BOUNDEDNESS OF BUNDLE DIFFEOMORPHISM GROUPS OVER A CIRCLE

KAZUHIKO FUKUI AND TATSUHIKO YAGASAKI

ABSTRACT. In this paper we study boundedness of bundle diffeomorphism groups over a circle. For a fiber
bundle 7 : M — S' with fiber N and structure group I" and r € Zs¢ U {co} we distinguish an integer
k = k(m,r) € Z>¢ and construct a function v : Diff, (M)o — Rx. When k > 1, it is shown that the bundle
diffeomorphism group Diff}, (M)o is bounded and clbrd Diff, (M )o < k + 3, if Diff}, .(E)o is perfect for the
trivial fiber bundle g : E — R with fiber N and structure group I'. On the other hand, when k = 0, it is
shown that ¥ is a unbounded quasimorphism, so that Diff, (M )o is unbounded and not uniformly perfect.
We also describe the integer k in term of the attaching map ¢ for a mapping torus 7 : M, — S' and give
some explicit examples of (un)bounded groups.

1. INTRODUCTION

The boundedness of the diffeomorphism group Diff” (M) of a smooth manifold M is studied by D. Burago,
S. Ivanov and L. Polterovich [2] and T. Tsuboi [12, 13, 14], et al. The case of equivariant diffeomorphism
groups under free Lie group actions is studied by K. Fukui [1, 6], J. Lech, I. Michalik and T. Rybicki [9]
et al, and the case of leaf-preserving diffeomorphism groups is studied in [5, 10, 11].

In this paper we continue the study of the boundedness of bundle diffeomorphism groups. Suppose
m: M — Bis a C™ fiber bundle with fiber N and structure group I" < Diff (N). The group I" determines
the corresponding structure on each fiber of 7. Let r € Z>o U {oco}. A C" bundle diffeomorphism of 7 is
a C" diffeomorphism f of M which preserves the family of fibers of 7 together with the I'-structure (i.e.,
nf = fm for some f € Diff"(B)) and the restriction of f to each fiber of 7 lies in I" when it is represented
as a diffeomorphism of N using local trivializations of 7). (See Subsection 3.1.) Let Diff” (M) denote the
group of C" bundle diffeomorphisms of 7 and Dift” (M )o denote the identity component of Diff’ (M) (i.e.,
Dift” (M)o consists of all f € Diff’ (M) which is C" isotopic to idys in Diff] (M). There exists a natural
group homomorphism P : Diff] (M)o — Diff"(B)o, P(f) = f.

Our aim is to study the boundedness of the group Diftf” (M ). Especially we are concerned with clb, f,
the commutator length of f € Diff (M) supported in balls in B, and clb,d Diff] (M), the diameter of
Diff? (M)o with respect to clb,. In this paper we study the case where the base space B is a circle S and
show that the boundedness of Diff (M)g is distinguished by an integer k = k(m,r) > 0 as in Theorems 1
and 2 below.

Take a universal covering mg1 : R — R/Z =2 S! with Z as the covering transformation group. Fix a
distinguished point p € S*. Let P(S') denote the space of continuous paths in S'. The winding number
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A P(SY) — R is defined as follows. For each ¢ € P(S1) take any lift ¢ € P(R) of ¢ (i.e., mg1 ¢ = ¢) and
define A(c) € R by A(c¢) :=¢(1) — ¢(0). This quantity is independent of the choice of the lift ¢.

Suppose 7 : M — S' is a fiber bundle with fiber N and structure group I" and let r € Zs U {oo}.
Let Isot].(M)o denote the space of C” isotopies F' of M with Fy = idjs and Fy € Diff (M) (¢t € I). Here,
I =[0,1]. Then we have the surjective group homomorphism R : Isot]. (M), — Diff. (M)o, R(F) = F1,
which has the kernel Isot] (M )iqiq := {F € Isot(M)o | F1 = idy}. Each F = (Fy)er € Isot (M)
induces an isotopy F = (F)ier € Isot"(5) and a path F, := F(p,*) € P(S'). In Section 4 we show
that the function

v Isoty (M) — R, v(F) = ME,),
is a surjective quasimorphism. Furthermore, it restricts to a surjective group homomorphism
v : Isotl. (M )iqiq — kZ
for a unique k = k(w,r) € Z>¢. Finally, we obtain a surjective map
v:Diff7 (M) — Ry =R/kZ; v(Fy) = [v(F)] (F € Isot(M)o).
It restricts to a surjective group homomorphism Vlkerp : Ker P — Zj = Z/kZ and the latter induces

the group isomorphism (V|ger p)™~ @ (Ker P)/(Ker P)o = Z.
Consider the following assumption on (N, I, r).

Assumption (x). Suppose J is an open interval and ¢ : L — J is a trivial fiber bundle with fiber N and

structure group I'. Then Diff], .(L)o is perfect.

This assumption is satisfied, for example, in the following cases : (i) 7 is a principal G bundle, G is a
compact Lie group and 1 < r < oo, r # 2, or (ii) 7 is a locally trivial bundle, N is a closed manifold and

r = 00. See Subsection 3.4 for details.

Theorem 1.1. Suppose k = k(m,r) > 1 and (N,

, 1) satisfies Assumption (x).
If f € Diff.(M)o and D(f) = [s] € Ry (s € (— £, &]), then clbof <2[|s|]] +3 <k +3.

Corollary 1.1. Suppose k = k(m,r) > 1 and (N, I',r) satisfies Assumption (x).
(1) clbyd Diff.(M)o < k + 3.
(2) (i) Diff7.(M)o is uniformly simple relative to Ker P.
(ii) Diffl (M)g is bounded.

See Subsection 2.3 for the definition and basic properties of the notion of uniform simplicity of a group
relative to a normal subgroup. This property implies the boundedness of the group.

When k& = 0, we have (Ry,Z;) = (R,Z) and it is seen that the function v : Diff (M)y — R is a
surjective quasimorphism and the restriction 7 : Ker P — Z is a surjective group homomorphism. This

implies the following conclusion.

Theorem 1.2. If k =0, then the group Diff] (M )¢ is unbounded and not uniformly perfect.
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Note that Diff?(M)o/Ker P = Diff”(S')g is uniformly simple, but Diff? (M )y is not uniformly simple
relative to Ker P, since Diff] (M) is unbounded.

Any fiber bundle over a circle can be represented as a mapping torus m, : M, — S1 for some ¢ €
I' < Diff**(N). We describe the invariant k = k(7,,7) in term of the attaching map ¢. For example,
if N = T2 = R?/Z? (a torus) and ¢ € Diff**(N) is induced by a matrix A € SL(2,Z) with A" # Ej
(n € Z —{0}), then k(m,,r) = 0. In the case of a principal I" bundle over a circle for a Lie group I, its
attaching map is a left translation ¢, by some a € I" and the integer k = k(m,,,r) can be described in
term of a. This observation leads to some examples for the groups of equivariant diffeomorphisms.

In a succeding paper we study the case of fiber bundles with higher dimensional base manifolds [7].

2. BASICS ON CONJUGATION-INVARIANT NORMS AND QUASIMORPHISMS

2.1. Conjugation-invariant norms.
First we recall basic facts on conjugation-invariant norms [2, 11]. Suppose I" is a group with the unit
element e. An extended conjugation-invariant norm on I is a function ¢ : I' — [0, 00| which satisfies the

following conditions : for any g,h € I

(i) alg)=0iffg=e (i) al¢7") =alg)  (iii) algh) < alg) +a(h)  (iv) a(hgh™") = a(g).

A conjugation-invariant norm on I’ is an extended conjugation-invariant norm on I” with values in [0, c0).
(Below we abbreviate “an (extended) conjugation-invariant norm” to an (ext.) conj.-invariant norm.)

Note that for any ext. conj.-invariant norm ¢ on I' the inverse image A := ¢~!([0,00)) is a normal
subgroup of I" and ¢|A is a conj.-invariant norm on A. Conversely, if A is a normal subgroup of I" and
q: A — [0,00) is conj.-invariant norm on A, then its trivial extension ¢ : I' — [0,00] by ¢ = co on I" — A
is an ext. conj.-invariant norm on G. For any ext. conj.-invariant norm ¢ on I', the g-diameter of a subset
A of I' is defined by ¢qd A :=sup{q(g) | g € A}.

A group I' is called bounded if any conj.-invariant norm on I is bounded (or equivalently, any bi-

invariant metric on I" is bounded).

Example 2.1. (Basic construction)

Suppose S is a subset of I'. The normal subgroup of I" generated by S is denoted by N(S). If S is
symmetric (S = S~!) and conjugation-invariant (¢Sg~! = S for any g € I'), then N(S) = 5 = [J72, S*
and the ext. conj.-invariant norm ¢, ) : I' = Z>o U {00} is defined by

min{k € Z>q | g = g1+ gi, for some g1,--- , g € S} (g9 € N(5)),

Q(r,s)(g) = {oo (ge ' = N(S)).

Here, the empty product (k = 0) denotes the unit element e in I and S° = {e}.
2.2. Commutator length and uniform perfectness.

Example 2.2. (Commutator length)



The symbol I'¢ denotes the set of commutators in I'. Since I'¢ is symmetric and conjugation-invariant
in I, we have [I', I'] = N(I"°) = (1'°)*° and obtain the ext. conj.-invariant norm gy ey : I' = Zx>oU{o0}.
We denote q( ey by ¢l and call it the commutator length of I". The diameters q(r reyd I" and q(p,reyd A
(A C I') are denoted by cld I" and cldp A = cld (A, ') and called the commutator length diameter of I
and A respectively. Sometimes we write cl(g) < k in I" instead of clp(g) < k.

A group I' is perfect if I" = [I', I'], that is, any element of I" is written as a product of commutators
in I'. We say that a group I is uniformly perfect if cld I' < oo, that is, any element of " is written as a
product of a bounded number of commutators in I".

More generally, suppose S is a subset of ' and it is symmetric and conjugation-invariant in I". Then,
N(S) C [I,I'] and we obtain g(rs), which is denoted by cl(rg) and is called the commutator length
of I' with respect to S. The diameters g s)d " and qr5yd A (A C I') are denoted by clds I" and
cld(r,s) A = clds (A, I') respectively.

Every bounded perfect group is uniformly perfect.

For simplicity we use the notation b® := aba~! for a,b € I'.

2.3. Conjugation-generated norm and relative uniform simplicity.

Next we recall basic facts on conjugation-generated norms on groups [2]. Suppose I" is a group. For
g € I' let C(g) denote the conjugacy class of g in I" and let C, := C(g) UC(g~'). Since Cy is a symmetric
and conjugation invariant subset of I, it follows that N(g) = N(Cy) = Ukzo(cg)k and we obtain the
ext. conj.-invariant norm gr,c, on I'. This norm is denoted by ¢, and called the conjugation-generated
norm with respect to g. Note that Cj, = Cy and (}, = (, for any h € C,.

The norms (; (g € I') are used to define the notion of uniform simplicity of a group I'. Let I'* :=
I' — {e}. Consider the quantity

¢(I') :=min{k € Z>o U {oo} | (4(f) < k for any g € I'* and f € I'}.
A group I' is called uniformly simple (cf. [13]) if ((I") < oo, that is, there is k € Z>( such that for any
ferl and g € I'*, f can be expressed as a product of at most k conjugates of g or g~ 1.
More generally, for any normal subgroup A of I', we can consider the quantity
C(I'sA) :==min{k € Z>q U {oo} | (4(f) < k forany g I' — A and f € I'}.
We say that a group I' is uniformly simple relative to A if ((I';A) < oo, that is, there is k € Z>¢ such

that for any f € I' and g € I' — A, f can be expressed as a product of at most k conjugates of g or g~ .

Fact 2.1.

(1) If ¢, is bounded for some g € I'*, then I" is bounded. More precisely, if g € I' and (; < k for
some k € Z>o, then q < kq(g) for any ext. conj.-invariant norm ¢ on I.
(2) I'is uniformly simple iff ; (g € ") are uniformly bounded.

I' is uniformly simple relative to A iff (; (¢ € I' — A) are uniformly bounded.
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(3) C(I5A) = C(I'/A).
(4) If I' is uniformly simple, then I is simple.
If I' is uniformly simple relative to A, then
(i) if L is a normal subgroup of I', then L C Aor L =1T,
(ii) I'/A is uniformly simple, so I'/A is simple (equivalently, A C L < I', then L= A or I'.)

2.4. Quasimorphisms.

Suppose I is a group. A function ¢ : I' — R is said to be a quasimorphism if
Dy := sup [p(ab) — ¢(a) — ¢ (b)] < oo.
a,bel’
The quantity D, is called the defect of ¢. A quasimorphism ¢ on I' is said to be homogeneous if
w(a™) = ny(a) for any a € I and n € Z.

Fact 2.2. (cf.[4, 8])
(1) Suppose ¢ is a quasimorphism on .
() [o(ab)] < [¢(a) + 9(B)] + Dy < [p(a)] + ()| + Dy for any a,b e .
(ii)) The function @:I' - R: P(a) = lim pla”)

n—oo n

is a well-defined homogeneous quasimorphism, which has the following properties.
(a) o) ~p(@)| <D, (acl)  (b) Dy<4D,
(2) Suppose ¢ is a homogeneous quasimorphism on I'. Then, it satisfies the following properties.
(0) If ¢ is bounded, then it is trivial.
(i) ¢ is conjugation-invariant (i.e., p(aba=') = ¢(b) for any a,b € I').
(ii) (a) suEpF lo([a,b])| = D,. (b)Ifa=ai---ar (a1, - ,ax € I'°), then |¢(a)| < (2k—1)D,,

a,b

(ili) If £ := cld I' < oo, then |p(a)| < (20 —1)D, for any a € I
(iv) Take any D > 0 with D > D, and define the function ¢ : I — [0, 00) by
lp(a)l+ D (ael™)
q(a) = .
0 (a = e (the unit element of I)).
(a) ¢ is a conjugation-invariant norm on I'.
(b) ¢ is bounded iff ¢ is bounded.
(3) The following conclusions follow from (1) (ii) and (2) (iii),(iv).
(i) If I' is uniformly perfect, then any quasimorphism on I" is bounded.
(If I' admits a unbounded quasimorphism, then I" is not uniformly perfect.)

(ii) If I" admits a unbounded quasimorphism, then I is not bounded.

3. GENERALITY ON BUNDLE DIFFEOMORPHISM GROUPS

3.1. Groups of diffeomorphisms and isotopies.
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For a topological space X and its subsets A, B the symbols Intx A and Clx A denote the topological
interior and closure of A in X and the symbol A € B means A C IntxB. We set X4 := X —Intx A. The
symbols O(X), F(X) and IC(X) denote the collections of open subsets, closed subsets and compact subsets
of X respectively. We always use the symbol I to denote the interval [0,1]. The symbol pry : X XY — X
denotes the projection onto X.

In this paper an n-manifold means a separable metrizable C°° manifold possibly with boundary of
dimension n. A closed manifold means a compact manifold without boundary.

Suppose M and N are C*° manifolds and r € Z>o U {oco}. We use the symbols

C"(M,N) D> Emb"(M,N) D Diff" (M, N)
to denote the spaces of C" maps, C" embeddings and C" diffeomorphisms from M to NN, while the symbols
H"(M,N) D Elsot" (M, N) D Isot" (M, N)
denote the spaces of C™ homotopies of maps, embeddings and diffeomorphisms from M to IV respectively.
Each element of Isot" (M, N) is called a C” isotopy, while any element of Elsot”(M, N) is called a non-
ambient C" isotopy. For & C H"(M,N) and f,g € C"(M,N) let & = {F € £ | Fy = f} and
Erg={F €| Fy=f F =g}

For a C" homotopy F' = (F})ier : M x I — N its support is defined by supp F' := ClM(Utg[ supp Ft).
Also we have the associated C" map F' : M x I — N x I, F'(z,t) = (F(z,t),t). For the simplicity of
notation we use the same symbol F' to denote the map F’. This convention implies that
Elsot"(M,N)=H"(M,N)NEmb"(M x I, N x I) and Isot"(M,N) = H"(M,N)NDiff"(M x I, N x I).

In the next section we apply some arguments which deform some isotopies to those which satisfy some
required conditions. Here we have some notational remarks on homotopies between isotopies. Essentially
we follow the notations for path-homotopies. For & € H"(M,N) and G,H € &, the symbol G ~ H
(G ~, H) means that G and H are C" homotopic in £ (relative to ends), that is, there exists

a C" homotopy @ = (Pt)ier: (M xI)x I — N x I such that
by=G, &=H, &€& (tel) (and (D)9 =Go= Hy, (1)1 =G, = Hy).
In the case where & = Isot” (M, N), the homotopy @ is called a C" isotopy from G to H (rel ends).

As usual, when M = N, we omit the symbol N from the notations C"(M, N), Diff"(M, N) and
H"(M,N), Isot"(M,N). For € C H"(M) let & :={F € £ | Fy =idn}.

Note that Diff"(M) is a group under the composition. For F,G € H"(M) their composition FG €
H"(M) is defined by F'G = (FiGy)ter- Then, Isot” (M) is a group under this composition.

For a subset C' of M we have the following subgroups of these groups:

Isot"(M;C)o = {F € Isot"(M) | Fy =idpr, F =id on U x I for some neighborhood U of C' in M},
Diff"(M;C)o = {F1 | F € Isot" (M;C)o}.

In the above notations we usually omit the superscript » when » = co and the symbol C when C = ().

3.2. Generalities on fiber bundles.



In this subsection we review basics on fiber bundles. Suppose 7w : M — B is a C'*° locally trivial bundle
with fiber N. (In this paper we assume that N has no boundary.) For notational simplicity, for ¢ € B
the fiber 771(q) is denoted by M, and for any subset C' C B let C := 7 1(C). A local trivialization of 7 is
a pair (U, ¢) of an open subset U of B and a C* diffeomorphism ¢ : U — U x N with pryp = ”’(7‘ Note
that ¢ restricts to a C°° diffeomorphism ¢4 : My — N for each ¢ € U. For local trivializations (U, ¢)
and (V,v) of m, we have the transition function n = n(p,v) : U NV — Diff(N) defined by 7, = wquq_l
(g € UNV). It is natural to say that a map ¢ : L — Diff (V) from a C°° manifold L is C* if the induced
map @: LxXxN — N, ¢(u,x) = p(u)(z), is C*°. The transition function 7 is C* in this sense. An atlas of
7 is a family U = {(Uy, ¢x) }aea of local trivializations of m with B = UyepUl, which induces the family
of transition functions, my = {nx, = (e, ‘Pu)}( ap)eaz- This family satisfies the transition condition in
Diff(N):

() N @Dmu(@) =mp(a) Ap,v €A, geUnnU,NU,) and ma(g) =idy (A€ A, g€ Uy).
This condition implies that 7, 1(q) = (m’u(q))_1 AMpeA qgeUxnUy,).

We incorpolate the notion of structure group to locally trivial bundles. We restrict ourselves to the
simple case where I' is a subgroup of Diff(INV). In this case, we say that a map ¢ : L — I from a
C*° manifold L is C* if the associated map ¢ : L — Diff(N) is C>°. A I'-atlas of 7 is an atlas
U = {(Ux, 1) }ren of 7 such that each transition function in 7y has its image in I', that is, ny ,(q) =
(goﬂ)q(cp,\)q_l € I for each A\, jp € A and g € Uy NU,. Note that each 1), : UxNU, — I' is C* in the
above sense and that the family my = {n) .} satisfies the transition condition (x).

A fiber bundle with fiber N and structure group I" (or an (N,I')-bundle) means a locally trivial
bundle 7 : M — B with fiber N provided with a ['-atlas &/ which is maximal with respect to the
inclusion relation. Each element of U is called a local trivialization of w. For each ¢ € B, the family
I'ng = {pg € Diff"(My,N) | (U,p) € U,q € U} determines a I'-structure on M;. When C is a C*
submanifold of B, the restriction 7¢ = 7|5 : C — C becomes canonically an (N, I')-bundle (together
with a [-atlas U|¢). In this formulation, for a Lie group I', the standard definition of principal I’
bundles can be interpreted as (I, I'z,)-bundles, where

I't :={pa | a €'} <Diff**(I") and ¢, is the left translation on I" by a.

Next we review basic definitions on C" maps between fiber bundles for r € Z>¢ U {o0}. Suppose
m: M — Band ' : M' — B’ are (N, I')-bundles (together with a maximal I"-atlas U/ and U’ respectively).
A C" map f: 7 — 7 means a C" map f € C"(M, M) such that

(i) «'f = fn for some map f: B — B" and
(i) ¢pq)falpg) "t € I for any (U,) €U, (V,9)) €U and g € UN f7H(V).

Here, the symbol f, : M, — M }(q) denotes the restriction of f obtained by the condition (i). Note that

[ is uniquely determined by f and f € C"(B, B') and that f, € Diff"(M,, M}(q)) in the condition (ii).
. !



Let C"(m,n') denote the subset of C" (M, M’) consisting of all C" maps from 7 to 7’. It includes the
following subsets: ~ C"(w,7’) D Emb’ (7, 7’) D Diff"(, 7’),
where Emb’ (7, 7') := C"(7,7") "NEmb" (M, M') and Diff" (m, ') := C"(w,n") N Dift" (M, M’).

We call each element of Diff" (7, 7') a C” diffeomorphism from 7 onto #’. Since each f € C"(m, ) is a
fiberwise C" diffeomorphism, it follows that f € Emb"(w,7’) iff f € Emb"(B, B’) and f € Diff"(x, ') iff
f € Diff"(B, B').

A C" homotopy from 7 to 7’ means a C" homotopy F' € H" (M, M’) with F; € C"(w,n’) (t € I). Let

H" (7, 7") denote the set of C" homotopies from 7 to . It includes the following subsets:

H"(m,7") D Elsot” (m, 7") D Isot” (m, '),
where Elsot”(m,n’) := H"(m,n") N Elsot” (M, M’) and Isot”"(m,7n’) := H"(m,n’) NIsot" (M, M").
We may call each element of Elsot”(m,7’) a non-ambient C" isotopy from 7 to n’. Note that each
F € H"(m,n') yields F = {F;}4cr € H"(B,B’) and that F' € Elsot"(B, B’) if F' € Elsot"(m,n’) and
F e Isot"(B,B') if F € Isot" (m, 7’).

For homotopies between C" homotopies from 7 to 7’ we can apply the general notations introduced
in §3.1. For instance, for € C H"(m,n’) and G, H € &, the symbol @ : G ~, H means that ® = ($y)cy :
(M xI)xI — M x1Iisa C" homotopy from G and H in & relative to ends. In the case where
& = Isot"(m, '), the homotopy @ is called a C" isotopy from G to H rel ends.

Since we are mainly concerned with an ambient fiber bundle and its restrictions, below we use more
familiar notations which emphasize the total space of the ambient fiber bundle. Suppose 7 : M — B is a
fiber bundle with fiber N and structure group I" and let r € Z>o U {oo}. We obtain the subgroups

Diff” (M) := Diff"(n,7) < Diff"(M) and  Isotl (M) := Isot"(m, m) < Isot" (M).
Note that F; € Diff” (M) (t € I) for F' € Isot.(M). So we can consider the subgoups

Isot] (M )g := Isot]. (M) NIsot" (M )y and Diff] (M)g = {F1 | F € Isot] (M)o}.
The latter plays the role of the identity component of the group Diff. (M ). We say that F' € Isot] (M)
has compact support with respect to 7 if supp F' C 71 (K) for some compact subset K of B. The symbol
Isot;, (M) denotes the subgroup of Isot} (M) consisting of F' € Isoty (M) with compact support with
respect to . As before, let Diff] (M) := {F1 | F' € Isot} .(M)o}.

3.3. Relative isotopy lifting lemma for fiber bundles.

Suppose 7w : M — B is a fiber bundle with fiber N and structure group I" and let r € Z>o U {oo}. We
further introduce some subgroups of Diff] (M), relative to subsets of the base space B. For any subset
C C B and any U € O(B) we define subgroups of Isot].(M )y by

Isoty. (M;C)o = {F' € Isot}.(M)o | Fi|i; = incy; (t € I) for some neighborhood V' of C' in B},
Isoty .(M; C)o = Isoty (M;C)o N1sot] (M)  and
Isot;c(fj)o = {F eIsot] .(M)o | supp F C 7~ (K for some K € K(U)}.

They determine the following subgroups of Diff] (M),
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Diff7 (M; C)o := {Fy | F' € Isot (M;C)o}, Diff] .(M;C)o:={F1 | F €Isot} .(M;C)o} and
Diff”, (U)o := {F} | F € Isot] (U)o}
Each F € Isot].(M) induces the C" isotopy F = {F;}icr € Isot"(B) and if F' € Isot].(M;C)o, then
F € Isot"(B;C)o. It follows that f € Diff"(B;C)o for each f € Diff] (M;C)g. From the definition,
for Bo = B — IntgC, it follows that F' € Isot(M; B¢)o iff F' € Isot (M )y and supp F' C D for some
D € F(B) with D € C and that f € Diff, (M; B¢)o means that f = F) for some F € Isot] (M; Bc)o.
Note that g(Diff” (M; Bc)o)g~* = Diff” (M; By(cy)o for any g € Diff7(M)o and that for any U € O(B)
we have the restriction 7y : U — U of 7 and there exists a canonical isomorphism
Diff”, (U)o = Diffl, (U)o = Diff’, ,(M; By)o.
When C'is a submanifold of B, the restriction ¢ = 7|5 : C — C is also a fiber bundle with fiber N
and structure group I'. In this situation, we use the notations:
Emb’ (C, M) := Emb’ (¢, ) and Elsot” (C, M) := Elsot” (r¢, 7).
As above, let Elsot” (C, M)y = {F € Elsot’ (C, M) | Fy = incz} and
Emb’ (C, M)y = {F} | F € Elsot”.(C, M)o}. -
Each F' € Isot; (M) induces the restriction Fgo := F|5, ; € Elsot;(C, M) and each f € Diff] (M)o

induces the restriction fo := f|5 € Emb’ (C, M),.
Recall that for any set £ of homotopies the symbol £¢ denotes the subset £ = {F € £ | Fy = f}.

Proposition 3.1. (Relative isotopy lifting property)

Suppose m : M — B is an (N,I')-bundle, v € Z>o U {oo}, f € Diff (M), G € Isot"(B); and F' €
Elsot;(ﬁ,M)fb with F' = Gluxr, where K € F(B) and U is an open neighborhood of K in B. Then,
there exists F € Isotl.(M)s such that F = G and F = F'" on K x I. When K is a submanifold of B, we
do not need to take a neighborhood U of K.

Note that the statement of Proposition 3.1 is readily reduced to the standard case where f = idys by
replacing G and F' with (£~ x id;)G and (f~! x id;)F’ respectively.

Corollary 3.1. Suppose K,L € F(B), F € Isot_.(M; KN L)y and F = G'H', where G' € Isot"(B; L),
H' € Isot"(B; K)o. Then F = GH for some G € Isot,(M; L)y and H € Isot! (M; K)o with G = G’ and
H=H'.
Proof. Take K1, L1, € F(B) and U,V € O(B) such that

KeK CcU,LeL; CVand F €lIsot . (M;UNV)y, G' € Isot"(B;V)o, H € Isot"(B;U)o.
We can define a non-ambient isotopy

G* € Elsot’ (UUV, M)y by G*=FonUx1Iand G*=idon V x I.

In fact, (i) G* is well-defined as a C" map between (N, I') fiber bundles, since F = id on (UNV) x I,
(ii) G* =G on (UUV) x I, since G*|luxr = Fluxr = G'H'|luxi = G'|lyx; and G* =id =G on V x I,

(iii) G* is an embedding since so is G*.



By Proposition 3.1 there exists G € Isot”(M)o such that G = G’ and G = G* on (K; U L1) x I.
Then G € Isot” (M; L)y and G = F on K| x I. Let H := G~1F. It follows that H € Isot’ (M; K)o and
H=G'F=(G)'F=H. O

Corollary 3.2. (Lifting of an isotopy of isotopies)

Consider the (N, I")-bundle m x id; : M x [ — B x I with 9B = 0. Suppose ¥ = (W;)ics is an isotopy in
Isot™(B) (i.e., ¥ € Isot" (B x I) with ¥, € Isot"(B) (t € I)). Then, for any F € Isot] (M) with F = ¥,
there exists a bundle isotopy @ = (Py)ier in Isoty (M) (i.e., @ € Isot] ., (M x I) with &; € Isoty (M)

(t € 1)) such that P9 =F and @ =W¥. If ¥ is an isotopy rel ends (i.e., (¥)o = (Wo)o and (¥)1 = (Yo)1),
then we can take ¢ a bundle isotopy rel ends (i.e., (Pt)o = (Po)o and (P¢)1 = (Po)1)-

Proof. We apply Proposition 3.1 to the fiber bundle 7 x id;, the isotopy ¥ on the base B x I and the
O-level lift F' of Wy, which yields @ € Isot] .y (M x I) with &g = F' and & = ¥. Since ¥; € Isot"(B),
we have @; € Isot! (M). When ¥ is an isotopy rel ends, we can take the submanifold K = B x {0, 1} of
B x I and the partial lift of ¥ to K = M x {0,1},

¢ € Elsot, (M x {0,1}, M x I) : &' ((x,i),t) = (F(x,i),t) (((x,i),t) € (M x {0,1}) x I).

This leads to a bundle isotopy @ rel ends. O

As usual, if we regard an isotopy as a path in a diffeomorphism group, then this result might be
interpreted as the lifting of a path-homotopy (rel ends) for the map P : Dift” (M) — Diff"(B), though we

have some technical difficulty on the topology of Diff’ (M) when the fiber N is non-compact.

3.4. Perfectness of bundle diffeomorphism groups.

In this subsection we discuss some examples of fiber bundles which satisfies Assumption (*) in Intro-
duction. In summary, we have the folloiwng list of examples at the moment.

Suppose 7 : M — B is a C*° bundle with fiber N and structure group I" and r € Z>; U {oo}.
Example 3.1. The group Diff7 (M) is perfect in the following cases :

[I] (Principal bundle case) 7 is a principal G bundle for a compact Lie group G (equivalently,
(N,I") = (G,GL), where G, is the group of all left translations on G), 9B = ), dim B > 1 and
r#dimB+ 1.

[I] (Locally trivial bundle case)  I' = Diff>(N), N is a closed manifold, 9B = () and r = oco.

Below we give complementary explanations to these cases.
[I] Principal bundle case

In [1] K. Abe and K. Fukui exhibited the perfectness of equivariant diffeomorphism groups under free
action of compact Lie groups. The statement [I] in Example 3.1 is a precise translation of their result in
term of bundle diffeomorphism groups on principal bundles.

[II] Locally trivial bundle case
10



First we recall a basic result on the perfectness of leaf preserving diffeomorphism groups on foliated
manifolds, since the subgroup of fiber preserving diffeomorphisms in a bundle diffeomorphism group is a
basic example of leaf preserving diffeomorphism groups.

The following result is obtained in [10] and [11].

Theorem 3.1. Suppose M is a C*>° manifold with a C* foliation F. Let Diff°(F) denote the group of
C* diffeomorphisms of M with compact support which send each leaf L of F to L itself. Let Diff2°(F)g
denote the subgroup of Diff2°(F) consisting of f € Diff2°(F) which is isotopic to idys by a compactly
supported isotopy F with F; € Diff>°(F) (t € I). Then, Diff2°(F)q is perfect.

Below we show that the statement [II] in Example 3.1 is reduced to the above theorem.
Suppose m : M — B is a C* locally trivial bundle with fiber N and structure group Diff(N). Assume

that N is a closed manifold, 9B = () and r = co. Below we omit the symbol co from the notations.

(1) Consider the surjective group homomorphism P, : Diff; .(M)o — Diff.(B)o, P.(f) = f.
We have the normal subgroups of Diff .(M)o,
Ker P, and (Ker P.)g:={F1 | F € Isotr (M), F =idpxr}.
Consider the C* foliation Fr = {M; | b € B} on M. Since N is compact, it follows that
(Ker P.)o = Diff .(Fx)o, which is perfect by Theorem 3.1.
(2) First we consider the case where the bundle 7 : M — B is trivial.
(i) Ker P, = (Ker P.)p.
(Proof) We may assume that M = B x N and 7 = prg : B X N — B. Given any f € Ker P..
This means that f = idg. There exists F' € Isotr(M)o with F1 = f, which induces a C°° map
pryF : (BxN)xI— BxN — N. Note that pryFi(b, *) € Diff"(IN) for any (b,t) € B x I and that
there exists K € K(B) such that pryFy(b,*) = idy for (b,t) € (B — K) x I. Therefore, we obtain
G € Isoty (M)o defined by  G((b,2),t) = (b,pryFi(b,x)) ((b,z),t) € (B x N) xI).
Since G; = f and G = idp, it follows that f € (Ker P,)o.
(ii) The group Diff; .(M)o is perfect.
(Proof) Give any f € Diff; .(M)o. Since Diffo°(B)g is perfect, we have a decomposition
f=191,h1] gy, hy] for some g, h), -, g;, hj € Diffo(B)o.
Since P, : Diff; (M) — Diff.(B)o is surjective, there exist g1, hi1,--- , ge, hy € Diff x .(M)o such that
gi = gjy hi = hj (i=1,---,{). Then, ]?:: (g1, h1] - - - [ge, he] satisfies Pc(f) = [ and ff_l € KerP. =
[Ker P, Ker P.]. Hence, we have f = (ff~1)f € [Diffzo(M)o, Diff; o(M)g).
(3) The general case reduces to the trivial bundle case according to the standard strategy.
3-1) Any f € Diff; .(M)p has a factorization f = g; - gy, so that each g; is sufficiently C'-close to

idps.
11



3-2) If f is sufficiently C'-close to idy;, then we can decompose f as f = hy - - - hy,, such that each h;
has compact support in a local trivialization of the bundle .
For any C € K(B) we have the following subgroup endowed with the C!-topology
De = {Fy | F € Isotz(M)o, supp F C 7~ 1(C)} < Diff, .(M)o.
Since N is compact, it follows that 7=(C) € K(M), so that the C'-topology on D¢ is controlled on
771(C) even if M is noncompact.

Proof of 3-1) Given f € Diff; .(M)g. There exists F' € Isoty (M )iq,r and K € K(B) with supp F' C
7~ 1(K). Take any C' neighborhood U of idy; in Dg. We can find a subdivision 0 = tg < t; < --- <
t,m = 1 of the interval I such that g; := FtiFtij eU (t=1,---,m). Since f = gn - g291, Wwe may
assume that f itself is arbitrarily C* close to idy; in Dg.

Proof of 3-2) We can find K; € K(B), U; € O(B) (t =1,2,--- ,n) such that K = |J;", K;, K; C U;
and the bundle m admits a local trivialization ¢; : 7r_1(UZ-) 2 U; x N over U;. Foreachi=1,---,n
take L; € K(B) with K; € L; C U;. Based on these data, for any C'' neighborhood V of idys in D
we can find a sequence V=V,.1 DV, D--- DV, =U of C' neighborhoods of idy; in Dk, in which
V; is sufficiently small for V;;1 so that it satisfies the following conditions :

Any g = g1 € U admits factorizations g = hy---h;gi+1 (i =1,---,n) such that

(a) hi € Dxnr;, hi,gi+1 € Vi1, git1 =id on 7 1(K;) and

(b) if g;(x) = x, then h;(z) = gi+1(z) = x.

These conditions imply g, 11 = idys. In fact, since g1 € U C Dy, it follows that suppg; C 7 (K)
and g = id on M — 7~ !(K). Inductively, for each i = 1,--- ,n we have g;41 =id on (M — 7 *(K)) U
Ué’:1 ﬂ_l(Kj). Therefore, g,11 = idjy; and we have the required factorization g = hy --- h, with

hi €VNDL, (i=1,- ,n).

3.5. Basic lemma for commutator length.

The estimates of ¢l and clb; is based on the next lemma, which is a fiber bundle version of the arguments
in [2], [12, Theorem 2.1], [13], [14, Proof of Theorem 1.1 (1)], etc.

Suppose 7 : M — B is a fiber bundle with fiber N and structure group I" and let r € Z>¢ U {o0}.

Lemma 3.1. Suppose U is an open subset of Int B.

(1) If U is an open ball and Diﬁ’;c(f])o is perfect, then cldDiﬁ';C(ﬁ)o <2. (c¢f. [6])

(2) More generally, suppose F' € Isot; (U)o and let f := Fy € Diﬂ";c(ﬁ)o. Assume that there exist
compact subsets W € V in U and ¢ € Diff_ (U)o such that
e(V)CW and Clgn(suppF) C O :=IntgV —W.

If Diff;c(é)o is perfect , then cl f <2 in Diff:rvc(ﬁ)o. Moreover, there exists a factorization

f=gh for some g € Diff]. (U)§ and h € Diff;c(ﬂt\_ﬂ//)g.

3.6. Relation between ( and clb,; in bundle diffeomorphism groups.
12



Next we clarify relations between the conjugation-generated norm and the commutator length sup-
ported in balls in bundle diffeomorphism groups (cf. [2, 13]).

Suppose 7w : M — B is a fiber bundle with fiber N and structure group I" and let r € Z>¢ U {oo}.
Below we assume that B is a connected n-manifold. Let B"(B) denote the collection of C” n-balls in B.
For D € B"(B) any commutator [a,b] (a,b € Diff] (M; Bp)o) is called a commutator supported in D.
Consider the subset S~ of Diff,(M)o defined by S%:=J {Diff.(M;Bp)§ | D € B"(B)}.

Since S is symmetric and conjugation-invariant in Diff (M)g, we obtain the corresponding ext. conj.-
invariant norm, which we call the commutator length supported in balls in B and denote by the symbol
clby : Diff? (M) — Z>o U {o0}.

For notational simplicity, let G = Diff] (M )y and G4 := Diff (M,Ba)o for A C B. Note that

9(Ga)g™" = Gy(a) for any g € G.

Fact 3.1. (cf. [2], [12, Lemma 3.1], etc.) Suppose g € G, A C B and g(A)N A = 0.
(1) (Ga)° C 03 in G. More precisely, for any a,b € G4 the following identity holds :
[a,b] = g(g_l)cgbc(g_l)b in G, wherec:=a9 € Gy-1(a)- Note that cb = be.
(2) (Ga)*CCy inG,if A C B and h(A’) C A for some h € G.

Proof. (2) Let k := h™'gh € G. Then, k(A’) N A" = () and by (1) we have (Ga/)® C C} = Cj. O

Lemma 3.2. (1) ¢, < 4clby in Diff].(M)g for any g € Diff7 (M )y — Ker P.

(2) The group DiffT. (M )g is uniformly simple relative to Ker P if clbrd Diff] (M)o < oo.

Proof. (1) Take any g € Diff” (M)o — Ker P.

First we see that (Gp)¢ = Diff;.(M; Bp)§ C C’;1 for any D € B"(B). In fact, since g # idp, there exists
E € B"(B) with g(E) " E = (). Since B is connected, we can find € Diff"(B)o with n(D) C E. There
exists h € G with h = . Then, the assertion follows from Fact 3.1 (2).

To show that (; < 4clby, given any f € G. If clbr(f) = oo, then the assertion is trivial. Suppose
k := clbr(f) € Z>o. Then f = f1--- f; for some D; € B"(B) and f; € (Gp,) (i = 1,--- , k). Since f; € C;
and (4(f;) <4 (i=1,--- k), it follows that (,(f) < 4k. O

4. BOUNDEDNESS OF BUNDLE DIFFEOMORPHISM GROUPS OVER A CIRCLE

4.1. Generality on winding number.
[I] For a bundle over a circle S* we can use the winding number on S! to extract some invariant of bundle
diffeomorphisms over S*.
Let P(X) = C°(I, X) denote the set of C° paths in a topological space X. As usual, for a,b,c € P(X),
(i) the inverse path c_ € P(X) is defined by c_(t) = c¢(1 —t) (t € I),
(ii) if a(1) = b(0), then the concatenation axb € P(X) is defined by (axb)(t) = {
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(iii) @ ~. b means that a and b are C° homotopic relative to ends, that is, there exists a C° homotopy

7 :a ~b with 7,(0) = a(0) = b(0) and n:(1) = a(1) = b(1).

Take a universal covering mg1 : R — R/Z =2 S with Z as the covering transformation group. The
winding number A : P(S1) — R is define as follows. For each ¢ € P(S!) take any lift ¢ € P(R) of ¢ (i.e.,
g1 ¢ = ¢) and define A\(c) € R by A(¢) := ¢(1) — ¢(0). The value A(c) is independent of the choice of ¢.
For f € CU(S') = CY(S1, S, its degree is denoted by deg f.

Fact 4.1. The map A has the following properties. Suppose a,b,c € P(S!).

(1) (i) A(c) =degc € Z if cis a closed loop in St (¢(0) = ¢(1)).
(i) A(fc) = (deg f) M(c) if c is a closed loop and f € C°(S?!).
(2) (1) Ma=*b)= Aa)+ (D) if a(1) = b(0). (i) A(e=) = =X(e).
3) (i) Aa) = A(d) if @ ~. b.
(ii) A(ey) = A(c) for any v € C°(I) = C°(1,1) with v(0) = 0 and (1) = 1.

(4) |A(fe) = A(c)| < 1 for any f € Diff%(S1),.
(JA(fc) — A(c)| can be arbitrarily large if f moves within C°(S?).)

[I[] Next we consider the winding number of a distinguished point under homotopies on S!. Recall that
the symbol H°(S') denotes the set of CY homotopies on S' (i.e., C° maps G : S' x I — S'). For
g.h € CO(SY) let HO(SY),p, = {G € H°(S') | Go = g,G1 = h}. As usual, for F,G,H € H°(S') we use
the following notations.
(i) (a) The homotopy F~ € HY(S') is defined by (F~); = F1_ (t € I).
(b) The composition HG € HY(S') is defined by (HG); = H;Gy (t € I).
(c) If Gy = Hp, the concatenation G x H € H°(S') is defined by (G x H), = {

(ii) G ~ H means that G and H are C° homotopic relative to ends (cf. §3.1).

(iii) f ® : G ~ G’ and ¥ : H ~ H' in H°(S'), then we have the composition ¥® : HG ~ H'G'
defined by (@), = ¥, (or (¥VP)s; = ¥,1Ps¢). Note that V& : HG ~, H'G' if § : G ~, G’ and
U:H~, H.

(iv) Any v € C°(I) induces a homotopy G7 € H°(S') defined by (G7); = Gy (L€ ).

(a) If a, 8 € CO(I) and 7 :  ~ 3, then we obtain a homotopy G" : G* ~ G? defined by
(GM)e = G™ (or (G")s4 = Gys,p))- Note that G7: G* ~, GP if n: o =, B.
(b) If y € C%(I) and 7(0) = 0, (1) = 1, then we have a homotopy
§ridr =yt €(s,1) = &(s) = (L —t)s + ty(s).
Fix a point p € S and define p=p,: H(SY) - R by u(G) := A(G)),
where G, := G(p, x) € P(S1). Note that G,(t) = G(p,t) = Gi(p) and (G7), = G,y for any v € C°(I).

Fact 4.2. The map p has the following properties. Suppose F,G, H € H°(S1).
14



1
2

1) @
(2)
(3)
(4)
(5)

W(G*H) = p(G) + p(H) i Gy = Ho. (i) p(F™) = —u(F)
uw(G) =pwH) if G~ H
w(G") = p(Q) for any v € C°(I) with v(0) =0 and ~(1) = 1.
w(GH) = (GoH) + n(GHy) = p(GHo) + p(G1H).
() 6(fG) — u(G)] <1 for any f € Diff°(S1)o.

|

(ii) |u(GH) — u(G) — u(H)| < 1 for any G, H € Isot"(S1)o.

)
(

4
5

The statement (5)(ii) follows from the statements (4) and (5)(i). In fact, since Hy = idg1, we have
(W(GH) = (@) — p(H)| = [(1(GHo) + i(G1H)) — p(G) — p(H)| = |u(G1H) — p(H)| < 1.
The set H%(S') is a monoid with respect to the composition of homotopies and H°(S1)iqiq is a sub-

monoid of H%(S!). As restrictions of u we obtain the following maps.

Fact 4.3.
(1) The map p: HO(S1)iq4a — Z is a surjective monoid homomorphism.

(2) The map p : Isot”(S1)ig4a — Z is a surjective group homomorphism for any 7 € Z>o U {co}.

Fact 4.4.
(1) If F € Isot” (S5')ia4a and u(F) = 0, then F ~, idgi,; (a C" isotopy rel ends).
(2) The map y induces a group isomorphism /i : Isot” (S1)iga/ ~« = Z.

The assertion (1) follows from Lemma 4.1 below, which reviews the basic “topological property” of the
group Diff"(S1)g. We identify S! with the unit circle in the complex plane C so that the distinguished point
p = 1. Then, Diff"(S1)q includes the rotation group SO(2) canonically. For g1,q2 € S let 0, 4, € SO(2)
denote the rotation of S* which maps 1 to g2. We set D} . := {f € Diff"(5')o | f(q1) = ¢2}. Then

Diy g N SO2) = {04142}
Recall the following conventions for C°° manifolds M, N and a subset S € CO(M, N).
(i) For a C* manifold L, a map o : L — C°(M, N) is C" if the associated map & : L x M — N,
a(u,z) = a(u)(z) is C".
(i) Amap ¢:SxI — Sis C" if for any C* manifold L and any C" map « : L — S the composition
plaxidr): LxI—SisC".
(iii) Suppose S admits a left action of a group © and 7T is a (©-invariant) subset of S. A C" ©-
equivariant strong deformation retraction (SDR) of S onto 7 means a C" map ¢ : S x I — S

such that ¢g =ids, p1(S) =T, pr =idon T (t € I) and ¢ (0f) = 0p(f) (f € S,0 € ©,t € I).

Lemma 4.1. There exists a canonical SO(2)-equivariant SDR ¢ of Diff%(S')g onto SO(2) such that
(DY) C Dy, (q €St tel). Furthermore, for any r € Z>oU{oc} the map ¢ restricts to a C" SO(2)-
equivariant SDR of Diff"(S')g onto SO(2) such that o1(Dy,) C Dy, (g € Sl t € I). The additional

condition on ¢ means that ¢ induces a C" SDR of D, , onto the singleton {0, 4}.
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Proof.

(1) First we construct a canonical SDR y of D} , onto {idg:} such that y restricts to a C" SDR of
D; , onto {idg1} for any r € Zxo U {oc}. We identify the universal cover g1 : R — S' with the
exponential map mg1(s) = e2™. Then the map x is defined by the linear isotopy

Xe(f)(ms1(s)) = g (1 — ) f(s) +ts) (f € DY, s € Rt €],
where f € Diff’(R) is the lift of f with f(n) =n (n € Z).
(2) The map ¢ is defined by @i(f) = 0,y Xt (O pf) (f € DIff?(S)o,t € I). 0

[II] Finally we consider the winding number of a distinguished fiber under bundle homotopies over
S1. Suppose m : M — S'is a fiber bundle with fiber N and structure group I'. Recall that the
symbol H2(M) denotes the set of CY homotopies on 7 (i.e., C° homotopies F : M x I — M such that
F, € CY(M) = C%m,m) (t € I)). Recall that, &y, := {G € £ | Gy = g,G1 = h} for € C HY(M) and
g,h € CO(M). As before, for F,G, H € H2(M) we use the following notations.
(i) (a) The homotopy F~ € HY(M) is defined by (F~); = F1_; (t € I).
(b) The composition HG € HY(M) is defined by (HG); = H;Gy (t € I).

G t
(c) If G1 = Hp, the concatenation G * H € H2(M) is defined by (G x H); = { w

Hoyp—q (t

[0.3])

(
)
)
) 1),

€

S

(ii) G ~, H means that G and H are C° homotopic relative to ends (cf. §3.2).

(iii) f ® : G ~ G’ and ¥ : H ~ H' in HY(M), then we have the composition ¥® : HG ~ H'G'
defined by (@), = ¥, (or (¥VP)ss = ¥, 4Ps+). Note that V& : HG ~, H'G' if » : G ~, G’ and
U:H~, H.

(iv) Any v € C°(I) induces a homotopy G7 € HJ(M) defined by (G7); = G, (t € I).

(a) If a, 8 € CO(I) and A : a ~ 3, then we obtain a homotopy G : G% ~ G” defined by
(GM)y = GM (or (GMgy = G A(s,))- Note that GY:GY~, GPif A a~, B.
(b) G7 ~, G if y € C°(I) and v(0) = 0, v(1) = 1.

Remark 4.1.
(1) () G- =G, HG=HG, (i) GxH =G+ Hif G,H ¢ H) (M) and G1 = H
(2) If®d:G~, H,then ®:G ~, H

Consider the map v : HY(M) — R, v(G) := u(Q).

The following conclusion follows directly from Fact 4.2 and Remark 4.1.

Fact 4.5. The map v has the following properties. Suppose F,G, H € H2(M).
(1) 1) v(GxH)=v(G)+v(H)if G = Hyp. (il) v(F~) = —v(F).
(2) v(G)=v(H)if G~ H

(3) v(G7) = v(G) if v € C°(I) and (0) =0, v(1) = 1.
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(4) v(GH) = v(GoH) + v(GH,) = v(GHy) + v(G1 H).
(5) (i) |¥(fG) —v(G)| < 1 for any f € Diff(M)o.
(ii) |v(GH) — v(G) —v(H)| < 1 for any G, H € Isotd(M)y.

The set H2(M) is a monoid with respect to the composition of homotopies and the map
Py : HY(M) — H°(S'), Pg(G) = G, is a monoid homomorphism. Since HY(S')q;q is a submonoid of
HO(SY), the inverse image Pp; '(H°(SV)iq;a) is a submonoid of H2(M). Since v = puPy, Fact 4.3 and
Fact 4.5 (5)(ii) imply the following conclusion.

Fact 4.6.

(1) The map v restricts to a surjective monoid homomorphism v : Py ' (H°(S1)ia4) — Z.
(2) The map v : Isot?(M)g — R is a quasimorphism, which satisfies the estimate :

lV(GH) — v(G) — v(H)| < 1 for any G, H € Isot?(M)y.

4.2. The map v : Diff7 (M)y — Ry.
Suppose © : M — S! is a fiber bundle with fiber N and structure group I < Diff(N). Let r €
Z>o U {oo}. We are concerned with the following surjective group homomorphisms.
(i) Pr:Isoth(M)g — Isot” (SY)o, Pr(F) =F (ii) P :Diffl.(M)o — Diff"(SY)o, P(f) = f
Their surjectivity follows from Isotopy lifting property of 7. For notational simplicity we set

7 = P (Tsot" (SY )i ia)-

Fact 4.7.

(1) The map v restricts to the following maps.
(i) a surjective map v : Isot].(M)y — R
(ii) a surjective group homomorphism vz : Z — Z.
(2) For any f € Diff7 (M)o and F € Isot] (M )q,¢
Isoty (M )iq,f = F'Isot].(M)igia and v(Isot].(M)iq,r) = v(F') + v(Isot]. (M )id,id) -

The relations among v, u and Pr are illustrated in the following diagrams :

Isot, (M)o > I Isot, (M) T

v vt
P Lp Pr | \ P | \
Isot"(SY)o > Isot"(S1)idia Isot" (S1)o P LR Isot"(S1)id,ia F Sz

Consider the surjective group homomorphism R : Isot! (M )y — Diff (M), R(F) = F}.
We have the normal subgroups

(i) Ker Pr < Isot].(M)o, (ii) Ker P, (Ker P)g := R(Ker Pr) < Dift7 (M)po.

Fact 4.8.

(1) Ker R = ISOt;(M)id’id, 1= R_l(Ker P) (2) Ker vy = (Ker P]) . (Ker Vz)iddd.
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(3) R7Y((Ker P)o) = (Ker Py) - Isotl (M )iqia = (Ker vz) - Isot’. (M )id iq-

R .
0 — ISOt;(M)id’id (- ISOt;(M)O — Dlﬁ;(M)o — 0

| v v
0 — Isot, (M)igia C T L- KerP —— 0
V4 \Y4 v

R
0 — (Kervg)iqia C Kervz —— (KerP)g —= 0

Proof. (2) If F € Kervz , then u(F) = vz(F) = 0 and Fact 4.4 (1) yields a C" isotopy of isotopies
U F ~, idgis rel ends. Then we can apply Corollary 3.2 to obtain a C" isotopy of bundle isotopies @ :
F ~, G rel ends with &; € Isot,.(M) (t € I) and & = ¥. Since G = idg1; and Gy = Fy = idy, G1 = F1,
it follows that G € Ker P; and H := G™'F € (Ker v7)iqq so that F = GH € (Ker P;) - (Ker v7)idid-
Since Ker P; C Ker vz, the converse implication is obvious.
(3) R7Y((Ker P)g) = R™Y(R(Ker Pr)) = (Ker P;) - Ker R = (Ker Py) - Isot?. (M )id iq-
(Kervz) - Isotl. (M )iqiq = (Ker Pr) - (Ker v7)iq iq - Isoty, (M )iq,ia = (Ker Pr) - Isot} (M )id ia- n

Hence we have the group isomorphisms :
R : Tsot? (M )o/Isot? (M )i = Diff’ (M)o and R :Z/Isot!(M)iqiq = Ker P.
Recall the surjective group homomorphism vz : Z — Z, which maps Isot]. (M )iqiq < Z onto the image
VZ(Isot;(M)id’id) < Z. 1t follows that VZ(Isot:r(M)id’id) = kZ for a unique k = k(m,r) € Z>o.
For any H € Isoty(M)o and G € Isot].(M)iq,ia from Fact 4.5 (3) it follows that
v(HG) = v(HoG) +v(HG1) = v(H) + v(G).
Therefore, if we consider the right actions of Isot] (M )iqiq on Isotl (M) and kZ on R by right trans-
lation, then v : Isotl(M)y — R is a surjective equivariant map with respect to the homomorphism
v : Isot] (M )iqia — kZ, and so, it induces the associated map
vz Isotl.(M)o/Isotl. (M )igia — R = R/EZ, v([H]) = [v(H)]
(cf. Fact 4.7(2)). By Fact 4.7 (1)(ii) it restricts to a surjective group homomorphism
v I/TIsotl (M )iqaia — Zy = Z/KZ.

Definition 4.1. From these arguments we obtain
(i) a surjective map v :=0R™!:Diff’ (M)o — Ri, (H)) = [v(H)] (H € Isot’(M)y),

(ii) a surjective group homomorphism 7|ke p : Ker P — Zy.
Fact 4.8 implies the following.

Fact 4.9.

(1) Vlker p : Ker P — Zj, has the following properties.

(i) Ker /V\|KerP = (Ker P)O.
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(ii) It induces the group isomorphism (V|ker p)™~ : (Ker P)/(Ker P)o = Z.
(2) The quotient group (Ker P)/(Ker P)y is a cyclic group. Its order is k when k& > 1 and oo when
k=0.

In Subsection 4.4 we study the cases k = 0 and k > 1 separately, since these two cases lead to opposite

consequences. Subsection 4.3 includes some basic results on factorization of bundle diffeomorphisms over

St

4.3. Factorization of bundle diffeomorphisms over S!.

In this subsection we obtain basic results on factorization of bundle diffeomorphisms and isotopies over
St

Suppose ™ : M — Sl is a fiber bundle with fiber N and structure group I' < Diff(N). Let r €
Z>o U {oo}. We use the following notations. For a closed arc J C S! let J' := (S'); = S? — IntJ
and J := 7 1(J). Also recall the definition of the notation Diff” (M; (S'))o in Subsection 3.3; G €
Isot” (M; (S1) 7)o means that G € Isot”(M)o and G has its support in K for some closed arc K € J and g €
Diff7,(M; (S1).s)o means that g = Gy for some G € Isotl,(M; (S*)s)o. Note that g(Diff7,(M; (S).1)0)g ™t =
Diff7.(M; (S%) g(s))o for any g € Diff7,(M).

Lemma 4.2. Suppose K € J C S' are closed arcs and F € Isot" (M) satisfies F(K x I) € J. Then
there exists a factorization F = GH for some G € Isot”.(M; (S') ;)0 and H € Isotl(M; (SY)k)o.

Proof. Take a closed arc L € J such that K € L and F(L x I) € J. There exists G’ € Isot"(S'; J")g such
that G’ = F on L x I. Take a lift G € Isot” (M; (S'))o such that G = F on L x I and G = G’. Then, it
follows that F' = GH for H := G™'F € Isot”(M; (S) x+)o. O

Lemma 4.3. Suppose K,L C S' are closed arcs with Int K N Int L # 0.
(1) Any g € Diff.(M; (SY)k)o admits a factorization g = Gh for some g € Diff..(M; (SY) k)& and
h € Diff" (M; (S1)1)o.
(2) For any g € Diff2.(M; (SY)k)o and h € Diff"(M; (SY)1)o there exists a factorizaiton gh = Gh for
some g € Diffl (M; (SY)k)§ and h € Diff”.(M; (SY)1)o.

Proof.

(1) Take G € Isot” (M; (S')k)o with G1 = g. There exists a closed arc D € K with G € Isot”(M; (S*)p)o.

Take a closed arc E C Int K N 1Int L and an isotopy @ € Isot” (M; (S1)x)o with &1 (D) = E. Let
¢ = &1 € DiffL(M;(SY)k)o and h := pgp~! € DiffL(M;(SY)g)o C Diff(M;(S1)L)o. Then, it
follows that g := [g, ] € Diff7.(M; (S1)k)§ and g = g(wg~ '™ ")(wge™!) = Gh.

(2) The assertion directly follows from (1). 0
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Lemma 4.4. For any F € Isot} (M) with o := v(F) and F',(0) = wg:(7) there exists G € Isot (M) such
that F' ~, G in Isot; (M) and G,(s) = Tgi(os +7) (s € ).

Proof. For simplicity, we use the symbol [z] := 7g1(z) (z € R). Then, S* becomes a Lie group under the
addition [z] + [y] = [z + ] (z,y € R) (i.e., S' 2 R/Z). Each w € S' induces the translation L., on S!,
Ly(z) = 2z +w (z € SY). This defines the C* map L : S* — Diff(S!) and any ¢ € P"(S!) = C"(I,S!)
induces an isotopy Le = (L) )ter € Isot”(S1). As usual, for maps f,g: X — S! themap f+g: X — S!
is defined by (f + g)(q) = f(q) + 9(q) (¢ € X).

Consider the C" paths a = F,, b(s) = [0s 4 7] and ¢(s) = b(s) — a(s) in S. The path ¢ admits a C”
homotopy 7 : g =~ ¢ in P"(S1)g 0, where eg € P"(S!) is the constant path at the zero 0 = [0] in S!. In
fact, the path a has a unique lift @ € P"(R) with a(0) = 7. It satisfies a(1) = A(a)+a(0) = v(F)+7 = o+7.
The path b € P"(S!) has the canonical lift b € P"(R), b(s) = os+ 7. Then the path ¢:=b—a € P"(R)o,0
is a lift of ¢ and it admits the homotopy & : €y ~ ¢, & := t¢ (t € I), where &g € P"(R) is the constant
path at 0. It induces the C" homotopy 7 := mg1 £ : €9 =~ ¢. Note that n+a := (n: + a)ter : @ ~4 b in
Pr(sh).

The homotopy 7 induces a C™ homotopy L, : I x I — Diff"(S'), L,(s,t) = Ly(s)- The latter is
regarded as a C" homotopy Ly, = (Ly,)tes : Ley = id 2~ L in Isot” (S1)iqa. Composing with F, we have
the C™ homotopy L,F = (L, F)ier : F ~ L.F in Isot”(S'). It follows that (L.F),(s) = (L.F)s(p) =
(Ley ) () = Lego(Ey(s)) = als) + e(s) = b(s)

The homotopy L,F lifts to a C" homotopy @ : F' ~, G in Isot;(M). Then, G, = (L.F), = b as

required. O

Recall the following assumption in Introduction.

Assumption (x). Suppose J is an open interval and ¢ : L — J is a trivial fiber bundle with fiber N and

structure group I'. Then Diff], .(L)o is perfect.
Proposition 4.1. Under Assumption (x), if F' € Isot. (M) and |v(F)| < { € Z>1, then clby(F1) < 20+1.

Proof. Define 0,7 € R by 0 := v(F) and p = F,(0) = 7g1(7). By Lemma 4.4 there exists G € Isot; (M)
such that F' ~, G in Isot; (M) and G,(t) = w1 (ot +7) (t € I). Since F} = Gy, replacing F' by G, we
may assume that F’ itself satisfies the condition F,(t) = 71 (ot +7) (t € I).

Let f:=Fy, fi:=F; €Difff(M)y (i=0,1,---,¢) and fO:= f;f," € Diff,(M)y (i=1,---,0).
Then, fo =idy and f= fr=fOfED @ p@),
Identifying I; := [52, {] with I, we have an isotopy F'O := (F|arxr,)(f; 2] x idy,) € Isotl(M)o with

FOp = fO. Let s; :=i(o/f) + 7 and p; := 71 (s;) € ST (i = 0,1,--+,€). Then, fi(p) = F;(p) =

ms1(si) = pi.
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T=8§<s1<---<sy ifoc>0,
Note that T=8§=8=---=¢8; if =0,
Sp < - <8s1<sg=7 ifo<O.

Since |o|/¢ < 1, there exists € > 0 such that |o|/¢ + 2c < 1. We define J;” € J; C S! (i=1,2,---,¢) by
me1([Si—1 — &, 8; +€|), Tg1([Si—1, Si if 0 >0,
(o i) = { Ew;gsi —&,8i-1+ 63,%?1231,&13; if 0 <0.
Then, J; is a closed arc in S1, since it is the image of a closed interval in R of width = |o|/¢ + 2¢ < 1.
For each i = 1,2, -,/ it follows that F) = F|g1, . (E_l x idy,) € Isot”(S') and
FO(piy x L) =F(px L,) = J; € J;.
Hence, there exists a small closed arc K; in S' such that
pioientK; c K; € J;, FO(K; x I;) € J;,
Int ;NInt K/ #0 and IntJ;—; NInt K] # 0 if i > 2.
Then, we can apply Lemma 4.2 to F(®) € Isot” (M)y to obtain a factorization F() = G H® such that
G € Isot" (M;(SY).)o and H® € Isot” (M; (Sl)qu)g.
It follows that
() fO=FY=cVHD = gOr0 where
9@ = GV € DIt (M; (") )0 and ) := HY) € Diff(M; (SY) x1)o,
(i) It J;NInt K/ #0  (i=1,---,¢), IntJ_1NIntK#0 (=2,---,0),
(iil) f = FOpE=L @) 1) = (g(f)h(f))(g(ﬂ—l)h(ﬁ—l)) e (g(i)h(i)) e (g(l)h(l)).
Let m := 20 and define ¢;, L; (j=1,---,m) by
g9 (j =2i) Ji (5=20) .
(pj::{h@) (j=2i—1) Lj::{Ké (j=2i-1) P
Then, the conditions (i) ~ (iii) are rephrased as follows :
(iv) ¢ € Diff7 (M (S)1,)o (V) f = mpm-1--¢1
(vi) Int Ly NIt L1 #0 (5 =2,3,---,m).
We apply Lemma 4.3 inductively (backward from m to 2) to the factorization f = ¢, ---¢1, which
induces a new factorization f = @, - P2,
where $; € Diff],(M;(SY),)§ (j=m,m—1,---,2) and ¢} € Diff],(M;(S*)r,)o.
Under Assumption (*), Lemma 3.1 induces a factorization ¢} = @19y for some @1, $o € DiffL (M; (S1)L,)s.
Finally, from the factorization f = &, ---$201%0, (@; € Diff.(M;(S*)L,)§, Lo := L1), we conclude
that clbo, f <m+1=20+1. O
4.4. Boundedness of bundle diffeomorphism groups over S'.
Suppose 7 : M — S is a fiber bundle with fiber N and structure group I' < Diff(N) and r € Z>oU{oo}.
Let k := k(m,r) € Z>o. Below we study the cases £ > 1 and k = 0 separately, since these two cases lead

to opposite consequences.
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[I] The case k > 1 We assume that (N, I, r) satisfies Assumption ().
Theorem 4.1. If f € DiffL.(M)y and D(f) = [s] € Ry (s € (— £, L)), then clbrf < 2[|s]] +3 < k + 3.

Proof. Since v(Isotl. (M )iq,¢) = V(f) (Fact 4.7(2)), there exists F' € Isot].(M)iq,f with v(F) = s. Then,
|v(F)| =|s| <||s|]+1 =¥ € Z>; and Proposition 4.1 implies that clb,f < 2(+1=2[|s|]+3 <k+3. O

Corollary 4.1. (1) clb dDiff. (M) < k + 3.
(2) Diff7 (M) is (i) uniformly simple relative to Ker P and (ii) bounded.

[II] The case k=0
In this case, (Rg, Zx) = (R, Z) and the arguments in Subsection 4.2 and Fact 4.6 (2) imply the following

conclusion on the map 7 = vR™L.

Theorem 4.2. The map v : (Diff;(M)o, Ker P) — (R,Z) has the following properties.

(1) The map v : Diftf. (M)o — R is a surjective quasimorphism, which satisfies the following estimate:

() [(f9) —v(f) —w(g)l <1 for any f,g € Diff7(M)o.

(2) The map v : Ker P — Z is a surjective group homomorphism.
By Fact 2.2 (3) we have the following conclusions.
Corollary 4.2. The group Diff’. (M) is unbounded and not uniformly perfect.

4.5. Attaching maps.

In this subsection we describe the relation between the integer k(7,r) and the attaching map of 7 for
a fiber bundle 7 over S!. We regard S' = R/Z. Suppose N is a C°° manifold and I' < Diff**(NV). For
¢ € I' the mapping torus m, : M, — S l'is obtained from the product N x I by identifying N x {0}
and N x {1} by ¢. Here we represent it as the quotient space of N x R under the equivalence relation :

(x,8) ~p (y,t) <= (y,t) = (¢ ™(x),s+n) forsomenecZ ((z,9),(y,t) € N xR);
Myi= (N XR)/ ~p.  wlle,s]) = [s] (o] € M)

The C°° structure on M, is defined so that the quotient map o, : N x R — M, is a C'° covering
projection. Then, 7, : M, — St is a C°° (N, I')-bundle with the canonical maximal (N, I)-atlas induced

by the map ¢, : N X R — M,. We have the following pullback diagrams :

NxIcNxR-22 0,

()¢ val WNl lﬂ'w
1

c R — st
g1

7rN(£) 3) =S, WEV(xa S) =,

ng(xvs) = [CC,S], 7[-51(8) = [S]
Here we regard my and 7y as the product (NN, I')-bundles.

Fact 4.10. By taking a pull-back by the map g1 : R — S%, it is seen that any (N, I")-bundle 7 : M — S*

is isomorphic to a mapping torus 7, for some ¢ € I'.
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Consider the mapping tori m, : M, — S' and my, : My, — S! associated to ¢, € I' < Diff*(N). Let
r € Z>oU{oo}. Below we are concerned with the subgroup Isot-(N):={F € Isot"(N) | F, e I' (teI)}
and the subsets Diff" (7, my;idg1) := {f € Diff" (7w, 7y) | f =ids1}  and
Isot™ (7, my;idgt) = {F € Isot" (my,, my) | Fy =idg1 (t € I)}.

The meaning of similar notations are obvious from these examples.

Fact 4.11.

(1) Any isotopy F' € Isot’(N )y, induces G € Diff" (7, my;idg1) defined by
G+ My = My : Gl ) = [Fagey(@), 5,
where a € C"(I,I) such that a(t) =0 (t € [0,¢)) and a(t) = 1 (t € (1—¢,1]) for some € € (0,1/2).
In particular, if ¢ admits a C" isotopy idy ~ ¢ in I', then 7, is C" isomorphic to the product
bundle miq, : Miqy — St as (N, I')-bundles.
(2) If x € I and 9x = X, then it induces the map X € Diff" (7, my;idg1) defined by
R My My : %)) = [x(2), 5]
(3) The attaching map ¢ induces the map @ € Diff* (7, m,;idg1) defined by
B My M, - 3z, s]) = [p(a), 5]
It admits the isotopy @ € Isotﬁ‘;(M@)id@ = Isot™(m,, ™y )id,¢ defined by
Dy My, — My, : O([x,s]) =[x,s+1t] (tel) (the 27 rotation over S1)
Since ¢ = @ € Isot™(S')iqq is the 27 rotation of S!, we have v(®) = 1.
(4) Let k = k(myp,r) and recall the surjective group homomorphism v : Isoty (My)idia — kZ. For
¢ € 7Z the following conditions are equivalent.
(i) There exists ¥ € Isoty. (My)iq,a With v(¥) = £ (ie., £ € kZ).
(ii) There exists x € Isoty (Mp)iq gz with x =idgi,; (Le., Isot"(mp, mp;idgt )ig g¢ # 0).

Proof. (4) First note that P e Isotfw (Mso)id’@e and ¢ = CE.

(i) = (ii) : By Lemmas 4.4 and 4.1 we can isotope ¥ relative to ends to obtain ¥’ € Isot;g;(Mw)id’id
with @' = ¢*. Then, it follows that x := (&')"1®" € Isot], (M )iqz¢ and x = (¢F)71¢* = idgi ;.

(i) = (i) : Since v(x) = 0, we can take ¥ := 'y~ O

Fact 4.11 (4) leads us to study the set Isot” (7, 7p;id g1 )iq z¢ more closely. In Fact 4.12 - 4.13 we clarify
basic relations among Isot” (m,, my;idgt ), Isot” (7, mn; idr) and Isot” (7, my;idr), which also ensure the
well-definedness and smoothness of the maps defined in Fact 4.11 (1) ~ (3).

Note that each g € Diff"(7my,7n;idr) is interpreted as a C" family gs € I' (s € R) defined by
(9s(z),s) = g(x,s) (x € N). A similar remark is applied to Diff" (7, wly;id;) (= Isot:(N)).
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Fact 4.12. There exists a bijection Diff" (7, 7y;idr; 0, ¢) 3 h—> he Diff" (7, my;idg1),
where (i) DIff"(ry, my:ids; 0, ) i= {h € Diff"(wy, wlysidy) | 2+ (£)}
(#) vh1 = hoy and the concatenation (hg)ser * (V™ hsp)ser is a O family in T
(ii) % is defined by h([z, s]) = [hs(z),s] ((z,s) € N x I).

This bijection is obtained as the composition of two bijections defined in (1) and (2) below.

(1) For any g € Dift" (7mn, 7mn;idg) the following conditions are equivalent.
(01) 0yp9 = go, for some (unique) g € Diff" (7, my;idg1).
(02) (z,8) ~p (4,1) <= g(x,8) ~y g(y,t)  (V(z,59),(y,1) € N X R)
(b3) Ygsi1=gsp (Vs €R)
(i) From the pullback diagrams (%), and (%), it is seen that for any f € Diff" (7, my;idg1)
there exists a unique fve Diff" (7, 7n;idr) with wa: foe.
(ii) Hence we have the bijection Diff"(7n, 7n;idr; @,%) 3 g — g € Dift" (my, my; idg1),
where Dift" (7w, mn;idr; @, ) := {g € Dift" (7, 7n;idR) | ¥gs+1 = gs (s € R)}.
Its inverse is given by f — f
(2) Consider the restriction map : Diff" (7n, 7n;idg) — Diff" (7, 7ly;idr) © g — ¢’ == g|nx1-
(i) The recursive condition (b 3) leads to the following conclusion : for any h € Diff" (7', 7y;id)
h = ¢ for some g € Diftf" (7, 7n; idr; ¢, 9) iff h satisfies the condition (f).
(ii) We have the bijection  Diff"(wn, 7n;idg; ¢, %) 5 g — ¢’ € Diff" (nly, 7'y idr; @, 9).
(3) Consider the set Diff" (nly, wly;idr; ¢, ¥) := {h € Diff" (n}y, 7'y id1) | h1 = hop}.
(i) For example, h € Dift" (', 7\;idr; ¢, ) if h € Dift" (', 7y idr; ¢, 4)" and h is end sta-
tionary, that is, hs = ho (s € [0,€]), hs = h1 (s € [1 — ¢, 1]) for some ¢ € (0,1/2).
(ii) If h € Diff" (7, Ty idr; @, 1), then hy := (ha(s))ser € Dift" (nhy, Ty idr; ¢, 9) is end sta-
tionary for any o € C" (I, I) such that a(t) =0 (¢ € [0,¢)) and «(t) = 1 for some ¢ € (0,1/2).

Fact 4.12 derives the corresponding conclusions for isotopies. Note that each G = (Gy)ier € Isot” (7, mn; idR)
is interpreted as a C" family of isotopies G s := ((G¢)s)ter € Isot-(N) (s € R). A similar remark is

applied to Isot” (7, my;idr).

Fact 4.13. There exists a bijection Isot” (', 7\;idr; ¢, ¢) > H — He Isot" (myp, my; idgt ),
where (i) Isot”"(7ly, 7ly;idr; ¢, ) == {H € Isot" (nly, wl;idr) | H = (8)isot }
(Bisot  VHu1 = Hopp (Le., ¥(H)1 = (He)op (t€1)) and
the concatenation (H, s)ser * (W Hy s¢)ser is a CT family of isotopies in Isot(N).
(i) H = (H,),., is defined by Hy:=H, (i, H[z,s]) = [(H)s(2), 5] ((z,5) € N x I),
(1) This bijection is obtained as the composition of two bijections :
Isot™(mly, myiidr; @, v)  «— Isot"(mn, mn;ider; @, )  —  Isot”(my, my;idgr).

G = (G))er G = (Goer —  G:=(Gy)
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Here Isot” (mn, mn; idR; ¢, ) := {G € Isot” (mn, w3 idR) | ¥ Gy si1 = Gas ¢ (s € R)}.
When ¢ = 1, these bijections are group isomorphisms.
(2) Consider the set Isot”(mhy, mh;idr; @, ) = {H € Isot"(ny, my:idr) | Y Hye1 = Hyop}
(i) H e Isot"(nhy, mhy;idr; o, ¢) if H € Isot” (7, w3 idr; ¢, 1) and H is end stationary, that is,
H,s=H.o (s€0,e]), Hos = Hip (s €[l —¢,1]) for some € € (0,1/2).
(ii) If H € Isot"(my, Ty idr; 0, %)', then Hy o = (Hy o(s))ser € Isot” (mly, my;idr; ¢, 4)" is end
stationary for any o € C"(I,I) such that a(t) = 0 (¢t € [0,¢)) and «(t) = 1 for some
e € (0,1/2).

When ¢ = 9, we omit the symbol % from any notations defined in Fact 4.13 or used below.
In order to interpret conditions on bundle isotopies to those on families of isotopies on fibers, we

introduce the following notations.

Notation 4.1. Let C"(I,Isot-(N)) denote the set of C” families @ of isotopies @5 € Isot-(N) (s € I).
For any £ € I" we have its subset C"(I,Isot-(N)iae; @, v) :={P € C"(I,Isot’ (N )iae) | ¥ P1 = Po ¢}
There exist canonical identifications C”(I,IsotT-(N)) = Isot” (nly, 7hy;id7) and
CT(Iv ISOt}(N)id,ﬁ; 12 ¢) = ISOtT(W§V7 7T§V; idr; ¢, w)idNthXidI'
Now we concentrate on the mapping torus m, : M, — St Let k = k(my,r) € Z>o.

Proposition 4.2.

(1) There exists an isotopy x € Isoty (My)iq g with x = idgiy;.

i) This isotopy x is restricted on any fiber of M, to yield a C" isotopy idy ~ ©* in I'.
©
(ii) For any connected component L of N, we have (L) = L. Hence, l|k if { € Z>1 satisfies
O (L) =L and ¢'(L) # L (i =1,2,--- ,{ —1).
(2) Fort € Z we have (€ kZ <= C"(I,Isot}(N)iqe59) # 0,
(that is, there is a C" family of isotopies Hy s € Isot (N );q ¢ (s € I) with pHy1 = Hypop.)
(i) For example, if o' =idy, then { € kZ, since we can take H, =id.
(ii) k>1 <= There is £ € Z>1 which admits a C" family of isotopies Hy s € Isot:(N)iq ¢ (s € 1)
with QDH*J = H*70g0.
Proof. (1) The existence of y follows from Fact 4.11 (4).
(2) Fact 4.13 implies the following conclusion.
(a) There exists a bijection :
Isot” (', T3 115 0, ©)idy 0t xid; 2 H — He Isot" (7, Tp; id gt )ig ot
(b) Tsot" (T, T3 115 @, P)idy 0t xid, 7 0 == Isotr(7r§v,7r§\,;id1;g0,go);dehngidI # 0
Hence, by Fact 4.11 (4) it is seen that £ € kZ <= C"(I,Isot](N);q ;) # 0. O

We can use the mapping torus construction to provide some examples of fiber bundles 7 : M — S?

with k(m,r) = 0.
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Example 4.1. Consider the torus 7% = R?/Z?. It is known that mo(Diff’, (T?)) = SL(2,Z). In fact,
each matrix A € SL(2,Z) induces a diffeomorphism ¢ = ¢4 € Diff>*(T?) defined by palz,y| = [(z,y)A]
([z,y] € T?). It determines the mapping torus 74 : M4 — S*, which is a locally trivial bundle with fiber
T?. Let k := k(ma,7) € Z>o and let £ € Z>1 U {oo} denote the order of A in SL(2,Z).

Claim. k=0if{=ccand k=/¢>11if ¢ < c.
This follows from the following observations.

(i) Proposition 4.2 (1) implies ¢ g4x = (p4)¥ =~ idp2 and A*¥ = E5. Hence, (a) if £ = oo, then k = 0

and (b) if ¢ < oo, then k € (Z.
(ii) When ¢ < 0o, we have (p4)" = ¢ 4¢ = pg, = idp2 and £ € kZ by Proposition 4.2 (2).

11 1
For example, the matrix A = (0 1> € SL(2,Z) has the infinite order, since A™ = (0 T;) for n € Z.

For fiber products of fiber bundles over S with the product structure groups, we have the following
results. Consider a (N, I") fiber bundle 7, : M, — S and a (L, A) fiber bundle my : M, — S'. There
exists a group monomorphism ¢: I" x A 3 (p,9) — ¢ x ¢ € Diff"(N x L),
where (¢ X ¥)(z,y) = (¢(z),¥(y)) ((z,y) € N x L). This defines the subgroup ¢(I" x A) < Diff"(N x L).
Then we have the (N x L,(I" x A)) fiber bundle m,xy : Myyy — S, The symbol lem(m, n) represents

the least common multiple of m,n € Z>.

Proposition 4.3. k(7myyxy,7) > 1 iff k(my,r) > 1 and k(my, ) > 1. In this case, we have

k(T poxa, ) = lem(k(my, ), k(my,7)).
Note that k(mpxy, ) = 0 iff k(7y,,r) = 0 or k(my,r) = 0.

Proof. First we recall basic properties of compositions and Cartesian products of C" families of isotopies.

(1) Isot’-(N) is a group under the composition (¢¢)wer(¢y)ier := (Yrp})ier. The power is given by
((eo)er)” = (pf)ier (n € Z). Similarly, C"(I,Isot-(N)) is a group under the composition
(és)sel(@{s)sel = (¢s¢{9)s€]~ The power is given by ((@s)sel)n = (¢5n)861 (n € Z)'

2) Any pair of (p¢)ier € Isot’-(N) and (¢¢)ier € Isot’y (L) determines their product

¥ r A

(pe)ter X (Ve)rer = (pr X Ye)rer € Isoty py \) (N X L).
Any x € Isot:(FXA)(N x L) is represented as y = @ x ¥ for a unique pair of ¢ € Isot-(N) and
¥ € Isot) (L). This yields the group isomorphism

Isot-(N) x Isot} (L) 2 (9,¥) — & x ¥ € Isot; p, 5 (N x L).
This induces the group isomorphism

C"(I,Isot(N)) x C"(1,Isot} (L)) 3 (D,¥) — @ x ¥ € C"(I,Isot; py 5y (N x L)).

Here, for @ = (®y)ser and ¥ = () qer their product @ x ¥ is defined by @ X ¥ = (P4 X ¥s)sey-

(3) Take any £ € I'and n € A. If & € C"(I,Isot (N )iae; ), then & € C"(I,Isot:(N)iqen; )

(n € Z). The group isomorphisms in (2) are restricted to the bijections of the following subsets.
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Isot (N )iq,¢ x Isot)y (L)ia,, — Isot’;(FXA)(N X L)id gxn,
C"(I,Isotp(N)ia,e: ) x C7(I,Isoty (L)idy; ¥) — CT(I, Isoty py py (N X L)idexni @ X ).
Let k := k(my,7), £ := k(my,r) and m := k(moxy,7). Put n = lem(k, ), when k,¢ > 1. Proposi-
tion 4.2 (2) yields the following conclusions.
For i € Z we have i€ kZ <= C"(I,IsotT(N)iqi;¢) # 0
(4) First we suppose k > 1 and ¢ > 1 and take k', ¢’ € Z>, with n = kk’ = ¢¢’. Then there exist
@ € C"(I,1s0t (N )iq ur; ) and ¥ € C" (I, Isot}y (L)iq y¢; %), which induce
¥ € C(I,Ts0t (N )iq pn; ), W¥' € C™(I,Tsoty (L)iqpn; ) and
@ x UM € C"(I,T50t] ) (N X L)idgnxyn; ¢ X ).
Hence, we have n € mZ and 1 < m < lem(k, ¥).
(5) Conversely, suppose m > 1. Since C" (I, Isot; ., ) (N X L)id,pm xym; @ X ¥) # 0, by (3) we see
C"(I,Isot(N)igpm; @) #0 and  C"(1,Isot)y (L)iq,pm; ) # 0.
This means that m € kZ N ¢Z. Hence, we have k,¢ > 1 and m > lem(k, /).

These observations complete the proof. O

4.6. Attaching maps — the principal bundle case.
In the case of principal I" bundles, Proposition 4.2 can be described in the term of paths in I'. Suppose
I' is a Lie group (with the unit element e). Let I, denote the connected component of I" including e. For
a € I'let ¢, denote the left translation on I" by a. Consider the subgroup I';, := {¢, | a € I'} < Diff>(I).
Then, for each a € I" we have the mapping torus m,, : My, — S1 associated to ¢, € I, which is a
principal I" bundle (i.e, a (I', I'7)-bundle).
Let r € Z>o U {o0}. Below we are concerned with the following sets :
Pr(I") : theset of C" paths vy: I = I",  P"(Iap={y€P"(I")|7(0) =a,y(1) =b} (a,bel)
C™(I,P"(I')) : the set of C" families of paths, n = (ns)ser (ns € P"(I"))
C"(I,Pr(I');a,b) = {n € C"(I,P"(I")) | by = moa}  (a,b €T
C"(I,Isot}, (I")) : the set of C" families of isotopies, H = (Hs)ser (Hs € Isotp, (1))
C"(I,Isoty, (I'); ¢, x) = {H € C"(I,Isoty (I')) | xH1 = Hop} (4, x € I)
When a = bor i) = x, we omit the symbol b or x from the notations C" (I, P"(I"); a,b) or C" (I, Isot}, (I"); 1, x).
The meaning of similar notations are understood without any ambiguity.

Fact 4.11 (2) implies the following conclusion for conjugate elements in I'.

Fact 4.14. Ifa,b,c € I' and b = cac™ ', then we have the map
@c € Diff" (7, , My, idg1) = @e([z, 8]) = [cw, 5.
Equivariant isotopies on I" are reduced to paths in I'.

Fact 4.15.

(1) There exists a bijection 6 :P"(I") 3 v+ @y = (¢y))ter € Isot, (I')(= C"(I,1L)).
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(i) Its inverse is defined by ¢ +—— v : (t) = ¢(e) (t € I).

(ii) It is restricted to the bijection 0 :P"(I")qp — Isot}, (I')g,.p, fora,be I

(iii) If P"(I")ap # 0, then Isotl, (I')g, o, 7# 0. Hence, by Fact 4.11 (1) Diff" (7, , 7y, idgt) # 0.
In particular, if @ € I, then 7, is C" isomorphic to the product bundle miq,. : Miq, — S 1
as (I, I'r)-bundles.

(2) There exists a bijection © : C"(I,P"(I)) 2 1= (ns)ser — On = (¢n,)ser € C"(I,Isot}, (I)).

(i) Its inverse is given by H = (HS)SEI —n= (778)861 : 775('5) = (Hs)t(e)'

(ii) It is restricted to the bijection © : C"(I,P"(I);a,b) — C"(I,Isot}, (I'); pa,pp)  for
a,bel.

Below we fix a € I" and consider the mapping torus m,, : M,, — S I associated to ¢, € I'r,, which is a

principal I" bundle (i.e, a (I, I')-bundle). Let r € Z>o U {oo} and k := k(m,, 7).

Fact 4.16. For each ¢ € Z, the bijections # and © in Fact 4.15 are restricted to the bijections :
(1) 0:P"(I)eqe — Isoth, (INide,, -
(2) ©:C"(I,P"(I)¢qe50) — CT(I, Isot’}L(F)id’%e;cpa).

Proposition 4.4. (the case of principal I" bundles)

ForteZ (te€kZ <= Thereis a pathy € P"(I'), oo which admits

a C" path-homotopy n : v ~. a"‘va in I' relative to ends.

(i) P(D)ear #0 (ice., a* € I,).

(i) Lk if € € Z>y satisfiesa® € I, and a’ ¢ I, (i =1,2,--- £ —1).

(iii) k> 1 <= There is { € Z>1 for which there is a path v € P"(I"), 4

which admits a C" path-homotopy ¥ ~, a~'~va in I' relative to ends.
Proof. It follows that (€ kZ <= C"(I,Isot], (I")id,,;%a) #0 by Proposition 4.2 (2)
= C"(I,P"(I")eqe;a) # 0 by the bijection © in Fact 4.16.
For each n € C"(I,P"(I'), 4¢; @) we have v :=ng € P"(I), 4 and 1 : v ~, a~'ya. O

Example 4.2. The integer k = k(m,,,r) has the following properties.

(1) (i) Ifbe I'is conjugate to a (i.e., b = ¢ tac for some ¢ € I'), then k = k(my,, 7).
(i) fboeI'and P"(I")qp # 0 (or b € al), then k = k(my,, 7).
(iii) k=1 iff a € .. In particular, if I" is connected, then k = 1.

(2) Suppose £ € Z>; and a’ € I,. Then £ € kZ and k > 1, if one of the following conditions holds.
(i) I is simply connected.
(ii) There exists v € P"(I"), o« With y(t) € Z(a) (t € I), where Z(a) denotes the centralizer of

a in I". For example, this holds if (a) a’ = e or (b) I, N Z(a) is C” path connected.

(3) If a* ¢ I, for any £ € Z>1, then k = 0.
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Proof.

(1) The assertion (i) follows from Fact 4.14, since pppe = @cpa-
From Fact 4.15 (1)(iii) it follows that Diff" (7, , 7y, ;idg1 () in the case (ii) and 7, is a trivial
Par Mppr 158 ¥a
C® (I',I'r)-bundle in the case (iii).
(2) The assertion follows from Proposition 4.4 and the following observations in each case (i) and (ii).
i) Take any path v € P"(I.), .. Since a 'ya € P"(I,),  and I, is simply connected, we
€,a Y e,a
have a C" homotopy v ~, a 'ya in I,.
(i) The assumption implies a~tya = 7. If a’ = e, then we can take v = ¢, (the constant path
at e).
(3) Note that a* € I', by Proposition 4.4 (i). 0

Example 4.3. Suppose f : I' — A is a Lie group homomorphism between Lie groups. To any a € I" and
its image b = f(a) € A we have k := k(7,,,7) and £ := k(m,,,r). Proposition 4.4 yields the following

conclusions.

(1) ketzZ

(2) k= (if f is surjective and Ker f is connected and simply connected.

Proof.

(1) There is a path v € P"(I). 4+ and a C" homotopy 7 : v =~ a"'ya in I', which induces the path
fv € P"(A)p+ and the C" homotopy fn: fv =~ b=1(fy)bin A.

(2) There is a path § € P"(A). ;¢ and a C" homotopy & : § = b=16b in A. Since f is a principal
(Ker f)-bundle, by the relative homotopy lifting property of f we can find a path 5 € P"(I") and
a C" path homotopy ¢ in I" such that

(i) fB8=10,8(1)=a’ and (i) fo=¢ 00=p5 o1 =a 'Ba and o(l,%) = d’.

Since £(0,%) = e and fo = &, we have the path ¢ := p(0,%) € P"(Ker f). Note that ¢(1) =
a~'c(0)a. Since Ker f is connected, there is a path a € P"(Ker fe,c(o)- It yields two paths a *
c,a taa € P"(Ker f)e,c(l). Since Ker f is simply connected, there is a C” homotopy ¢ : a ~ a 'aa
in Ker f such that ¢(0,*) = e and ((1,*) = c. Then, we obtain the path v = a * 3 € P"(I'), 4

and the C” homotopy 7 = (¢ * 0¢)ter : ¥ ~« @~ 'ya in I'. This implies £ € kZ and so k = £ by (1).
O

Example 4.4. Consider the product I" x A of Lie groups I" and A. Note that ¢(I'y, x Ar) = (I" x A)r,
since @qp) = a X @y for (a,b) € I' x A. From Proposition 4.3 it follows that
(1) k(mp,xp,.7) > 1iff k(mg,,r) > 1 and k(my,,r) > 1.
In this case, k(mp,xy,,r) = lem(k(my,,r), k(my,,7)).

(2) k(mpyxp,,7) =0iff k(my,,r) =0 or k(my,,r) = 0.
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Example 4.5.

(1) k=1 for any connected Lie groups
(for examples, GL(n,C), SL(n,C), SL(n,R), U(n), SU(n), SO(n), R", T™ = R"/Z", etc.).
(2) k=2for I' =GL(n,R), O(n) and a € I'" :={c € I' | detc < 0}.
Note that there exists ¢ € I'™ with ¢ = e and that ' =¢I. and ' = I, U ¢l .
(3) If I' is commutative and order (al%, I'/I;) < oo, then k = order (al%, I'/IT%).
(4) If I' is a finite group, then k = order (a, I").
(5) k=0for I' =7 and a € Z — {0}.

4.7. Principal bundle P : Diff” (M)y — Diff"(S1),.

This subsection includes some comments when the diffeomorphism groups are endowed with the Whit-
ney C" topology. Some topological arguments on a principal bundle P : Diff” (M )y — Diff"(S')o provide
us with some important insights to statements described for the discrete groups of diffeomorphisms or
isotopies in the previous subsections.

Suppose 7 : M — B is a fiber bundle with fiber NV and structure group I" < Diff (N). Let r € Z>oU{oo}.
Below we assume that M is a closed manifold and we endow any subgroups of Diff" (M) and Dift"(B)
with the subspace topology of the Whitney C” topology.

Fact 4.17.
(1) Diff7 (M) and Diff"(B)g are topological groups and the map P : Diff] (M)y — Diff"(B)o is a
continuous surjective group homomorphism.

(2) The map P is a topological principal bundle with structure group Ker P.

Proof. (2) We fix the following data for = : (a) a finite I™-atlas {(U;, i) }i=1,... ¢ of m,
(b) Ki, Li € K(B) (i=1,--- ,£) with U'_,K; = B, K; € L; C U;.

By (1) it suffices to show that the map P admits a continuous local section on a neighborhood of idp
in Diff"(B)g. We can repeat local deformation of C" diffeomorphisms to find a small C* neighborhood
U of idp (s =0 for r =0 and s = 1 for » > 1) such that for any f € U admits a canonical factorization
f = fi--- fosuch that f; € Diff"(B;Bpr,)o (i = 1,---,¢) and f; varies continuously with f in the C”
topology. Then, each trivialization ¢; of m over U; yields a canonical lift ﬁ € Diff7.(M; By,)o of fi
and we obtain a canonical lift s(f) := fi--- f; € Diff’(M)o of f. From these construction the map

s:U — Diff7 (M)p forms a continuous local section of P. O
We are concerned with the following condition.
Assumption (f). (Ker P)g is an open subgroup of Ker P (under the C" topology).

For example, this assumption holds when 7 is a principal bundle (cf. [3]) or a locally trivial bundle

(I" = Diff(N)). In fact, using a finite ['-atlas of , it is seen that if f € Ker P is sufficiently C* close to
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idyr (s =0 for r =0 and s = 1 for r > 1), then there exists F' € Isot].(M)p with F' = id and F; = f.
Under the Assumption (f) (Ker P)q coincides with the identity connected component of Ker P.

From now on, we restrict ourselves to the case that B = S* and let k = k(m,r). Suppose Assumption (1)
holds. Then, taking the quotients by (Ker P)o, we obtain a discrete group G := (Ker P)/(Ker P)y and a
principal G bundle P : Diff” (M)o/(Ker P)o — Diff"(S1)g. It follows that P is a connected regular covering
projection and G coincides with the covering transformation group of P. Therefore, the connecting
homomorphism ¢ in the homotopy exact sequence induces an isomorphism 5 (7’[’1D1ffT St ) / Im P, = g,
where P, : my (Diffs.(M)o/(Ker P)g) — m1 Diff" (S1)q.

The groups of isotopies and the fundamental groups of diffeomorphism groups are identified as follows:

mDiff" (51)g = Isot" (S')ida/ =, mDiffl,(M)g = Isoth(M)iqa/ =~ and
71 (Diff,(M)o/(Ker P)o) = C°(1,{0,1}; Diff,(M)o/(Ker P)o, [id]) / ~. etc.

Since (Ker P)g is path-connected, the principal (Ker P)o bundle Diff] (M)y — Diff.(M)o/(Ker P)g
induces a surjective group homomorphism w1 Diff, (M) — 1 (Diff,(M)o/(Ker P)o). Hence, we have
Im P, = Im P,.

Since F ~, G in Isot.(M) implies F ~, G in Isot”(S'), the map Ps : Isot’(M )iaia — Isot”(S1)iaa
induces the associated map E : (Isot:r(M)id,id/ :*) — (IsotT(Sl)id,id/:*),
which corresponds to the induced map P, : mDiff” (M) — 7 Diff"(S1)g. Hence, it follows that

Im P, = Im/PvI and (7r1D1ffr (S )/ImP = (Isotr (Sh) 1d1d/ )/Im/PvI.

Note that any z € mDiff"(S')y = Isot”(S')iq id/f:* is represented as z = [F] for some F' € T C

Isot” (M)o. Then the isomorphism § : (m1Diff" (S51)o) / Im P, = G is described by
S([[E]]) = [F] for F € T C Tsotl(M)o.
By Fact 4.4 (2) the map p induces a group isomorphism g : (IsotT(Sl)id’id/ ~, ) >~ Z. From the

definition of p and v it follows that pi(Im E) = kZ. Hence, we have a group isomorphism

H:[x] = 2z, where = (mDiff"(SY)) /Im P, = (Isot” (S")id,a/ =) /Im Py.

w1 Dift] (M)g = Isot! (M )iq 1d/ ~, Isot, (M)igia — Isot;(M)id,id/ ~
‘] |7 W)
m Diff"(S1)g = Isot”(S1) id,id/ o, v Im P; C IsotT(Sl)ide/ ~,
! ! de s
(mDiff"(SY)o) /Im P, = (Isot"(SV)iasia/ = )/Im Py kZ C Z

Combining the isomorphisms § and ﬁ, we obtain the following diagram, from which it is seen that the

isomorphism (P|ker p)™ : G = Zy, in Fact 4.9 (1)(ii) coincides with the composition i (5)_1.
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