K. Ito
Stationary Process, 1963-64

1. Gaussian System

1. Definition., (a) A random variable x(w) is called Gaussian, if its

characteristic function is of the following form:

2

izx(w . '
E(e ())=exp{1:mz- 2}, -®<m<+® 0<V<+o®

wi<

In case (nondegenerate case): v > o,

|
J

J2miv B

2
P(x €E) = —— f'exp{-%{i’—}dg.

In case (degenerate case): v = o,

(b) A System of random variables xa(w), a € A, is called Gaussian

if every linear expression. ¢ _+c¢, x +..,+c_x_ is Gaussian,
< - o 1 a, noa T

2. Elementary Properties, (a) (Xa’ a € A) is Gaussian, if they are

independent and if each of them is Gaussian.

(b) A subsystem of a Gaussian system is Gaussian,



2.

(c) Given a Gaussian system, the closed linear manifold (in Lz(-Q,))

generated by that system is also Gaussian,

(d) Consider a family of Gaussian systems

A_ A :
X = (Xa' a§ A)\)' A€ A

If they are independent, then the joint system

A
X

X =
(a

s aEAA, A€ A)

is also Gaussian,

3. Existence Theorem. Let xa(w), a EA, be a Gaussian system,

Then

m = Blx, (0)

Vg ° E((za.- m&)(xrs - mg))

are well defined and finite, and v_, is symmetric and positive definite:

afl



vCiﬂ = Vﬁa,
9"’
:{.3 'Vaias gi gj Z Q

- .. . . . p n ~ 3 ’ » yul
o cvery choig.c.of u, (a}_, Cpns =ee 5 an) A aand (gl, Sopceee s Qa} ¢ R,

The vector (ma, ¢ ecd) e ¥ and the matrix (vo,'ﬁ’ o, B c€A) (both are

infinite dimensional if A is aun lufiaite set) are called respectively the

menn vector and the covariance mairix of the givean Caussian systen.

Taecrem. Glven any veetor (m 2 O < A) and any symmetric and positive~defiaite

[

gatelz (va 87 @, B e &), we caan coustiuct & Gaussian cyston with the mean
2

veetor (m 0) aad the covariance matrix ('v’a%) oa & suliable probabilivy measwre
d " -

cpace. Tae crucial point of the proof 1s the Zollowing

iemra. If (v_.; 0, B ¢ A) is syumeiric aud positive definite, then there
*aB 2 s

LU

exlsts (ﬁa?é acd, Ne A) ouch that

v
Vs = 7\)&"1\ San S



Pt )

fote (Gue to C. Stein). Using Cexlemaa’s

-

theoren in maient probless (see

L1

Shobat-Tanarkin: "The problem of moments® {1943)), we can generalize Theoren 2

(rage 5) ac Tollows.
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2

is increasing in W, we have
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Rorark 3. Bere sre sufficient conditions for {A) vwhich can be easily checked.

e

(B) {(Steia's conditlon) There exists 0 <c{a) <= and an(an >0 and Z" aﬁ = o)

Tor cvery @ and every n

lim E:(eclxal) <o for every o
c+O

(D) (The assumpiion ia Theoren 2)
clz |
E(e ><o> for every ¢ and ¢ >0
Inv fact we have
(D) = (¢) = (B) == () =9 Plx) = =)

e v e

Exomple. If each x, is Causs, Polsoon or exponentlelly distributed, thea (C)

Lolds and so F(x) = ﬁ:?/](x).



b.3

% . .o .
Proof of Wheorem 2 . It is caough to chow that ¥ ¢ v/?(x) © @(x) implies

v = 0. du =y« P 1is a bounded signed measure with the absoluie variation
dl'-l = ;’YI apP.

Congider u = } 2 6, x (01 real) end set v = p w?l. Then vl = vl u 't
1= . . ‘

Since wo ¢ & (%),

Ca the ather hand

[l alv] () - ! laf? afu] = B[l y)

Rl‘
a\1/2 o .
< B{Jul" M2 . waere. Jy] = BzHY?
20 L. 5 dagL/2 | -
<67 m{ ) =, ™)V Iyl where 6 =7 |o, |
G Py L 19y
2n .. - 2n s
<¢ E{Yy ix, |7 v
i %
aad so
-1/2n

57 18P avn M x o /e g ] s, 177]
Ce | A

n



L.,

modc 1s dlvergent. by our ascurption (note Remark 1). Using Cerlemen's theorem

ve geb vV = 0 and 60
() [ew(s foz)u- [Ma-[ Hamao
_ iml
o Q ~ Y] Rl

Deroting by = the mopping o Q) — (zai(w) ETTRPE @)) (ERY), ve get
~ . S

z i
exp (i T 0, §,> dgux — =)
'/; i%'.:‘l i°1 |
R .

This iz true Lor every (ei) and 80 we gob uw
€ ﬁ(xa see xa) can be expressed as B = % B with socze

l::O.

-

Lvery B

. or "
AN (3 . Thercefore

u(B) = p~H{E) = 0

-Gi}fen ary B ¢ 6(:{&, ¢ ¢ A) and any & > 0, there exists B ¢ ﬁ(xal, ces xar)
<&

Tor pame o *e Q. such that fu}] (B ~B2), sibere B~B'=BUB - 3N 3.

() < () + [u@) - p@E) <lul B~3B')<§

Since & is arbitvary, we get W(B) = 0 for B c-:ZB(:xa, o ed).



4.5

As 'y is meacurable in @{xa', G e A), we get

A | -
g{yd}t:o : i‘e., b(y)zo

Remarik. Tne Girect proof of Theorem 2 is as £ollows. Ve get (#) by the term-

y-term integration thet 4is allowed by Blexp( 2': leil I"a 1)) <o which can
1 1 .
be oviained from (D) by repeated use of the Schwarz incouality, and the rest

of the proof is the same as abova,



K. Tto -
Statlooary Processes, 1G63-Ch 5.

2 : . .
6. L~ spoce cver a Gaussian sysoem.

of ell nomentsCinite
(a) Let x = (xo, Q@ ¢ A) bz any cyctem of real vandom variables/dsfined

e (@B, P). Let us consider the closed lioear subsphces of 1? =12 503, P)
generated by x 1in %hree different WAYD ..
. : ‘1_11
X (x) = the set of all linear cosbipaticas of Xy ¢ A ( L Sy X )
o i=L ¥ "1
gnd their L = linito ;

G‘\'(x) = the get of all p¢lyeanials (p{x, --- z_ )) and thzir Lz « linit

> set of all elemcats of L2 reasurcable (({x) = @(xa, aed).

]
&
(0]

7 (=)
It 18 clear that:
Kix) < Cla) < i)
#
tut we have

- Theoven 2.

Ir

J>< R Tov ooy ¢ > 0,



sguy 0 aud auy (C".L’_ cee Ofn)’. ‘then
Pix) = D).

Covollery., If X = ‘(xa', o:Ae A) is a Ceussiaa systiem, then
Pla) = #ix)

Pea s . - . - . 2,1 ,1 ~x
{This fact contelns the coampleteness of Hermite molyacmials on L (R, 4B, e az)

e o cpecial. case.)

- -~ £ - . . . s,

(). Let x = U'ia; aehd) ne 2 Gousgien sygiem with mean veetor 0.
T & A s o ofe 3 ~ o . - S 1 el @ Y,
Let 7 n(z.) be the closed linear swbannifold of (/(x) spanned by all

polyuomialy of dagree < n., It iz then clear that

o ! 5 - > - > D ses
(Po\"*) = 0)3.<X} < 2("') <
""?-"'.'."_‘—.w ,
& (%) = “f'n ’n %) (= thae smallestclosed yanifold

containing all pn(x)) .
Define Oon(x) by

Fot=) = B,

A «
(Pn( x) = g?n(x) @@ “l(;:) {orthogonal complement)
("1 =1, 2, o0 )

Taea we hove



7.

Theorem 3. 94(x) = = ¢ \x) Z@(Pn (z) (éirect suum)

It is cleoar that

Q) =1, F = X

14

(e¢). Comesron-Yaritin Woawssion. Lot x = (x,, @ c-A) be a Goussian

system with mecan vector O.-

‘Leb ~I}'n(;r:) be the Hermdte polynomial of degree n:

. n-l) -2 n'\p-l) (r-2) (n-3) ,,_\0-4
B = (2 - B (o) % (2x)
+ (- 3)11/2 -2 for even n
("*}!

i.g. (..3_)(3'3-)/2 (333‘,3- (ex) for odd .m
. l

and modify this ac

AT

LA " X "‘mwmm
nt

“\/2 nl

g0 that 'h (x) R (:;), ... congbitute a caplete orthonormal system on

&R » (9 , B(éz)), Ia(c;:) belng the Gavesien aistribution

2
1
——— p(- .-..) dx.

D .



Thaorcn 4. {Cameron~Mar dn) Lot P N € A, be a camplete orthonominl.

s £+ i S o A

systen In 02\0(3:) {= G)l{:c)). Then

7\1, 7\2 5 ees 7\P different
By (¥ ) oo B, Gy ) . |
L 1 g 'dg pl'rp2+-'-o'%p0=

constitute 8 cozplete orfhcuorsal system in JD(,»;) . Therefore it follows from
Thecren b that every . x ¢ zz(x) has an ox uogonal expension {Cameron~-lartin
exnencion):
eee
7"1 ?‘a

Y n {7y ) +-- B (ry )
"o (>~)2i'p);% Dy oo po> nPJ. j7‘1 Py Ay

=
i

4

oo <;\1

LN p

Q. ;
O W ()

o (yy ) oo {yy ) Dy + eee + D=
)pl}\l. po)‘a‘ 1 g

(4) Predintor. Tet G = (:<C$, ¢ & AY be a Caussicn system end H @

subsysten of G. Toke auy w ¢ %{G).
Tae projecti ¢ u onto PH6') muinizes Ju - vl 1 v effer)
The projecvion v, ol u oalo ,'/(\ mianimizes | v o vV <IN

ard is called the predlctor of Gegree « of u over G', wiille the projection

v. of w ocato @’n(c}.) mininizes flu - vl din v e@n(G') and 18 called the

Heteor of dearee n of u over G,

o e voh = vz e - vz e 2 e - vl

but the Camercn-¥artin expansion theoren lmplies,



Tacoren . u ¢ 353((} ) == v = v; in particular

W =% =pv. (= lincar predictor) = LA

which chows that the linear prediction is the same as the noalincar prediction

for Gaussiosn processes.

.

7. ¥Midinle Wicace inteoxxal (orthogenalised mulitinle lategral with respect to

a Goussion xendom ieasure)

Izt M{E) be a Gaussicn ronden nmeasure oa T(ﬁm, n) vwhere m is

glonless.

.

[:T_tggg.fé m ic called atoaless 1€
(1) 0<a(E) <o =) “FcE such that 0 < u{F) < n(E).

This coundliion 1s equivalent to eoch one of the following conditions.



10.

(2) n(E) <o => Ve> 0 AEaR v e L,  (aisjoint)
such that

aE) < &, i=1,2, oo 5 1

(3) m<E).V< © ==) Vul BE = El v e v En , (aisjoint

guch that

m(Ei) = u(E)/n

(i) mE) <o = Vo<a<l J Fcu such that of) = o nE). ]

€N e r l=r £ - l ’ «e [
) = Py = T@AG) , Pt =8 B = K
n

and the Camerca-¥artian exgansion theorea holds,

2 'ﬂ\ + . --2 X ) - X ’
Let L {TZ°) be the L -space over the product space T asscciated with

. - . . ! el . . .
the direct prodmct measvre & aud S{T") Yve the set of all symuetric fuactions

f) . -~ .
. N, by -
in LT{1). Then ve can establich & ‘one-io~one correspondences

s(Th) Sz, -1 (£) € O ()



K. Xto

Stationacy f'rocc"(‘f‘ 5, 198364 11,
Cese n = 0.
. : 1 )
121 = sir®) = R-
2,0, - _
fat‘.Lv.'I )~§Io(f03~ o
fose n =1
" .
o(T) = 8{T1)
Iet f {(T) be the elass of all Zunctivas of the form £ l‘l c, e (b)
with disjoint B, Byy v 5 B 8. ~ (Becall that ¢f is the clacs of sets of
, Fy

i : . . 2
finite m-measure.) Then 8{‘1’) is o dense linear subspsce of L {T).
! . & . ‘ P N
ofine I = [ £, (t) d ) fo : ] - - e,
Define .Ll(fl) =0 £, t) d M{x) for £ i (T es £l~(fl) )11 ey H~Ei)'

s,

Il{fl} 15 well ¢afined independently of the representation of £y and Il(fl‘)

. 2, - .
is lincar and isometric Ffrom  {T) ianto LT{Q). Therefores 1% can be extended

o pre

45 2 Yincar iscm-»atric opevaior from LQ{T) = &0 into LQ(Q).
it 15 easgy to sce Il‘L' ) = (?(h), 50 that "‘l ‘gives an iscmorphism:

@l(m).'

(age n = 2.

e o o

. N
12(0%) o s(1%)
#
"} Dbe the class of all functions of the form fz(tl, té)

3

= )] iy c.‘,.('bl) ey {tz) with.dlsjoint By By vee s Er eé-f. cf(’].’z) is a

-

. 2, .. ) - .
lineav svhspace of L°{T), and §(T°) = 142(’1.‘2) follovws froa our assumption that

n {5 2comless o

e bl



Derine 1‘2(:{'2') = [f £{t, ©,) auly))a z.&(ta)‘ tor £, ¢ £(T) as

Tpify) = o ¢ E,) n(n \
2 o1 iy

I 2( ?23 is well definnd‘indepcm‘{ently of <he 1‘epfésen?,ation_ of fa and
;2(1‘2 is llaear.

b

since - £,0t), ty) = Ey(ty, o) " ¥yle,) = Ly(e,) by the detinttion, ve £

2y e LR, Folb, ) o (6,5 ty) + £,(t,, b)) s
et 2172’ tetyr T2 2 v
It is easy o verify
. 1. 2 oo 2% W2 > 2 2
) ligled® < i E R = 205 < 2liny
Taevrelfore 1'2( 2) can he exctended o a linear bouaded operator from Le inio

2, fe N el . . " . -
L), and (1) is true for this exteasion. In pariicular, 12 f2 e s ) , ‘tea

£, =t

s =1, and

It 1o cleor that T, (L7(2°)) = Ig(s(a‘a)). We can prove that (L (523 =

Taosefore 2‘1/ 2 I'2 gives an jsamorphising S(’I‘e) -, 92(24).

‘x
l/



L e st

K. fco,
< . 2w A
Staticnary Procecszes, 1505-6h - 33,

uaee  goneral n

storting with the definition of I (2 ) for £ in

we can repeat the ecane arguronits 4s for the case n = 2 to see that

(n!)“l/e I gives en isomorphi.sm ; s(s™) naPn(M) .

e o ¢ Bt

Thoorem 6. Bvery @ ¢ ;%? G1) (= C;D(M)) has on expansion:
< . |

P 0 e ) ) e ai)
3 |

(2]
e ~ po - . 1
uith £ e L) weE can restrict £, in 5(?7) and the expsnsion is unigue

-

under thic restricticn.



K. Xuo .
Stutlonary Processes,; 1962-03 1

¢ us ecteblish an interesting relation ameng complete orthonormal

5
<

2 n
systens in L (), ,S(T ) and GDD(M).
Let %\(t), A € A, be the complete orithonowwal system of Le(‘r), .

@/ = ‘¢'\

pol 'll

(o) woe dhy Co) 5 O eee s ) e )

constitute a corplete orthonoraal systewm in LS(T) and
8 : ,

.

‘ot o, ! ”1/2 3y ) . veoe .
(_9“ = (=) ):r‘ Q}‘l(t"l). ¢An(t“n))

{ .
. T == l, 2, oo s I
= (9 (by v %) : g, aliverent
/dl ’ nr) .l a 1
-
\G.-L Gr ni>05 o ,Lni“nj

. . . . n
constitute a conplete orthonormal system of S(T ).

Ca the other band

vy = g, (6} axi(s)  Aen,

constitute a complete or'i:hono;mal system in G> 1 and the Cameron-Martin cxpansion



K. Tto
Stationary Processcs, 19635-0h 15

r=1,2,5 «e0 ,n

L"" n (y )'."’h (y ): @ different
Fon o, 9 By 0% Ay .

Z'ni=n, n, >0

conctitute a complete orthonormal system in @ a

Theorcu 7. ('pi)"l/ 2 I, carries @;} onto )’ngn :

(n,)-_l/? [ eeenf ¢7‘1(tl) ¢)\B(tn) Q) +-r aM(s)) = hnl(y“l) hnl;(yol;)

where Oys Ops +e+ 5 O, 8&TC the different mewbers among, (?\i} and each. ng

is the number of G; in (7\i}.

s 1 -1/2 . / o~ " 3
The wavping | (n!) / I (9‘n - ;(,wn is not one-—tg-one and 1if ard
only if <there exists apermutation = = (%) of 1,2, ..., n such that
Bs = A »

i Ty

¢?\l(tl) ¢7\n(tn) ‘and | | ¢nl(tl) ¢nl;(tn)

. R . -l
#cas over Lo the same element in ;-{An and therefore * (n!) /2 I

ie one=-to-one; (G-' =w-> ;SL .
or én ) n



Ko Ito
Stationary Processes, 1903-6& 16.

Proof of In(L_e(Tn)) = (P, )

1st step. :\Zn(l’..e(‘]_.‘n )) L Im(Le(Tm)) (n < m)

It is enough to prove that In(a =) 1 Im(ﬁ('fm )). Take any

ye In(é'(’l'n)) and anaf Z e Im( E(T™)) and express them ag

}‘}', I\’(Eil) eee WE, )
z= 3, 4d | Iu(D ) eee N, )
Jui‘ﬂJv 3_1' +dn pol

with a finite disjolint subsystem {Ei] of SZI . (¥otice %that we can take

a comron (Ei} 'for R andv zy if rol, vwe con c’.;s that by. using a cozmon |
subdivision.) Since n < m, at least cze of 315 30 +++ 5 3, 1o Gifferent
from any of i, ... 1 . Noticing that f:::(::;), M(E'a), vee ave iridepex;dent,

vwe get E(y-z) = O.

2nd step.
Lemra 1. £ eL(T),gncL (%) (a>1)
=== '

g

1N @ty vee ) 2 2(8) g (6, oo ﬂ) e 13(r™*)

22U g () +oe . ) = ZI ff () g (%) «-o by 1';; by ...?cn-l) dm(t? c Le.(&'fﬁ'?')

ey 0 e ll = lie ll fle B
lz, ve ll < r!lf I lle

) 1) Tle) =Tt ne) + I (e v &)



K. XIto
Stationary Processes, 19563-04 . 7. .

Proof of Lemmaal.

Since both sides of (#) are bilinear ia (f‘l,gz_) s it 18 enough o
prove it for . .

£ = eE(t), g = esl("‘l.) eEQ(ta) er,'ﬁ(tn) (B e ’ E, dis;oin‘o)o

Using subdivision, we can assume that elthax

(1) EN(E, U+ UE) =0
or

(11) E = soze E,; (say El)
In case (1)

flenwO

and (%) is clear. In case (i1)

Ve = n(3) eEe(tl) coe eBn({-'n-"l)

Xk
Decczposing E as BE=w U

© is=l
the atomless property of m, we have

E_, u(@ ) ==n(Z)/z as is possible by virtue of
L.i “ki )



K. Ito i8
Stationary Processes, 1553-64 _ _

£ Ne, = i% egm(’cl) eEm(ta) eEe(%) egn(tnﬂ)

+ % eEki(tl) eEki(ta) eme(’c5) veo eEn(‘bn-l-l)

o % & \yk A
llvklla =3 m(Eki)2 (E,) «oe @) = %{ a(E) 2(Z,) oo m(E)) =0 (x =)
Therefore

v oo I (S eoe (R
n'i'l(‘l{‘ g ) = li‘n 1.,,(1(@ ) = lim 5’:__.1 "‘(Eki) I“(‘Ek‘.’) I"(“-‘22) & (I"d)

Oa the othexr hand .
- . fnl 2 ol eee MIE
.Ll(fl) I n(an) = M(E) x-z(r.,a) u(Bn)

(2,4) H5y) ov 8 + T ot )% 1(s)) e ulz)

2
!
"~
;{
t-f.S
v
o-;'

lim A =X ﬂ(fl 2 gn) (a3 proved above).

By - Xy (2 U &;}”2
= ﬂ};m(zm)e H(B,) «e M(E) - u(E) (E,) - PrZ(En)!ja

= 1T e ) - @I I - ki)

(Sotice that M(Eki), M(Ej), 1221,2 ooo 95 J =23 ... ,0
are indepeandent.)



K. Ito, 4 : '
.8tationary Processes, 1963~64 19.

el e 12 et V112 forfm Y112 - e
"511 ""A(ﬁki)e - (B O° )" e !F‘(“n)ﬂl = fé za(E,, ) m(EQ) - u(E,_)

= 2 (8) w(E,) ** u(E) —> 0

Thus (*) is proved.
As en inmediate result of Lem:a 1, we get

Lenna 2.

ye In(LQ(T")), z ¢ Il(Lg{T))

=>y-zer (A © i, wPEEh)

== y2 € }Ii’: Ir(La(Tr).)
. r=0 ;

3rd step. By the result of the 1st ctep i% 15 eucugh to prove that

W= S0 1R - 5’3 (x)
=0 T e n

(Notice that the opposite inclusion is clear.) Tuis is evident for n = 1,

. Assume that this is true for n=1, 2, ... , m. In oxrder to prove that this

is true for n - mil, it is enough to prove that any element of the form .
M(El) voe I-&(EK) (Ei not necessarily disjoint g k< wil) ’beloﬁgs ¢o f‘}’,}”;_’,m';'l;
I2 k < m¥l, then the asswaption of induction implies thal I»E(_‘El_) e M(Ek)

¢ e 7/}: @ Congider the case k = mHl, Then Z:I(El) € 'Zf'/Zl‘ axd

- n
M(Ey) eee M(E_,,) €)fp” end so



K. Xto,
Stationary Processes, 1953-6h4 20.
X(E, ) = Yot ¥y
bﬁ(Ee) coe M(Em‘{"l) =a,° +“l -}: ’... +zm

where
¥, %, € LHT)

Thus we have

{6 eoe ! | 5 ; ’m+l
M(Z,) H(S,) +or ME_,) = iZj AL
J

because

Yot 2y ¢ LA 5y v gy e n )
i .

Y173 € Ak (oy lezmua 2),

Remark: Lemza 1, corbined with {he recwrsicn formmla for Eermite polyaoﬁniala ’

proves Taeorcm 7 (page 15).



K. Ito,

Stationary Processes, 1953-64 1T.1

2. COMPLEX GAUSSIAN SYSTEM

1. Definitions.

(a) A complex random variable x{w) is called cormlex Csussisn

if its probability distribution is ean isotropic Gaussian distribution
on the coﬁplex plane. Let x be complex Gaussian. Thea Vv E(lx(a) < o
a . .
. , P d 1 22 2
P(a<6?x§b,‘c<QX<d)=£ £ = exp[“"‘-—?ﬂ—]dgdn.mc&se v>0

t19'4

Plx=0) =1 in case v = 0.

(v) A system of com;\iex random vaxrigbles xa(m) y & e Ay is called
. n .
complex Caussien if every linear combdinatioa ) ¢ 1%y, Vita complex
‘ i=1 i

ccefficlents e, is complex Gaussian.

(e) 3,

only if (xa, Y G € A) is a real Gaussica system with

=Xyt iy e A) is a complex Gaussian system, if ard

E(x,) = B(y,) = 0

’,E(xa xﬁ) = E(:(a yﬁ)

B(x

o :/ﬁ) = -E(x‘3 vy -



K. Ito
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2. Elementary properties of complex Ceusslan systems.

The properties (a), (b), (Q{d) of (real)Caussian gystems (page 1,

§ 2) hold for complex Gaussicn systems.

3. Existence theoren.

Let X @ ¢ A, be a complex Gaussiocn system. Then
.E(xa) = 0

| Vos = E(xa iB) exists and is Pinite.

(vca, &, B e A) 1is called the covariance matrix and is posidive delinite {n
the sense that

n
Va,a §1.'.120’ Vea " Vea

1,3=1 17
for every n, every (gl cus En)- ¢ C® (C = the space of complex nuzbers)

and every (al, voe s an) c A%,

(The gecond condition Pollows Zrom the 2irst one.)

Theorem l. Given eny positive definite matrix (v&ﬁ, c, B ¢ ‘A) s we'can

construct a complex Gaussian system whose covariance matrix is (vaﬁ)'
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To prove this we use

Lemma. If (VQB, a, B e A) is positive definite, then there exists

(gm\,,a €A A e A) such that

Veo=L &, &
o8 k%A o EBa

4. Yndependence in a complex CGaussian system

Let Gl’ Gé ve two subsystemsof a Gaussilan system G. If every

dement of Gl is orthogoanl to every elemeant of: 62 (in the Eilvert space

LQ(Q)), then G, and (}2 are independent. This is true for any (even

1

infinite) number of subsystems.

5. Complex Cousgion rendom measures can be defined in the same way as (real),
Gaussian random measures (see page U4).

Let HM(E) = Ml(r-)) + ﬁ-az(E) be a complex Gaussian random measure with
B(4(E) * K(F)) = u(@ N F).

Then ,Mi(E) is a (real) Gaussian random measure with

B, (5) * 1,(9) = £ n(z A T)

for each 1 and these two randon measures are independent.
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2 .
6. L over a complex Caussian system

(a) Given a complex Gaussian system (xa, @ ¢ A), consider the

following closed lincar subspaces of L2 = Lg(ﬂ', @, P);

of (x) the set of all linear combinations Z c. xa and their Le-limits.
1

Gp(x) = the set of all polynomials p(x_ -<°° Y ? iBl v iﬁ ) and

A n

their Le-liﬁﬂ.ts. (We allow some @, to equal some @ 3.)‘
A | 2
6‘) n(x) = the set of all polynomials.of degree < u and their L-limits.

@(x)BGNX)@Gnl(x)~ L ® B (x)

prq<a 9
vhere
N\
@p q(x) the set of all pol:mom;als in @ (x) of degree <p in
, A

(xa, G ¢ A) and their 1°-limits
A

~
6>p,q(_x) ) @P:q(x)e 6)13-1

Theorem 2. 77((x)=6‘>(x Z @ @(')z 2 @@

‘Psq
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(V) Caneron-Martin czpansion for a comnlnex CGausslan sys ston.

Dofinivion.

'0 lp . :
hod Ce o - - e oo s ”p"n - q*n o 3 . .
h'l))qkh}l‘) e Z’ ( 1) ! {p k’:ﬁ - . P . (.:) N q = ‘njn(p’q))

. 4 -y
Theoved Do
ERRAS A LA

[\r]

(A) Cﬁp0¢€'9ﬁ5‘552)¢ Z “TSHEf 1 (th Qth

24|
©,6=0

. ~bEq .
(8) A (=,2) = exp(az) (- 1P S erp{-2Z) (p, @ > 0)
4 rd 35" 929 ' =

¢y ( m 2,2) - I z) z ¢ 2,7) =
(©) By (20) -1, (2,2) 2+ qh . (5E) =0

(J’Z) Ad (0,‘4’ Z ‘{ )JL’ 1 (”;'-) = o
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(E) 2 H (zi)’-E—B-H(z'z')—!-qH {(z,2) = 0
3z oz P 5z pa 0T Tpat
52

-\ d =\ =y
o Hpq(z,z)/- z 5z Hpq(z,z) +pHPq(z,§) o]

(F)'v HPq(z,'z').- 9,920 form a. complete orthonormsl system in I’Q(C’N)

‘where N is the measure
dli(z) = % e:qp(-Axe - 2) dx dy , z = x 4+ iy

on the space C -of complex numbers.

(¢) Let. W, A € A, Ve the complete orthonormal system in @l O(x)o Then
2

H u,u) = || H W,
S pr( gy n piqi‘( )
ql o'.oo qr

’ ~

‘(p = Ip 42 " Zqi) form a complete oxrthonormal sy'stem in 639 q(x).
B J
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T. Complex moltiple Wienzr integral.

L=t (T, @T’ L) be a weasure space and denote with ?i the claass
of all sets € (&, with finite memcasure. Let M(E), £ e, ve

a conplex Gaussian measure with
CE(M(EB) M(F)) = u(ENF) .

We shall define

I by = o0 f 1t e o t H ‘coe dlﬁ"t “as ,’..
p:q( P)q) . 'f ‘f p,q( l’ J P, 81’ 2 .Gq) ‘ \ l) dl'i\('_p)

(s{ x"l‘q) is the set of {3.‘11 i‘unc’ciong f(‘cl, soo tp; Bys eee 3q)

20D o Q) e oo :
e L7(T x T¥) that are symmetric in (’ci) a8 well as (Si)a)
' : n

L n s(T¥ 79) o P (M)
Erar e N JT
(isomorphism)
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We can establish the facts similar to those proved in Section 7 (page 9).

Remark: N(E) = f o(%) amt) lo(¢)] = 1 |
—_ .

is also'a complex Gaussian random measure with

E((E) ¥(F)) =n(EH F)
and

Toglfp,gb M) = L, (g, 5 4

where

$ eo0o 't ;5 s oeo 8B =
%,q( 1° 2 p’ 1’ q_)

2 :" . .
q)(tl) ceo Q)(up) (?(BD 000 (?(S;) f‘tl’ so00 o tp, Bl) ces Sq)

This fact'will e used later.
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3. RErpedie Theorems for Strictly Statiomary Processes

1. Definitions. (a) 7, = x(t; w), we (B ,.P), 18 called o strictly

stationary process {s.c.p.) if

P{(x, 5 eoo 5%, Y eE} =Pl ., oeo , % ,.) €BE)
Ty 'tn 'bl+t ’ tnit

Lor every choice of n, ti, and E. We sball agsume that 6 is the

Borel algebra (B(x) determined by Xy w0 < <w.

\
(b). Given tuwo measure spaces Q{@, P) and '(AB‘', P'), & set transforsation
(modulo null sets) ©: & - ' is called an j_gomorphism i? the following
conditions are eatisficd:
:;' N
(1) =3, ~ym,
(11) 2(3%) = (m8)°

(1i1) m(T(BS) = m{B)

T 1o called on sutomorphism oz 0(@3, P) 4n case 2'{ @', P') = a(@, P).

A famlly of au‘comorphizms' St,' -t <o on 0(6, P) is called

en automorphlsm grouo on Q{{, P) if Sigq = Sy S 8ad S = I (iéentity). )
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Let S, (S%) be an automorphicn group oa Q({F, ®) {2 (G, P')). They
are coalled _c_c_«ixi*.-’a ent 12 there cxists an isomoxphicm T4 - B such that

"ot ttans.

St", = T S’t '.L‘.l for every *t.

(c). Given two Hilvert spaces H and H', a linecar isometric tr;ansformation
fron H onto H' is called an isomorphism; it is called a uvoltery opexator -
on H if H =

A fami.ﬁ/ of wuua‘cy opTrators Ut, «n Lt <o on H i1s called s
wailtary group, if Ut-z-s = U'{; Us and UQ =X,
Let Ui;(U':“, ) De a witary greup oa K(H'). These are called equivslent

17 there exists an isomorphism V: H— H' such thet Ul = VU, vt

(Q) Let H denote L?‘(Q > &) P). Then every automorphism § on Q(B, P)

induces a unique unitery operator U on H determined by the coundition

Ue, =¢ for every B e @

B~ %3

Therefore, every automorphism group S, on (@, P) induces a unique

Jl.‘
unitavy grouvp U‘c on .
Iz U, (e S%') and U_é(“"S%) src equivalent, then S‘h and S

. \
called unitary eoulvalent or witary isomorphlc.

It St and S,é is equivalent, then 1t 1 uniﬂnv equivalent dbut .

the couverse ls not always true. -
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(e). Let x,b(a)) be & s.3.p. 'on Q(ﬁ, P) .vith 8 =@(.€).

coustiuct & unique isomorphism group S . on a(B, P) which satisfies

Then we can

St((D:(x ) oo I ) GE} = (CD.(I,,_ "'t’ LACR ) , t +t) GE}
l . n “1 n

for every choice of n, ti’ B and <.

st iaduces a unitary group Ut’ Thus we have

::t) - (st) - (U,.c) .

¢

Kow cousider another 8.s.p x%(w'), w' e Q' (B, Thea we kave

(=) = (83) = (07)-

I? (S) and (S’) are equivaleat, thea (x ) snd (.,) are called

neasure Jscrorphic.

It (Ut> and (Ui’;) are equivaleat, thea (xt) and (:;,Z_' ) ard ealled
unitery equivalent or unitoxy isomorphic

equivalent => measure isomorphic

==> unltary equivalent A

Toe converse' luplication 18 not always true.

Pt

.4.'{’&.4/('_‘
}é Hora exals am w,mfy*@vT 037B r b

Tl ox eg) = {wix el ] Zt«row‘?ramx%a,.jzf

s g sttt

thon Lo /;,WWJ /évu. callid ﬁfwvcw

(%, ] ont (x,")
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2. Rrgodicity.

Definition 1. Let (St) be an auntomorphism group on a(B, P). A set

B e (B is called inmri_g._p_’é 1f S8,B=3B for every ¢t (it is clear that

T
this meens §5,B = B modulo null sets for every t). If there exists no

invariant set (modulo aull s;lt) besides § and 0, (St) is called ergodic

or indecompostble. e

Defintion 2. Let x (m), weQ{B, P) be a s.5.p. and (St) | be an
autonorphisa induced from (x ) x, 1is called ergodic 12 ('St) 18
ergodic. '

Let (S ) ve an automorphism group on {3, P) and (U ) bea

 unitary group Induced from (s, ).

Theorem L. [S, 1s ergodic]) <e==> [if U_cf = £ for every t, them £ = const.]

t
How we shall agssume that - (St)' is wezkly continuous, i.e., P(S 5 B N e)

is continuous in ‘¢ for ever choice of 3B, C ¢ @ . Then (Uﬁ) is a_.lso

weakly continuous, i.e., (Utf, g) 1s coatinuous in t for every (£, g) and

therefore it has Stone's decomposition:

P am(y\)'-.-; A A = [ % ()
Tliron 2 St v egelic & 0 b s ek s prsre i,
We shall discufss & nice.relation between the discrete spectra and the

ergodicity in %he next section.
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Definition 3. (S t)- 15 called vweakly mixing, if

T .
lim 511‘: f [p(s, & N B) - P(a) P(B) 2 at = 0
Tow :
-7

for ewfery pair A, B e 3.

Corollary 1. (S,) 1is weally mizlng, iff '(U,c) (- (8,)) satisties
. T '

. 1 : / 2

Ln 5. | [ug, g) - (£, 1) (g 1) at =0,

2T
T o ~p

for every pair 2, g ¢ H.

Corollary 2. Wea‘.«;},y mxing ==> ergoaic.

III.5

Theoren 3. (S ’«, ) iz veakly mixing <==> 0 13 an eigenvalue with mulii-

plicity 1 (eigenfunciion = constent) and there is no other elgenvalue.

Definition 4. I

lim P(St AN B) =P(A) P(B)

AR

for every pair A,. e (& , thea (S,c) is called strongly mixing.

Corollary 3. Sirongly mixing ==> weakly mixing => ergodic.
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Supplenentary Remarks for pdges TI7.1-IIL.5.

[a] set homcmorphism

Let (B ,P) and Q'(@R',P') be given probebility measure spaces .

ecd T be a transformation (modul null sets) from 6 intob‘ @',

Definition. T is called a setlhomomorph'ism: 6 - @&' if the following

three conditions are satisfied:

(1) T preserves finite or countable sum, i.e.,

T(UBn) = UIB_

(2) T preserves complement, i.e.,

(8% = (18)°
(3) T preserves measure.

P'(TB) = P(B).

Tt follows from (1) and (2) that T preserves all usual set operations

1a measure theory.

Exswple. A measureble point transformation’ ¢ : Q'(&',P') —> a(,p)

is called measwre prescrving (or equi-measure) if
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P'(O'-lB) = P(B) for every B ¢ 6

In this case T = o} is a set homomorphism from @& snto (3 '.  Notice that

" not every howcmorphism can be induced from a point ‘transformation.

[b] funciion homomorphism.

Set Aﬂo {a, @7 s P) de the set of all compiex-v'alued measuréble functions

on a(g,P).

Given two probability measute spaces 0(@R,P) and n(@',P'), consider

Definition. ¢ dis called a function homomorphisin:. ,/ s> / ! if the following

three conditions are satisfied:

(1) © preserves functional relation:

Let F be any Borel measurable funciion : Cn ~> Cl (Cn = 'thé complex

' n-dimensional gpace). Then
fl) = F{gy @), «ev fn<w)),===>,of(w')'= Fi@fl(@')__,| vee s éfn(a)')]_
(2) © preserves limit:

Plw) ==> £l{w) ===> ofn(m') —> 0f (')
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(3) © preserves integral:

£>0==> [ 0f ° &' = [£aP
a' a

It follows from (1) that

of = oF , ofz = Ror, . 685 = Do, - o] = Jor],

and theréfore (3)'implies'that if ¢ iq.;ntegfdble, then ¢f 4e so end’

[ O£ = [ 4P,
Q- Q

~{e] Onc-to-one corresponéence batween set homozorphismend function

homonmorphisms.

Using the same notations as sbove, we ¢an see that the set hororurphismg
' Qa --->Hai' 'cqrresponﬁ to the funciioa homomorphisua cf --->_4ff in one-to-one

as Tollows:

T «=> 0
o~ Um T (@ exx1eT e p) e
n o k,4 T,k 4

Where
' = . . -nr'o' v ~n -n ., . ~Q .
B " @3 8T kS QR <), e e <2

'nﬁ ;,.2, ooo.‘;'k, £ = O, il, ie,‘oto .

b =>T
" TB s : O gBQn')lu 1)
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[a] Le-homomophi o3t

q@B2) —> @ = 4 —>E=1%0a,&,P)
| T o4 [ Vi
oG PY) —> B> f'=> 1 = 152, B ,P)
V=0lg:H—>H hovonorphian. .
s into |
Viaz + Bg) = V2 + Vg

(ve, vg) = (2,g)

Fot every homomorphisa from E iato &' /can be irduced fron a sat of

\

homomorphism (ér cquivalent & function homomorpaism), tut we have
Theorem.. Let V : H=1L°(0, @, P) —=>3' = L°(2, &, P) Vo a bomororphisa.
It

V(geg) = V£ * Vg Zor every paixr ol bounded fusctiocns £, g,

then V can be induced from a set (Zunction) homomorpaism.

{e] A one-to-one onto ncmomorphisu is called an isomorphiem.

An isomorphism onto itvsel? is ‘called an aubomorphism. An culexorpaism on

a Hilbert space is called a unitary ggei'ator.-

[£] A one-saremeter family of eutomorphisms 8, (Qt)' t ¢ R' ‘is called

an autororprism m it
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Sgen = 45 (0, = 0:9,)
‘and -
Sy = X (identity) (06 =='I)..

"A one~parame£er family of unitar;} opefatora U’c ’ t'e R1 »-18 called .

a mxitury £Toup, lif

Ut+8 ,x UtUS ) and ~o = -l-

Definition. (sy) on & and (S;) on (R eve called squivalent if

there exlists an fscmorphisnm T such that

.’ T P )
StT "I.‘St for every t.

We can define equivalence for 2 (ot)' and ’(Ut] ,'simi.l'arly;'

{g] ergodicity.
Theoren. St Lom)> % <-;--> UJ_‘

8, ergodic <===> (§ B=Be==bB =@ or Q)
hS det  ° .

<G=u> (¢ £ £ =u=> £ = const)
v

<sme> (Uf = £ =e=> £ = const)
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[h] The automorphism group induced from 'a strictly stationary process.

Given a strictly statlonary process x, on 2R ,E) ve can

.induce Si(,‘x), ng) ~cmd. ' Ui(;x)\ from Xx.
S, = Sék): B (x) —->H@;(x) vy

S {m s (x, 5 oo ,x, YeE)={w: (x 3 eee 5 X ) ¢ E )
o tl .- t n n - tl'ﬁ: tn-H; n’ .

op= 0 s S =>4 (S =B, vy

v} F(x s eee ) X )_m F(x,. 3 soe 3 X )
T tl | 'bn »"1%4 ‘ .-t;n-l*t
(%) \ e 2 A :
U =05 H(%) —=> H(x) (&%) = 1%(, @, P)) by

U, = o [E(x)

[i] Strictly stationary processes induced from an automorphism group.

Theorem. Q(F, P) -_-->"S,C(<---> @t) : automorphism group. Take any fixed

£ in ,<{ -“‘;J (Q:@,G))"and set

'Vt(m). = otf(w)' |



X. Xto | A
Stationary Processes, 1963-64 TIX.5.7

(1) yt(w) is strictly stationary.
{1i) ' The automorphism group S,gy ) on S(y) = sla, B(y) » P) induced
over @& ..

from y;b is the restriction St

(111) 8, 1is ergodic ==>y  1is ergodic.

Remerk. In gemeral (B (y) < @B , vut if (& is separable with respect’
to the metric P(BI’BQ) = 3?(13l ~ Be), then we can take a function {w)

for which Q = @ (2}, a fortiori @ = @ (y).
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%, The discrete spectrs of ergodlic automorphisrm gYOoUDe

Tet S be a weekly continuous_ergodic aviomorphigm sloup

on  J2UB,P) and U, be the witery groip on H& L (ﬂ. B,P) -
induced from Sy Let _ |

U, = j'ei"t @) = oA, 4 = S" du(X2)
be the Stone decor@osition aof U'i;" |

et /\ be the set of all eigeuvelivess i.80

{A ; E(p+0) - E(A-0) ¥ 0,}’
and 'm be the eigeonspace for A  si.ce
= (B(2#0) - B(A-0))em
Then we can prove the follcwing factg.due 1o J.v.Mewnans,

(2) £ €M, ema [ 1=> [¢]=

(b) <4\ iz a subgroup of ike cdditive group of vesl mwibers.

(¢) Every A€/\ is sluple, i.e._ Gim /M, = 1 ; in particular
”f'{Ld = {f = constant}‘ . |

(d) We can choosze & representative from each M, such
that (p,\/go‘ - %_/L for every pair A ,/l—and. ”‘;! =1
for every A . » ' | '

(e) g = YOIl = (.8 ?[B4) where B3 = 9}3@]

(£) It noldes for go'\ in (@) that | |
(1) each @, is uniformly distriduted on the unit ecircle ia ¢,
(1i) if {Ai} are rationally dependent,then there is an algebrziec
reldtlopif,lqeo if zi i)\i = 0 thﬁn?? 1 =1
caong { f’)‘
(1ii) if{%‘:}are :a.oionally independent,then{ g”;\i} are independent
random variableg. ‘

?
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Proof of (d). Take suny T € mA with []1)‘{;- 1 (ico0a ]f)‘[

=1 by (2)). It is enoﬁgh to coanstruct a function TXN) 3

A - ¢ such that
(1) - T =1

and |
. “1 n kc . ’

- (11) ﬂiml(b'(ﬂi) f)\i) - | for overy cholee of m, ki

~and Ai & /\. with zf;k.;.}‘i“' (0}

once such 7 (A) is construc’ced; @ z T 5, Ae |, are
the representatives ve Iwam‘;ed o geto‘ |

| Consider the set [* of all functions with YT\
that sativ’?:} (1) an(cilliiiz O(fj'(?’)o Tatroducé 2 partial ordes _<
in I’ by

YLV & DWCHE e f=p|5y.

Then it is encuglh to see that J—' - is i.nduc"cive},ioeo that every

linearly oxrdered subset of r heg a supreasun. Usiug .Zo:m's Le:ma;
we have & maxiwal element 3 in [". If we can prove thai @)
= /\ » then 'b/ . is what we wanted %o congiruct. To do this;, we
éxal'l prove that if ﬁ(ﬁ)«';‘f f\, sthen Z)’ will bhave a proper
exiension € Fo ' |

\ it D) # A\ ,texs ce€A-J) ena set u =) ena
1t = MV{0} . Ve shall coastruct an extension y'(e[T) or Y
vith () =, ' |
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Consider the set K of the intepers 2 such that
X ¢~ 4 1(1}\1.3....«.5. kﬂkn = \Q

for gome ny k; € 2 and A, € Mo ( 2 = the set of all integers).

Then K is a subgroup of ; additive group 2 and so

. e
eithes

c={o}

X = {,Zn : QG‘Z}e

In the first case we can get an extension 3(' of by

defining F7(0) = 1 ang g (}1) = ¥{A} for AGA o In fact

oY

if Ko + XAy + sre+ kA= 0, thon XK € K 1.0 k= 0,
so thaj | ki‘.}‘l’:’ °ee 4 A, = 0. Since ’Li & M, we have

It

( K(Al)i’)\i)kl’” (T )5 )k;’l i
- n : ’

i
e
-]

k
(F(E) (D8 ) e (g, )%
. n

T the sccond case we heve,by b € K,

(¥ . nao 4 h4Gy {-1326'2‘%-}136‘3 T et nJ, = 0
for sone ‘-hi € Z and 0; S ‘E’Io Then we have
Ul £ Zekeer 28 ) o (v )Py, o )P B,
g ‘g Ta el Wetey soo (Utfo’m) .

{9 . b O-' weoe .
- el(ﬂo. <+ ﬁ.l 1 + .}thmfm)t fh' fhlgqogﬁ%

i .

?-h , . .
£pfo] ooerg ( by (% )
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and oo '
h b, e
f?_fo,.g:'" fo"ﬁ = F (constaant) e
It is clear that  [g] = L.
Take a complex number z,which satisfies
i . Iim =l '
b Y@M o)™ = S
and define T »w oy (¢} =z and fﬂ (N} = Y () for A€M,
To complete the proof, it is eaough %o verify (i) and (ii) for
Y. (i) is easy %o ses. To verify (ii),suppose
(%) Ko+ kA] + eeo F A= O
(lfgklg.ooogkn & Zy Ai & I’i)o
Then k¥ € K and 80 k= [Lh with some f'€ 2o It follows from
(¥) and (*%) that
}:1}\? DEX R L ik'x’iAfﬂ ""ehlc‘.l —oe0 “'Q:lﬂmo.m " = 0,
since Xi» Gy € Y, this implies |
, ' -, ’
EYRA - o k - ‘%n b’ h . u‘g
() (",(’\l)IAl ) BT (0/(/‘-3) -E,\n)(b'(o'i)frl) 4. L "‘f(o'z‘n)fc‘“m) ‘nm
= 1 | |
and so
co NKy e KL K
(@2 (8 G5 ) T (1 g )

i

(Zaf¢)k(5()\1) j'_*x:‘.)l‘!:]j es’o ({(An)f}\n)'}(ll .

)?,h

i

3 | ¢
(25 (E/(rl)fg-l) = N (b’(ﬁ"m):c‘rm)ghm (by (%))
= (af Y(o)BL oo ,Y-<rm)h§'f§x“?“§ ""'f‘:_fm' )Lﬁ

- .
(phpla a,

I
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. j':a‘b\-fb /J{V‘,A\.t .g'r/{\g ct“
L. Erpgodic Autcmorphism Groups with No-foavimous-—-Specirum.

We shall use the some notations as in the preceedlng section. If
H ac H, then we eay that ow au’::omorphism group {or the corresponding unitar
group) has pure point spectra.

Theorem 1. (J.v. Neumnn}., If 8,

“ hag pure point spectra, then

(1) A is & subgroup of the additive group of real numders.

(i) almPp = L.
{(i13) 3R 67(7\ such that [(p)\[ 1 and q)A/(p cp}\_

gi\') H = )x'@?;l’\
- Theorem *_4_'2_.‘ {(J.v. Newzann). Tor any additive group A C Rl , wWe can coustruct
one and only one {(up to equivalence) weckly coutinucus ergodic autoxorphism .

group with puxre pom spectra and the:iset of eigeavalues = A.

Proof. Let [ De the mxl'biplicative group of complex nusbers with o.bsolute’
1

value 1, and G be the divect _-)roouct g;oup I'A which is abelian and compac’c

by Tihonov's ‘cheorsm. COIllee.x. a bomo o:ph le meppivg h: Rl m

n(s) = (e, A ¢ 4).

—

Set A = h(Rl) and Q =h. Then £ s alsc a compact abelian group. Denote

| .s Haar measure with P. We nommlize P as PLQ) = 1.' Define CB as the

least Borel alg ora vmich mmef* all continuovs function meaoura.ole. St is’
defined to be /'the set transformation induced by the point transformation

(a))\, ‘7\ € A) = (e"ﬁ\t @y A e A).. S, induces a unitary opeator U,;. Set

¢>\(w) =, for a's= (wy\, Aea). Taen @ is the uniqﬁe (up to constant factor)

- eigenvector for A ¢ A and Py A ¢ A, form & couplete orthonormal system in

- 1%, 8, P).
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Let 5, on Q(@,P) and S on ﬁ'((ZS',P')iﬁe,two weakly

continuous automorphism groups. -

Suppose

st—»'Jt‘ on H Lg(n,@,P) - A => (q,])

LQ(Q,@,P)ﬁA’ - (qi]

i

N Y1 ll
St -~ Jt» on H

Suppose that A' = A. Then & = @[@7\, Aedl, @'-= @[(p;\,' A e A)
and | [cp)\, A€ A) ({QD)\, A€ A)) isi a complete o;‘thonozﬁal sys#em'
(c.o.n.s.) on H(H'}. .

Let V Ybe an isorr.orphism H onto H' with V%\ = ¢7'\ “for

every A € A. Then

(*) V(g - g) = (V£)(Vg) for all bounded f, g ¢ H.

-~ ' = 10! = b % * . :
It follows from q)\q)u Priny and .c;)\q,u Froy hat (*) holds for f, g,
polynomials of q:)\, A € A. To verify it for general bounded f, g € H,

it is enough to observe that @ = @ {c:)\, A€ .A], !cp}\[ =1, Eﬁ)\é cp_?\

and ¢?»¢'u = @A,,u .
It follows from (%*) that V 'is indyicéd_from an isomorphism

T from H onto H'..

' ; ANt 4t o o
Since VU,tCP}\ = Ve~ (p)\ = e ‘{cph Uthp7\ qnd [@7\] is a

c.d.n.s., we get V'Ut = UJ;V, 60 that II‘St = 'S{_‘T; ‘i.e;,." St’ and St".

are equivalent.
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Example 1,

Q= R/Z

(B = the Borel algebra generated by open subsets of Q
P = Lebesgue measure |

1= 1%,8, p),

a: given number # o

Stw = w- ot
StB = (Stw: w € B)

Utf(w) = f(w+ at)

:pk(w) Eelznkw, k€Z: c.o;n,s. in H,
i2nkat
b=
Utvk e zpk,

t

Since a # o, ka are all different and so Utb ‘has only discrete
spectra 2mka, k € Z, each having multiplicity 1 and.no continuous
spectrum, St is clearly ergodic and

A= {2kma, k€Z}; Yok - tbk.

Example 2,

Q= R2/22 ‘
B = the Borel algebra generated by open subsets of Q
P = Lebesgue measure |

H = LZ(O, @, P)

a, B: given rationally independent real numbers
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St(wl,wz) = (wl-at, wz-ﬁt)
StB = (Stw:w € B)
Utf( o, wz) = f( w + at, w2+ 3t)

p = i : i
b gxp(lzn(kw1+hw2)), k,h€Z: c,o.n.s inH

I = i
Ui " exp(i2m(kat+hB)) O

Since ¢ and B are rationally independent, ka+hf, k,h € Z, areall
different and so Ut has only discrete spectra ka+hf3, k,h € Z, .each
having multiplicity 1 and no continuous spectrum, St is therefore
ergodic and

A= (2kmA, k€2Z)

3

Pom( ka+hB) Y
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noTe  Using Pontrisagints duality theorem we can glve a group=
theoretical proof to Thcorem 2, | ‘
Tet _.Q,‘ be the character group of the (diserete) group /\. .
Then (2 is a compact abellsn group. Set Gma).- (A0} AEN, WEf,
et 73 be the leazt Brel algebra of subsets of (2 thal makes
211 comtisuous functicns meas urab'lc and P the normalized Haar

neasure onJf2 . Then f‘(c-: HE “Q\QN,P)) can ve expressed as a

" gencralized Pourier series: f{w) = Z’/\ £, ﬁ(w), £ = (£

Therefore . 55‘\ (w)y A ¢\ » form a cowplete ortronormal sysiem.
> i % - o i .

Since - 33)\ is a cheracter of /\ ¢ We& have ei’\".' w P (co,.)

with & unique W, €{ « @5 = @;@5 rollows from oiA (tra)
= <3:D‘J"‘ezi’\8 « Now let Sy denota the set transformation .induced by -
o point traunsformation Stw = co? W Then St induces a vaitary

‘group Ug 3 . ,
U, Tw) = flw, @ = 2; T, fﬁ(“"t“’)

H
vM >
v’f“
®

1~
>
-
Pann
o~
<
Conrt
<

which nrowed the existeuce par 'L of the Theorem.
I there exist am erxgodic sutom oxph:a.m group wi th only point
gpectra [\ p then. such g:c-oup snould de equlvalent, {to th:;.“c constructed

aoove,23 is elear from Theorem lo
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5. Hincin decomposition and Kolmororov-Cramer decomposition.

Let X4 be a wedkly 'Bﬁati’onary procoss continuous in 1:2--noz~m°
Then
(1) E(x) = a (constant)
(2)  E({z,-2)(x;-2)) = r{t~3).
U:siﬁg Bochner's docemposition of positive definite funcf;ioné aﬁd
Stone's deccmpbsition of uni‘tarj groupssﬁe zet.
Hincin ' decomposition

(3) r(t) = 'jl e 4ian)
: R

1;:17’;11
(4) n> 0, m{Rl) <o .
snd |

Kolmonzorov-Cramer decommogition

_ . ire ., "
(5) X, = a4 fRI e #{an)

with
(6)  (ADHCR)) = a(Ag AN\

(7} (), 1)'= o,

and , : 4

(8) colemo [xt-:a, $ € ’le = Colole [—H(A)g VAN 6031:‘0

Remarke It holds for M(A) thatif Ai;"/\ggooo ‘are disjoint,then
M) M\3) 0000 are orthogonal and

. M %J[\n‘) = Zh MU\,) (convergeace in I.za-nom).,

¥ is therefore called am orthoponzl random measure.
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6. Trgoric atrictly sitaticnnry procssgses with purcly discontinuoug

Slndne.

BHincin meagudte

Suppose that x; is
(1) strictly statlonary
(2) second order moment Tinite
(3)' continuous in L°-norm. |
Then we ca apply the decomposition theorems({section 5) %o
thig processe
Suppose in addition that
() he .Hin\é:'m wezsure is purely disecontinuous.
Theca
r(3) = 2 ¢

ihg%

2
n ¢

ey > O
-.. ' i'nt [
Xt = a + Zfﬂ e . cﬁ /:a(w)
i Loy —
(fnﬁm)"'gnm 9 (?Lnal)_w 0o
°'1°m°E:“t +a, €8] = cutun [ Fpo w'm 1r2g..)
Thgorem 1., Such & proecess xg is ergodic iff it is equivalent to

i
y(t) = e 0 B @)e BT OF ey s

vhere- _O- 'is the choracter geoup of the (discrete) group genersted
v

¥ '{ )‘n} g B
continucus functicns mcasurable; P is the normalized Haar measure
. ~ : \ e .

o Q@) sad G (@) = (@) ,

x, and X
Theorenm 2o Two erdodie processesoatisfying (1),(2),(3) =and (4)

8 the lsast Borel algebra that makes all

| 20

are measure isomorphic (i.e. induce equivalent eutomorphic groups)

i )\ﬁ and /\;1 generate the saine additive groupe

-

/l\
(L) %)
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6. Ergodic ntrictly stotionary proezascs with almost periodie

covarianece fTunciione.

Theorenn 1., Given & positive-definite almost periodic function

' 2 _iApt : |
T(%) wm 2, e¥'n 2
. = “p %n (,°n> O,Znon<oa)’
the process of the form: A . :
Xy o= a+zn a, e 1’ ifn(w)
a,a €C and gan}zcn and %\(u)) is the

eigenvector for) fTor the zsutomorphism group Sy
- with only point spectra I\ (=the additive group
generated ’oy{/\n}§° See Weumann® s theorem for Sy

is an strictly stationary process with the covariance function

r(t) and vice versa,.

Theoremm 2. Two ergodic siricily slaitionrary processes 'xt and
xi - with almost periodie eovarience functions y{t) end £(t) are
measure igomorphiec I1fZ the sets of spoetra for Y(t) and = (t) |
geaerate the same additive groupe. '

We shall sketch the proof of Theorem 1,
If x, is of the form described chove,thea

S iApnt -
Ty = o+ Ly oy 08 %\n(w)

t
== U"C( a + zn&n ?)\n(w) ) |
= Uy % o= $ow, (5,—>2, ~>u,).
An St ig exgodicy,so ig. X, by page IIX 5.6 [1} Theorem. (iii);
If %, 1is an ergodic strictly statetionary process with the

(3
zovariance funotioca T(t) mentioned above, thon the Kolmogorove

;ramer decowposition of the process is

x, = a-k En e, ei’\nt gn(wj. (En,‘i)}':()’; (?n,f,,;)=5m

1 o re s = At
l*lc.te Xiag = Ughg, Vo have Utfn = elats
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Since our process x, is ergodic, }gn] = 1. Therefore we can use
Sezal's Theorem 10 get :
1?2, B(x),P) = 2(Q, B ),p) y
| X . 7& ¥
= 00 omor§ 1“';1:11 glloobfmm 9koé9m,n]
.”? n o~£ evo f'z is an eigexj.veo‘tor' for '/\ = Zki)\i -Zzéj/\,

Thus 8 (—?U ) has oaly ;oo.uﬁ: gpectra A 7’. “’“‘1 ﬁﬂ = &y %;1 {lenl:

e3 Ele 1. I? r(t) is perlodic with period 27T then
,..
x, = a ¥ Z aeln Lo cvé [O,’lﬂ

exermple 2, If ©{t) is of the form

T(t) = 2 amei(mf\"f"""‘/‘j)"? , Aop -‘A.a)c“d"\a% indebemsos

By

{hen . 3 {vn\ & * XN
. < =masd, ’amnel(ﬂ?}?jn/&)\- ei(.n_al*r na,)

el

(035%) e[o)/-g@

27
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T. Ergodic properties of Gaussian stationary processes.

First we shall consider the complex Caussian stationary processes.
As far as Wwe are concerned with complex Gaussian processes, the covariance

function

i

(1) r(t,s) = E(xt . is)'

determines the rrocesses x, up to equivalence in law and the weak stationarity:

t

(2) r(t,8) = r(t-s, 0) (= r(t-8))

" implies the strict stationarity. Assuming that our process ¥, 1s continuous

in the Le-norm, we shall have the decompositions:

iat

) r(e) = [ ™ nan)
() x, = [ ¢ man) .

Since c.llm(xt, t ¢ Rl] = c.l.m.[M(A), A e &331 ve can see that

(5) 1 = 12(0, B (x),P) = 130, B), P)
. and that

(6) M 18 a coumplex Caussian random ucasure with

(4(a)), H(A,)) = m(A 0 A).



K. Ito : :
Stationary Processes, 1963-64 III.19.

Theorem 1. JXf m has & Jump, <then X, is not ergodic.

Proof: Let - )‘0 be a discontinuity point of m and set

My = M) » my = m((Ag)) -
Then
| bl = m >0
and
U, M = R M, (by Ugx, = x.,.) -

Therefore U, ]Mol = [Mol. If x, were ergodic, ve would have

]Mol = constant = =/m_ ,

in contradiction with the fact that Mo is complex Gaussian.

Theorem 2 (G. Maruyams). |
If m has no .Jump, then X, is weakly mixing, & fortiori ergcdié.

Proof: It 1s enough to prove that if A 1s an eigenvalue for Ut’ then
A=0 and A is simple. Let f be an eigenvector for A with [£] = 1
and consider its multiple Wiener integral e_xpansion (which exists because

of the continuity of m):

f=f + ) I (f
° péh P4 m)
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where £, = const = (£,1) .and qu = qu()‘l_"f )‘p’ “1 ves p.q) is symmetric

in (7\J) as wgll as in (”k)' Then

UE = £+ p%;) . Lolfpq e (L(Z Ay = 2 1 )%)]

iant

~ because of U, M(dA) = e Y M(aN), and

e rse™Me + ¥ I [f 17
} pta>l P PQ

Since f 1is an eigenvector for A, we have, for every t,

4(ZA, - .
0 = ”Utf - ei?\tfua - Il"ei?\tle ,fo l2 + E P:q: f If l2 le (E 3 zp}{)t- ei?\u,

x o (aA) nd(du) ,

ard so each term of the right side should vanish for every t.
Since m is continuous,

lexpl(z, - za )] - M2 1o

except on a (7\1 vou 7‘p’ “1 veo p,q)-se'b of x m3-reasure O. Therefore we have

qu a 0O zax.e.(mp X mq) for p¥*q >1,

and so

s fo = constant
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ixt

which shows that A is simple. If A # O, then [L -e ™| #0 for

some t and so |[f] = Ifol = 0, in contradiction with |[|£]] = 1.

Theorem 3. (J. L. Doob). if xr(t) 20 as t = o, then X, is strongly mixing.

Remark. If the Hin¢inmeasure is absolutely continuous, then r{t) =0

by the Riemann-Lebesgue theorem, but not vi;:e versa.

Lemma. Suppose that m 15 & measure on Rl with m(Rl) < o and that

fe L]'(Rn, o). I7 [ ei)‘t m(dA) 0 as t = w, then
. Rl '
[ exp(i 2, Aty ) £ eee D) n (8\) —> 0 as 24 ft | >
Rn J . J=1

Proof of Theorem 3. Expanding £, g, we have

UL = (£,1) + Z I (£ exp(i(}:?\ - Zu )t)]

g = (g,1) + ;" (

and so

(U.f,8) - (£,1)(g,1) + pg{zl p:at [ foq épq §:cp(1(z}3-zizk)t) P (an) n(ap)
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o "< 3 pl.gt |2 g |
l Pé,m l < p+%f>n pl.q! | pqll I pql
o /2 - -1/2 .
2 - 2
<! Y piq e 'q! —> 0
< lp%,m piat | pqll [p%m Piq ngqll J

(uniformly in t).

Each term in T converges to O as t —® by the lemma. Therefore

'Now consider an Le-eontinuous real Causslan process Xy with
a = E(»xt)
r(t-s) = E({x,-a)(x_-a))

r(t) = [ e man)

x, =&+ ] oIt M(dA)

It is easy to see that
(a) m 1s symmetric, i.e., m(-A) = m(A)
(b) M 1s conjugate-symmetric, i.e., ¥(-A) = M{AY.

(e) @ M(A),”x ¢B[0, +w) 1is a real Gaussian random measure with
ERM(a) + Rula)] = ula nA)

and R M(A), A ef[0, +w) - 15 also a real Gaussian random measure with

E[Ru(4) © 2M(A)] = 5 m(a 0 AY)
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~and these two random measures are independent. .
(@) - M(A), Ae B0, + =), 18 a complex Caussian random measure.
Using (b) and (d), we can easily verify

Theorem 4. Theorems 1, 2 and 3 hold for real Gaussian stationary processes.

Combining Maruyema's theorem with the results in the laest seétion,

we can get

Theorem 5. Given any positive definite function r(t), we can consﬁruct
an ergodic strictly stationary process with the covarlance function r(t).
In addition if 'r(t) is real, we can construct an ergodic strictly

stationary real-valued process with the'covariance function =x(t).
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8. Spectral measure and multinlicity.

Let H be 2 secparable Hilbert space and U‘t " be a unitary group.
on H with tho Stone decompositions |

v v, = ) oM.
Lot usg congider for € H

(2) H(‘f) = colomo [Utff 0 tG'RIJ = c.lemo‘;E(A)? s NE 61]

V.and

(3) M) = (®ANGP), AEB,
It is oasy to see 'that _

(@) =) ={ fz0)@mg, 2 e rl, 8Y py)

and (5) F E [f(\a(e —» 2

gives an lsomorphicms H(P) — 3:.3(31933'”/(?)

for which '

(6) Y —> 2 = Uik,
Theorem 1o Thore oxiuts (@ € H such that

(7 /(,(9, < /“? - Pox svoxy #€Ho [.42.- absolutely ecoatinucu:

/u? is deflncd to be tha sneatra] measiire 02 Ut whilcah ig

eloarly determtined waiquely un to equivalencs.
Tneorcm 2, Tho speciral mcagure of U*:'. kl E{AJH ic squal to the
roptriction of that of U, over I\

Definition 1. U, 1s callod gimple if E = H(p) for samo § € H,
In this case ¢ 4s called generator.
Thoorem 3« If U, ic simple with generator © sthen /u? io

ths specetral measure of Uto
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Definition 2. If H is deeomposed a3 a direct cum of invariant

zmbsp con ‘ﬁ‘ (Utan Hn) which are orthogonal to each other:

H = j G) (mm 1 23000 01" 09 )
such_thats 0<n<n Hn peoer

CUt } H » O04n <m ara all rsjmple and have the same spectral measur

as Utp then Ut is said to have consisnt mltiplieity m.
Theolen 4e Let /% be the spectral measure of U, , Thm

RI‘, is decomposed as a disjoint sums .
| some Np's

R' = \_/ A (modulo M-null sets) [
' &

1 gnge B n&y not appear
guch that ecach Ut] F{A,)°Hs has constant maltiplisity n. Such

decompoaition ig wnique * modulo M=null sety,
The fuaetion defined by

m(?\) = 1 for Ré/\n » al;2,00090
is called tho multivlieity {fumation) of U

t o
Thzoraa 5o (Hellinger~Hahm)o The speciral measure and the

multiplicity function m(A) dotermine U, up to equivalenee

t

(= unitary fccmorphima)e. Iz Tact Ut: iz equivalent $o the
i’ollaviné unitary group U, 3

/“1:(’\) = u(Aa{riaB)zx} ) k= 120000y

\J

q 2@9 Lz(RI, ’;31,/11), ( thic mey ondé with finite tom
B 2 7 = (£3(0)s T5(M)sevey 2, (N)) | |
—y vy = (BP0, P () eeennettA e (a));
RemvrXo Since m(A) is determined up to M -ueasure 0, we cannd
conglder the walue of u(})) at & partieular value of A . Howeve;, if‘
}‘0 is an eiz,g,a'mlued,l;nn f‘v aas & jump at >‘0 9 G0 thas m(/\o)

has & definiw meani'-zg walsh coincides with thes mul uip*ie;ty o2 A

in uauaj, 3CNBGo
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Definition. The _,_g}q'egt;a;}“‘zge__gstxre and the mul‘ﬁi:olicity functicn

of aa automorphism group S, are definod to be those of the unitary

group induced by Stc

Theorem » Let s and m(A) be the. gpectral measure and the

mgltipli;ccity. t’)function. of Sy T M XO + Lebesgue measure and i7
oy 2 ¥

m{Ar) =00/, u(0) = 1,then Sy is strongly mixing (— wealkly mixing_y

‘ergodie).

9, Kolmororov autonerphism groupe.

(2) Definition o An a.utoziorphim grou'p St is ecalled Xolmeogoroy

sutomorphisa group i there existSa Borol subalgebra 730 of - 73
satisfyiag | ‘
1. S‘i;BO:Q,CSs’BO y
2. /;‘\3-330 = { g, .fl} (wa trivial Borel Algebra) )
do \€/8t780 = '@ °

Tocorenn (A.Kolmogorov). The M ond ‘m(A) of aay Koluozorov ouice

morphicm group dve

VadaY (% + ZIebegue measure

m(A) = & for AL 0, u(0) = 1.
Corollary. Any Kolmogorov autonorphism group is sironzly mixinzg
{(—> weakly mixing —>crgodic)
(%) To prove Kolmogorov theorem we zhall use a part of the followinz
%eorem(KoImogorcv~Wioner) « ILet "t be a woeakly statlioncry proccess

with mean O and the covariance functioa r(t) = jeﬁt aF(A\) . et L,
v
be the c.l.m. spanuned by x o 8 $ €. Then the following arc oquival

.
Vel Coa

1. Q I‘t = 0 (trivial gubspacs)

2, dF is avsolitely continous and the density 99(,\) Z 0 (a.e.)

©
and f Log () AN > =00
1!. \2 ]
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6. Let u be the spectral measure of Ut’ Then

- ’:

) Ug® =@ only for =0 <==>u has no jurp at O,

. ) T :

‘ ! 2 - .

(b) lin = f }(Utcp, v)|© dat = 0 for every @, ¥
-il - 0 .T .

«<==> | 1is continuous

(¢) 1lim (Ut% ¥) = 0 for every ¢, V¥

T 20

<==> the Fourier transform of u vanishes at .

‘Definition 3: ¥f pu ~ Lebesgue measure and if m(%) = constant, then U, is -

called multinly Lebesp,ue. - In the speclal case in whiéh this constent is w, .

U't is called g-Lebesgue.

Theorem 7: The following three conditions are équivé.lent:
(1) (U,) is multiply Lebesgue, -
(11) (U,c} 16 isomorphic with the following unitary group ug on
H =35 ® LE(RI, @l,_ ds) (at most countable direct su:u;) '
defined by U,c'; (fl(s)‘,‘fg(s), .7.) - (fl(;-t); fz('.s-t),_ vee )y

(11i) +here exists a subspace H of H with the following properties;

(o) UHy < UR: for t<s

(B)' A U'tHO = 0 (= triyinl subspace)
\ ,

(§) AUH) = H:
t [V

To pi‘ove this theorem we shall use a part of the following

Theorem (Kolmogorov-Wiener). ~Let L be the Hilbert space L2(Rl, @1 dF) witn
0 < F(RY) < w, ard I,
3<t. If {b\Lt = 0, then dr(A)e<an, F'(N\) >0 (a.e. (dA)) .end

the.closed linear subspabce of L sparmed by fs(y\) = ei)\sJ

JORE Y .
‘ j}_g F (27\) d\ > - », and vice versa
1 ey . o
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Proof of Theorem 6.

(a) U @ =¢ for 9 AU

> (0] = 200} o = lol® > o

=> u(0} > 0 NPT g
“u(o} >0
=> |E{0) %“a/ = (0} >0 (Take ¢ wvith u, = )

=> U, 9 =9 for ¢=E(0) G £ O
(b) Noticing

(O, 9 ¥) =5 B0+ 0, (o v W)+ Wylo + ¥, (o= ¥))

v Wl v 1), (p+20)) + 1 (U (e - ), (g - 1))

we have
1 T ' 2 |
la 5 [ [, 0 W[ a <0 for Vo, v
m
Tow -7
. 1 ’T~ ’ . -‘ 2 . V ) - V
<=> lu 3z (U, o, 9| at = 0. for. ‘-
- T t : .
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, But

4 * g t ‘ \
U, @ @) =/ em\_ THCIVES

and so
1. T 2 3 2 2, g -~ 2 .
lin 5 fTI\U,c ® 9)|° dt= o Ho(A)
) - - > > 0
| AN > O
o1 [T L2
Ha 55 [ ,I(U.b i, | dat =0 for every
T oo -7 ’ ‘

<==> B is coniinuous for every @

.

<==> u is continuous.

le) lim (Ui @ V) =0 for every {o, v)“
t - o )
<==> lim (U,G ?, (g) =0 " for every @
t ~ @ . .

 <==> lim [ e:-D‘t d""cp()‘y =0

Tt

<=;>,lim fe
B A K

irt -

du{A) = 0 (Use Lemma in page III.21)
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Proof of Theorem 7. (i) - (ii)

It is enough to prove that

At

o e LR, @Y o) @) 3200 - ()

is isowmorphic with

Uy W' = LQ(R]', @l, ds) Bg(s) - gls - 1),

But U, is iscomorphic with

ul: ®" =7”2(Rl, ejj, a) D h(A) » e;m

. B(A)
by

Ve 15 2(A) = n(n) = VA - £(A) e H'

Uy is icomorphic with Ul by

'i'l

Vi 3g(s) > h() = (F g) (W) = —— Liwm. [ o gls) as e H"
Y Tmew - ‘

vaich completes the proof.
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(11)-(1i1)
Let U, e isomorphic with uL by V: H- H', and set

H = (£ = (fl(s), f“‘z(s}, ) ¢ H', ¥a fn(s)'ap for s> 0)

Then H5 satisfics' (a) (a)'(y). Now set . HO=-V'1 Hi. Then nb is what

we wanted.

(111) = (1)
To prove tlils we shall use the following Lewms which is essentially due
%o 0l Haaner: Deterministic end non-deterministic stationary random

processes, Arkiv {0r Matematik 1 (1952), 161-177, in particular p. 166-169.

Lemma. Except in the rivial case H = 0, uader the conditions {a) , (B), ana

(7), there exist;?{an interval fuacticn. z(%, 8) with

(1) =2z(t, s) € H . vhere I

o = Uy By H, = H, OF

it

(2) =z{t, x) + z(s, uj = 2(t, u) for t<s<u

{(3) v, z{t, s) = z(t+h, sta)

B) fult, o))

i

8~%
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Proo? of Lemma. Given x ¢ H and u, v (u € v), let us consider

o

z{t, &) = a(t, s: g, Vv, x) = P.-cs U0 Puv x d o, t<s
O -

where PaB = projectioh oxfco HC:B' Sincc;;

Pig Up Py * £o only where t-v < 6 < s-u,

2(%, 8) 1c well defined. It is easj to verify (L) and (2). To verify (3),

notice

%*). P =

(*) , Up Fig ?t+h,s+h Un
to see

U, z(t, 8) =/ U, P, Up Py X900

U, P

o
=/ “tth, e Uh 0 “uv a0

)3 ao-

il
~—

n .
“tHi,8+h Uh}o uv ¥

Ly

v

= [ P'+h,s+h Uy Py xdg = z(t+h, s+h)
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Now we shall observe that

(%#) lim P, =0
thu,siu oo

if otherwise,

rrid

= ( iim, - Pts} *"H£O

u
tiy,sdu

III.3?2

(strong limit)

end so H = U H £ 0 for every v, which combined with ﬁ; J?ﬁ; (u £/v),

Ve-u u

would imply that H 1s not separable, épntfary to the éssumption,

By (%) it is clear that z(t, s) is continucus in (%, s). Taen

liz(t, s)ﬂg is also continuous in- [t, ). If % < s < u, then ‘z(%,8) A zls,u)

and so-

(1d

I% follows from (3)

Jatem, sm)[? = ate, )2,

Thus we have.

Ity 8| = c(s-t),

2 " 12 2
lz(t, )" = l=(t, )7+ lale, w5,

8<t
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yhére ¢ = c(x, u,>v) is a non-negative constant independent of (s, t).
~ If we can take x, u, Vv soO that ¢ > 0, it is enough to coubider
z(t, 8)/V/<c instead of z{t, s) to complete the proof of Lewmma.

It is clear that o, % 0; if otherwise, we could have
=), @V Hy =0
n
Take an arbitrary %;£ 0) « Hy,- Then
1 7 ‘
— [ P.U x a6-P. U x Polxo=x0;40

2y =, OL @70C oL 00~

as y -0, Take ¥ > 0 with

A"f P51 Vo Odo,éo
=7
A can be expressed as
o
A— ]
L n
n 4 ~
) 21f Pidi“@['l" 11 %o * P X0 x i
i= === L _ i-1._ 1 9
-y 5 n =, o 7 o N S i 4 ;1-'5'7;0&0_]
n 7
= )f 4 3
1élf Fio11 Us Py T
TTey Tun "7t
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(Use (¥) and Pg =0 if (@,8) 0 (e, 8] = 8)

Paa
Ou the other bhand, consider

» [ee N
n
B = 8 /‘P . . b4 de.
i-1 1 0’ N .;_i__ 0
=l % &"m w5 lRY?
Loy
) 1=l f Pl"_-}_;l_UQ P}_:'_J_._’_ L oL, x5 46 (use (%))
ol n n o " /g t7
a4
Then
A - B |
ol L1 )
n . n - n 7
< ' f h"' . "“ de - E f ”n. n“ ae
i=1 "y ‘ i=1 vy :
7 -3
[Pras¥® 1,
nn a y’n 7
= Jju, P P. %
[Ye Fi-1 1 : . o‘
L- ?-9’5"63“71‘5*7 I
= . 1-1 i
”PSi’ti xo" 51 = mSX(T - 0, .a. - 7)

< sﬁp{{]Ps)t xou,'o < t-s <%—, -1<t, 85 = o
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”A _.Bhﬂ =20 -0 as n -« (recall the-continpi%y of P X, in (s,%).

Since A £ 0, B # 0 for some n. .Therefore,

(-]
fPi“'llUGPi- i, xg @@ 40
S oG S =Y, 5ty

. X
1 0.
a~ 7 at?

- i . i 1-1 ! '
Then Z(‘i'-‘!:, l) }é O, 1oe|) Ci'i - T! )4 O) ioeo, 0;40. I
n "n . Let us cal
Now let us return to the proof of {iii) — {i). /a {Ut}-invariant
subspace H' of H simple Lebesgue if :Ut restricted on H!
has simple Lebesgue spectrum.
By ZoYa's Lemma there exists a maximal system of mutually orthogonsl sidple'
Lebesgue suvspaces (H', H", ene }; ‘To complete the proof it i1s enough to

* - - s v
prove H =EHo(H' @H" @-++ ) = 0. Suppose H £0. H 1is {Uﬁ)-invariant.

B “a
Set H., =P, H.. Then

o = *u* %o
PH* U't = U'b PH-}P
. H*
* o A Ut O = O
N %
v Ut gO = H # ﬁ,,

We can apply the Lemma to H to get z(t, s) satisfying the conditions

in the Lemza. Then
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¥ = (f 2(t) aslt): 2e1P(Re, g7, at))
is a Lebesgue simple subspace of H; in fact
U, [ e{t) dz(t) =~f‘ £{t-n) dz(z)"
I 2(6) sa(e)f = fiz(o) % as,
and so Ug over H is isomprphic with.
G 2 e PR, @, @) - (8, ) (8) = 2(e0)
It 1s also clear that © io orthogonal ‘to H’; i, ... . Thus

~ e . } ”~ . .
(E, B',’H", +.. } 1is aleo 2 system of umtually orthg govsl simple Lebesgus

subspaces in contrecdicticn with the maximal property of (€', H", ... ).
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X
Sta

S. The Spectrdl Measure and Multiplicity for Aﬁtomérphésm Grouns.
Let St be an automorpniem group and Utw the unitary group {acting on
H = LQ(Q,CB, P)) induced by S, Tn this case O is alvays an eigenvalue and

any. function = constant is always an eigenvector for 0. It is therefore

enough to observe how: Ut acts on H' = {l}‘.l

Definition L. The spectral measure &ad the multipliclty function of an
awcomorphism group Sﬁ are 8efined to be “hose of the unitary Zroup 'Ut

acting on H'. If UtfH' is o-Lebesgue, then 'St 15 called o-Lebesgue.

Theorem 1. Let u be the spectral mcasure of §.- Then

(1) s, is ergodic 1ff p haz no Jusp at 0,

(2) s, 1is weakly mixing if? u is continucus,
v .

{3) St is strougly miuing 1Y the Fourier transfqrm of W vaunishes at 4 ,

Defintion 2. [St} is called Kolmogorov automorphlsa group (or K-flou) if°

there exists a Borel suvalgebra Q?O of d3 with

() 8, B,c5,B, for t<s
(B) 'Q,St Q;o = %rivial algebra, i.e., (f, Q}.{moduio aull sets)

() Us; By = B

Theorem 2. (KolmogrovuSinai)

Any Kolmogorov autcmorphism group 1is g~Lebesgue.
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IV. STRICTLY STATIONARY SEQUENCES

In Chapters XX and IIT we have discussed the ergodic properties of strictly

stationary processes. Similar theorems hold for atrictly stationary aequences.‘

l. Definitions.

(a) strictly stationary sequence

xn = X(n,a)), n‘ € Z = ( s 00 "2, -l, 'O, l, 2,"00_0)

(v) If S 48 an automorphism on (@ ,P), then 85, n € Z, form an auto-,
porphism group with discrete parameter.
(e) It U isa unitary operator on K, then U°, n ¢.Z form a unitary

group with discrete pérameter.

(d) s automorphism ~—> unitary operator U

Ve, = e

B SB

(e) X B € 2, strictly stationary sequence
—> S automorphism (shift)

-—> U unitary operator on La(n, &,P)

(£)' equivalent, measure isomorphic, unitary equivalent
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2. Ergodic Properties.

S automorphism —> U unitary operator

(a) S 18 called ergodic if S8 *B=B=>B=§ or Q

'8 is ergodlc T, Uf = f => £ = const.

(b) S is called weekly mixing 1f

1 3 n ' 2 ..
lim 5 2 [P(s"AnB) -2(A) P(B)|“dt =0

N ~N

for every (4,B).

S is weakly mixing 2 lim -él-'ﬁ

N"’w -

| (u%2,g) -'(f;‘l) &% at =0

L nadl=

(¢) strongly mixing P(S"A 0 B) —=> P(A) P(B) for every {A,B).

(8) Speotral decomposition of U:
U= {

(e) Theorem of Hellinger-Hahn

Let U be a unitary operator on a separable Hilbert space H.
Then there exists a decompositon of H: H= ) @ B~ with the following
‘ n

properties

1) ' UJH_ 1s isomorphic with V. om Lo(r, B., ap ):(V.f )(7\‘) = 12TA 5 (3
_ n : . n Ve e Y aa e
2) W Ty, e

(;5., Hy s «es} 18 uniquely determined by U wup to equivalence and is called

the Hellinger-Bahn measures of U.
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{£) U 4is celled multiple Lebesgue (or is said to have multiple Lebesgue spectrum)

if all Hellinger-Hahn measures are equivalent Ato the uniform measure on r.
If the multiplicity is «, then it is called g-Lebesgue.
U 1is miltiple Lebesgue with multiplicity m
: U is the direct sum of m copiéé of the unitary operator
12(c, 8,aN) 3 £(2) =2 2(\)

- U is the direct sum of m copies of the shift operator on
L et
2 =
Fr)s(a): T la?<a)
. n&€ 2

© 5. Kolmogorov-Sanai's theorem for the discrete parameter case.

Leuma. Let U Ye a unitary operator on & separable Hilbexrt space H. If there‘

exists a subspace H  -of H with the properties
1. UHO ~ K o
2. v, U'H =K
3. A U =0

then U is multiple Lebesgue with multiplicity =m = dim[UHo pe Ho], provided U # 0.

Definition: S is called a. Kolmogorov automorphism if there exiets' a Borel

subalgebra @o of @B with the,pz!'_operties
1. 8 60 ) @o

2. \/n "B, = B

50 A 8% B = O¥ (trivial slgetra)

' Theorem (Kolmogorov-Sihai). The unitary operator - U associated with any

L i 2, .
Kolmogorov automorphism 18 o-Lebesgue on E = L. (a, &, P)O(1), provided

G ¢ 1T
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Proof: By the above lemma it is enough to show that

o 2 .
Ain(UEGE,] = o “for H_ =1%(q, @o,P) (1)

, _namely
aim(L%(q, U E » @ 13(q, 8, ?)] = w.

Lemma 1. Besnﬁo,.SmB‘qu for some m ¥ 0 and n =>B ey(;

It follows from the assumption that

“Proof':
mikin o k :
BeAS "B =N @, =Y -
Leuma 2. For any given B¢ S@ - B there exist Bpes@ - @,
with @l < 3. |
‘ 2

Proof: P(B) = P(ST(B) = (62 @) = -++ >0

P( u sT@)<r@)=1.
S 1>0 |

H m>0 and n

P(s™p A~ 5By 5 o

P(BAS™3B) >0

B=BASTBe=>BcSTE==>B=s5"p

(by Lemma 1) =>B ¢ f{ < v@O (contradiction)

-« P(B-5TQ@) >0
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_}Qi.}_}_x__ei B'=BAS B { @o or B'"=3B - s f"@o because
B'vB' =B ¢ & o* Therefore B; =3B' or Bl"' will satisfy our condition.
Lerma 5. For any given B € S @o - 580,' there exist .C_.L' and 02 €C 230 - 60
such that €, ~C, = § and C v C, B ~
Proof: Consider the class _C_ of all well-ordered {with respect to the inclusion
A:v) subsystemS of (S @o - @.o) ~ 2B, The single system (B} belorgs to C,
Since C:}__} C'. implies P(C) >P(C'), every system a e C 1is countable.
Using Zorn's lemmsa we cen find a maximal system 772 in c. 1If 77t has the |
lz;st element (= “he smallest set) M, then we can apply Lerma 2 té get M' ¢ Sﬁc;- @o
such that M’ c?:: M. Then 77& v (u'} e a in contradiction with the maximal
| property of 776 . Taus 7/2 “has no last element. Therefore the intersection
M" of all sets e 2{2 is emaller than every set & 7?2 . I M4 @o’ i.e.,
€S @.0 - @ o’ then 77( v (") e @ which is again a contradiction. Thus
M' e @.0. It is clear that tne first elemem‘. in 7?{ is .B‘ because of the

maximal property of 74 -+ Thus we have

B = \/ (C-¢C¥) v 1" (countable disjoint sum)
Cc—:??l : '
where C¥* 18 the element next to C in 772 . Since M" ¢ @o and
B # @ o’ ‘there exists at least one C - C% ¢ @ o Then Cl = C¥ and

C2 = C -« C* are the setswhich satisfy our condition..
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' Since‘there exists at least one set iB €S @o - @o (if otherwise,
sB = B, andso B =Vs"@ = B =~ ASG =1
in contradictlon with (&3 # b’z ), we can prove the following lemma by

applying Lemma 3 recurai\‘rely.

Lexma 4. There exists an infinite sequence (Fn) such that
Fi € S@o - @o, 1= l’ 2,-[00
and

Fy~Fy =y (1 #3).

Now we ‘shall come back to the proof of our theorem. It is enough to

construct a linearly independent systen [gl,,g2 ) see gn) €

2 ' . . .
L (q, Sé’o,P) ') Le(n,ﬁo,?) for any givea n. Take Fl’.Fz’ eee bY

Lemma 4. Rearrange F., Foy eee s Fn(n+l) as

11 Tio o Fraa
F. T ee B

21 22 2 n+l

® 00009000 OCPQCOESIOEIYIIDPNIOSEEQOEEOQEO

Fnl Fne "t I"n n+l

Determine al » K =_’l, 2, coo ‘, n, j=1, 2, «¢s , ntl such that

¢



Stationary Procesees, 1965~ A |
K. Ito V.7

(15X 2)#(1 5" x* 8')

SR, ilj" if. (. and
L Y 13103 F (k2 k'20)
Write e 13 for the indicator function of Fi 3 '_ and set
nj;l
T Tooa,.,
i ,j-z-:l ij i

g, =f -B(f |B)=sf, -» £ .
1 i X (@] i Le(n, @o}P) 1

2, S .2 .
Then g, €L (a, s@o,P) & L%, @0,9) =Vl @ H,

In order to see that &5 € cee g, axe linearly independent,. it is.

‘enough to prove thatb Z N8 £ 0, i.e.,

n  nrl

- ~ ) 2
f=Y AL = : ..
)i'.‘)\i ey .jél M %15 Cu #1700, Bo®)

unless 7\l=7\2'= er = A =0,

éqppos‘e ?\i:‘r- O for sowme . i, say' 1 = 1. Then cither there exist

135 330 ps dps vee s Las ’jn+l such that
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a A a R
Mt 1, %4 9

a = A, a _
7\1 12 i, 12 3o

a =N, a, :
7‘l 1l an¥l 141 1n+l 3n+l

oxr there exists N '
—_— JO sucih that )\laljo ?4 ?\iaij

In the first case all A, # 0 by virtueof A #O0 and a, ;

v
Since il’ 12, eos in+l are among

i
q

one pair p,q (p#q) with i, =
a
oy

q°4q

(4> 30 # @, 1)

(1, 35) # (1, 2)
(ipegr dngg) 7 (1, m)

for every (1, §) # (1, ;o).

> 0.
1, 2, «se , n, there exists at least

Then

,o

which is impossible because of p # q and (1, p) # (ip, Jp)-

In the second case we have

(@ 2= Nayy ) =Ty, ¢ @,

ioeo,

2 ¢ (0, @, P)..



