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Abstract. In this paper, we show that for a given finitely presented
group G, there exist integers hG ≥ 0 and nG ≥ 4 such that for all
h ≥ hG and n ≥ nG, and for all 0 ≤ i ≤ 2n − 2, there exists a genus-
(2h + n − 1) Lefschetz fibration on a minimal symplectic 4-manifold
with (χ, c21) = (n, i) whose fundamental group is isomorphic to G. We
also prove that such a fibration cannot be decomposed as a fiber sum for
1 ≤ i ≤ 2n−2 if h > (5n−3)/2. In addition, we give a relation among the
genus of the base space of a ruled surface admitting a Lefschetz fibration,
the number of blow-ups and the genus of the Lefschetz fibration.

1. Introduction

Briefly speaking, a genus-g Lefschetz fibration is a smooth fibration of
a 4-manifold over S2 with regular fiber diffeomorphic to a closed orientable
surface of genus g, which may admit certain singular fibers. In 4-dimensional
topology, Lefschetz fibrations are fundamental and important objects to
study. From the result of [20], after some blow-ups, any closed symplectic
4-manifolds admit Lefschetz fibrations. Conversely, it was shown in [29] that
a 4-manifold admitting a Lefschetz fibration has a symplectic structure if
the fibers are nontrivial in homology. This is a generalization of an earlier
work of Thurston in [55] (more details can be found in [44, 29]).

In this paper, we study the geography of minimal symplectic 4-manifolds
admitting Lefschetz fibrations (see Section 1.1) and discuss the indecompos-
ability of the Lefschetz fibrations (see Section 1.2). Moreover, we investigate
Lefschetz fibrations on blow-ups of ruled surfaces (see Section 1.3).

More precise definitions of the terms in this introduction and statements
of the main results will be given in Section 2.

1.1. Lefschetz fibrations violating the Noether inequality. Let σ(X)
and e(X) be the signature and the Euler characteristic of a closed oriented
smooth 4-manifold X, respectively, and we set χ(X) := (σ(X) + e(X))/4
(the holomorphic Euler characteristic) and c21(X) = 3σ(X) + 2e(X) (the
first Chern number). Note that χ(X) ∈ Z if X is a complex surface or a
symplectic 4-manifold. The geography problem for complex surfaces (resp.
symplectic 4-manifolds) is the characterization of pairs (χ, c21) corresponding
to minimal complex surfaces (resp. minimal symplectic 4-manifolds).
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It is well-known that every minimal complex surface of general type satis-
fies χ > 0, c21 > 0 and 2χ−6 ≤ c21 ≤ 9χ (see, for example [13]). The last two
inequalities are called the Noether inequality and the Bogomolov–Miyaoka–
Yau inequality, respectively.

By using a result of Taubes [54], Liu [42] showed that every minimal sym-
plectic 4-manifold with b+2 > 1 satisfies c21 ≥ 0. It remains open whether any
minimal symplectic 4-manifold with c21 ≥ 0 satisfies χ ≥ 0 (more strongly,
e ≥ 0 since c21 + e = 12χ) and the Bogomolov–Miyaoka–Yau inequality. On
the other hand, Fintushel and Stern [26] showed that for n − 1 ≥ 3, there
exists a genus-(n − 1) Lefschetz fibration over S2 whose total space is a
simply connected, minimal symplectic 4-manifold with (χ, c21) = (n, n − 3).
Since this pair, (χ, c21) = (n, n − 3), satisfies c21 = χ − 3, this symplectic
4-manifold violates the Noether inequality. Moreover, Gompf and Stipsicz
gave a simply connected minimal symplectic 4-manifold with x = χ and
y = c21 for most pairs (x, y) satisfying y < 2x − 6 (see [29]). Although the
examples in [29] admit Lefschetz pencil structures, it is not clear from the
construction that they admit Lefschetz fibration structures. Furthermore,
it is not clear if more recent exotic symplectic 4-manifolds constructed via
symplectic connected sums, knot surgeries and Luttinger surgeries [1, 7, 8]
admit Lefschetz fibration structures. For more about results concerning the
geography of symplectic 4-manifolds, see for example [29].

In this paper, we give a generalization of the result of [26] to (χ, c21) = (n, i)
for n − 1 ≥ 3 and 0 ≤ i ≤ 2n − 1 (Theorem A in Section 2.3). Moreover,
we generalize Theorem A to Lefschetz fibrations with arbitrary fundamental
groups. More precisely, for a given finitely presented group G, there exist
integers hG ≥ 0 and nG ≥ 4 such that for all h ≥ hG and n ≥ nG, and
for 0 ≤ i ≤ 2n − 2, there exists a genus-(2h + n − 1) Lefschetz fibration
on a minimal symplectic 4-manifold with (χ, c21) = (n, i) whose fundamental
group is isomorphic to G (see Theorem B in Section 2.3). This result is also
a generalization of a result of the first author and Ozbagci [6].

By the Enriques-Kodaira classification of complex surfaces (see, for ex-
ample, [13]), we see that there exists no minimal complex surface with
0 < c21 < 2χ − 6. Hence, the manifolds in Theorems A and B violat-
ing the Noether inequality cannot admit any complex structure with either
orientation. As a corollary, we obtain nonholomorphic genus-g Lefschetz fi-
brations for g ≥ 3 (see Corollary 2 in Section 2.3). On the other hand, every
genus-2 Lefschetz fibration satisfies the Noether inequality (see Section 8).
Nakamura [46] studied the geography of genus-2 Lefschetz fibrations.

1.2. Indecomposable Lefschetz fibrations with minimal total spaces.
The fiber sum is one of the most important and natural operations to con-
struct new genus-g Lefschetz fibrations obtained by “summing” given genus-
g Lefschetz fibrations. It was shown by Stipsicz [52], and independently
by Smith [50], that every Lefschetz fibration over S2 with a (−1)-section
is indecomposable with respect to fiber sum. Note that the total spaces
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of Lefschetz fibrations with a (−1)-section are nonminimal. Based on the
above-mentioned result of [52], Stipsicz conjectured that if a Lefschetz fi-
bration is decomposable, then its total space is minimal. This was proved
by Usher [56] (see also [48, 14]). On the other hand, it was shown in [4]
that the converse of the above-mentioned Stipsicz’s conjecture for genus-2
Lefschetz fibrations is false. We generalize this result (see Theorem C, Corol-
laries 3 and 4 in Section 2.3). More precisely, the fibrations in Theorem B
are indecomposable under the condition h > (5n− 3)/2 (see Theorem C in
Section 2.3).

We would like to emphasize that as far as the authors know, the mon-
odromies of all known indecomposable Lefschetz fibrations with minimal
total spaces have not been known and there have been no explicit examples
for fiber genus g ≥ 3. In this paper, we give such examples for fiber genus
g ≥ 21 (see Corollary 3 in Section 2.3) and the monodromies of the fibrations
in Theorem C.

To the best of our knowledge, all known explicit examples of indecompos-
able Lefschetz fibrations with minimal total spaces are constructed by Xiao
[57], and the fiber genera of all the fibrations are two. Note that their total
spaces are not simply connected (see Proposition 43 in Section 8). From
Theorems B and C, we obtain indecomposable genus-g Lefschetz fibrations
with minimal and simply connected total spaces for g ≥ 21 (see Corollary 3
in Section 2.3).

As far as the authors know, up to isomorphism, there have been con-
structed only finitely many examples of indecomposable genus-g Lefschetz
fibrations whose total spaces are minimal for g = 2, and there have been no
such examples for g ≥ 3. We give infinitely many isomorphism classes of such
genus-g Lefschetz fibrations for each g ≥ 28 (see Corollary 4 in Section 2.3).
It was conjectured in [52] that if a Lefschetz fibration is indecomposable,
then it has a (−1)-section. However, there have been constructed some
indecomposable genus-g Lefschetz fibrations with nonminimal total spaces
and no (−1)-sections for each g ≥ 2 (g = 2 [49], g = 2, 3 [15] and g ≥ 2
[16]), but the number of such examples is finite up to isomorphism as far
as the authors know. On the other hand, from Corollary 4, there are infin-
itely many indecomposable genus-g Lefschetz fibrations with minimal total
spaces for each g ≥ 28.

1.3. Lefschetz fibrations on ruled surfaces. Ruled surfaces play an im-
portant role in the theory of Lefschetz fibrations. In fact, using (the mon-
odromies of) Lefschetz fibrations on blow-ups of ruled surfaces, many inter-
esting examples have been obtained (see, for example, [47, 37, 38, 36, 35, 3,
4]). In this paper, we give a relation among the genus of the base space of
a ruled surface admitting a Lefschetz fibration, the number of blow-ups and
the genus of the Lefschetz fibration (see Proposition 6 in Section 2.3). We
prove Theorem C using Proposition 6.
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2. Statements of the main results

In this section, we state the main results. For that, we review the basics
of 4-manifolds and Lefschetz fibrations. Throughout this paper, unless oth-
erwise stated, all manifolds are assumed to be oriented. Moreover, if we say
that two manifolds are diffeomorphic then we mean that they are orientation
preservingly diffeomorphic.

2.1. 4-manifolds. Let X be a closed, connected, oriented and smooth 4-
manifold. The symmetric bilinear form

QX : H2(X;Z)×H2(X;Z) → Z

defined by counting intersections with signs of oriented surfaces representing
homology classes of X is called the intersection form of X. We write b+2 (X)
(resp. b−2 (X)) for the number of positive (resp. negative) eigenvalues of the
intersection form QX after diagonalizing it over R. It is well-known that QX
is unimodular (i.e., detQX = ±1), and therefore we see that the second Betti
number b2(X) is b+2 (X)+b−2 (X). The signature σ(X) ofX is b+2 (X)−b−2 (X).
Note that the Euler characteristic of X is 2 − 2b1(X) + b+2 (X) + b−2 (X) by
the Poincáre duality, where b1(X) is the first Betti number of X.

A symplectic manifold is a 2n-manifold together with a symplectic form
ω, that is, ω is a differential 2-form that is closed and nondegenerate. We
say that a 4-manifold is a complex surface if it admits a C2-atlas with holo-
morphic transition functions.

The connected sum X♯CP2 is called the blow-up of X, where CP2 is the
complex projective plane CP2 with the opposite orientation. It is a well-
known fact that the blow-up of a symplectic 4-manifold (resp. complex
surface) is also a symplectic 4-manifold (resp. complex surface).

We say that X is smoothly minimal if it does not contain any smoothly
embedded spheres of self-intersection −1 (equivalently, it is not the con-
nected sum of another manifold with CP2). A 2-dimensional submanifold S
in a symplectic 4-manifold with a symplectic form ω is symplectic if ω|S is
a symplectic form on S. A symplectic 4-manifold (resp. complex surface) is
said to be minimal if it does not contain any smoothly embedded spheres
of self-intersection −1 which are symplectic (resp. complex) submanifolds
of the ambient manifold. From a basic fact proved using Taubes’ Seiberg–
Witten theory [54, 41, 39], a symplectic 4-manifold (resp. complex surface)
is minimal if and only if it is smoothly minimal.

A rational surface is a smooth 4-manifold diffeomorphic to S2 × S2 or
CP2♯mCP2 with m ≥ 0. A ruled surface over a Riemann surface Σh of
genus h ≥ 0 is a smooth orientable S2-bundle over Σh. Note that up to
diffeomorphism, there are only two orientable S2-bundles over Σh. One is
the trivial bundle Σh × S2 and the other is the nontrivial bundle Σh×̃S2.
In particular, the nontrivial bundle S2×̃S2 is diffeomorphic to CP2♯CP2.
Moreover, (Σh × S2)♯CP2 and (Σh×̃S2)♯CP2 are diffeomorphic for h ≥ 0.
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2.2. Lefschetz fibrations. Let X be a closed, connected, oriented and
smooth 4-manifold. A smooth map f : X → S2 is called a genus-g Lefschetz
fibration if a regular fiber of f is diffeomorphic to Σg and for each critical
point p and its image f(p), there are complex local coordinate charts agreeing
with the orientations of X and S2 with respect to which f is of the form

f(z1, z2) = z1z2.

Throughout this paper, we assume that f is injective on the set C of crit-
ical points and relatively minimal, i.e., no fiber contains a sphere of self-
intersection −1.

For a genus-g Lefschetz fibration, any fiber containing a critical point
is called a singular fiber, which is obtained by collapsing a simple closed
curve, called the vanishing cycle, in a nearby regular fiber to the critical
point. We say that a singular fiber is separating (resp. nonseparating) if the
corresponding vanishing cycle is a separating (resp. nonseparating) curve on
the regular fiber. For a genus-g Lefschetz fibration X → S2 with m singular
fibers, we have the formula e(X) = 4 − 4g + m. We say that a genus-g
Lefschetz fibration X → S2 is trivial if it has no singular fibers, and in this
case, X is diffeomorphic to Σg × S2 for g ≥ 2.

Two Lefschetz fibrations f1 : X1 → S2 and f2 : X2 → S2 are said to be
isomorphic if there exist orientation preserving diffeomorphisms H : X1 →
X2 and h : S2 → S2 such that f2 ◦H = h ◦ f1. Note that if f1 is isomorphic
f2, then the number of singular fibers and the genus of a regular fiber of f1
are equal to those of f2.

For a Lefschetz fibration f : X → S2, a map s : S2 → X is called a (−k)-
section of f if f ◦ s = idS2 and the self-intersection number of the homology
class [s(S2)] in H2(X;Z) is equal to −k.

For i = 1, 2, let fi : Xi → S2 be two genus-g Lefschetz fibrations. We
remove a fibered neighborhood of a regular fiber Fi from each fibration and
glue the resulting 4-manifolds along their boundaries using a fiber-preserving
and orientation-reversing diffeomorphism ϕ : F1×S1 → F2×S1. The result
is a new genus-g Lefschetz fibration f on X := X1♯ϕX2 called the fiber sum
of f1 and f2. A Lefschetz fibration is called indecomposable if it cannot be
expressed as a fiber sum of nontrivial Lefschetz fibrations.

It is a well-known fact that the rational surface CP2♯9CP2 admits a non-
trivial genus-1 Lefschetz fibration. The elliptic surface E(n) is the n-fold
fiber sum of this fibration for n ≥ 1. Kas [32], and independently Moishe-
zon [45], showed that if a 4-manifold admits a nontrivial genus-1 Lefschetz
fibration, then it is diffeomorphic to E(n) for some n (see also [43]).

By Theorem 10.2.18 and Remark 10.2.22 in [29], we see that if a genus-g
Lefschetz fibration f : X → S2 is nontrivial, admits a section or satisfies
g ≥ 2, then X is a symplectic manifold and the fibers are symplectic sub-
manifolds.
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2.3. Main results. The first main result of the present paper is the follow-
ing.

Theorem A. Let n−1 ≥ 3. For 0 ≤ i ≤ 2n−1, there exists a genus-(n−1)
Lefschetz fibration fi : Xi → S2 such that

(a) Xi is minimal, χ(Xi) = n, c21(Xi) = i and π1(Xi) = 1,
(b) fi admits a (−2)-section.

To state Theorem B, we need to introduce the following notation.

Definition 1. For a finite set {x1, x2, . . . , xN}, let FN denote the free group
of rank N freely generated by {x1, x2, . . . , xN}. For w ∈ FN , we define ℓ(w),
called the syllable length of w, to be

ℓ(w) = min{s | w = xm1
i1
xm2
i2

· · ·xms
is
, 1 ≤ ij ≤ N, mj ∈ Z}.

Let G = ⟨x1, x2, . . . , xN | r1, r2, . . . , rk⟩ be a finitely presented group with
N generators and k relations. Define ℓk = max{ℓ(ri) | 1 ≤ i ≤ k}. If
k = 0, we define ℓ0 = 1 (ℓk depends on the presentation, and our definition
of ℓk differs from that of [38]). We always assume that the relators ri are
cyclically reduced, that is, none of its cyclic permutations contains subwords
of the form xνx

−1
ν or x−1

ν xν for ν = 1, 2, . . . , N .

Theorem B. Let G be a group with the presentation in Definition 1. Sup-
pose that two nonnegative integers n and h satisfy n−1 ≥ 3, 2n−8 ≥ k and
h ≥ N + ℓk − 1. Then, for any 0 ≤ i ≤ 2n− 2, there is a genus-(2h+n− 1)
Lefschetz fibration fG,i : Yi → S2 such that

(a) Yi is minimal, χ(Yi) = n, c21(Yi) = i and π1(Yi) ∼= G,
(b) fG,i admits a (−2)-section.

As a corollary to Theorems A and B, we obtain the following result.

Corollary 2. For 1 ≤ i ≤ 2n − 7, the Lefschetz fibrations fi and fG,i in
Theorems A and B are nonholomorphic, respectively.

We prove Theorems A and B and Corollary 2 in Section 5.2. The Lefschetz
fibrations in Theorems A and B are constructed by applying “lantern sub-
stitutions” (corresponding to the rational blowdown surgeries along spheres
of self-intersection −4) to the monodromy of the fiber sum of Lefschetz fi-
brations on rational or ruled surfaces. Some different examples of Lefschetz
fibrations via this approach are constructed in [9, 3, 5], which motivated us
to carry out this work.

The following is the third main result, whose proof is given in Section 3.

Theorem C. In the notation of Theorem B, we suppose that h > (5n−3)/2.
Then, for i = 1, 2, . . . , 2n− 2, fG,i is indecomposable.

From Theorems B and C, we obtain Corollaries 3 and 4, which are proved
in Section 5.2.
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Corollary 3. Let h ≥ 9 and n− 1 ≥ 3 (therefore 2h+ n− 1 ≥ 21). Then,
up to isomorphism, there are at least 2n − 2 genus-(2h + n − 1) Lefschetz
fibrations such that they are indecomposable and that the total spaces are
minimal and simply connected.

Corollary 4. For g ≥ 28, up to isomorphism, there are infinitely many
genus-g Lefschetz fibrations such that they are indecomposable and that the
total spaces are minimal.

Remark 5. Theorem A is a generalization of the result of [26] mentioned
in Section 1.1. The authors do not know whether Lefschetz fibrations in
Theorem A are indecomposable or not. On the other hand, the fibrations
given in [26], which are mentioned in the introduction, are decomposable.

Finally, we state the following proposition. The proof is given in Section 3.

Proposition 6. Let m,n and h be nonnegative integers satisfying h > n
(therefore h > 0). Then, Rh♯mCP2 admits a nontrivial genus-(2h + n − 1)
Lefschetz fibration over S2 if and only if m = 4n and m,n ̸= 0, where Rh is
a ruled surface over a Riemann surface Σh of genus h.

Remark 7. The condition h > n is sharp. In fact, if h ≤ n, then there
are examples of genus-(2h+ n− 1) Lefschetz fibrations on (Σh × S2)♯mCP2

for m ≠ 4n. For example, Xiao [57] gave a genus-2 Lefschetz fibration on
(Σ2 × S2)♯3CP2 (i.e., h = n = 1) whose monodromy was given in [17], and
Altunöz [10] constructed a genus-3k Lefschetz fibration on (Σk × S2)♯6CP2

(i.e., h = k ≤ n = 2k + 1). Counterexamples (to Proposition 6) in the case
h = 0 can be found in [2, 16].

Remark 8. The condition that a Lefschetz fibration is nontrivial is essential.
For example, T 2×S2 is obviously a (trivial) genus-1 Lefschetz fibration (i.e.,
1 = h > n = 0 and m = 0).

Proposition 6 is a generalization of the results in Section 4 of [53] and
Lemma 3.1 in [11]. Theorem C is proved using Proposition 6.

2.4. Outline of the paper. The outline of the paper is as follows. In
Section 3, we prove Proposition 6 and Theorem C. Section 4 presents pre-
liminaries for the proofs of Theorems A and B. In Section 5, the proofs of
Theorem A and Corollaries 2–4 are given. We also prove Theorem B, ex-
cept for the part of π1(Yi) ∼= G. The proof of Theorem B is completed in
Section 6. In Section 7, we prove Propositions 25 and 26 in Section 4.3. In
the last section, we make some remarks on genus-2 Lefschetz fibrations.

3. Proofs of Proposition 6 and Theorem C

It is well-known that there is a correspondence between certain words in
mapping class groups and Lefschetz fibrations, but we only use 4-manifold
theory in the proofs of Proposition 6 and Theorem C. For this reason, we
first prove Proposition 6 and Theorem C.
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Let Σh×̃S2 be the nontrivial S2-bundle over Σh. Since (Σh × S2)♯CP2 is
diffeomorphic to (Σh×̃S2)♯CP2, the proof of Proposition 6 is divided into two
cases: Case 1. Rh = Σh × S2 and m ≥ 0 (Lemma 9); Case 2. Rh = Σh×̃S2
and m = 0 (Lemma 11).

Lemma 9. Let m,n and h be nonnegative integers satisfying h > n (there-
fore h > 0). The 4-manifold (Σh × S2)♯mCP2 admits a nontrivial genus-
(2h+n− 1) Lefschetz fibration over S2 if and only if m = 4n and m,n ̸= 0.

Proof. The “if” part follows from the genus-(2h+ n− 1) Lefschetz fibration
on (Σh×S2)♯4nCP2 given in [27] (and its monodromy was given in [30, 58]).

We show the “only if” part. For a nontrivial genus-g Lefschetz fibration
X → S2, the inequality 4(b1(X)−g)+b−2 (X) ≤ 5b+2 (X) was given in Lemma

3.2 in [53]. This gives 4(2h − g) + m ≤ 4 for X = (Σh × S2)♯mCP2, and
therefore m ≤ 4n by g = 2h+ n− 1.

In the rest of the proof, we prove that m ≥ 4n, which is equivalent to
that the 4-manifold (Σh× S2)♯mCP2 does not admit any genus-(2h+n− 1)
Lefschetz fibrations for m < 4n.

Let m < 4n. We denote by F a regular fiber of a nontrivial genus-g
Lefschetz fibration on (Σh × S2)♯mCP2.

Suppose that m > 0, and let ei be the homology class in H2((Σh ×
S2)♯mCP2;Z) of a complex projective line CP1 of the i-th blow-up (i.e., in
the i-th CP2 summand), which satisfies ei · ei = −1, i = 1, 2, . . . ,m. The
composition of the blow-down π : (Σh×S2)♯mCP2 → Σh×S2 and the ruling
p : Σh × S2 → Σh gives a smooth map (p ◦ π)|F : F → Σh.

Let µ and ν be the homology classes of the trivial section and a fiber of
the ruling p, respectively. We orient the section and the fiber of p so that
µ · ν = 1 (and µ · µ = ν · ν = 0). After choosing an orientation on F , we
set [F ] = aµ + bν +

∑m
i=1 kiei in H2((Σh × S2)♯mCP2;Z) for some integers

a, b and ki. Then, the degree d of (p ◦ π)|F : F → Σh is equal to a. Here,
we consider a nonseparating singular fiber Fs. Note that the existence of
such a fiber is guaranteed from Theorem 1.3 in [51] (see also [40, 12]). Let
F s be the normalization of Fs, that is, F s is a Riemann surface obtained by
separating the two sheets which meet at the node of Fs. We denote by g(F s)
the genus of F s, and therefore g(F s) = g − 1. Since (p ◦ π)|F : F → Σh
and (p ◦ π)|Fs : Fs → Σh have the same degree by [F ] = [Fs] and the
degree of the normalization map q : F s → Fs is equal to 1, the composition
(p ◦π)|Fs ◦ q : F s → Σh has degree d. Therefore, by Kneser’s inequality [34],
we obtain

{2h+ (n− 1)− 1} − 1 = (g − 1)− 1 = g(F s)− 1 ≥ |d|(h− 1).

We note that h > 1, since if h = 1, then we obtain n ≥ 1, which contradicts
the assumption h > n. By the assumption h > n, we have 3(h − 1) >
|d|(h− 1), and therefore we conclude that |d| = |a| ≤ 2.

Since g = 2h+n−1 > 1 (from h > 1 and h > n ≥ 0), by Theorem 10.2.18
in [29], the Lefschetz fibration equips (Σh × S2)♯mCP2 with a symplectic
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form ω for which F is a symplectic submanifold (here, we orient F so that
ω|F > 0). Moreover, there exists a compatible almost complex structure
J for which F is a pseudo-holomorphic submanifold (or an embedded J-
holomorphic curve). See Section 10.1 in [29] for the definitions and Lemma
3.1 in [40] for the proof. Then, by the same argument as in the proof of
Lemma 4.2 in [40], we have ν ·[F ] = a ≥ 0. This can be proved directly using
Proposition 3.2 in [59] stating that for any compatible (or more generally,
tamed) almost complex structure J on Rh♯mCP2 with m ≥ 0, the homology
class ν of a fiber of the ruling Rh → Σh satisfies that ν · [C] ≥ 0 for any
embedded J-holomorphic curve C (or more generally, any J-holomorphic
subvariety C) in Rh♯mCP2 if h ≥ 1, where Rh is a ruled surface over Σh.

By [F ]2 = 0 (being a fiber of a Lefschetz fibration), we get 2ab−
∑m

i=1 k
2
i =

0. Since the symplectic structure on (Σh × S2)♯mCP2 is essentially unique
(up to diffeomorphism and symplectic deformation) [41], we can assume
that F is a symplectic submanifold with respect to the standard symplectic
structure, and hence, satisfies the adjunction formula. This gives

2g − 2 = K · [F ] + [F ]2

=

(
−2µ+ (2h− 2)ν +

m∑
i=1

ei

)
· (aµ+ bν +

m∑
i=1

kiei) + 0

= 2ah− 2a− 2b−
m∑
i=1

ki,

where K is the canonical class, which (together with 2ab =
∑m

i=1 k
2
i and

a ≥ 0) will provide the desired contradiction. If a = 0, then we have
ki = 0 as well, and consequently [F ] = bν. By tubing |b| disjoint copies
of a sphere representing ν, we see that [F ] is represented by an embedded
sphere. This contradicts that g > 0 and that F , which is a symplectic
surface, realizes the minimum genus in its homology class. In the case a = 1,
we get g+n−1 = −2b−

∑m
i=1 ki (since 2h+n−1 = g); using 2b =

∑m
i=1 k

2
i

this yields g+n−1− m
4 = −

∑m
i=1

(
ki +

1
2

)2
, providing a contradiction since

g > 0 and m < 4n. For a = 2, the resulting equality is 2n = −2b−
∑m

i=1 ki,

which (together with 4b =
∑m

i=1 k
2
i ) gives 0 < 4n −m = −

∑m
i=1 (ki + 1)2,

which provides another contradiction.
Suppose that m = 0, and hence, Σh × S2 admits a nontrivial genus-g

Lefschetz fibration. We set [F ] = aµ + bν. Then, by an argument similar
to the case m > 0, we obtain h > 1, 0 ≤ a ≤ 2, 2ab = 0 and 2g − 2 =
2ah− 2a− 2b. Since we have [F ] = bν if a = 0, an argument similar to the
case m > 0 shows that a ̸= 0, and hence b = 0. If a = 1, then we get g = h.
By g = 2h+n− 1 and the assumption that h > n ≥ 0, we obtain h = 1 and
n = 0, which contradicts h > 1. In the case a = 2, we get g = 2h− 1. Then,
applying an argument similar to the case m > 0, we have

g(F s)− 1 = (g − 1)− 1 = 2h− 3 ≥ |d|(h− 1) = |a|(h− 1) = 2(h− 1),
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which is impossible.
From the arguments above, we see that the 4-manifold (Σh × S2)♯mCP2

does not admit any genus-(2h+ n− 1) Lefschetz fibrations for m < 4n.
Finally, suppose that m = n = 0, and hence, Σh × S2 admits a nontrivial

genus-(2h−1) Lefschetz fibration. Then, by an argument similar to the case
m > 0, we have g(F s)−1 = 2h−3 ≥ |d|(h−1) = |a|(h−1), and hence h > 1
(by h > n = 0) and |a| ≤ 1. An argument similar to the case m > 0 again
shows 0 ≤ a (and therefore a = 0, 1), 2ab = 0 and 2g − 2 = 2ah − 2a − 2b.
Moreover, applying an argument similar to the case m = 0, we have a ̸= 0, 1,
a contradiction.

This proves the lemma. □

Remark 10. The “only if” part of the proof of Lemma 9 is based on that
of Lemma 4.4 in [53] and that of Proposition 4.4 in [40]. The argument of
[53] requires the assumption that Lefschetz fibrations admit a section. In
[14, 11], the proofs without requiring the assumption were given. The proof
of Lemma 9 also does not need the existence of a section.

Lemma 11. Let n and h be nonnegative integers satisfying h > n (therefore
h > 0). Then, the nontrivial S2-bundle Σh×̃S2 over Σh cannot admit a
nontrivial genus-(2h+ n− 1) Lefschetz fibration over S2.

Proof. Suppose that Σh×̃S2 admits a nontrivial genus-g Lefschetz fibration
over S2. We denote by [F ] the homology class of a regular fiber F of this
Lefschetz fibration. Let µ and ν be the homology classes of the section
with self-intersection number 1 and a fiber of the ruling p : Σh×̃S2 → Σh,
repsectively. We orient the section and the fiber of p so that µ ·ν(= µ ·µ) = 1
(and ν · ν = 0). After choosing an orientation on F , we set [F ] = aµ + bν
for some integers a and b. By an argument similar to the proof of Lemma 9,
we obtain 0 ≤ a ≤ 2. Since [F ]2 = 0, we get a2 + 2ab = a(a + 2b) = 0.
The Lefschetz fibration equips Σh×̃S2 with a symplectic form ω for which
F is a symplectic submanifold. We orient F so that ω|F > 0. Since the
symplectic structure on Σh×̃S2 is essentially unique (up to diffeomorphism
and symplectic deformation) [41], we can assume that F is a symplectic
submanifold with respect to the standard symplectic structure, and thus,
satisfies the adjunction formula. This gives

2g − 2 = K · [F ] + [F ]2

= (−2µ+ (2h− 1)ν) · (aµ+ bν) + 0

= 2ah− 3a− 2b,

where K is the canonical class, which (together with a(a + 2b) = 0) will
provide the desired contradiction. We see that a ̸= 0 by an argument similar
to the case of m < 4n and m ̸= 0 in the proof of Lemma 9. Therefore, we
have a = −2b. If a = 1, then we get 1 = −2b, a contradiction. In the case
of a = 2 (therefore b = −1), we have g = 2h− 1. By an argument similar to
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the case of m < 4n, m = 0 and a = 2 in the proof of Lemma 9, we obtain
a ≤ 1, a contradiction.

This finishes the proof. □
By Lemmas 9 and 11, we obtain Proposition 6.
The following lemma immediately follows from the definition of the fiber

sum operation and the Novikov additivity for the signature.

Lemma 12. Suppose that f : X → S2 is a fiber sum of two genus-g Lefschetz
fibrations f1 : X1 → S2 and f2 : X2 → S2. Then, e(X) = e(X1) + e(X2) +
4(g − 1) and σ(X) = σ(X1) + σ(X2). Therefore,

χ(X) = χ(X1) + χ(X2) + (g − 1), c21(X) = c21(X1) + c21(X2) + 8(g − 1).

Proposition 13. We set g = 2h+n−1, where h and n are positive integers
and n ≥ 2. Let f : X → S2 be a genus-g Lefschetz fibration with σ(X) =
−8n + i and e(X) = 12n − i for i = 1, 2, . . . , 2n − 2. If h > (5n − 3)/2
(therefore g > 1), then f is indecomposable for any i.

Proof. Let i = 1, 2, . . . , 2n − 2. Suppose that f : X → S2 is a fiber sum of
two nontrivial genus-g Lefschetz fibrations f1 : Z1 → S2 and f2 : Z2 → S2.
By the assumption and Lemma 12, we have

i = c21(X) = c21(Z1) + c21(Z2) + 8(g − 1).

Since every nontrivial genus-g Lefschetz fibration Y → S2 satisfies c21(Y ) ≥
4(1− g) (see Lemma 3.2 in [51]), we set c21(Zj) = ij + 4(1− g) for j = 1, 2,
where ij is a nonnegative integer. Therefore, we obtain i = i1 + i2. By
i ≤ 2n− 2 ≤ 2g− 2(= 2(2h+n− 1)− 2) and ij ≥ 0, we see that ij ≤ 2g− 2
for j = 1, 2, and hence

c21(Zj) = ij + 4(1− g) ≤ 2(1− g).

This gives that Z1 and Z2 are rational or ruled surfaces from Theorem 1
in [40]. Therefore, σ(Zj) ≤ 0, except in the case that Zj is diffeomorphic

to CP2. Since c21(W ) ≥ 0 for W = CP2,CP2♯CP2, S2 × S2 and g > 1, we
see that Zj is diffeomorphic to Rhj ♯njCP2 for j = 1, 2, where nj and hj are
nonnegative integers and Rhj is a ruled surface over Σhj .

By Zj ∼= Rhj ♯njCP2, we have e(Zj) = 4 − 4hj + nj and σ(Zj) = −nj .
Moreover, by 12n− i = e(X) = e(Z1)+ e(Z2)+ 4(g− 1), −8n+ i = σ(X) =
σ(Z1) + σ(Z2) and g = 2h + n − 1 (from the assumption and Lemma 12) ,
we get

n1 + n2 = 8n− i,

h1 + h2 = 2h = g − n+ 1.

For simplicity, suppose that h1 ≤ h2. Then, we have 2h = g − n + 1 =
h1+h2 ≤ 2h2, hence h ≤ h2 and g ≤ 2h2+n−1. Here, note that 2h2 ≤ g by
Proposition 4.4 in [40]. Therefore, we set g = 2h2+k− 1 for k = 1, 2, . . . , n,
and Z2(∼= Rh2♯n2CP2) admits a nontrivial genus-g Lefschetz fibration, where
g = 2h2+k−1. Since h2 ≥ h > (5n−3)/2 ≥ n by n ≥ 2, we have h2 > k by
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n ≥ k. Therefore, Proposition 6 gives n2 = 4k. By h1+h2 = 2h = g−n+1
and g = 2h2 + k− 1, we have g = 2h1 + (2n− k)− 1, and Z1(∼= Rh1♯n1CP2)
admits a nontrivial genus-g Lefschetz fibration, where g = 2h1+(2n−k)−1.
Here, by 2h2 ≤ g, h1 + h2 = 2h and g = 2h+ n− 1, we obtain

2h2 ≤ g = 2h+ n− 1 ⇐⇒ 2h1 + 2h2 ≤ 2h1 + 2h+ n− 1

⇐⇒ 4h ≤ 2h1 + 2h+ n− 1,

and therefore h − (n − 1)/2 ≤ h1. Moreover, using the assumption h >
(5n−3)/2, we get 2n−1 < h1, and therefore, 2n−k < h1 for k = 1, 2, . . . , n.
Therefore, we obtain n1 = 4(2n− k) by Proposition 6. From the argument
above, we have n1 + n2 = 4(2n− k) + 4k = 8n, which contradicts n1 + n2 =
8n− i.

This finishes the proof. □

We prove Theorem C.

Proof of Theorem C. Let h and n be positive integers, and let n ≥ 2. Using
χ(X) = (σ(X) + e(X))/4 and c21(X) = 3σ(X) + 2e(X), it follows from
Proposition 13 that every genus-(2h+n− 1) Lefschetz fibration f : X → S2
with χ(X) = n and c21(X) = i is indecomposable for i = 1, 2, . . . , 2n − 2 if
h > (5n− 3)/2. Therefore, we see that the Lefschetz fibrations in Theorem
B satisfying the condition h > (5n− 3)/2 are indecomposable, which proves
Theorem C. □

4. Preliminaries for Theorems A and B

4.1. Mapping class groups and positive factorizations. The mapping
class group arguments are used for the construction of Lefschetz fibrations
in Theorems A and B, and 4-manifold theory is used for the minimality of
the Lefschetz fibrations.

Let Σbg be the compact oriented surface obtained by removing b disjoint

open disks from Σg. The mapping class group of Σbg, denoted by Γbg, is
the group of isotopy classes of orientation preserving self-diffeomorphisms
of Σbg. We assume that diffeomorphisms and isotopies fix the points of the

boundary. To simplify notation, we write Σg = Σ0
g and Γg = Γ0

g. Elements

of Γbg are called mapping classes. For ϕ1 and ϕ2 in Γbg, the notation ϕ1ϕ2
means that we first apply ϕ2 and then ϕ1. Let tc be the Dehn twist about
a simple closed curve c on Σbg. Note that tϕ(c) = ϕtcϕ

−1 for a mapping class

ϕ in Γbg and tctd = tdtc if c is disjoint from a simple closed curve d on Σbg.

We say that a mapping class ϕ in Γbg is a half twist about c if it satisfies

ϕ2 = tc. If a mapping class ϕ in Γbg can be written as a product tvn · · · tv2tv1
of Dehn twists about simple closed curves v1, . . . , vn on Σng , then the word
tvn · · · tv2tv1 is called a positive factorization of ϕ.

Let us consider a genus-g Lefschetz fibration f : X → S2 with n singu-
lar fibers. The monodromy of a genus-g Lefschetz fibration f : X → S2



GEOGRAPHY OF LEFSCHETZ FIBRATIONS AND THEIR INDECOMPOSABILITY 13

comprises a positive factorization of id in Γg as

tvn · · · tv2tv1 = id ∈ Γg,

where v1, . . . , vn are the vanishing cycles of the singular fibers. Conversely,
we obtain a genus-g Lefschetz fibration over S2 with the vanishing cycles
v1, . . . , vn from the above-mentioned positive factorization in Γg. More de-
tails can be found in [44, 29].

Let δ be the boundary curve of Σ1
g. When we consider the genus-g Lef-

schetz fibration f corresponding to a positive factorization tvn · · · tv2tv1 of id
in Γg, a lift of this positive factorization to Γ1

g as

tv′n · · · tv′2tv′1 = tkδ

shows the existence of a (−k)-section of f , where v′i is a simple closed curve
on Σ1

g mapped to vi under the inclusion Σ1
g → Σg. Conversely, such a positive

factorization of tkδ gives a genus-g Lefschetz fibration with a (−k)-section.
The following theorem was given in [33, 44].

Theorem 14 ([33, 44]). Let fi : Xi → S2 be a genus-g Lefschetz fibration
corresponding to a positive factorization ρi of id in Γg for g ≥ 2 (i = 1, 2).
Then, f2 is isomorphic to f1 if and only if ρ2 is obtained from ρ1 by applying
a finite series of elementary transformations

tvn · · · tvi+2tvi+1tvitvi−1tvi−2 · · · tv1 ↔ tvn · · · tvi+2tvitt−1
vi

(vi+1)
tvi−1tvi−2 · · · tv1 ,

tvn · · · tvi+2tvi+1tvitvi−1tvi−2 · · · tv1 ↔ tvn · · · tvi+2tvi+1ttvi (vi−1)tvitvi−2 · · · tv1 ,

and simultaneous conjugations

tvn · · · tv2tv1 ↔ tϕ(vn) · · · tϕ(v2)tϕ(v1)
for any ϕ in Γg.

It is well-known that when we apply a cyclic permutation to the posi-
tive factorization of id (resp. tkδ ) corresponding to a Lefschetz fibration, the
Lefschetz fibration corresponding to the resulting positive factorization of
id (resp. tkδ ) is the same as the original one. For this reason, if a posi-

tive factorization ρ2 of id in Γg (resp. tkδ in Γ1
g) is obtained from a positive

factorization ρ1 of id in Γg (resp. tkδ in Γ1
g) by applying a finite series of

elementary transformations, simultaneous conjugations and cyclic permuta-
tions, then we write

ρ1 ≡ ρ2.

Finally, we present a fundamental lemma to compute the fundamental
group of the total space of a Lefschetz fibration.

Lemma 15 (cf.[29]). Let f : X → S2 be a genus-g Lefschetz fibration with
a section and corresponding to a positive factorization tvn · · · tv2tv1 of id in
Γg. Then, the fundamental group π1(X) is isomorphic to the quotient of
π1(Σg) by the normal subgroup generated by v1, . . . , vn.
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4.2. Minimality. Let X and Y be symplectic 4-manifolds, and let VX ⊂
X and VY ⊂ Y be embedded symplectic surfaces of genus g ≥ 0 whose
homology classes satisfy [VX ]

2 + [VY ]
2 = 0. We denote by NVX (resp.

NVY ) the open disk normal bundle of VX in X (resp. VY in Y ). For
any orientation-reversing diffeomorphism ψ : ∂NVX → ∂NVY between the
boundaries of NVX and NVY that is lifted from an orientation-preserving
diffeomorphism from VX to VY , the symplectic sum (or symplectic fiber sum)
of X and Y along VX and VY is defined as

X#VX=VY Y = (X −NVX) ∪ψ (Y −NVY ).

It was shown in [28] that there is a natural isotopy class of symplectic struc-
tures on X#VX=VY Y extending the symplectic structures on X −NVX and
Y −NVY . The minimality of symplectic sums is described by the following
theorem. We will use this theorem to verify that the total spaces of our
Lefschetz fibrations are minimal symplectic 4-manifolds.

Theorem 16 ([56], [21]). In the notation above, let M be the symplectic
sum of X and Y along VX and VY . Then, the following holds.

(i) If X \ VX or Y \ VY contains an embedded symplectic sphere of self-
intersection −1, then M is not minimal.

(ii) If one of the summands is CP2 with VCP2 an embedded sphere of self-
intersection 4 in the class [VCP2 ] = 2[H] ∈ H2(CP2;Z) and the other
summand (for definiteness, say X) has at least 2 disjoint embedded
symplectic spheres Ei of self-intersection −1 each meeting VX posi-
tively and transversely in a single point with [Ei] · [VX ] = 1, where
[H] is the homology class of the complex projective line H = {[x : y :
z] ∈ CP2 | x = 0}, then M = X#VX=VCP2

CP2 is not minimal.

(iii) If one of the summands (for definiteness, say Y ) is an S2-bundle
over a genus g surface and VY is a section of this bundle, then M is
minimal if and only if X is minimal.

(iv) In all other cases M is minimal.

As a corollary, Usher showed the following result.

Corollary 17 ([56],[14], ([48], for the case g = 2)). Let fi be a genus-g
Lefschetz fibration for i = 1, 2. Then, the total space of a genus-g Lefschetz
fibration obtained by fiber summing f1 and f2 is minimal.

Next, we present a technique to get a new Lefschetz fibration from a given
Lefschetz fibration.

Definition 18. Let x, y, z be the interior curves on a subsurface Σ4
0 in Σmg

as in Figure 1, where m is a nonnegative integer, and let a, b, c, d be the
boundary curves of Σ4

0 as in the figure. Then, the lantern relation

tatbtctd = txtytz

holds in Γmg (see [19, 31]).
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d

x y

z

a c

b

Figure 1. The curves a, b, c, d, x, y, z on Σ4
0.

Let tatbtctd be a product of four Dehn twists satisfying the lantern relation
tatbtctd = txtytz. If there is a genus-g Lefschetz fibration corresponding
to a positive factorization ρ := tvn · · · tvi+1tatbtctdtvi · · · tv1 of id, we get a
new genus-g Lefschetz fibration corresponding to a positive factorization
ρ′ := tvn · · · tvi+1txtytztvi · · · tv1 of id by the lantern relation tatbtctd = txtytz.
Then, we say that ρ′ is obtained by applying a lantern substitution to ρ.

It was shown in [23] that a lantern substitution corresponds to a rational
blowdown along a sphere of self-intersection −4 (see [25] for the definition).

Theorem 19 ([23]). Let ρ and ρ′ be positive factorizations of id in Γg, and
let X and X ′ be the total spaces of Lefschetz fibrations corresponding to ρ
and ρ′, respectively. If ρ′ is obtained by applying a lantern substitution to ρ,
then X ′ is a rational blowdown of X along a sphere of self-intersection −4.
Therefore, σ(X ′) = σ(X) + 1 and e(X ′) = e(X)− 1.

The following lemma is useful to show that the total spaces of Lefschetz
fibrations in Theorems A and B are minimal.

Lemma 20. In the notation of Theorem 19, if X is minimal, then X ′ is
also minimal.

Proof. Since we can apply a lantern substitution to ρ, ρ contains a sub-
word tatbtctd satisfying the lantern relation tatbtctd = txtytz. By perturbing
the Lefschetz fibration f : X → S2, we can arrange it so that the critical
points corresponding to the vanishing cycles a, b, c, d lie on the same singu-
lar fiber. Then, the singular fiber has a component, which is a sphere S of
self-intersection −4. In addition, S can be assumed to be symplectic with
respect to a Gompf–Thurston form (this follows from Corollary 23).

We can view the rational blowdown surgery along a symplectic sphere of
self-intersection −4 as the symplectic sum: we have X ′ = X#S=VCP2

CP2,

where VCP2 is an embedded sphere of self-intersection 4 in the class [VCP2 ] =
2[H] ∈ H2(CP2;Z), S is an embedded symplectic sphere of self-intersection
−4 in X and [H] is the homology class of the complex projective line H =
{[x : y : z] ∈ CP2 | x = 0}. The lemma follows from Theorem 16 implying
that X ′ is a minimal symplectic 4-manifold. □
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We show that not only the above-mentioned sphere S of self-intersection
−4 but also a surface of self-intersection −n which is similarly obtained by
perturbing a Lefschetz fibration f is symplectic with respect to a Gompf–
Thurston form for any integer n ≥ 2. This follows from Lemma 21 below.

Lemma 21. Let n ≥ 2 be an integer. Suppose that g ≥ 2. Let us consider
a genus-g Lefschetz fibration f : X → S2 such that f is “not” injective on
the set of critical points and has only two types of singular fibers as follows:

(1) a fiber containing only one singular point,
(2) a fiber containing n singular points such that the corresponding van-

ishing cycles a1, a2, . . . , an on a regular fiber F are boundary curves
of a subsurface Σnh of genus h with n boundary components in F .

Then, X admits a symplectic structure with symplectic fibers.

The proof is similar to that of Theorem 10.2.18 in [29] except for the part
corresponding to Exercise 10.2.19 in [29], so we give the following lemma,
which is a generalization of Exercise 10.2.19 in [29].

Lemma 22. In the notation of Lemma 21, there exists a closed 2-form ζ
on X such that

∫
E ζ > 0 for any closed surface E contained in a fiber (with

the induced orientation), which can be an entire regular fiber.

Proof. Let [F ] ∈ H2(X;R) denote the homology class of a regular fiber.
Note that there is an element a ∈ H2

dR(X) with ⟨a, [F ]⟩ > 0 since [F ] ̸= 0 in
H2(X;R) by g ≥ 2. Moreover, it follows immediately from Exercise 10.2.19
in [29] that there exists an element a ∈ H2

dR(X) with ⟨a, [F ]⟩ > 0 and
⟨a, [E]⟩ > 0 for any closed surface E in the regular fibers and the singular
fibers satisfying the condition (1) in Lemma 21.

Suppose that a singular fiber satisfying the condition (2) in Lemma 21
admits a decomposition into (nonempty) m + 1 closed surfaces F0 ∪ F1 ∪
· · · ∪ Fm, where F0 is the “core” surface corresponding to Σnh. Note that
[Fi1 ] · [Fi2 ] = 0 for 0 < i1 < i2 since there is no singular point between the
two surfaces corresponding to Fi1 and Fi2 from the property of singular fibers
satisfying the condition (2) in Lemma 21. If F0 and Fi intersect transversely
at ki(> 0) points for i = 1, 2, . . . ,m, then we see that

• [F0] · [F0] = −n;
• [F0] · [Fi] = −[Fi] · [Fi] = ki;

• [Fi1 ] · [Fi2 ] = 0 for 0 < i1 < i2;

• [F0] · [F0] =
∑m

i=1[Fi] · [Fi] (i.e., n =
∑m

i=1 ki);

• 0 < ⟨a, [F ]⟩ =
〈
a,
[⋃m

j=0 Fj

]〉
=
∑m

j=0⟨a, [Fj ]⟩.
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Then, we obtain the following symmetric matrix A:

A := ([Fi] · [Fj ]) =



−n k1 k2 k3 · · · km

k1 −k1 0 0 · · · 0

k2 0 −k2 0 · · · 0

k3 0 0 −k3 · · · 0
...

...
...

...
. . .

...

km 0 0 0 · · · −km


.

Moreover, it is easy to check from the fourth equation above that rankA =
m. Therefore, for any r0, r1, . . . , rm ∈ R satisfying

∑m
j=0 rj = 0, we can

choose constants s0, s1, . . . , sm ∈ R such that
(∑m

j=0 sj [Fj ]
)
· [Fk] = rk,

0 ≤ k ≤ m.
Here, we set

a′ = a+
m∑
j=0

sjPD[Fj ] ∈ H2(X;R),

where PD[Fj ] is the Poincaré dual of [Fj ] and sj ∈ R. Note that we have
⟨PD[Fj ], [S]⟩ = [Fj ] · [S] for an oriented surface S. Since a regular fiber is
disjoint from Fj (therefore [Fj ] · [F ] = 0), we see that

⟨a′, [F ]⟩ = ⟨a, [F ]⟩+

〈
m∑
j=0

sjPD[Fj ], [F ]

〉
= ⟨a, [F ]⟩ > 0.

Moreover, we have

⟨a′, [Fk]⟩ = ⟨a, [Fk]⟩+

〈
m∑
j=0

sjPD[Fj ], [Fk]

〉
= ⟨a, [Fk]⟩+ rk

for k = 0, 1, . . . ,m. By choosing rk suitably, we get ⟨a′, [Fk]⟩ > 0 for any

k (for example, we set rk = ⟨a,[F ]⟩
m+1 − ⟨a, [Fk]⟩, and then

∑m
k=0 rk = 0 from

⟨a, [F ]⟩ =
∑m

j=0⟨a, [Fj ]⟩).
Since any closed surface E in the regular fibers and the singular fibers

satisfying the condition (1) in Lemma 21 are disjoint from Fj (and therefore
[Fj ] · [E] = 0) for j = 0, 1, . . . ,m, we obtain

⟨a′, [E]⟩ = ⟨a, [E]⟩+

〈
m∑
j=0

sjPD[Fj ], [E]

〉
= ⟨a, [E]⟩ > 0.

By repeating this argument for every singular fiber satisfying the condition
(2) in Lemma 21, we get a cohomology class ζ with the desired properties.

□



18 ANAR AKHMEDOV AND N. MONDEN

Since the proof of Lemma 21 is similar to that of Theorem 10.2.18 in [29],
we omit it. From the construction of a symplectic 2-form ωt on X (see the
proof of Theorem 10.2.18 in [29]), we obtain the following.

Corollary 23. In the notation of Lemma 21 and with the symplectic struc-
ture given in the same lemma, any closed surfaces contained in any fibers
are symplectic surfaces. In particular, the component corresponding to Σnh
is a symplectic surface of self-intersection −n, and therefore the sphere S of
self-intersection −4 in the proof of Lemma 20 is symplectic.

Remark 24. From Corollary 23, we see that various surgery operations
corresponding to substitution techniques of monodromies of Lefschetz fi-
brations are symplectic surgery operations (for example, substitutions of a
lantern relation, a star relation and a chain relation corresponding to a ra-
tional blowdown along a sphere of self-intersection −4, a star surgery and a
chain surgery, respectively, and so on).

4.3. Lifts of the hyperelliptic relation and Gurtas’ relation. In this
subsection, we present Propositions 25 and 26 below. These propositions
express that the Lefschetz fibration arising from the hyperelliptic relation,
which appears in [18], and Gurtas’ Lefschetz fibration given in [30] (and see
also [58]) have sections. Using these propositions, we show the existence of
sections of Lefschetz fibrations in the main theorems.

Proposition 25. Let c′1, c
′′
1, c2, c3, . . . , c2n−1 be the simple closed curves on

Σ1
n−1 as in Figure 2, and let δ be the boundary curve of Σ1

n−1 as in the figure.
Then, the product η

η := tc2n−1tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2tc2n−1

is the half twist hδ about δ such that hδ(c
′
1) = c′′1 and hδ(ci) = ci for 2 ≤ i ≤

2n− 1. Therefore, the following holds in Γ1
n−1:

η2 = tδ.

δ

cn -cn -c

c
c cn - cn -c́

c́́

Figure 2. The curves c′1, c
′′
1, c2, c3, . . . , c2n−1 on Σ1

n−1 and

the boundary curve δ of Σ1
n−1.

Proposition 26. Let c′1, c
′′
1, c2, c3, . . . , c2n−1, D0, D1, D2, . . . , D2h be the sim-

ple closed curves on Σ1
2h+n−1 as in Figure 3, and let δ be the boundary curve
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of Σ1
2h+n−1 as in the figure. Then, the product θ

θ := tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2tD0tD1tD2 · · · tD2h
tc2n−1

is the half twist h′δ about δ such that h′δ(c
′
1) = c′′1 and h′δ(ci) = ci for 2 ≤ i ≤

2n − 1 and h′δ(Dj) = Dj for 0 ≤ j ≤ 2h. Therefore, the following holds in
Γ1
2h+n−1:

θ
2
= tδ.

c

δ

δ

´ c́́

cn -´

´

cn -´́

D

D

D

DD

cn -

c

c

c

cn -

cn -

cn -Dh

Dh-

Figure 3. The curves c′1, c
′′
1, c2, c3, . . . , c2n−1, c

′
2n−1, c

′′
2n−1, δ

′,

D0, D1, D2, . . . , D2h on Σ1
2h+n−1 and the boundary curve δ of

Σ1
2h+n−1.

It is easily seen that the relations η2 = tδ and θ
2
= tδ in Propositions 25

and 26 are lifts of the hyperelliptic relation η2 = id and Gurtas’ relation θ2 =
id (defined below), respectively. We postpone the proofs of Propositions 25
and 26 until Section 7. The propositions are proved by using the Alexander
method, that is, one first fixes a finite set of curves whose complement is a
disk on the surface and shows that the images of each curve under the half
twist hδ and η (resp. h′δ and θ) are isotopic.

Let η be the positive factorization of the hyperelliptic involution, which
is the image of η under the map Γ1

n−1 → Γn−1 induced by the inclusion

Σ1
n−1 → Σn−1. Let Y (n, 0) be the total space of the genus-(n− 1) Lefschetz

fibration corresponding to the positive factorization η2 of id in Γn−1. We see
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that e(Y (n, 0)) = 4 + 4n since this fibration has 8n − 4 singular fibers and
that σ(Y (n, 0)) = −4n, using Endo’s signature formula [22]. It is well-known
that Y (n, 0) is diffeomorphic to CP2♯(4n+ 1)CP2.

Let θ be Gurtas’ positive factorization of a certain involution ι in Γ2h+n−1

given in [30], which is the image of θ under the map Γ1
2h+n−1 → Γ2h+n−1 in-

duced by the inclusion Σ1
2h+n−1 → Σ2h+n−1. For the rest of this subsection,

we give some remarks on θ and ι. In [30], Gurtas showed that θ is a positive
factorization of ι using the Alexander method, and hence θ2 is a positive fac-
torization of id in Γ2h+n−1. This fact was also verified in [58], up to Hurwitz
equivalence. Let Y (n, h) denote the total space of the Lefschetz fibration
corresponding to the positive factorization θ2 of id in Γ2h+n−1. It follows
that the 4-manifold Y (n, h) has a genus-(2h+n−1) Lefschetz fibration over
S2 with 4h+ 8n− 4 singular fibers, all of which are induced by nonseparat-
ing vanishing cycles. Therefore, the Euler characteristic of the symplectic
4-manifold Y (n, h) is equal to e(Y (n, h)) = 4−4(2h+n−1)+(4h+8n−4) =
4− 4h+ 4n. The signature σ(Y (n, h)) was calculated to be −4n in [58].

We can also describe the Lefschetz fibration f on Y (n, h) corresponding to
the positive factorization θ2 of id from a different viewpoint as follows. Let us
take a double branched cover of Σh×S2 along the union of two disjoint copies
of Σh × {pt} and 2n disjoint copies of {pt} × S2. The deck transformation
of the double cover of Σh branched over 2n points is the involution ι. Then,
we obtain the branched cover with 4n singular points corresponding to the
number of the intersection points of the two horizontal genus h surfaces
and the 2n vertical spheres in the branch set. By desingularizing these 4n
singular points, we get (Σh × S2)♯4nCP2. Note that by projecting onto the
S2 factor, we obtain a horizontal fibration f ′ : (Σh×S2)♯4nCP2 → S2 whose
generic fiber is the double cover of Σh, branched over 2n points. Thus, the
genus of a generic fiber of f ′ is equal to n+ 2h− 1. Moreover, each pair of
singular fibers of f ′, arising from two disjoint copies of Σh×{pt} in the branch
set of the double cover of Σh×S2, can be perturbed into 4n+2h−2 Lefschetz
type singular fibers, which is equivalent to the positive factorization θ of the
involution ι, as shown in the proof of [58]. As an immediate corollary, the 4-
manifold Y (n, h) is in fact diffeomorphic to (Σh× S2)♯4nCP2, and therefore
we obtain the Lefschetz fibration f .

4.4. A mapping class ϕ and a lantern relation. We give a lantern
relation and a mapping class ϕ in Γ1

n−1 (resp. Γ1
2h+n−1), which are used to

construct Lefschetz fibrations in Theorems A and B.
Suppose that n−1 ≥ 3. Let v′1, v

′′
1 , w, x, y, z be the simple closed curves on

Σ1
n−1 (resp. Σ

1
2h+n−1) as in Figure 4, and let δ be the boundary curve of Σ1

n−1

(resp. Σ1
2h+n−1) as in the figure. The simple closed curves c′1, c

′′
1, c2, . . . , c12

as in Figure 4 are the same as those in Figure 2 (resp. Figure 3). Then, we
have the following lantern relation

tc′1tc3tc5tv′1 = txtytz.
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c c c

c c c

ccc
w

c

δ

c

z δ

v́

v´́

ccc

y
x c

cc

δ

c

´

c´́

Figure 4. The curves v′1, v
′′
1 , w, x, y, z on Σ1

n−1 (resp.

Σ1
2h+n−1) and the boundary curve δ of Σ1

n−1 (resp. Σ
1
2h+n−1).

Let ϕ be a mapping class in Γ1
n−1 such that

ϕ(c′1) = v′1, ϕ(c′′1) = v′′1 , ϕ(c2) = c6, ϕ(c3) = c5,

ϕ(c4) = c4, ϕ(c5) = c3, ϕ(c6) = c2, ϕ(c7) = w,

ϕ(ci) = ci

for i = 8, 9, . . . , 2n−1. If we consider ϕ as a mapping class in Γ1
2h+n−1, then

we add the condition

ϕ(Dj) = Dj

for j = 0, 1, . . . , 2h, where Dj are the simple closed curves as in Figure 3.

4.5. Elementary lemmas. We construct some relations by applying el-
ementary transformations. These relations will be used to construct new
relations obtained by lantern substitutions in Section 5.2. We recall that
for two positive factorizations ρ1 and ρ2, we write ρ1 ≡ ρ2 when ρ2 is ob-
tained from ρ1 by applying a finite series of elementary transformations,
simultaneous conjugations and cyclic permutations (see Section 4.1).

Let γ1, . . . , γk be a sequence of simple closed curves on an oriented surface
such that γi and γj are disjoint if |i− j| ≥ 2 and γi intersects γi+1 at exactly
one point. We recall the following relations:

tγi · tγi+1 ≡ ttγi (γi+1) · tγi ,
tγi+1 · tγi ≡ tγi · tt−1

γi
(γi+1)

.
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Note that for |i− j| > 1, we have

tγi · tγj ≡ tγj · tγi .

Using the braid relation tγitγi+1tγi = tγi+1tγitγi+1 , we obtain

tγktγk−1
· · · tγm+1tγm · tγi+1 ≡ tγi · tγktγk−1

· · · tγm+1tγm ,(1)

tγmtγm+1 · · · tγk−1
tγk · tγi ≡ tγi+1 · tγmtγm+1 · · · tγk−1

tγk(2)

for m ≤ i ≤ k − 1.

Lemma 27. For 2 ≤ k, we have the following relations:

(a) tγk · · · tγ2tγ1 · tγk · · · tγ3tγ2 ≡ ttγk−1
(γk) · · · ttγ2 (γ3)ttγ1 (γ2) · t

k
γ1 ,

(b) tγk−1
· · · tγ2tγ1 · tγk · · · tγ3tγ2 ≡ ttγk−1

(γk) · · · ttγ2 (γ3)ttγ1 (γ2) · t
k−1
γ1 ,

(c) tγ2tγ3 · · · tγk · tγ1tγ2 · · · tγk ≡ tkγ1 · tt−1
γ1

(γ2)
tt−1

γ2
(γ3)

· · · tt−1
γk−1

(γk)
,

(d) tγ2tγ3 · · · tγk · tγ1tγ2 · · · tγk−1
≡ tk−1

γ1 · tt−1
γ1

(γ2)
tt−1

γ2
(γ3)

· · · tt−1
γk−1

(γk)
.

Proof. Below we denote the arrangement using the relation (i) by
(i)−→. The

proof will be given by induction on k. Suppose that k = 2. Then, we have

tγ2tγ1 · tγ2
(1)−−→ tγ1 · tγ2tγ1 ≡ ttγ1 (γ2) · t

2
γ1 .

Hence, the conclusion of (a) holds for k = 2.
Let us assume inductively that the relation (a) holds for k = i. Hence,

we have

tγi · · · tγ2tγ1 · tγi · · · tγ3tγ2 ≡ ttγi−1 (γi)
· · · ttγ2 (γ3)ttγ1 (γ2) · t

i
γ1 .

Then,

tγi+1 · · · tγ2tγ1 · tγi+1 · · · tγ3tγ2
(1)−−→ tγitγi−1 · · · tγ2tγ1 · tγi+1tγi · · · tγ2tγ1
≡ tγi · tγi+1 · tγi−1 · · · tγ2tγ1 · tγi · · · tγ2tγ1
≡ ttγi (γi+1) · tγi · tγi−1 · · · tγ2tγ1 · tγi · · · tγ2tγ1
≡ ttγi (γi+1) · ttγi−1 (γi)

· · · ttγ2 (γ3)ttγ1 (γ2) · t
i
γ1 · tγ1 .

This proves part (a). The proofs of (b), (c) and (d) are similar, and therefore
omitted. □

5. Proofs of Theorems A and B

5.1. Hurwitz equivalent relations. The purpose of this section is to
prove Proposition 28 below. The Lefschetz fibrations corresponding to the
relations in Proposition 28 are used to construct Lefschetz fibrations in The-
orems A and B.

Let us consider the curves tc′1(c2), t
−1
c′1

(c2), tci(ci+1) and t
−1
ci (ci+1) on Σ1

n−1

(resp. Σ1
2h+n−1) for 2 ≤ i ≤ 2n−2, and let δ be the boundary curve of Σ1

n−1
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(resp. Σ1
2h+n−1). These curves are shown in Figure 5. For abbreviation, we

set

Ψn−1 := tc2n−1tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2tc2n−1 ,

Ω2h := tD0tD1tD2 · · · tD2h
,

D := ttc2n−2 (c2n−1) · · · ttc3 (c4)ttc2 (c3)ttc′1 (c2)
,

D′ := ttc2n−2 (c2n−1) · · · ttc3 (c4) · tt2n−1
c3

(tc2 (c3))
tt2n−1

c3
(tc′1

(c2))
,

D′′ := ttc2n−2 (c2n−1) · · · ttc3 (c4) · tt2nc3 (tc2 (c3))tt2nc3 (tc′1 (c2))
,

E := tt−1

c′1
(c2)

tt−1
c2

(c3)
tt−1

c3
(c4)

· · · tt−1
c2n−2

(c2n−1)
.

tc(c)

tc(c)
 -

 -

 -

 -

 -

tc(c)

δ δ

tc(c)
tc́(c)

 -

 -

tcn-(cn-)

tcn-(cn-)

tcn-(cn-)

tc(c)

tc(c)

tc(c)

tc(c)
 -

tc́(c)

tcn-(cn-)

tcn-(cn-)

tcn-(cn-)

Figure 5. The curves tc′1(c2), t−1
c′1

(c2), tci(ci+1) and

t−1
ci (ci+1) on Σ1

n−1 (resp. Σ1
2h+n−1) and the boundary curve

δ of Σ1
n−1 (resp. Σ1

2h+n−1).

Proposition 28. The following relation holds in Γ1
n−1:

tδ = (Ψn−1)
2 ≡ t2nc3 t

2n−1
c′1

tc′′1 · E · D′′,
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and the following relation holds in Γ1
2h+n−1:

tδ = θ
2 ≡ Ψn−1 · tc′′1 tc2tc3 · · · tc2n−2 · (Ω2h)

2 · tc2n−2 · · · tc3tc2tc′′1
≡ t2n−1

c3 t2n−2
c′1

tc′′1 · E · (Ω2h)
2 · D′.

Note that the equality tδ = (Ψn−1)
2 (resp. tδ = θ

2
) in Proposition 28

follows from Proposition 25 (resp. 26) and η = Ψn−1. Moreover, by an ar-
gument similar to the proof of Proposition 6.5 in [36] and using tc′1 · tc′′1 ≡
tc′′1 · tc′1 , we see that θ

2 ≡ Ψn−1 · tc′′1 tc2tc3 · · · tc2n−2 · (Ω2h)
2 · tc2n−2 · · · tc3tc2tc′′1 .

We can also prove this fact using Proposition 26 (and therefore T · θ ≡
θ · T ), c2n−1 = θ(c2n−1) = TΩ2htc2n−1(c2n−1) = TΩ2h(c2n−1) (and there-
fore TΩ2h · tc2n−1 ≡ tc2n−1 · TΩ2h) and the relations (3)–(5) below, where
T = tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2 . Proposition 28 immediately follows
from Lemmas 29 and 30. Below we denote the arrangement using cyclic

permutations by
c.p.−−→.

Lemma 29. The following holds in Γ1
n−1:

(Ψn−1)
2 ≡ D · t2nc′1 · tc′′1 · t2n−1

c′1
· E,

and the following holds in Γ1
2h+n−1:

Ψn−1 · tc′′1 tc2tc3 · · · tc2n−2 · (Ω2h)
2 · tc2n−2 · · · tc3tc2tc′′1

≡ D · t2n−1
c′1

· tc′′1 · t2n−2
c′1

· E · (Ω2h)
2.

Proof. Note that tc′1 · tc′′1 ≡ tc′′1 · tc′1 by c′1 ∩ c′′1 = ∅. From Figures 6 and 7,

we have Ψn−1(c
′
1) = c′′1 and Ψn−1(ci) = ci for 2 ≤ i ≤ 2n− 2. Similarly, we

obtain Ψn−1(c
′′
1) = c′1. This gives

Ψn−1 · tc′1 ≡ tc′′1 ·Ψn−1,(3)

Ψn−1 · tc′′1 ≡ tc′1 ·Ψn−1,(4)

Ψn−1 · tci ≡ tci ·Ψn−1(5)

for 2 ≤ i ≤ 2n− 2.

c

δ

´
c́

c

cc

c́́

c́́

tc ´́tc

tc

´tc

Figure 6.
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ci-

ci-

ci-
ci-

ci

ci

ci

tci

tci

tci-

tci-

ci+

ci+

ci+

ci

ci

tci

tci

tci+

tci+

Figure 7.

First, we show the former relation in Lemma 29. From the relations
above, we have

(Ψn−1)
2 ≡ Ψn−1 · tc2n−1 · · · tc2tc′′1 tc′1tc2 · · · tc2n−1

≡ tc2n−1 · · · tc2tc′1 ·Ψn−1 · tc′1tc2 · · · tc2n−1

= tc2n−1 · · · tc2tc′1 · tc2n−1 · · · tc2tc′1 · tc′′1 tc2 · · · tc2n−1 · tc′1tc2 · · · tc2n−1 .

By applying Lemma 27 (a) and (d) to the former and the latter parts of this
word, respectively, we obtain

tc2n−1 · · · tc2tc′1 · tc2n−1 · · · tc2tc′1 · tc′′1 tc2 · · · tc2n−1 · tc′1tc2 · · · tc2n−1

≡ ttc2n−2 (c2n−1) · · · ttc2 (c3)ttc′1 (c2)
· t2nc′1 · tc′′1 · t2n−1

c′1
tt−1

c′1
(c2)

tt−1
c2

(c3)
· · · tt−1

c2n−2
(c2n−1)

= D · t2nc′1 · tc′′1 · t2n−1
c′1

· E,

which gives the former relation in Lemma 29.
Next, we give the proof of the latter relation in Lemma 29. An argument

similar to the former relation in Lemma 29 gives

Ψn−1 · tc′′1 tc2 · · · tc2n−2 · (Ω2h)
2 · tc2n−2 · · · tc2tc′′1

c.p.−−→ tc2n−2 · · · tc2tc′′1 ·Ψn−1 · tc′′1 tc2 · · · tc2n−2 · (Ω2h)
2

≡ tc2n−2 · · · tc2tc′1 ·Ψn−1 · tc′1tc2 · · · tc2n−2 · (Ω2h)
2.(6)
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Here, we consider tc2n−2 · · · tc2tc′1 · Ψn−1 · tc′1tc2 · · · tc2n−2 in the relation (6),
which becomes

tc2n−2 · · · tc2tc′1 · tc2n−1 · · · tc2tc′1tc′′1 tc2 · · · tc2n−1 · tc′1tc2 · · · tc2n−2 .

By applying Lemma 27 (b) and (d) to the former and the latter parts of this
word, respectively, we obtain

tc2n−2 · · · tc2tc′1 · tc2n−1 · · · tc2tc′1tc′′1 tc2 · · · tc2n−1 · tc′1tc2 · · · tc2n−2

≡ ttc2n−2 (c2n−1) · · · ttc2 (c3)ttc′1 (c2)
· t2n−1
c′1

· tc′′1 · t2n−2
c′1

· tt−1

c′1
(c2)

tt−1
c2

(c3)
· · · tt−1

c2n−2
(c2n−1)

= D · t2n−1
c′1

· tc′′1 · t2n−2
c′1

· E,

and the lemma follows. □
Lemma 30. The following holds in Γ2h+n−1:

D · t2n−1
c′1

tc′′1 t
2n−2
c′1

· E · (Ω2h)
2 ≡ t2n−1

c3 t2n−2
c′1

tc′′1 · E · (Ω2h)
2 · D′,

and the following holds in Γn−1:

D · t2nc′1 · tc′′1 · t2n−1
c′1

· E ≡ t2nc3 · t2n−1
c′1

· tc′′1 · E · D′′.

Proof. It follows easily from Figure 8 that ttc2 (c3)ttc′1
(c2)(c

′
1) = c3 , and there-

fore ttc2 (c3)ttc′1
(c2) ·tc′1 ≡ tc3 ·ttc2 (c3)ttc′1 (c2)

. Therefore, without applying cyclic

δ
tc́(c)

tc́(c)
tc(c)

tc(c)

c

c

´
tc(c)t t

Figure 8.

permutations, we obtain

D · t2n−1
c′1

= ttc2n−2 (c2n−1) · · · ttc3 (c4)ttc2 (c3)ttc′1 (c2)
· t2n−1
c′1

≡ ttc2n−2 (c2n−1) · · · ttc4 (c5)ttc3 (c4) · t
2n−1
c3 · ttc2 (c3)ttc′1 (c2)

≡ ttc2n−2 (c2n−1) · · · ttc4 (c5)ttc3 (c4) · tt2n−1
c3

(tc2 (c3))
tt2n−1

c3
(tc′1

(c2))
· t2n−1
c3

= D′ · t2n−1
c3 .

Similarly, we obtain

D · t2nc′1 ≡ D′′ · t2nc3
without applying cyclic permutations. Using this, we have

D · t2n−1
c′1

tc′′1 t
2n−2
c′1

· E · (Ω2h)
2 ≡ D′ · t2n−1

c3 tc′′1 t
2n−2
c′1

· E · (Ω2h)
2

c.p.−−→ t2n−1
c3 tc′′1 t

2n−2
c′1

· E · (Ω2h)
2 · D′,
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and similarly

D · t2nc′1 tc′′1 t
2n−1
c′1

· E ≡ D′′ · t2nc3 tc′′1 t
2n−1
c′1

· E c.p.−−→ t2nc3 tc′′1 t
2n−1
c′1

· E · D′′.

By tc′1 · tc′′1 ≡ tc′′1 · tc′1 , we obtain the required formula. □

5.2. Proofs of Theorems A and B. We now prove Theorem A.

Proof of Theorem A. First, we construct a genus-(n− 1) Lefschetz fibration
fi : Xi → S2. From the former relation of Proposition 28, we have the
following lift in Γ1

n−1 of the positive factorization η2 of id in Γn−1 defined in
Section 4.3:

tδ = t2nc3 t
2n−1
c′1

tc′′1 · E · D′′.(7)

Since ϕ(c′1) = v′1, ϕ(c
′′
1) = v′′1 and ϕ(c3) = c5 (see Section 4.4), by applying

simultaneous conjugations by ϕ to the equation (7), we get

tδ = t2nc5 t
2n−1
v′1

tv′′1 · ϕ(E) · ϕ(D′′).(8)

Here, we set ϕ(F) = tϕ(a1) · · · tϕ(ak) for a product F = ta1 · · · tak of Dehn
twists. Moreover, by applying cyclic permutations to the equation (7) we
have

tδ = E · D′′t2nc3 t
2n−1
c′1

tc′′1 .(9)

Since c′1, c
′′
1, c3, c5, v

′
1 are disjoint from each other, by combining the equations

(8), (9), we obtain

t2δ = E · D′′t2nc3 t
2n−1
c′1

tc′′1 · t2nc5 t
2n−1
v′1

tv′′1 · ϕ(E) · ϕ(D′′)

≡ E · D′′(tc′1tc3tc5tv′1)
2n−1tc′′1 tc3tc5tv′′1 · ϕ(E) · ϕ(D′′).(10)

From the relation (10) and the lantern relation tc′1tc3tc5tv′1 = txtytz, we
obtain

t2δ = E · D′′(txtytz)
i(tc′1tc3tc5tv′1)

2n−1−itc′′1 tc3tc5tv′′1 · ϕ(E) · ϕ(D′′)(11)

for 0 ≤ i ≤ 2n−1. By letting fi : Xi → S2 be the genus-g Lefschetz fibration
corresponding to the positive factorization (11) of t2δ , we see that fi admits
a (−2)-section for 0 ≤ i ≤ 2n− 1.

Second, we show that Xi is minimal for 0 ≤ i ≤ 2n− 1. We see that X0

is obtained by fiber summing two copies of Y (n, 0) in Section 4.3 since both
(8) and (9) are lifts of the positive factorization η2 of id in Γn−1. Therefore,
the minimality of X0 follows from Corollary 17. For 1 ≤ i ≤ 2n− 1, Xi was
obtained from X0 via i-times lantern substitutions (i.e., by i-times rational
blowdown surgeries along spheres of self-intersection −4). By Lemma 20,
we see that Xi is minimal for any i.

Third, we compute χ(Xi) and c
2
1(Xi) for 0 ≤ i ≤ 2n− 1. By Theorem 14,

Proposition 28 and Section 4.3, Y (n, 0) is diffeomorphic to CP2♯(4n+1)CP2.
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Since Xi is obtained by i-times rational blowdown along spheres of self-
intersection −4 to the fiber sum f0 : X0 → S2 of two copies of the genus-
(n−1) Lefschetz fibration Y (n, 0) → S2 by ϕ, by Lemma 12 and Theorem 19,
we have

σ(Xi) = 2σ(Y (n, 0)) + i = −8n+ i,

e(Xi) = 2e(Y (n, 0)) + 4{(n− 1)− 1} − i = 12n− i,

and hence, we obtain

χ(Xi) = n, c21(Xi) = i.

Finally, we compute the fundamental group π1(Xi) of Xi for 0 ≤ i ≤
2n − 1. Let us consider the genus-(n − 1) Lefschetz fibration f ′ : X ′ → S2
corresponding to the positive factorization (7) of tδ in Γ1

n−1. Since this fibra-

tion is isomorphic to the Lefschetz fibration f : Y (n, 0) → S2 by Theorem 14
and Proposition 28, we have π1(X

′) = π1(Y (n, 0)) = 1 by Lemma 15. Here,
it is easy to check that the normal subgroup generated by the vanishing
cycles of fi contains that of f

′ for i = 0, 1, 2, . . . , 2n−1. This and Lemma 15
give π1(Xi) = 1 for i = 1, 2, . . . , 2n− 1.

This is the desired conclusion. □

Remark 31. We can apply one more lantern substitution to the resulting
relation obtained by applying (2n − 1)-times lantern substitutions to the
relation (11) as follows. It is easy to see that c′′1 and v′′1 correspond to c′1 and
v′1 under the inclusion Σ1

n−1 → Σn−1, respectively. Consequently, we get a

genus-(n− 1) Lefschetz fibration f2n : X2n → S2 (however, the existence of
a section of f2n is not guaranteed).

We next prove Theorem B.

Proof of Theorem B. For a given finitely presented group G, we give a map-
ping class ρG in Γ1

2h+n−1 defined in Section 6.2 such that ρG(v
′
1) = v′1,

ρG(v
′′
1) = v′′1 and ρG(c5) = c5.

We construct a genus-(2h+n−1) Lefschetz fibration fG,i : Yi → S2. From
Propositions 26 and 28, we have the following lift in Γ1

2h+n−1 of Gurtas’
relation in Γ2h+n−1:

tδ = t2n−1
c3 t2n−2

c′1
tc′′1 · E · (Ω2h)

2 · D′.(12)

Moreover, by applying cyclic permutations to this equation, we have

tδ = E · (Ω2h)
2 · D′ · t2n−1

c3 t2n−2
c′1

tc′′1 .

From ϕ(c′1) = v′1, ϕ(c
′′
1) = v′′1 and ϕ(c3) = c5 (see Section 4.4), we get the

following lift of Gurtas’ relation by applying simultaneous conjugations by
ρGϕ to the equation (12):

tδ = t2n−1
c5 t2n−2

v′1
tv′′1 · ρGϕ(E) · (ρGϕ(Ω2h))

2 · ρGϕ(D
′),(13)
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where

ρGϕ(Ω2h) = tρGϕ(D0)tρGϕ(D1) · · · tρGϕ(D2h),

ρGϕ(E) = tρGϕt−1

c′1
(c2)

tρGϕt−1
c2

(c3)
tρGϕt−1

c3
(c4)

· · · tρGϕt−1
c2n−2

(c2n−1)
,

ρGϕ(D
′) = tρGϕtc2n−2 (c2n−1) · · · tρGϕtc4 (c5)tρGϕtc3 (c4)

· tρGϕt2n−1
c3

(tc2 (c3))
tρGϕt2n−1

c3
(tc′1

(c2))
.

Here, since c′1, c
′′
1, c3, c5, v

′
1 are disjoint from each other, we have

t2n−1
c3 t2n−2

c′1
tc′′1 t

2n−1
c5 t2n−2

v′1
tv′′1 ≡ (tc′1tc3tc5tv′1)

2n−2tc′′1 tc3tc5tv′′1 .

Therefore, by combining the equations (12) and (13), we obtain

t2δ =E(Ω2h)
2D′(tc′1tc3tc5tv′1)

2n−2tc′′1 tc3tc5tv′′1 · ρGϕ(E)(ρGϕ(Ω2h))
2
ρGϕ(D

′).

From this relation and the lantern relation tc′1tc3tc5tv′1 = txtytz, we obtain

t2δ =E(Ω2h)
2D′(txtytz)

i(tc′1tc3tc5tv′1)
2n−2−i

· tc′′1 tc3tc5tv′′1 · ρGϕ(E)(ρGϕ(Ω2h))
2
ρGϕ(D

′)(14)

for 0 ≤ i ≤ 2n − 2. By letting fG,i : Yi → S2 be the genus-g Lefschetz
fibration corresponding to the positive factorization (14) of t2δ in Γ1

2h+n−1,
we see that fG,i admits a (−2)-section for 0 ≤ i ≤ 2n− 2.

By Theorem 14, Proposition 28 and Section 4.3, Y (n, h) is diffeomorphic
to (Σh × S2)♯4nCP2. We see that fG,0 is obtained by fiber summing two
copies of the genus-(2h + n − 1) Lefschetz fibration Y (n, h) → S2 since
both (12) and (13) are lifts of Gurtas’ relation. Moreover, the positive
factorization corresponding to fG,i is obtained by applying i-times lantern
substitutions to the positive factorization corresponding to fG,0. Therefore,
the proofs of χ(Yi) = n, c21(Yi) = i and the minimality of Yi are similar to
the proof of Theorem A, and so we omit them.

If h ≥ N+ℓk−1, then Theorem B follows from Proposition 34 in Section 6
that π1(Yi) ∼= G for i = 0, 1, . . . , 2n − 2. We postpone the proof until
Section 6.

This is the desired conclusion. □
Remark 32. It is easy to construct a mapping class ρ in Γ1

g such that
ρ(v′1) = v′1, ρ(v

′′
1) = v′′1 and ρ(c5) = c5, for example, ρ = id. Therefore, from

the proof of Theorem B, we see that there is a genus-(2h+ n− 1) Lefschetz
fibration on a minimal symplectic 4-manifold with (χ, c21) = (n, i) for 0 ≤
i ≤ 2n− 2, where h and n are integers in Theorem B. From Proposition 13,
there are 2n − 2 indecomposable genus-(2h + n − 1) Lefschetz fibrations
with minimal total spaces. Hence, we obtain Theorem C except that the
fundamental group π1(Yi) is isomorphic to G.

Remark 33. We can apply one more lantern substitution to the relation
(14) in “Γ2h+n−1”, but the fibration corresponding to the resulting positive
factorization does not guarantee the existence of a section. Therefore, we do
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not consider such a fibration since it is difficult to determine the fundamental
group.

Proof of Corollary 2. Since for 1 ≤ i ≤ 2n− 7, the total spaces of Lefschetz
fibrations in Theorems A and B do not satisfy the Noether inequality, they
cannot admit any complex structure with either orientation. Therefore, the
fibrations are nonholomorphic. □

Proof of Corollary 3. In the notation of Theorem B, if G = 1, then N = 0
and k = 0 (therefore ℓk = 1). This gives h ≥ 0. Notice that k = 0 satisfies
the condition 2n − 8 ≥ k in Theorem B for n − 1 ≥ 3. Moreover, we
have h ≥ 9 from the inequality h > (5n − 3)/2 in Theorem C. This proves
Corollary 3. □

Proof of Corollary 4. In the notation of Theorem B, let us consider G =
⟨x1 | xM1 ⟩ ∼= ZM . Then, we have N = 1, k = 1 and ℓk = 1, and therefore
h ≥ 1 in Theorem B. If n−1 ≥ 4, then k = 1 satisfies the condition 2n−8 ≥
k. Therefore, by Theorem B, there exists a genus-g Lefschetz fibration on
Yi such that Yi is minimal and π1(Yi) ∼= ZM for g = 2h + n − 1 ≥ 2h + 4.
Moreover, we have h ≥ 12 from the inequality h > (5n − 3)/2 in Theorem
C. This proves Corollary 4. □

6. Computation of fundamental groups

In this section, we prove Proposition 34 stating that π1(Yi) is isomorphic
to G, which was postponed in the proof of Theorem B in Section 5.2.

Proposition 34. Let fG,i : Yi → S2 be the genus-(2h+n−1) Lefschetz fibra-
tion corresponding to the following positive factorization of t2δ in Γ1

2h+n−1:

t2δ = tc′′1E(Ω2h)
2D′tc3(txtytz)

i(tc′1tc3tc5tv′1)
2n−2−i

· tc5tv′′1 ρGϕ(E)(ρGϕ(Ω2h))
2
ρGϕ(D

′),

where

Ω2h := tD0tD1tD2 · · · tD2h
,

D′ := ttc2n−2 (c2n−1) · · · ttc3 (c4) · tt2n−1
c3

(tc2 (c3))
tt2n−1

c3
(tc′1

(c2))
,

E := tt−1

c′1
(c2)

tt−1
c2

(c3)
tt−1

c3
(c4)

· · · tt−1
c2n−2

(c2n−1)
,

ρGϕ(Ω2h) = tρGϕ(D0)tρGϕ(D1) · · · tρGϕ(D2h),

ρGϕ(E) = tρGϕt−1

c′1
(c2)

tρGϕt−1
c2

(c3)
tρGϕt−1

c3
(c4)

· · · tρGϕt−1
c2n−2

(c2n−1)
,

ρGϕ(D
′) = tρGϕtc2n−2 (c2n−1) · · · tρGϕtc4 (c5)tρGϕtc3 (c4)

· tρGϕt2n−1
c3

(tc2 (c3))
tρGϕt2n−1

c3
(tc′1

(c2))
.

Then, π1(Yi) ∼= G for 0 ≤ i ≤ 2n− 2.
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6.1. The fundamental group of Σ2h+n−1. In this subsection, we give a
presentation of the fundamental group of Σ2h+n−1. This presentation is used
to compute the fundamental group of Yi in Proposition 34.

Fix a base point • ∈ Σ2h+n−1, and let π1(Σ2h+n−1) be the fundamental
group of Σ2h+n−1 at the base point •. For a simple closed curve c on Σ2h+n−1,
we identify c with an element of π1(Σ2h+n−1) by choosing a path from • to
some point on c. We use the same symbol for a loop based at • and its based
homotopy class. Similarly, we use the same symbol for a diffeomorphism and
its isotopy class, or a simple closed curve and its isotopy class. A simple
loop based at • and a simple closed curve will even be denoted by the same
symbol. It will cause no confusion as it will be clear from the context which
one we mean. For a and b in π1(Σ2h+n−1), the notation ab means that we
first traverse a and then b.

Let a1, b1, . . . , a2h, b2h, α1, β1, . . . , αn−1, βn−1, s1, . . . , s2h+n−1 be the “sim-
ple closed curves” on Σ2h+n−1 as shown in Figure 9, and we use the same
symbols for the “loops” obtained from the simple closed curves by choosing
the straight path from • as shown in the figure. Then, the fundamental
group π1(Σ2h+n−1) has the following presentation:

π1(Σ2h+n−1) = ⟨a1, b1, . . . , a2h, b2h, α1, β1, . . . , αn−1, βn−1 | s2h+n−1 = 1⟩.
Note that

sk = b−1
k · · · b−1

1 (a1b1a
−1
1 ) · · · (akbka−1

k )

for k ≤ 2h and that

s2h+k = β−1
n−k · · ·β

−1
n−1s2h(αn−1βn−1α

−1
n−1) · · · (αn−kβn−kα

−1
n−k)

for 1 ≤ k ≤ n− 1.

a

b

s

a

b

ah

bh

αn -

βn -

s shsh- sh+

α

β

sh+n-

α

β

sh+n-

Figure 9. The base point • in Σ2h+n−1, the simple closed
curves ai, bi, αj , βj , sk, s2h+k on Σ2h+n−1 and the loops
ai, bi, αj , βj , sk, s2h+k in Σ2h+n−1 based at • obtained from
the simple closed curves.

For simplicity of notation, we use the same symbols D0, D1, . . . , D2h and
c2, c3, . . . , c2n−1 for the images in Σ2h+n−1 of the simple closed curves on
Σ1
2h+n−1 as in Figure 3 under the inclusion Σ1

2h+n−1 → Σ2h+n−1. Note that
the images of c′1 and c′′1 as in Figure 3 under the inclusion are isotopic.
Let c1 be the image of c′1 under the inclusion. Recall that for a simple
closed curve c on Σ2h+n−1, we identify c with an element of π1(Σ2h+n−1)
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by choosing a path from the base point • to some point on c. Then, it is
immediate from Figure 10 that, up to conjugation, the following equalities
hold in π1(Σ2h+n−1):

D0 = (b1b2 · · · b2h)α−1
n−1;(15)

D2k−1 = (akbkbk+1 · · · b2h+1−ks2h+1−ka2h+1−k)α
−1
n−1 for 1 ≤ k ≤ h;(16)

D2k = (akbk+1bk+2 · · · b2h−ks2h−ka2h+1−k)α
−1
n−1 for 1 ≤ k ≤ h− 1;(17)

D2h = (ahshah+1)α
−1
n−1;(18)

c1 = α1;(19)

c2l = βl for 1 ≤ l ≤ n− 1;(20)

c2l+1 = αlα
−1
l+1 for 2 ≤ l ≤ n− 2;(21)

c2n−1 = shαn−1.(22)

αn -

αn -

D

D

D Dh

cn - cn -

cn - c

c

h

h

cn -

cn - c

c

Figure 10. The simple closed curves D0, D1, . . . , D2h,
c1, c2, . . . , c2n−1 on Σ2h+n−1 and the base point •.

6.2. A mapping class ρG. In this subsection, we define a mapping class
ρG in Γ1

2h+n−1 such that ρGϕ is used in Proposition 34, where ϕ is defined in
Section 4.4. In order to define ρG, we present Proposition 35 below proved
in [36], which is based on the works [38, 6].

Let h′ be a positive integer with h′ ≤ h. Let a1, b1, . . . , a2h, b2h, α1,
β1, . . . , αn−1, βn−1 (resp. a1, b1, . . . , ah′ , bh′) be the “simple closed curves”
on Σ1

2h+n−1 (resp. Σ1
h′) as shown in Figure 11, and we use the same sym-

bols for the “loops” obtained from the simple closed curves by choosing the
straight path from • as shown in the figure. The based homotopy classes
of the loops are generators of the fundamental group π1(Σ

1
2h+n−1) (resp.
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π1(Σ
1
h′)) of Σ

1
2h+n−1 (resp. Σ1

h′) at the base point •. The loops in Σ1
2h+n−1

(resp. Σ1
h′) are contained in Σ2h+n−1 (resp. Σh′), which is obtained by

gluing a disk to the boundary component of Σ1
2h+n−1 (resp. Σ1

h′).

a

b

a

b

ah

bh

αn -

βn -

α

β

α

β

a

b

ah ´

bh ´

Figure 11. The simple closed curves ai, bi, αj , βj on
Σ1
2h+n−1 (resp. ai, bi on Σ1

h′) and the loops ai, bi, αj , βj in

Σ1
2h+n−1 (resp. ai, bi in Σ1

h′) based at •.

For simplicity of exposition, we assume that the nonnegative integer N
(resp. N + ℓk − 1) that appears in Proposition 35 satisfies N ≤ h (resp.
N + ℓk − 1 ≤ h).

Proposition 35 (Proposition 7.1 in [36]). Let FN be a free subgroup of
π1(ΣN ) of rank N generated by the generators a1, . . . , aN , and let r1, . . . , rk
be arbitrary k elements in FN represented as words in a1, . . . , aN . We write
ℓk = max1≤i≤k{ℓ(ri)}, where ℓ(ri) is the syllable length of ri. Then, there are
simple loops R1, . . . , Rk in ΣN+ℓk−1 based at • with the following properties:
For each 1 ≤ i ≤ k,

( i ) Ri is freely homotopic to a simple closed curve which intersects
aN+ℓk−1 transversely at exactly one point, and

(ii) For the homomorphism λ : π1(ΣN+ℓk−1) → π1(ΣN ) defined by λ(aj) =
aj for 1 ≤ j ≤ N and λ(c) = 1 for c ∈ {aN+1, aN+2, . . . , aN+ℓk−1, b1,
b2, . . . , bN+ℓk−1}, we have λ(Ri) = ri, which is really an equality.

Using Proposition 35, we can obtain the following proposition.

Proposition 36. In the notation of Proposition 35, suppose that h ≥ N +
ℓk − 1 and 2n − 8 ≥ k. Let w be the simple closed curve on Σ1

2h+n−1 as in

Figure 4. Then, there are simple loops R1, R2, . . . , Rk in Σ1
2h+n−1 based at

• with the following properties (see Figure 12):

( i ) R1, . . . , Rk are disjoint from s2h+n−4,
(ii) R1 intersects t

−1
c2 (w) transversely at exactly one point and R2, . . . , Rk

do not intersect t−1
c2 (w),

(iii) R2 intersects t
−1
w (c8) transversely at exactly one point and R3, . . . , Rk

do not intersect t−1
w (c8),
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(iv) For each 3 ≤ i ≤ k, Ri intersects t
−1
ci+5

(ci+6) transversely at exactly

one point and Ri+1, Ri+2, . . . , Rk are disjoint from t−1
ci+5

(ci+6), and

(v) Let λ : π1(Σ
1
2h+n−1) → π1(ΣN ) be the homomorphism defined by

λ(aj) = aj for 1 ≤ j ≤ N and λ(c) = 1 for c ∈ {aN+1, aN+2, . . . , ah,
b1, b2, . . . , bh, α1, β1, . . . , αn−1, βn−1}. Then, for each 1 ≤ i ≤ k, we
have λ(Ri) = ri, which is really an equality.

h h

Rn -

R

R

Rn -

Rn -

Rn -

R

R

δ δ

tc(c)
tc(c)
 -

tc(c)
 -

tc(c)
 -

tc(c) -

 -

tc(c)
 -

tc(c)
 -

tc(c)

 -  -tc(c)

 -

tc́(c)

 -

 -tcn-(cn-)

 -

 -

tcn-(cn-)

 -tcn-(cn-)

tcn-(cn-)

tcn-(cn-)

v́

c

c

c

c

c

cn-

cn-

sh+n- sh+n-

c

c

c

c

c

cn-

cn-

cn-

´

cn -

Figure 12. Simple loops R1, . . . , Rk in Σ1
2h+n−1 based at •.
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Proof. Let us consider the simple loops R1, . . . , Rk in ΣN+ℓk−1 constructed
in Proposition 35. By removing an open disk from ΣN+ℓk−1 near the simple
closed curve aN+ℓk−1 and disjoint from all Ri, we obtain Σ1

N+ℓk−1 (cf. Fig-

ure 13 (a)). Moreover, we embed Σ1
N+ℓk−1 into Σ1

2h+n−1 in such a way that

for each 1 ≤ t ≤ N + ℓk − 1, the loops at, bt in Σ1
N+ℓk−1 correspond to the

loops at, bt in Σ1
2h+n−1 (cf. Figure 13 (b)). Then, we can modify R1, . . . , Rk

so that each Ri (i = 1, . . . , k) satisfies the properties of Proposition 36 by
replacing Ri with a simple representative of R2p−1(βn−1 · · ·βp+4βp+3)

ϵ if
i = 2p − 1, and R2pa

ϵ
p+3 if i = 2p, where ϵ = ±1 (cf. Figure 12). This

finishes the proof. □

aN+ lk-a

bN+ lk-b

h

(a)

N+ lk-

bN+ lk-

aN+ lk- aN+ lk

bN+ lk

ah

bh

ah

bh

a αn-

βn-

α

β

(b)

N+ lk-

R

RR R

R

R

b

Figure 13. Modified loops R1, . . . , Rk in Σ1
2h+n−1 based at •.

The first property in Proposition 36 is used to define a mapping class ρG
in Γ1

2h+n−1 in the next paragraph. The second, third and fourth properties
are used in the proof of Lemma 39 in the next subsection. Together with
this, we use the fifth property in the proof of Proposition 34.

We define the mapping class ρG in Γ1
2h+n−1 to be

ρG = tR1tR2 · · · tRk
taN+1taN+2 · · · tahtbh+1

tbh+2
· · · tb2h .

From the first property of Ri for 1 ≤ i ≤ k, v′1 = ϕ(c′1), v
′′
1 = ϕ(c′′1) and

c5 = ϕ(c3) are disjoint from R1, R2, . . . , Rk. Therefore, we see that

ρG(v
′
1) = v′1, ρG(v

′′
1) = v′′1 and ρG(c5) = c5,
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which were used in the proof of Theorem B in Section 5.2. Moreover, we
have

v′1 = ρGϕ(c
′
1), v′′1 = ρGϕ(c

′′
1) and c5 = ρGϕ(c3).

6.3. Proof of Proposition 34. We prove Proposition 34 in this subsection.
We note that c′1, c

′′
1 (resp. v′1, v

′′
1) are mapped to c1 (resp. α3) under the

inclusion Σ1
2h+n−1 → Σ2h+n−1. Similarly, tc′1(c2), t

−1
c′1

(c2) and t
2n−1
c3 (tc′1(c2))

are mapped to tc1(c2), t
−1
c1 (c2) and t

2n−1
c3 (tc1(c2)), respectively.

Let us consider the presentation of the fundamental group π1(Σ2h+n−1) of
Σ2h+n−1 at the base point • in Section 6.1. From the positive factorization
of t2δ in Proposition 34 and Lemma 15, we see that π1(Yi) has a presentation
with generators

a1, b1, a2, b2, . . . , a2h, b2h, α1, β1, α2, β2, . . . , αn−1, βn−1

and with relations

s2h+n−1 = 1;(23)

c1 = x = y = z = α3 = 1;(24)

tcj−1(cj) = 1 for 4 ≤ j ≤ 2n− 1;(25)

t−1
cj−1

(cj) = 1 for 2 ≤ j ≤ 2n− 1;(26)

t2n−1
c3 (tc1(c2)) = t2n−1

c3 (tc2(c3)) = 1;(27)

Dk = 1 for 0 ≤ k ≤ 2h,(28)

ρGϕ(tcj−1(cj)) = 1 for 4 ≤ j ≤ 2n− 1;(29)

ρGϕ(t
−1
cj−1

(cj)) = 1 for 2 ≤ j ≤ 2n− 1;(30)

ρGϕ(t
2n−1
c3 (tc1(c2))) = ρGϕ(t

2n−1
c3 (tc2(c3))) = 1;(31)

ρGϕ(Dk) = 1 for 0 ≤ k ≤ 2h.(32)

We prepare some lemmas to show Proposition 34.

Lemma 37. The following holds in π1(Yi):

αj = 1 for 1 ≤ j ≤ n− 1;(33)

βj = 1 for 1 ≤ j ≤ n− 1;(34)

sh = 1.(35)

Moreover, we can replace the relations (24)–(27) by the relations (33) and
(34).
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Proof. It is easy to check that, up to conjugation, the following relations
hold in π1(Σ2h+n−1):

c1 = α1;

t−1
c1 (c2) = β1α

−1
1 ;

t−1
c2j (c2j+1) = βjα

−1
j+1αj ;

t−1
c2j+1

(c2j+2) = βj+1α
−1
j+1αj ;

t−1
c2n−2

(c2n−1) = shαn−1βn−1.

These and the relations (23)–(25) give the relations (33)–(35).
We suppose that the relations (33) and (34) hold. Then, since the curves

in the relations (24)–(27) are generated by αj and βj , we obtain the latter
part. □

The following lemma is used to show Lemmas 39 and 40. For simplicity,
take a base point in a regular fiber Σg of a genus-g Lefschetz fibration f :
X → S2. Let π1(X) be the fundamental group of X at the base point. We
identify a simple closed curve c on Σg with an element of π1(X) by choosing
a path in Σg from the base point to some point on c.

Lemma 38 ([38]). Let c, x1, x2, . . . , xk be simple closed curves on a regular
fiber Σg of a genus-g Lefschetz fibration f : X → S2. If xi = 1 in π1(X) for
i = 1, 2 . . . , k, then the following holds in π1(X):

txk · · · tx2tx1(c) = c.

The following proof was suggested by the editor.

Proof. If x1 is disjoint from c, then we have tx1(c) = c on Σg(⊂ X). Suppose
that x1 intersects c. By the assumption, x1 bounds an immersed disk D in
X. Then, c and tx1(c) are homotopic in Σg ∪D(⊂ X) relative to the base
point •. This gives tx1(c) = c in π1(X). By repeating this argument, we
obtain the claim. □

Lemma 39. The following holds in π1(Yi):

Rj = 1 for 1 ≤ j ≤ k.(36)

Moreover, we can replace the relations (29)–(31) by the relation (36).

Proof. We first show that the relation (36) holds. Let us consider the relation
(30).

Since each ϕ(t−1
cj′−1

(cj′)) is generated by α1, β1, α2, β2, . . . , αn−1, βn−1

from the definition of ϕ (see Section 4.4), by Lemma 37 we have

ϕ(t−1
cj′−1

(cj′)) = 1(37)
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in π1(Yi) for j
′ = 2, 3, . . . , 2n− 1. By the definition of ϕ, we have

ϕ(t−1
c6 (c7)) = t−1

c2 (w);(38)

ϕ(t−1
c7 (c8)) = t−1

w (c8);(39)

ϕ(t−1
cj′−1

(cj′)) = t−1
cj′−1

(cj′)(40)

for j′ = 9, 10, . . . , 2n− 1.
Here, from the definition of ϕ (see Section 4.4) and Figures 4 and 9–12,

we see that the simple closed curve ϕ(t−1
cj′−1

(cj′)) is also disjoint from the

simple closed curves am and bm for all m and for j′ = 2, 3, . . . , 2n− 1. This
gives

ρGϕ(t
−1
cj′−1

(cj′)) = tR1 · · · tRk
taN+1taN+2 · · · tahtbh+1

tbh+2
· · · tb2hϕ(t

−1
cj′−1

(cj′))

= tR1tR2 · · · tRk
ϕ(t−1

cj′−1
(cj′)) = 1.

Hence,

ρGϕ(t
−1
cj′−1

(cj′)) = tR1tR2 · · · tRk
ϕ(t−1

cj′−1
(cj′)) = 1(41)

for j′ = 2, 3, . . . , 2n − 1. Since R1 intersects t−1
c2 (w) transversely at exactly

one point and R2, . . . , Rk do not intersect t−1
c2 (w) from Proposition 36, by

the relation (38), up to conjugation, we obtain

1 = tR1tR2 · · · tRk
ϕ(t−1

c6 (c7))

= tR1tR2 · · · tRk
(t−1
c2 (w))

= tR1(t
−1
c2 (w))

= t−1
c2 (w)Rε11 ,

where ε1 = ±1. By the relations (37) and (38), we have

R1 = 1.

Similarly, since R3, . . . , Rk do not intersect t−1
w (c8) from Proposition 36, by

the relation (39) we obtain

1 = tR1tR2 · · · tRk
ϕ(t−1

c7 (c8))

= tR1tR2 · · · tRk
(t−1
w (c8))

= tR1tR2(t
−1
w (c8)).

Since R2 intersects t−1
w (c8) transversely at exactly one point from Proposi-

tion 36, by Lemma 38, up to conjugation, we get

1 = tR1tR2(t
−1
w (c8))

= tR2(t
−1
w (c8))

= t−1
w (c8)R

ε2
2 ,

where ε2 = ±1. By the relation (37), we have

R2 = 1.
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Moreover, since Ri intersects ϕ(t−1
ci+5

(ci+6)) transversely at exactly one

point and Ri+1, Ri+2, . . . , Rk are disjoint from t−1
ci+5

(ci+6) for 3 ≤ i ≤ k from

Proposition 36, by the relations (40) and (41) we see that for j′ = 9, 10, . . . , k,

1 = tR1tR2 · · · tRk
ϕ(t−1

cj′−1
(cj′))

= tR1tR2 · · · tRk
(t−1
cj′−1

(cj′))

= tR1tR2 · · · tRj′−6
(t−1
cj′−1

(cj′))

in π1(Yi). Hence, we obtain

tR1tR2 · · · tRj′−6
(t−1
cj′−1

(cj′)) = 1

in π1(Yi) for j
′ = 9, 10, . . . , k. Since R3 intersects t−1

c8 (c9) transversely at ex-

actly one point and R4, . . . , Rk are disjoint from t−1
c8 (c9) (see Proposition 36),

by Lemma 38, up to conjugation, we have

1 = tR1tR2tR3(t
−1
c8 (c9))

= tR3(t
−1
c8 (c9))

= t−1
c8 (c9)R

ε3
3 ,

where ε3 = ±1. From the relation (37), we have

R3 = 1.

By repeating this argument, we obtain the former part of the claim.
We next show the latter part. Suppose that the relation (36) holds.

From Figures 4, 5 and 9–12, each of the simple closed curves ϕ(t−1
cj′−1

(cj′)),

ϕ(tcj′−1
(cj′)), ϕ(t

2n−1
c3 (tc1(c2))) and ϕ(t

2n−1
c3 (tc2(c3))) is disjoint from the sim-

ple closed curves am and bm for all m. By Lemma 38, we can replace the
relations (29)–(31) by the relations

1 = ρGϕ(tcj−1(cj)) = tR1 · · · tRk
(ϕ(tcj′−1

(cj′))) = ϕ(tcj′−1
(cj′));

1 = ρGϕ(t
−1
cj−1

(cj)) = tR1 · · · tRk
(ϕ(t−1

cj′−1
(cj′))) = ϕ(t−1

cj′−1
(cj′));

1 = ρGϕ(t
2n−1
c3 (tc1(c2))) = tR1 · · · tRk

(ϕ(t2n−1
c3 (tc1(c2)))) = ϕ(t2n−1

c3 (tc1(c2)));

1 = ρGϕ(t
2n−1
c3 (tc2(c3))) = tR1 · · · tRk

(ϕ(t2n−1
c3 (tc2(c3)))) = ϕ(t2n−1

c3 (tc2(c3))).

Since ϕ(t−1
cj−1

(cj)), ϕ(tcj−1(cj)), ϕ(t
2n−1
c3 (tc1(c2))) and ϕ(t2n−1

c3 (tc2(c3))) are

generated by α1, β1, α2, β2, . . . , αn−1, βn−1, from Lemma 37 we obtain the
relations (29)–(31). □
Lemma 40. The following holds in π1(Yi):

ama2h+1−m = 1 for 1 ≤ m ≤ h;(42)

am = 1 for N + 1 ≤ m ≤ h;(43)

bl = 1 for 1 ≤ l ≤ 2h.(44)

Moreover, we can replace the relations (23), (28), (32) and (35) by the
relations (42)–(44).
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Proof. We first show the relation (42) by induction on m. By the relations
(28), αn−1 = 1 (the relation (33)), (35) and (18), we see that the relation
(42) holds for m = h. Suppose that we have ama2h+1−m = 1 for m < h.
Then, from the relations (28), αn−1 = 1 (the relation (33)), (35), D2m−1 = 1
(the relation (16)) and D2m−2 = 1 (the relation (17)), we obtain

am−1bmbm+1 · · · b2h−(m−1)s2h−(m−1)a2h+1−(m−1) = 1;

ambmbm+1 · · · b2h+1−ms2h+1−ma2h+1−m = 1

for 2 ≤ m ≤ h, which give am−1a2h+1−(m−1) = 1. Therefore, we obtain the
relation (42) for 1 ≤ m ≤ h.

We next show the relation (43). From the definition of ϕ (see Section 4.4)
and Lemma 38, we see that

ρGϕ(Dj) = ρG(Dj) = taN+1taN+2 · · · tahtbh+1
tbh+2

· · · tb2h(Dj)

for j = 0, 1, . . . , 2h. It is easy to check that from this, up to conjugation,
the following equalities hold in π1(Σ2h+n−1):

ρGϕ(D2m−1) = (ambmbm+1 · · · b2h+1−ms2h+1−ma2h+1−m)

· b−1
2h+1−m · α−1

n−1 · ah · · · am+1am;

ρGϕ(D2m) = (ambm+1bm+2 · · · b2h−ms2h−ma2h+1−m)

· b−1
2h+1−m · α−1

n−1 · ah · · · am+2am+1;

ρGϕ(D2h−1) = (ahbhbh+1sh+1ah+1) · b−1
h+1 · α

−1
n−1 · ah;

ρGϕ(D2h) = (ahshah+1) · b−1
h+1 · α

−1
n−1

for N + 1 ≤ m ≤ h − 1. Therefore, by the relations (28), αn−1 = 1 (the
relation (33)) and ρGϕ(D2m−1) = ρGϕ(D2m) = 1, we get

b−1
2h+1−m · ah · · · am+1am = 1;

b−1
2h+1−m · ah · · · am+2am+1 = 1;

b−1
h+1 · ah = 1;

b−1
h+1 = 1

for N + 1 ≤ m ≤ h− 1. This gives

am = 1

for N + 1 ≤ m ≤ h.
Here, we show the relation (44). From the definition of ϕ (see Section 4.4),

Lemma 38 and the relation (43), we see that

ρGϕ(Dj) = ρG(Dj) = taN+1taN+2 · · · tahtbh+1
tbh+2

· · · tb2h(Dj)

= tbh+1
tbh+2

· · · tb2h(Dj)
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for j = 0, 1, . . . , 2h. Once again, it is easy to check that from this, up to
conjugation, the following equalities hold in π1(Σ2h+n−1):

ρGϕ(D0) = (b1b2 · · · b2h) · α−1
n−1;

ρGϕ(D2m−1) = (ambmbm+1 · · · b2h+1−ms2h+1−ma2h+1−m) · b−1
2h+1−m · α−1

n−1;

ρGϕ(D2m) = (ambm+1bm+2 · · · b2h−ms2h−ma2h+1−m) · b−1
2h+1−m · α−1

n−1

for 1 ≤ k ≤ h. By the relations αn−1 = 1 (the relation (33)), (28) and (32),
we obtain

b2h−m+1 = 1

for 1 ≤ m ≤ h. From the relation (42), D2m−1 = 1 (the relation (16)),
D2m = 1 (the relation (17)) and its proof, we get

bmbm+1 · · · b2h+1−ms2h+1−m = 1;

bm+1bm+2 · · · b2h−ms2h−m = 1.

These give bms
−1
2h−mb2h+1−ms2h+1−m = 1 for 1 ≤ m ≤ h. Therefore, by the

definition of sm (see Section 6.1),

1 = bms
−1
2h−mb2h+1−m(b

−1
2h+1−ms2h−m(a2h+1−mb2h+1−ma

−1
2h+1−m))

= bma2h+1−mb2h+1−ma
−1
2h+1−m

for 1 ≤ m ≤ h. Hence, by b2h−m+1 = 1 for 1 ≤ m ≤ h, we have

bl = 1

for 1 ≤ l ≤ 2h.
Finally, we show the latter part. Suppose that the relations (42)–(44)

hold. From the arguments above, Dj , ρGϕ(Dj) and sk are generated by am,
bm, αl, and βl. By the relations (33) and (34), we obtain the relations (23),
(28), (32) and (35).

This finishes the proof. □
We now prove Proposition 34.

Proof of Proposition 34. By Lemmas 37, 39 and 40, π1(Yi) has a presenta-
tion with generators

a1, b1, a2, b2, . . . , a2h, b2h, α1, β1, α2, β2, . . . , αn−1, βn−1

and with relations

ama2h+1−m = 1 for 1 ≤ m ≤ h;(45)

am = 1 for N + 1 ≤ m ≤ h;(46)

bl = 1 for 1 ≤ l ≤ 2h;(47)

αs = βs = 1 for 1 ≤ s ≤ n− 1;(48)

Rj = 1 for 1 ≤ j ≤ k(49)

for 0 ≤ i ≤ 2n − 2. From the relations (45)–(48), we see that π1(Yi) is
generated by a1, . . . , aN . By the relations (46)–(49), and using the map λ



42 ANAR AKHMEDOV AND N. MONDEN

appearing in Proposition 36, we get a word representing the element rj for
1 ≤ j ≤ k. Moreover, the fifth relation gives rj = 1 for 1 ≤ j ≤ k. Therefore,
we see that π1(Yi) has a presentation with generators a1, a2, . . . , aN and with
relations

rj = 1 for 1 ≤ j ≤ k,

and hence π1(Yi) is isomorphic to G for 0 ≤ i ≤ 2n− 2.
This finishes the proof. □

7. Proof of Propositions 25 and 26

This section gives the proofs of Propositions 25 and 26. In the figures
below, we denote the arrangement using the Dehn twist tc about a simple

closed curve c and the arrangement using an isotopy by
c−→ and ∼, respec-

tively.

7.1. Proof of Proposition 25. Let S1 be the subsurface of Σ1
2n+n−1 of

genus n− 1 with two boundary curves δ and δ′ as in Figure 3, and let Γ(S1)
be the mapping class group of S1. We consider the simple closed curves
c′1, c

′′
1, c2, . . . , c2n−2, c

′
2n−1, c

′′
2n−1 and the arcs τ, τ2n−1 on S1 ⊂ Σ1

2h+n−1 as
in Figures 3 and 14. We denote by Hδ (resp. Hδ′) the half twist about
δ (resp. δ′), hence tδ = H2

δ (resp. tδ′ = H2
δ′), satisfying Hδ(c

′
1) = c′′1,

Hδ(ci) = ci, Hδ(c
′
2n−1) = c′′2n−1 and Hδ(τ2n−1) = τ2n−1 (resp. Hδ′(c

′
1) = c′1,

Hδ′(ci) = ci, Hδ′(c
′
2n−1) = c′2n−1 and Hδ′(τ) = τ ) for i = 2, 3, . . . , 2n − 2.

Therefore, we have Hδtc′2n−1
tc′′2n−1

= tc′2n−1
tc′′2n−1

Hδ (resp. Hδ′tc′2n−1
tc′′2n−1

=

tc′2n−1
tc′′2n−1

Hδ′) from the relation tϕ(c) = ϕtcϕ
−1 in Section 4.1. We first

show the following proposition.

Proposition 41. The following relation holds in Γ(S1):

tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2 = HδHδ′t
−1
c′′2n−1

t−1
c′2n−1

.

Proof. We prove the equation using the Alexander method. The collec-
tion {c2, c3, . . . , c2n−2, τ, τ2n−1} “fills” S1 and satisfies the assumptions of
the Alexander method (see for example [24]). Therefore, from the above-
mentioned properties of Hδ and Hδ′ , it suffices to show that

(i) tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2(ci) = ci for i = 2, 3, . . . , 2n− 3,

(ii) tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2(c2n−2) = t−1
c′′2n−1

t−1
c′2n−1

(c2n−2),

(iii) tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2(τ) = Hδ(τ), and

(iv) tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2(τ2n−1) = Hδ′(τ2n−1).

First, we show (i). Note that cj is disjoint from ck if |j − k| ≥ 2 and
intersects ck at exactly one point if |j−k| = 1. Moreover, cj is disjoint from
c′1 and c′′1 for j = 3, 4, . . . , 2n− 2. Therefore, it follows easily from Figure 7
that for j = 2, 3, . . . , 2n− 3, we have

tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2(cj) = cj .
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Figure 14.

Next, we show (ii). Let x2, x3, . . . , x2n−2 be the simple closed curves on
S1 as in Figure 14. Note that c2n−2 = x2n−2. It is easy to check that

tc2i−1(x2i) = x2i−1,

tc2i−2(x2i−1) = x2i−2

for i = 2, . . . , n− 1 from Figure 15. This gives

tc2tc3 · · · tc2n−2(c2n−2) = tc2tc3 · · · tc2n−2(x2n−2) = x2.

Let y2, y3, . . . , y2n−2 be the simple closed curves on S1 as in Figure 14. Notice
that

y2 = tc′1tc′′1 (x2),

tc2n−2(y2n−2) = t−1
c′′2n−1

t−1
c′2n−1

(c2n−2)

(cf. Figure 16). It is immediate that

tc2i−2(y2i−2) = y2i−1,

tc2i−1(y2i−1) = y2i

for i = 2, 3, . . . , n− 1 from Figure 17. This gives

tc2n−2 · · · tc3tc2tc′1tc′′1 (x2) = tc2n−2(y2n−2) = t−1
c′′2n−1

t−1
c′2n−1

(c2n−2).

Therefore, we have

tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2(c2n−2) = t−1
c′′2n−1

t−1
c′2n−1

(c2n−2).

The proof of (iii) is straightforward from Figure 18 since τ and Hδ(τ) are
disjoint from c3, c4, . . . , c2n−2.
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Finally, we show (iv). Let τ2, τ3, . . . , τ2n−1 be the arcs on S1 as in Fig-
ure 14. It follows easily from Figure 19 that

tc2i(τ2i+1) = τ2i for i = 1, 2, . . . , n− 1,

tc2i−1(τ2i) = τ2i−1 for i = 2, 3, . . . , n− 1.
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δ
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δ
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δ
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Figure 17.

δ
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c́ c́́

δ

c́c́́

δ

δ

δ

δδ

c

τ

Figure 18.

This gives

tc2tc3 · · · tc2n−2(τ2n−1) = τ2.

Let τ ′2, τ
′
3, . . . , τ

′
2n−1 be the arcs on S1 as in Figure 14. It is easily seen that

Hδ′(τ2n−1) = τ ′2n−1.

From Figure 20 we see that

tc′1tc′′1 (τ2) = τ ′2.

It is immediate that we have

tc2i(τ
′
2i) = τ ′2i+1 for i = 1, 2, . . . , n− 1,

tc2i+1(τ
′
2i+1) = τ ′2i+2 for i = 1, 2, . . . , n− 2

from Figure 21. Therefore, we have

tc2n−2 · · · tc3tc2tc′1tc′′1 (τ2) = τ ′2n−1 = Hδ′(τ2n−1).
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From the equations above, we obtain

tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2(τ2n−1) = Hδ′(τ2n−1).

δ

δ´

τi+ τi

ci

δ

δ´

δ

δ´

ci-

ci-

τi-

δ

δ´

δ

δ´

ci

Figure 19.

δ

δ´

δ

δ ´

δ

δ´

τ

c́c́́

c́

τ́

c́́

Figure 20.

This completes the proof. □
Next, we show Proposition 25.

Proof of Proposition 25. By gluing a disk to S1 along δ′, we obtain Σ1
n−1 so

that the curves c′2n−1 and c′′2n−1 are isotopic to c2n−1 in Figure 2. Therefore,

since hδ is the image of HδHδ′ under the map Γ1
n−1 → Γn−1 induced by the

inclusion Σ1
n−1 → Σn−1, from Proposition 41, we obtain

tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2 = hδt
−2
c2n−1

,

and thus

tc2n−1tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2tc2n−1 = hδ.

This finishes the proof. □
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δ

δ´

ci

δ

δ´

δ

δ´

ci+

ci+

δ

δ´

δ

δ´

ci

τí τi+´τi+´

Figure 21.

7.2. Proof of Proposition 26. This subsection gives the proof of Propo-
sition 26.

Let S2 be the subsurface of Σ1
2h+n−1 of genus 2h with two boundary

curves c′2n−1 and c′′2n−1 as in Figure 3, and let Γ(S2) be the mapping class

group of S2. We denote by H ′
δ′ the half twist about δ′, hence tδ′ = (H ′

δ′)
2,

satisfying H ′
δ′(aj) = a4h+2−j , where aj and δ′ are the simple closed curves

on S2(⊂ Σ1
2h+n−1) as in Figure 22. We first show the following proposition.

Proposition 42. The following relation holds in Γ(S2):

tD0tD1tD2 · · · tD2h
tc2n−1 = tc′2n−1

tc′′2n−1
(H ′

δ′)
−1,

where D0, D1, . . . , D2h, c2n−1 are the simple closed curves on S2(⊂ Σ1
2h+n−1)

as in Figure 3.

δ
cn -´

´

´

cn -´́

ah+ ah+ ah

ah+

ah+´a

ah
a

a
a

a

σ

Figure 22.

Proof. We prove the equation using the Alexander method. Let σ be the arc
on S2 as in Figure 22, and let a1, a2, . . . , a4h+1, a

′
1, a

′
4h+1 be the simple closed

curves on S2 as in the figure. Then, the collection {a1, a2, . . . , a4h, a′4h+1, σ}
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“fills” S2 and satisfies the assumptions of the Alexander method (see for
example [24]). Therefore, since tc′2n−1

and tc′′2n−1
are in the center of Γ(S2),

it suffices to show that

(i) tD0tD1tD2 · · · tD2h
tc2n−1(aj) = a4h+2−j for j = 1, 2, . . . , 4h+ 1,

(ii) tD0tD1tD2 · · · tD2h
tc2n−1(a

′
4h+1) = (H ′

δ′)
−1(a′1), and

(iii) tD0tD1tD2 · · · tD2h
tc2n−1(σ) = tc′2n−1

tc′′2n−1
(σ).

First, we show (i). It is easy to check that

tD2i−1tD2i(a2i) = a4h+2−2i (j = 2i),

tD2i−2tD2i−1(a2i−1) = a4h+2−(2i−1) (j = 2i− 1, j ̸= 2h+ 1)

for i = 1, 2, . . . , h from Figures 23, 24, 25 and 26. Moreover, we also see at
once that

tD2h
tc2n−1(a2h+1) = a2h+1

from Figure 27. We notice that aj and a4h+2−j are disjoint from Dk and
c2n−1 for i ̸= 2h+ 1 and k ̸= j − 1, j and that a2h+1 is disjoint from Dk for
k ̸= 2h. Therefore, for j = 1, 2, . . . , 4h+ 1, we have

tD0tD1tD2 · · · tD2h
tc2n−1(aj) = a4h+2−j .

Di -

Di

Di -

ah+ -i

ai

Di

cn -´ cn -´́ cn -´ cn -´́

cn -´ cn -´́ cn -´ cn -´́

cn -´ cn -´́

Figure 23.

Next, we show (ii). This immediately follows from Figures 28 and 29.
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ai

Di -

Di

Di -

ah+ -i

Di

cn -´ cn -´́ cn -´ cn -´́

cn -´ cn -´́
cn -´ cn -´́
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Figure 24.
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ai -

cn -´ cn -´́ cn -´ cn -´́

cn -´ cn -´́ cn -´ cn -´́

cn -´ cn -´́

Figure 25.

Finally, we show (iii). Let σ1, σ2, . . . , σh be the arcs on S2 as in Figure 30.
Note that

σh = tc2n−1(σ).
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Figure 26.
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cn -´ cn -´́cn -´ cn -´́

cn -´ cn -´́

cn -

Dh

Dh

ah+

cn -´ cn -´́

cn -´ cn -´́

cn-

Dh

Figure 27.

It follows easily from Figures 31 and 32 that

tD2i−1tD2i(σi) = σi−1,

tD0(σ1) = tc′2n−1
tc′′2n−1

(σ)

for i = 2, . . . , h. This gives

tD0tD1tD2 · · · tD2h
tc2n−1(σ) = tc′2n−1

tc′′2n−1
(σ).
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This completes the proof. □

D

D

D

D

cn -´ cn -´́

δ´

cn -´ cn -´́

cn -´ cn -´́ cn -´ cn -´́

cn -´ cn -´́

´ah+

Figure 28.
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D

D

D

D

cn -´ cn -´́

δ´

cn -´ cn -´́

cn -´ cn -´́ cn -´ cn -´́

cn -´ cn -´́

Figure 29.
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σhσh -σσ

Figure 30.

cn -´ cn -´́ cn -´ cn -´́

cn -´ cn -´́ cn -´ cn -´́

cn -´ cn -´́

Di

Di -

σi -

Diσi

Di -

Di -

Figure 31.

Next, we show Proposition 26.

Proof of Proposition 26. It follows immediately from Propositions 41 and 42
that

tc2n−2 · · · tc3tc2tc′1tc′′1 tc2tc3 · · · tc2n−2tD0tD1tD2 · · · tD2h
tc2n−1 = h′δ,

and the proof is complete. □

8. Remarks on genus-2 Lefschetz fibrations

We give some remarks on genus-2 Lefschetz fibrations.
For abbreviation, a genus-2 Lefschetz fibration f : X → S2 is said to be of

type (s0, s) if f has s0 nonseparating and s separating singular fibers. Then,
we see that e(X) = −4 + s0 + s and σ(X) = −3

5s0 −
1
5s using the signature

formula for genus-2 Lefschetz fibrations given by Matsumoto [44] (which is
generalized by Endo [22] to genus-g hyperelliptic Lefschetz fibrations). Then,
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it is easy to check that c21(X)− 2χ(X)+6 = s ≥ 0, and hence every genus-2
Lefschetz fibration satisfies the Noether inequality 2χ(X)− 6 ≤ c21(X).

σ D

D

cn -´ cn -´́ cn -´ cn -´́

cn -´ cn -´́

Figure 32.

All explicit examples of indecomposable genus-2 Lefschetz fibrations with
minimal total spaces have been constructed by Xiao [57] as far as the authors
know. Such examples are of types (6, 7) and (12, 19). In general, every
genus-2 Lefschetz fibration of type (s0, 2s0 − 5) is indecomposable (see [4]).
From the arguments in [4], we find that the total space is minimal except for
s0 = 4. Moreover, we can show that the total space of a genus-2 Lefschetz
fibration of type (s0, 2s0 − 5) is not simply connected as follows (therefore
the total spaces of the above-mentioned examples given by Xiao are not
simply connected).

Proposition 43. If X admits a genus-2 Lefschetz fibration of type (s0, 2s0−
5), then b1(X) ≥ 2.

Proof. From the assumption that s = 2s0 − 5, we have

e(X) = 3s0 − 9 = 2− 2b1(X) + b+2 (X) + b−2 (X),

σ(X) = −s0 + 1 = b+2 (X)− b−2 (X).

This gives 2 − 2b1(X) + 2b−2 (X) = 4s0 − 10. Here, by b−2 (Y ) ≥ s + 1 for a
genus-2 Lefschetz fibration Y → S2 of type (s0, s) (see, for example, Lemma
2.4 in [40]) and the assumption that s = 2s0 − 5, we have b1(X) ≥ 2. □
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