « (K™) =

Ker (Id+ C;)*, (i =1,2). Then, f1 and fa are gauge equivalent if and only
if Cp =

If we can take the standard map into (Grp(Wa), (+,-)) as fo, where W4 is
the solution space of the generalized Laplace equation with A and (-,-) is the
L? scalar product up to a positive constant multiple, then C is trace-free.

Proof. The set of scalar products on K" is identified with the symmetric
space GL(K™)/Aut(K"). Now we may replace the L? scalar product by
(+,-)o as a reference point of GL(K")/Aut(K"™). Then the proof proceeds
in almost the same way as one in the proof of Theorem 5.12 and so, we
recognize K™ and K" as subspaces of W4.

Let fi : M — (Gry(K™),(-,-)1) be a full harmonic map with an ad-
missible pair ((V,h,V),A) for m < n. Then we can find an inclusion
¢ : K™ — K™ and a positive semi-definite Hermitian endomorphism 7" on
K™ such that the kernel of T is the orthogonal complement of K™ in K",
the restriction of T to K™ is positive and (¢*T'¢-,*T-); = t*(+,+)o. Thus
T 'ofi: M — (Gry(K™),(-)o) is also a harmonic map with an admis-
sible pair ((V,h,V), A), where the inverse of T is taken on the orthogonal
complement of KerT'. Hence, we can realize f; as the induced map:

fi(x) = Ker (evg,tt*Te) = Ker (evg,Tt), x € M.
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Since fop and f; satisfy the gauge condition for (V) h, V), we have that

(5.16) evpevy = Idy, evgVevy =0,
(5.17) evoT?evy = Idy, evgT*Veuv) = 0.

Hence, if we express T2 = Id + C, then C is a Hermitian endomorphism on
K" satisfying (5.15) from (5.16) and (5.17). The first condition in (5.15)
yields that C' is neither positive nor negative semi-definite on the image of
evyVy for each x € M. Since fy is a full map, C is neither positive nor
negative semi-definite.

Since each geometric meaning is now transparent, we can see in a similar
way in proofs of Theorems 5.12 and 5.15 that the converse holds except the
condition (a): the linear map evg,_ o (Id + C)%L : K™ — V, is surjective for
each x € M. This will be shown in the next proposition.

If fo is the standard map into (Gr,(Wa), (-, -)), then Corollary 5.18 gives
trace T? = trace I. Thus C is trace-free. O

Remark. The equation (5.15) is referred to as derived MC equations for
evg : K" = V or dMC equations for short.

Compared with the conclusion of Theorems 5.12 and 5.15, the key ingre-
dient is that (a) is obtained as a consequence under the hypothsis that C
satisfies the dMC equations and Id + C' is positive semi-definite. This will
clarify the geometric meaning of the compactification of the moduli spaces.

Proposition 5.21. Let (V,h,V) be a vector bundle over a compact Rie-
mannian manifold M and A a negative semi-definite Hermitian endomor-
phism on V. — M.

Suppose that f is a full harmonic map of M into (Gry(K"),(-,-)) with
an admissible pair ((V,h,V),A). We realize f as an induced map with
evg : K" = V as the evaluation map by f.

Suppose that there exists a Hermitian endomorphism C on (K™, (+,)) such
that C' satisfies dMC' equations (5.15) and Id + C is positive semi-definite.
We denote by K™ the orthogonal complement of the kernel of Id+ C'.

Then Id+tC' for an arbitrary t € [0,1) induces a full harmonic map into
(Grp(K™), (+,-)) with the same admissible pair as that of f. When t = 1,
Id + C induces a full harmonic map into (Grp/(Km), (-, )), which has the
same admissible pair as that of f. Heren —p=m —p'.

Proof. We must show that K™ globally generates V. — M by the bundle
map evy := evy(Id + C)% K™= V.

For an arbitrary k € N, we can choose t € (1 — %, 1) such that evy, :=
evo(ld + tkC)% : K" — V globally generates V. — M. For any x € M,
fix v € V,, satisfying |v| = 1. Then by the first equation of dMC equations
(5.15) for t,C we can find wy € K" such that ev,(wg) = v and |wg| = 1.
Since K" is a finite-dimensional vector space, we can choose a subsequence
which is convergent to w € K" with |w| = 1 denoted by the same symbol

{wg }ken. Using an operator norm || - || on a finite-dimensional vector space
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K"* ® V., we obtain the inequality:
levyz(w) —v| = ‘ele(w) — evy,, . (w) + evy, , (w) — evtm(wk)‘
< leviy — evy, || lw] + |eve, , (w — wg)] -

Then we can deduce that a unit vector w belongs to K™ and evy, (w) = v.
We can therefore define a map f; for ¢t € [0, 1] as

fi(z) = Ker (evoz(IdJr tC)%) , z€EM.

Since dMC equations are linear in C, tC' also satisfies (5.15) for ¢ € [0, 1].
Hence the pull-back bundle with the pull-back metric and the connection is
isomorphic to (V, h, V). Theorem 3.5 yields that f; is also a harmonic map
with A as the mean curvature operator. O

The vector bundle (V, h, V) is called holonomy irreducible if the holonomy
group of V acts irreducibly on the fiber V,, for each x € M. When (V, h, V) is
holonomy irreducible in Theorem 5.15, then the MC equations (5.1) reduce
to a single equation, which will be useful to describe moduli spaces in later
chapter (in particular, see the proof of Theorems 6.20 and 6.21).

Proposition 5.22. Let (V,h,V) be a rank q vector bundle over a compact
Riemannian manifold M and A € T(End V') a negative semi-definite Her-
mitian endomorphism. Suppose that (V,h,V) is holonomy irreducible. We
denote by Wa C I'(V) the kernel of A+ A equipped with the L? scalar product
(-, )wa and by ev: Wa — V the evaluation map.

If T € H(Wy) is positive semi-definite and satisfies the equation

(5.18) evoT?o (Vev*) =0 € QY(End V),

and K" := Ker T+ globally generates V. — M, then we have a positive

number s such that the map induced by (V, K", su*Tt) is a full harmonic

map into (Grp(K"), (-, )w,) with an admissible pair ((V,h,V), A), where

t: K™ — Wy s the inclusion.

Proof. Since T is a Hermitian endomorphism on Wy, it follows from (5.18)
0 =h (evoT?o (Vev*) (v1),v2) = (T? o (Vev*) (v1), ev*(v2))

= ((Vev*) (v1), T? o ev*(v2))

Wa

w, =N (v1,(Vev) o T? o ev*(v2)) ,

for arbitrary vi,vo € V. Hence an endomorphism of the bundle V. — M
defined by ev o T? o ev* is covariant constant with respect to the induced
connection on EndV — M from V. From the assumption that (V,h, V) is
holonomy irreducible, there exists a real number s such that

evoT?oev* =35ldy.

Since K" globally generates V' — M and T is positive on K", § is a positive
number. When we put s = 5% and T := sT , T satisfies the MC equations,
since (5.18) also holds for T. We may apply Theorem 5.15 for T to obtain
the result. O

Remark. This proposition interprets the role of a fiber metric in the defini-

tion of the gauge condition. Indeed, we can naturally identify the moduli

space of harmonic maps with an admissible pair ((V,h, V), A) with that of
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harmonic maps with an admissible pair ((V, sh, V), A) for s > 0. Fixing the
fiber metric removes an ambiguity of R~ in the choice of a triple in the
gauge condition.

Corollary 5.23. Let (V,h, V) be a vector bundle over a compact Riemann-
ian manifold M and A € T'(End V') a negative semi-definite Hermitian en-
domorphism. Suppose that (V, h,V) is holonomy irreducible. Let W4 be the
kernel of A+ A equipped with the L? scalar product (-, Jw, andev: Wy =V
the evaluation map. Suppose that the standard map by (V — M, W4) is a
harmonic map with an admissible pair ((V,h, V), A).

If a trace-free Hermitian endomorphism C on W4 satisfies the equation

(5.19) evoCo (Ver*)=0¢e Q' (EndV),

and Id+C' is positive semi-definite, then K" := Ker (Id + C’)l globally gen-
erates V. — M and the map induced by (V, K", w*(Id+ C)%L) is a full har-

monic map into (Gry(K"), (-, )w,) with an admissible pair (V,h,V), A),
where  : K" — Wy is the inclusion.

Proof. Define a positive semi-definite Hermitian endomorphism 7" on Wy

as T = (Id + C)% Since the standard map is a harmonic map with an
admissible pair ((V,h, V), A) by hypothesis, Theorem 5.15 implies that Id
satisfies the MC equations:

evoldoev® =Idy, and evoldoV (ev*) =0.

Then Proposition 5.22 and (5.19) yield that there exists a positive number s

such that T := s~ 2T satisfies the MC equations and is positive semi-definite.
By definition of T', we get

T? = s 'Id+s71C.
Since trace C' = 0, we can derive from Corollary 5.18 that
dim W4 = trace T? = s 'dim Wa,

and so, s = 1. Hence C satisfies the dMC equations (5.15) for ev : Wy — V.
Theorem 5.20 yields the result. O

For a vector space W with a scalar product and 7' € H(W), we write
T > 0 to indicate that T is positive definite and 7" = 0 means that T is
positive semi-definite.

5.3.1. Gauge equivalence relation. We will describe the moduli space.

Theorem 5.24. Let (V, h, V) be a vector bundle over a compact Riemannian

manifold M and A a negative semi-definite Hermitian endomorphism on V.
Suppose that fy is a full harmonic map of M into (Grp,(K"), (-,-)o) with

((V,h, V), A) as an admissible pair and is realized as an induced map with its

evaluation map evg : K™ — V' and its natural identification evl : V — f*Q.
Then we can define a subspace M(K™) of H(K") as :

M(K") = {C € H(K") | evoCevy =0, and evoC (Vevy) = 0}.
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Let M denote the set of gauge equivalence classes of full harmonic maps
of M into (Grp(K"), (+,-)o) with (V,h, V), A) as admissible pairs. Then M
is identified with a subset of M(K") :

M={C e M(K")|Id+ C > 0}.

If M is equipped with the relative topology from that on H(K"™) induced
by (+,-)o, then it is a bounded connected convex open set in M(K"™). The
harmonic map parametrized by C € M is expressed as T~ fo(x) for x € M,
where fo(x) stands for a p-dimensional subspace of K™ and T = (Id + C)%

Under the topology of H(K™), the natural compactification of the moduli
space is provided by taking the closure of M :

M= {C e MK")|Id+C =0},
which is a compact connected convex body in M(K™).

Proof. From Theorem 5.15, K" is regarded as a subspace of W4 and fj is
realized as the induced map with evg : K" — V. Since both equations in
the dMC equations for evy : K" — V are linear in C, M(K") is a subspace
of H(K™). Then Theorem 5.20 implies the desired identification.

We denote by (-,-) the induced scalar product on K" from the L? scalar
product. If M denotes the set of gauge equivalence classes of harmonic maps
of M into (Grp(Wa), (-,-)) with the same admissible pairs, then Theorem
5.15 yields that M can be regarded as a subset of M. Since H(K") is
finite-dimensional, the norm of H(K") induced by (-,-)o is equivalent to
one induced by (-,-) as a subset of End (K™). Thus the topology of M is
the same as that induced from M. Poposition 5.19 yields that M itself is
bounded.

If M(K™) is non-trivial and C' € M, then Id + C + C} is positive for
Cy € M(K") small enough. Hence, we can deduce that the moduli space M
is open set in M(K").

It follows from Theorem 5.20 that M is connected and convex.

Thus M is a compact connected convex body in M(K"), which is consid-
ered as a compactification of M. O

Remark. If M(K™) = {0}, then fy is the unique full harmonic map into
Grp(K™) which has an admissible pair ((V, h, V), A) up to gauge equivalence.
This motivates Definition 5.26 below.

Let us discuss the moduli space M modulo gauge equivalence when (one
of) the standard map is in M. This is relevant in the original do Carmo-
Wallach theory and in later chapter. To do so, for a vector space W with
a scalar product, we denote by Ho(W) the set of trace-free Hermitian endo-
morphisms on W.

Corollary 5.25. Under the same hypothesis as in Theorem 5.2, suppose
further that fo is the standard map, (-,-) is the L? scalar product up to a
constant multiple on W4 and ev : Wa — V s the evaluation map. We
identify fo with T o fo when V — M is an oriented real bundle.

We define a subspace Mo(Wa) of Hy(Wa4) as :

Mo(Wa) ={C € Hy(Wa4) |evCev* =0, and evC (Vev™) = 0}.
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When M denotes the moduli space modulo gauge equivalence of full har-
monic maps of M into (Grp(Wa),(-,-)) with (V,h,V),A) as admissible
pairs, M is identified with a bounded connected open convex set in Mo(W4) :

M:{CEMo(WA)|Id+C>O},

and the compactified moduli space M is a compact connected convex body in
Mo(Wa4) : o
M={C e My(Wy)|Id+ C = 0}.

Proof. Theorem 5.24 yields the description of M and M. Since trace C' = 0
from Theorem 5.20, C' is in Ho(W4) by definition. O

Remark. We can interpret the geometric meaning of the compactification of
the moduli space.
Since fi is realized as a map induced by a triple (V, K™, /*T), where

T=(ld+ C’)%, in Theorem 5.20, Lemma 5.11 yields that we have a totally
geodesic embedding of Gry(K™) into Gr,(K") by K™ = Ker T, where
n—p = m — p', and a bundle isomorphism (evou*Tt)* : V — f*Q as the
natural identification by fi. Thus each boundary point C' € M (where,
Id + C is not positive, but positive semi-definite,) determines a triplet:

(1) a totally geodesic embedding of Gry(Ker (Id + C)1) into Grp(K") as
the zero set of sections of the universal quotient bundle which belong to
Ker (Id+ C) cI'(Q) (p=p' +dimKer (Id + C)),

(2) a full harmonic map into the zero set with an admissible pair ((V, h, V), A)
and

(3) a distinguished bundle isomorphism of V- — M to the pull-back of the
universal quotient bundle as the natural identification.

Thus some maps represented as points of the boundary of the compactified
moduli space could be identical.

When fy is a map into an oriented Grassmannian Gr,(R"), though the
orientation of R is fixed by our definition, we need an orientation of Ker T’
to determine (1) and (2) uniquely. Viewing the induced maps as maps into
an oriented Grassmannian Gry (Ker (Id+C)1), we easily see that one is the
composition of the inversion 7 and the other. However, from our convention,
we disregard an orientation. Hence we can still say that a point of the
boundary represents a totally geodesic embedding of Gry (Ker (Id + C)1)
into Grp(R™) and an induced map into Gryy (Ker (Id + C)™1).

However, in the case where the target is the sphere, since the antipodal
map 7 belongs to the orthogonal group, f and 7 o f are gauge equivalent
as maps. Thus in the original do Carmo-Wallach theory, we do not need to
take account of the orientation of KerT' and f can be identified with 7 o f
without our convention.

In any case, the moduli space could be regarded as a subset of the sym-
metric space GL(K")/Aut(K").

We can characterize the case when the moduli space modulo gauge equiv-
alence consists of a one point as in the Remark after Theorem 5.24. To state
the result, we need

Definition 5.26. We fix (V — M,h,V). Let f : M — Grp(W) be a
harmonic map satisfying the gauge condition for (V,h, V). Then f is called
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terminal if there does not exist any harmonic map f’' : M — Gry (W') which
has the same admissible pair as that of f with dim W’ < dim W'.

Corollary 5.27. Let (V,h,V) be a vector bundle over a compact Riemann-
ian manifold M and f : M — Gry,(W) a full harmonic map satisfying the
gauge condition for (V,h,V) with A € T'(EndV) as the mean curvature
operator.

Then f is terminal if and only if an arbitrary harmonic map into Gr,(W)
with (V,h, V), A) as the admissible pair is gauge equivalent to f as maps.

Proof. We realize f as an induced map withev : W — V and ev* : V — f*Q
as the evaluation map and the natural identification by f, respectively.

Suppose that f : M — Gr,(WW) is a terminal map and there exists an-
other terminal harmonic map f; : M — Grp(W) with an admissible pair
((V,h,V), A) which is not gauge equivalent to f. Theorem 5.20 yields that
there exists a non-trivial Hermitian endomorphism C' which is neither pos-
itive nor negative semi-definite on W such that C' satisfies dMC equations
forev: W — V:

(5.20) evCev* =0, evCVev® =0,
Id + C is positive and f; is expressed as the induced map:
fi(xz) = Ker (evoz(Id—i— C)%) , x€M.

Let U C W be the eigenspace of C corresponding to the smallest eigen-
value, say —A, A > 0. The orthogonal complement of U in W is denoted
by UL. Then we have a positive semi-definite Hermitian endomorphism
Id + A\7*C with Ker (Id+ A~'C) = U. Theorem 5.20 with (5.20) implies
that Id + A\~1C corresponds to a harmonic map fy-1 : M — Gry(U1)
with ((V,h,V),A) as an admissible pair, which is a contradiction to the
assumption that f is terminal.

Suppose that an arbitrary harmonic map into Gr,(W) with an admissi-
ble pair ((V,h,V), A) is gauge equivalent to f. If f is not terminal, then
by definition we have a terminal harmonic map f' : M — Gry(W’) with
((V,h,V),A) as an admissible pair. Hence we can regard Gry (W’) as to-
tally geodesic submanifold of Gr,(W) and denote by ¢ the inclusion of W’
in W. From Theorem 5.20 and Proposition 5.21, we have a Hermitian en-
domorphism C' on W such that C satisfies dMC equations (5.20), Id + C
is positive on W’ = Ker (Id + C)* and f’ is realized as a map induced by
(V, W', u*(Id + C)20).

Since Id + tC is positive for small ¢ > 0, it follows from (5.20) that
Id + tC induces a full harmonic map f; : M — Gr,(W) with an admissible
pair ((V,h,V), A), which is not gauge equivalent to f. This contradicts our
hypothesis. O

5.3.2. Image equivalence relation. Suppose that two full harmonic maps fi

and fy are image equivalent as maps into (Gr,(K"), (+,-)) with a fixed ad-

missible pair ((V,h, V), A). By definition of image equivalence, we have an

isometry ¢ € Aut(K") such that fo = ¥ o fi. We realize f; as an in-

duced map into (Grp(K"),(-,-)) with ev; : K* — V and ev] : V — fQ

as the evaluation map and the natural identification by fi, respectively.
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From Theorem 5.20, we can find a positive Hermitian endomorphism 75
on K" such that fo : M — (Grp(K"),(:,-)) is realized as the map in-
duced by (V,K™ Ty): fo(x) = Ty 'Kerevy,. The bundle isomorphism 1
gives f50Q = f{ 1/7@. Using the natural identifications ¢ := ev] by fi and
@2 := Thev] by f2 obtained in Theorem 5.11, we get two bundle isomor-
phisms ¢ o ¢1 and ¢o : V — f5@Q. Hence, as in the third remark after
Theorem 5.12, there exists ¢ € C(V) C Aut V such that

(5.21) Qﬁ;l?/;gbl(v) =cv, vEV.
Then (5.11) and (5.21) yield that
(5.22) Yevi(v) = Thevi(cv).

Therefore, to obtain the moduli space modulo image equivalence, we need
to take the action of C'(V) on the moduli space modulo gauge equivalence
into account.

Lemma 5.28. Let fi and fo be full harmonic maps from a compact Rie-
mannian manifold (M, g) into the sphere Gr,(R"1). If f1 and fo are image
equivalent, then both are gauge equivalent as maps.

Proof. When the target is the sphere, the universal quotient bundle is a
trivial bundle of real rank one with an orientation and so, the structure
group is trivial. Thus the centralizer of the holonomy group is also trivial.
It follows from (5.22) that

Yevi(v) = Thevi(cv) = Thevt (v).

The fullness of f; implies that 1/; = T5. Uniqueness of the polar decomposi-
tion yields that ¢ = Ty = Idgn+1. O

As we have already pointed out, f and 7o f are image equivalent as maps
in this case. Therefore in the original do Carmo-Wallach theory, we do not
need to bear the inversion 7 in mind and can consider that the standard
map is unique when describing the moduli space. Furthermore, though
our theory adopt the gauge equivalence relation of maps instead of image
equivalence for a generalization of do Carmo-Wallach theoy, we can conclude
that Theorem 5.12 and Theorem 5.20 include the original do Carmo-Wallach
theory from Lemma 5.28 with the Remarks after Theorem 5.12.

To make this point clarify, we review their theory briefly on isometric
minimal immersions of the sphere into spheres. More generally, we will
construct the moduli space of harmonic maps with constant energy density
. First of all, those maps are Einstein-Hermitian harmonic maps from the
second Remark after Theorem 5.12. Let W, be the eigenspace corresponding
to pu with the L? inner product in the function space on the sphere. Then
we can show that the standard map is an Einstein-Hermitian harmonic map
(see Lemma 5.36 below). We define

L={CeHy(W,)|evoCoev* =0, I+C > 0}.
(We do not need the equation ev o C' o Vev* = 0 in this case from the first
Remark after Theorem 5.12. Or differentiating both sides of evoCoev* = 0,
we obtain gs«q (evo C o Vev*(v),v) = 0 for any v € f*Q. Since f*Q@ is of
rank one, we can deduce that ev o C o Vev* = 0.) Hence Corollary 5.25
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yields that L is the moduli space of those maps modulo gauge equivalence
and so, modulo image equivalence by Lemma 5.28. In this argument, we
used the hypothesis that the the domain manifold is the sphere only once to
deduce that the standard map is an EH-map. Since we can replace W, by
the solution space of the generalized Laplace equation, we have established
a direct generalization of do Carmo-Wallach theorem:

Theorem 5.29. Let M be a compact Riemannian manifold. For a non-
positive function A on M, we denote by Wy the kernel of A + A with the
L? inner product in the function space on M. Using the evaluation map
ev: Wa — M x R, we define a subspace Mo(W4) of Hy(Wa) as :

Mo(Wy4) ={C € Hy(W4) |evo Coev* =0}.

Let M be the set of image equivalence classes of full harmonic maps from
M into the hypersphere in W with energy density —A. If the standard map
induced by (M x R — M,Wy,) is a harmonic map with energy density —A,
then M 1is identified with M defined as :

My ={C e My(Wy)|I+C > 0}.

Remark. Let fy denote the standard map. In our theory, fo is considered
as a map into a Grassmannian of oriented hyperplanes of W4. When we
take the orthogonal unit vector w € W4 for each oriented hyperplane S of
W4 such that the orientation given by w and S is compatible with that
of W4, fo can be regarded as a map into the hypersphere of W,4. Then
C € My corresponds to a map T fo(z) for x € M, where fy(x) represents a
unit vector in Wy and T' = (Id + C)% (see [7]).

The compactification of M, has the same geometric meaning as in Re-
mark after Corollary 5.25:

M, = {C eMy(Wa)|I+C =0}

Though this is a generalization of do Carmo-Wallach [7] and Toth-D’ambra’s
result [35], the geometric meaning of M is more clarified.

Proposition 5.30. Let f; and fo be full harmonic maps from a com-
pact Riemannian manifold (M, g) into the complex Grassmannian Gr,(C™)
which satisfy the gauge conditions for (V,h,V) and have the same mean
curvature operators. Suppose that (V,h,V) is holonomy irreducible.

If f1 and fo are image equivalent, then both are gauge equivalent as maps.

Proof. Since the holonomy group acts irreducibly, Schur’s lemma yields that
¢ in (5.22) is regarded as a scalar multiplication. Since ¢ gives a unitary
transformation on V' — M, ¢ is regarded as complex number a with |a| = 1.
Then (5.22) yields that

Yevt (v) = Thevt(cv) = aThevt(v),

and so, ¥ = aTb by fullness of maps. The polar decomposition yields that
1 = aldcn and Ty = Idcon. Thus we obtain the desired result. O

When the target is the complex projective space, we can show the follow-
ing theorem in the same spirit of Theorem 5.29 with Corollary 5.23.
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Theorem 5.31. Suppose that M is a compact Riemannian manifold and
(L — M,h,V) is a complez line bundle. For a non-positive function A on
M, we denote by Wa C I'(L) the kernel of A + A with the L?> Hermitian
inner product. Using the evaluation map ev : Wy — L, we define a subspace
Mo(Wa) of Ho(Wa) as :

Mo(Wy4) ={C € Hy(W4) |evo Co (Vev*) = 0}.

Let M be the set of image equivalence classes of full harmonic maps from
M into the complex projective space P(W3) with ((L,h,V), A) as their ad-
missible pair. If the standard map induced by (L,Wy4) is a harmonic map
with an admissible pair ((L,h,V), A), then M is identified with My defined
as :

M, ={C e My(Wy)|I+C > 0}.

Suppose that the scalar product on K® C I'(V) is induced from the L?
scalar product up to a positive constant multiple. When C(V) is regarded
as a subgroup of G(V), ¢ € C(V) induces a unitary transformation on I'(V'),
which is denoted by the same symbol. Thus we have evoc = coev.

Theorem 5.32. Let M be a compact Riemannian manifold. Fiz a vector
bundle (V. — M,h,V) and a negative semi-definite Hermitian endomor-
phism A € T(EndV). Let W4 be the solution space of the generalized
Laplace equation with A equipped with the L* scalar product (-,-) up to a
positive constant multiple. We take a subspace Wy of Wa, For W1, we de-
fine a subgroup Cyw, (V) of C(V) as :

Cwy (V) ={c e C(V)|c(W1) = Wi and cAc™ = A}.

Suppose that there exists a full harmonic map f: M — (Gry,(W1),(-,-))
with an admissible pair ((V,h,V),A) and ev : Wi — V as its evaluation
map.

Let M be the set of gauge equivalence classes of full harmonic maps of
M into (Gry(Wh), (-,-)) with ((V,h,V), A) as their admissible pairs. When
M is identified with

M = {C e HW,) | evCev* =0, evCVev* =0, Id + C = 0},
as in Theorem 5.24 and we put T = (Id + C)%, Cw, (V) acts on M as
T cTe™t, ceCw, (V).

Let M be the moduli space modulo image equivalence of those full har-
monic maps into (Gry(Wh), (+,-)). Then M is identified with the space of
orbits of Cyw, (V) in M :

M = M /Cyy, (V).

Proof. 1f a triple (V, W1, T) induces a harmonic map f; into Gr,(W7) with
an admissible pair ((V,h, V), A), then for any ¢ € Cy, (V), (V, Wi, cTc_l)
induces a map f; into Gr,(W7). Then f; is also a harmonic map with the
same admissible pair. To see this, we show that ¢T'c¢™! satisfies the MC
equations. It follows from evT?ev* = Idy and ev o ¢ = co ev that

ev o cT?¢* o ev* = cev o T? o ev*c* = cldyc* = Idy.
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Since c is covariant constant and ev o T?(Vev*) = 0, we obtain
ev o cT%c* o (Vev™) = cev o T?V (¢* o ev*) = cev o T2V (ev*c*)
=cev o T* {(Vev*) ¢* + ev* (Vc*)} = 0.

Using cAc™! = A, we can deduce from Theorem 5.15 and Theorem 5.20 that
f2 has the desired properties. We thus conclude that Cy, (V) acts on M.

To describe M, suppose further that f; and fo are full maps into Gr,(W7).
By definition of the induced map, fs is expressed as

fa(x) = Ker (evm o cTc_l)) .

Since any ¢ € Cy, (V) is a unitary transformation on V' — M and evoc =
co ev, we have that

f2(z) = Ker (cevy o Tc_l)) = Ker ((evg o T)c_l) = cKer (evg o T).

By definition, Cyy, (V) preserves Wi C I'(V) and so, fa(z) = c¢f1(z) for any
x € M, where f;(z) represent subspaces of W; (i = 1,2). Since Cy, (V)
can be considered as a subgroup of the isometry group of (Gr,(W1), (-,-)),
f2 is image equivalent to fi. Thus all points in any orbit of Cy, (V) in M
represent image equivalent maps as maps into (Gr,(Wh), (-, ).

Next, we assume that the maps f; induced by (V, W1, T;) for some T; €
H(W;) with T; > 0 (i = 1,2) are image equivalent harmonic maps into
(Grp(Wh), (-, -)) with the same admissible pair ((V,h, V), A). By definition,
we have an isometry ¢ € Aut (W) of Gr,(W7) such that fo = o fi.

Let ¢; be the corresponding natural identifications by f;. Since ¢5 Ly €
G(V') preserves the connection, viewing C(V) as a subgroup of G(V), we
have ¢ € C(V) satisfying

(5.23) by "1 = c.
It follows that
(5.24) c(Wy) = W1,

Then, from Theorem 3.5, (A + A)c1(¢) = 0 for any t € W;. Hence we get
0=c(A+ A)c (t) = (cAc™ +cAc™Ht = (A + cAc™ e,

and so, we can deduce from Theorem 3.5 that cAc! = A. Together with
(5.24), this yields that ¢ € Cy, (V).

Since ev o ¢ = coev and so, YTiev* = Thev*c = Theev™ from (5.11) and
(5.23), using fullness of f;, we obtain

(5.25) YTy = Toe <= T " = Toe <= P10 pe™ ! = T,
The polar decomposition yields that
YT =Ty, d=c

Thus we can take ¢ € Cw,(V) as 1, in other words, fo = cfi and the
Proposition is proved. O

Remark. We consider the compactification of M by taking the quotient
topology. Thus it should be the closure of M denoted by M:

M = M/Cyw, (V).
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Hence each boundary point C' € M (where, Id + C is not positive, but
positive semi-definite,) determines a pair:

(1) a totally geodesic embedding of Gry (Ker (Id+C)1) into Gry,(W1) modulo
Cw, (V)-action.

(2) a full harmonic map into Gry (Ker (Id + C)1) with an admissible pair
((V,h,V),A). In the case when the target is an oriented Grassmannian, C
defines two maps, say f and 7o f. These two maps should be identified from
our convention.

Corollary 5.33. Under the same hypothesis as in Theorem 5.32, suppose
further that the standard map fo into (Grp(Wa),(-,-)) is a full harmonic
map with an admissible pair (V,h, V), A).

We define a subgroup C4(V) of C(V) as :

Ca(V) ={ceC(V)|cAc! = A}.

Let M be the set of gauge equivalence classes of full harmonic maps of
M into (Grp(Wa), (+,-)) with ((V,h,V), A) as their admissible pair. As in
Corollary 5.25, we identify M with :

M ={C € Mo(Wy)|Id+ C = 0}.
When we put T = (Id + C)%, Ca(V) acts on M as
T cTet, ceCaV).

Let M be the moduli space modulo image equivalence of those full har-
monic maps into (Grp(Wa), (+,-)). Then

M = M/C4(V).

Proof. Since cAc™! = A for any ¢ € C4(V) by definition, we obtain (A +
A)e(t) = cAcle(t) + cActe(t) = ¢(A + A)t = 0, for any t € W4. Thus
c¢(W4) = Wy. The result follows from Theorem 5.32. O

Remark. Notice that Corollary 5.33 is a direct generalization of Theorems
5.29 and 5.31.

5.4. Homogeneous cases: a generalization of Toth-D’ambra theory.
Let M = G/Ky be a compact reductive Riemannian homogeneous space
with Ky-invariant decomposition g = €@m, where G is a compact Lie group,
Ky is a closed subgroup of G and g and ¢ are the corresponding Lie algebras,
respectively (see, for example, [19, p.190]). By Riemannian homogeneous
space, we indicate that a G-invariant metric on G/Kj is fixed.

Let Vj be a g-dimensional orthogonal or unitary Ky-representation space
with a Kg-invariant scalar product. We can construct a homogeneous vector
bundle V. — M, V := G xg, Vo with an invariant fiber metric gy induced
by the scalar product on Vj. Moreover V' — M has a canonical connection
V with respect to the decomposition g = ¢ @ m. (This means that the
horizontal distribution is defined as {Lym C TG, |g € G} on the principal
fiber bundle 7 : G — M, where L, denotes the left translation on G.)

The Lie group G naturally acts on the space of sections I'(V) of V. — M,
which has a G-invariant L? scalar product.

Using the Levi-Civita connection and V, we can decompose the space of
sections of V' — M into the eigenspaces of the Laplacian: I'(V) = &,W,,.
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It is well-known that W, is a finite-dimensional G-module equipped with a
G-invariant scalar product induced from the L? scalar product.

Lemma 5.34. Let V = G x g, Vo — G/Ky be a homogeneous vector bundle
and W a G-subspace of T'(V'). By the restriction of the action to the subgroup
Ky, we also consider W as a Kg-module. If W globally generates V. —
G /Ky, then Vi can be realized as a Ky-invariant subspace of W.

Proof. We identify Vy with the fiber Vi of V. — M at [e] € M, where e
is the unit element of G. Since the evaluation map ev : W — V is G-
equivariant and the scalar product and the fiber metric are G-invariant, the
adjoint bundle map ev* : V — W is also G-equivariant. Thus the image
of evf;] is a subspace of W equivalent to V; as Ky-representation, since W
globally generates V' — M. O

From Lemma 5.34, when we consider a homogeneous vector bundle V =
G xk, Vo = G/Ky and a G-subspace W C I'(V') which globally generates
V — G/K, Ky-module Vj is supposed to be realized as a Ky-invariant
subspace of W by ev*.

5.4.1. Standard maps. Suppose that an eigenspace W, globally generates
V' — M. Then we have the standard map fo : M — Gry(W,,) by W,,, where
p =dim W, — q. In general, W, is not irreducible as G-representation.

More generally, let W be a G-subspace of I'(V) and suppose that W
globally generates V' — M. Then the map induced by W is also called the
standard map by W. Since V{ can be realized as a subspace of W by Lemma
5.34, we have the orthogonal complement of V denoted by Up. Then the
standard map fo : M — Grp(W) is expressed as

fo(lg]) = gUp C W,

which is G-equivariant. When we regard f*() — M as a subbundle of
W — M, the adjoint of the evaluation map ev* : V — f*@ is given by

(5.26) ev” ([g,v]) = (lg], gv) ,

where g € G and v € Vy C W.

Next, we consider the pull-back connection V¥ and the gauge condition
for the standard map by W. We denote by mV{ the subspace of W generated
by év € W, where § emand v € Vo C .

Lemma 5.35. Let V = G x g, Vo — G/Ky be a homogeneous vector bundle
and W a G-subspace of T'(V') which globally generates V. — G/K. Let
fo: M — Gr(W) be the map induced by W. From Lemma 5.34, we realize
Vo as a subspace of W. Then the pull-back connection VY is gauge equivalent
to the canonical connection if and only if mVy C Uy.

Proof. We use sections t[g] = [g,m0(g  w)] € I'(V) corresponding to w €

W, where my : W — Vj denotes the orthogonal projection. The canonical
connection VY is computed as follows:

vgﬂLgﬁt = [ga —To (gg—lw)] .
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Next, we use the adjoint of the evaluation map to compute the pull-back
connection:

Vinr,et = mvdarp,ecev™(t) = [g,m0 (§mo(g™ w)) —mo (§g~ w)] .
Since W globally generates V' — M, the result follows. O

Lemma 5.36. Let V = G xg, Vo — G /Ky be a homogeneous vector bundle
and W a G-subspace of W, C T'(V). Suppose that W globally generates
V — G/Ky. We use Lemma 5.34 to realize Vy as a subspace of W. If
mVy is orthogonal to Vo, then the standard map fo : M — Gry,(W) is an
FEinstein-Hermitian harmonic map with

e(fo) = qu, (or2qu), A= —pldy.

Proof. Since Lemma 5.35 yields that the pull-back connection is the canon-
ical connection, W is also a subspace of the eigenspace of the Laplacian
induced by the pull-back connection. Then we apply Theorem 3.5 to get the
result. O

Ezample. Let CP! = SU(2)/U(1) be a complex projective line and O(1) —
CP! a holomorphic line bundle of degree 1 with the canonical connection.
The symmetric power S"C? (n € Z>) of the standard representation c?
is an irreducible representation of SU(2) denoted by (g,,S"C?). Frobe-
nius reciprocity yields that S?"*1C? (n € Zx) is an SU(2)-invariant space
of sections of O(1) — CP!. Moreover, S?"*1C? is an eigenspace of the
Laplacian (see [37]). We denote by Cy (k € Z) an irreducible U(1)-module
with weight k. As homogeneous vector bundle, O(1) — CP! is regarded as
SU(2) xy(1) C-1. Then we can realize C_; as a subspace of S*"*1C? by
Lemma 5.34. Since the complexification of m is identified with Co @ C_o,
we have that

0on+1(m)C_1 C C_3® C;.

Consequently, the standard map fy : CP! — CP?" = P(S?"*1C?) is an
Finstein-Hermitian harmonic map from Lemma 5.36.

See also Ohnita [29] about an equivariant harmonic map into a complex
projective space (see §6.4 for the definition of an equivariant map and The-
orem 6.28 for a generalization of this example).

Ezample. Let M = HP! = Sp(2)/Sp(1) xSp(1) be the quaternion projective
line. To distinguish two copies of Sp(1) in the isotropy subgroup, we write
the isotropy subgroup as Sp, (1) x Sp_(1). Let H = C? be the standard
representation of Sp, (1) and E the standard representation of Sp_(1). Then
the associated complex homogeneous vector bundles are denoted by the same
symbols H — M and E — M, respectively. We suppose that H — M is the
tautological vector bundle and E — M is the orthogonal complement in a
trivial bundle H? = C* — M.

We take the symmetric power S*H — M of H — M and S'E — M of
E — M. When k (resp.l) is even, S¥H (resp.S'E) has a real structure,
which is a conjugate-linear involution. If k+1 are even, then S¥H® S'E has
a real structure. In those cases, for example, S*H is supposed to represent
a real representation or the associated real vector bundle.
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Since the Lie algebra sp(2) has the standard decomposition as the sym-
metric pair (Sp(2),Sp(1) x Sp(1)):

sp(2) = S"He S’E® (HR E),

sp(2) can be regarded as an eigenspace of the Laplacian acting on sections
of S?H — M. Using again that (Sp(2),Sp(1) x Sp(1)) is a symmetric pair,
we have

H®E, S*°H c H® E.

Lemma 5.36 implies that the standard map fo : HP! — Gry(sp(2)) =
Gr7(R19) is an Einstein-Hermitian harmonic map.

Now the standard map has another interpretation (see also Swann [31]
and Gambioli [15]). Let p: HP' — sp(2)* ® S?H be a quaternion moment
map [14]. By definition of a moment map, for an arbitrary X € sp(2), we
have

px(l9]) = [9, 75297 Xg)] . g €Sp(2),
where mg2pp @ sp(2) — S?H is the orthogonal projection. It follows that
sp(2) is a subspace of sections of S?H — M by the moment map u. It is

clear that sp(2) globally generates S2H — M. We can define the induced
map f, : HP' — Gr7(R!°). By definition of the induced map, we have

fullg)) ={X €sp(2)[Ad(¢g"")X € S’E® (HR E)}
=Ad(g) (S’E® (H® E)) C sp(2),

which is the same as the standard map fj.

The standard map induced by the pair (52H — HP!, 5p(2)) can be gen-
eralized on any compact quaternion symmetric space. It is induced by a
quaternion moment map for an isometry group in the same way.

Using a moment map, we obtain a result of Takeuchi-Kobayashi [33]:

Ezample. Let (G, K) be an irreducible Hermitian symmetric pair of compact
type and consider a moment map p : G/K — g*. In this situation, pyx :
G/K — R for an arbitrary X € g is an eigenfunction of the Laplacian. Then

Theorem of Takahashi [32] yields that the induced map f: G/K — S¥ C g
is a harmonic map, where S™ is a hypersphere of g.

5.4.2. A generalization of do Carmo-Wallach Theory in homogeneous cases.
Let G be a compact Lie group and W an orthogonal or a unitary repre-
sentation of G with an invariant scalar product (-,-)y. Then G naturally
acts on H(W). If we equip H(W) with an inner product (-,-)m, then it is
easily seen that (-, )y is G-invariant. We define a symmetric or Hermitian
operator H(u,v) for u, v € W as

1
H(u,v) := B {u@ (,v)w+ve (,u)w}.
Then it follows that for an arbitrary B € H(W)
1
(5.27) (B, H(u,v)) gy = 5 {(Bu,v)w + (Bv,u)w}.

If U and V are subspaces of W, we define a real subspace H(U,V) C H(W)
spanned by H (u,v) where v € U and v € V. In a similar fashion, GH (U, V)
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denotes the subspace of H(W) spanned by gH (u,v), where g € G, and so
GH(U,V) is a G-submodule of H(WW).

We can now formulate a generalization of do Carmo-Wallach theory in
homogeneous cases. Though the difference from Theorem 5.15 is only the
condition imposed on T, we state the theorem in its complete form for
readers’ convenience.

Theorem 5.37. Let G/Ky be a compact reductive Riemannian homoge-
neous space with Kg-invariant decomposition g = t@dm. Fix a rank ¢ homo-
geneous vector bundle (V =G Xk, Vo, h, VO) with an tnvariant metric h and
the canonical connection V° and a G-invariant negative semi-definite Her-
mitian endomorphism A € T'(End V). Let W C I'(V') be the solution space
of the generalized Laplace equation with A with the L? scalar product (-, Wy
Since VO and A are G-invariant, W4 can be regarded as g-representation
0:9— End (Wy). By Lemma 5.34, we realize Vi as a subspace of W 4.

If f:G/Ky — (Grp(K™), (-,+)) (n =p+q) is a full harmonic map with
an admissible pair ((V, h,VY), A) and we fix a bundle isomorphism between
(V,h, V) and (*Q, f*hg,V/"Q), then there exist a unique linear injection
t: K" - Wy and a positive semi-definite Hermitian endomorphism T on
W such that

) T satisfies

5.28) (1% — Idw,GH(Vo, Vo)) ,; = 0, (T% GH(o(m)Vo, Vp)),, =0,

c) f: G/Ko — (Grp(K™), (+,-)) is realized as the map induced by a triple
VK", 0 () into (Gry(K™), (5w ).

C’onversely, if a positive semi-definite Hermitian endomorphism T on
Wa satisfies condition (a) and K" := (KerT)* globally generates V. —
M, then the map induced by (V,K", ¢ (:*T¢)) is a full harmonic map into
(Grp(K™), (-, )w,) with an admissible pair ((V, h,V°), A), where v : K" —
W4 is the inclusion.

Let fi - M — (Grp(K"),(-,-)w,) be the maps induced by those triples
(V,K™, 1 (*Ty1)) such that o (K")* = Ker Ty = Ker Ty, where 1 : K™ — Wy
is the inclusion. Then, f1 and fo are gauge equivalent if and only if Th = Ts.

(a
(
(b) (K™, (+,-),t) is compatible with (Wa,T). In particular, n < dim W4,
(
(

Proof. We follow the notation in the proof of Theorem 5.12 and only pay
attention to the role played by the condition (a), which is the substitution
for the MC equations.

When f*Q — M is identified with the orthogonal complement of f*S —
M, it follows from (5.7) and (5.26) that the natural identification ¢ : V' —
f*Q is expressed as

(5.29) ¢ ([g,v]) = ([g], Tgv),

where g € G and v € Vy C W.
Since the metric on f*Q) — M is induced by the scalar product on W, it
follows from the gauge condition and (5.29) that

(5.30) (T'gv, Tgv)yw = (v,0")w,
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for arbitrary v, v’ € Vj. From the definition of the scalar product on H(W),
we have

(5.31) Re(Tgv, Tgv')w =(T?,gH(v,v"))y and
Im(Tgv, Tgv")w =(T2, gH (v,V/—1v")) 1.
Together with (Id, H(v,v"))g = Re(v,v")w, (5.30) and (5.31) yield that
(T? — Id,gH (v,v"))g = 0
for an arbitrary ¢ € G and arbitrary v, v' € V{, which is equivalent to
(5.32) (T? — Id, GH (Vy, Vo)) = 0.
Since the equation (5.30) is equivalent to
(97" T?gv, " )w = (v, 0w,
we obtain
(5.33) mo(g~ ' Tg)io = Idy,,

where ig : Vj — W is the natural inclusion and 7y : W — Vj is the orthogo-
nal projection to Vj.

Next, we compare the canonical connection V° with the induced connec-
tion VonV — M by f: M — Gr,(K"). To describe the orthogonal
projection my : W — V., notice that my is recognized as the adjoint of ¢.
Thus 7y : W — V is expressed as:

mv ([gl,w) = [g,m0(g " Tw)] .

If we use a section t[g] = [g,m(g_lw)] corresponding to w € W, then the

canonical connection is calculated as follows:

(5.34) vSngst = [g, —mo (g(f)g_lw)] .

Next the induced connection is calculated as follows:
VirLyet =Tvdarr,ed(t) = mvdanp,e ([9], Tgmo(g™ w))
=mv (9], Tge(€)mo(g™ w) — Tgmo(e(€)g™"w))
=[g,m0 (97 T?g0(&)mo(g™ w)) — 70 (97 T gmo(0(€)g ™ w))] -
It follows from (5.33) and (5.34) that
VinLyet = Viar,et = [9:m0 (97 T2 go(§)mo(g™ w))] -
Since W globally generates V' — M, the gauge condition yields that
(5.35) mo(g™ T?go(€))io = 0,
for an arbitrary g € G and ¢ € m, which is equivalent to
(5.36) (T, GH (o(m)Vo, Vo)) rr = 0.

It follows from (5.32) and (5.36) that condition (a) holds. O
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6. APPLICATIONS

6.1. Algebraic preliminaries. First of all, we shall give an algebraic result
which is a slight modification of do Carmo and Wallach [7].

Let G/Ky be a compact reductive Riemannian homogeneous space with
Kop-invariant decomposition g = ¢ ® m, where G is a compact Lie group.
Let Vy be a Ky-representation with an invariant scalar product and V =
G xg, Vo — G/Kj an associated homogeneous vector bundle with the in-
duced invariant metric. Let W be a G-submodule of I'(V') endowed with a
G-invariant scalar product induced by L? scalar product. If W globally gen-
erates V' — G /Ky, then we realize V| as a subspace of W as in Lemma 5.34.
We denote by mg : W — Vj the orthogonal projection. Let Uy be the orthog-
onal complement of Vj in W with the orthogonal projection m; : W — Uy.

We would like to describe the decomposition of W as Kp-module when
regarding W as Kg-module by restriction of the representation. We follow
an idea of do Carmo and Wallach [7].

Definition 6.1. A linear map By : m ® Vy — Uy is defined as:
By (¢ ®v)=m (§v), for &emvelp.
Then we also define
Ny := (Voo ImB))" C W,

and the orthogonal projection mp : W — N,. For simplicity, Uy is also
denoted by Nj.

Since m; is Kp-equivariant, we have
Lemma 6.2. A linear map By : m ® Vo — Uy is Kg-equivariant.
Corollary 6.3. Im B; is a Ko-module.

The n-th symmetric power of m is denoted by S™"m. Let S,, denote the
permutation group of order n and define an element of S™m as

1
§1€2- & = ! Z §o(1) @ "'®£a(n)’
Uesn

for §1a£27"' 7§n cm.

1
Definition 6.4. Inductively, we define the subspace (Vg &b @Z;lllm Bp)

of W denoted by N,, with the orthogonal projection 7, : W — N,,. Then a
linear map B, : S"m ® Vj — N, is defined as

By ((&1-+-&n) ®@v) =m0 (&1 &n)v),
where (£1---&)v = 4 Y, cs, (€o1) (o) (botn-1) (Eom)?)) --+))-
Since By, : S"m ® Vy — N, is Ky-equivariant, Im B,, is a Kg-module.

Lemma 6.5. If (G, Ky) is a symmetric pair with the corresponding orthog-
onal decomposition of the Lie algebra g = € ® m, then

B ((€1---&n) @0) = (&1 (G2 (- (§nv) ---))) -
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Proof. For &1,--- &, € mand v € Vy C W, we have

§1(§2(83- &) v) =& (&1 (&3 &) v) = [€1,&2] (€384 -+ En) V).

By definition, it follows that (&3---&,)v € Vo@Im B1 & --@®Im B, 3. From
the hypothesis that (G, Kp) is a symmetric pair, we get [£1,&2] € €. Since
VoImBy®---®ImB,_5 is a Kyp-module, we have

[€1,82) (€384 &) v) € Vo Im By @ - - @ Im By, o,

and so,
T (6182 (83 -+ &n) v) = mn (€261 (§3 - En) V) -

In a similar way, we obtain

T (1 &im1) (& (i (Gira -+ &n) v)))
=T (&1 &im1) (&1 (& (Gir2 -+~ En) V),
and the result follows. O

Definition 6.6. Let W be a G-module with an invariant scalar product
and Vy C W a Kg-module when we regard W as Ky-module by restriction
of the representation. If we can decompose W as

(6.1) W=Vo@eImB; & ---&ImB,,

then (W, Vp) is said to have a normal decomposition (into Kp-modules). We
sometimes denote V;; by Im By in the normal decomposition.

Proposition 6.7. If W is an irreducible G-module, then for any Ko-module
Vo C W there exists a positive integer n such that

W=VelmB; &---&ImB,,
which is a normal decomposition of (W, V).
Proof. Since W is irreducible, the result follows. O
We have a modification of Lemma 4.2 in [7].

Proposition 6.8. Let W be a G-module with an invariant scalar prod-
uct (+,+) and Vy a Ko-subspace of W when W is regarded as Ky-module by
restriction of the representation. Suppose that (W, Vy) has a normal decom-
position (6.1). Consider a Ky-irreducible decomposition of Im B; for each
i=0,---,n. Assume that Im B; and Im B; have no common irreducible K-
submodules in the Kg-irreducible decomposition of them, if i # j =0,--- ,n.

If T is a Ko-equivariant positive semi-definite Hermitian endomorphism
on W satisfying (T'gv1, T'gve) = (v1,v2) for arbitrary g € G and vy, vy € V),
then T = Idyy.

Proof. Since Im B; and Im B; has no common irreducible Ky-submodules
when ¢ # j, Schur’s lemma yields that only the zero map is a Ky-equivariant
linear map from Im B; to Im B;. Hence we have that TIm B; C Im B;, where
1=0,---,n.

Combining TIm By C Im By with the assumption (T'guvy, T'gva) = (v1,v2),
we can recognize T'|y, as a positive semi-definite Hermitian endomorphism
preserving the induced scalar product on Vy. We thus deduce that T'|y, =
Idy;,.
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From the hypothesis, it follows that for an arbitrary £ € m
(Tgetvy, Tgevy) = (v1,v9),
where t € R and vy, v € V). Then we get

a 2P 2p
0=——| (Tev;,Tevy) = Z ( >(TfrU17T§2p_rU2)v
r

dt?r |i=0

and so,

(6.2) (2p (T€Por, TePvs)

p
p—1 9 2p 9
=y ( p) (T& 01, TEPwy) — Y < p) (T€ vy, TEP vg)
r=0 " r=p+1 "
_ - 2p (TfTU Tprfr,U ) _ pil 2p (T£2p7r,u Tfr'l) )
= vy r 1, 2 vy r 1, 2)-

Suppose that T is the identity on Vo @ Im By @ --- & Im B,_1. From the
inductive hypothesis and the condition that 7" is a Hermitian endomorphism,
when r < p, we can deduce that

(T€ 01, TE>P " vg) = (€01, TEP "vg) = (TE v1, € "vg) = (€01, % "vg).

Consequently, it follows from (6.2) that (T'¢Pvy, T{Pvg) = (£Pv1, £Pv2). Hence
T|1m B, is a positive semi-definite Hermitian endomorphism preserving the
scalar product and we can derive 7|y B, = Idim B,- O

Since we would like to consider an orthogonal direct sum of r-copies of
irreducible module, let W denote a G-module and V; ¢ W a Ky-module,
respectively. Suppose that the Kp-module H (f/o,f/o) is decomposed into
Ky-irreducible modules of the form:

H(Vo, Vo) = @' H;,

where Hy denotes the one-dimensional trivial representation corresponding
to the identity transformation of Vy. Let GHy be the subspace of H(W)
generated by G and Hy.

A G-irreducible representation is said to be a class one representation of
(G, K)p), if it contains non-zero Ky-invariant elements. In a similar way to
the proof of Lemma 4.4 in [7], we can show

Proposition 6.9. Let W be an irreducible G-module and Vo C W a Ky-
submodule. Suppose that Im B; and Im B; in the normal decomposition (6.1)
of (W, Vp) have no common Ky-irreducible submodules, if i # j.

Let W be an orthogonal direct sum of r-copies of W and Vi an orthogonal
direct sum of r-copies of Vo which is regarded as a subspace of W in a natural
way.

Then GHy C H(W) consists of class one submodules of (G, Ky). An
arbitrary class one representations of (G, Ko) in H(W) is a submodule of
GH(Vo, Vo).
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Proof. First of all, we take an orthogonal decomposition of GHy into G-
irreducible modules:

GHy = @pr.
The orthogonal projection is denoted by m, : GHy — W, for each p, which
is a G-equivariant map. Then m,(Hy) # {0} for an arbitrary p, by definition
of GHy and so, W, is a class one representation since m, : GHy — W, is
also Ky-equivariant.

Next, suppose that H is a class one subrepresentation of (G, Ko) in H(W)
such that H N GH(Vp, Vo) = {0}. Then, by standard arguments, we can
assume that H LGH (Vp, Vo) without loss of generality.

Since H is a class one representation, there exists a non-zero C' € H such
that kCk~' = C for any k € Ky. It follows from H LGH (Vy, Vp) that

1
0= (C,gH(v1,v2)) = (C, H(gv1,9v2)) 1 = 3 {(Cgu1, gv2) + (Cgv2, gv1)},
for arbitrary g € G and vy, v € Vy. Thus we get
O:(CgvlngZ)v geGa ’Ula’UZE‘/O'

If C is sufficiently small, then Id + C' > 0 and so, we can define a positive
Hermitian endomorphism 7T satisfying 72 = Id + C. Then we have

(Tgv1, Tgvs) = (v1,v2) g € G, vi,v2 € V).

Since C' is Ko-equivariant, so is 7. Since (W, Vp) has the normal decompo-
sition W = Vo @ Im By & --- ® Im B,, induced from that of (W, Vy) and T
satisfies TTm B; C Im B; for each i from the hypothesis, Lemma 6.8 yields
that T'= Id and so, C = 0, which is a contradiction. O

We use Proposition 6.9 to obtain a rigidity result on harmonic maps.
To do so, let @&,V — G/K, be the orthogonal direct sum of r-copies of
the homogeneous vector bundle V' — G /K with the canonical connection.
Then we can induce an invariant connection on &,V — G/Kj from the
canonical connection, which is also called the canonical connection.

Theorem 6.10. Let G/K\y be a compact reductive Riemannian homoge-
neous space and V = G Xk, Vo a homogeneous vector bundle with an in-
variant metric and the canonical connection, where Vy is an irreducible Kg-
module.

Suppose that the eigenspace W with an eigenvalue p of the Laplacian
acting on I'(V') is an irreducible representation of G. We realize Vi as a
subspace of W as in Lemma 5.34. Furthermore, W is supposed to satisfy
(1) Im B; and Im B; in the normal decomposition (6.1) of (W,Vy) has no
common Ko-irreducible submodules, if i # j, and
(2) any G-irreducible submodule of H(W) is a class one representation of
(G7K0)‘

We denote by W the orthogonal direct sum of r-copies of W and by V =
@,V — G/Ky the orthogonal direct sum of r-copies of vector bundle V with
the induced invariant metric h and the canonical connection V.

Then the standard map by (‘7, W) s the unique FEinstein-Hermitian full
harmonic map with an EH constant —u satisfying the gauge condition for
(f/, h,V) up to gauge equivalence.
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Proof. It follows from Frobenius reciprocity and irreducibility of V{ that
W globally generates V and so, W does V. From condition (1) and the
definition of the normal decomposition, Lemma 5.36 yields that the standard
map is the desired map.

If f is not the standard map, from Theorems 5.12 and 5.37, we have a
positive semi-definite endomorphism 7' of W satisfying

(1% = Idy,, GH(®, Vo, ®rV0)) ;; = 0.

On the other hand, by Proposition 6.9, the conditions (1) and (2) imply
that H(W) = GH(®,Vy, ®,Vp). Thus T? = Id;, which means that f is the
standard map. Hence we have a contradiction. O

6.2. Complex projective spaces. We introduce two theorems which are
proved in independent ways. A unified proof can be given in the light of
Theorems 5.37 and 6.10.

The following theorem is shown independently by S.Bando-Y.Ohnita [2],
J.Bolton-G.R.Jensen-M.Rigoli-L.M.Woodward [3] and Y.Ohnita [28].

Theorem 6.11. Let f : CP' — CP" be a full harmonic map with constant
energy density and a constant Kdhler angle. Then f is the standard map up
to gauge equivalence.

We have a rigidity theorem of holomorphic isometric embeddings between
complex projective spaces by Calabi [5].

Theorem 6.12. Let f: CP™ — CP"™ be a full holomorphic map with con-
stant enerqy density. Then f is the standard map up to gauge equivalence.

Remark. Since we can classify those maps up to gauge equivalence, our
results are slightly stronger than the previous results. However our claims
are essentially the same as theirs by Proposition 5.30. Notice that Theorem
6.12 is indeed slightly stronger than the Calabi’s rigidity on holomorphic
isometric embeddings of CP™ into CP".

Before giving a proof, we fix notation used throughout this section. First
of all, we begin with standard representation theory of SU(2) treated in the
Remark after Lemma 5.36. For an irreducible representation S¥C? of SU(2),
let

(6.3) SFC? =C @ Cpa® - ®C_(_9 & C_y,

be a weight decomposition with respect to a standard diagonal subgroup
U(1), where C; is an irreducible representation of U(1) with weight {. We
consider a symmetric pair (SU(2),U(1)) and the holomorphic line bundle
O(k) — CP! with the canonical connection, which is regarded as a homo-
geneous bundle SU(2) X1y C_,. Using the theory of spherical harmonics,
we have a decomposition of I'(O(k)) in the L2-sense:

(6.4) L(O(k)) = i Slk+2 o2,
=0

Moreover, S/H2:C2 is an eigenspace of the Laplacian induced by the canoni-
cal connection. The Bott-Borel-Weil theorem yields that H? (CP*; O(k)) =
SkEC2? if k> 0.
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We have an analogous theory for a symmetric pair (SU(m + 1), U(m)),
where an element in the isotropy subgroup U(m) is of the form:

('é' A(L) , AeU(m).

Let HZ’I be the complex vector space of harmonic polynomials on C" of bi-
degree (k,l) which is an irreducible representation of SU(n). In particular,
the space Hfrﬂrl of holomorphic polynomials has the following irreducible
decomposition as U(m)-module:

k
(6.5) Hyy = D Cpip @ HEL.
p=0

Here C; denotes an irreducible one-dimensional representation (the deter-
minant representation) of U(m) with weight [. Let O(k) — CP™ be a
holomorphic line bundle of degree k, which is regarded as a homogeneous
bundle SU(m + 1) Xym) C—j with the canonical connection. Analogously,
we have an irreducible decomposition of T'(O(k)) in the L%-sense:

k41,1

Z?i() /Hlm[g]l?l k z 07
S| k|4

Z?i[) /Herl ’ k é 0.

Furthermore, each representation space appeared in the decomposition is an
eigenspace of the Laplacian induced by the canonical connection. It follows
from Bott-Borel-Weil that H® (CP™; O(k)) = HES |, if k = 0.

We can easily see from (2.3) and (4.1) that the curvature of the canonical
connection on O(k) — CP™ is the Kéhler form on CP™ up to a constant
multiple and so, it is a Hermitian Yang-Mills connection. Since any line bun-
dle over a compact Kahler manifold is a stable vector bundle, the canonical
connection on O(k) — CP™ is the unique Hermitian Yang-Mills connection

modulo gauge equivalence.

(6.6) I'(O(k)) =

Proof of Theorems 6.11 and 6.12 . We regard CP" as a complex Grassman-
nian Gr,(C"*!) = P(C"*1") in both cases. Then the universal quotient
bundle Q — Gr,(C"*1) is of rank 1.

Let f be a harmonic map from CP! to Gr,(C"*!) with constant energy
density and constant Kéhler angle or a holomorphic map from CP™ —
Grp,(C"1) with constant energy density. Since f*@Q — CP™ is of rank 1
and f has constant energy density, f is an Einstein-Hermitian map (see the
second Remark after the proof of Theorem 5.12).

In case of f : CP! — Gr,(C"*!), since every harmonic map of CP! is
conformal (see, for example, [10]) and f has a constant energy density, we
can deduce that f is a homothety. Combining this with the assumption that
f has a constant Kahler angle, we see that the pull-back of the Kéhler form
on Gr,(C""1) is a constant multiple of the Kihler form on CP!. Thus the
pull-back connection on f*@ — CP! is the canonical connection.

When f : CP™ — Gr,(C"!) is an EH holomorphic map, Proposition 4.3
yields that f*@Q — CP™ is an Einstein-Hermitian vector bundle. We thus
have the canonical connection as the induced connection on the pull-back of
the universal quotient bundle.
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Therefore each f is an Einstein-Hermitian harmonic or holomorphic map
with the gauge condition for the canonical connection on a line bundle.

Suppose that the pull-back bundle is a holomorphic line bundle O(k) —
CP™ with the canonical connection. It follows from (6.4) and (6.6) that
Ctl ¢ SIFIH2LC2 for some non-negative integer [ in the former case and
C"t1 C H%0 in the latter case. The relevant representation space is denoted
by W. In each case, the U(m)-decomposition of W is regarded as the normal
decomposition of (W, C_j) from Proposition 6.7. Then, it follows from (6.3)
and (6.5) that Im B; and Im B; in the normal decomposition of (W, Vy) has
no common Ky-irreducible submodules, if ¢ # j.

The representation H(WW) has an irreducible decomposition as follows:

@?f(l)%l G2|k|+41-2i 2
H(W) = ko k—Lk—l

oMyt
(Though we must take an invariant real vector space in the decomposition,
we omit it.) Since all representations appeared in the decomposition of
H(W) are class one representations, Theorem 6.10 implies that the standard
maps by (O(k) — CP™,W) are the desired maps and f itself is the standard
map up to gauge equivalence of maps. O

As a result, those maps are isometric immersions up to a constant multiple
of the metric.

Remark. Using a technique of [2] and [3], we can conclude that any harmonic
map from CP! — Gr,(C"!) = P(C"*1") with constant energy density has
a constant Kéahler angle.

Remark. We can see from Theorems 6.11 and 6.12 that the standard map is
the unique representative in each indicated homotopy class of maps into com-
plex projective spaces, which is the Einstein-Hermitian harmonic or holo-
morphic map with the pull-back connection being a Hermitian Yang-Mills
connection.

Toth gives a conception of polynomial minimal immersion between com-

plex projective spaces [34]. In the definition of polynomial minimal immer-

sions, Toth makes use of o

ny1 to define polynomial maps between spheres
and uses the Hopf fibration to get a map between complex projective spaces.
This enables us to apply U(n+1)-representation theory instead of SO(2n+2)-
representation theory in the original do Carmo-Wallach theory. In addition,
Toth implicitly requires the gauge condition for the canonical connection
on a line bundle as horizontality. Theorem 3.5 implies that the notion of
polynomial maps is unnecessary to develop the theory. We replace a polyno-
mial minimal immersion by polynomial harmonic map with constant energy
density:.

Lemma 6.13. Let f : CP™ — CP" (m = 2) be a full harmonic map
with constant energy density. Then f is a polynomial harmonic map in the
sense of Toth if and only if f satisfies the gauge condition for a complex line
bundle with the canonical connection.
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Proof. Since the universal quotient bundle is of rank 1 and f has constant
energy density, the mean curvature operator is proportional to the identity
up to constant (see the second Remark after the proof of Theorem 5.12).

The sufficient condition holds by definition of polynomial harmonic map
(see condition (3) (horizontality) in [34]).

Suppose that the pull-back bundle of the universal quotient bundle with
the induced connection is isomorphic to a complex line bundle with the
canonical connection. Then Theorem 3.5 and the decomposition (6.6) imply
that C"*! C 7—[1];11 for some non-negative integers k£ and [. This yields that
f is a polynomial harmonic map. O

Toth also gives an estimate of the dimension of the moduli space by the
image equivalence relation in [34]. Lemma 5.36 and the weight decomposi-
tion yields that the standard map is a harmonic map with a constant energy
density. Then Theorem 5.31 provides the description of the moduli space,
in which M is CP™, A is a constant function and V is the canonical con-
nection on a line bundle. Toth estimates the dimension of My (Hf,jbl_i_l) using
representation theory of U(m + 1).

As a generalization of Theorem 6.12, we will have the rigidity of a special
class of Einstein-Hermitian holomorphic embeddings of a compact Hermitian
symmetric space.

Let (G, Kp) be an irreducible Hermitian symmetric pair of compact type
with the corresponding orthogonal decomposition of Lie algebra g = ¢ & m.
Moreover, since ¢ has a center u(1), £ is decomposed into ¢ = u(1) @ ¢;. The
Lie subgroups corresponding to u(1) and ¢; are denoted by U(1) and Kj,
respectively.

Any irreducible homogeneous vector bundle on M := G/K) is expressed
as V 1= G xg, (V1 ® Cr) — M, where V; is an irreducible representation
of ¢, and Cj is a one-dimensional representation of u(1l) with weight k.
Then m€, which is the complexification of m, is regarded as (C_; ® T}) @
(C;®T1). Here [ is a positive integer and T} is an appropriate non-trivial
irreducible representation space of £,, if £, # {0}. If we denote by m(g ;) the
set of tangent vectors of type (0, 1), then we have m ;) = C; ® T} in the
decomposition.

It follows from [18, p.121 Proposition (6.2)] and the uniqueness of the
Einstein-Hermitian structure that the canonical connection is the unique
Hermitian Yang-Mills connection on any irreducible homogeneous vector
bundle V' — G/ K.

Theorem 6.14. Let (G, Ky) be an irreducible Hermitian symmetric pair
of compact type and V. — G/Ky an irreducible holomorphic homogeneous
vector bundle. We denote by W the space of holomorphic sections of V. —
G/ Ko with the L? Hermitian inner product up to constant multiple. Assume
that any G-irreducible submodule of H(W) is a class one representation of
(G7 KO) :

We denote by &,V the orthogonal direct sum of r-copies of the bundle
V — G/Ky and by ®, W the orthogonal direct sum of r-copies of W.

If f is an Einstein-Hermitian full holomorphic embedding of G/Ky into
a complex Grassmannian with the pull-back bundle of the universal quotient
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bundle being holomorphically isomorphic to a direct sum of r-copies of V. —
G/Ky, then f is the standard map by (®,V,®,W) up to gauge equivalence.

Proof. Let Vj = C_,,, ® V| be an irreducible complex module of Ky as-
sociated with V' — G/Kj, where m is an integer and Vj is an irreducible
representation of £1. If f is an embedding into Gr,(C”), Theorem 3.5 yields
that CV is a subspace of a direct sum of r-copies of W and V has non-trivial
holomorphic sections. Then Bott-Borel-Weil theorem implies that m is posi-
tive and (o, W) is an irreducible G-representation. By Frobenius reciprocity
and Lemma 5.34, V} is realized as a subspace of W. Then Proposition 6.7
yields that (W, Vp) has a normal decomposition (6.1).

Since the second fundamental form K is of type (0,1), we get o(m)Vp =
o(m,1))Vo and

(6.7) o(my,0))Vo = {0}.

From lemma 6.5 and (6.7), B,, can be regarded as a map from S"m 1) ® Vo
to IV, (see Definition 6.4). Since m(g ) = C; ® T1, we see that S"mg 1) =
C,; ® S"Ty. Then we deduce that Im B; is a submodule of C_,,,+;; ® U;,
where U; is a representation of £ (i = 1). It follows that Im B; and Im B;
has no common Kjy-irreducible submodules, if i # j.

Since f is an EH holomorphic embedding, Proposition 4.3 yields that
f*Q — G/Kjy, the pull-back bundle of the universal quotient bundle, is an
Einstein-Hermitian vector bundle. From [18, p.177 Theorem (8.3)], we can
see that f*Q — G/K) is an orthogonal direct sum of holonomy irreducible
Einstein-Hermitian vector bundles, say @;(F;, h;). By the assumption that
f*Q — G/Kj is holomorphically isomorphic to a direct sum @&,V — G/ Ky,
we have a non-trivial bundle map E; — V for each i. Since V and E; are
holonomy irreducible, we can deduce from [18, p.101 Proposition (1.7)] that
V' is holomorphically isomorphic to F;. Thus the induced connection on V'
is the Hermitian Yang-Mills connection. As we already stated, the canonical
connection is the unique Hermitian Yang-Mills connection on V' — G/Kj.
Consequently, we can conclude that f satisfies the gauge condition for an
orthogonal direct sum @,V — G /K, with the induced invariant metric and
the canonical connection.

Hence, Theorem 6.10 with the assumption on H(W) having only class one
submodules yields the result. U

We give examples of pairs (G, Ky) and G-representation spaces W such
that H(WW) consists of class one representations.

Theorem 6.15. Let G/Ky be a compact simply-connected homogeneous
Kahler manifold, where G is a compact connected semisimple Lie group,
and L — G/Ky a holomorphic line bundle. We denote by W the space of
holomorphic sections of L — G/Ky. If L — G/Ky is a positive line bundle,
then End (W) consists of class one representations of (G, Ky).

Proof. Tt is well-known that every holomorphic line bundle on G/Kj is a

homogeneous vector bundle. Then, by Bott-Borel-Weil theorem, W is an

irreducible representation space of G. The Kéhler form may be chosen in

2me1 (L) from the positivity of the line bundle. Since L — G/Kj is a line

bundle on a Kéhler manifold, L — G/Kj has a unique Einstein-Hermitian
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connection V. We adopt the curvature form 2 of V as the Kéahler form w
on G/Ky: w=+—10.

Let fo : G/Ko — P(W*) be the standard map. We fix a G-invariant
Hermitian structure h on L — G/K( and equip W with a G-invariant Her-
mitian inner product (-, <)y . Since fy is G-equivariant holomorphic map and
L — G/K) is of rank one, the mean curvature operator A can be regarded
as a negative constant from Lemma 3.3. Then Proposition 4.3 yields that
the pull-back connection on f*O(1) — G/Kj is the Hermitian Yang-Mills
connection V on L — G/Kjy. In particular, since the pull-back metric is a
G-invariant metric on L — G/K( by G-equivariance of fy, we can assume
that h coincides with the pull-back metric. Thus fy can be regarded as a
holomorphic isometric embedding.

Let Vi be a complex 1-dimensional representation of Ky to which the
associated bundle is L — G/ Kj. By Lemma 5.34, we realize V| as a subspace
of W and take a unit vector vg € Vj C W. Let Ho(W) denote the set of
trace-free Hermitian endomorphisms on W. Then, for C' € Hyo(W), we define
a real valued function fo: G/Ko — R as

(6.8) fe(lg]) = (Cgvo, gvo)w -

It follows that the correspondence C' — fo gives a G-equivariant homo-
morphism F' : Hy(W) — C*°(G/Ky), where C*°(G/K)) is the space of real
valued smooth functions on G/Kj.

Suppose that F(C) = 0. If C is small enough, Id + C is positive. Con-
sequently, we can use Id + C to define a full holomorphic map f: G/Ky —
P(W*)as (Id+ C’)_% fo. Then (6.8) gives ((Id + C)guvo, gvo)y, = 1 and so,
the pull-back metric by f coincides with h. Since the pull-back bundle by
f is holomorphically isomorphic to L — G/Kj, the uniqueness of the Her-
mitian connection implies that the pull-back connection also coincides with
V. From the definition of the Kahler form, f also turns out to be a holo-
morphic isometric embedding. From Calabi’s rigidity theorem [5], f must
be image equivalent to fp. Proposition 5.30 implies that f and fy are also
gauge equivalent. It follows from Theorem 5.12 that C' = 0. Thus Ho (W)
can be regarded as G-submodule of C*°(G/K)).

Since every irreducible submodule of C*°(G/K)j) is a class one represen-
tation of (G, Ky) and End(W) is the complexification of H(W), we obtain
the desired result. (]

Theorems 6.14 and 6.15 yield

Corollary 6.16. Let (G, Ky) be an irreducible Hermitian symmetric pair
of compact type, L — G/Ky a positive holomorphic line bundle and W
the space of holomorphic sections of L — G/Ky. We denote by &L the
orthogonal direct sum of r-copies of the line bundle L — G /Ky and by &, W
the orthogonal direct sum of r-copies of W.

If f is an Einstein-Hermitian full holomorphic embedding of G/Ky into
a complex Grassmannian with the pull-back bundle of the universal quotient
bundle being holomorphically isomorphic to a direct sum of r-copies of the
line bundle L — G /Ky, then f is the standard map by (B,.L,®W,) up to
gauge equivalence.
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6.3. Complex quadrics. We consider Einstein-Hermitian holomorphic em-
beddings of the projective line into complex quadrics Gr,(R"*2). Such em-
beddings turn out to be holomorphic isometric embeddings up to constant
multiples of the metrics. Though research on harmonic maps from the pro-
jective line into quadrics has been approached from various viewpoints (for
example, [6], [13], [21], [38] and [40]), we would like to describe the moduli
space by a generalization of do Carmo-Wallach theory (Corollaries 5.25 and
5.33 and Theorem 5.37).

Remark. We need to fix an orientation of R"*2 to define a complex structure
of Gr,, (R"*2). When we use notation in §5.1, the inversion 7 : Grn(RTrQ) —
Grn(R"™2) is a holomorphic isometry. In addition, 7 does not belong to
O(n), if n is even. Following our convention, we do not distinguish a map
f: M — Gr,(R"?2) from a map 7o f : M — Gr,(R""2). In particular,
two standard maps fo and 7 o fj are identified.

The curvature form R of the canonical connection on the universal quo-
tient bundle is related to the fundamental 2-form wg on Gry,(R"*2) in such a
way that R = —\/—710.:@. Denote by wp the fundamental 2-form on CP! sat-
isfying Ro(1) = —+v/—1wp, where Ro(1) is the curvature form of the canonical
connection on the hyperplane bundle over CP!.

Definition 6.17. Let f : CP!' — Gr,(R"*?) be a holomorphic embedding.
Then f is called an isometric embedding of degree k if f*wg = kwy (and so,
k must be a positive integer).

Lemma 6.18. Let f : CP! — Gr,(R"*?) be a holomorphic embedding.
Then f is an isometric embedding of degree k if and only if the induced con-
nection on the pull-back of the universal quotient bundle is gauge equivalent
to the canonical connection on O(k) — CP'. Under these conditions, f is
an Einstein-Hermitian map.

Proof. Since the holomorphic bundle structure of any line bundle on CP!
is unique, there exists a non-negative integer k such that f*Q — CP! is
holomorphically isomorphic to O(k) — CP!.

Since f*wq is the curvature form of the pull-back connection and kwy is
that of the canonical connection on O(k) — CP!, it follows that f is an
isometric embedding of degree k and so, f*wg = kwp, if and only if the
pull-back connection is the canonical connection on O(k) — CP1L.

Under these conditions, Proposition 4.3 yields that the mean curvature
operator is considered as a complex endomorphism of O(k) — CP!. Since
the canonical connection is the unique Hermitian Yang-Mills connection, the
mean curvature operator is proportional to the identity on O(k) — CP! and
the same is true as a real endomorphism of O(k) — CP!. O

Since the holonomy group of the canonical connection on any (positive)
line bundle is irreducible, the pull-back fiber metric also coincides with the
invariant fiber metric up to a positive constant multiple. If we change the
inner product on R"*? or the invariant metric on the line bundle by a
positive constant multiple, then we can assume that the pull-back metric
also coincides with the invariant metric from the beginning.
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From this observation with Lemma 6.18, we can apply Theorem 5.37 to
obtain the moduli space M}, of holomorphic isometric embeddings of degree
k modulo gauge equivalence of maps. We also use the Hermitian Yang-Mills
connection to obtain that any holomorphic section of O(k) — CP! is an
eigensection (Lemma 4.2).

Let (SU(2),U(1)) be the symmetric pair corresponding to CP! and g =
£ ® m the corresponding orthogonal decomposition of the Lie algebra g =
su(2), where £ = u(1). We notice that m€ = Cy @ C_s.

When considering the standard map by ((’)(k),HO (CPl; (’)(k))) into a
quadric, we recognize H° (CPl; O(kz)) as a real vector space with the in-
duced orientation by the complex structure. In general, by regarding a com-
plex vector space CV with a Hermitian inner product as a real vector space
R?" with the induced orientation and inner product, we obtain a totally geo-
desic embedding into an oriented Grassmannian i : Gr,(CY) — Grq,(R?Y).

Lemma 6.19. The standard map by (O(k), H® (CP',O(k)) = S*C?) is a
holomorphic isometric embedding of degree k from the complex projective
line into Gra(R?#+2).

Proof. Since i : Gry, (S¥C?) — Groi(R?**2) is a holomorphic totally geo-
desic embedding and the standard map in question is the composition of the
standard map into Gry (SkCQ) and 4, Theorem 6.12 yields the result. [

Notice that the L? inner product on R?**2 is an SU(2)-invariant inner
product. Thus, for the description of the moduli space, Corollary 5.25 is
available. First of all, we consider the case that k = 1.

Theorem 6.20. If f is a holomorphic isometric embedding of degree 1 from
the complex projective line into a complex quadric, then f is the standard
map by (0(1) — CP', HO (CPI; (’)(1))) up to gauge equivalence.

Proof. Let f be a holomorphic isometric embedding into Gr,(R"*2) of de-
gree 1. Then, Lemma 6.18 yields that f is an Einstein-Hermitian holomor-
phic embedding. Since f is of degree one and H° (CPl; (9(1)) is equivalent
to the standard representation C? as SU(2)-module by Bott-Borel-Weil the-
orem, Theorem 5.37 implies that n +2 < 4. Hence we consider an Einstein-
Hermitian holomorphic embedding f : CP! — Gry(R?*): the maximal case.
Since the Hermitian Yang-Mills connection is the canonical connection on
O(1) — CP!, we can apply Theorem 5.37 to describe the moduli space.

Since Gro(R*?) is a real Grassmannian, we must regard C? as a real vector
space R* with the complex structure J when applying Theorem 5.37. Con-
sequently, H(R*) denotes the set of symmetric endomorphism on R* in our
convention. Since the standard map is an Einstein-Hermitian holomorphic
map from Lemma 6.19, we only need to consider the equation

(6.9) evoCoVev* =0

by Corollary 5.23, where C' € Hp(R?*) which denotes the set of trace-free
symmetric endomorphisms on R?.

Let C? = C; @ C_; be the weight decomposition as U(1)-module. The
line bundle O(1) — CP! is expressed as SU(2) xy(1)C—1 and we can identify
the representation space C_; of U(1) with the subspace denoted by the same
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symbol of the weight decomposition of C? by Lemma 5.34. Then we can see
from mC_; = C; and Theorem 5.37 that (6.9) is equivalent to the condition
that

(C7 GH(mC—17 C_l)) = (07 GH(017 C—l)) - 07
where (-, -) is the induced SU(2)-invariant inner product on Ho(R?).
We can irreducibly decompose an SU(2)-module H(R?) as:
(6.10) H(R') = 3R’ @ R,

and so Ho(R*) = 3R3.

To apply Corollary 5.25, we need to understand the decomposition (6.10)
in detail. To do so, let j be an SU(2)-invariant quaternion structure on C2
which is a conjugate-linear map such that j? = —Id. Then,

R? = v—1p(g), R® = jv—1p(g), R® = Jjv—1p(g),

where p : su(2) — End(C?) denotes the standard representation. Notice
that v/—1p(g) is the set of Hermitian endomorphisms on (R?,J).

We take an orthonormal basis {v1, Jvi,v_1, Ju_1} of R* as vy, Ju; € Cy,
v_1,Jv_1 € C_y and jv; = v_y. Then, H(C;,C_;) is spanned by

H(vy,v_1),H(Jvi,v_1), H(v1, Jv_1)and H(Jvy, Jv_1).
In general, we have H(Ju,Jv) = —JH(u,v)J for arbitrary u,v € R*.
Hence H(u,v) 4+ H(Ju,Jv) is a Hermitian endomorphism on (R*,.J), be-

cause it commutes with J. In particular, H(v1,v_1) + H(Jvi, Jv_1) and
H(vy,Ju_1) — H(Jvy,v_1) are Hermitian endomorphisms on (R*,.J). Thus

V—1p(g) C GH(C1,C-1).
Next, we see that
(6.11)  2H(vy,v_1) — 2H(Jv1, Jv_1)
=j{H (vi,v1) — H(v_1,v_1) + H(Jv1, Jv1) — H(Jv_1,Jv_1)},
and so,
jV—1p(g) C GH(C1,C_1).
Finally, we get
H(vi,Jv_1) + H(Jvi,v_1) = J {H(v1,v-1) — H(Jv1, Jv_1)}.
It follows from (6.11) that
JjivV—1p(g) C GH(Cy,C_1).
Therefore, Hy(R*) = GH(C1,C_1). Corollary 5.25 yields the result. [J

Next, we consider holomorphic isometric embeddings of degree 2. When
the degree is even, say 21, H° (CPl; (9(2[)) has an invariant real subspace
denoted by Wfl{ of real dimension 2 + 1. Since Wfl{ also globally generates
O(21) — CP!L, we have a standard map by W, which turns out to be a
holomorphic isometric embedding of degree 2! by Lemma 5.36 and weight
decomposition. We call the standard map by (0(21) — CP!, Wﬁ) the real

standard map, which is a map into Gry_q (R?F1).
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Theorem 6.21. If f : CP! — Gr,(R"*2) is a full holomorphic isometric
embedding of degree 2 into a complex quadric, then n < 4.

When My denotes the moduli space of full holomorphic isometric embed-
dings of the complex projective line into Gry(R®) of degree 2 modulo the
gauge equivalence of maps, Ma is identified with an open unit disk in C.

If we take My as the compactification of Ma by the topology induced by
L? scalar product on T'(O(2)), each boundary point of Msa corresponds to a
real standard map whose image is included in a totally geodesic submanifold
Gr1(R3) of Gry(RS). Each totally geodesic submanifold Gri(R?) is specified
as the common zero set of sections of the universal quotient bundle () —
Gry(R5), where these sections belong to the orthogonal complement of R?
in RS. The real standard map is a terminal harmonic map.

Proof. We use the same notation as in the proof of Theorem 6.20 and begin
with a representation theory of SU(2) and U(1). Let S*C? be the com-
plexification of the Lie algebra of SU(2) with a real structure o which is
an SU(2)-invariant conjugate-linear involution. A weight decomposition of
S2C?% is Cy @ Cy @ C_y. The associated line bundle SU(2) xy) C-2 is a
holomorphic line bundle O(2) — CP! and H (CP'; O(2)) is identified with
S2C? by Bott-Borel-Weil theorem. From Lemma 5.34, the representation
space C_5 of U(1) is realized as a subspace of S?C? denoted by the same
symbol. We can see that mC_g = Cy.

Let f : CP' — Gr,(R""?) be a holomorphic isometric embedding of
degree 2. Then Lemma 6.18 implies that f is an Einstein-Hermitian holo-
morphic embedding and so, n < 4 by Theorem 5.37.

To apply Theorem 5.37, S?C? must be regarded as a real vector space RS
with the complex structure J. Let H(R®) be the set of symmetric endomor-
phisms on RS. Notice that H(RS,.J), the set of Hermitian endomorphisms
on (RS, .J), is a real subspace of H(R®). The Clebsh-Gordan formula yields
that the complexification of H(R®, .J) is decomposed as S*C? @ S?C? @ C.
Since these three spaces have invariant real structures, we denote by Dy, Do
and R the corresponding real subspaces of H(R®, .J), respectively. We claim
that

(6.12) H(R®) = (Dy® 0Dy @ JoDy) ® Dy @ (R®Ro @ RJI0).

We fix an orthonormal basis {ve,vo,v_2, Jus, Jug, Ju_o} of R® in such a
way that v; € C; and o(v;) = v—; (i = 2,0,—2). Using matrix represen-
tation and the block decomposition according to R® = Span(vg,vg,v_2) ®
Span(Jvg, Jvg, Ju_2), we have

D4:{<g g) ‘tD:D, traceDzo},

oDy = {(g _OD> ‘tD:D, traceD:O},

JoDy = {(O D) ‘tD:D, traceD:O}.

and so,

and

D O
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Moreover, we have

={(2 ) i0=<)

By the same reason (Corollary 5.23 and Lemma 6.19) as in the proof of
Theorem 6.20, we need to specify GH(Cg,C_3) as a subspace of Ho(RY)
which is the set of trace-free symmetric endomorphisms on R®. From the
definition, H(Cp, C_2) is spanned by

H(vg,v_2), H(Juvg,v—_2), H(vo, Ju_2) and H (Jvg, Ju_2).
The characterization of the decomposition of Hyo(RS) yields that
H(vg,v_2) + H(Jvy, Ju_g) € Dy, H(Jvg,v_2) — H(vg, Ju_3) € Do,
H(vg,v_9) — H(Jvy, Ju_g) € 0Dy, H(Jvg,v—_2)+ H(vy, Jv_2) € JoDy.

Thus Ro @ RJo is the orthogonal complement of GH(Cyp, C_5) in Ho(R?S).
Notice that the complex structure J on RS gives a complex structure on
Ro @ RJo. From Corollary 5.25, the moduli space My can be regarded as
a bounded connected convex open set in Ro @& RJo. Indeed, a symmetric
transformation Id + (ac + bJo) is positive, where a,b € R if and only if
a? +b? < 1. Thus My = {z € C||2|* < 1}.

Next we consider a natural compactification My of Msy. Suppose that
a?+b? = 1. Then (a + bJ)o is also an invariant real structure on S?C?2.
Hence we may consider only the case that a = 1 and b = 0. Since the kernel
of Id+ o is Span(Jvs, Jvg, Ju_2), Lemma 5.11 and Theorem 5.12 imply that
Id+ o determines a totally geodesic submanifold Gri(R?) of Gry(R°) and a
holomorphic isometric embedding into the submanifold Gr; (R?) represented
by 2Ids. This map is nothing but a real standard map by R? = (SQCQ)R
which is an invariant real subspace of S?C?. Finally, since the standard
map corresponding to Id is a maximal holomorphic map, My parametrizes
all holomorphic isometric embeddings of degree 2 (see Corollary 5.25 and
the Remark after it). Therefore Corollary 5.27 yields that the real standard
map is a terminal harmonic map. O

Since Id+ (aoc + bJo) is invariant under the SU(2)-action, we can deduce
that all holomorphic isometric embeddings of CP! into Gr4(RS) of degree
2 are SU(2)-equivariant. This is a result of [13].

Next, we consider the image equivalence of maps. The holonomy group
of the canonical connection on O(2) — CP! is the structure group U(1)
of the bundle. Therefore the centralizer of the holonomy group is also the
structure group S' = U(1). Then Theorem 6.21 with Corollary 5.33 yields
the result by [6] and [21].

Theorem 6.22. Let My be the moduli space of holomorphic isometric em-
beddings of degree 2 from the complex projective line into Gry(R®) modulo
the image equivalence. Then My = My/St = [0,1]; 0 (resp. 1) represents
the standard map (resp. the real standard map ).

Proof. From Lemma 6.18, the centralizer S* of the holonomy group of V
preserves the mean curvature operator of any holomorphic isometric em-

bedding. From Lemma 6.19, we can apply Corollary 5.33 to conclude that
St acts on My and My = My /St
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To be more precise, let Jy, be the complex structure of O(2) — CP! and
J the induced holomorphic structure of H° (CPl; (’)(2)). This means that
Jrev = evJ. By Corollary 5.33, the S'-action on My takes C' = ao + bJo
to eCe™ = C(cos 201d + sin 20.J) = (cos 201d — sin 20.J)C. We thus have
the standard action of S with weight 2 on the unit disk in C as the S*
action on M.

At the boundary of My, the S'-action takes an invariant subspace of
ac+bJo (a®+b% = 1) to another invariant subspace. Accordingly, we obtain
a totally geodesic submanifold Gri(R?) and the real standard map into
Gri(R3). Since the S! acts transitively on the boundary, we can conclude
that My = My /St O

Remark. We can derive from Theorem 6.22 that the real standard map is
the unique representative in the homotopy class of maps of degree 2 from
the complex projective line into complex quadrics, which is the Einstein-
Hermitian terminal holomorphic map with the pull-back connection being a
Hermitian Yang-Mills connection.

We have a geometric interpretation of the existence of the complex struc-
ture on the moduli space My. Let (f,¢) be a full holomorphic isometric
embedding f of CP! into Gry(RY) of degree 2 with a natural identification
¢ O(2) 2 f*Q, which corresponds to C' € Mj. Then, a tangent vector to
My at (f,¢) may be identified with D € Ro @ RJo. As we have already
seen, the complex structure J; on the bundle induces a complex structure
J on the space of the sections and H’(CP'; O(2)) is a complex subspace of
I'(O(2)). Then JD is a tangent vector to the curve (f;, ¢;) in Ma defined
by

fi=Kerev(Id+ C +tJD)2, and ¢y = (Id+ C + tJD)zev*

from Theorem 6.21, where ev : HO(CPY; O(2)) — O(2) is the evaluation
map. Thus we obtain a complex structure on Ms (see [26] for more general
argument of the existence of the complex structure of the moduli space
modulo gauge equivalence of maps).

In [30], Suyama obtains an analogous description of moduli spaces by
image equivalence of holomorphic isometric immersions into quadrics using
diastasis of Calabi [5] and establishes that the moduli space is the quotient of
a subset of complex Euclidean space by the S'-action. Our theory interprets
the geometric meaning of M and the reason that the complex structure and
the S'-action on M emerge in the description of the moduli space modulo
image equivalence from the point of view of differential geometry of vector
bundles and connections.

The moduli space of holomorphic isometric embeddings of the complex
projective line into quadrics of higher degree can be described by the same
method. To do so, more detailed analysis of SU(2)-representations is re-
quired. This subject is discussed in [22]. Furthermore, when the domain
manifold is the complex projective space, or the complex Grassmannian, all
holomorphic isometric embeddings into quadrics will be completely classified
in the framework of our theory ([24] and [27]).
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6.4. Equivariant harmonic maps. In this subsection, our main task will
be to classify equivariant harmonic maps of the complex projective spaces
into complex Grassmannians of low rank and quadrics.

Let G/ K\ be a compact reductive Riemannian homogeneous space, where
G is a compact Lie group. Then f : G/Ky — Gr,(K") is an equivariant map
if we have a unitary (or an orthogonal) representation g : G — Aut(K")
such that f(gx) = o(g)f(z), where g € G, x € G/Ky. Here, the image
f(x) of x € G/Ky is considered to represent a subspace of K™ and Aut(K")
denotes U(n) or O(n) depending on K.

Let f : G/Ky — Grp(K™) be an equivariant harmonic map. Then f*Q —
G/Kj is a homogeneous vector bundle with an invariant metric and an
invariant connection under the action of G. The mean curvature operator
is an equivariant endomorphism of f*Q — G/Kj.

Let V. — G/K, be a homogeneous vector bundle with an invariant fiber
metric A and an invariant connection V preserving h. Then an equivari-
ant map f : G/Ko — Gr,(K") is called to satisfy the gauge condition for
(V,h,V) as homogeneous bundles if there exists a G-equivariant bundle iso-
morphism ¢ : V. — f*@Q. In this case, the induced linear map I'(V) —
I'(f*Q) by ¢ is also G-equivariant. In addition, suppose that we have an
equivariant negative semi-definite Hermitian endomorphism A € I'(End V).
An equivariant map f : G/Ky — Gr,(K") is said to have an admissible
pair ((V, h, V), A) as homogeneous bundles, if f satisfies the gauge condition
for (V,h,V) as homogeneous bundles and has A € I'(End V') as its mean
curvature operator. When W, denotes the solution space of the generalized
Laplace equation with A, Wy is a G-representation induced from that on
(V). Since the action on K™ can also be considered to be induced from
that on I'(V') by Theorem 3.5, K" is a G-submodule of Wy.

With this understood, we have an equivariant version of Theorem 5.20.

Theorem 6.23. Let (V — G/Ky,h,V) be a homogeneous vector bun-
dle with an invariant metric h and an invariant connection V and A €
D(End V) an equivariant negative semi-definite Hermitian endomorphism.
Let fo : G/Ko — (Grp(K™), (+,-)o) be an equivariant full harmonic map into
Grp(K™) with an admissible pair (V, h, V), A) as homogeneous bundles. We
realize fo as an induced map into (Gry(K"), (-,-)o) with evy : K" — V as
its evaluation map and evy : V — f*Q as its natural identification, both of
which are equivariant maps.

If there exists a G-equivariant linear injection ¢ : K™ — K" and fi :
G/Ko — (Gry(K™),(-,-)1) is an equivariant full harmonic map with an
admissible pair (V,h,V), A) as homogeneous bundles (hence, n —p = m —
p'), then we have an equivariant Hermitian endomorphism C on K™ which
is meither positive nor negative semi-definite (possibly C = O) such that
(i) C satisfies derived MC' equations for evy : K" — V.

(ii) Id + C is positive semi-definite,
(iii) (K™, (+,*)1,¢) is compatible with (W, T), where T = (Id + C)% and
(iv) fi: M — (Gry(K™),(-,-)1) is realized as the map induced by a triple
(V,K™, 1(0*T0)) into (Grp(K™), (+,+)o)-

68



Conversely, if an equivariant Hermitian endomorphism C on (K™, (-,-)o)
satisfies the conditions (i) and (ii), then K™ := Ker (Id 4+ C)* globally gen-
erates V — G/Ky and the map f : G/Ko — (Gry(K™), (+,-)o) induced by
a triple (V, Km,LL*(Id—{—C)%L), where v : K™ C K™ is the inclusion, is
an equivariant full harmonic map with an admissible pair ((V,h,V), A) as

homogeneous bundles.
Let fi : M — (Grp(K™),(-,-)o) be the maps induced by those triples

<V, K™, w*(Id + Ci)%L> with the inclusion v : K™ — K" such that « (K™) =

Ker (Id+ C;)*, (i = 1,2). Then, fi and fa are gauge equivalent if and only
if C1 = Cs.

If we can take the standard map into (Grp(Wa),(-,-)) as fo, where (-,-)
is the L? scalar product on W up to a positive constant multiple, then C is
trace-free.

Proof. The key issue is a fact that C is G-equivariant.

We take a positive semi-definite Hermitian endomorphism 7' on K" such
that (T, T-); = ¢*(+,)o and the kernel of T is K™ Since both of the scalar
products are invariant under the action of G and ¢ is an equivariant linear
map, T2 is an equivariant linear map:

(Tgwy, Tgws)1 = (9w, gw2)o = (w1, w2)o = (T'wy, Twa)1.

Hence, C' = Id — T? is also an equivariant map. Then the proof proceeds in
the same way as in Theorem 5.20. (]

From our convention, a map f is identified with 7 o f, when V' — M is
an oriented real vector bundle and the target is an oriented Grassmannian
in the following theorems.

Theorem 6.24. Let (V — G/Ky,h,V) be a homogeneous vector bundle
with an invariant metric and an invariant connection and A € T'(End V')
an equivariant negative semi-definite Hermitian endomorphism. We denote
by W4 the solution space of the generalized Laplace equation with A. Let
fo: G/Ko — Grp(K™) be an equivariant full harmonic map into Grp(K™)
with an admissible pair (V,h,V), A) as homogeneous bundles.

If Wy is an irreducible representation of G, then K™ = W4 as G-module
and fo is the unique equivariant full harmonic map into Grp(Wa) with an
admissible pair (V,h,V), A) as homogeneous bundles modulo gauge equiva-
lence.

Proof. Since the induced linear map I'(V) — T'(f*Q) is G-equivariant for
any equivariant full harmonic map f of G/Kj into Gr,(K"™) with an admis-
sible pair ((V,h, V), A) as homogeneous bundles, Theorem 3.5 implies that
K" is a non-trivial G-subspace of W 4. The irreducibility of W, yields that
K" = W4 and so, f is a maximal map.

Let f1: G/Ko— Grp(Wa) be an equivariant full harmonic map with an
admissible pair ((V, h, V), A) as homogeneous bundles. Since fj is a maximal
map, from Theorem 6.23, we have an equivariant Hermitian endomorphism
C on W4 which is neither positive nor negative semi-definite on W, such

that f7 is realized as a map induced by (V, Wa, (Id + C)%) Schur’s lemma
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yields that C = Aldw,, where A € R. Since C is neither positive nor
negative semi-definite, A = 0. O

Corollary 6.25. Let G/K(y be a compact simply-connected homogeneous
Kahler manifold, where G is a compact connected semisimple Lie group.
Suppose that (V. — G/Ky,h) is an irreducible homogeneous holomorphic
vector bundle with an invariant Hermitian metric. Then its Hermitian con-
nection V is G-invariant.

If fo : G/Ky — Grp(C") is an equivariant full holomorphic map with
the gauge condition for (V,h,V) as homogeneous bundles, then fy is the
unique Einstein-Hermitian equivariant full holomorphic map into Grp(C™)
with the gauge condition for (V,h,V) as homogeneous bundles up to gauge
equivalence.

Proof. Tt follows from Bott-Borel-Weil theorem that H°(G/Ky; V) is an ir-
reducible unitary G-module. From [18, p.121 Theorem 6.4], we see that
(V,h) is an Einstein-Hermitian vector bundle. From Lemma 4.3, fj is an
EH map and any equivariant holomorphic map with the gauge condition for
(V,h, V) as homogeneous bundles has the same mean curvature operator as
that of fy. Theorem 6.24 yields the result. (]

Let (G, Kp) be an irreducible Hermitian symmetric pair of compact type.
Notice that any line bundle over G/ K is a homogeneous vector bundle and
so, G acts on any orthogonal direct sum of line bundles ¢;-1L;. Then using
the canonical connection on each line bundle, we can induce an invariant
connection on @;—1L;, which is also called the canonical connection. We use
the same notation as in §6.2.

Theorem 6.26. Let (G, Ky) be an irreducible Hermitian symmetric pair of
compact type except (SU(2),U(1)) and V — G/Ky an orthogonal direct sum
of line bundles. Then the canonical connection on V' is the unique invariant
connection.

Proof. Suppose that we have another invariant connection on V' — G/Kj.
Then the difference of the two connections denoted by « can be regarded as
an invariant 1-form with values in End V' — G/Kjy. Thus « is an invariant
section of homogeneous vector bundle T*M€ @ V* @ V. — G/Kj, where
T*MF€ is the complexification of the cotangent bundle of G/ Ky

Since V' — G/ Ky is an orthogonal direct sum of line bundles, so is End V.
Then the fiber of T*MC @ EndV — M at o can be decomposed into

@ (Tl ® Cli ©® Tl* ® Clz) )

i=1
where T} is a non-trivial irreducible representation of K7, since the pair
(G, Kp) is not (SU(2),U(1)). Thus the fiber has no trivial summand. By
Frobenius reciprocity, T7*M€ @ EndV — G/K; has no invariant section
except the zero section. It follows that the canonical connection is the
unique invariant connection on V' — G/ K. 0

We apply our results to obtain the rigidity theorems on equivariant holo-
morphic maps of the complex projective spaces. The corresponding sym-
metric pair is denoted by (SU(m +1),U(m)) as in §6.2.
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Theorem 6.27. Let V — CP™ be a complex homogeneous vector bundle
of rank g < m and V an invariant connection on V. — CP™.

Then V.— CP™ is isomorphic to an orthogonal direct sum of line bundles
as homogeneous vector bundle and V is the canonical connection.

Proof. We denote by p the action of SU(m+1) on V— CP™. Since U(m) is
the stabiliser subgroup at the reference point o € CP™, g restricted to U(m)
is a representation of U(m) to the fiber V. It follows from the classification
of U(m)-representations and dimensional reason that V, is an orthogonal
direct sum of one-dimensional representations Cg, © Cy, @ --- @ Cy,. Then
we have a bundle isomorphism of SU(m + 1) X () V, to V' as homogeneous
vector bundles:

[9,v] = o(g)(v).

Thus V' — CP™ is isomorphic to an orthogonal direct sum of line bundles.
Then Theorem 6.26 yields the result. O

To classify equivariant harmonic maps, we need the irreducible decompo-
sition of anﬁrlll (k 2 0) as U(m)-module:

k41,1 ,
(6.13) Hmj—l = @ HPT C—k-i—(p—q)'
0<p<k+1,05¢<i

If m = 2, then C_j is the only one-dimensional representation of U(m) in

the decomposition (6.13). In the case of Hu{ﬂfl (k < 0), we have a similar

decomposition.

Theorem 6.28. We denote by ®f_,O(k;) the orthogonal direct sum of line
bundles O(k;) — CP™ and by ®W; the orthogonal direct sum of vector
spaces W.

If f : CP™ — Grp(CPY9) is an equivariant full harmonic map with q¢ <
m, then f is the standard map by (®i_,O(k;), DI_W;) (ki € Z) up to gauge
equivalence, where W; = "Hfrsz’l’ (ki =2 0), or Hf;{lfi‘ﬂi (ki < 0), is one of
the eigenspaces of the Laplace operator induced by the canonical connection

on O(k;) for eachi=1,--- ,q.

Proof. Let f be an equivariant full harmonic map of CP™ into Gr,(CP*t?)
(g < m). Then the pull-back bundle of the universal quotient bundle is
homogeneous and the pull-back connection is an invariant connection. The-
orem 6.27 yields that the pull-back bundle is ®7_; O(k;) with the canonical
connection. Since the canonical connection reduces to U(1)-connection on
the direct sum of line bundles and the mean curvature operator A is an
equivariant endomorphism of EB?:I(’)(ICZ'), A is covariant constant and we
can deduce that A is of the form diag(—\1,---,—\,) according to the de-
composition of the line bundles, where A; = 0. From Theorem 3.5, \; is the
eigenvalue of the Laplace operator acting on sections of O(k;) — CP™ and
together with fullness of f, we can see that CP*9 is a SU(m + 1)-subspace
of ®]_,W;, where each W; is the eigenspace corresponding to \;. Since we
have a unique one-dimensional representation space C_j of U(m) in the
decomposition (6.13) of W;, Lemma 5.34 with Frobenius reciprocity yields
that @f_, W; C CP*7 and so, we conclude that CP™ = @f_ W;.
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It follows from Lemma 5.36 and (6.13) that the standard map fp is an
equivariant full harmonic map with ev : CP™ x ®&_,W; — ®_,O(k;).

Suppose that f is not the standard map. Since fj is a maximal map, from
Theorem 6.23, there exists a non-trivial equivariant trace-free Hermitian
endomorphism C on @7_, W; satisfying dMC equations for ev. Let u < 0 be
the smallest eigenvalue of C. Thus Id—p~'C has the non-trivial kernel which
is an SU(m + 1)-module and so, the orthogonal complement of the kernel in
@7, W, is a proper invariant subspace denoted by CV. Since —p~'C also
satisfies the dMC equations, Theorem 6.23 implies that Id — u~'C induces
an equivariant full harmonic map into Gry_,(CY), which is a contradiction
to the fact that CVmust be equal to @7, W;. We thus conclude that C' = O
and f is the standard map. O

Remark. If (k;,1;) = (0,0), then f has a trivial summand and the image of
f is a subset of a totally geodesic submanifold Gr,(CPT4~1) of Gr,(CPT9).

In the case where the target is a quadric, we need to consider real repre-

sentations. If m = 2, then anilll (k> 0) and Hi;lilfl (k < 0) are irreducible

as real modules. Since ’Hf;f 41 has a real structure, ’qui 41 1s decomposed into
two equivalent irreducible real representation spaces. As usual, we do not
distinguish two standard maps.

Theorem 6.29. Let f : CP™ — Gr,(R"2) (m = 2) be an equivariant
full harmonic map which is not totally real. Then f is the standard map by

(O(k),H) for some k € Z\{0} modulo gauge equivalence, where H = anﬂf

(k>0), or ’Hi;li';rl (k < 0), is one of the eigenspaces of the Laplace operator
induced by the canonical connection on O(k).

Proof. Theorem 6.27 yields that the pull-back of the universal quotient bun-
dle is a homogeneous vector bundle O(k) with the canonical connection.
Since f is not totally real, we have k % 0. Since the mean curvature oper-
ator A is equivariant, A = —AId (A = 0). Theorem 3.5 implies that A is
the eigenvalue of the Laplace operator. The fullness of the map and irre-
ducibility of # (m 2 2) yield that R""2 = H. It follows from Lemma 5.36
and (6.13) that the standard map fj is an equivariant full harmonic map.
Theorem 6.24 yields the result. O

Theorem 6.30. Let f : CP™ — Gr,(R"2) be an Einstein-Hermitian
equivariant full totally real harmonic map. Then f is the standard map by

(O,H%H) (I € Zxp) up to gauge equivalence , where ”Hiﬁfﬂ is one of the
eigenspaces of the Laplace operator acting on C°(CP™).

Proof. Since f is totally real, Theorem 6.27 yields that the pull-back of
the universal quotient bundle is a real trivial bundle O of rank 2 with the
canonical connection (the product connection). The EH condition yields
that A = —AId (A 2 0). Theorem 3.5 implies that A is the eigenvalue of the
Laplace operator. By the fullness of the map, we see that R"*2 = #!! or
a real invariant subspace KC of H". However, in the latter case, it follows
from (6.13) that the trivial module in the irreducible decomposition of K
as U(m)-module is a real one-dimensional subspace. Frobenius reciprocity
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yields that I does not globally generate O — CP™. Thus we deduce that
R"2 = HH. Tt follows from Lemma 5.36 and (6.13) that the standard map
fo is an EH equivariant full harmonic map. We finally get the result from
Theorem 6.23 in a similar way to a proof of Theorem 6.28. (]

Remark. The classification of the Einstein-Hermitian harmonic maps of CP?
into quadrics is the subject of [23]. We have an equivariant full totally real
harmonic map of CP! into quadrics which does not satisfy the EH-condition
(see also [38]).

6.5. Comparison with the ADHM-construction. We denote by S* =
HP' the 4-dimensional sphere. We follow the notation of the Example after
Lemma 5.36.

Let H — HP! be the tautological (complex) vector bundle with the
canonical connection which is a self-dual connection. The Penrose transform
implies that the solution space of the twistor equation of H — HP! is
naturally identified with H? (CP3; O(1)), where CP? is the twistor space of
S4. The Bott-Borel-Weil theorem yields that H° (CP3; (9(1)) is regarded as
the standard representation C*" 22 C* of Sp(2) with an invariant symplectic
form w on C*. Thus C* is the solution space of the twistor equation and
so, the eigenspace of the Laplace operator. Since C* globally generates
H — HP!, we can consider the induced map fy : HP' — Gro(C*). This is
nothing but a standard map by (H — HP!, C%).

To apply Theorem 5.37, we observe an irreducible decomposition of the
representation space End (C?) as Sp(2)-module:

End (C*) = S°C* @ A2C' @ C,
where, A2C* is the orthogonal complement to Cw in A2C*. As Sp, (1) x
Sp_(1)-module, we have that

(6.14) C'=HOE,
S?Cct=S’HeoH®E & S°E,

and

(6.15) NC*=CoH®E®C.

The complexification of the tangent bundle 7€ of HP! is identified with
H®E From HRE® H = (S?H ¢ C) ® E, Lemma 5.36 yields that
fo is an EH harmonic map. Since (6.14) is the normal decomposition
of (C* H) by Proposition 6.7 and /\%(34 is a class one representation of
(Sp(2),Sp(1) x Sp(1)) from (6.15), Proposition 6.9 yields that A?C* is in-
cluded in the Sp(2)-submodule GH (H, H) of H(C*) generated by H(H, H)
and Sp(2). Since H(h,h)—H (jh, jh)isin S?H for an arbitrary h € H, where
j is an invariant quaternion structure, GH (H, H) includes S?C*. Tt follows
from Theorem 5.37 that fy can not be deformed as a harmonic map satisfy-
ing the gauge condition for the canonical connection and the EH condition.
Corollary 5.27 implies that fy is the terminal harmonic map. Since fj is an
equivariant map, the second fundamental forms of 0 = E - C* - H — 0
are Sp(2)-equivariant. Replacing the role of H — HP! by E — HP!, we can
see that the induced connection on E — HP! by f; is also the canonical con-
nection. Since the canonical connections reduce to Sp(1) x Sp(1)-connection,
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we deduce that the second fundamental forms are covariant constant. Corol-
lary 3.6 yields that fj is a totally geodesic map. As a conclusion, fj is the
Einstein-Hermitian terminal totally geodesic map with the gauge condition
for the canonical connection on H — HP!.

Next we consider the ADHM-construction of instantons [1]. For simplic-
ity, we focus our attention on l-instantons. Let a : C* — H be a surjective
bundle map satisfying the twistor equation [17]:

Da =0,

where « is regarded as a section of C** @ H — HP'. Suppose that C* has
an invariant Hermitian inner product and an invariant quaternion structure
j under the action of Sp(2). Then we have the induced real structure of
CY 9 H~C*®H. Then a is required to be a real section of CcY @ H.

Using the twistor space and the Bott-Borel-Weil theorem, we know that
« can be expressed as

a(w) = [g,7(g7 ' Tw)], g€ Sp(2),

where T is a positive Hermitian endomorphism of C*, and = : C* - H
is the orthogonal projection. Since /\3(34 has an invariant real structure
induced by 7, we can take a real representation (A3C*)R. Then, the ADHM-
construction requires that T should satisfy

T*=1d+C, C e (NCHE.

If C is small enough, then Id+C is positive, and so, Ker o € C* is an SU(2)-
bundle with the metric and an anti-self-dual connection induced from those
on C*.

If we regard o as an evaluation homomorphism, then we obtain the in-
duced map f: HP' — Gro(C*):

f(lg]) = TgE.

When T is the identity or equivalently, C = O, we recover the standard
map fy. In the case that C # O, the pull-back connection on the pull-back
bundle f*@QQ — M is not gauge equivalent to the canonical connection on
H — HP.

In both cases of the generalization of the do Carmo-Wallach construction
and the ADHM-construction, the emergence of linear equations ((A+ A)t =
0 and Da = 0, respectively) makes it possible to describe moduli spaces in
linear algebraic terms.
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