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Abstract. Let f1 : (Rn,0n) → (R2,02) and f2 : (Rm,0m) → (R2,02) be real analytic map
germs of independent variables, where n, m ≥ 2. Then the pair (f1, f2) of f1 and f2 defines
a real analytic map germ from (Rn+m,0n+m) to (R4,04). We assume that f1 and f2 satisfy
the af -condition at 02. Let g be a strongly non-degenerate mixed polynomial of 2 complex
variables which is locally tame along vanishing coordinate subspaces. A mixed polynomial
g defines a real analytic map germ from (C2,04) to (C,02). If we identify C with R2, then
g also defines a real analytic map germ from (R4,04) to (R2,02). Then the real analytic
map germ f : (Rn × Rm,0n+m) → (R2,02) is defined by the composition of g and (f1, f2),
i.e., f(x,y) = (g ◦ (f1, f2))(x,y) = g(f1(x), f2(y)), where (x,y) is a point in a neighborhood
of 0n+m.

In this paper, we first show the existence of the Milnor fibration of f . We next show a
generalized join theorem for real analytic singularities. By this theorem, the homotopy type
of the Milnor fiber of f is determined by those of f1, f2 and g. For complex singularities, this
theorem was proved by A. Némethi. As an application, we show that the zeta function of the
monodromy of f is also determined by those of f1, f2 and g.

1. Introduction

Let f1 : (Cn,02n) → (C,02) and f2 : (Cm,02m) → (C,02) be holomorphic function germs of
independent variables z = (z1, . . . , zn) and w = (w1, . . . , wm). Here 02N is the origin of CN .
The join theorem for complex singularities is the following.

Theorem 1 (The join theorem). Let f be a holomorphic function germ on a neighborhood of
the origin of Cn+m such that f(z,w) = f1(z) + f2(w). Then the Milnor fiber of f is homotopy
equivalent to the join of the Milnor fibers of f1 and f2 and the monodromy of f is equal to the
join of the monodromies of f1 and f2 up to homotopy.

The join theorem was algebraically proved by M. Sebastiani and R. Thom for isolated singulari-
ties [27]. So the join theorem is often called the Thom–Sebastiani theorem. M. Oka showed this
for weighted homogeneous singularities [17]. For general complex singularities, this was proved
by K. Sakamoto [26].

Let ϕ : (RN ,0N ) → (Rp,0p) be a real analytic map germ, where N ≥ p ≥ 2, and 0N and 0p

are the origins of RN and Rp respectively. In general, real analytic singularities may not admit
Milnor fibrations. To show the existence of the Milnor fibration of ϕ, we assume that ϕ satisfies
the following conditions. Let ε be a small positive real number. Set V (ϕ) = ϕ−1(0p)∩BN

ε , where
BN

ε = {x ∈ RN | ‖x‖ ≤ ε}. In this paper, BN
ε is used for the disk in the domain Euclidean space.

A real analytic map germ ϕ : (RN ,0N ) → (Rp,0p) is locally surjective near the origin if there
exists a positive real number ε such that for any x ∈ V (ϕ) and for any neighborhood W of x,
the image ϕ(W ) is a neighborhood of 0p. We also assume that V (ϕ) has codimension p at the
origin. Let S be a stratification of V (ϕ). The map ϕ satisfies the af -condition with respect to S
if BN

ε \V (ϕ) contains no critical points and satisfies the following condition: Take any sequence
pν of points in BN

ε \V (ϕ) converging to some p∞ ∈ M , where M is a stratum in S and suppose
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that Tpνϕ−1(ϕ(pν)) converges to τ in the Grassmanian space. Then Tp∞M is a subspace of τ .
Assume that a real analytic map germ ϕ : (RN ,0N ) → (Rp,0p) satisfies the af -condition with
respect to S. We say ε is an af -stable radius for ϕ with respect to S if it satisfies the following:
Each sphere SN−1

ε′ = {x ∈ RN | ‖x‖ = ε′}, 0 < ε′ ≤ ε, intersects transversely with any stratum
in S and 0p is the unique critical value of ϕ|BN

ε
: BN

ε → Rp.
Since ϕ : (RN ,0N ) → (Rp,0p) is a real analytic map germ, we may assume that a stratifica-

tion S of V (ϕ) is a Whitney stratification. See [8] for further information. By using the same
arguments as in the proof of [14, Corollary 2.9] and the proof of [3, Lemma 3.2], we may assume
that SN−1

ε′ intersects transversely with any stratum in S for 0 < ε′ ≤ ε. Assume that ϕ satisfies
the following conditions:

(a-i) ϕ has an isolated critical value at the origin, codimRV (ϕ) = p and ϕ is locally surjective
on V (ϕ) near the origin,

(a-ii) ϕ satisfies the af -condition with respect to S.
Take an af -stable radius ε for ϕ with respect to S. By using the same argument as in the proof
of [22, Proposition 11], we can show that there exists a positive real number δ such that SN−1

ε

intersects transversely with ϕ−1(η) for any η 6= 0 with |η| ≤ δ ¿ ε. By the above conditions
and the Ehresmann fibration theorem [32], we may assume that

ϕ : BN
ε ∩ ϕ−1(Dp

δ \ {0p}) → Dp
δ \ {0p}

is a locally trivial fibration, where Dp
δ = {w ∈ Rp | ‖w‖ ≤ δ}. The isomorphism class of the

above fibration does not depend on the choice of ε and δ. We call this fibration the stable tubular
Milnor fibration of ϕ.

Let f1 : (Rn,0n) → (Rp,0p) and f2 : (Rm,0m) → (Rp,0p) be real analytic map germs, where
n,m ≥ p ≥ 2. Put n1 = n and n2 = m. Set V (fj) = f−1

j (0p) ∩ B
nj
ε for 0 < ε ¿ 1 and j = 1, 2.

We assume that stratifications Sj of V (fj) is given and {0nj} is a stratum in Sj for j = 1, 2.
We also assume that fj satisfies the condition (a-i) and that fj satisfies the af -condition with
respect to Sj for j = 1, 2. Take a common af -stable radius ε for f1 and f2 and take a sufficiently
small δ, 0 < δ ¿ ε such that f−1

j (η) intersects transversely with S
nj−1
ε for j = 1, 2, for all η 6= 0

with |η| ≤ δ. Set Uj(ε, δ) = {x ∈ B
nj
ε | ‖fj(x)‖ ≤ δ} for j = 1, 2. By the above conditions and

the Ehresmann fibration theorem [32], we may assume that

fj : Uj(ε, δ) \ V (fj) → Dp
δ \ {0p}

is the stable tubular Milnor fibration of fj for j = 1, 2. Put V (f1 + f2) = (f1 + f2)−1(0p) ∩
(U1(ε, δ) × U2(ε, δ)). We take the stratification Sf1+f2 of V (f1 + f2) as follows:

Sf1+f2 = (S1 × S2) t {V (f1 + f2) \ (V (f1) × V (f2))}.

By using Sf1+f2 , we can show that f1 + f2 also satisfies the conditions (a-i) and (a-ii) [1,
Proposition 5.2]. Note that (f1 + f2)−1(η) ∩ (U1(ε, δ) × U2(ε, δ)) is homotopy equivalent to
(f1 + f2)−1(η) ∩ Bn+m

ε′ , where 0 < |η| ¿ ε′ ¿ 1 [9, Lemma 7]. Then we can show that the
fiber of the tubular Milnor fibration of f1 + f2 is homotopy equivalent to the join of the fibers
of the tubular Milnor fibrations of f1 and f2. Moreover, if p = 2, the monodromy of the tubular
Milnor fibration of f1 + f2 is equal to the join of the monodromies of f1 and f2 up to homotopy
[9, Theorem 2]. L. H. Kauffman and W. D. Neumann studied fiber structures and Seifert
forms of links defined by tame isolated singularities of real analytic map germs of independent
variables [10]. The definition of tame singularities appears in [10, p. 372]. For mixed weighted
homogeneous singularities, the join theorem was proved by J. L. Cisneros-Molina [4].

In [16], A. Némethi studied a generalized join theorem for complex analytic singularities. Let
φ : (Cn,02n) → (C,02) be a complex analytic map germ. We can consider a complex analytic
map germ as a real analytic map germ (<φ,=φ) : (R2n,02n) → (R2,02). It is known that there
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exists a stratification Sφ of φ−1(0)∩B2n
ε such that φ satisfies the af -condition with respect to Sφ

for 0 < ε ¿ 1. See [11, Section 6.4].
Let f1 : (Cn,02n) → (C,02), f2 : (Cm,02m) → (C,02) and g : (C2,04) → (C,02) be

complex analytic map germs of independent variables. Then the complex analytic map germ
f : (Cn × Cm,02n+2m) → (C,02) is defined by the composition of g and (f1, f2), i.e., f(x,y) =
(g ◦ (f1, f2))(x,y) = g(f1(x), f2(y)). Let F1, F2 and Fg be the Milnor fibers of f1, f2 and g
respectively. For 0 < δ ¿ 1, we denote the disk in the domain Euclidean space of g by
D4

δ = {(z1, z2) ∈ C2 | ‖(z1, z2)‖ ≤ δ}. Let bg ⊂ D4
δ be a bouquet of circles with base point ∗.

We assume that bg is a deformation retract of the fiber of the stable tubular Milnor fibration
of g|D4

δ
and bg ∩ {z1z2 = 0} = ∅. Then the map (f1, f2) : (f1, f2)−1(bg) → bg is a locally

trivial fibration with fiber F1 × F2. See [15, 16]. Set F̃1 = V (f1) × F2 and F̃2 = F1 × V (f2).
Némethi showed that the Milnor fiber of f has the homotopy type of the space obtained from
(f1, f2)−1(bg) by gluing to (f1, f2)−1(∗) l1 copies of F̃1 and l2 copies of F̃2, where l1 is the number
of points of {(0, z2) ∈ D4

δ ∩ g−1(δ̃)} and l2 is the number of points of {(z1, 0) ∈ D4
δ ∩ g−1(δ̃)} for

0 < δ̃ ¿ δ ¿ 1 [16].
To study a generalization of the join theorem for real analytic singularities, we consider

strongly non-degenerate mixed functions. Let g = (g1, g2) : (R2n,02n) → (R2,02) be a real
analytic map germ with real 2n variables x1, . . . , xn and y1, . . . , yn. Then (g1, g2) is represented
by a complex-valued function of variables z = (z1, . . . , zn) and z̄ = (z̄1, . . . , z̄n) as

g(z, z̄) := g1

(z + z̄
2

,
z − z̄
2
√
−1

)
+

√
−1g2

(z + z̄
2

,
z − z̄
2
√
−1

)
.

Here any complex variable zj of Cn is represented by xj +
√
−1yj and z̄j is the complex conjugate

of zj for j = 1, . . . , n. Then the map g : (Cn,02n) → (C,02) is called a mixed function. Oka
introduced the notion of Newton boundaries of mixed functions and the concept of strong non-
degeneracy. Let g be a strongly non-degenerate mixed function which is locally tame along
vanishing coordinate subspaces. Then there exists a stratification Scan of g−1(02) such that
g satisfies the af -condition with respect to Scan. See [22] and Section 2. By [22, Lemma 14],
g also satisfies the condition (a-i).

Assume that f1 : (Rn,0n) → (R2,02) and f2 : (Rm,0m) → (R2,02) satisfy the conditions (a-i)
and (a-ii). Let g be a strongly non-degenerate mixed polynomial of 2 complex variables which
is locally tame along vanishing coordinate subspaces. By using Scan, we can take an af -stable
radius δ for g and take a sufficiently small δ̃, 0 < δ̃ ¿ δ such that g : D4

δ ∩ g−1(D2
δ̃
\ {02}) →

D2
δ̃
\ {02} is a locally trivial fibration. Let bg ⊂ D4

δ be a bouquet of circles with base point ∗.
Assume that bg is a deformation retract of the fiber of the stable tubular Milnor fibration of g
and bg ∩ {z1z2 = 0} = ∅. By the local triviality of g : D4

δ ∩ g−1(D2
δ̃
\ {02}) → D2

δ̃
\ {02}, the

map (f1, f2) : (f1, f2)−1(bg) → bg is a locally trivial fibration with fiber F1×F2. See the proof of
Theorem 3. If we identify C with R2, then g also defines a real analytic map germ from (R4,04)
to (R2,02). Then the real analytic map germ f : (Rn × Rm,0n+m) → (R2,02) is defined by
f(x,y) = (g◦(f1, f2))(x,y) = g(f1(x), f2(y)), where (x,y) is a point in a neighborhood of 0n+m.
In general, f is not strongly non-degenerate. To show the existence of the Milnor fibration of f ,
we need to prove that f satisfies the af -condition. Take a common af -stable radius ε for f1

and f2 and take a sufficiently small δ′ such that fj : Uj(ε, δ′) \ V (fj) → D2
δ′ \ {02} is the stable

tubular Milnor fibration of fj for j = 1, 2. Set V (f) = f−1(02) ∩ (U1(ε, δ′) × U2(ε, δ′)). We
define

S ′(1) :=

{
{(U1(ε, δ′) \ V (f1)) × M2 | M2 ∈ S2} {1} ∈ Iv(g),
∅ {1} 6∈ Iv(g),
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S ′(2) :=

{
{M1 × (U2(ε, δ′) \ V (f2)) | M1 ∈ S1} {2} ∈ Iv(g),
∅ {2} 6∈ Iv(g).

The definition of Iv(g) will be explained in Section 2. Then put S ′ = S ′(1)∪S ′(2) and we define
the stratum V (f)′ of V (f) and the stratification Sf of V (f) as follows.

V (f)′ = V (f) \
∪

N∈(S1×S2)∪S′ N,

Sf = (S1 × S2) ∪ S ′ ∪ {V (f)′}.
By using Sf , we can show the following theorem.

Theorem 2. Let f1 : (Rn,0n) → (R2,02) and f2 : (Rm,0m) → (R2,02) be real analytic map
germs of independent variables x = (x1, . . . , xn) and y = (y1, . . . , ym), where n,m ≥ 2. Assume
that f1 and f2 satisfy the conditions (a-i) and (a-ii). Let g be a strongly non-degenerate mixed
polynomial of 2 complex variables which is locally tame along vanishing coordinate subspaces.
Then the real analytic map germ f = g ◦ (f1, f2) satisfies the af -condition with respect to Sf .

By Theorem 2, we can show that f admits the Milnor fibration. To study Némethi’s theorem
for f , we assume that f1, f2 and g satisfy the above conditions and add the assumption (A)
on g. See Section 4.

Theorem 3. Let f = g ◦ (f1, f2) : (Rn × Rm,0n+m) → (R2,02) be the real analytic map germ
as in Theorem 2. Assume that g satisfies the assumption (A) in Section 4. Let bg ⊂ D4

δ be
a bouquet of circles with base point ∗. Assume that bg is a deformation retract of the fiber
of the stable tubular Milnor fibration of g and bg ∩ {z1z2 = 0} = ∅. Set F̃1 = V (f1) × F2 and
F̃2 = F1×V (f2). Then the Milnor fiber Ff of f is homotopy equivalent to the space obtained from
(f1, f2)−1(bg) by gluing to (f1, f2)−1(∗) l1 copies of F̃1 and l2 copies of F̃2, where l1 is the number
of points of {(0, z2) ∈ D4

δ ∩ g−1(δ̃)} and l2 is the number of points of {(z1, 0) ∈ D4
δ ∩ g−1(δ̃)} for

0 < δ̃ ¿ δ ¿ 1.

As an application of Theorem 3, the monodromy of f is determined by those of f1, f2 and g.
Then we can calculate the zeta function of the monodromy of f by using the Alexander polyno-
mial of the link determined by g−1(0) and the zeta function of the monodromy of fj for j = 1, 2.
See Section 6.

This paper is organized as follows. In Section 2 we give the definition of strongly non-
degenerate mixed functions. In Section 3 we prove Theorem 2 and the existence of the Milnor
fibration of f . In Section 4 we study homeomorphisms of Milnor fibers of mixed polynomials of
2 complex variables. In Section 5 we prove Theorem 3. In Section 6 we study the zeta function
of the monodromy of f .

The author would like to thank Mutsuo Oka for precious comments and fruitful suggestions.
He also thanks to the referee and the editor for careful reading of the manuscript and several
accurate comments.

2. Strongly non-degenerate mixed functions

In this section, we introduce a class of mixed functions which admit tubular Milnor fibrations
and spherical Milnor fibrations given by Oka in [20]. Let g(z, z̄) be a mixed function, i.e.,
g(z, z̄) is a function expanded in a convergent power series of variables z = (z1, . . . , zn) and
z̄ = (z̄1, . . . , z̄n),

g(z, z̄) :=
∑

ν,µ cν,µzν z̄µ,

where zν = zν1
1 · · · zνn

n for ν = (ν1, . . . , νn) (respectively z̄µ = z̄µ1
1 · · · z̄µn

n for µ = (µ1, . . . , µn)).
The Newton polygon Γ+(g; z.z̄) is defined by the convex hull of∪

(ν,µ){(ν + µ) + Rn
+ | cν,µ 6= 0},
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where ν + µ is the sum of the multi-indices of zν z̄µ, i.e., ν + µ = (ν1 + µ1, . . . , νn + µn). The
Newton boundary Γ(g; z, z̄) is the union of compact faces of Γ+(g; z, z̄). Let Z+ be the set of
non-negative integers. For any non-zero weight vector P = t(p1, . . . , pn) ∈ (Z+)n, we define a
linear function `P on Γ+(g; z, z̄) as follows:

ξ = (ξ1, . . . , ξn) 7→
∑n

j=1 pjξj .

We denote the minimal value of `P by d(P ) and put ∆(P ) = {ξ ∈ Γ+(g; z, z̄) | `P (ξ) = d(P )}.
Let ∆ and P be a face of Γ+(g; z, z̄) and a non-zero weight vector respectively, then we define

g∆(z, z̄) =
∑

ν+µ∈∆ cν,µzν z̄µ, gP (z, z̄) =
∑

ν+µ∈∆(P ) cν,µzν z̄µ.

The mixed functions g∆ and gP are called the face function of f of the face ∆ and the face
function of f of the weight vector P respectively.

The strong non-degeneracy of mixed functions is defined from the Newton boundary as follows:
let ∆ be a face of Γ(g; z, z̄). If g∆ : C∗n → C has no critical points, and g∆ is surjective
when dim∆ ≥ 1, we say that g(z, z̄) is strongly non-degenerate for ∆, where C∗n = {z =
(z1, . . . , zn) | zj 6= 0, j = 1, . . . , n}. If g(z, z̄) is strongly non-degenerate for any ∆, we say that
g(z, z̄) is strongly non-degenerate. If g((0, . . . , 0, zj , 0, . . . , 0), (0, . . . , 0, z̄j , 0, . . . , 0)) 6≡ 0 for each
j = 1, . . . , n, then we say that g(z, z̄) is convenient.

For a subset I ⊂ {1, . . . , n}, we set

CI = {(z1, . . . , zn) ∈ Cn | zi = 0, i 6∈ I}, C∗I = {(z1, . . . , zn) ∈ Cn | zi 6= 0 ⇔ i ∈ I}.

Note that C∗∅ = {02n}. Put gI = g|CI . Then we define the subsets of {I | I ⊂ {1, . . . , n}} as
follows:

Inv(g) = {I ⊂ {1, . . . , n} | gI 6≡ 0}, Iv(g) = {I ⊂ {1, . . . , n} | gI ≡ 0}.
If I ∈ Iv(g), CI is called a vanishing coordinate subspace. For I ∈ Iv(g), we define the distance
function on CI by ρI(z) =

√∑
i∈I |zi|2. Let πI : Cn → CI be the projection and put zI = πI(z).

We say that g is locally tame along the vanishing coordinate subspace CI if there exists a positive
real number rI such that for any aI = (αi)i∈I ∈ C∗I with ρI(aI) ≤ rI and for any non-zero weight
vector P = t(p1, . . . , pn) with I(P ) = {i | pi = 0} = I, gP |zI=aI is strongly non-degenerate as a
function of {zj | j ∈ Ic}. A mixed function g is said to be locally tame if g is locally tame for
any vanishing coordinate subspace. If a strongly non-degenerate mixed function g is convenient
or locally tame for any vanishing coordinate subspace, g has both tubular and spherical Milnor
fibrations and also two fibrations are isomorphic [20, 22]. The definition of spherical Milnor
fibrations appears in Section 5.1 of the present paper. Moreover g−1(0) ∩B2n

ε has the following
stratification.

Theorem 4 ([22]). Let g be a strongly non-degenerate mixed polynomial. Assume that g is locally
tame for any vanishing coordinate subspace. Let ε be a positive real number which satisfies the
following conditions:

• there exists a positive real number δ(ε) such that g−1(η) has no singularities in B2n
ε for

any non-zero η with |η| ≤ δ(ε),
• ε ≤ min{rI | I ∈ Iv(g)}.

Set
Scan := {g−1(0) ∩ C∗I , C∗I \ (g−1(0) ∩ C∗I) | I ∈ Inv(g)} ∪ {C∗I | I ∈ Iv(g)}.

Then g satisfies the af -condition with respect to Scan in B2n
ε .

Let gt be an analytic family of strongly non-degenerate mixed polynomials which are locally
tame along vanishing coordinate subspaces. Assume that the Newton boundary of gt is constant
for 0 ≤ t ≤ 1. C. Eyral and M. Oka showed that the topological type of (V (gt),02n) is constant
for any t and their tubular Milnor fibrations are equivalent [6].
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3. The existence of the Milnor fibration of f

Let f1 : (Rn,0n) → (R2,02) and f2 : (Rm,0m) → (R2,02) be real analytic map germs
of independent variables, where n,m ≥ 2. For a small positive real number ε, we take a
stratification Sj of f−1

j (02) ∩ B
nj
ε with n1 = n and n2 = m. Suppose that fj satisfies the

conditions (a-i) and (a-ii) with respect to Sj for j = 1, 2. Take a positive real number δ′ that
is sufficiently smaller than ε. Then we may assume that fj : Uj(ε, δ′) \ V (fj) → D2

δ′ \ {02} is
a locally trivial fibration for j = 1, 2. Let g be a strongly non-degenerate mixed polynomial
of 2 complex variables which is locally tame along vanishing coordinate subspaces. Then the
real analytic map germ f : (Rn × Rm,0n+m) → (R2,02) is defined by f(x,y) = g(f1(x), f2(y)),
where (x,y) is a point in a neighborhood of 0n+m. In this section, we prove the existence of the
Milnor fibration of f .

Lemma 1. The origin 02 is an isolated critical value of f .

Proof. For any (x,y) ∈ (U1(ε, δ′)×U2(ε, δ′)) \ V (f), we show that the rank of Jf(x,y) is equal
to 2, where Jf is the Jacobian matrix of f . Set g1 = <g, g2 = =g, zj1 = <zj and zj2 = =zj for
j = 1, 2. Put

G1 =

(
∂g1

∂z11

∂g1

∂z12
∂g2

∂z11

∂g2

∂z12

)
, G2 =

(
∂g1

∂z21

∂g1

∂z22
∂g2

∂z21

∂g2

∂z22

)
.

Since f = g ◦ (f1, f2), the Jacobian matrix Jf of f is equal to(
G1 G2

) (
Jf1 O′

O Jf2

)
=

(
G1Jf1 G2Jf2

)
,

where O is the 2 × n zero matrix and O′ is the 2 × m zero matrix .
Suppose that f1(x) = 02, {2} ∈ Inv(g) and f2(y) 6= 02. Since g is a strongly non-degenerate

mixed polynomial, there exists a weight vector P such that g(0, z2) is given by

g(0, z2) = gP (z2) + (higher terms)

and gP : C∗{2} → C has no critical points. Thus for any sufficiently small ε > 0, g|C∗{2} : C∗{2} →
C also does not have critical points for z2, |z2| ≤ ε. By the condition (a-i), rank Jf2(y) =
rank G2 = 2. Thus rank Jf(x,y) is equal to 2. If f1(x) 6= 02, f2(y) = 02 and {1} ∈ Inv(g), by
using the same argument, we can show that rank Jf(x,y) is equal to 2.

Assume that (x,y) satisfies f1(x) 6= 02, f2(y) 6= 02 and f(x,y) = g(f1(x), f2(y)) 6= 02. Since
f1, f2 and g have an isolated critical value at the origin, we have

rank Jf1(x) = rank Jf2(y) = rank Jg(f1(x), f2(y)) = 2.

If rank G1 = 2 or rank G2 = 2, then the rank of Jf(x,y) is equal to 2.
Suppose that rank G1 < 2 and rank G2 < 2. Set( ∂g1

∂z11
,

∂g1

∂z12
,

∂g1

∂z21
,

∂g1

∂z22

)
= (a1, a2, b1, b2).

Since rank Jg(f1(x), f2(y)) = 2, we may assume that (a1, a2, b1, b2) 6= (0, 0, 0, 0). If (a1, a2) 6=
(0, 0) and (b1, b2) 6= (0, 0), then there exist real numbers r and s such that Jg(f1(x), f2(y)) =
(G1 G2) is equal to (

a1 a2 b1 b2

ra1 ra2 sb1 sb2

)
.

Since rank Jg(f1(x), f2(y)) = 2, r 6= s. Set fj = (fj1, fj2), where fj1 and fj2 are real-valued
functions for j = 1, 2. Then Jf(x,y) is equal to(

a1df11 + a2df12 b1df21 + b2df22

r(a1df11 + a2df12) s(b1df21 + b2df22)

)
.
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Here dfjk is the gradient of a smooth function fjk for j = 1, 2 and k = 1, 2. Since rank Jf1(x) =
rank Jf2(y) = 2, we have

a1df11 + a2df12 6= O, b1df21 + b2df22 6= O′.

Note that r is not equal to s. Thus the rank of Jf(x,y) is equal to 2.
If (a1, a2) 6= (0, 0) and (b1, b2) = (0, 0), then Jg(f1(x), f2(y)) = (G1 G2) is equal to(

a1 a2 0 0
ra1 ra2 b′1 b′2

)
.

Hence Jf(x,y) is equal to (
a1df11 + a2df12 O′

r(a1df11 + a2df12) b′1df21 + b′2df22

)
.

Since rank Jf1(x) = rank Jf2(y) = 2, a1df11 + a2df12 6= O and b′1df21 + b′2df22 6= O′. Thus
rank Jf(x,y) is equal to 2. If (a1, a2) = (0, 0) and (b1, b2) 6= (0, 0), then by using the same
argument, we can show that rank Jf(x,y) = 2. ¤

Proof of Theorem 2. We use Curve Selection Lemma to prove the assertion. Let (x(t),y(t)) ∈
U1(ε, δ′) × U2(ε, δ′) be an arbitrary real analytic curve such that (x(0),y(0)) ∈ f−1(02) and
f(x(t),y(t)) 6= 02 for t 6= 0. It is enough to check that the af -condition is satisfied along
this curve. Put (a,b) = (x(0),y(0)). Then (a,b) belongs to one of {V (f)′}, N,N ′

1, N
′
2, where

N ∈ S1 × S2 and N ′
j ∈ S ′(j) for j = 1, 2. So we divide the proof into four cases:

(1) (a,b) ∈ V (f)′,a 6∈ V (f1) and b 6∈ V (f2),
(2) (a,b) ∈ M1 × M2,
(3) a ∈ M1 and b 6∈ V (f2),
(4) a 6∈ V (f1) and b ∈ M2,
where Mj ∈ Sj for j = 1, 2. Since f1 and f2 satisfy the condition (a-i) and g is strongly non-
degenerate, in case (1), (a,b) is a regular point of f . In case (2), since f1 and f2 satisfy the
condition (a-ii), we have

lim
t→0

T(x(t),y(t))f
−1

(
f(x(t),y(t))

)
⊃ lim

t→0

(
Tx(t)f

−1
1

(
f1(x(t))

)
× Ty(t)f

−1
2

(
f2(y(t))

))
⊃ T(a,b)M1 × M2.

Case (3) is divided into two cases:
(3-1) {2} ∈ Iv(g), i.e., (a,b) ∈ S ′(2),
(3-2) {2} 6∈ Iv(g), i.e., (a,b) ∈ V (f)′.
In case (3-1), by using Theorem 4, we can show that there exist vectors

vg,1(t) = (g1,1, g1,2, 0, 0)tr + (higher terms),

vg,2(t) = (g2,1, g2,2, 0, 0)tr
′
+ (higher terms)

such that rank
(

g1,1 g1,2

g2,1 g2,2

)
= 2 and limt→0 T(f1(x(t)),f2(y(t)))g

−1
(
g(f1(x(t)), f2(y(t)))

)
is orthog-

onal to (g1,1, g1,2, 0, 0) and (g2,1, g2,2, 0, 0). Since f1 satisfies the af -condition with respect to S1,
there exist vectors

vf1,1(t) = a1t
s + (higher terms), vf1,2(t) = a2t

s + (higher terms)

such that
lim
t→0

Tx(t)f
−1
1

(
f1(x(t))

)
= a⊥

1 ∩ a⊥
2 ⊃ Tx(0)M1,
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where a⊥
j = {v ∈ Rn | (v,aj) = 0} for j = 1, 2. Up to scalar multiplications, we may assume

that vf1,1(t) and vf1,2(t) are equal to df11 and df12 respectively. Note that vg,1(t) and vg,2(t)
are linear combinations of dg1 and dg2 for t 6= 0. See the proof of [22, Theorem 20]. Since f is
the composition of g and (f1, f2), T(x(t),y(t))f

−1
(
f(x(t),y(t))

)
is orthogonal to

(
vg,1(t)
vg,2(t)

) 
vf1,1(t) 0 · · · 0
vf1,2(t) 0 · · · 0
0 · · · 0 df21(y(t))
0 · · · 0 df22(y(t))

 =
(

(g1,1a1 + g1,2a2, 0, . . . , 0)tr+s + (higher terms)
(g2,1a1 + g2,2a2, 0, . . . , 0)tr

′+s + (higher terms)

)
.

Thus limt→0 T(x(t),y(t))f
−1

(
f(x(t),y(t))

)
is orthogonal to the following vectors:

(g1,1a1 + g1,2a2, 0, . . . , 0), (g2,1a1 + g2,2a2, 0, . . . , 0).

Since rank
(

g1,1 g1,2

g2,1 g2,2

)
= 2, v ∈ Rn is orthogonal to a1 and a2 if and only if v is orthogonal to

g1,1a1 + g1,2a2 and g2,1a1 + g2,2a2. Thus we have the following inclusion relation:

lim
t→0

T(x(t),y(t))f
−1

(
f(x(t),y(t))

)
⊃ lim

t→0
Tx(t)f

−1
1

(
f1(x(t)

)
× Ty(t)(U2(ε, δ′) \ V (f2))

⊃ TaM1 × Tb(U2(ε, δ′) \ V (f2)).

Thus f satisfies the af -condition with respect to S ′(2). If {2} 6∈ Iv(g), by using the same
argument as in the proof of Lemma 1, the rank of Jf(a,b) is equal to 2. Thus (a,b) is a regular
point of f . Case (4) follows from case (3) by interchanging the variables z1 and z2. ¤

Example 1. Consider g(z, z̄) = (d1 + c1

√
−1)z1|z2|2. Put w = (c1 + d1

√
−1, z2) ∈ C2, where

c1 + d1

√
−1 6= 0. Then the normalized gradient of <g is given by

1√
c2
1 + d2

1

(d1,−c1, 0, 0).

When z2 → 0, we have

limz2→0 Twg−1(g(w)) ⊂ limz2→0 Tw(<g)−1(<g(w)) 6⊃ C × {0}.
Hence g does not satisfy the af -condition with respect to Scan [22]. Let f1 : (Rn,0n) → (R2,02)
and f2 : (Rm,0m) → (R2,02) be real analytic map germs of independent variables, where n, m ≥
2. Assume that f1 and f2 satisfy the conditions (a-i) and (a-ii). In this case, G1(w)Jf1(x) 6= O,
where x ∈ f−1

1 (c1 + d1

√
−1). Set y ∈ f−1

2 (z2). Then we have

limz2→0 T(x,y)f
−1(f(x,y)) 6⊃ Tx(U1(ε, δ) \ V (f1)) × TyS2.

Thus f = g ◦ (f1, f2) does not satisfy the af -condition with respect to Sf .
We next consider ga(z, z̄) = z1z

a
2 z̄2 for a ≥ 2. Then ga is a strongly non-degenerate mixed

polynomial which is locally tame along vanishing coordinate subspaces. By Theorem 2, fa =
ga ◦ (f1, f2) satisfies the af -condition with respect to Sfa .

Lemma 2. Let f be as in Theorem 2. The real analytic map germ f is locally surjective on
V (f) near the origin and the codimension of V (f) is equal to 2.

Proof. Since f1 and f2 satisfy the condition (a-i) and g admits the Milnor fibration, f is locally
surjective on S1 × S2. Let (x,y) be a point of S ′. By using the condition (a-i) and the Milnor
fibrations of f1, f2 and g, we can show the existence of a neighborhood W(x,y) of (x,y) such that
02 is an interior point of f(W(x,y)).

Since V (f)′ is the set of regular points of f , f is locally surjective on V (f)′ and the codimension
of V (f) is equal to 2. ¤
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By Theorem 2, Lemma 2 and the Ehresmann fibration theorem [32], we can show the following
corollary.

Corollary 1. There exists a positive real number ε0 such that for any 0 < ε ≤ ε0, there exists
a positive real number δ(ε) such that

f |Bn+m
ε ∩f−1(D2

δ\{02}) : Bn+m
ε ∩ f−1(D2

δ \ {02}) → D2
δ \ {02}

is a locally trivial fibration for 0 < δ ≤ δ(ε). The isomorphism class of this fibration does not
depend on the choice of ε and δ.

4. Homeomorphisms of Milnor fibers of mixed polynomials of 2 complex
variables

Let g =
∑

ν,µ cν,µzν z̄µ be a strongly non-degenerate mixed polynomial of 2 complex variables
which is locally tame along vanishing coordinate subspaces. Put V = g−1(0). Let π̂1 : X1 → C2

be an ordinary blowing–up and Ê be the exceptional divisor of π̂1. We denote the strict transform
of V by V̂ . Put Ê(V̂ ) = Ê ∩ V̂ ⊂ CP1. Let (u0, v0) and (u1, v1) be the local coordinates of X1

which satisfy (
z1

z2

)
=

(
u0

u0v0

)
=

(
u1v1

v1

)
.

Take a point [a : b] ∈ Ê. By using the local coordinates of X1, we have

[a : b] =

{
[1 : v0] ([a : b] 6= [0 : 1]),
[u1 : 1] ([a : b] 6= [1 : 0]).

Let q : CP1 → RP1 be the map defined by q([a : b]) = [|a| : |b|]. We identify RP1 \ {[0 : 1]}
with R and we assume that
(A) there exist positive real numbers r1 and r2 such that r1 < r2 and [r1, r2] ⊂ RP1 \ ({[0 :

1]} ∪ q(Ê(V̂ ))).

Example 2. Let p1, p2, q1 and q2 be integers such that gcd(p1, p2) = gcd(q1, q2) = 1. We define
the S1-action and the R∗-action on C2 as follows:

s ◦ z = (sp1z1, s
p2z2), r ◦ z = (rq1z1, r

q2z2), s ∈ S1, r ∈ R∗.

If there exists a positive integer dp such that g(z, z̄) satisfies

g(sp1z1, s
p2z2, s̄

p1 z̄1, s̄
p2 z̄2) = sdpg(z, z̄), s ∈ S1,

then we say that g(z, z̄) is a polar weighted homogeneous polynomial. Similarly g(z, z̄) is called
a radial weighted homogeneous polynomial if there exists a positive integer dr such that

g(rq1z1, r
q2z2, r

q1 z̄1, r
q2 z̄2) = rdrg(z, z̄), r ∈ R∗.

Polar and radial weighted homogeneous mixed polynomials admit global Milnor fibrations. See
[24, 4, 19, 20].

We show that polar and radial weighted homogeneous polynomials satisfy the above assump-
tion (A). Since g is a polar and radial weighted homogeneous polynomial, V is an invariant set
for the S1-action and the R∗-action. Let C be a connected component of V \ {(0, 0)}. Note that
dimR V = 2. Then there exist complex numbers α1 and α2 such that

C = {(α1r
q1sp1 , α2r

q2sp2) ∈ C2 | s ∈ S1, r > 0}.

Assume that α1 6= 0. Let (u0, v0) be the local coordinates of X1 which satisfy

z1 = u0, z2 = u0v0.
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Then the strict transform Ĉ of C is given by{(
u0 = α1r

q1sp1 , v0 =
α2

α1
rq2−q1sp2−p1

)
| s ∈ S1, r ≥ 0

}
.

If q1 is greater than q2 and α2 6= 0, Ê ∩ Ĉ is equal to [0 : 1]. Since the number of connected
components of V \{(0, 0)} is finite, Ê(V̂ ) is a finite set. Thus Ê(V̂ ) satisfies the assumption (A).

Set r0 = r1+r2
2 and D2

υ × D2
r0υ = {(z1, z2) ∈ C2 | |z1| ≤ υ, |z2| ≤ r0υ} for 0 < υ ¿ 1. By the

assumption (A), there exists a positive real number δ̂1 such that

V ∩ (∂D2
υ × ∂D2

r0υ) = ∅

for υ ≤ δ̂1. Take positive real numbers δ̂0, δ̂2 and δ such that D4
δ̂0

, D4
δ̂2

are Milnor balls of g and

D4
δ̂0

⊂ D2
δ × D2

r0δ ⊂ D4
δ̂2

⊂ D2
δ̂1
× D2

r0δ̂1
.

Then we can choose small positive real numbers δ̃1 and δ̃2 such that δ̃1 < δ̃2
2 ¿ δ and

g−1(δ̃k) ∩ (∂D2
υ × ∂D2

r0υ) = ∅

for k = 1, 2 and υ ≤ δ̂1. By [20, Lemma 28] and [22, Lemma 7], there exists a positive real
number η0 such that g−1(η) is transversal to ∂D4

γ for any η 6= 0 with |η| ≤ η0 and δ̂0 ≤ γ ≤ δ̂2.

Assertion 1. There exists a positive real number η′0 such that the fiber g−1(η) is transversal to
∂(D2

υ × D2
r0υ) for any η 6= 0, |η| ≤ η′0 and δ ≤ υ ≤ δ̂1.

Proof. Assume that {2} 6∈ Iv(g). Since g is a locally tame mixed polynomial, by Theorem 4, the
singular locus Σ(V ) of V is {(0, 0)} or {z2 = 0}. Since g satisfies the assumption (A), the origin
is an isolated singularity of V ∩{|z1| ≤ |z2|/r0}. Note that the function |z1|2 : V \Σ(V ) → R has
only finitely many critical values. By using the same argument as in the proof of [14, Corollary
2.9], V and {|z1| = υ} intersect transversely and V ∩ {|z1| ≤ |z2|/r0} is compact. Thus we can
show the existence of η′0 such that g−1(η) and {|z1| = υ} intersect transversely for η 6= 0 with
|η| ≤ η′0.

If {2} ∈ Iv(g), we assume that the assertion does not hold for ∂D2
υ ×D2

r0υ. By [22, Lemma 2]
and Curve Selection Lemma, we can find a real analytic curve z(t) = (z1(t), z2(t)) and a complex–
valued function α(t) such that

• g(z(0)) = 0 and g(z(t)) 6= 0 for t 6= 0,
• z1(t) = α(t) ∂g

∂z1
(z(t)) + α(t) ∂g

∂z̄1
(z(t)) for t ≥ 0.

Put
zj(t) = cjt

pj + (higher terms), cj 6= 0 if zj(t) 6≡ 0,

α(t) = α0t
m′

+ (higher terms), α0 6= 0.

To prove the assertion, we may assume that z1(t) 6≡ 0, z2(t) 6≡ 0, p1 > 0 and p2 = 0. Since {2} ∈
Iv(g) and g is locally tame, g|z2=c2 is a strongly non-degenerate mixed function of variable z1

for |c2| ≤ r0δ̂1. By using c1 6= 0, c2 6= 0 and z1(t) = α(t) ∂g
∂z1

(z(t)) + α(t) ∂g
∂z̄1

(z(t)), we can show
that there exists a face ∆ of Γ(g; z, z̄) such that

0 = α0
∂g∆

∂z1
(c1, c2) + α0

∂g∆

∂z̄1
(c1, c2).

See the proof of [22, Lemma 7]. By the above equation and [19, Proposition 1], c1 is a singularity
of g∆|z2=c2 . This is a contradiction to the strong non-degeneracy of g|z2=c2 . We can apply the
same argument for the cylinder {|z2| = r0υ}. Thus there exists a positive real number η′0 such
that g−1(η) is transversal to ∂(D2

υ × D2
r0υ) for any η 6= 0 with |η| ≤ η′0 and δ ≤ υ ≤ δ̂1. ¤
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Proposition 1. Let g be a strongly non-degenerate mixed polynomial of 2 complex variables
which is locally tame along vanishing coordinate subspaces. Assume that Ê(V̂ ) satisfies the
assumption (A). Then

(
D2

δ×D2
r0δ, g

−1(δ̃1)∩(D2
δ×D2

r0δ)
)

is homeomorphic to (D4
δ̂2

, g−1(δ̃1)∩D4
δ̂2

).

Proof. We take δ̃2 such that 0 < δ̃2 < min{η0, η
′
0}. By Assertion 1, g−1(η) is transversal to

∂(D2
υ × D2

r0υ) for |η| ≤ δ̃2 and δ ≤ υ ≤ δ̂1. Thus there exists a vector field v(z) defined on
g−1(D2

δ̃2
) ∩ (D4

δ̂2
\ Int (D2

δ/2 × D2
r0δ/2)) such that g(h(t, z)) is constant, |h1(t, z)| and |h2(t, z)|

are monotone increasing, where h(t, z) = (h1(t, z), h2(t, z)) is the integral curve of v(z) with
h(0, z) = z. So we can define a homeomorphism from g−1(D2

δ̃2
)∩(D2

δ×D2
r0δ) onto g−1(D2

δ̃2
)∩D4

δ̂2

such that this homeomorphism is equal to the identity map on g−1(D2
δ̃2

) ∩ (D2
δ/2 × D2

r0δ/2).
Since g is strongly non-degenerate and locally tame along vanishing coordinate subspaces,

there exists a vector field v′(z) defined on D4
δ̂2
\g−1(D2

δ̃2/2
) such that |g(h′(t, z))| and |h′(t, z)| are

monotone increasing, where h′(t, z) is the integral curve of v′(z) with h′(0, z) = z. See [20, 22].
We take δ̃1 such that 0 < δ̃1 < δ̃2

2 ¿ δ. Then h(t, z) and h′(t, z) induce a homeomorphism from(
D2

δ × D2
r0δ, g

−1(δ̃1) ∩ (D2
δ × D2

r0δ)
)

onto (D4
δ̂2

, g−1(δ̃1) ∩ D4
δ̂2

). ¤

5. Proof of Theorem 3

Let g be a mixed polynomial of 2 complex variables which satisfies the assumptions in Sec-
tion 4. Let bg ⊂ D4

δ be a bouquet of circles with base point ∗. Assume that bg is a deformation
retract of the fiber of the stable tubular Milnor fibration of g and bg ∩ {z1z2 = 0} = ∅. Let
f1 : (Rn,0n) → (R2,02) and f2 : (Rm,0m) → (R2,02) be real analytic map germs of independent
variables as in Section 3. Set F̃1 = V (f1) × F2 and F̃2 = F1 × V (f2).

Take positive real numbers ε and ε1 such that ε < ε1 and ε and ε1 are common af -stable
radii for f1 and f2. Then there exist a positive real number η̃ ¿ ε and a vector field vj on
(Bnj

ε1 \ Int B
nj
ε ) ∩ {0 < |fj | ≤ η̃} such that

• (v1(x),x) < 0 and (v2(y),y) < 0,
• v1(x) is tangent to f−1

1 (f1(x)) and v2(y) is tangent to f−1
2 (f2(y))

for j = 1, 2. Choose positive real numbers δ̃, δ and δ1 as in Proposition 1, i.e.,
(
D2

δ×D2
r0δ, g

−1(δ̃)∩
(D2

δ × D2
r0δ)

)
is homeomorphic to (D4

δ1
, g−1(δ̃) ∩ D4

δ1
). We also assume that δ1 ¿ η̃. By using

v1 and v2, we have
(i) fj(B

nj

ε̂ ) ⊂ D2
δ1

and

fj : B
nj

ε̂ ∩ f−1
j (D2

η \ {02}) → D2
η \ {02}

is a locally trivial fibration for j = 1, 2, ε̂ = ε, ε1 and η = δ, δ1,
(ii)

(
D2

δ × D2
r0δ, g

−1(δ̃) ∩ (D2
δ × D2

r0δ)
)

is homeomorphic to (Milnor ball, g−1(δ̃)),
(iii) there exists a deformation retract

r̂j : (Bnj
ε1 \ Int B

nj
ε ) ∩ f−1

j (D2
δ ) → ∂B

nj
ε ∩ f−1

j (D2
δ )

such that r̂j |∂B
nj
ε ∩f−1

j (D2
δ )

= id and fj ◦ r̂j = fj .

We take δ̃ sufficiently small such that
• g−1(δ̃) is a Milnor fiber in D2

δ1
× D2

r0δ1
and D2

δ × D2
r0δ,

• g−1(δ̃) ∩ {z1z2 = 0} ∩ (D2
δ × D2

r0δ) = g−1(δ̃) ∩ {z1z2 = 0} ∩ D4
δ .

Lemma 3. Set Fε,δ̃ = f−1(δ̃) ∩ (Bn
ε × Bm

ε ). Then (f1, f2)−1(D2
δ × D2

r0δ) ∩ Fε,δ̃ is homotopy
equivalent to Fε,δ̃.
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Proof. Set g−1(δ̃)◦ = g−1(δ̃) ∩
(
(D2

δ1
× D2

r0δ1
) \ Int (D2

δ × D2
r0δ)

)
. Since the Milnor fibers of g

are transversal to small spheres, there exists a deformation retract Dt : g−1(δ̃)◦ → g−1(δ̃)◦ such
that D0 = id and Im D1 ∈ g−1(δ̃)∩ ∂

(
D2

δ ×D2
r0δ). By the local triviality of (f1, f2), there exists

a deformation retract

D̃t : (Bn
ε1

× Bm
ε1

) ∩ (f1, f2)−1(g−1(δ̃)◦) → (Bn
ε1

× Bm
ε1

) ∩ (f1, f2)−1(g−1(δ̃)◦)

such that D̃t is the lifting of Dt, D̃0 = id and Im D̃1 ∈ (f1, f2)−1(g−1(δ̃) ∩ ∂(D2
δ × D2

r0δ)).
Define r̃j : B

nj
ε1 ∩ f−1

j (D2
δ ) → B

nj
ε1 ∩ f−1

j (D2
δ ) by

r̃j =

{
r̂j , |x| ≥ ε,

id, |x| ≤ ε.

Then the composed map (r̃1×r̃2)◦D̃t defines a deformation retract of (f1, f2)−1(D2
δ×D2

r0δ)∩Fε,δ̃

in Fε,δ̃. ¤

We take 0 < ε′1 < ε and 0 < δ′1 < δ. Assume that (ε′1, δ
′
1) has the same properties as

(ε, δ) and δ̃ is sufficiently small. By using the above argument, we can show that the inclusion
(f1, f2)−1(D2

δ′1
×D2

r0δ′1
)∩Fε′1,δ̃ ⊂ (f1, f2)−1(D2

δ ×D2
r0δ)∩Fε,δ̃ is a deformation retract. So we can

show the following corollary.

Corollary 2. The inclusion Fε′1,δ̃ ⊂ Fε,δ̃ is a homotopy equivalence.

By Corollary 2, we have

Lemma 4. Let Ff be the Milnor fiber of f . Then Fε,δ̃ has the same homotopy type of Ff .

Proof. We choose sufficiently small positive real numbers ε1 > ε2 > ε3. Set Fεk,δ̃ = f−1(δ̃) ∩
(Bn

εk
× Bm

εk
) for k = 1, 2, 3. By Corollary 2, The inclusion Fεk+1,δ̃ ⊂ Fεk,δ̃ is a homotopy

equivalence for k = 1, 2. Since the fiber f−1(δ̃) intersects transversely with Sn+m
ε1

, Sn+m
ε2

and
Sn+m

ε3
, the inclusion f−1(δ̃)∩Bn+m

εk+1
⊂ f−1(δ̃)∩Bn+m

εk
is also a homotopy equivalence for k = 1, 2.

Thus the sequence

Fε1,δ̃ ⊃ f−1(δ̃) ∩ Bn+m
ε1

⊃ Fε2,δ̃ ⊃ f−1(δ̃) ∩ Bn+m
ε2

⊃ Fε3,δ̃

defines a homotopy equivalence Fε,δ̃ → Ff . See [13, Proposition 1.1] and [9, Lemma 7]. ¤

Proof of Theorem 3. Consider the following map

(f1, f2) : (f1, f2)−1(D2
δ × D2

r0δ) ∩ Fε,δ̃ → (D2
δ × D2

r0δ) ∩ g−1(δ̃).

This map is locally trivial over g−1(δ̃) \ {z1z2 = 0} with fiber F1 × F2.
Let D2

j be a small neighborhood of a point of g−1(δ̃) ∩ {z1z2 = 0} and γj be a path from bg

to D2
j for j = 1, . . . , l1 + l2. Assume that

bg ∩ γj = {∗}, D2
j ∩ γj = {a point} ⊂ ∂D2

j

and
D2

j ∩ D2
j′ = D2

j ∩ γj′ = ∅, γj ∩ γj′ = {∗}

for j = 1, . . . , l1 + l2 and j 6= j′. Since (f1, f2) is locally trivial over g−1(δ̃) \ {z1z2 = 0}, by
homotopy lifting property, Fε,δ̃ is homotopy equivalent to

(f1, f2)−1
(
bg ∪

(∪l1+l2
j=1 D2

j

)
∪

(∪l1+l2
j=1 γj

))
.
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See [29, p. 55]. Let (z1, z2) be a point of g−1(δ̃) ∩ {z1z2 = 0} ∩ D4
δ . Then (f1, f2)−1(z1, z2) is

homotopy equivalent to {
F̃1 (z1 = 0),
F̃2 (z2 = 0).

Thus Ff has the homotopy type of a space obtained from (f1, f2)−1(bg) by gluing to the fiber
(f1, f2)−1(∗) l1 copies of F̃1 and l2 copies of F̃2. ¤
Corollary 3. Let f = g ◦ (f1, f2) : (Rn × Rm,0n+m) → (R2,02) be the real analytic map germ
as in Theorem 3. Then the Euler characteristic of the Milnor fiber Ff of f is given by

χ(Ff ) = χ(Fg \ {z1z2 = 0})χ(F1)χ(F2) + l1χ(F2) + l2χ(F1).

Remark 1. Let g be a strongly non-degenerate mixed polynomial of 2 complex variables
which is locally tame along vanishing coordinate subspaces. Assume that g′ := g|z1=0 =∑

ν,µ cν,µzν
2 z̄µ

2 6≡ 0. Put g′` =
∑

ν+µ=` cν,µzν
2 z̄µ

2 . Then we can write

g′ = g′d + · · · + g′
d
,

g′d = cza
2 z̄b

2

∏s
j=1(z2 + δkz̄2)µk ,

where d = min{ν + µ | cν,µ 6= 0} and d = max{ν + µ | cν,µ 6= 0}. Suppose that all zeros of g′ are
regular points of g′ and |δk| < 1 for k = 1, . . . s. By [21, Theorem 20], the number of points of
g′−1(0) ∩ D2

δ is equal to a − b +
∑s

k=1 µk.

5.1. Spherical Milnor fibrations. Let Φ be a real analytic map germ which satisfies the
conditions (a-i) and (a-ii). We assume that Φ satisfies the following condition:
(a-iii) there exists a positive real number r′ such that

Φ/|Φ| : ∂BN
r \ KΦ → Sp−1

is a locally trivial fibration and this fibration is isomorphic to the tubular Milnor fibration
of Φ, where KΦ = ∂BN

r ∩ Φ−1(0) and 0 < r ≤ r′.
The fibration in (a-iii) is called the spherical Milnor fibration of Φ.

Corollary 4. Let f = g ◦ (f1, f2) : (Rn × Rm,0n+m) → (R2,02) be the real analytic map germ
as in Theorem 3. Assume that f1, f2 and f = g ◦ (f1, f2) satisfy the condition (a-iii). Let F j

be the fiber of the spherical Milnor fibration of fj for j = 1, 2. Then the fiber of the spherical
Milnor fibration of f is homotopy equivalent to the space obtained from (f1, f2)−1(bg) by gluing
to (f1, f2)−1(∗) l1 copies of F 1 and l2 copies of F 2, where l1 is the number of points of {(0, z2) ∈
D4

δ ∩ g−1(δ̃)} and l2 is the number of points of {(z1, 0) ∈ D4
δ ∩ g−1(δ̃)} for 0 < δ̃ ¿ δ ¿ 1.

Proof. By Theorem 3 and the condition (a-iii), the fiber of the spherical Milnor fibration of f is
homotopy equivalent to a space obtained from (f1, f2)−1(bg) by gluing to (f1, f2)−1(∗) l1 copies
of F̃1 and l2 copies of F̃2. Since Fj is diffeomorphic to F j , F̃1 and F̃2 are homotopy equivalent
to F 1 and F 2 respectively. This completes the proof. ¤

6. Zeta functions of monodromies of Milnor fibrations

We assume that a real analytic map germ Φ : (R2n,02n) → (R2,02) satisfies the conditions
(a-i) and (a-ii). Let FΦ be the fiber of the Milnor fibration of Φ. Set Pj(λ) = det(Id − λh∗,j),
where h∗,j : Hj(FΦ, C) → Hj(FΦ, C) is an isomorphism induced by the monodromy of Φ for
j ≥ 0. Then the zeta function ζ(λ) of the monodromy is defined by

ζ(λ) =
∏2n−2

j=0 Pj(λ)(−1)j+1
.

See [14, Section 9] and [18, Chapter I].
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In this section, we study the zeta function of the monodromy of f , where f = g ◦ (f1, f2) is a
real analytic map germ as in Theorem 3. Let g be a strongly non-degenerate mixed polynomial
of 2 complex variables which is locally tame along vanishing coordinate subspaces. We denote
D = {(z1, z2) | z1z2 = 0} ⊂ D2

δ × D2
r0δ. Take sufficiently small positive real numbers δ and δ̃

such that and δ̃ ¿ δ. Consider the following pair of maps

g : (D4
δ ∩ g−1(∂B2

δ̃
), D ∩ g−1(∂B2

δ̃
)) → ∂B2

δ̃
,

g/|g| : (S3
δ \ g−1(0), (S3

δ ∩ D) \ g−1(0)) → S1,

where S3
δ = {(z1, z2) ∈ C2 | ‖(z1, z2)‖ = δ}. In [22, Theorem 10], Oka showed that the spherical

and the tubular Milnor fibrations of g are fiber homotopy equivalent. Since g satisfies the af -
condition and δ̃ is sufficiently small, the fibers of two maps intersect transversely with S3

δ and
D. So the above maps are locally trivial fibrations. Moreover the fibrations are fiber homotopy
equivalent.

Let ∗ be a point of Fg \ D, where Fg is the Milnor fiber of the spherical Milnor fibration
g/|g| : S3

δ \ g−1(0) → S1. By using the above fibrations, we have the exact sequence of groups:

1 → π1(Fg \ D, ∗) i∗−→ π1(S3
δ \ (g−1(0) ∪ D), ∗) (g/|g|)∗−−−−→ Z → 1,

where i is the inclusion Fg \ D ↪→ S3
δ \ (g−1(0) ∪ D). Consider

Aq = Hq(F1 × F2, C), G = π1(S3
δ \ (g−1(0) ∪ D), ∗), H = π1(Fg \ D, ∗)

for q ≥ 0. Since the restricted map (f1 × f2) : (Bn
ε × Bm

ε ) ∩ (f1 × f2)−1(D4
δ \ D) → D4

δ \ D is a
locally trivial fibration, we have a monodromy representation

ρ : π1(D4
δ \ D) = π1(S3

δ \ D) = Z2 → Aut(Aq).

The generators of Z2 are chosen such that (1, 0) and (0, 1) are meridians of the link components
{z1 = 0} and {z2 = 0} respectively. By the inclusion S3

δ \ (g−1(0) ∪ D) ↪→ S3
δ \ D, Aq becomes

a G-module, and by i∗ an H-module. Set

Der(H,Aq) = {d : H → Aq | d(h1h2) = d(h1) + h1d(h2) for all h1, h2 ∈ H},
H0(H,Aq) = (Aq)H , H1(H,Aq) = Der(H,Aq)/Im δ,

where δ : Aq → Der(H,Aq) is defined by δ(a)(k) = ρ(k)(a) − a for a ∈ Aq and k ∈ H. Let
h ∈ G be an element such that (g/|g|)∗(h) = 1. The automorphism ch : H → H is defined
by ch(k) = h−1kh for k ∈ H. Then the maps ρ(h) : Aq → Aq and ch : H → H induce an
automorphism of the exact sequence of C-vector spaces:

0 → H0(H,Aq) → Aq δ−→ Der(H,Aq) → H1(H,Aq) → 0yh∗
0

yρ(h)
yhDer

yh∗
1

0 → H0(H,Aq) → Aq δ−→ Der(H,Aq) → H1(H,Aq) → 0.

Note that hDer(d)(k) = ρ(h)(d(ch(k))) for d ∈ Der(H,Aq) and k ∈ H. So hDer, h
∗
0 and h∗

1 are
the automorphisms induced by ρ(h) and ch. See [15, p. 72] and [16, p. 11].

Set ∆h(λ) = det(1−λρ(h)) and ∆Der(λ) = det(1−λhDer). Then by the above exact sequence,
hDer is determined by ρ(h) and ch. So we define

(ζg,D(λ))(−1)q

q = det(1 − λh∗
0)/det(1 − λh∗

1)

= ∆h(λ)/∆Der(λ).

The automorphisms h∗
0 and h∗

1 do not depend on the choice of h. See [28, p. 116]. Thus (ζg,D)q

is well-defined.
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Note that H is a free group. Let b1, . . . , bµ(g,D) be generators of H. By using the map

Der(H,Aq) → (Aq)µ(g,D), δ 7→ (δ(b1), . . . , δ(bµ(g,D))),

Der(H,Aq) can be identified with (Aq)µ(g,D).
Let ĩ∗ : Z[H] → Z[G] be the homomorphism induced by i∗ and ρ̃ : Z[G] → Z[AutAq] be the

homomorphism induced by ρ. The homomorphism of rings s : Z[AutAq] → EndCAq is defined
by

s(
∑

i ci[ai
jk]) = [

∑
i cia

i
jk]jk.

Let ∂
∂bj

: Z[H] → Z[H] be the derivation determined by ∂bi
∂bj

= δij for 1 ≤ i, j ≤ µ(g,D). We
denote ch(bi) by wi. Note that hDer is determined by ρ(h) and ch. By using the derivation rule,
we have

[hDer] =
[
s ◦ ρ̃

(
h · ĩ∗

(∂wi

∂bj

))]
ij

.

See [15, p. 73]. We set Kj = S3
δ ∩ {zj = 0} for j = 1, 2. Consider the multilink

(S3
δ , S3

δ ∩ g−1(0)) = (S3
δ ,m1K1 ∪ m2K2 ∪ m3K3 ∪ · · · ∪ mrKr),

where Kj is an oriented knot and mj ∈ Z for 1 ≤ j ≤ r. Note that mj = 0 if and only
if g|zj=0 6≡ 0 for j = 1, 2. Since g is strongly non-degenerate, |mj | = 1 for j ≥ 3. Put
L = (S3

δ ,K1 ∪K2 ∪K3 ∪ · · · ∪Kr). Then (ζh,D)q can be calculated by the Alexander polynomial
of L [15]. We follow the arguments in [15, p. 88–93] and [16, p. 10–11]. The following assertions
are similar to those in [16].

Theorem 5. Let f1, f2 and g be real analytic map germs in Theorem 3. Let Hj,k : Hk(Fj , C) →
Hk(Fj , C) be the monodromy matrix induced by the monodromy of fj for j = 1, 2 and k ≥ 0.
Set Eq,1 =

⊕
i+j=q(H1,i) ⊗ (I2)j and Eq,2 =

⊕
i+j=q(I1)i ⊗ (H2,j), where (Il)k : Hk(Fl, C) →

Hk(Fl, C) is the identity matrix for l = 1, 2 and k ≥ 0. Then up to multiplication by monomi-
als ±λu, the zeta function of f = g(f1, f2) is determined by

ζf (λ) = ζf1(λ
l2)ζf2(λ

l1)
∏

q det∆L(λm1Eq,1, λ
m2Eq,2, λ

m3I, . . . , λmrI)(−1)q
,

where ∆L(λ1, . . . , λr) is the Alexander polynomial of L. If lj = 0, then set ζf(j+1) mod 2
(λlj ) = 1

for j = 1, 2.

Remark 2. Let Lj be the link obtained form L by reversing the orientation of Kj . Then the
two Alexander polynomials satisfy

∆L(λ1, . . . , λr) = ελu′
j ∆Lj (λ1, . . . , λ

−1
j , . . . λr),

where ε = ±1 and u′ ∈ Z. We denote the link Kj with the reversed orientation by −Kj . Then
the associated multiplicity of −Kj is −mj . Thus up to multiplication by monomials, we have

det∆L(λm1Eq,1, λ
m2Eq,2, λ

m3I, . . . , λmjI, . . . λmrI)

= det∆Lj (λ
m1Eq,1, λ

m2Eq,2, λ
m3I, . . . , λ−mjI, . . . , λmrI)

for any q ≥ 0.

Example 3. Set g = z1z2
∏k

j=1(z
p1
1 + αjz

p2
2 )

∏k+`
j=k+1 (zp1

1 + αjz
p2
2 ). Assume that αj 6= αj′ for

j 6= j′ and 1 ≤ j, j′ ≤ k + `. Then g is a strongly non-degenerate mixed polynomial of 2 complex
variables which is locally tame along vanishing coordinate subspaces. By [5], the Alexander
polynomial ∆L(λ1, . . . , λk+`+2) is equal to (λp2

1 λp1
2 λp1p2

3 · · ·λp1p2

k+`+2 − 1)k+`. Therefore the zeta
function of the monodromy of f is given by

ζf (λ) =
∏

q det∆L(λm1Eq,1, λ
m2Eq,2, λ

m3I, . . . , λmk+`+2I)(−1)q

=
∏

i,j det(λp1+p2+p1p2(k−`)(H1,i)p2 ⊗ (H2,j)p1 − I)(−1)i+j(k+`).
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Example 4. Set f1 : R3 → R2, f(x1, x2, x3) = (x3(x2
1+x2

2+x2
3), x2−x3

1), f2 : C → C, f2(w) = w2

and g : C2 → C, g(z1, z2) = z2
1 + z3

2 . Let f : R3×C → R2 be the real analytic map germ which is
defined by f(x1, x2, x3, w) = g(f1, f2)(x1, x2, x3, w). By [2], f1 has an isolated singularity at the
origin. Hence f also satisfies the conditions (a-i) and (a-ii). Note that ζf1(λ) = 1

λ−1 , ζf2(λ) =
1

λ2−1
and det∆L(λ1, λ2, λ3) = λ3

1λ
2
2λ

6
3 − 1. By Theorem 5, ζf (λ) is equal to

1
(λ2 − 1)(λ6 − 1)

det
(

λ6 − 1 0
0 λ6 − 1

)
=

λ6 − 1
λ2 − 1

= λ4 + λ2 + 1.
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