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Abstract

In this paper, we give a refinement of a generalized Dedekind’s theorem. In addition,
we show that all possible values of integer group determinants of any group are also
possible values of integer group determinants of its any abelian subgroup. By applying
the refinement of a generalized Dedekind’s theorem, we determine all possible values of
integer group determinants of the direct product group of the cyclic group of order 8
and the cyclic group of order 2.

1 Introduction

For a finite group G, let x, be an indeterminate for each g € G and let Z[z,] be the multi-
variate polynomial ring in x, over Z. The group matrix Mg(z,) and the group determinant
O¢(xy) of G were defined by Dedekind as follows:

Me(zg) = (2gh1), peqr  Oclzy) = det Ma(zy) € Z[z,).

When the elements of GG are reordered arbitrarily, the group matrix M formed according to
this reordering is of the form M = P~'Mg(z,)P, where P is an appropriate permutation
matrix. Thus, O¢(z,) is invariant under any reordering of the elements of G. For a finite
group G, let G be a complete set of representatives of the equivalence classes of irreducible
representations of G over C. Around 1880, for the case that G is abelian, Dedekind gave the
irreducible factorization of ©¢(x,) over C: Let G be a finite abelian group. Then

Oc(zy) = [ D x(9)z,.
xeG 9€G

This is called Dedekind’s theorem. In 1896, Frobenius [3] gave the irreducible factorization
of O (z,) over C for any finite group: Let G be a finite group. Then



This is the most well known generalization of Dedekind’s theorem. This generalization is
obtained from the decomposition of the regular representation L of G' as a direct sum of
irreducible representations and the expression Mg (7y) = >_ o ¥4L(g). Frobenius created the
character theory of finite groups in the process of obtaining the irreducible factorization. For
the history on the theory, see, e.g., [2, 4, 5, 6, 20]. On the other hand, another generalization
of Dedekind’s theorem was given in [21]: Let G be a finite abelian group and let H be a

subgroup of G. For every h € H, there exists a homogeneous polynomial Ay, € Clz,| satisfying
deg Ay, = |G/H| and

zg) = 11 D x(h)An = On(An). (1)

xefl heH

If H = G, then we can take A, = xj for each h € H. This generalization shows that
the group determinant of an abelian group can be written by the group determinant of any
subgroup. Let C,, = {0,1,...,n— 1} be the cyclic group of order n. The matrix Mc, (z,)
is similar to the circulant matrix of order n. That is, the circulant determinant is a special
case of the group determinant. For the circulant determinant, Laquer [12, Theorem 2] gave
the following factorization in 1980: Let n = rs, where r and s are relatively prime, and let
xj = x5 for any 1 < j < n. Then

s—1 s—1
x ) = H @Cr (yé)> yé = Z Cé(kwrjil)xkﬂrja
=0 k=0

where (s is a primitive s-th root of unity.  We call this theorem Laquer’s theorem. In
recently, Laquer’s theorem was generalized as follows [24, Theorem 1.1]: Let G = H x K be
a direct product of finite abelian groups. Then we have

= H Ou(yy), vn = Z X (k) Zh.- (2)
YeR keK
In this paper, we give a refinement of (1), which is a generalization of (2).
Theorem 1.1. Let G be a finite abelian group, let H be a subgroup of G and let
éH::{XGCAﬂx(h):l, hEH}, G:|_|tH, G = UX@H
teT x€X

Then we have

Oc(rg) = [ [ Ocyu (i) = On(zn),

x€X

where

yi(H = Z X(th)xﬂﬂ Zh = |H| Z X @G/H ytH)

heH YEX



For any f(x,) € Z[z,|, we denote by f(x,); the sum of all monomials czy 4, - - -z, in
f(x,y) satisfying gi1g2---gx = h. The following theorem gives another expression for zj, in
Theorem 1.1. When calculating zj, the expression for z, in the following theorem might be
more useful than one in Theorem 1.1 (see Example 2.3).

Theorem 1.2. Let y;7 := Y, Ten- Then we have
2n = Oc/u(Yn ), € Llx,).

Theorem 1.1 is a refinement of (1) since {x|g | x € X} = H holds and we can take
Ap = z, in (1). Note that for a finite abelian group G and any subgroup K, there exists a
subgroup H of G satisfying K = G/H. That is, Theorem 1.1 implies that O¢(z,) can also
be expressed as a product of the group determinants of any subgroup. Thus, Theorem 1.1
derives (2). We apply Theorems 1.1 and 1.2 to the study of the integer group determinant.

A group determinant called an integer group determinant when its variables are integers.
For a finite group G, let

S(G) == {O¢(x,) |z, € T} .

It immediately follows from Mg(zy) = > cq24L(g) that S(G) is a monoid. Determin-
ing S(G) is an open problem. For the G = C, cases, determining S(G) is called Olga
Taussky-Todd’s circulant problem since Olga Taussky-Todd suggested it at the meeting of
the American Mathematical Society in Hayward, California [14]. Even Olga Taussky-Todd’s
circulant problem remains as an open problem.

For S(C,), the following relation is known [10, Lemma 3.6]: Let n,q > 1. If q | n, then

S(Cp) C S(Cy). (3)
From Theorems 1.1 and 1.2, we obtain a generalization of (3).
Corollary 1.3. Let G be a finite abelian group and let H be a subgroup of G. Then
S(G) C S(H).
Corollary 1.3 is generalized as follows.
Theorem 1.4. Let G be a finite group and let H be an abelian subgroup of G. Then
{al¥ | o e S(H)} C S(G) C S(H),
where [G : HJ is the index of H in G.

For some types of groups, the problem was solved in [1, 10, 12, 13, 14, 15, 18, 19, 25, 28].
As a result, for every group G of order at most 15, S(G) is determined (see [15, 19]). For the
groups of order 16, the complete descriptions of S(G) were obtained for Dyg [1, Theorem 5.3],
Cy6 [25] and C3 [28], where D,, denotes the dihedral group of order n.
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Laquer [12] determined S(Cs,), where p is an odd prime, by using Laquer’s theorem
which provides an expression for the integer circulant determinant of Cy, as a product of
two integer circulant determinants of C,. In [28], S(C3) is determined by using (2) which
provides an expression for the integer group determinant of CJ as a product of two integer
group determinants of C3'. We can generalize these approaches by using Theorem 1.1
to determine S(G) for any abelian groups. There are fourteen groups of order 16 up to
isomorphism [7, 30], and five of them are abelian. The unsolved abelian groups of order 16
are Cg x Cy, C? and C, x C2. By applying Theorem 1.1, we determine S(Cg x Cs).

Theorem 1.5. Let A :={(8k —3)(81 —3) | k,l € Z, k=1 (mod 2)} C {16m — 7| m € Z}.
Then we have
S(Cs x Co) = {16m+1, m’, 2"°(2m + 1), 2%m | m € Z, m’' € A}
u{2"p@2m+1)|p=a®+V" =1, a+b==£3 (mod8), m € Z}
u{2'"p(2m+1) | p= -3 (mod8), m € Z}
u{2'"p’2m+1)|p=3 (mod8), me Z},

where p denotes a prime.

The remaining two abelian groups could also be solved by using Theorem 1.1. (While
this paper under review, it have been solved in [26, 29]. Also, as for non-abelian groups of
order 16, Dg x Cy, Qg x Cy [16, Theorems 3.1 and 4.1], Q6 [17] and C2 x C, [27] have been
solved, where Q,, denotes the generalized quaternion group of order n.)

Pinner and Smyth [19, p.427] noted the following inclusion relations for all groups of
order 8:

S(C3) & S(Cy x Ca) & S(Qs) & S(Ds) & S(Cy).

From preceding results and Theorem 1.5, we have
S(C3) & S(Cs x C2) & S(Dis) & S(Cug).

Determining the integer group determinants aims to investigate the structure of a group
by means of the group determinant. It is expected that individual new results will help us
understand more about groups.

This paper is organized as follows. In Section 2, we prove Theorems 1.1 and 1.2. In
Sections 3 and 4, we prove Theorems 1.4 and 1.5, respectively.

2 Proofs of Theorems 1.1 and 1.2

For a finite group G, let x, be an indeterminate for each g € G, let C[z,] be the multivariate
polynomial ring in z, over C, let CG the group algebra of G over C, and let Clz,|G :=

Clz, ® CG = {deG Ag| A, € C[xg]} be the group algebra of G over C[z,]. Also, for a
finite abelian group G and a subgroup H of G, let

GH::{XGG\X(h):LheH}.
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It is easily verified that Gy = {cp om|p € Cj/?l}, where 7 : G — G/H is the canonical
homomorphism. To prove Theorem 1.1, we use the following lemma.

Lemma 2.1 (|21, Lemma 3.6]). Let G be a finite abelian group and H be a subgroup of G. For
every h € H, there exists a homogeneous polynomial Ay, € Clz,| satisfying deg Ay, = |G/H|

and
H ZX(g)xgg = Z Aph € Clag|H

XEGH gEG heH

If H= G, then we can take A, = xy, for each h € H.

Proof of Theorem 1.1. From Dedekind’s theorem, we have

g) = H ZX(Q)‘%Q

xe@G 9€G

=11 I D.D . ) (th)zu,

XEX yrcGiy t€T heH

=11 1L 2 X0 3 xhaa

XEX il tET heH

=11 11 > sy

XEX Gy tHEG/H

= ]I ©cm(vi).

xeX
Next, we show that for any y € X, there exists A, € Clz,] satisfying
Oc/u (Vi) Z x(h
heH

For any x € X, let F: Clz,|G — C[zy4]G be the C[z/]-algebra homomorphism defined by

F\(9) = x(9)g. Then, from Lemma 2.1, there exists A, € C[z,] satisfying

> x(WAh=F | > Ahh)

heH heH

=F | ] D_X(9)ze9

XIEaH gGG

=F | I DD X ®zuth

ey t€T heH

H Z Z X (£)x(th)xth.

\eCy t€T heH




Let F': Clz4|G — C[z4] be the C[z,]-algebra homomorphism defined by F(g) = 1. Applying
F' to the both sides of the above, we have

D xMAv=T1 22 XOxthew= 11 > X(tH)wly = Ocm(wis).

heH ' eGp t€T heH X eG/H tHeG/H

From the above, it follows that there exists Aj, € C[z,] satisfying

Oc(1g) = [[ Oc/uwisy) = TI D x(W)Aw = T 3 x(h)An = 0u(Ay). (4)

xeX YEX heH el heH

Finally, we show that A, in (4) is expressed as

Ap = \H\ > x(hO6u(y)

x€X

for any h € H. From orthogonality relations for characters, for any h € H, we have

ZX @G/H vSr) ZX Z (W) Ap

x€X x€X h'eH
= Z Z AR A
XE€X h'eH
=) ) x(hH)A
WeH ycfi
= |H|A,.

[
Remark 2.2. From the proof of Theorem 1.1, Ay, in Lemma 2.1 equals to zj, in Theorem 1.1.

Proof of Theorem 1.2. From Lemma 2.1 and Remark 2.2, we have

doah= ] D ox@rg= ] D xgH)zeg= ] D_ D x(tH)zuth

. xeGy 9€C veG/H 9€G G T tHEG/H WeH
Therefore, we have
a=| I1 X xtH) Y ow | =Ocmlum), € 2,

]

From Theorems 1.1 and 1.2, we can take 2, € Z[z,] satistying O (z,) = Op(25). Thus,
Corollary 1.3 is obtained.



Example 2.3. Using Theorems 1.1 and 1.2, we calculate O¢,(x,). Let G = C4 and H =
{0,2}. Then, G/H = {0H,1H}. We write z; as x; for any 0 < i < 3. From Theorem 1.2,
we have

25 = Oc/m(Yem)g = v + 15 — 2123, 25 = Oc/u(Yen)3 = 2202 — 7 — T3

since Yoy = To + T2, Y1y = T1 + T3 and
Oc/u(ym) = y%H — y%H = (:Eg + 2z0x9 + .2133) - (mf + 22125 + a:g) .
Therefore, from Theorem 1.1, we have

2 2
Oc(zy) = Ou(zn) = 22 — 25 = (xf + 25 — 22123) " — (2wome — 2] — 23) .

3 Proof of Theorem 1.4

The lower bound in Theorem 1.4 is derived from [23, Lemma 3.2]. Also, the upper bound
immediately follows from the following lemma essentially provided in [22, Theorem 1.4].

Lemma 3.1. Let G be a finite group and let H be an abelian subgroup of G. Then, there
exists a homogeneous polynomial Ay, € Z|x,] satisfying deg Ay = [G : H| and

Oc(7y) = On(An),
where |G : H| is the index of H in G.

The proof in [22] is not concise. We give a brief proof of Lemma 3.1. For the purpose,
we use the following identity [9, p. 82, Theorem 2.6]; see also [8, 11]: Given the block matriz
M of the form

Mll M12 e Mln
M21 M22 e M2n
Mnl Mn2 T Mnn

where the matrices M;; are pairwise commuting of size m X m then

det M = det (Z sgn(0) M) Mag(a) -+ Mm(n)) :

O'ESn

Proof of Lemma 3.1. Let G = {g1,92,- -, 9mn}, let H={hy,ho,... hy} and let G =t; H U
toH Ll ---Ut,H, where g; = tyhy € G withi = (k—1)m+lfor 1 <k<nand1<[<m.

Then, the group matrix (a; v _1) of G can be expressed as the block matrix:
9195 ) 1<ij<mn

T, 71> = Mkl
( 9i9; 1<i,j<mn ( )lgkz,lgnﬂ
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where My, is the matrix obtained by replacing each z;, ,-1 in the group matrix (xh_ h71>
i i) 1<ij<m

of H t0 T(t,n,)(t,h,)-1- That is, My = (ﬂf(tkhi)(tlhj)fl) Since H is abelian, My, are

1<i,j<m’
pairwise commuting. Therefore, there exists A, € Z[x,] satisfying

O¢(zy) = det (xgigj_—l)1<ij< = det (Z sgn (o) M1y Mao(2) - - - Mna(n)) = Oy (An)
Shsmn oESn

since ) g 8gN(0) Mig(1)Mao(2) -+ + Mpo(ny is also of the form of a group matrix of H. O

4 Proof of Theorem 1.5

In this section, by applying Theorem 1.1, we determine S(Cg x Cs).

4.1 Relations with group determinants of subgroups

We denote the variable z; by z; for any i € C,, and let D, (zo, 21, ..., 2Zn_1) := Oc, (z,). Also,
for any g = (7,5) € Cs x C with r € {0,1,...,7} and s € {0, 1}, we denote the variable y,
by y;, where j :=r +8s, and let Dgxo(yo, Y1, - - -, Y15) = Ocgxc,(Yy). From the G = Cg x Cy
and H = {(0,0), (0,1)} case of Theorem 1.1, we have

Dgyx2(Yo, - - -, y15) = Ds(yo + Ys, - - -, Y7 + y15) Ds(Yo — s, - - -, Yz — Y15)-

Let ¢, be a primitive n-th root of unity. From the G = Cg and H = {G,Z} case of Theo-
rem 1.1, we have

Dg(ZL‘O, L1y ,1‘7) = D4(ZEQ + Ty, 21 + T5, T2 -+ Te, L3 + 1‘7)

X Dy(wo — 24, (s(1 — 75), §82($2 — Tg), Cg(x?) —x7)).
From the G = C, and H = {6,5} case of Theorem 1.1, we have

D4(9307351,£E2, iUs) = D2(950 + T9, 21 + $3)D2(930 — T2, C4(171 - ffs))

= Dy(x) + 25 — 27113, —2% — T3 + 27072).
Let Dy(xo, 21, T2, 23) == Dy(xo, Cs1, (2a, (325). Then we have the following lemma.
Lemma 4.1. The following hold:
(1) Dalzo, 21,2, 23) = {(z0 + 22)* — (21 + 23)*} {(20 — 22)° + (21 — 23)%};

(2) Dy(wo, @1, 2, 3) = (22 — 22 + 2x123)% + (22 — 2% — 2mo2)?.



Lemma 4.1 (2) shows that 54(3:0, X1, 9, x3) € Z holds for any zg, x1, x2, x3 € Z. Through-

out this paper, we assume that ag, aq,...,a15 € Z, and for any 0 <14 < 3, put
bi := (a; + aiys) + (Qiva + Giv12), ¢i := (a; + aiys) — (Qiva + Giv12),
d; = (ai - @i+8) =+ (ai+4 - ai+12)7 €; = (Cli - Gi+8) - (ai+4 - ai+12)-
Also, let a := (ag, ay,...,as5) and let

b= (bo,b1,ba,b3), c:=(co,c1,0,¢3), d:=(do,di,dz,d3), e:= (e, e, e, e3).
The following relations will be frequently used in this paper:

Dsyo(a) = Dg(ag + as,ay + ag, . .., a7 + a15) Ds(ag — as, a1 — ag, . .., a7 — a15)
= Dy(b)Dy(c)Dy(d) Dy(e).
Remark 4.2. For any 0 <1 < 3, the following hold:
(1) byj=¢; =d; = ¢; (mod 2);
(2) bi+c;+d;+e =0 (mod 4).
Lemma 4.3. We have Dgys(a) = Dy(b) = Dy(c) = Dy(d) = Dy(e) (mod 2).
Proof. From Lemma 4.1, we have Dy(xg, x1, %2, 23) = o+ o1 + 22 + 23 = ﬁ4(x0,x1,§c2, x3)

(mod 2). Therefore, from Remark 4.2 (1), the lemma is proved. O

4.2 Impossible odd numbers

Let Zoaa be the set of all odd numbers and A := {(8k — 3)(8! — 3) | k,l € Z, k =1 (mod 2)}.
Lemma 4.4. We have S(Cg X Co) N Zogqa C {16m+ 1| m € Z} U A.
To prove Lemma 4.4, we use the following three lemmas.

Lemma 4.5. We have

D4(b)Dy(c)D4(d)Dy(e)
= Dy(by, by, b3, b0)54(01, Ca, €3, —Co) Dy(dy, da, d3, d0)54<€17 €2, €3, —€)
= Dy(ba, b3, o, 51)54(02, €3, —Co, —01)D4(d2, d3, do, d1)54(€27 €3, —€o, —61)
= Dy(bs, by, b1, 62)54(03, —cy, —C1, —C2)Dy(ds, dy, d, d2)54(63, —eg, —€1, —€).

Proof. From Lemma 4.1, we have
D4(l’07$1,$€27$3) = —D4(q:1,a:2,x3,:c0), D4($0,$1,5€2,l’3) = D4(961,372,5537 —$0)~

Therefore, the lemma is proved. Il



Lemma 4.6. For any k,l,m,n € Z, the following hold:
(1) Dy(2k +1,21,2m,2n) =8m + 1 (mod 16);
(2) Dy(2k +1,21,2m,2n) = 8m +1 (mod 16).
Proof. Let D := Dy(2k + 1,2l,2m,2n) and D= 54(2k +1,2l,2m,2n). Then we have
D ={4(k+m)>+4(k+m)+1—4(+n)*} {4(k —m)*> + 4(k —m) + 1 + 4(l — n)*}
=8m+1 (mod 16),
D = {4k(k+1) + 1 —4m? 4+ 8in}° + {4I> — 4n> — 8km — 4m )}’
=8m+1 (mod 16).

Lemma 4.7. For any k,l,m,n € Z, the following hold:
(1) Dy(2k,204+1,2m+1,2n+ 1) =8(k+1+n) — 3 (mod 16);

(2) Dy(2k,2l+1,2m+1,2n+1) =8(k+1+n)+ 1 (mod 16).
Proof. Let D := Dy(2k,21+1,2m+1,2n+1) and D := Dy(2k, 21+ 1,2m~+1,2n+1). Then,
D={4(k+m)*+4(k+m)+1—4(l+n+1)°} {4(k —m)> —4(k —m) + 1 + 4(l — n)*}
=8(k+1+n)—3 (mod 16),
D = {4k* — 4m(m + 1) + 8In + 4l + 4n + 1} + {4l(1 + 1) — 4n(n + 1) — 8km — 4k}”
=8(k+!+4+n)+1 (mod 16).
0

Proof of Lemma 4.4. Let Dgyo(a) = Dy(b)Dy(c)Ds(d)Dy(€) € Zoga. Then, by -+ by # by + by
(mod 2) holds since D4 (b) is odd. We prove the following:

(i) If exactly three of by, by, bo, b3 are even, then Dgyo(a) € {16m + 1 | m € Z};

(i) If exactly one of by, by, bs, b3 is even, then Dgyo(a) € A.

First, we prove (i). If b = (1,0,0,0) (mod 2), then there exist m; € Z satisfying by = 2my,
o = 2my, do = 2my, e5 = 2ms3 and Z _om; =0 (mod 2) from Remark 4.2. Therefore,
from Lemma 4.6, Dgxo(a) = [[o_y(8mi +1) = 830 ym; +1 = 1 (mod 16). From this
and Lemma 4.5, the remaining three cases are also proved. Next, we prove (ii). If b =
(0,1,1,1) (mod 2), then there exist k;, l;,n; € Z satistying (bo, b1, bs) = (2ko, 2lp+1,2n¢+1),
(co,c1,c3) = (2K, 2l1 +1,2n; + 1) (do, dy, dg) (2kq, 25+ 1,209+ 1), (eo, €1, €3) = (2k3, 213+
1,2n3 + 1) and 330k = 30 oli = S22 ni = 0 (mod 2) from Remark 4.2. Therefore,
from Lemma 4.7, we have Dy(b)Dy(c) = (8rg — 3)(8r1 + 1) = 8r¢ + 871 — 3 (mod 16) and
Dy(d)Dy(e) = (875 —3)(8r3+1) = 8ro+8r3—3 (mod 16), where r; := k;+1;+n;. Thus, there
exist sg, $1 € Z satisfying D4(b)54(c) = 1659+8rg+8r;—3, D4(d)154(e) = 165, +8ry+8r3—3.
Let k := 2sg + 1o+ and [ := 2s; + 73 + 3. Then Dsyo(a) = (8k — 3)(81 — 3) € A since
k =1 (mod 2) holds from 32 r; =0 (mod 2). From this and Lemma 4.5, the remaining
three cases are also proved. Il
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4.3 Impossible even numbers
We will use Kaiblinger’s [10, Theorem 1.1] results S(Cy) = ZoqqU2?Z and S(Cy) = Zoqq U2°Z.

Lemma 4.8. We have S (Cg x Cy) N27Z C 2'97Z.

Proof. Let Dgyxo(a) = Dg(ag+as, . ..,ar +ay5)Ds(ag — as, . . ., a7 — ay5) € 2Z. Since Dg(ag +

as,...,ar+ays) = Dg(ag—as, . ..,ar—ays) (mod 2) holds from a;+a; s = a; —a;s (mod 2),
we have Dg(ag + as, . .., a7 + ais), Dg(ag — as, . .., a7 — ai5) € S(Cg) N 2Z = 2°Z. Therefore,
Dgxg(a) € QlOZ. ]
Lemma 4.9. Let p; = a? +b? =1 (mod 8) be a prime with a; £b; € {8m 1| m € Z} for
each 1 < i@ < r, let pry1,...,Dres = —1 (mod 8) be primes, let q1,...,q, = 3 (mod 8) be
distinct primes, and let kq, ..., k.15 be non-negative integers. Then

QUp . phrplrit e  S(Cy x Cy)

for any Q € {£1, £q1---q:}.

Let
ag = (b + 52)2 — (b + b3)27 ar = (b — b2>2 + (b1 — b3)2’
oy = (do + dg)? — (dy + d3)?, ag = (dy — da)* + (di — d3)?,

8= (cg — c% + 2c103) — Q;(c% — c% — 2¢c9c2), v:i= (6(2) — e% + 2e1€3) — Q(e? — e?,, — 2ep€2).

Then we have agey = Dy(b), asas = Dy(d), BB = Dy(c), 77 = Dy(e), where T denotes the
complex conjugate of x € C. To prove Lemma 4.9, we use the following remark and two
lemmas.

Remark 4.10. From Remark 4.2 (1) and

g € 2Zipqqa = bo+ba=b+b3=1 (mod 2),
a3 € 2Zoqq = do+de=dy+d3=1 (mod 2),
BB € 27paq <= co+ca=ci+c3=1 (mod 2),
VY € 2Z0aa < €y +exs=e;+e3=1 (mod 2),

we have oy € 2Zpqq == 3 € 2Z0qqa <= BB € 2Zoaa = V7 € 2Z0aq.

Lemma 4.11. If Dgys(a) € 21 7 0ad, then we have (o, ;) € 23Zoaqa X 2*Zoaa and aq, as,
BB, vy € 2Zoaa, where {i,j} = {0,2}.

Proof. Let Dgxz(a) = Q000377 € 21 Z0qq. Then, from Lemma 4.3, apoy = asag =
BB =7 =0 (mod 2) holds. In particular, apay, asaz € S(Cy) N2Z = 247. From this and
Remark 4.10, we have 53,7y € 2Zqq. Therefore, ay, a3 € 2Zq4q. O

Lemma 4.12. Let by + by = by + b3 =1 (mod 2). Then the following hold:
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(1) ap = ay + 4(boby 4 bibs) — 2 (mod 16);
(2) as = a3+ 4(dods + did3) — 2 (mod 16);
(3) Re(B) = (=1)2 + 2(cocg + c1¢3) (mod 8);
(4) Re(y) =

(5) (bobg —I— blbg) —I— (C()CQ + 0163) + (dodg —|— dldg) —f- (6062 + 6163) = 0 (mod 4)

Proof. We obtain (1) from ag = ay + 4(boba + b1b3) — 2(by + b3)?. In the same way, we can
obtain (2). We obtain (3) from Re(8) = (co — c2)* — 2¢3 + 2(coca + c1c3). In the same way,
we can obtain (4). We prove (5). There are four cases:

b=(0,0,1,1), (0,1,1,0), (1,1,0,0) or (1,0,0,1) (mod 2).
If b=(0,0,1,1) (mod 2), then

(bobg + blbg) + (CoCQ + 0103) + (dodg + dldg) + (6062 + 6163)
= (bo + 1) + (co + c1) + (do + d1) + (eo + e1)

4 (—1)% + 2(epeg + e1e3) (mod 8);

=0 (mod 4)
from Remark 4.2. In the same way, the remaining three cases can also be proved. [
Proof of Lemma 4.9. We prove by contradiction. Assume that there exist ag,ay,...,a15 €

Z satisfying Dgyo(a) = apaionasBByy = 21pk .. -prpfff ---pf:;SQ, where @ is +1 or
+q; -+ q. Since ai, as, B and 7 are integers expressible in the form 22 4 42, in the prime
factorization of them, every prime of the form 4k 4 3 occurs an even number of times. From
this fact and Lemma 4.11, there exist {f,ms, ng, us, vy > 0 satisfying

o = 23plf1_l1_w1 .. .pr'_l’r'_wrpff:—ll*lr+1*2ﬂ)r+l . §12571T+572wr+3621’
oy = 29 P Qe

ap = ng'h .. .prmrpz:_nlrﬂ . 'p3T;+57

s = 2 e

BB =2pyt .- -p;frpzi’“lﬂ .. .pi”j:;-s’

- __ vy 20r+1 20p 4 s
VY =201 PP Prgs s

where {7, 5} = {0,2}, wy := my + ny + us + vy and Q1Q2 = Q). From the above, we have
a; =8,a; =0,a1 = a3 =2 (mod 16). Therefore, from Lemma 4.12 (1) and (2),

(bobg + blbg, dodg + dldg) = (2, O) or (0, 2) (mod 4)

Note that coca + c1c3 = epea + e1e3 = 0 (mod 2) since by + by = by + b3 = 1 (mod 2). From
[25, Lemma 4.8], we have Re(8),Re(y) € {8m +1 | m € Z}. From this and Lemma 4.12 (3)
and (4), it follows that cocy + c1c3 = epes + e1e3 = 0 (mod 4). Therefore, we have

(bng + blbg) + (C()CQ -+ 0163) + (don + d1d3) —+ (6062 -+ 6163) = 2 (mod 4)
This contradicts Lemma 4.12 (5). O
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4.4 Possible numbers

Lemmas 4.4, 4.8 and 4.9 imply that S (Cg x Cy) does not include every integer that is not
mentioned in Lemmas 4.13 and 4.14.

Lemma 4.13. For any m,n € 7Z, the following are elements of S (Cg x Cy):

(1) 16m +1;

(2) (16m — 3)(16n — 3);
(3) (16m + 5)(16n + 5);
(4) 2"°(2m +1);

(5) 2'2(2m + 1);

(6) 2'2(2m).
Lemma 4.14. The following hold:
(1) Suppose that p is a prime with p= —3 (mod 8), then 2''p(2m + 1) € S(Cg x Cy);
(2) Suppose that p is a prime with p = 3 (mod 8), then 2'p?(2m + 1) € S(Cg x Cy);
(3) Suppose that p is a prime with p = a*+b* =1 (mod 8) and a+b = £3 (mod 8), then
211p(2m + 1) < S(Cg X CQ)
Proof of Lemma 4.13. We obtain (1) from Dgyo(m +1,m,...,m) = 16m + 1. From
5
Dgso(m+n,....m+nm+n—1m+n—1m+n—1,m—n,...,m—n)
= (16m — 3)(16n — 3),

5

A\

Dsyo(m+n+1,....m+n+1I,m+nm+nm+nm—n,....m-—n)

= (16m + 5)(16n + 5),

we obtain (2) and (3), respectively. We obtain (4) from

Dsyo(m+1,m+1,m+1,mmmm+1,m,....m)=2"4m+1),
6
Dsyo(m, .. ,mym+1,m—1,mmm—1,mm—1m-1mm—1)=2"4m —1).
b
We obtain (5) from Dgyo(m +2,m,m+1,....,m+1,m,...,m)=22(2m + 1). From

Dgxo(m+1,m;m,m+1,m+1mm+1,mm—1m—1mm—1m,mm—1m)
= 2'2(2m),

we obtain (6). O
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To prove Lemma 4.14, we use the following lemma.
Lemma 4.15 ([25, Proof of Theorem 5.1|). The following hold:
(1) Suppose that p = —3 (mod 8) is a prime, then there exist k,l € 7 satisfying

2p = (8k +3)% + (81 + 1)*;
(2) Suppose that p =3 (mod 8) is a prime, then there exist k,l € 7 satisfying
p=(4k — 1) +2(41 — 1)%

(3) Suppose that p=a? +b* =1 (mod 8) is a prime with a +b = +3 (mod 8), then there
exist k,l,m,n € Z satisfying
2p = {(4k — 1)* — (4m — 2)> + 2(20 — 1)(4n) }”
+{(20 = 1)% = (4n)® — 24k — 1)(4m — 2)}*.

Proof of Lemma 4.14. First, we prove (1). Let

ag =k +m+ 2, ar=1l4+m+1, ay = —k +m, az = —l+m+1,
as=k+m+1, as =1+ m, ag = —k+m+1, a7 = —l +m,
ag =k —m, ag =1 —m, a9 = —k —m, a1 =—-l—m—1,
a1 =k —m, a3 =101—m, a1y = —k—m—1, a5 = —1 —m.

Then Dgys(a) = 219 {(8k + 3)* + (8] + 1)?} (2m + 1). Therefore, from Lemma 4.15 (1), we
obtain (1). We prove (2). Let

ap=k+1+m, a; =k —14+m, as=—l+m+1, az3=—-l+m+1,
ags=-k—-1l+m+2, az=—-k+Il+m+1, ag=l+m-+1, ar =1+ m,

ag =k+1—m, ag =k —1—m, ap = —l—m, a1 = —l—m,
as = —k—101—m, az3=—-k+l—m-—1, ayu=01—m-—1, a5 =10—m

and s := 4k —1, t := 4l — 1. Then Dgyz(a) = 2" (s* + 2t*)?(2m+1). Therefore, (2) is proved
from Lemma 4.15 (2). We prove (3). Let I := £ if [ is even; 5} if [ is odd and

ag=k+r+1, ap =10+, as =m+r, as =n-+r,
ag=—k+r+1, a5:—l'+r+#, ag=-m+r+2, ar=-n+r+1,
ag=k—r—1, ag =1 —r, A =m —T, ay =n—r,
ap = —k—r, algz—l’—r+$, ay=—m-—r, ais =-n—r—1.

Then Dgya(a) = 29D, (4k — 1,21 — 1,4m — 2,4n)(2r 4+ 1). Therefore, (3) is proved from
Lemma 4.15 (3). O

From Lemmas 4.4, 4.8, 4.9, 4.13 and 4.14, Theorem 1.5 is proved.
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