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Arrangements of hyperplanes in the thoery of differential equa-
tions

Arrangements of hyperplanes appear:

- as a singular locus of a completely integrable system
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- as a set of branching points for an integral representation of solutions of a linear
differential equation
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Problem: Describe the relation between the asymptotic behaviors and the cycles
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Remark: Hypersurfaces may appear
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Rigid Fuchsian systems

Fuchsian ODE

-

rigid

D

/

rigid = free of accessory parameters



Theorem (N. M. Katz) Any irreducible rigid Fuchsian equation is connected to rank 1
Fuchsian equation by additions and middle convolutions.




We consider a Fuchsian system

dU "4
e U
dx (Z T — aj>
Jj=1
Aj: n X n-constant matrix

singularities: ag 1= 00,ay,...,a,

We denote the system by (Ay,...,A,)
Addition: o = (aq,...,qa,) € C?

Aot (A1, A) — (A +ar,... A+ )
analytically:

U(z) = [ (& =) - Ula)

j=1



Middle convolution: y € C
We first define convolution ¢, with parameter p

eyt (A1, .. A) — (Gq,....G)p)

where
O O O
O O O
GJ = | A Aj +p Ap (]
O O O
o ... O ... 0O

We can find in an explicit way an invariant subspace W C CP" for (G, . ..

G, - action of G, on CP"/W

Middle convolution mec, with parameter p is defined by

A

mCHZ(Al,...,Ap)H(Gl,...,ép)

,Gp).



analytically (Dettwiler-Reiter):

Uz)—V(z):=|""|—V(z):= /AV(S)(S —x)*ds

O |G
) . Then Z(x) satisfies

Then V (x) satisfies the system (G4, ..., G,). Take P such that P~'G,;P = ( il > :

71 ()

and define Z(z) by V(z) = PZ(z). Set Z(z) = (Z(x)

Thus
me, : U(x) — Z(x)
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Example: We start from a rank 1 equation
du o
du_ (o B,
dx r x—1

which has a solution u(z) = 2% (z — 1)™
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mcy, — Qu) — MCyy, — =+ — Aue—1) — MNCy,

mey,; = Ljocy,

Cpy = Q1) = Cpy = =+ + = Qge—1) — Cpy, — L

G}
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Starting from a rank 1 equation

) (1)
Solution: u(z) = [[}_,(z — a;)
mcep, aa(Q) MCug aa(e) Meny
RS —
Cuq @.(2) ) aa(z); e L
— _—

Thus we have a general form of solutions of rigid Fuchsian equations:

) dsy N -+ Ndsy

L p
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Ut =L [ TTTLs = ) Ttsi = suwn)tse = oy |
A=t j=1 Hi:l(si B aji) 1<g1,..,5¢<p

i=1
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Generating system (of rank p‘)

aUu G,
= = U
dx (Z x — aj>
j=1
where
1
(Gry...,Gp) =€y © Aoy © -+ 0 Gy © cm(oz(1 ). ,al(,l))
eigenvalue multiplicity
0 pf . p£—1
oz;@ T péfl _ piQ
(™ + pea) + (@) + ) Pt —p
(9) . (0) g—1 _ ,q—2
(O‘j + f1g) + + (aj + 1) p p
(@i + 1) + (@ + o) + -+ (@7 + ) 1

Table Eigenvalues of G
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Solution:

¢ p -1
(1) ) dsi A\ ---Nds
U(z) = / H H(Sz‘ —a;)% H(Si — 5i+1)/" (80 — ) ( 2 g)
A H 1<1,00e<p

i=1 j=1 i=1 i—1(si — aj,)

In the following we take the arrnagement of hyperplanes

D= U {si=a;} U U {si = six1} U{s, = x}
1<i</ 1<i<i—1
1<j<p

in C%, and set X = C*\ D. We consider the multi-valued function

¢ p -1
(%) )
®(s) = [T 11 — @) [1(si = sivn) (50 — )
i=1 j=1 i=1

on X.
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Remark: The solution of a generating system is a special kind of Selberg integral.

-1
general one contains 1_[(5z — s;)" instead of H(Sl — 8i01)M.
i<j i=1
L p @ -1
o(s) = [T [J(si — ap) | [ (si = siv0)" | (50 — )"
i=1 j=1 i=1
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Topological Theory
L: the local system on X of local solutions of
Vz:=dz+ dlog®(s) Az = 0.

where we have defined

-1

(s) = H H(Sz‘ - @j)ay) H(Si = si1)" (s — ).

We shall study

e cohomology group H'(X, L) and contiguity relations
e homology group H;(X, L") and asymptotic behaviros
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Twisted Cohomology

Theorem 1. For generic values of parmaeters,

H(X,L)=0 (i#0)

HY(X,L) = <

dsy N\ --- Ndsy

Hle(si —aj,)

jl,jg,...,jg € {1,2,,p}>

In the proof we use [Esnault-Schechtman-Vieweg], [Schechtman-Terao-Varchenko|, and
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Contiguity Relations

dsy A -+ ANdsy
hg(T) e 7

iz (si —ay,)

Let Uj,. j,(x) be obtained by increasing Oék ) py 1.

Sm — A o Sm — ajm + ajm — Q
l - l l
[Tioi(si—aj)  Tlici(si—as)  Ilizi(si—ay)
1 aj,, — aj

Hi;ﬁm(si - ajz‘) " Hle(si - aji)

- T reesd0 1 aj,, — Ak
P (si—ap)  TT (s —

From which we obtain

Jl Jz Z C;i: :;2 J1~--J'2(x) + (a’jm - ak)UjLuje(x)

]17 .7[
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Twisted Homology and Asymptotic Behavior
We assume ay, ..., a, € R and moreover
ay < ag < -+ < a,
We are interested in the asymptotic behavior as x — a;, and then we assume

a; < T < Gj41

aq Q9 a; i Q41 Qp—1 Qp
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Recall:

J J

eigenvalues of G multiplicity
0 pé o pﬁ—l
¢ _ _
Oéé)—i-,ue pél_pEZ
() + 1) + -+ + (aff) + o) Pt —pt?
(o + ) + (@ + o) -+ (@ + ) |1

at © = a;, the generating system has the exponent

of multiplicity p?~! —p

q—2

L

k
pig = (0 + )

k=q
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Theorem 2. The exponent pj, is realized by the following twisted cycles:

Sq ... Se—lse

Sqy -5 S0t i % % % ——t— % ‘ ‘
aq as a; €T @41 ap_1 ap
O O X X Sq X O O Q
Sq-1 % % —t % % % % %
© O Sit+1 O
S % | % % | | %
(1<i<q—2) @ @ a; aj+1 ap-1 Qp
# of cycles = (p— 1) x p?=2 = pi=1 — pi=2

We call them asymptotic cycles.

cf.
L p /-1

o(s) = [T I(si — a;)

i=1 j=1 =1

22

[ (si = sica)™ (se — 2y



These cycles are independent:

d o Ad
Jo@ TR o e [ () TR e
A ’

Hf:l (Si - aji)

where

1) (si — aj,

A= 7(A),

(si = si41)" (g1 — @) .

7:Cl— CT,
(817 .. 78@) — (817 .. .,Sq_:[)
o 0 17
() = [T 1T (s = )™
i=1 k=1 i=1
ds; A\ Ads,_
We can show that / '(s") Slq—l _
A [T (si — a;,)
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Problems.

e Specify the asymptotic cycles when the parameters are resonant. (cf. K. Mimachi’s
talk)

Can we characterize such cycles using the terminology of arrangements of hyperplanes?

e Middle convolution may be defined also for completely integrable systems.
We are interested in the change of the singular locus under middle convolution,

or

arrangements of hyperplanes which are invariant under an appropriate middle convolu-
tion.

24



q p )
Z Azy — Z Ozz’ 2y U

=1 j=1 i#t!

We fix 7. Then we can define a convolution w.r.t. z; by

1
V}:/ Utr, .. 5, ag)(s —x)ds (1< j<p)
A

1
Vp+z"=/ U(zy,...,8,...,24)(s — z;)" ds (i" # 1)
A

v:t(‘/l,...,‘/z,+q>

Then we can define the middle convolution in a similar way as ODE case, and get a
completely integrable system with the same singular locus.
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