COMPACTIFICATION AND DISTANCE ON TEICHMULLER
SPACE VIA RENORMALIZED VOLUME

HIDETOSHI MASAI

ABSTRACT. We introduce a variant of horocompactification which takes “di-
rections” into account. As an application, we construct a compactification of
the Teichmiiller spaces via the renormalized volume of quasi-Fuchsian mani-
folds. Although we observe that the renormalized volume itself does not give
a distance, the compactification allows us to define a new distance on the Te-
ichmiiller space. We show that the translation length of pseudo-Anosov map-
ping classes with respect to this new distance is precisely the hyperbolic volume
of their mapping tori. A similar compactification via the Weil-Petersson metric
is also discussed.

1. INTRODUCTION

On an oriented closed surface S of genus > 2, the space of complex structures
has a one-to-one correspondence with the space of hyperbolic structures. Those
complex or hyperbolic structures together with markings have the rich deformation
space which is called the Teichmiiller space, denoted 7 (S). Complex structures and
hyperbolic structures reveal similar but different features of 7(S). The Teichmiiller
(resp. Thurston) distance on 7 (S) is defined as a measurement of the deformation
of complex (resp. hyperbolic) structures. Similarly, the Gardiner-Masur [GM91]
(resp. Thurston [FLP79]) boundary is a boundary of 7 (5) constructed by regarding
T(S) as the space of complex (resp. hyperbolic) structures.

The theory of horoboundary, which is introduced by Gromov [Gro81], is a uni-
versal method to compactify any given metric space. The horoboundary with re-
spect to the Teichmiiller distance and the Thurston distance is the Gardiner-Masur
boundary [LS14] and the Thurston boundary [Wall4] respectively. Thus one ob-
serves that the theory of horoboundary relates naturally distances and boundaries
defined in the same context. The main purpose of this paper is to develop a
variant of “horoboundary” to construct a boundary of 7(S) via the renormal-
ized volume of quasi-Fuchsian manifolds. To discuss the renormalized volume, let
us first recall the Bers compactification [Ber70]. With his celebrated simultane-
ous uniformization, Bers showed that the space T(S) x T(S) parametrizes the
space of quasi-Fuchsian manifolds. Let M (X,Y) denote the quasi-Fuchsian mani-
fold with parameter (X,Y) € T(S) x T(S). Fixing the second coordinate ¥ and
considering the Schwarzian derivatives, Bers showed that there is an embedding
T(S) — QDY) where QD(Y) is the space of holomorphic quadratic differentials
on Y. The closure of this embedding is compact and is called the Bers compactifi-
cation. Based on the ideas from Graham-Witten [GW99], several authors (see e.g.
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[BBB19, BC17, GMR17, KM18, KS08, Sch13, Sch22]) define and discuss the renor-
malized volume of hyperbolic 3-manifolds. In particular the renormalized volume
of quasi-Fuchsian manifolds M (X,Y") defines a smooth function

Vit T(S) x T(S) = R.

Although the function Vi does not define a distance on 7(S) (the triangle in-
equality does not hold, see §7.1 for more detail), we may consider horofunctions
defined via Vi. Namely, for each Z € T(S), we may define a volume horofunction
vz :T(S) = R by

vz(X) = Vr(X,Z) - Vr(b, Z)

where b € T(S) is the fixed base point. It turns out vz is 3/m(g — 1)-Lipschitz
(Proposition 6.5) with respect to the Weil-Petersson metric, where ¢ is the genus
of S. Thus we get a map from 7(S) into LipS 7(S), the space of C' = 3\/7(g — 1)-
Lipschitz functions which vanishes at b. This map is in fact injective and continuous
(Proposition 6.6). We may take the closure at this point, however, to discuss more
properties of Vg it is natural to take the Bers embedding into account. By the
work of Krasnov-Schlenker [KS08], the differential of Vi at X € T(5) is expressed
in terms of the Bers embeddings. The same proof works for vz and its differential is
given in terms of the Bers embeddings as well (see Proposition 6.4). We introduce
a space that encodes both vz and Bers embeddings. We denote the space by LQ(.S)
(“L” stands for Lipschitz and “Q” stands for quadratic differential), see Definition
5.2. Then the main result of the paper is the following.

Theorem 1.1. The space LQ(S) is compact and metrizable, and there is a homeo-
morphism V : T(S) — LQ(S) onto its image, defined via the volume horofunctions

and Bers embeddings. In particular, the closure T(S)Vh =V(T(S)) C LQ(S) is a
compactification of T(S).

Here the “vh” stands for volume and horofunction. For more detail about The-
orem 1.1, see Proposition 5.4 and 6.9. With a similar idea, we may also define a
compactification via Weil-Petersson metric, see §5.

For a metric space (M, d), the horofunction h, : M — R at z € M is defined as
hy(x) :=d(z,z) — d(b, z) here b € M is a base point. Then for z,y € M,

sup h. (SL‘) —h.(y)
zEM

recovers the original distance d by triangle inequality and the fact hy(z) — hy(y) =
d(z,y). Due to the lack of the triangle inequality for Vg : T(S) x T(S) — R, the
quantity

dr(X,Y) := sup vz(X)—vz(Y)
ZeT(S)
does not coincide with Vg(X,Y). Interestingly, dg does satisfy the triangle in-
equality and hence dr becomes a distance® (Theorem 7.6). As m‘}h is compact,
the supremum in the definition of dp is realized in mv . One good feature of
T(S )Vh is that the action of the mapping class group MCG(.S) extends continuously

——vh
on T(S )V (Proposition 6.11). Similarly to other known compactifications (see §4),
the action of any pseudo-Anosov map has unique attracting and repelling fixed

1dR may be asymmetric, however, one may also consider its symmetrization.
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points on 7 (S )Vh (Lemma 6.19). Using the north-south dynamics, we establish one
remarkable feature of the distance dg.

Theorem 1.2. Let v € MCG(S) be a pseudo-Anosov mapping class and M () =
S x I/(x,1) ~ (¢(x),0) denote the mapping torus of v. Then the translation
distance of 1 with respect to dg is equal to the hyperbolic volume of M (v), that is,
for any X € T(S), we have

o1 —
i (X, 47 X) = vol(M(3)).
It is worth mentioning that the theory of horofunctions has found interesting
applications in ergodic theory, see e.g. [Karl4, KL06, MT18,Mas21]. In our proof
of Theorem 1.2, ergodic theory plays a key role. See §7 for the detail.

1.1. (In)finite horofunctions and visual spheres. With its relation to the the-
ory of 3-dimensional topology and geometry (e.g. the ending lamination conjecture,
resolved by Brock-Canary-Minsky [BCM12]), Bers compactification reveals inter-
esting relations between 2 and 3-dimensional hyperbolic geometry. However, one
difficulty of studying Bers compactification is its dependence on the base point Y.
Moreover, Kerckhoff-Thurston [KT90] proved that the action of the mapping class
group does not extend continuously to the boundary of the Bers compactification.
It turns out that the dependence of the Bers compactifications on the base point
comes from the non complete nature of the renormalized volume.

To understand the situation better, let us consider first the Weil-Petersson (WP)
metric on 7(S). We refer e.g. [Woll0, Wol03] for details about WP metric. Let
dywp denote the distance on 7(S) defined by the WP metric. As is well-known,
(T(S),dyp) is not complete and its completion (denoted 7(S)) is identified with
so-called the augmented Teichmuller space [Mas82]. At the same time, (7(S), dwp)
is known to be CAT(0) space [Yam04], which makes it possible to consider the
visual sphere around each point X € 7(S). It is shown by Brock [Bro05] that the
WP visual spheres depend on the base point X € 7(5) as well. In WP metric, the
distance between X € T(S) and Y, € T(S) is always finite. Roughly speaking,
due to this finiteness, visual spheres depend on the base point. As a more basic
example, let us consider R? for a moment. Imagine the visual sphere at each p € R?
which is the set of directions from p. Then if we pick a point z € R?, then the
direction from p to x apparently depends on p. On the other hand, consider a ray
r(t) = (tcos,tsinf) C R The direction dir,(t) € Ty R? (the unit tangent sphere
at p, which we identify with the visual sphere) from p to r(t) converges to define
a point diry(r) in the visual sphere of p. One readily sees that dir,(r) does not
depend on the base point p. This illustrates a rough picture of (7(S),dwp), see
§2.2 for more detailed examples to explain the situation.

Furthermore, non completeness of dy,, implies non properness of dy, (i.e. closed
metric balls are not necessarily compact). If a metric space is not proper, the
theory of horofunctions does not immediately give a compactification (see §2.2).
To overcome this difficulty, when we compactify (7(S), dwp), we consider not only
horofunctions with respect to dyp, but also the visual spheres. The data of direc-
tions in the visual sphere makes the situation much simpler, and one may readily
obtain a compactification. As horofunctions together with the directions look like
magnitudes and arguments of polar coordinates, we suggestively call the above
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compactification a horocoordinate compactification. The data of directions turns
out to be very natural for horofunctions.

In Bridson-Haefliger [BH99], it is observed that in CAT(0) spaces, such data
of directions actually gives differentials of horofunctions (see §2.4 for more detail).
One of the main observation of this paper is that the theory of horocoordinates
works well with the renormalized volume Vi together with the Bers embeddings.
Since the Bers embeddings take value in the space of quadratic differentials QD(S),
it defines a Weil-Petersson gradient flow (see e.g. [BBB19, BBVP23|). Hence we
may regard Bers embeddings as the space of “directions”. Moreover as we have
mentioned above, the differential of the renormalized volume Vg can be expressed
in terms of Bers embeddings. Hence we may naturally consider horocoordinates.
The horocoordinate compactification with respect to Vg and Bers embeddings is
what we obtain in Theorem 1.1.

1.2. Organization of the paper. The paper is organized as follows. Before dis-
cussing the Teichmiiller space 7 (5), we first consider horocoordinates. In §2, we
define the horocoordinate boundary and demonstrate examples. Then in §3, we
recall basic facts on T(S) that we need in this paper. §4 is devoted to a quick
review of known compactifications of 7(.5). In §5, we construct the horocoordinate
compactification of 7 (S) with respect to the Weil-Petersson metric. Several basic
properties of its boundary Oy, 7T (S) so-obtained are also discussed in §5. Our main

———vh
compactification 7(S)  (Theorem 1.1) is defined in §6. After discussing several

properties of T (S )Vh in §6, we discuss the new distance dg and prove Theorem 1.2
in §7.

Notations which are not standard in the literature are emphasized as Notation.
Although we believe §2 is useful to understand the idea of our compactification, §2
is logically independent of the main section §6. Hence the readers who are familiar
to the Teichmiiller theory can just check notations in §3 and §4 and go directly to
§6 where the compactification of 7(S) via the renormalized volume is defined.

Acknowledgement. The author would like to thank Sadayoshi Kojima, Hideki
Miyachi, Ken’ichi Ohshika, Hiroshige Shiga, Dong Tan, and Sumio Yamada for
helpful conversations and comments. The work of the author is partially supported
by JSPS KAKENHI Grant Number 19K14525 and 23K03085.

2. HOROCOMPACTIFICATIONS

In this section we consider several spaces which are not proper, and hence the
spaces of horofunctions are not compactifications in a strict sense. Namely, the
space of horofunctions has weaker topology than the original space. The purpose
of this section is to demonstrate an idea of how we get a compactification by taking
the data of “directions” into account. We first review the notion of horofunctions.

2.1. Horofunctions. The idea of horofunctions are first introduced by Gromov
[Gro81]. We only recall basic definitions and properties and omit proofs in this
subsection even though most properties are very easy to establish. See [Gro81,
Wall4,LS14, MT18] for more details about horofunctions.

Let (X,d) be a separable metric space. Let b € X denote a base point which
we fix throughout the subsection. A function f : X — R is called C-Lipschitz if
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|f(x) = fly)] < C-d(z,y) for all z,y € X. We define
Lip§ (X) := {f : X — R| f is C-Lipschitz and f(b) = 0}.

We equip Lipg(X ) with the topology of uniform convergence on compact sets.
Note that by the C-Lipschitz property, this topology is equivalent to the topology
of pointwise convergence. Hence we may regard Lipr(X ) as a closed subset of
ILex[-Cd(b,x),Cd(b, z)], a compact space by Tychonoft’s theorem.

Proposition 2.1 (see e.g. [MT18, Proposition 3.1]). Let (X,d) be a separable
metric space. Then the space Lipbc (X) of C-Lipschitz maps is a compact Hausdorff
second countable (hence metrizable) space.

Remark 2.2. Although in the references, it is only considered the case where
C =1, the same argument works for any C' > 0.

‘We now define horofunctions.

Definition 2.3. A horofunction at z € X is a function ¢, : X — R with ¢, (z) =
d(z,z) — d(b, z) for any =z € X.

By the triangle inequality, we see that ¢, € Lip; (X) for every z € X. Thus, the
space X embeds into Lip; (X).

Lemma 2.4 ([Wall4, Proposition 2.1 and 2.2]). Let (X,d) be a geodesic separable
metric space. Then the map v : X — Lipi(X) defined by ¢(z) := 1. is continuous
and injective. Furthermore, if (X,d) is a proper space (i.e. every closed metric ball
is compact), then 1 is a homeomorphism onto its image.

By Proposition 2.1 and Lemma 2.4, the closure ¢(X) of ¥(X) in Lip;(X) is
compact. The space 9, X = (X)) \ ¥(X) is called the horoboundary of X. By
abuse of notations, we write 1 (X) by X U8, X. For z € X Ud,X, we write the
associated horofunction by ..

Let us consider a group G acting on X by isometries.

Lemma 2.5 ([MT18, Lemma 3.4]). Let G be a group of isometries of X. Then

the action of G on X extends to a continuous action by homeomorphisms on ¥(X),
defined as

g Ve(2) == e(g7"2) — ve(g™'b)

for each g € G and ¢ € ¥(X).

2.2. Non proper spaces and horocoordinates. The first example we consider
here is the set of rays each of which corresponds to a natural number.

Example 2.6 (see Figure 1). For every n € N = {0,1,2,...}, let R denote a
copy of R>o. We denote by r,, € R} the element corresponding to r € R>. Let us
consider the space
Ri={b}u | | R}/ ~
neN

where ~ is defined so that b ~ 0,, for every n € N. Equipped with the natural
metric inherited from R>¢’s, R is a metric space which is not proper. Then we
have
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Proposition 2.7. The map
¥ : R — Lipp(R)
is not a homeomorphism onto its image.

Proof. We may see this by looking at the image of ¢,, € R} for a fixed ¢ € R>.
Since Lipg(R) is compact, the sequence {1/, } has a convergent subsequences with
limit 1o € Lipy(R). Let 1, := tpy, . For any 7 € R,j C R where k € N, we see
that for all N > k , we have ¢ (r) = d(rg,b). Hence we have 1o (ry) = d(rg,b)
which is equal to (7). This holds for arbitrarily ry, which implies ¥o, = . On
the other hand the sequence {¢,},cn does not have any convergent subsequence in
R. Hence the inverse of ¢ is not continuous. (I

v
<\;
d,() w
R2
b
R R,
R() RO Rp Rq
FIGURE 1. R FIGURE 2. O

The second example illustrates better the situation of the Teichmiiller space to-
gether with distance(-like) functions given by the renormalized volume Vg or the
Weil-Petersson metric. We will observe later that those spaces are not proper and
hence the space of “horofunctions” may have weaker topology as we observed in
Example 2.6. In this paper, by the word compactification, we require that its restric-
tion to the original space is a homeomorphism. One may obtain a compactification
by introducing certain data of “directions”.

Example 2.8. Let R, denote a copy of R for each ¢ € QU {oo} and denote
ig : Ry — R the identification. Let

Q=R U| | Ry/ ~
q€Q
where we define ~ so that io.(q) ~ i4(0) for every ¢ € Q (see Figure 2). Let
7 : Q@ — Ro denote the map defined by m(R,) = ix(q). We consider the metric
on Q given by the path metric on R’s. By considering a sequence of rational
numbers converging to an irrational number, the same argument as in Proposition
2.7 shows that Lipé(Q) has weaker topology than Q. We now suppose that we
have an embedding ¢ : @ — R? so that ((R.) is the horizontal axis and every
t(Ry) is a vertical line intersecting with (R ) at t(is(¢)). Then for any given two
points z,y € Q, we get a natural direction dir,(z) € Tbl(gﬁ)R2 where TLl(m)]R2 is the
unit tangent space at ¢(z). Now consider a strictly increasing, continuous function
f:R>o — [0,1) with f(0) = 0 (any such function would do, for example f(z) =
j;}) Let T='R? denote the space of tangent vectors of length (measured by the
standard metric on R?) < 1. Then define diry(z) := f(|z — y|) - diry(z) € T='R?
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where |z — y| denotes the Euclidean distance between x and y in R?. Note that
if z = y, we have the zero vector. For notational simplicity we denote T L%;)RQ by

T='R2. We emphasize that the metric on Q has nothing to do with the embedding
t:Q — R% Let b:=iy(0). We define the space LD(Q) (LD stands for Lipschitz
and Directions) by

LD(Q) == [] ([-d(b,x),d(b, )] x T5'R?).
r€Q
In other words, LD(Q) is the space of sections of a bundle over Q. LD(Q) is
compact by Tychonoft’s theorem. We naturally obtain a map ¥ : Q@ — LD(Q) by

U(z) == (Y (x),dir,(z))zeco-

One may notice some similarity between each ¥(z) and the polar coordinate. The
first coordinate of ¥(z), horofunctions, may be seen as the magnitude. We need
some care for the second coordinate of ¥(z), data of directions. For the polar
coordinate, directions are defined at the chosen point. On the other hand, in ¥(z),
dir,(z) is the direction from z towards the chosen point z. However, essentially
these two are equivalent information. Hence suggestively, we call each ¥(z) a
horocoordinate in this paper. Since R? is flat, we may simultaneously identify each
TH(R?) with St := {0 | 6 € [0,27)} so that 0 € [0, 27) corresponds to the positive
direction of horizontal lines.

Proposition 2.9. The map ¥ : Q@ — LD(Q) is a homeomorphism onto its image.

Proof. By Lemma 2.4, ¥ is injective and continuous to the first coordinate.

Since ¢ : @ — R? is continuous, if a sequence {zn} C Q converges to 2z, then
at each € Q \ {2}, corresponding sequence of directions dir,, (z) converges to
dir,_ (), and [¢(z) — t(2n)| — |t(z) — (25)| in R%. Hence we have dir,, () —
dir, (z). If 2o = z, then |¢(x) — ¢(2,)] — 0, and hence d,, (z) converges to the
zero vector. Thus continuity of ¥ follows.

Now suppose that a sequence {U(z,)} converges to ¥(z) for some zo, € Q.
Let us pick a point z € Q\ U, enufoo}{2n}- For each n € NU {oo}, the direction
dir., (z) determines a line £7. Now pick another point y € Q\ U, eny{ooy fn- Such
y exists as there are only countably many ¢*’s. Then for n € NU {co}, the line
0¥ determined by dir,, (y) satisfies £Z N ¢Y = z,. Since dir, (z) — dir,_(z) and
dir, (y) — dir._ (y), we have z, — 2. O

By Proposition 2.9 and the compactness of LD(Q), we see that the closure ¥(Q)
is a compactification of Q. Let us denote each element of U(Q) by (¢¢(-), dire(-)),
where t¢ € Lip;(Q) and dirg(z) € T=H(R?). Let 0Q := ¥(Q) \ ¥(Q) denote the
boundary.

2.3. Finite horofunctions. We now consider a decomposition of the boundary
00. Let

RayQ := {7 :]0,00) = ¢(Q), v(0) = ¢(b),7 is an isometry},

and Oray @ := RayQ, where we take the closure in the space of closed subsets of R?
with Hausdorff topology. The space O;ayQ is naturally identified with RT LR~ U
{400} where R (resp. R7) is a copy of R, corresponding to infinite rays starting
from ¢(b), travel along R, to ixo(r), and then going up (resp. down) vertically.
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The last {400} correspond to two rays (toward —oco and oo) on R.,. Each ray
naturally determines a point in 0Q.

After taking the data of directions into account, our boundary 0Q contains
further points than 0;.y Q. Let

Oin(Q) :={(¢,d) € 09 | wlIeldeJ(:E) > —oo} and
000 (Q) := 99\ 9n(Q).

The first coordinates of elements in g, (Q) are called finite horofunctions.

Proposition 2.10. The closure U(Q) is identified with
R? U ((S*\ {7/2,37/2}) U O1ay Q).
Moreover we have

Oin(Q) = R*\ 1(Q), and 0-c(Q) = (S"\ {r/2,3m/2}) U 1y Q.

Proof. We will define a bijection B : ¥(Q) — R? U ((S' \ {n/2,37/2}) U Oray Q).
Let & = (Y¢(-),dire()) € ¥(Q). By definition there is a sequence {g,} C Q so
that ¥(gy,) converges to €. Let us denote the angle 0¢(x) € S' corresponding to the
direction dirg(x).

If there exist z,y € Q such that f¢(x) # 6¢(y), then the lines determined by the
directions dir¢(z) and dire(y) must intersect at some point r € R?. Note that for
each ¢, € Q, ¥(q,) € LD(Q) is characterized so that the line determined by the
direction dir, (x) for every x € Q passes through ¢(g,,). Hence in this case we have
that ¢(gy,) converges to r and in particular r does not depend on the choice of the
sequence {q,}. In this case, we let B(£) := r € R?. Note that for ¢ € Q, we have
B(q) = u(q).

If all the angles 0¢(-) € S' are the same, let 0 = 6¢(-). If 6 # 7/2,37/2
then we define B(¢) = 6 € St\ {n/2,37/2}. If § = 7/2,3m/2, we associate the
point in Oyay Q given as the limit (in the sense of Hausdorff topology) of finite rays
connecting ¢(b) and ¢(g,). Such limit exists as ¢4, — 1)¢. Thus we have defined
the map B : ¥(Q) — R? U ((S'\ {7/2,37/2}) U Oray Q).

First note that B(Q) = «(Q) and B is injective on Q. For each r = (r;,r,) €
R? \ 1(Q), there is a sequence {g,} C Q so that ¢(g,) — r in R%. Then ¥(g,)
converges to (oo, dirs) € LD(Q), where oo = 1, and dir(z) is the direction
from «(x) to r. Hence B((tpoo,dirs)) = 7 and (oo, dire) € 9n(Q). Moreover
as such (1o, dirs) is characterized so that every line given by dir.(-) passes
through r, the map B is injective on g, (Q). Conversely, if (1o, dire) € 96n(Q)
and ¥(g,) — (¥oo,dirs), then d(b,q,) must be finite and hence {¢(g,)} must
converge in R?. Therefore we have 94, (Q) = B~1(R?\ ¢(Q)). This shows the
second statement provided B is bijective.

For 6 € S'\ {n/2,37/2}, there is a sequence {g,} C Q so that {q,} leaves
every compact set and dir,, (b) — 6. Then we have dir,, (z) — 6 for every z € Q
and hence @ is in the image of B. Furthermore, for each r, € RT, there is a
corresponding point ro, € Rs. Then there is a sequence {s,} C Q such that
m(8n) = T and dirg, (b)) — 7/2. Then the sequence of rays connecting b and
S, converges to the ray corresponding to r4. The same holds for every r— € R_.
Hence B is surjective.

It remains to prove the injectivity on 0 (Q). Suppose & € 0-(Q) and let
{tn} be a sequence so that U(¢,) — & Then the directions given by & are the
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same everywhere. Let 6§ € S' denote the corresponding angle. Suppose first that
cos(f) > 0. In this case, we have 7 (t,) — oco. Let ¢ € Q be an arbitrary point.
Then for large enough n > 1 we have

e if 7(q) > 0 then the geodesic connecting b and t,, passes through 7(q), and
e if 7(¢) <0, then the geodesic connecting ¢ and ¢, passes through b.

Hence the associated horofunction which we denote by 1y is expressed as follows.

_ Jd(7(q),q) — d(7(q),b), if m(q) >0
Yola) = {d(q7 b), otherwise.

In particular 1y is independent of 8 as long as cosf > 0. Hence ¢ is determined
by the direction dir(b), which is equal to 6. Therefore B is injective at . Similar
arguments shows the injectivity of B at £ when cosf < 0 as well. When cos8 = 0,
in other words § = m/2 or 37/2. Then 7(t,) must converge to some r € R, and
¢ is determined by r and 6. Hence we see that B is injective at £ as well. O

Remark 2.11. As demonstrated in [KT90, Bro05], the Bers boundaries and the
Weil-Petersson visual spheres depend on the base points. Roughly speaking, these
phenomena are due to the dependence on the base points of “finite” points. In fact,
certain “infinite points” of the Bers compactification and the Weil-Petersson visual
spheres are independent of the base points (for more detail, see §5 below). We may
observe similar phenomenon for 9Q. The “visual boundary” in this case is the unit
tangent sphere T} (R?) in the “z-th” coordinate of ¥(Q). As we have seen above
if £ € 0an(Q), then the direction dire(x) does depend on x. On the other hand,
if £ € 05(Q), all the direction dir¢(x) are the same, and independent of z. Thus,
our example Q illustrates some situation of boundaries of T(S5).

2.4. Angles and distances on Riemannian manifolds of nonpositive cur-
vature. A metric space is CAT(0) if every geodesic triangle is thinner than the
comparison triangle in the Euclidean space, see [BH99] for more details. Let (M, g)
be a (possibly incomplete and non-proper) smooth Riemannian manifold which is
CAT(0), or equivalently let us suppose (M, g) is uniquely geodesic and has nonpos-
itive curvature.

We observe that “directions” have natural relation with horofunctions on M.
First let d : M x M — R denote the distance function and 6, (v, w) the angle
between v,w € T}H(M) at x € M, both given by the Riemannian metric g. We
fix a base point b € M. Note that any CAT(0) space is a uniquely geodesic space,
i.e. given any two points there exists a unique geodesic connecting the two (see e.g.
[BH99, Proposition I1.1.4]). Hence given any two points x,y € M, the direction at x
toward y is well-defined in T} (M), which we denote by dir,(z). Let o : [0,T] — M
be a length minimizing geodesic, i.e. d(o(s),o(t)) = |s — t| for any s,t € [0,T]. In
Bridson-Haefliger [BH99], the following variation formula of the distance function
is observed.

Proposition 2.12 ([BH99, Corollary 11.3.6]). Let o : [0,T] — M be a length
minimizing geodesic and p := o(0). Then

i 40(0).5) = d(0(3).)

s—0 S

= cos 0,(5(0), diry(p)),

where 5(0) € T (M) is the unit tangent vector given by o.
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As before, we define dir,(z) = f(d(z,y))dir,(z) where f(z) = (e —1)/(e* +1).
Now let us consider the embedding

v:M = (- d(b, )] x T=YH(M)),
zeM
defined by ¥(z) := [[,(¢¥z(x),dir.(x)), where v.(-) is the horofunction associated

to z with base point b. We make the following assumption.

Assumption 2.13. (M, g) is a CAT(0), smooth Riemannian manifold of dimension
> 2, and the exponential map from any point is a diffeomorphism from its open
domain onto M.

Then we have

Proposition 2.14. If (M, g) satisfies Assumption 2.13, then ¥ is a homeomor-
phism onto its image, and its closure W(M) is compact.

Proof. Since dir,(z) € T, (M) for any z € M, that ¥ on the second coordinate
(i.e. diry(x)’s ) is continuous follows from the assumption that exponential maps
are diffeomorphic. Also as dir,(z) determines a unique geodesic, let dir,(x) also
denote the geodesic ray starting at  determined by the direction.

Then similarly to the argument of the proof of Proposition 2.9, one sees that
intersection of rays dir,(z) is z. This shows that inverse of ¥ is continuous. Com-
bined with Lemma 2.4, we see that ¥ is a homeomorphism onto its image. O

By Proposition 2.14, we see that the closure W(M) is compact. Hence we may
define the following.

Definition 2.15. We call U(M) the horocoordinate compactification and (M) \
U (M) the horocoordinate boundary of M with respecet to .

Then together with Proposition 2.12, we have:

Corollary 2.16. Let £ = (¢¢,dire) € U(M) and v : [0,d(b,z)] — M denote the
unique geodesic connecting b and x parametrized by arc length. Then

d(b,x)
e() = / 08 1) (3(1), dir ((t)) dt.

In particular, given (1,dir), (', dir’) € W(M) we have (¥, dir) = (¢, dir’) if and
only if dir = dir’.

Proof. First, let us suppose £ = U(z) for some z € M. In CAT(0) spaces, the angles

0; = 0 (Y(t),dir.(y(t))) is a continuous function of ¢, see [BH99, Chapter II,

Proposition 3.3]. Hence by Proposition 2.12, we see that £d(y(t),z) = cosf, is
continuous and

d(b,z) 4 d(b,x)
d(w,2) — d(b, ) = / (1), 2yt = / cos Oyl
0 0

Now if W(2,) — &, then by definition, for any x € M and v € T.}(M), we have
cosf, (v,dir;, (z)) — cosb; (v, dire(z)).
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Then since [0, d(b, z)] is compact, by the dominated convergence theorem,
d(b,x)
Ye(r) = lim 9, (x) = lim cos O (9(1), dir, (y(1))) dt

d(b,x)
- / Tim cos 0,y (3(¢), dir-, (1())) dt

d(b,x)
= /0 cos O, (Y(t), dirg(y(t))) dt.

The last assertion follows from the integral formula and the fact ¥(b) = ¢'(b) =
0. (I

Remark 2.17. As we have fixed the base point b, and M is CAT(0), the geodesic
v in the statement of Corollary 2.16 is determined by z. Therefore the second
coordinate of W(z) can be regarded as the data of derivatives of the horofunction
in the first coordinate of ¥(z).

Remark 2.18. That horofunctions are 1-Lipschitz is crucial when we compactify a
given metric space. This follows from the triangle inequality. However, as we shall
prove in §7.1, the function on the Teichmiiller space given by the renormalized
volume does not satisfy the triangle inequality. We remark here that as cos 6 < 1,
Corollary 2.16 provides us an alternative proof of the 1-Lipschitz property (compare
with Theorem 6.12 below).

3. PRELIMINARIES FOR TEICHMULLER THEORY

Our goal is to compactify the Teichmiiller space by using the renormalized vol-
ume. There will be an interplay of the theories of 2 and 3-dimensional hyperbolic
geometry, complex analysis, and the geometric group theory. In this section, we
quickly review basic properties, mainly for the Teichmiiller theory, that we need
later. Throughout the paper, we fix an oriented closed surface S of genus greater
than 1.

3.1. Beltrami differentials and quadratic differentials. The Teichmiiller space
T(9) is the space of marked hyperbolic or complex structures on S. Let X € T(S).
By abuse of notation, we regard X as a Riemann surface or a hyperbolic surface
depending on the context. Let us first consider X as a Riemann surface. In Te-
ichmiiller theory, there are two important differentials, Beltrami differentials and
quadratic differentials. Let T1:°X and 7' X denote the subspaces of the cotangent
bundle which corresponds to holomorphic and anti-holomorphic part respectively.
A Beltrami differential is a section of T%!' X @ (T19X)* which is locally expressed
by B(z)dz/dz. A quadratic differential is a section of T1°X ® T*9X whose local
expression is ¢(z)dz?. If moreover, ¢(z) is holomorphic on each local chart, it is
called a holomorphic quadratic differential. The space of holomorphic quadratic
differentials on X is denoted by QD(X). By the Riemann-Roch theorem, QD(X)
is isomorphic to C39~3. Hence the space of all holomorphic quadratic differentials
on S defines a vector bundle over 7(S), that we denote by QD(S).

Quadratic differentials arise in several natural ways in the theory of Teichmdiller
spaces, see e.g. [Gup20] for details. In this paper, quadratic differentials that appear
as Schwarzian derivatives play an important role, whose definition we postpone until
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§3.3. Here we will recall so-called Hubbard-Masur differentials [HM79]. A measured
foliation on S is a singular foliation with a transverse measure. Let MF(S) denote
the space of measured foliations on S, see §4.1 below for the topology on MF(S)
and its relation to simple closed curves and so on. Given a quadratic differential ¢
locally expressed as g(z)dz? on X, its horizontal directions is the set of directions
v € T, X defined by ¢(z)v? € Rsg. The horizontal direction equipped with the
transversal measure defined for any transversal arc a by

/ Tm q()"/2dz|

determines a measured foliation which is called the horizontal foliation of q. Let
hx(q) denote the horizontal foliation of g. Thus we get a map hx : QD(X) —
MUF(S). Hubbard-Masur differential is defined as the converse of this map:

Theorem 3.1 ([HM79]). The map hx : QD(X) — MF(S) is a homeomorphism.

Notation. By Theorem 3.1, each F' € MF(S) corresponds to a quadratic differ-
ential gr(X) := hy'(F). This quadratic differential gp(X) is called the Hubbard-
Masur quadratic differential associated to F' on X.

There are several types of natural norms on QD(X). First, we recall the L!-norm
(the area of the quadratic differential), and L?-norm.

|q|2 1/2
llallx ::/ lg| , and ||q]|2 := (/ 2) 7
X x P

where p|dz| is the hyperbolic metric determined by X. We also need so-called the
L*°-norm, or the sup norm:

l9(2)]

q (= sup .

FAS

Let 8 be a Beltrami differential and ¢ be a quadratic differential on X. The
product of # and ¢ gives a section in T9'X ® T"9X. Hence there is a natural

pairing of ¢ and .
(q,8) := /X qp.

The real part Re(q, 8) turns out to be very important for the study of the renor-
malized volume (see Theorem 3.4 below). By the pairing, we define the L*°-norm
of Beltrami differentials:

[|8]|oe = sup(q, B)
q

where ¢ is taken over all quadratic differentials on X with ||¢||y = 1. Then let
L>*(X) := {8 | ||Bllc < o0} be the space of Beltrami differentials with bounded
L-norm. It has a subspace

K :={B € L>(X) | (g B) =0 for any ¢ € QD(X)}.

The quotient L*°(X)/K can be identified with the tangent space of T(S) at X.
See e.g. [FM12, Chapter 11]. For a differentiable path ¢ in 7(S) with o(t) = X,
we denote by ¢(t) the corresponding Beltrami differential in L™ (X)/K.
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3.2. Extremal length and Kerckhoff’s formula. A closed curve on S is called
simple if it is homotopic to a curve without self-intersections. A simple closed curve
is called essential if it does not homotopic to a point. Let S be the set of homotopy
classes of essential simple closed curves. The extremal length is a complex analogue
of hyperbolic length. Note that we may regard S as a subset of MF(S) by giving
intersection numbers as transverse measures. By appealing to the work of Kerckhoff
[Ker80], we define the extremal length Extx (F) of F € MF(S) on X by

Extx (F) = |lgr(X)]|1,

where ¢p(X) is the Hubbard-Masur differential defined above. On T(S), the Te-
ichmiiller distance is defined as the measurement of the deformation of complex
structures. Kerckhoff’s formula [Ker80] gives an alternative description of the Te-
ichmiiller distance in terms of the extremal length:

1 EXty(CM)
3.1 dr(X,Y) = = log sup ————~.
(3.1) T(XY) =3 88D e (@)

We may regard this formula as the definition of the Teichmiiller distance.

3.3. Quasi-Fuchsian manifolds and Schwarzian derivatives. For more de-
tails in this section, see e.g. [Sch22] and references therein. A Kleinian group is
a discrete subgroup of PSL(2,C). In this paper we only consider Kleinian surface
groups (i.e. Kleinian groups that are isomorphic to 71(5)). Let I' be a Kleinian
surface group. I' acts on the hyperbolic 3-space H?, and the limit set A(I') C OH?
of T is the set of accumulation points of any orbit of I' in H3. The complement
OH3 \ A(T) is called the domain of discontinuity, denoted (). T is called quasi-
Fuchsian if A(T) is a Jordan curve and hence Q(T') has exactly two components.
The quotient manifold N := (H? U Q(T"))/T is homeomorphic to S x [0,1]. In this
paper, we denote each of the components of the domain of discontinuity by Q4 (T')
and Q_(T") and call the top component and the bottom component respectively. We
choose 4 as the component that induced orientation of Q4 /T" from N matches
with that of S. Let

AH(S) := {p € Hom(m1(S),PSL(2,C)) | p is discrete and faithful} /conjugation

denote the space of complete hyperbolic metrics on the surface group with the
topology of representations. The space QF(.S) of quasi-Fuchsian groups is a subset
of AH(S). As H? = C, both Q4 (I')/T" and Q_(T')/T have natural complex struc-
tures. By the Bers simultaneous uniformization theorem, this correspondence is a
parametrization i.e. the map

af 1 T(S) x T(S) — QF(S)(C AH(S))

is a homeomorphism. Namely, given any (X,Y) € T7(S) x T(S), qf(X,Y) is quasi-
Fuchsian and its top component and bottom component have complex structures
X and Y respectively. We denote by M(X,Y) the quotient H?/qf(X,Y) of the
quasi-Fuchsian group gf(X,Y). The quotient M (X,Y) is called a quasi-Fuchsian

manifold. Note that the space T(S) x T(S) where S is S with the orientation
reversed parametrizes QF(S) more naturally. But as 7(S) = T(S) and for later
convenience, we adopt T (S) x T(S) as a parametrization space of QF(S). With this
parametrization qf (X, X) corresponds to the Fuchsian representation corresponding

to X € 7(S).



14 COMPACTIFICATION AND DISTANCE ON TEICHMULLER SPACE VIA VOLUME

We will now discuss associated Schwarzian derivatives. Let U C C be a connected
open set. Given a holomorphic map f : U — C, the Schwarzian derivative S(f) of
f is a holomorphic quadratic differential on U defined by

2
. fl/ ! 1 f// )
To define the Schwarzian derivative associated to quasi-Fuchsian manifolds, we
first recall complex projective structures. A complex projective structure on S is a
complex structure with every transition map between local charts is a restriction
of the action of some element in PSL(2,C). Let P(S) denote the space of complex

projective structures. Since the action of PSL(2,C) is holomorphic, we have a
natural forgetful map

P(S) — T(9).

Let P(X) denote the preimage of X € T(S) in P(S). Suppose we have two projec-
tive structures Z3, Zo € P(X). For sufficiently small open set U C S so that there
are projective coordinate charts z; : U — C of Z; for i = 1,2, we have a holomorphic
quadratic differential 2} S(zp 0 2;') on U € X. Since the Schwarzian derivative of
any Mobius transformation vanishes, we have a well-defined holomorphic quadratic
differential, denoted Zy — Z; in QD(X) by covering X with such open sets.

The restriction of any quasi-Fuchsian representatives of 1 (S) on a component of
domain of discontinuity gives a complex projective structure. Let Py (X) € P(X)
denote the complex projective structure given as a quotient 4 /qf (X, Y) of the top
component Q4 of qf (X, Y).

Notation. We denote by ¢y (X) := Py (X) — Px(X) € QD(X) the holomorphic
quadratic differential obtained as the Schwarzian derivative.

Note that gy (X) is determined only by qf(X,Y). We now recall the famous
Nehari’s inequality on the Schwarzian derivatives:

Theorem 3.2 ([Neh49]). Let qf (X,Y) be a quasi-Fuchsian Kleinian surface group.
Then we have

3
lay (Xl < 5.

Note that Nehari’s inequality depends on the curvature and in this paper, hy-
perbolic surfaces have curvature —1. The Nehari’s inequality can be re-interpreted
as follows. Recall that g is the genus of S.

Corollary 3.3 ([Neh49], see also [Sch13,KM18]). Let qf(X,Y") be a quasi-Fuchsian
Kleinian surface group. Then we have

gy (X)lx < 67(g = 1), and [lgy (X)[l2 < 3v/7(g —1).

3.4. Renormalized volume. Although quasi-Fuchsian manifolds have infinite hy-
perbolic volume, there is a notion called the renormalized volume which is finite for
any quasi-Fuchsian manifold. The idea of the renormalized volume comes from
Graham-Witten [GW99] and it is studied by several authors for hyperbolic 3-
manifolds (see e.g. [BBB19, BBB23, BBVP23, BC17, GMR17, KM18, KS08, Sch13,
Sch22]).
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Notation. Via renormalized volume, we get a function
VR:T(S)xT(S) =R

defined so that Vz(X,Y) is the renormalized volume of the quasi-Fuchsian manifold
M(X,Y).

The formal definition involves the mean curvature, Epstein surfaces, and other
notions that we do not need for the discussion in this paper. We refer [Sch22,
Sch13,KS08,BBB19,BC17, KM18] and references therein for more details. Instead
of giving the original definition, we adopt the following formula of the first variation
of the renormalized volume as the definition.

Theorem 3.4 ([KM18, Lemma 2.4], [Sch22, Corollary 3.13]). For any Y € T(S5),
Vr(-,Y) is differentiable on T(S). If o : [-1,1] = T(S) is a differentiable path,
d

2| Vr(@(t),Y) = —Relay (c(0),(0)).
t=0

4. KNOWN COMPACTIFICATIONS OF TEICHMULLER SPACE

In this section we recall several known natural compactifications of the Te-
ichmiiller space 7(S). Similarly to the boundary of the hyperbolic space, the
Teichmiiller space is compactified with boundaries “at infinity”. Each compactifi-
cation captures different kinds of asymptotic behaviors in the Teichmiiller space.
Recall that the mapping class group MCG(S) is the group of isotopy classes of
homeomorphisms on S. The group MCG(S) acts on 7T (S) by the change of mark-
ings. The action sometimes extends to the boundaries, and sometimes does not.

4.1. Thurston compactification and Gardiner-Masur compactification. Let
S denote the space of homotopy classes of essential simple closed curves. If we have
any “length” function determined by a point X € 7(.5), we get a point in R‘go. By
giving the geometric intersection number i(-,-) : S XS — Zxg, the set S x R, that
is S together with positive real weights, embeds into R‘io by sending (a,t) € SxRsq
tot-i(a, ) € RS,.

The space MF(S) of measured foliations is obtained as the completion of S xR
in R‘io. The positive real numbers Ry acts on Rio by multiplication and its
quotient is denoted by PRS . Let £x(a) denote the hyperbolic length of the sim-
ple closed curve a with respect to the hyperbolic metric X ([Thu98]). Thurston
(cf. [FLP79]) proved that if we use the hyperbolic length and define the map
ith : T(S) = PRE, by irn(X)(a) = £x (), then iy, is an embedding. The closure
iTh(7(9)) is called the Thurston compactification. Let OrnT(S) = iTn(T(S)) \
iTh(7T(S)) denote the added boundary called the Thurston boundary. The image
of MF(S) in PR, is called the space of projective measured foliations and de-
noted PMF(S). Thurston [FLP79] proved that in PRS the closure iy, (7(9)) is
identified with 7(S) U PMF(S). -

Similarly, Gardiner-Masur [GM91] considered (the square root of) the extremal
length to define igy : 7(S) — PRS,. The closure igu(7(S)) in PRE, is called

the Gardiner-Masur compactification and the boundary dgmT (S) := iam(T(S)) \
iaMm(T(9)) is called the Gardiner-Masur boundary. Gardiner-Masur also proved
that dgm T (S) strictly contains PMF(S).
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Similarly to Kerckhoft’s formula (3.1) of the Teichmiiller distance, the Thurston
distance, denoted dry (-, ) is characterized as

Oy (Oz)
4.1 drh(X,Y) :=logsu .
(1) n(X,Y) 1= logsup 705
Both the Thurston boundary and the Gardiner-Masur boundary are identified with
horoboundaries.

Theorem 4.1 (Walsh [Wall4]). The horoboundary with respect to the Thurston
distance is homeomorphic to the Thurston boundary Oy T (S).

Remark 4.2. The Thurston distance is asymmetric. Hence we need more care to
define horoboundaries, see [Wall4] for the details.

Similarly if one uses the Teichmiiller distance, one gets:

Theorem 4.3 (Liu-Su [LS14]). The horoboundary with respect to the Teichmdiller
distance is homeomorphic to the Gardiner-Masur boundary OamT (S).

Thus we see that horoboundaries give natural boundaries for the distances.

4.2. Bers compactification and ending laminations. As discussed in §3.3, the
space QF(.S) of quasi-Fuchsian groups is parametrized by 7(S) x T(S).

Let us fix Y € T(S) and consider gf(-,Y) : T(S) — QF(S). By considering the
Schwarzian derivative ¢x(Y'), Bers considered the map by : 7(S) — QD(Y).

Let QDz(Y) :={q € QD(Y) | |/¢lloo < 3/2}. Nehari’s inequality (Theorem 3.2)
implies that the closure by (7(S)) is contained in QD 5(Y"). Thus Bers showed that
the closure by (7(5)) is compact, and it is called the Bers compactification with
base point Y. The boundary 957 (S) is called the Bers boundary. Note that Bers
boundaries depend on the base point Y, and the action of the mapping class group
does not extend continuously (see Kerckhoff-Thurston [KT90]).

To characterize points in 9% 7 (S), we recall the so-called ending laminations. As
the detailed discussion is not necessary in this paper, the exposition here is very
brief, see e.g. [BCM12,Ohs14] and references therein for more details. Let us fix a
hyperbolic metric on S for a moment. A geodesic lamination is a closed subset of S
consisting of simple geodesics, each of which is called a leaf. A geodesic lamination A
is called minimal if every leaf is dense in A. Let GL(.S) denote the space of geodesic
lamination with Hausdorff topology. The space GL(S) is known to be independent
of the choice of the hyperbolic structure on S, see e.g. [CB88]. Note as the topolo-
gies of AH(S) and QD(S) are compatible, we may regard each £ € 9% T(5) as a
point in AH(S). Let p¢ : m1(S) — PSL(2,C) be an arbitrarily chosen representa-
tive corresponding to £. The properties we are discussing below are invariant under
conjugation and therefore independent of the choice of representatives.

A point £ € 9% T(S) is said to have accidental parabolics if pe(m1(S)) have some
parabolic elements. If a point £ € 9% T (S) does not have accidental parabolics, then
it is called singly degenerate. If £ is singly degenerate, the corresponding manifold
H3/pe(m1.9) has two ends, one of which corresponds to the fixed Y € T(S). For
a singly degenerate &, there is a sequence {a;} C S of simple closed curves whose
geodesic representative eventually enters any neighborhood of the end that is not the
Y-side. It turns out all such sequences determine a unique lamination in GL(S), see
[Min10] for a detail. The lamination so obtained is called the ending lamination,
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and denoted F(£). (A special case of) the ending lamination theorem says the
following:

Theorem 4.4 (Ending lamination theorem [BCM12]). If £ is singly degenerate,
then the isometry type of H3/pe(m1S) is determined by Y and E(€).

Finally, we discuss “intersections” of drnT(S), damT (S) and 0 T(S). First,
notice that O, 7 (S) C damT (S) by [GMI1]. A measured lamination is a geodesic
lamination equipped with a transverse measure. Let ML(S) denote the space of
measured laminations. There is a canonical one-to-one correspondence between
ML(S) and the space of measured foliations MF(S) see e.g. [CB88, FLP79).
Hence we may identify ML(S) with MF(S). A measured lamination (or foliation)
is called uniquely ergodic if every transverse measure on the underlying lamination
(or foliation) are related by the multiple of a positive real number. Let UE(S)
denote the set of uniquely ergodic laminations or foliations, which by abuse of
notation we regard as a subset of one of (P)ML(S) or (P)MF(S) depending on
the context. By definition, the measure forgetting map PML(S) — GL(S) is one-
to-one on UE(S). Thus we may also regard UE(S) C GL(S). Let us recall the work
of Brock.

Theorem 4.5 ([Bro0l, Theorem 6.1]). Let {X,,} C T(S) be a sequence that con-
verges as n — oo to p in the Thurston boundary PMF(S) = OmnT(S). Then for
any limit € € 05T (S) of X,, the support lamination |u| of p is a sublamination of
E(S).

We combine Theorem 4.5 with the following observation of Masur.

Lemma 4.6 ([Mas82, Lemma 2]). Let u and X\ be geodesic laminations. Suppose
further that X is uniquely ergodic. Then i(u, \) =0 if and only if up = .

Hence if @ is uniquely ergodic, then any lamination containing p must coincide
with p. Therefore Theorem 4.4 shows the following.

Corollary 4.7. Let u € UE(S). If X,, — p in the Thurston boundary Oty T (S),
then the limit & of X,, exists in the Bers boundary 05T (S) for any Y, and E(£) =

1]
5. COMPACTIFICATION OF TEICHMfJLLER SPACE VIA WEIL-PETERSSON METRIC

Before discussing a compactification via renormalized volume, let us apply our
strategy to the Weil-Petersson (WP) metric on the Teichmiiller space. For proper-
ties of the Weil-Petersson metric discussed here, see e.g. Wolpert’s book [Woll0]
and survey article [Wol03]. Let

<90377D>WP:\/XS;712/)

be the L? inner product on the cotangent space QD(X) = T% T (S), where p(z)|dz|
is the hyperbolic metric on X. The real part of the dual of (-,-)wp defines a
Riemannian metric on 7(S), which is called the WP metric. The WP metric
is not complete, and let ’7A'(S) denote the completion which is characterized as
the augmented Teichmiiller space by Masur [Mas82]. Although the Teichmiiller
space T (S) equipped with WP metric is not proper, it is a CAT(0) space which in
particular is uniquely geodesic (see [Wol03, Theorem 13 and Theorem 14], [YamO04]).
One useful feature of the WP metric is the following.
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Lemma 5.1 ([Wol03, Theorem 5]). The WP exponential map from any base point
is a diffeomorphism from its open domain onto the Teichmailler space.

These features of WP metric let us apply arguments in §2.4, and obtain a com-
pactification of 7(S) via the WP metric as follows. Let dy, denote the distance
function with respect to the WP metric and wy : T(S) — R denote the horofunc-
tion at Z i.e. wz(X) = dwp(X, Z) —dwp(b, Z), where b € T(S) is a base point which
we fix throughout the section. For the consistency with the case of renormalized
volume, let us consider the space of holomorphic quadratic differentials as the space
of directions. Now we define the space LQ(S) which is the space of sections of a
bundle over T(S).

Definition 5.2. Let C' := 3y/7(g — 1). Then we define

LQ(S) = [[ {l-Cdup(b, X),Cup (b, X)] x QDp(X)},
XeT(S)
(LQ stands for Lipschitz and Quadratic differential). Furthermore by the notation
(&,q9) € LQ(S), we mean a point given by & : T(S) — R and ¢ : T(S) — QD(S),
where £(X) € [-Cdyp(b, X), Cdyp(b, X)] and ¢(X) € QDg(X). We equip LQ(S)
with the topology of point-wise convergence, or equivalently the product topology.

Remark 5.3. The space LQ(S) is designed for the renormalized volume which we
discuss in §6. For this reason, we expand the interval by the constant C' and utilize
the space QDp(X), the target space of the Bers embedding. Although LQ(S) is
larger than necessary, it works for the WP metric as well.

We summarize the property of the space LQ(S).

Proposition 5.4 (c.f. Proposition 2.1). The space LQ(S) is a compact, Hausdorff,
and second countable (hence metrizable) space.

Proof. As [—Cdyp(b, X), Cdyp(b, X)X QD 5(X) is compact, the whole space LQ(.5)
is compact by Tychonoff’s theorem. That LQ(S) is Hausdorff follows because
[—Cdyp (b, X), Cdyp(b, X)] x QDp(X) is Hausdorff. Since the Teichmiiller space
T (S) is separable and [—Cdyp (b, X), Cdywp (b, X)] x QD g(X) are second countable,
LQ(S) is also second countable. O

Since (T(S),dwp) is uniquely geodesic, given any distinct two points X,Y €
T(S), there is a unique direction diry(X) € TT(S) from X toward Y. Let
Dy (X) € QD(X) = T%7T(S) denote the quadratic differential corresponding to
diry (X) scaled so that ||Dy(X)|lec = 1 (in fact, any norm would work. We
chose L™ norm merely for the consistency with Bers embeddings which we discuss
in §6). Let f(x) = (e® —1)/(e® + 1) as in §2.4. Then we define Dy (X) :=
f(dyp(X,Y)) - Dy(X). On LQ(S), the mapping class group MCG(S) acts by
gw(X) = w(g~tX)—w(g1b) for horofunctions w (see Lemma 2.5), and g-Dy (X) :=
Dyy (gX) for Dy (X)’s.

Theorem 5.5. The embedding WP : T(S) — LQ(S) defined by
WP(Z) = (wz(X), Dz(X)) xer(s)

is a homeomorphism onto its image. Its closure WP(T (S)) is compact, and the
action of the mapping class group extends continuously on WP(T(S5)).
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Proof. Since Dy (X)’s work as the directions, we see that WP is a homeomorphism
onto its image by Proposition 2.14. Since the space LQ(S) is compact, the closure
WP(T(S)) is compact. The action of the mapping class group is by isometries
with respect to WP metrics on 7(S). Hence by Lemma 2.5, we see that the action
extends continuously to the space of horofunctions. Finally, given g € MCG(S),
the natural action g(Dz (X)) = D,z(gX) is the change of markings, and extends
naturally and continuously to the closure WP(T(S)). O

As the WP metric is Riemannian, we may naturally consider angles. Then
Corollary 2.16 implies the following.

Corollary 5.6. Let (w,D) € WP(T(S)) and 7 : [0, dwp(b, X)] = T(S) denote the
WP geodesic connecting b and X parametrized by arc length. Then

dwp (b, X)
wX) = [T costy (10, DGO
In particular, it follows that (w, D) = (w', D) if and only if D = D’.

5.1. (In)finite horofunctions and the visual sphere. Brock [Bro05] has ob-
served that the visual spheres with respect to the WP metric have properties that
they

e do depend on the base points, and the action of the mapping class group

does not extend continuously, and

e contain finite points as dense subsets
where finite points here means that the associated geodesic rays have bounded
lengths (and hence is incomplete). The metric completion 7(S) turns out to be
the union of 7(.S) and endpoints of those finite rays [Mas76, Wol10]. Let us recall a
property of geodesics in 7(S) which leads to the fact that 7(S) is a CAT(0) space.
Lemma 5.7 (c.f. [Wol03, Section 7], [Bro05, Theorem 2.1]). Let (X, Yy) € T(S)x
T(S) be a sequence of pairs with the limit (Xo,Yao) € T(S) x T(S). We denote

by vn the unique WP geodesic connecting X, and Y,. Then =, converges to the
unique WP-geodesic Yoo connecting Xoo and Yoo.

Let OwpT(S) := WP(T(S)) \ T(S). As in §2.3, let
8vf?/r[1)T(S) :={(w,D) € 0ypT(S)| inf w(X)> —oo} and,
XET(S)

O T(S) 1= OwpT(S) \ Oan T ().

Let (w,D) € OwpT(S). In order to discuss properties of elements in 9% 7(S) and
83,%7'(5 ), we need to consider the WP geodesic ray determined by the direction
D(X). Let us denote by ray(D(X)) the Weil-Petersson geodesic ray starting at X
with direction D(X).

Theorem 5.8. There is an injection T(S) \ T(S) — O T(S). Conversely, if
(w,D) € IIT(S) then for every X € T(S), ray(D(X)) has endpoint in T(S)\
T(S). Moreover, in general, the endpoint of ray(D(X)) € T(S)\ T(S) depends on
X.

Proof. Let {Z,} be a Cauchy sequence converging to Zs, € T(S)\ 7(S). Then
by the triangle inequality, we have dywp(X, Z,) = dwp(X, Zs) for any X € T(S).
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Hence the horofunction wyz_, at Z is well-defined and we have wz, — wz_ without
taking subsequences. Furthermore, by Lemma 5.7, the direction Dz_(X) from
any X to Zs is uniquely determined and coincides with lim, o Dz, (X). As
dywp(b, Zso) < 00, we see that (wz_, Dz ) € 088 T(S). Thus we get a map T(S)\
T(S)— 6&%7’(5 ) and this is an injection since dy;, extends to the completion 7(S).

Conversely, let (w, D) € 92T (S). Let {Y,} C T(S) be a sequence so that
WP(Y,) — (w, D). Now suppose contrary that ray(D(X)) were infinite for some
X € T(S). In this case, if sup dyp(X,Y;,) is finite, then Y,, must converge to an
interior point of ray(D(X)), which contradicts the assumption (w, D) € OywpT (S)
by Theorem 5.5. If d,(X,Y,) — oo, then for any s € Ry, we have a point s,, on
ray(Dy, (X)) with dywp (X, s,) = s. As Dy, (X) — D(X) and the exponential map
is diffeomorphic (Lemma 5.1), the sequence s, must converge to a point s, on the
ray(D(X)). Now notice that the triangle inequality implies

wy,, (Sn) = dwp(57L7Yn) - dwp(b7 )/n)
Qwp(Sn, Yn) — dwp(X, Y5) + dup (b, X) = —s + dwp(b, X).

IN

The diagonal argument shows that w(se) < —s+ dwp(b, X). Since s € Ry was
arbitrary, it follows (w, D) € 035, T (S), which contradicts our assumption. Thus we
see that ray(D(X)) is a finite ray for any X € T(95).

Finally, it is the work of Brock [Bro05, Theorem 1.7] that in general the limit
point in 7(S)\ 7(S) of ray(D(X)) depend on X. This happens for example when
Y, are obtained by iterating Dehn twists and the sequence {Y,} does not have
accumulation points in 7(). O

To discuss the properties of infinite horocoordinates, we briefly recall the work
of Brock-Masur-Minsky [BMM10], which defines the “end invariants” of Weil-
Petersson geodesic rays. End invariants are defined through the theory of measured
laminations rather than the foliations. Recall that there are natural one-to-one cor-
respondence between the space of measured foliations and the space of measured
laminations(see e.g. [CB88, Section 4] for details). The end invariants of WP
geodesic rays are defined as an analogue of the end invariants of quasi-Fuchsian
manifolds that we discussed in §4.2. In order to avoid the confusion, in this paper
we call the end invariants in [BMM10] as WP-end invariants. Given a hyperbolic
surface X € T(S), we call a family P of disjoint simple closed curves a Bers pants
decomposition for X if

e X \ P is a union of pairs of pants, and
o (x(a) < L for all & € P, where L = L(S) is called the Bers constant which
depends only on the topology of S.

The existence of such pants decompositions is due to Bers (see e.g. [Busl0]). Let
r:[0,00) — T(S) be an infinite WP geodesic ray parametrized by arc length. A
simple closed curve « is called a Bers curve of r if there exists ¢ € [0,w) such that «
is a curve in a Bers pants decomposition for r(t). Then the WP-end invariant is the
supporting laminations of the union of pinching curves and all the limits of Bers
curves of r in PMF(S) as t — oco. We refer [BMM10] for the precise definition
and well-definedness of WP-end invariants.
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Let D4 (X) denote the end point in 7(S) or the WP-end invariant of the ray
D(X) =:r:[0,w) — T(S), where w arrowed to be infinity. We define

dwp(Z7 Di(X)) = th_I}‘}) dwp(Z7r(t))'
Note that dyp (b, D4 (X)) is finite if and only if Dy (X) € T(S).
Theorem 5.9. Let (w,D) € OypT(S). If the ray D(X) is infinite for some X €
T(S), then (w,D) € 03, T(S).
Conversely, if (w, D) € 0, T(S), then we have

sup  dwp(b, D1 (X)) = oo.
XeT(S)

Proof. The first statement was proven in Theorem 5.8.
Suppose that

sup  dwp(b, D1(X)) < 0.
XeT(S)

In this case, Dy (X) € T(S) for all X. Let {Y,,} C T(S) be a sequence so that
WP(Y,) — (w, D) € 93, T(S). For notational simplicity let w, := wy, and Dy, :=
Dy, . Since D,(X) — D(X), Lemma 5.1 implies that for any € > 0 there exists
N > 0 such that for any n > N, we have the inverse of triangle inequality:
(5.1) dwp (X, Yn) 2 dwp(X, D4 (X)) + dwp (D4 (X), V) — €.
Hence we have
wn(X) = dwp(Xa Yn) - dwp(b7 Yn)
> dwp(X,Y,) — dwp(b, D4 (X)) — dwp(D4(X),Y,) (by triangle inequality)
> dyp(X, Dy (X)) = € = dyp (b, D1 (X)) (by (5.1))
> —dyp(b, D4 (X)) — €

Since € was arbitrary and w,, — w, we see that w(X) > —dyp(b, D4 (X)). Hence

inf w(X)>— sup dyp(b,Di(X)) > —0
(B0 2 = s (b D (X))
which implies that (w, D) € 82T (S).

(I

For the case where WP-end invariants are uniquely ergodic laminations, the
situation becomes simpler. In [BMM10], Brock-Masur-Minsky shows the following.

Lemma 5.10 ([BMM10, Lemma 2.10 and Corollary 2.12]). Let X € T(S) and ry,
be WP-geodesic rays with r,(0) = X where n € NU {oo}. Let u, be the WP-end
invariants of r,. Suppose the initial tangent of r, converges to the initial tangent
of roo. Then any limit p of the sequence {u,} in the PMF(S) satisfies

i(4s poo) = 0.
Contrary to the finite horofunctions, we have the following independence of the
base points for uniquely ergodic case.

Theorem 5.11. Let {Y,} C T(S) be a sequence converging to (w,D) € OwpT (S)

in WP(T(S)). Suppose that there exists Xo such that the ray D(Xo) has a uniquely
ergodic lamination \ as its WP-end invariant. Then for any X € T(S), the WP-
end invariant of D(X) is A.
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Proof. Let r : [0,00) — T (S5) denote the WP geodesic ray D(Xy). By the work of
Brock [Bro03], there is a universal bound A > 0 such that dy,(7(t), P;) < A where
IS ’f(S ) is the maximal cusp corresponding to a Bers pants decomposition for
r(t). Let X € T(S) be an arbitrarily chosen point. Let g; (resp. g;) denote the
WP-geodesic connecting X and P; (vesp. r(t)). By the CAT(0) property of 7(S),
the initial tangent of g; and g; converge to the same direction D’. The direction
D’ should be D(X) because CAT(0) property tells us that dy,(r(t), D(X)(t)) <
dwp(X,Xo) (we apply [BH99, Chapter II, Proposition 2.2] to the rays Dy, (Xo)
and Dy, (X), and then take limit as n — 00). Then by the definition of WP-end
invariants, we have P, — A since A is uniquely ergodic. By Lemma 5.10, we see
that the WP-end invariant p of D(X) satisfies ¢(u, A) = 0. Hence we see that g = A
by Lemma 4.6. (]

Thanks to Theorem 5.11, we may define uniquely ergodic points of Oy, 7 (S).

Definition 5.12. A horocoordinate (£, D) € 0w, 7 (S) is uniquely ergodic if for
some (hence any by Theorem 5.11) X, the WP-end invariant of D(X) is uniquely
ergodic. For a uniquely ergodic horocoordinate corresponding to uniquely ergodic
lamination A, we say that A is the WP-end invariant of (w, D).

Theorem 5.13. Let r : [0,00) — T(S) be a WP geodesic ray which converges to
a uniquely ergodic lamination X\ in Thurston’s compactification. Then {r(t)} also
converges to some (w,D) € WP(T(S)) which is uniquely ergodic with WP-end
invariant \.

Proof. First note that by [BMM10, Theorem 1.2], we see that for any Y € T(5),
the initial tangent of geodesics connecting Y and r(t) converges. Then by Corollary
5.6, we see that {r(f)} converges to some (w, D) € WP(T(95)).

As {r(t)} converges in Thurston’s compactification, there exists s; — 0 such that
s¢r(t) converges to a measured lamination representative of A\. Let P, be a Bers
pants decomposition of r(t). By definition we have £,.;)(P;) = i(r(t), ;) < (39—3)L
where L > 0 is the Bers constant ((3g — 3) is the number of curves in the pants

decompositions of S). By taking a subsequence if necessary, we may suppose that
P; also has a limit g in ML(S). Then we have

0<i(A\p) = tlirgloi(str(t), P < tlggo st-(3g —3)L =0.

By Lemma 4.6, we see that A = p in PMF(S). It holds for any accumulation
point p of P;, and hence we see that P; converges to A. Therefore we see that
the WP-end invariant D, (r(0)) = A. Hence Theorem 5.11 implies that (w, D) is
uniquely ergodic with WP-end invariant . ]

Remark 5.14. Let r : [0,00) = T(S) be a WP-geodesic ray with uniquely ergodic
end invariant A. It has pointed out by [BLMR19] that the limit set in the Thurston
compactification of r consists of the single point A.

6. COMPACTIFICATION OF TEICHMULLER SPACE VIA RENORMALIZED VOLUME

We have seen several boundaries of the Teichmiiller space T (S). We now apply
the idea of horocoordinate boundary to the notion of the renormalized volume to
construct a boundary of 7(S). To define a horocoordinate, it is necessary to have
data of “directions”. Recall that in Corollary 2.16, directions are the data that give
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derivatives. Hence one may utilize the formula of the derivative of the renormalized
volume (Theorem 3.4) in order to define “directions”. Later in §6.3, we will also
consider WP gradient flows to see such formula of derivatives can actually be seen
as directions.

6.1. Lipschitz property of the renormalized volume. In [Sch22] and [KM18],
Schlenker and Kojima-McShane proved that there are explicit upper bounds of the
renormalized volume Vg in terms of the WP metric and the Teichmiiller distance.
Recall that S is an oriented closed surface of genus g > 2.

Theorem 6.1 ([Sch22, Theorem 5.4],[KM18]). Let X,Y € T(S). Then we have

(1) Ve(X,Y) <3y/7(g — 1)dwp(X,Y), and
(2) Vr(X,Y) <6m(g—1)dr(X,Y).

To see the proof of Theorem 6.1, let us recall the following.

Lemma 6.2 ([Sch13, Proof of Theorem 1.2], [KM18, Proof of Theorem 1.4]). Let
Y eT(S) and o :[0,T] — T(S) be a differentiable path.

(1) If o is a geodesic with respect to the Teichmiiller metric, then

V(o0 7)] < 6x(g ~ ).

(2) If o is a geodesic with respect to the WP metric, then

i Valo.7)| < 3R ).

Here, we suppose that geodesics are parametrized by their arc length.

Proof. This is essentially Nehari’s inequality, Theorem 3.2 and Lemma 3.3. O

Then Theorem 6.1 is obtained by integrating quantities in Lemma 6.2 along
corresponding geodesic segments.

6.2. Embed Teichmiiller space into space of Lipschitz functions. Imitat-
ing horofunctions defined with distances, we define a function on T(S) via the
renormalized volume as follows. Let us fix a base point b € T(.5).

Definition 6.3. Let Z € T(S). We define vz : T(S) — R by
Vz(X) = VR(X7 Z) — VR(b, Z)
for X € T(S). We call vz a volume horofunction.

The variation formula of Vi (Theorem 3.4) gives the following integral expression
of vz:

Proposition 6.4. Let X,Z € T(S) and let o : [0,T] — T(S) be a piecewise
differentiable path connecting X and b. Then

vz(X) ;:/0 —Re(qz(o(t)), 6(t))dt.



24 COMPACTIFICATION AND DISTANCE ON TEICHMULLER SPACE VIA VOLUME

Proof. Let o1 : [0,T1] — T(S) be a piecewise differentiable path connecting b and
Z. As the renormalized volume function Vg is smooth, the derivation formula
(Theorem 3.4) implies

T T
Va(X, Z) = / ~Re{gz(o(t)), 6(t))dt + / “Relgz (o (), 64 (1)) dt

T
_ / —Re(gz(0(1)), 6(8))dt + Va(b, Z).
O

By Proposition 6.4, we see that the function vz is a Lipschitz map:

Proposition 6.5. The function vz : T(S) — R is a Lipschitz map with respect to
both the Teichmiiller metric and the WP metric, i.e.

(1) vz(X) —vz(Y)] <3y7w(g — 1)dwp(X,Y), and

(2) vz(X) —vz(Y)| < 6m(g — 1)d7(X,Y).

Proof. By Lemma 6.2 and Proposition 6.4, one obtains these bound by integrating
the differential of Vi (Theorem 3.4) along the Teichmiiller geodesic or the WP
geodesic connecting X and Y. (Il

Thus we see that vy is a Lipchitz function and vanishes at the base point b. From
now on we consider the WP metric on 7 (S) and Lipchitz functions with respect to
the WP metric. Let LipS 7(S) denote the space of C-Lipchitz functions on 7(S)
for C' = 34/m(g — 1) which vanishes at b. We have a map

V' T(S) — Lips T(S)
defined by V'(Z) :=vz.
Proposition 6.6. The map V' : T(S) — LipS T(S) is injective and continuous.
Proof. For any X,Y,Z € T(S), we have by Proposition 6.5
lvx(Z) — vy (2)| < |Vr(Z,X) = VR(Z,Y)| + [Va(X,b) = V(YD)

<2-3y/m(g — Ddwp(X,Y).
So if ¥;, = Y then vy, — vy uniformly on 7(S). Hence V' is continuous.

As pointed out in [KS08, BBB19], it can be readily seen from the differential
formula (Theorem 3.4) that the function Vg(-, Z) : T(S) — R has its critical point
only at Z. This implies that Z is the unique critical point of the function vy.
Therefore V' is injective. O

Remark 6.7. Recently in [BBB19, BBVP23], it is shown that the renormalized
volume is a non-negative function on 7 (S)x 7 (S) and it is zero only on the diagonal
ie. Vr(X,Y) > 0and Vg(X,Y) = 0if and only if X = Y. Then the injectivity of V'
also follows by looking at the minimum of vz, similarly to the standard arguments
for the case of horofunctions of distances.

Recall that for C' = 3/n(g — 1),
Lipy 7(S) €[] [-C - dup(b,X),C - dup (b, X)),
z€T(S)

and ¢x (V) € QDg(Y) (Bers embedding). Then we now define a map from 7(5) to
the space LQ(S) in Definition 5.2.
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Definition 6.8. We define a map
V:T(S)—= LQ(S)
by V(Z) = (v2(X),qz(X))xeT(s)-
Then the map V is an embedding;:

Proposition 6.9. The map V : T(S) — LQ(S) is a homeomorphism onto its
image.

Proof. Injectivity, and continuity to the first coordinate HXET(S) [—C-dywp(b, X),C-
dwp(b, X)] of LQ(S) follow from Proposition 6.6. Recall that q.)(X) : T(S) —
QD g(X) defines the Bers embedding at X. As LQ(S) is equipped with the prod-
uct topology, we see that the map V is continuous. Suppose that (vz,,qz, (X))
converges to (vz,qz(X)). As qz,(X) — qz(X) implies Z,, — Z, we see that
VY vz, ,q92,) = Zn = Z = VY (vz,qz). Thus the inverse V=1 is continuous on

V(T(S)). 0

By Proposition 6.9 and 5.4, the closure V(7 (5)) is compact. Thus we get the
desired compactification of 7(S) and Theorem 1.1 is proved.

Definition 6.10. We denote the closure by T(S)Vh :=V(T(S)) (volume and horo)

and the boundary by 9., 7(S) := V(T (S)) \ V(T(S)).
The construction of Wﬂl is compatible with the action of the mapping class
group MCG(S) on T(S).
Proposition 6.11. The action of MCG(S) on T (S) extends to a continuous action
by homeomorphisms on m\’h by
(6.1) ¥-v(X) :=vp X)) = v(y ) for each X € T(S)
(6.2) ¥ q(X) = g1 X),
and Y(v,q) = (Y - v, - q), where 1, is the push-forward.

Proof. Although the proof of the continuity for the first coordinate (v of (v, q)) goes
similarly to Lemma 2.5, we demonstrate here for completeness. Let 1 € MCG(S),
and vz be as defined in Definition 6.8. We define

V- Vg = Uyg.
Then
V- vz(X) =vyz(X) = VR(X,9Z) = Vr(b, ¥ Z)
=Vr(W ™' X,Z) = Va(b, Z) + Va(b, Z) — Vr(¢~'b, 2)
=vz(7IX) —vz(¥7 ).
For Z € T(S), the action of ¢ on ¢z should be
¥ az(X) = qpz(X) = Yulaz(¥71X)).

Hence the continuity of the action of 1) on T(S) implies that the actions defined in
(6.1) and (6.2) are continuous. In other words, we have that if (v,,q,) — (v,q) in

LQ(S), then ¢ - (U, qn) = ¥ - (v,q) in LQ(S). O
The integral formula in Proposition 6.4 extends to the boundary 9y, 7 (.5).
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Theorem 6.12. Let (v,q) € O, T(S) and o : [0, T] — T(S) be a piecewise differ-
entiable path connecting b and X. Then we have

v(X) = [ —Relafo(t)).o(0)ar

Proof. Let (vn, qn) — (v, q) be a sequence with (v, q,) € V(T (S)). By Proposition
6.4, for each n we have

T
(X = [ Relanlo(0),5(0)dt.
0
Hence by the dominated convergence theorem, we have the conclusion. O

Finally we remark the following.
Corollary 6.13. The identity map on T (S) does not extend to a homeomorphism
vh
from WP(T(S)) to T(S) .

Proof. Note that if we only consider the second coordinate of mv}l C LQ(Y), it
is a bundle over T (S) with fiber identified with the closure of the Bers embedding
for each X € 7(S). Brock [Bro05, Theorem 1.8] has shown that the identity map
does not extend to a homeomorphism from a WP visual sphere to a Bers boundary.

Hence the identity map does not extend to a homeomorphism from WP(T(S)) to
———vh

TS5 0

6.3. (In)finite points in the boundary and Weil-Petersson gradient flows.
Similarly to the case of Weil-Petersson metric, we have the following decomposition:

fin - 3 _
I T(S) :=A{(v,q) € O T(S) | Xelf%f(s) v(X) > —oo} and,

IXT(S) := O T(S) \ dET(S9).

In §5, we have discussed (in)finite horocoordinates by looking at the WP geodesic
rays determined by the directions. When we study 9,17 (S), one natural object
corresponding to those geodesic rays is the notion of Weil-Petersson(WP) gradient
flows of —Vx. As we have seen in §3.3, the space of quadratic differentials QD(.S)
can be identified with the cotangent bundle of the Teichmiiller space T(S). The

————vh

q of each (v,q) € T(S) determines a section of the cotangent bundle QD(S),
and hence gives a Weil-Petersson gradient flow see e.g. [BBB19, BBVP23]. It was
proved very recently by Bridgeman-Bromberg-Pallete [ BBVP23] that for (vx,¢x) €
————vh

T(S) corresponding to X € T(.5), the unique attracting point of the WP gradient
flow determined by ¢x is X. This work shows that it is natural to regard ¢ of

————vh

(v,q) € T(S) as a “direction” associated to v. As it is remarked in [BBB19] the
WP gradient flow line exists all the time due to the completeness of the Teichmiiller
metric. Along the flow X, the differential of —Vp is equal to ||q(X¢)||3, see [BBB19,
BBVP23].

Definition 6.14. Let (v,q) € ’T(S)Vh and X € T(S). Let X; denote the WP
gradient flow line given by ¢ starting at X i.e. Xqg = X. Then we say that ¢ gives
a finite flow at X if

o
| el < .
0
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Conversely, we say that ¢ determines an infinite flow at X if

/0 llg(X)| 2dt = oc.

With this definition, we have the following as an easy consequence of the works
in [BBB19,BBVP23].

————vh
Proposition 6.15 (c.f. [BBB19,BBVP23]). Let X € T(S) and (vx,qx) € T(S)
associated horocoordinate. Then for every Y € T(S), qx determines a finite flow
atY.

Proof. For every Y, the flow line determined by ¢x (Y') terminates at X by [BBVP23].
In this case we have [~ [|¢(Xy)||3dt = —VR(X,Y), and hence it is finite. O

Theorem 6.16. (1) For each Yy, € T(S)\T(S), there exisits a map Vg(-, Yao) :
T(S) — R. Moreover we have that Voo (X) := Vr(X,Ys) — Vr(b, Ys) is in
T (S).
(2) Let (v,q) € T(S)Vh. Suppose there exists X € T(S) such that g gives an
infinite flow line at X. Then we have (v,q) € OXT(S).

Proof. Let {Y,,} be a Cauchy sequence with respect to the WP metric with limit
Yoo € T(S). As we proved in the proof of Proposition 6.6, we have for any X € T(5)

[y, (X) = vy, (X)] £ 2-3y/m(g — 1) - dup (Y, Yin)-

Therefore vy, converges to some volume horofunction v, which depends only on

the limit Ya, € T(S) of {¥;,}. Since V is a homeomorphism onto its image, v, €
thT(S) As

[Ve(X,Y,) — Ve(X,Y,)| <3v7(g—1) - dwp(Yn,Yn)
for every X € T (S), we may define Vp(X, Yoo ). Then we have vy (X) = Vi(X, Yoo )—
Vr(b, Yao), which implies vo, € 0507 (S) since Vr(b, Yao) is finite.
For (2), by definition we have [;~ [|¢(X;)||3dt = oo along the WP geodesic flow
line X; starting at X determined by ¢q. Then by Theorem 6.12, considering a path
first connecting b and X = X and then following the WP flow line X}, we have

T
v(Xr) = v(Xo) - / lg(X,)|2dt.

Hence we have v(X7) — —oo as T'— oo, which implies (v, q) € 05T (S5).
(]

Remark 6.17. By the work of Kerckhoff-Thurston, in general, the limit point of
a sequence {Y,,} C T(S) in 05 T(S) may depend on X. This phenomena happen
when for example {Y,,} is obtained by iterations of Dehn twists. It is interesting to
characterize v in (v, q) € 0507 (S) for general case precisely.

6.4. Volume of mapping tori and volume horofunctions. A mapping class

1 € MCG(S) is called pseudo-Anosovif 1 has exactly two fixed points Fy (¢), F_(v) €
PMUF(S) which we may characterize as lim,, oo " (X) = F (¢) and lim,,—, o ¥™(X) =
F_(¢) for any X € T(S) in the Thurston compactification. Thurston has shown
that the mapping torus

M () := 8 < [0,1]/((¢(x),0) ~ (z,1))
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admits a complete hyperbolic metric of finite volume. Let vol(M (v)) denote the
hyperbolic volume of M (1)). First, we recall the following.

Proposition 6.18. Let ¢ € MCG(S) be pseudo-Anosov. Then

.1 —n
Jim V(b u"b) = vol(M ().
Proof. In [BB16] and [KM18, Appendix], the version of convex core volume is
proven. Then in [BC17] or [Sch13], it is proved that the renormalized volume and
the convex core volume differ at most finite amount. (]

Let us recall the work of Ohshika [Ohs14] on so-called the reduced Bers boundary.
As we have recalled in §4.2, associated to each point in the Bers boundary 8§ T(S),
we have the end invariant which is a union of geodesic laminations, parabolic loci,
and conformal structures on subsurfaces of S. By collapsing each deformation
spaces of conformal structures on subsurfaces, Ohshika defined the reduced Bers
boundary denoted by OrpT (S). Let us denote

Ox : 95 T(S) — OrpT(S)

the projection map. The space drpT (S) is equipped with the quotient topology
by Ox. As the notation suggests, Ohshika showed that the reduced Bers boundary
OrpT(S) is independent of the base point X. As all the information remained are
geodesic laminations and parabolic loci (which are multicurves), we may regard
OrT(S) C GL(S), where GL(S) is the space of geodesic laminations on S. Note
that Ohshika showed that the topology of drpT(S) is not compatible with the
inclusion OrpT (S) C GL(S). We refer the original paper by Ohshika [Ohs14] for
the precise definition and properties. We have the following natural projection from

AT (S) to OrpT(9):
Lemma 6.19. There is a natural continuous MCG(S)-equivariant map
O: ath(S) — 6RBT(S)

defined by O(v, q) = Ox (q(X)) for some (in fact, any) X. Moreover, O is bijective
on O~YUE(S)) where UE(S) is the space of uniquely ergodic geodesic laminations.
Furthermore, if ¥ € MCG(S) is pseudo-Anosov, then provided O(v,q) # F_(v),
Y™ (v,q) converges to O~ Y(Fy (1)) as n — oo.

Assuming Lemma 6.19, let us define uniquely ergodic points.

Definition 6.20. A point (v,q) € 9, T (S) is said to be uniquely ergodic if the
image O(v, q) is a uniquely ergodic geodesic lamination.

Proof of Lemma 6.19. Let (v,q) € Oy, T (S). Note that for each X € T(S5), ¢(X) €
OXT(S). One key ingredient of the construction of g7 (S) by Ohshika is that the
image Ox (¢(X)) is independent of X [Ohs14, Theorem 3.7]. Hence O is well-defined
and independent of the choice of X. Since OrpT (S) has the quotient topology by
Ox, O is continuous by definition. Ohshika also showed that the action of MCG(.S)
on T(S) extends continuously to drpT (S) [Ohsl4, Corollary 3.8]. Since the same
holds for MCG(S) action to 9y, 7 (S), O is MCG(S)-equivariant.

Since the uniquely ergodic points in 9y, T (S) are uniquely determined by their
supporting geodesic lamination, Theorem 4.4 implies that O is bijective on the
space of uniquely ergodic points.
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Now, let (v, q) € m\m and suppose that O(v, q) # F_(¢). Counsider a sequence
{Y,} € T(S) with Y,, — (v,q) in th' Since th is compact and metriz-
able (Proposition 5.4), {¢"(v,q)} converges as n — 0o to some (Voo, oo) € ﬁS)Vh
after taking subsequence if necessary. Then by the diagonal argument, we may
find a sequence "NY}, which converges to (Voo,Go). As Fi (1) is the unique
attracting point of v in the Thurston compactification, we may suppose that
YNY}, also converges to Fy () in T(S) U drnT(9) after taking a subsequence.
Then by the work of Brock (Theorem 4.5) and Ohshika [Ohsl4], we have that
OWeooy @oo) = Fy (1) since F(¢) is uniquely ergodic (see also Lemma 4.6). Hence
we have (Veo, @oo) = O71F, (1) for any limit point (Vao, ¢oo) of ™ (v, q). Therefore
Y™ (v, q) itself converges to O~ (F, (1))). O

Theorem 6.21. Let ) € MCG(S) be pseudo-Anosov and (v,q) # O~ (F_(y)) €
TS Let (4, qs) == O (F()). Then

lim Su("b) = vy (1b) = vol(M ().

n—o00 N

Proof. Suppose first that v = vz for some Z E T(S). By deﬁnition v(p~"b) =

Ve(@™"b,Z) — Vr(b,Z). As |Vr(y™"b,Z) — VR(¥~"b,b)| < 3y/7(9 — 1)dwp(Z,b)
by Proposition 6.5, we have

(6.3) lim l1/(1&7"12) = vol(M (v)),

n—o00 N,

by Proposition 6.18. Now suppose (v,q) € T(S)Vh. Note that by ¢iv(~1b) =
v~ 1b) — v (=), we have

n—1
=> W w(y'b)
=0

As (v, q) — v; (Lemma 6.19), for any € > 0 there exists N € N such that for
any m > N, [¢™v(4'b) — v4 (¢ ~'b)| < €. Hence

lim — |1/(w "b) — vy (YD)

n—oo N,
N n—1
= lim ﬁ Z Yl0) — v (¥1D)) +§(W-u(w-1b>—u+(w-lb>) <e

This is true for any € > 0, and hence

lim lzj(w—”b) = vy (v™'D).

n—00 N

This holds regardless (v, q) € ’T(S)Vh \ O T (S) or (v,q) € 0T (S), and thus by
(6.3) we have

lim Su($"b) = vy (71b) = vol(M ().

n—o00 N

Corollary 6.22. Lety € MCG(S) be pseudo-Anosov and let (v_,q_) := O~ (F_(v))),
then we have

v_ (718) = —vol(M(1)).
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Proof. Notice that ¢¥(v_,q-) = (v—,q—). Hence

v = UL (08) = v (8) — v (6(B)) = —v (V).
Then as F, (=) = F_(¢), we have v_(¢)(b)) = vol(M (z))) by Theorem 6.21. [

Remark 6.23. Theorem 6.21 and Corollary 6.22 holds independent of the choice
of the base point b. This kind of phenomenon is also observed for the standard
horofunction of distances and translation lengths.

7. A DISTANCE ON T (S) VIA RENORMALIZED VOLUME

7.1. Renormalized volume function V5 is not a distance. As discussed above,
the renormalized volume of quasi-Fuchsian manifolds defines a function

Vi T(S) x T(S) = R.

The function Vi satisfies

e Vr(X,Y)>0and Vg(X,Y) =0if and only if X =Y ([BBB19,BBVP23]),
and
o Vr(X,Y)=Vg(Y,X) (by definition of quasi-Fuchsian manifolds).

Therefore it is natural to ask if Vi defines a distance on T(S) (see e.g. [DHM15,
Problem 5.7(Agol)]).
We now prove that Vi does not satisfy the triangle inequality.

Lemma 7.1. Given any two points X, X' € T(S) and any ¢ > 0. There exists a
sequence of points {Y;}7_ o C T(S) with Yo = X and Y,, = X' so that

n—1

> Va(Yi, i) <e
=0

Proof. Let o : [0,T] — T (S) denote the Weil-Petersson geodesic with o(0) = X and
o(T) = X' which is parametrized by arc length. Note that the function Vg(Z,-) :
T(S) — T(S) is smooth with critical value at Z. Then for each ¢t € [0,T1], there
exists 6; > 0 such that LVg(o(t),0(s)) < €/T for any s with |t — s| < &;. As
o([0,T]) is compact, we may take finite points 0 = tg < t1 < -+ < tp_1 <tn, =T
so that

Vr(o(ti),0(tiv1)) < €/T - [tivs — il

for all 0 <4 < n, which gives

i: Vr(o(ti),o(tit1)) <e.
([l

Lemma 7.1 says that if we divide the WP geodesic in a very small pieces, the
total of the renormalized volume defined on each piece can be arbitrarily small.
Hence as an immediate consequence of Lemma 7.1, we have

Theorem 7.2. The function Vi : T(S) x T(S) — R does NOT satisfy the triangle
inequality.
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7.2. A distance via the renormalized volume. We now define a distance on

T(S).
Definition 7.3. Given X,Y € T(S) , let

dR(Xv Y) ‘= sup V(X) - V(Y)a

(v,9)

vh

where the supremum is taken over (v, q) € T(S)

h
Remark 7.4. We remark that as T(S)v is compact the supremum is actually

————vh
attained by some (v,q) € T(S) . Hence for any piecewise differentiable path
o :[0,T] = T(S) connecting X and Y, we have

T
(7.1) dr(X,Y) = / ~Re{g(o(t)), 6(t))dt,

for some (v,q) € T(S )Vh. Note also that if one takes the supremum over 7 (S) (not

W\m), one still gets the same distance as 7(S) C m\m is open dense.

It is also worth mentioning that if one considers the horofunctions with respect
to a distance, say d, then the distance defined similarly to the one in Definition 7.3
recovers the original distance d by the triangle inequality. Due to the lack of the
triangle inequality for Vg, the function dg differs from Vig.

Theorem 7.5. We have the following estimates of dr in terms of dwp, d1, and
Vg.

(1) dr(X,Y) <3y/7(g — Ddwp(X,Y),

(2) dr(X,Y) < 67(g — 1)d7(X,Y),

Proof. By integral formula (7.1) and Lemma 6.2, we have upper bounds (1) and
(2). Also by definition, we have vy (X) — vy (Y) = Vr(X,Y), and hence (3) follows
from the definition of dg. O

Theorem 7.6. The function dg : T(S) X T(S) — R gives a (possibly asymmetric)
distance, that is: for any X,Y,Z € T(S), we have

(1) dr(X,Y) >0 and dp(X,Y) =0 < X =Y.
(2) dr(X,Y) < dp(X,Z) +dr(Z,Y).

Furthermore, the action of the mapping class group MCG(S) on (T(S),dr) is by
1sometries.

Proof. As we have noted above, results [BBB19, BBVP23] mentioned in Remark

6.7 imply that Vp(X,Y) > 0 and Vx(X,Y) =0 <= X =Y. By Theorem 7.5 we

have dr(X,Y) > Vg(X,Y) > 0 and hence we have
dr(X,)Y)=0=Vr(X,)Y)=0=X =Y.

As dr(X, X) = 0 by definition, we have property (1).
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Now let us consider triangle inequality (2). The quantity dr(X,Y") is expressed
as v(X) — v(Y) for some (v,q) € Wﬂl. Then
dr(X,Y) =v(X) —v(Y)
= W(X) —v(2) + (v(2) = v(Y))
< (s}’lg)(V'(X) —v(2))+ (SHE)(VI(Z) —V(Y))
= dp(X,Z) + dR(Z,Y).

Given ¥ € MCG(S) and (v,q) € T(S) ) , we have
v(X) —v(Y) =97 v(X) =T u(Y).
Asdgr(X,Y) is the supremum of v(X)—v(Y) over (v,q) € T(S )V , and 1/1(th) =

T(S)Vh, we see that dr(¢X,vY) = dg(X,Y) for any X,Y € T(S) and ¢ €
MCG(S). O

Remark 7.7. The definition of dg may be compared with the expression as ratios
of the Teichmiilelr distance (3.1) and Thurston’s distance (4.1), and characterization
of horofunctions in [Wall4, LS14].

Remark 7.8. Although we focus on dg in this paper, dr could be asymmetric.
One may consider the symmetrization of dg by

dr(X,Y) = sup |v(X)—v(Y)].
v)eTS)"

Theorem 7.9. The distance dr is quasi isometric to the WP distance dy,,. More
precisely, there exists constants L > 1 and K > 0 which depends only on S such

that
1

fdwp(X’ Y)—- K <dp(X,Y) <3y7(g — 1)dywp(X,Y).

Proof. For any given X,Y € T(S5), let Vo(X,Y') denote the volume of the convex
core of the quasi-Fuchsian manifold ¢(X,Y). Then by the work of Brock [Bro03],
we see that there exists L > 1 and K’ such that

1

L
The work of Schlenker [Sch13] (c.f. [BC17]), there is a constant K" > 0 such that
Ve(X,Y) <Vg(X,Y)+ K”. Combined with the bound by Brock, we have

dwp(X,Y) — K' < Vo (X,Y).

1

Edwp(X, Y)-K <Vo(X,Y)<Vr(X,Y)+ K".
By letting K := K’ + K" we have the desired lower bound by (3) of Theorem 7.5.
The upper bound is obtained in (1) of Theorem 7.5. O

Now we prove Theorem 1.2. The proof we demonstrate here utilizes some ergodic
theory, which is inspired by Karlsson-Ledrappier [KL06, Proof of Theorem 1.1].

Theorem 7.10. Let p € MCG(S) be a pseudo-Anosov mapping class and M (1))
the mapping torus of . Then the translation length Tr(W) of ¥ with respect to dg is
equal to the hyperbolic volume of the mapping torus M (1), i.e. for any X € T(S),

dr(X,Y*(X))

Tr(¥) ;= lim A = vol(M (v)).

k—o0
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Proof. By Theorem 6.21 and Theorem 7.5, we have that 7(¢) > vol(M (v)).
For the converse, first note that 75(¢) is independent of X € T(S) by the triangle

inequality. Hence we use our base point b € 7(S5), and let (vp,qn) € T(S)Vh be
such that

dr(b; P"b) = v (b) — vn(¢"b) = —vu(4"D).
We define F : T(S)Vh — R by F(v,q) = —v(¢~'b). Recall that for any (v,q) €
T(S)Vh, we have

n—1 n—1
(7.2) —v(mb) == > YT =Y F(i(v.q)).
i=0 i=0
Now let us define a probability measure 7,, by
1 n—1 )
=0 > Wb a0);
i=0

———vh
where d(,,q) is the Dirac measure at (v,q) on 7(S) . Then 1, is a Borel provability

——vh
measure on 7 (5) , which satisfies

/F(Va Q)dﬁn(% Q) = %dR(b,’(ﬂ_nb)

by (7.2). Notice that by the triangle inequality, we have

1 1
~dp(b,p"0) > lim —dp(b,v~"b) = TR().

——vh
Since T (S )v is compact, by taking a subsequence if necessary, we may suppose 7,
converges weakly to some 7). Then by the definition of the weak limit, we have

/F(V, q)dneo (v, q) > TrR(Y).

Furthermore, the definition of 7,, implies that 7. is ¢ invariant, i.e. YN = Noo-

We now consider the space Mw(T(S)Vh) of 1 invariant measures on T(S) . As

M¢(T(S)Vh) is convex and 7, € /\/lq’z,(T(S)Vh)7 the Krein-Milman theorem shows
that there is an extreme point p € Mw(T(S)Vh) such that

/ F(v, q)du(v,q) > ().

——vh
The standard theory of ergodic measures says that ergodic measures in M., (7 (S )v )

are precisely the extreme points. Therefore, we see that p is ergodic. Then by the

Birkhoff ergodic theorem, for p-a.e. (v,q) € T(S)Vh we have

lim % z_: F(' (v, q)) = / F(v,q)du(v,q) > tr(¥).
=0

Hence, by (7.2),
tim © (—0(7"b)) > 7a(e).

n—oo 1N
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On the other hand, as —v(¢)~"b) < dgr(b,y»~"b), we have

lim (—v(4~"b)) < mh(Y).

n—oo n,
Hence we have the equality. As 7r(¢)) > 0, by Theorem 6.21 and Corollary 6.22,
we see that T7r(¢) = vol(M(¢)). O

8. QUESTIONS

The distance dg is still very mysterious. Let us conclude the paper with some
questions.

Similarly to the case of WP metric, as (7(5),dr) is not complete, we may not
use Hopf-Rinow Theorem to find geodesics.

Question 8.1. Is (7(S),dr) a geodesic space?

As dgp(-,-) < 3v/7(g — 1)dyp(-,-), one easily sees that T(S) is contained in the
completion of (7(S),dg).

Question 8.2. What is the metric completion of (7(S),dr)?

Given any X,Y € T(S), there is (v,q) € T(S)Vh such that dg(X,Y) = v(X) —
v(Y). As we have discussed in §6.3, such (v, ¢) defines the WP gradient flow.

Question 8.3. Let X,Y € 7(S). Suppose that dg(X,Y) = v(X) —v(Y) for some
(v,q). Then does the WP gradient flow X; starting at X determined by (v, ¢) pass
through Y'?

Also it is interesting to understand the action of pseudo-Anosov maps. Let
¥ € MCG(S) be pseudo-Anosov. Then the axis of ¥ should be a geodesic of dr
invariant under .

Question 8.4. Does every pseudo-Anosov map have a (unique?) geodesic axis?

The distance dg is quasi-isometric to dy, (Theorem 7.9), and (7(S),dwp) is
CAT(0) [Yam04]. Although CAT(0)-ness is not invariant under quasi-isometry, we
might expect:

Question 8.5. Is (7(S),dr) a CAT(0) space?

The horoboundaries may be used to identify isometry groups (see e.g. [Wall4]).
In [Wall4], except for some sporadic cases, Walsh identified the isometry group of
the Thurston metric with the so-called extended mapping class groups (see [Wall4]
for the definition).

Question 8.6. Is Isom(7(S5),dr) equal to the extended mapping class group?
What about self-maps on T (S) preserving Vg?

Since we are taking supremum in the definition of dg, several properties of Vg
(say, smoothness) is not a priori inherited to dg. Let us finish the paper with the
following question.

Question 8.7. Is there a Riemannian or a Finsler metric on 7(S) which defines
dr?
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