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Graphical arrangementsGraphical arrangements

Def. Γ = (V(Γ), E(Γ)) : a graph ,   V(Γ) = [n] = {1,2,…,n}. 

The graphical arrangement associated with Γ is:

AA(Γ) := { Hij | ij∈E(Γ) }  (in Rn )

where H := { x∈Rn | x ‐ x = 0 }where   Hij := { x∈R | xi ‐ xj = 0 } x3
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Braid arrangementsBraid arrangements

Def. The braid arrangement in Rn is:

BBnn := AA(Kn) = { Hij | 1≦i＜j≦n } nn n ij

where   Hij := { x∈Rn | xi ‐ xj = 0 }
( K : the complete graph on [n] )( Kn : the complete graph on [n] ) x3
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Γ cones and chambersΓ‐cones and chambers
x3

Def.

a Γ‐cone
AA(Γ)

H23

= a connected component of 

Rn ‐∪ HR ‐∪H∈AA(Γ) H
(This terminology is due to K. Saito.)
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a chamber (an An type Weyl chamber)
H12
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= a connected component of

Rn ‐∪H∈BBnn
HH BBnn



ProblemProblem

• Since AA(Γ) is a subarrangement of BBnn, 

each chamber is contained in some Γ‐cone.

• Problem 1: 

How many chambers are in each Γ‐cone?How many chambers are in each Γ cone?



Γ cones and orientationsΓ‐cones and orientations

AO(Γ) := { all acyclic orientations of Γ }

= { o = { i < j | ij∈E(Γ) } | acyclic orientation }

Prop. AO(Γ)                  { Γ‐cones } 

o = { i < j | ij∈E(Γ) }   Eo := ∩ij∈E(Γ) Hij
+

is bijective.  

where   Hij
+ := { x∈Rn | xi < xj }
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Chambers and linear orderingsChambers and linear orderings

Ord([n]) := { all linear orderings of [n] }

= { c = { i1 < i2 < … < in } | linear ordering }1 2 n

Prop. Ord([n])              { chambers in Rn } 

c = { i1 < i2 < … < in }    Cc := ∩k=1
n‐1 Hikik+1

+

is bijective. 

where   Hij
+ := { x∈Rn | xi < xj } 1<2<32<1<3
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Linear extensionsLinear extensions

• o∈AO(Γ)   (V(Γ), <o) : a partially ordered set 

• For o∈AO(Γ) & c∈Ord([n]), 

the Γ‐cone Eo contains the chamber Cc (i.e.  Cc ⊆Eo )

⇔ c is a linear extension of o (i e c| = o )⇔ c is a linear extension of o  (i.e.  c|E(Γ) = o )

1<2<32<1<31 2 3 1<2<3
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Problem (again)Problem (again)

Def. For o∈AO(Γ), 
σ(Γ,o):= # { C: chamber in Rn | C⊆Eo } o

= # { c∈Ord([n]) |  c|E(Γ) = o }

• Problem 1 (again):

Calculate σ(Γ,o) for each o∈AO(Γ) !

But … it seems to be difficult in general …



The principal number of ΓThe principal number of Γ

Def. σ(Γ) := max{ σ(Γ,o) | o∈AO(Γ) } 
the principal number of Γ

• Problem 2 (subproblem):

(1) Find  o∈AO(Γ)  s.t. σ(Γ,o) = σ(Γ) . 
(2) Calculate σ(Γ) .



K Saito’s resultK. Saito s result

• Theorem [K. Saito, 2007]

If Γ is a treetree (= a conn. graph without cycle) with n>1, 

then the principal number σ(Γ) is attained by 

two “principal” orientationstwo  principal  orientations. 

Γ (Γ,oV,V) (Γ,oV,V)



Open Question 1Open Question 1

• Open Question 1:

For a graph Γ which is not a tree, 

which orientation gives the “largest” Γ‐cone ?

( or which o∈AO(Γ) satisfies σ(Γ o)=σ(Γ)? )( or, which o∈AO(Γ) satisfies σ(Γ,o)=σ(Γ)? )

Γ



An induction formula for σ(Γ)An induction formula for σ(Γ)

• Γ : a tree    V(Γ) = V∪V

where                                               are the connected 

components of 



Geometric meanings of σ(Γ)Geometric meanings of σ(Γ)

• Γ: Coxeter‐Dynkin graphs of types Al, Dl  and El
(Al)

Γ (Dl)

(E )(El)

• σ(Γ) = # ( topological types of Morsification

of a simple polynomial )of a simple polynomial )



Generating functionsGenerating functions 

• Theorem [YS, 2007]

The exponential generating functions of the series 

{σ(Al)}l=1∞, {σ(Dl)} l=3∞ and {σ(El)} l=4∞ are given by 





An induction formula for σ(Γ o)An induction formula for σ(Γ,o)

• Γ : a graph

where are the connectedwhere                                            are the connected 

components of 



An exampleAn example

σ(                                         )              o = “ 1+1+1+2 ”

= (5!/5!) σ(                                  )
1 2 3 4 5 6

2 3 4 5 6

+ (5!/2!3!) σ(             ) σ(                   )

+ (5!/5!) σ( )

1 2 4 5 6

1 2 3 4 5+ (5!/5!) σ(                                  )

= σ(                                  ) + 10・1・1 + σ(A5)
/

1 2 3 4 5

2 3 4 5 6

= (4!/1!3!) σ(     ) σ(                    ) 

+ (4!/4!) σ(                          ) + 10 +16

2 4 5 6

2 3 4 5

= 4・1・1 + σ(A4) + 26 
= 4 + 5 +26 = 35= 4 + 5 +26 = 35











Open Question 2Open Question 2

• Although we have an induction formula, 

it seems to be difficult to compare the numbers …

• Open Question 2:
d dWhich orientation of a pathpath Γ gives the “2nd, 3rd, … 

largest” Γ‐cone ?

• Conjecture:

The second largest Γ cone for a path ΓThe second largest Γ‐cone for a path Γ 

is given by an orientation “ 1+2+1+ … +1 ”.
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Thank you for your attention !!


