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Euler integral of the Gauss Hypergeometric function
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Differential equation (scalar valued or Vector valued)
Cycles

Series expansion

Evaluation of the integral at the special value
Monodromy representation

Connection problem (connection matrices)

Asymptotic behaviour
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Differential equation ,, 1 F),

ez{ H(Qz—*—ﬁi—l)}—z{ I1 (ez+ai)} F=0
{ }

1<i<n 1<i<n+1

where 0 = zd/dz. (Rank=n+1)
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Characteristic exponents of ,, 1 F},

0, 1 =061, 1 =05, ..., 1 =5,
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— Spectral type is (1" 1,n; 171,
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Characteristic exponents of ,, 1 F},

071_5171_ﬁ27'-'71_ﬁn at ZZO,

0,1, ..., n—1, Z?:lﬁi—zzzlai at z=1,

a1, g, ..., Opy at Z =00
— Spectral typeis (1" 1,n; 1) | where 1" =1,1,...,1,
———

n+1



Rigid local system

# of irreducible rigid Fuchsian differential systems with 3 singularities

on P!
order 6 (78119 10| 11 | 12 | 13
# 13120 | 45| 74 | 142 | 212 | 421 | 588 | 1004
# of irreducible rigid Fuchsian differential systems
order 5167181 9 10 | 11 | 12 13 14
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Rigid local system

# of irreducible rigid Fuchsian differential systems with 3 singularities

on P!
order | 2|3 |4 6 (78119 10| 11 | 12 | 13
# |1/1/3 13120 | 45| 74 | 142 | 212 | 421 | 588 | 1004
# of irreducible rigid Fuchsian differential systems
order |2 (34| 5|6 | 7|81 9 10 | 11 | 12 13 14
# | 12611 |28 |44 |96 | 157 | 306 | 441 | 857 | 1117 | 2032

These lists are by Oshima (2008).




Yokoyama’s list (1995)

rank | # of singularities on P!
I (HGF) n 3
I* (Pochhammer) n n—1
IT 2n 3
IT* 2n 4
I11 2n+1 3
IIT* 2n+1 4
1Y% 6 3
[V* 6 4




Yokoyama’s list (1995)

rank | # of singu- spectrale type
larities on P!

I (HGF) n 3 1" ;1,n—1;1"
I* (Pochhammer) n n—1 IL,n—1;1,n—1;...;1,n—1
II 2n 3 1" n; 1" n;1,n—1,n
IT* 2n | 4 1" n;1" Y n+1;1,2n — 1;n,n
111 2n+11]3 1"t 1" n+1:1.n.n
IT* 2n+1 | 4 " n+1L1"n+1;1,2n;n,n+1
IV 6 3 12,4;23,14,2
TV* 6 |4 12,4:12,4: 2,4
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Diagramatic expression

— o & (@ —Db)* (or (b— a)ra)
a b
Examples:
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0 t;
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(I) Generalized HGF
]._.[?:1 tz)\l ?:11 (tz — tz’—l))\ifl’i
where tg = 1, t,41 = 2.

(I*) Pochhammer function

[T720 (¢ — ;)™
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(I) Generalized Hypergeometric function

0 0 0 0 0

l—t—tg—tg— oo —tpy 1 —t—2

(I*) Pochhammmer function

1"t at 0
1,n atl
1"t at oo
1,n—1 at0
1,n—1 atq
I,n—1 atec,

1,n—1

at oo



(IT)
0 0 0

l— bt — tg—tg— -

(%)

0 0 0

C—tg— to—— tg—— oo

0 0
I
— tn—l — tn
0
— tn—l - tn

/\

1"'n at 0
Il,n—1,n atl
1" n at oo

1"l n+1 ato
n,n at 1
1,2n —1 at ¢

1" n at oo



(I11)
0 0 0

l— bt — tg—tg— -

(I1T%)
0 0 0

C—ty— ty— tg—— oo

0
1
—tn—l—tn/
\Z
|
1
—tn—l—tn/
\Z

1"t n at 0
Il,n—1,n—1 atl
1" n—1 at oo
1"'n+1 at0
n,n+1 atl
1,2n at ¢

1" n+1 atoo



(IV)
0o 0 1 1

1—t1—t2—t3—t4—2

(With /\’1 + A2+ Aoz + )\g + 2 = 0)
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142

1,1,4
1,1,4
1,1,4
2,4

at 0
at 1

at oo

at 0
at 1
at c

at oo



(IV)
0o 0 1 1

1—t1—t2—t3—t4—2

(With /\’1 + A2+ Aoz + )\g + 2 = 0)

(IV¥)
0 0 4

1

1—t1—t2— &

z

12,4
23
142

1,1,4
1,1,4
1,1,4
2,4

at 0
at 1

at oo

at 0
at 1
at c

at oo
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v Hy (T, L) — HNT, L)

Im ¢ 3 regularizable cycle
Im ¢ : space of regularizable cycles

reg(o) := 1~ !(o) : a regularization of o € Im¢



If the exponent of the irreducible component of the divisor D = 7 1(D),
where 7 : (P1(C))™ — (P!(C))™ is the minimal blow-up along the non-
normally crossing loci of D, is an ineger, the irreducible component or

the exponent itself is said to be resonant.



If the exponent of the irreducible component of the divisor D = 7 1(D),
where 7 : (P1(C))™ — (P!(C))™ is the minimal blow-up along the non-
normally crossing loci of D, is an ineger, the irreducible component or

the exponent itself is said to be resonant.

T = (PY(C))"\D, D =Ud{f;(t)=0}, N°:tubular nbd of D
cor— H, 1 (T,N°, L) — H,(N°, L) — H,(T,L) — H,(T,N°, L) —
Hy(T,N°, L) ~ HXT, L),

Hlf

n—+1

(T,L£) — H,(N°, L) — H,(T, L) — HYT, L)
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Simpson’s list

rank spectral type
HGF n m; 1"; n—1,1
Even family 2n 1?": n,n-—-11; n,n
Odd family | 2n+1 | 12" nn1; n+1n
Extra case 6 1: 23; 4,2

The even family of rank 2n corresponds to the restriction of the Heckman-
Opdam HGF of BC,-type.

The Heckman-Opdam HGF of A,-type corresponds to ,,1F},.

(by Oshima and Shimeno)



The rank of H,, in case of

1 0 1 1 0
I | | or
O—tl—tg—tg—------ —tn_l—tn—z
n . even
Bl |
O—tl—tg—tg—------ —tn_l—tn—z
n : odd

is anio. Here a, is the Fibonacci number: a; = ay = 1,a3 = 2,a4 =
3,@5 = 5,&6 = 8,@7 = 13,@8 = 21,@9 = 34,@10 = 55,@11 = 89,



The rank of H,, in case of

1 0 1 1 0
I | | or
O bty g oo — by — £, — 1
n : even
] o
0— ty— by—tyg— s — by — 1, — 0
n : odd
is apy1. (a1 = ao = lyag = 2,a4 = 3,a5 = 5,a6 = 8,a7 = 13,a3 =

21, a9 = 34, ajp = 55, ajl = 89, .. )



(Odd family)

1 0 1 1 0 1,n,n at 0
‘ ‘ ‘ ‘ ‘ n,n+1 atl
O—tl—tg—tg—------ —t2n_1—t2n—z 12n—|—1 at oo

Resonance condition

)\/14—)\124—)\234—)\%4—2:0, /\2+/\23+/\34+>\4+1=O,
)\g‘|‘)\34+)\45+)\/5:0, /\4+/\45+)\56+A6:O,

)\’2n_3+ _|_)\’2n_1:0’ >\2n—2+ _|_)\2n:0.



(Even family)

1 0 1 0 1 1,n,n+1 at 0
‘ ‘ ‘ ‘ ‘ n+1l,n+1 atl

12n+2

0O—ty—to—t3— -+ —to,— lonr1—2 at 0o

Resonance condition
AN+ A2+ A3 +A54+2=0, Ag+ Aoz + A3+ +1=0,
Ay 4+ Asg + A5 + A5 =0, A+ A5+ As6 + A6 = 0,

)\/277,—3+ ctt +)\/2n_1:0, >\2’I’L—2+ e +)\2’I’L:0
Nopp1 + o F X541 = 0.



(Exitra Xg)

1 0 1 0 0 1,2,3 at0

[ 3.3 atl
O—tl—tg—tg—t4—t5—2 16 at 0o

Resonance condition

MFEAM2+ A5+ A5+4 =X+ Xos+ A5+ s +2=0



Connection formulas

Examples.
(1) n+1Fn
- —a,+ D) T - 5)
§e) = S e et D OB o),
j=1 s#i ﬁj —Oés) s#£j ( ﬁs )

where f{”(2) = (=2)! "% (1+ 0(2)), £ (2) = (=2)™(1+ O(=7")).

n+1 (1 + Zgzl ﬁs o ZZ+11 045) ngsifr_z—i-l F(ﬂ] - 53)

16 -3 11

j=1 s#i H1§s§n+1 L'(8; — as)

where fi(o)(z) = (—2)" % (1 4+ O(2)), 1(1)(,2) = (1 — 2)Zi Bi—> i ai(1 +
O(1 — z2)).



(2) Even family of rank=4 (joint work with Haraoka):
01t — 1) (8 — )15 (b — t3) ™ (85 — 1) (85 — 2)

()\2356 +2=0, )‘ljk =\ + )\j + -+ )\k)

F7 () = (22314 0(:),  FY() = (=2)hmwrt (14 0( 7)),
B (2) = (2pr 2 (14 0(=71),
B () = (=2 (14 0( ),
Fi () = (14 0(:)



(2) Even family of rank=4 (joint work with Haraoka):
1t — 1)%2(t — ta) 15  (ta — t3)™ (ts — 1) (85 — 2)M  (Aagse +2 = 0)

4
FO2) = piFi(2),
j=1

where

I(14 Aoy T4 Mg, 24 A3, 14 Ao, 4+ Asasr)

b= D(14 A1, 2 4+ Aia3, 2+ Miga, 2+ Araz, 3+ Aiasas)
B I(1+ Asq, 2 4+ A3y 2+ Asase, 4 + Aigs7, —1 — Aj2)
e T(14+ A3,2 4+ Aiga, 2+ Asas, 34 Asaser, —A2)
D1+ As6, 24 Az, 4+ Aisasy, —1 — Asa, —2 — Aigsa)
s = DL+ A, L+ 2or2 + dogrs— Do — ) ’
Doy — (2 + M3, 4+ Mgasz, —2 — Agase, —1 — Asg, —1 — Aig)

F(l+>\3,1+>\7,2+)\123,—)\4,—>\6) ’
with  D(ag,as, - ,am,) =T(a1)(a) - T'(ay).



na1Fy, case

. . S n o —0g I'(B;—Bs 0
Derivation of fl-( )(z) p i ez Fé(ﬂj_aj)l) [ % X f( )( )

by use of the intersection number.



na1Fy, case

. . 00 n+1 I'a;—as I'(B;—Bs 0
Derivation of fl-( )(z) p " ez (F(ﬂj_a:r)l) [ % X f( )( )

by use of the intersection number.

HY(T, L) or H,(T, L), where L is determined by

n+1

HtozH-l Bi H t . ti—l)ﬁi_ai_ly M 6714-1 — 1,t0 = 17tn—|—1 = Z[L
=1
T:C”\u {ti =0} VUt —tia =0}

reg : HNT,L) — H,(T,L)



na1Fy, case

. . 00 n+1 I'a;—as I'(B;—Bs 0
Derivation of fi( )(z) p " ez é(ﬁj_a:r)l) [ % X f( )( )

by use of the intersection number.

HY(T, L) or H,(T, L), where L is determined by

n+1

HtozH-l Bi H t . tz’—l)ﬁi_ai_ly M 6714-1 — 1,t0 = 17tn—|—1 = Z[L
1=1
T:C”\U {ti =0} VUt —tia =0}

reg : HY(T, L) — H,(T,L)

In what follows, z is fixed to be oo < z < 0.






o

[¢]

[¢]

tlz()

tlzl

lo—1t1 =0



Bases of H(T, L):

0 0 0
.

O _ [ 0<E<tn< s <ti<0
' 1<t < - <t;1 <0 ’

(00)  1y(0) (c0) (c0) 00 <t <<ty <2
0<tii<---<t; <1




Bases of H(T, L):

0 0 0
.

D(O) o< z<t, <<t <0
' 1<t < - <t;1 <0 ’

(00)  1y(0) (c0) (c0) 00 <t <<ty <2
0<tii<---<t; <1




tg—t1:0



Bases of H(T, L):

0 0 0
{DpJgn”qul

DY = ,
! 1<t < <ti1 <@
’ O<t; 1< ---<t; <1 '

00 0

1<j<n+1

{Dyapym”wpgg

= d ¢;; such that



(t) dtldtn: H B(Ofs_ﬁi"i_laﬁs_&s) Xfi(O)(Z)7

1<s<n+1
SF£i

dtldtn: H B(ai_ﬁs_"laﬁs_@s)Xfi(OO)(Z)
lgsin—i—l



[i(O)(Z) _ /D(O) U0 (t)dt,---dt, = H Blas — 6; + 1, 8s — ) X fi(O)(Z)7

i 1<s<n+1
SF£i
I(z) = / upeo(®didty = ] Blai =B+ 16— ) x f7(2)
D; 1<s<n+1

For u(t) =[], fi(t)*, up(t) = [1;(& fi(t))*, where ¢; = £ is determined
so that ¢; f;(t) > 0 on D.



D™ —
i Z1§jgn+1 Cij D§‘0)



Intersection form (Intersection numbers)

( , Y:HNT L) x HYT,L) — C (intersection form)

(C,C) = (C,C") =32, 5 @ 0y Yy pno 1 o) 0p(H)vg (8) /Jul?,
reg C'=> a,p®@u,, C'=3% a,0Quv,

where a,,a € C, p,o:n-simplex, v,, v.:

.. a section of £ on p, o, 7: the
complex conjugation, I;(p,o): the topological intersection number of p
and o at t.

The value (C,C") is called the intersection number of C' and C” and

written also by C e C’



Example. T = C\{0,1}, u(t) = t*(1 —t)¥
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Example. T = C\{0,1}, u(t) = t*(1 —t)¥



Example. T = C\{0,1}, u(t) = t*(1 —t)¥

— —

0,1) = reg(0, 1):{;5(6 0)+ 61— — 251 —¢; 1)}

1

|

d, = e(a) — 1, e(a) = exp(2mv/—1a).



s(a+0)




S DR
(0,1) 0 (0,1) = = =1+ 3

dop _ _ s(atp)
adg s(a)s(8)’

d
where s(a) = sin(ma)

0
(a) (3)
reg (0, 1)'/\ (1, 00)
> N >
1 1+e
(8)



D™ —
i Z1§jgn+1 Cij D§‘0)



° (Dgo), - Dfloll



D( )
1 .D(O) M
| 1 . Dg )ODT(SZI Z)(O)
. !
1 eD )
( D(O) ©
. 1 8D )

D) e DY e ) )
. D' e DY), : '
DY D ... DY :
DY), e DY
n+1



D( )
1 .D(O)
| 1 Dg )OD((RI
. N D(O) (0
1 eD )
1

D> o DI )
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Differential equation of (II) of rank=4:

U1 U1
dz | s z z—1 ys |
Yy Ya

where

= ((0<t <ty<2)),

Yo = ((0 <ty < Z,tQ <t < 1))7

ys = (0 <ty <ty < z,2 <ty <1)),

y4:((2<t2<t1<1))
and

AL+ Ao+ Ao + Aog 0 00

A = A1 Ao+ A3 0 0

A1+ A2+ Ao 0 00

A1 A2 00
00 Aoz Aot

A, — 00 0 Aot + Aoz + Ao
0 0 A2+ A3 Aot

00 0 Ao1 + Aoz + Aig 4 Ao





