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Variety of lines

Variety of lines in a hypersurface (Short review)

X C Pt : a smooth hypersurface of degree d.
Gr = Grass(n + 1,1) : the Grassmann variety of lines in
Pn—i—l

Definition
The Fano variety of lines F/(X) of X is defined by

{leGr|lC X}.

Fact (Barth-Van de Ven)

2n—d—1 > 0,
X € P**+1 : generic of degree d.

= the Fano variety F'(X) is smooth,
dim(F(X)) =2n—d —1.




Variety of lines

Variety of lines in a hypersurface (Short review)

Out line of proof
Consider the incidental variety for the universal family.

V = C"*2, §¢ = the space of degree d homogeneous
polynomial of n 4 2 variable.

I={(1f) €GrxP(Si,)|fli=0} = Gr

w2 |
P(S512)

=
@ w2 is surjective, and
@ w1 is a projective space bundle of reltaive dimension =
dim(Sg_m) — dim(S‘zi)
= Z is smooth and
(2n + dim(Sg_H) — dim(S¢))-dimensional

i h
generic s:m>oot ness dimension of F(X)=2TL —d—1 and
smooth.



Variety of lines

Open part F°(X) of Fano variety

(Xo:-++: Xpt1) : projective coordinate of P* 11,
Hy,...,Hpy1 C P*tL : hyperplanes H; = {X; = 0}

Definition

Q@ FO(X)={le F(X)|INnH; (:1=0,...,n+1) are
distinct points}

@ My 42 The moduli space of projective line with distinct
n + 2-points = (n — 1)-dimensional.

Then we have a map
x: FO(X) = Mopi2:l— {INH;}Yizo,. nt1

d = n = x is generically finite of degree n™11.



Main theorem

Fermat hypersurface and the main Thorem

X : Fermat hypersurface in P"*! = {(Xg:-+-: X,11)}
defined by
d d
X¢4-+ X4, =0

tq : The groups of d-th root of unities.

G = (na)"*?/A, A ={(-..,0)}
Then an element ({p,...,{n+1) € G acts on X by

(Xo:+++: Xpg1) = (CoXo: -+ : Cnt1Xnt1)
= G also acts on FO(X).

If d = m, then G acts on F°(X) freely, and
FO(X)/G ~ Mo’n+2.

Ifd < n, the map F°(X) — Mo, nt2 is a quotient of self-fiber
product of the “universal” abelian covering of exponent d ramified
at n + 2 points.




Kummer coverings

Prepation for the Main Theorem

K : a filed with char(K) = 0 and puq C K. (May not be
algebraically closed)

C : a curve over K,

D =}, a;(p;) a divisor on C, such that D is principal.
Poo € C(K) — Supp(D).

Definition (trivialized d-Kummer covering)

@ f : a rational function on C' such that
® (f) =D, and
@ f(p) =1
The d-Kummer covering of C' with the branch index D
tivialized at poo is a covering of C' defined by y?¢ = f.
@ Also defined for a curve over a scheme.




Kummer coverings

Rigidified moduli space and the universal curve

© Define the rigidified moduli space M/Oj,z_z by

{0y -+ s Ant1) € (P2 | X; # \j fori # j}.

@ Define the universal curve

U="rx Mmz — M/(:;2
(£, 05+ - -5 Ant1) = (Aoy.-eyAnt1)

3 natural compatible actions of PGL(2) on U and M/(_):,;_z.
The quotient

U/PGL(2) — Monia/PGL(2) ~ Mo nia

is the universal curve over Mg ;2.



Kummer coverings

Kummer coverings

(1) We fix oo € PL.
The universal section Mg 5,12 — U is also denoted by \;.

Kumg,; — U : the d-th Kummer covering of U for
branching (X\;) — (Ao) trivialized by oco.
Kum := Kumg, Xg s Xg Kumg,nt1

T — \s
(Kumy,; is defined by yg = *, where z is a

0
coordinate with x(oco) = co. We set A\; = z(\;).)

(2) Let p # 4,0, We set Ay := {(Ao, N;) € (P1)2 | Ao # i}
T0,i,p * P! x As — Ao ()\p,)\o, )\,) — (}\0,)\1)

Ao, A; : two sections of 7o ; 5.

Ag ; : d-th Kummer covering of P' x Aj for (A;) — (o)
trivialized at oo. B . o

Ag’i : the pull-back of Ag’i to M = M 42 (with the
natural pg4 action.)



Kummer coverings

Kummer coverings (continued)

(3) T« p£0,i AQ; — M : p?-covering
Mo,, — M : the covering corresonding to Ker(ul; — pq).

(./(4\0 i is defined by 6? = H M using coordinate as
’ Ao — Ap
pF#0,i
before.)
M = My X X Mo n+1 - G-covering of M.

—

(4).7?=Kum></q---><ﬁKum><MM

~~

k—times

ThisiskaG—coveringonjl xﬁ---xﬂa XM

k—times
F : the covering corresponding to

Ker(GF x G 2 =1 55791 )



Precise statement

Statement of the main theorem

We set kK = n — d.
Then dim(F) =k+4+n+2=2n—d+ 2.

Theorem

@ There is a natural action of PGL(2) on F extending that on
PL. This action commutes with the action of Sy,.

@ The quotine F /(PGL(2) x S&y) is naturally isomorphic to
FO(X) over Mo,n+2/PGL(2) ~ M(),n_|_2. As a
consequence, F°(X) is smooth.

© In particular, if d = n, the map F®(X) — Mg n42 is an
etale covering with the group G.

The period of FO(X) can be written as Selberg integrals.

In the case d = n = 3 is studied by Roulleau, M.Yoshida.




Proof of the main theorem (1)

[Proof] Let!l € F°(X). We fix an affile coordinate ¢ of 1.

Then the map P! — X can be written as
t— (Xo(t) HICIL I Xn+1(t)), where

Xo = apt + Boy- -+, Xn+1 = apy1t + /Bn—{—l-
We consider the quotient by the GL(2)-left action on the
frame matrix
<a0 e an+1>
Bo :++ PBnt1
The equality

X(‘)i_|_..._|-Xg+1: (a0t+l30)d+"‘+(an—l—lt"i‘ﬁn—i—l)d
=0



Proof of the main theorem (2)

= the following equality for «;, 3;

ag+...+ai+1:0
d—1 d—1
& /60+"'+04n_|_1,6n+1 =0

/Bg++5g,,+1:0
B

(&7

The intersection of [ with X; = O isequaltot = \; = —



Proof of the main theorem (3)

Consider the fiber of the map F°(X) — Mg 42 at
(Aos+** yAnt1). The fiber FO(X), is defined by

ag+...+ag+1:(]
d d _
FO(X))\ )‘an +-- 4 A'n,—}-lan_i_l =0
d, d d d _
Agag + -+ )‘n+1an+1 =0

as a subvariety of (ag : --+: ap11) € PP This is
(d,...,d)-complete intersecton of P"t1,
—_——

(d+1)—times



Proof of the main theorem (4)
Complete intersection as a product of curves

Still fix ()\0, cee, )\n-|—1)-
Cx : a G-covering of P! defined by

T — A\ .
yg: (t=1,...,n+1)
r — )\0
=
k
FO(X)x = [[ e/ (N x &) (1)
p=1

over C(Ag, ..., Ant1), where kK = n — d, and
Cg\p) (p=1,...,k) are copies of the curve Cy, and

N = Ker(G* X G)



Proof of the main theorem (5)

The isomorphism (1) is given by

1/d

i _ H @ [ _1Lizo(Xi = 2o)
Hg;éz(A Ai)

are written as z(®), yz(p).

t+b
at + . Then
ct +d

where coordinates of Cg‘p )

Change coordinate of t — t' =

. (»)
)\i,_,)\;:M w(p)'_)w(p),:aacp—l—b

c\; + d’ cx®) +d
Since d = n — k, this action can be extended to F by

o o) chi+d
RN I s QED
o agco +d



Singularities

Singularities

X : n-dimensional Fermat hypersurface of degree d.
Assume that d = n > 4.

F*(X):={l € F(X) | InH; = finite set for all i} D F°(X)
Definition

Let I be a partitionn +2 =27 + -+ + 2 of n 4 2.
@ The rank r(I) of L.

2k at least two multiple component
r(I) = ¢ 2(k — 1) only one multiple component
2(k — 2) no multiple component

@ 7 (1) := the rank of the partition defined by {I N H;}.
Q@ F.:={leF*|r(l) <r}




Singularities

Singularities

Then we have inclusions

FFCF,C:--CFy,=F".

The singular set of F*(X) is equal to F,,. It is non-empty set if
n > 4.
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