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Abstract

We construct imaginary cycles for hypergeometric integrals associ-
ated with a hypersphere arrangement and discuss the relation between
the twisted rational de Rham cohomology. We pose two geometric
problems involved in it.
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1 Introduction

First we want to illustrate in one dimensional case the main objective dis-
cussed in this article. Let @Q be the complex circle : {€ = (£1,&);&7+&2 = 11in
the complex affine plane C?. Q is isomorphic to C* by taking & ++v/—1& = (.
Consider a family of m complex lines H; : f; = 0 where

fi = uj0 +ujn&n + 28
such that w;o, u;1,u;, € R and that w5, 4+ u3, — u3, = 1. Denote

Q5 = Ui Uj1 + Ui 2Uj2 — UioUjp0, ;0 = Goi = U0



The intersection of ) and H; consisits of 2 different points which we
denote by (j, (; such that |(;] = |(;| = 1. Let R be the C[¢;,&;] module

rR= Y C@@IIf”z > ==

v12>0,...,um >0 v120,...,um >0
because f; can be written as

P ()
fi= VI m e

Consider the multiplicative function
m
A .
= Hfjj ()‘j € R.o)
j=1

and the associated rational de Rham cohomology on Y = @ — UL, H;
HI(Y, Vo) = RTQ/V()(R)
defined by the covariant differential V() = dip+dlog ®y1p, where we denote

—d¢
e

Suppose that (1,(7, ..., (n, (), are different from each other. Then one can
prove that for generic \;

1@ = —&§1d&o + &od&y =

Hl(}/’ VO) o~ CZm

and it is spanned by

0q(0) = 10,00(j) = 7? = dlog
J
folik) = 2 (1<j<k<m)

These 1 forms are not linearly independent on Y. For any different 7, j, k there
exists the fundamental linear relation

cipQ (i) + cipq(d) + crpq(k) + cjrpq(J, k) + crivq(k, i) + cijoq(i, j) =0
(1.1)



where ¢;, ¢;, ¢, ¢k, Cri, Cij can be written in terms of a; j, axo as

A(0,17) A(j, k)

G = — 0 i K y Cik = ik
7 /1/7 Z? .]7
A(o, zj) A(O, j,k')
Cj, Cks Chyis Cij being defined in the same way cyclically. Moreover A(0,4) =
-1 - zO,A(],k:) =1- a?’k and A ( z,’ JJ.,’ ]f, ) denotes the determinant
of the matrix whose components are a,, (p = 1,7, k;q =14, j',K').

The twisted homology H; (Y, Ly) dual to H'(Y, V) is spanned by the
linearly independent cycles which are expressed by the closures (arcs) of the
connected components of RY .

Suppose now that for a fixed pair ¢, j, one of (; or ( coincides with one
of ¢; or (. This occurs if and only if A(7, j) = 0 i.e.,a; ; = £1. If (; tends to
the point ¢/, then the arc connecting the points ¢, (; in R reduces to the
point. Hence if (} = (;, the dimension of H;(Y, L) decreses by one. On the
other hand one can show that ¢g(i,j) can be described homologically as a
linear combination of pq(k, 1), o (k,j), vq(k), po(0) :

- A(k, 1) .
2N+ N — Do(i i) ~ — S Ml —22 o (k,i
( i — D)wol(i, ) k;j ’f{akﬁak,f@( )
Ak, ) . } - { A(0,4) :
+ 0 ook, D) VS Ma E) — (Moo — 1) 20 50
o +a,€,j“0Q( 7) ’?0 kk0PQ (k) — ( ) o +aj’090Q()
A(0,5) : }
— Ao 1.2
+a@-,o +aj,090c2(]) ©q(0) (1.2)

where we denote Ao = > 70 Aj.

In particular consider the case where m = 3 and A(1,2) = A(1,3) =
A(2,3) =0, 1e., (F=0,0 =, = (. Then (1.1) reduces to the only one
identity :

po(1) +¢a(2) + ¢q(3) =0
and there are three identities of type (1.2) :

200+ A — Do, g) ZM;%OSDQ

1+a?, . 1+ a2,
———pq(i) + ———
a;0 + ajo a0 + o

+How - 1§ ¢ai) } = Auiol®)



Hence H'(Y, V) is of dimension 3 and is spanned by a basis of representatives
va(0),q(1), ¢q(2).

In this article we want to extend the above observation to n(n > 1)
dimensional cases. The twisted de Rham cohomology H"(Y, V) can be for-
mulated in the space Y, the complement of a union of n — 1 dimensional hy-
perspheres in the n dimensional fundamental complex hypersphere (). There
arise two problems.

In the first place, based on my preceding articles (see [1],[4]), we formulate
the twisted de Rham cohomology presenting explicitly its basis in terms of
the invariants a; ; obtained by the Lorentz inner products of the coefficients
of two linear functions defining hyperspheres, together with aj o which are
the constant terms of a linear function. The differential structures of the hy-
pergeometric integrals are described by the invariants a; ;, a; o under Lorentz
groups or orthogonal groups. In the final section we show how they should
be modified in some degenerate cases.

In the second place the basis of the twisted homology H, (Y, Ly) cannot
always be realized by real domains in RY except in special domain of pa-
rameters. We must construct some of them as imaginary cycles. We want to
show that this can be done by deforming real cycles from a special domain
of parameters involved where all the cycles can be realized by real domains
(see Theorem 13).

2 Basic Properties

Let A be an arrangement of m hyperplanes H; (1 < j < m) defined over the
real field of coefficients in the n 4+ 1 dimensional complex affine space C"*!.
Each hyperplane can be described as

Hj . Uj70 + ZUj7V§V =0
v=1

for € = (&,...,&ns1) € CMH

We denote by N(A) the union of hyperplanes : = {J c4H; and by
X = M(A) the compliment of N(A) := C""' — N(A). Let Q be the complex
hypersphere : fy = 0 defined by the quadratic polynomialfy, =1 — ZZZ} £,

Each intersection H; N @) defines a hypersphere in () provided it does not
reduce to a point i.e., _U?,o + Z"H uiu # 0. Throughout this article we shall

v=1



assume this condition and so may assume that

n+1
2 2 _
—Ujo T Z uj, =1
v=1

The family A" = {H; N Q}1<j<m defines a hypersphere arrangement in Q.
We denote by Y the intersection of X and @ : Y = @ — UL H; N Q. We
denote by RQ the real part of @Q which is identified with the n dimensional
real hypersphere. The real part S; = H; N RQ is a real (n — 1) dimensional
hypersphere in RQ).

We define the (m + 1) x (m + 1) configuration matrix A = (a; j)o<ij<m
associated with A’, whose components are Lorentz inner products

n+1
Ajj = —UioUjo + E u;ug, (1 <1,5 <m); aio = ap; = win; app = —1

v=1

so that a;; =1 for 1 <i <m.

For a set of indices I = {iy,...,ip,} C {0,1,2,...,m} the size p will
be denoted by |I|. We say that I is admissible if I C {1,2,...,m}. For
two sets of indices I = {iy,ia,...,4,} and J = {ji,...,J,} we define the
subdeterminant

Qivg1 Qigge - Qiggy
I iz g1 Qigga -+ Qig gy
A = . . .
J : : :
Qipgr - Aipjo oo Qipjy

We abbreviate A ( § ) by A(I).

For an admissible set I = {iy,42,...,4,} and a set J = {j1,ja,...,jp} C
{0,1,2,...,n+ 1} (p < n+ 2) we denote the subdeterminant

WUiy,g1 Wig,go -+ Uiggp

11,00, ... ,ip . WUig,j1 Wiggo - -+ Uiyjy
U . . = ) } .
Ji, - 7]p . . .

Wipji - Wip,jo  « -+ Wi,y



Remark The matrix A has at most rank n+2. Assume that [ is admissible.
Then A(I) =0 for |I| > n+ 3, and

2 fi2,e g2
All)=-U (0,1,...,n+1)
for |I| = n 4+ 2. On the other hand A(0,7) =0 for |I| > n + 2 and

A=)

for |I| =n+ 1.

Lemma 1 Fix an admissible set I and consider the intersection subspace
V= mjeIHj m Cn+1.

(i) In case where |I| < mn, A(I) = 0 if and only if V has contact with Q)
at one point.

(ii) In case where |I| =n+ 1, A(I) = 0 if and only if V has a common
point with Q).

(iii) In case where |I| =n+2, A(I) =0 if and only if V is not empty.

Assume that

(H1) : A(0,I) < 0 for an arbitrary admissible set I such that |I| < n+1,
i.e., the homogeneous parts of |I| linear functions f;(j € I) are linearly
independent.

Assume further that

(H2) : A(I) # 0 for an arbitrary admissible I (2 < |I| < n + 2).

Then for any I C {1,2,...,m} with |I| = n + 2 the (n 4+ 2) X (n + 2)
symmetric submatrix (a;;); jer has the signature of n + 1 (+)sign and one
(—)sign so that A(I) < 0 for |I| = n + 2. This is equivalent to say that for
any sequence of increasing admissible sets of indices

L Cly C-- Clpyr C Iy

such that |I.| = r, the signs of A(I.)A(I,11) (1 < r < n+ 1) are positive
except for one. Hence A(I) < 0 implies A(J) < 0if I C J, |J| < n+ 2 (see
[8]). In particular the following two cases are interesting :

(H2a): A(I) > 0 for all admissible [ with 2 < |I| <n+1and A(I) <0
for all admissible I with |I| =n + 2.

(H2b): A(I) < 0 for all admissible I with 2 < |I| < n + 2.

6



Let 7 be the n+1 form dé; A -+ - Ad€,+1. on C*™. We denote the n form
—70 on C™™! such that its restriction to @ is the standard volume form on

RQ :

n+1

1o =3 (~1)Y e dE A AdEyoy NdEpit A A dEni

v=1

such that dfy A 79 = 7 mod (fy). We consider the multiplicative function
on X

m

0(¢) = [ 1)

J=1

where we assume that every \; € R is positive and generic. We denote by
H"(X —Y,V,) and H"(Y, V) the r dimensional twisted rational de Rham
cohomologies on X — Y and Y associated with the covariant differentiation
V respectively :

Vo(th) = dib + dlog @y A ¢

These cohomologies are defined in a standard way by using C[&1, ..., &np]-
module

R= > Cla, &l [ 0™
k=1

1/120 ..... l/mZO

Ly be the local systems on X — Y and Y defined by ®¢(§) respectively, and
Lo be their duals defined by ®(¢)~!. Then the n + 1 and n dimensional
homologies H,,1(X —Y, L) and H,(Y, Ly) represented by twisted cycles are
dual to the twisted rational de Rham cohomologies H""(X — Y, V,) and
H™(Y, V) thorough the pairs of integrals respectively

Hn+1(X - Y> VO) X Hn+1(X - Y> ﬁO) > (907 C) - <90> C> = /(I)(P

(2.1)

HY(Y, Vo) x Ho(Y. £0) 3 (.¢) — (p.¢) = / Doy (2.2)

[

The following two Propositions have been proved in [2] and [3] (see Proposi-
tion 3.2,, 3.3, and Lemma 4.2 in [2]I, and also [5]).
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Proposition 2 Under the conditions (H1),(H2) we have the isomorphism
H"(Y, V) = Cr»

where K, = Yo_o (") + (™). H™(Y, Vo) has a basis represented by the

v=0 \v n
differential n forms

N=—9
po(l) P

where I moves over the admissible sets I of indices such that 0 < |I| < n+1.
We denote ¢g(0) for |I| = 0. There exist the fundamental relations among
them of the following type. For an arbitrary admissible set of indices J with
|J| = n+ 2 there exists the identity :

1 y A(0,0,0,7) 3 B A8,T
1 eg(0,0,0) IO, Sy (0,0 — O
o Al o u=1 Al
(027) (")
=0 (2.3)

where 0,J denotes the subset of J deleted by the pth index j,. Further for
\I| = n+ 2 a partial fraction gives

n+2

7 (or, war )eatn =3 (4 20 Y enea

p=1

We denote by B a linear space spanned by the representatives ¢g(7),0 <
1] <n+1.

Proposition 3 Under the condition (H1), (H2a) H,(Y, Ly) has a basis rep-
resented by the closures of all the connected components of RY = RQ NY.
Their number is equal to k. In other words, H,(Y, ﬁo) 1s spanned by only
real twisted cycles defined by connected components of RY .

For example we have k1 = 2m, k3 = m*> —m+2, k3 = m® —m? + $m.
Remark The number x, is also equal to the number of non-compact con-

nected components of R"™! — N(A).



3 Twisted imaginary cycles
We may assume without losing generality
ujo <0 forallj,1<j<m (3.1)
Define the set
Si 1 {€ € RQ; f3(€) > 0}

as the inside of the real hypersphere S; = RQ N H;. We denote by v; the
unit normal of RH; :

v = (uj}la Uj,25 - - - 7uj7n+1) (32)

n+1 2
ZV:]. uj,V

Remark that v; € 5 ;.
First notice the following:

Lemma 4 Suppose I is admissible. The real affine subspace [
disjoint with RQ if and only if A(I) < 0.

?RH]' 18

jer

Proof. In fact the square of the distance between the subspace (1, %H;
and the origin is equal to {A(1) + A(0,1)}/A(0,I). It is bigger than 1 if and
only if A(I) < 0 because A(0,1) < 0.

Corollary 5 Suppose that A(i,j) < 0, i.e., a?yj > 1 for every pair i,j €

{1,2,...,m},i # j then every S; is disjoint with each other. In this case,
Si+, S5+ are disjoint, or the one is included in the other, according as a;; <
—1 ora;; > 1.

Proposition 6 Under the condition (H2) consider an admissible set I such
that 2 < |I| < n+ 1. Suppose further A(I) is a positive number near 0 and
that A(J) < 0 for any admissible J D I, |J| > |I|. Then the compact domain

(1) :=={£ € RQ; [;(§) =0 (e}

gives a twisted real cycle representing an element H, (Y, ﬁo). This cycle van-
ishes if it is deformed in an isotopic way by the matriz A as A(I) tend to 0,
any other A(K) being never equal to 0.



Proof. Since A(I) > 0 and near 0, [() is one of the compact components
of RY. This reduces to a point for A(I) — 0 as is seen from Lemma 4.

Definition 7 The cycle [(I) mentioned in Proposition 6 is called the twisted
vanishing cycle (Lefschetz cycle) at the singularity A(/) = 0.

Assume now the conditions (H2b) together with (#H1). Then each n — 1
dimensional hypersphere R(Q) N H; is disjoint with each other. This means
that RY has only m+1 connected components which make only a part of the
basis of H,(Y, ljo). We want to construct a basis of H,(Y, ﬁo) represented
by imaginary cycles in addition to real ones.

Definition 8 We start from an admissible I = {i, j}, |I| = 2. By hypothesis
we have A(I) < 0 ie., a;; < —1. By an orthogonal transformation we may

choose the new coordinates £ = (1, ..., &,+1) such that v; coincides with the
positive {;-axis and v, lies in the (&, &2)-plane, i.e.,
fi(§) = fi§1) = wip +win&y, (uin >0)

fi(€) = fi(61,&2) = ujo + ujnés +uj2bs (uj2 > 0)

The set of all points & = (&1, &, vV —1&5, ..., vV—=1& 1) € (R?x(v/=1R)" )N
(2 which is a piece of an ultra hyperboloid

G+6-6"— =&, =1fi(&) <0, f;(&, &) <0}

is denoted by [*(I). More generally let I be an admissible set such that
lI| = p,2 < p < n. We have A(I) < 0. We may assume without losing
generality I = {1,2,...,p} and choose the new coordinates £ = (&1,...,&,41)
of R"! such that v coincides with the positive &;-axis and that v, lies in
the r dimensional (&, ..., &,.)-subspace (1 <r < p) such that

(&) = frl&r, .0 &) = Up,o + ZUT,V€V7 (U’Tﬂ" >0) (1<r<p) (3.3)

v=1

We denote by A*(I) the set of all points £ = (&1, ..., &, \/—_1§;+1, V=1 )
€ (R? x (v/—1R)""7P) N Q which is a piece of an ultra hyperboloid

Gt ot g -G’ = -G =1
fr(gla"wg?")go (1§T§p>

—~
W W
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and by 9, 4 A*(I) the set of all points § = (&1,..., &1, V—1&;, ..., V=18, 1)
€ (RP! x (vV/—1R)"™7?) N Q which is a piece of an ultra hyperboloid :

G+ G- - -G =1 (3.6)
frl&- &) <0 (1<r<p=1), >0 (3.7)

Remark that
AY(1) N0, A% (1) = {€] = 0} N, A°(1) = A*(1) 1 A*(3, 1)

One can define similarly the chains 0, A*(I) for 1 < j < p—1 by
exchange of coordinates and can have the identities

A*(I) N 0; . A*(I) = A*(I) N A*(9,1)

Then the n-chain
p
(1) = A1)+ > (—1Y7'9; . A%(1) (3.8)
j=1

defines an n-cycle in H,(Y, Ly). In fact

p p
or(I) => (DA% I) N AYI) = Y (—1)7 T AY(9,1) N A*(T)
k=1 7j=1
p p '
+ Y (DY (10054 AN(T) = 0
k=1,k#j j=1

since 8k7+8j7+ + 6]',_,_8]674_ =0.

Note that [*(I) coincides with A*(I) if |I| = 2. [*(]) is called twisted
Lefschetz cycle associated with I. If A(I) is near 0, this is a deformation
of I(I) as the matrix A moves from the part A(I) > 0 to the one A(I) < 0
being detoured from the singularity A(7) = 0.

The following lemma immediately follows from the above Definition.

Lemma 9 The number of Lefschetz cycles is equal to ., (T)

11



Now we construct the (mgl) remaining imaginary cycles. Since this num-
ber vanishes unless m — 1 > n, we may assume m > n + 1.

First consider the case where n = 1, m > 2. By hypothesis every aij > 1.
The 2m points U REQ) N Hj are different from each other. Therefore RY

consists of 2m connected components which make a basis of H;(Y, ﬁo). None
of imaginary cycles occur. Next consider the case where n = 2, m > 3.
Suppose [ is admissible with |I| = 3. Let A(I) be the geodesic triangle in
RQ with the vertices v;, v;,vy. Define the chain A*(/) as

A*([) - A([) - Si,+ — Sj7+ - Sk7+

where the overline A — --- denotes the closure.

To each geodesic V/“7j going through v;,v;, by an orthogonal transfor-
mation there exist the new coordinates &1, &5, &3 such that v; coincides with
the & -axis, the geodesic lies in the &1, &-plane and the inner normal of the
geodesic in A([) coincides with the positive £5-axis. Then the Lefschetz cycle
*({i,7}) is defined as the chain

{€= (6,6 V-1&) € QN(R* x V=1R), fi(&) <0, f;(&,&) < 0}

The 2 dimensional cell

8k,+A*<{i7j7 k}> = {5 = (517527 \/—_1§§) < Q N (R2 X \/__1R)7
5; 2 Oa fZ(gl) S Oafj(flaéé) S 0}

has the intersection A({7,j}) — S; + — S;+ with A*(1). 0,  A*({i, 7, k}),

0; +A*({4, 7, k}) can be constructed similarly by exchange of coordinates. We
can choose the unique orientations of 0; L A*({i, j, k}), 0; + A*({7, 7, k}),

Ok +A*({i,7,k}) such that the boundaries satisfy

a{A* (I) + ai,+A*({ivj7 k}> - aj,-l-A*({i?j? k}) + ak,-l-A*({i?j? k})}

Hence we have constructed the new 2 dimensional cycle
a*(A) = AYI) + 0, 1A ({1, J, k}) — 05+ A ({1, 5, k}) + Oe s A ({5, K })

The above construction can be extended to higher dimensional cases by in-
duction on dimensions as follows.

12



Consider now the case where n > 3. I be an admissible set such that
|I| = n+1. We may assume for simplicity that I = {1,2,...,n+1}. We have
the n dimensional geodesic simplex A(I) with the vertices v; (1 < j < n+1).
in RQ such that its edges are geodesic segments and its higher dimensional
faces are all totally geodesic. Define the subdomain A*(7) as

n+1

AY(I) = A(T) =) i

Remark that

oA (D) = 3 (~ 1 HAG ) — | S}
j=1 ki

For each j, (1 < j < n+ 1), by an orthogonal transformation there exists
the new coordinates system & = (1, ..., &,41) such that the j th face A(0,1)
spanned by the normals vy, (kK # j) included in the &, ..., &,-coordinate
subspace and that its inner normal to A(0;I) coincides with the positive
&np1-axis. Suppose for simplicity that j = n + 1 and the subspace spanned

by v1,...,v, coincides with the &, ..., &.-subspace, i.e.,
fr(g) = Urp + Zur,kgka (ur,r > 0) (1 S r S n) (39>
k=1

The n dimensional cell

O + A (D) = {&=(&,.. ., &, V=161) € QN (R" x V=1R), &, >0,
frl&hy oo 6) <0(1<r<n)} (3.10)

whose intersection with A*(I) coincides with A(9,111) — Uyr_; Sk+. Simi-
larly by exchange of coordinates we can construct the cell 9; L A*(1)) (1 < j <
n) whose intersection with A*(I) coincides with A(0;I) — Uy, Sk,+- Hence
there exist a suitable orientation for each 0; 1 A*(I) such that the boundary
vanishes:

n+1 n+1
O{A* (1) + ) (1) '0;4A"(1)} =0 mod [ JS;
j=1 j=1

13



In the same way as above one can prove that the following chain

n+1
a*(I) = A1)+ > (=171, A*(I) € Hy(Y, Lo)
j=1
is an n dimensional cycle.

Definition 10 The a*(I) (|/| = n+ 1) will be called twisted adjacent cycle
associated with 1.

All the cycles thus constructed are not necessarily linearly independent in
H, (Y, Ly). In fact we have
Lemma 11 For an admissible I with |I| = n+2, the following identity holds:

n+2

D (1) e (0,1) =0 (3.11)

=1

Proof. We may assume that I = {1,2,...,n+ 2}. Then

Jj—1 n+2
a* (1) = A1) + (1) 0 A0 D) + D (—1)F O+ A (9,1)
k=1 k=j+1

On the other hand by definition for 5 # k
0j+ A" (OkI) = Op + A™(051)

also

n+2

S (1A (9,1 =0

Jj=1

Hence the LHS of (3.11) equals

S Y D LA D + S () LAY} = 0
j=1 k=1 k=j+1

which implies Lemma 11. Q.E.D.
As an immediate consequence we have

14



Corollary 12 Among a*(I) (|I| = n+1), there exist (™. ") linearly indepen-
dent ones, say a*(I),1 € I such that all the others are linear combination of
the latter.

Summing up the above we have proved the following :

Theorem 13 As a basis of H,(Y, ﬁo), one can choose the representatives of
twisted cycles of the following kinds:

(i) Real cycles. This can be realized by the real chambers which are the
closures of the connected components of RY. Their numbers are 1 4+ m.

(ii) Imaginary Lefschetz cycles I*(I). Their numbers are equal to Y r_, ().

v=2 \v

(iii) Adjacent cycles a*(I) such that 1 € I. Their numbers are equal to

(")
4 Stereographic projection

The cycles defined in the previous section can also be described in the n
dimensional Euclidean space as below. The compliment of the south pole, ()—
{(=1,0,...,0)}, is isomorphic to R" through the stereopgraphic projection

_ 52 T €n+1
I

m (4.1)

which is a conformal transformation. Then a hypersphere S in R(Q) corre-
sponds to a hypersphere or a hyperplane S in R" :

n

Z(ny - Uu)2 =7’ (T > 0)

v=1

where a hyperplane can be regarded as a limiting case for r = co. Denote the
center of S by v = (v1,...,v,) and its length by ||v|| = /> _._, v2. Then we

have

n+1
S+ ué, =0, (g <0)
v=0
r2—1—||v|]? r2+1—|v]|? v,
Uoz%ﬂtl:%ﬂtujq:?(lﬁl/ﬁn)

15



or

r2 —1—||v|P? r?2+1—||v|]? v
—UOZ%,—UQZ%,_UV—H:?V(1§V§n)

according as 72 — 1 — ||v||*> < 0 or > 0, namely

Lemma 14 S, corresponds to the inside or the outside of S according as
r?—1—||v|[* <0 or > 0.

As for a;;

r2+r? — |[v0 — vD]2

27"2'7"]'

Qij =

where 7,75, v(®, v() denote the radii and the centers of 5'1-, 5']- respectively.
Hence

Lemma 15 We have

(ri—rj+a)(=ri+rj+a)(ri+r;+a)(r;,+7; —a)
4rir?

A<Zaj) =

where we put a = ||[v® —vW||. This implies a;; > 1 if and only if |r;—r;| > a.
a;; < —1if and only if r; +1; < a.

In the same way

Lemma 16 Suppose that |a; ;| < 1 for an admissible I = {i,j,k} and put
—cosa;; = a;; such that 0 < oy ; < m. Then

.o Oéi'—i-Oé'k—i-Oéi,k —ai,-+a~7k+ai,k Oéi7~—Oé"k+Oéi?k
A(i, j, k) = —4 cos —2 j2 - cOS / 2] - cos — ;

Qij + Xk — Qik
2

+ COS

The three hyperspheres S;, Sj, Sy intersect each other. T — a; j s equal to the
angle subtended by the tangents of S;, Sj at an intersection point of S; N S*j,
A(1,2,3) =0 if and only if o, j + o + Qi =T, or —j + Qj + Qg =T,
O QG j — Qg+ Qi =T, OT O j + Qjp — Q) = 0.
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Lemma 17 For an arbitrary admissible 1,|I| < n + 1 there exist the new
coordinates 1 = (n1,...,n,) of R™ such that v() = 0 and vUr+1) lies in the
M, ..., ne-subspace 2 < r < |I| —1.

Proof. We may assume that I = {1,2,...,p}. By the change of coordi-

nates (4.1), there exist the coordinates &1, . .., &,11 such that v, lies in the
€1, ..., & q-subspace (1 < r < p). Since uy, = 0 for v > 2, v(¥ = 0. And
Up, = 0 for v>r+1, v+ lies in the 7y, . . ., n,-subspace.

The cycles equivalent to the one constructed in section 3 are described as
follows:

Consider the case where m = 2. Let Oy, 0 be the centers of Sy, Sy and
the insides of Si, Sg be denoted by S; +Sg . respectively. Suppose first that
la; 2| < 1. Then Sl+ N Sg+ is a non-empty domain so that R® — S; U S,
consists of 4 connected components:

R" =51, US 4,814+ — 84,8 — 514,85+ N5%

Their closures make the representatives of a basis of H, (Y, Lo).

Suppose that a; 2 < —L Then S, 4 18 disjoint with Sy ;. We have three
real domains 51 -+ S, + R" — Sl+ U Sg+ On the other hand suppose that
app > 1. Then Sl + includes or is included in Sg +. Assume for example that
Sl7+ D Sg7+ Then there are three real domains R" — SLJF, SLJF Sor, Sg7+

There is the Lefschetz cycle enclosed by two pieces of hyperboloids

E({1,2}) {n = (771,\/—_177’5," \/—_77?;) € R x (V-1IR)";
Zm >3, (i — o Zn > 73}

More generally suppose that A(I) < 0 for |[I| = p(2 < p < n). We
may assume that [ = {1,2,...,p}. There exist the new coordinates 1 =
(M, -..,n,) such that S; (1 < j < p) are defined by

7—1 n
v=j

We define the chain enclosed by p pieces of ultra hyperboloids

A*(I)={n= (m,---,np V=1tV =1nE) € RPT x (V-1R)PY

j—1

> (= vP)? +Zm Zn*2>7“ (1<j<p)}

17

v=1



Further we put
ap,-i-AN*(I) = {77 = (7)17 <oy Mp—2, V _177;717 sy V _177:L) S Rp*2

j—1 p—2 n
(VIR Y (g, —of)VP ) = Y w2y (1<j<p-1),
v=1 v=j

v=p—1
77;—1 >0}

which is the chain enclosed by p — 1 pieces of ultra hyperboloids and the
hyperplane 7, _; = 0. By exchange of coordinates one can similarly define
the chains 9 A*(I) (1 < k < p —1). Then the Lefschetz cycle I*(I) is
defined to be

p

(1) = A%(1) + ) _(=1)7'0;4A"(1)

j=1

Finally suppose A(I) < 0 for [I| = n+1. We may assume [ = {1,2,... n+1.}
Denote by A the Euclidean n-simplex with the vertices v¥). We want to
construct a series of chains 9;  A*(I) associated with each face A(9;I) as
follows. For simplicity we may assume j = n+ 1. There exist the coordinates
n=(M,...,n,) of R" such that v®¥ = 0, and v\") lies in the n;, ..., n;_1 (2 <
j < n.) so that the face 8n+1A lie in the 7y, ...,n,_1-subspace. Define

an""L"FA*(‘[) = {77 = (7]17 s 7777L—1)7 \/__177;;) € Rn_l X v _1R,

j—1 n—1
D=0+ m = = (1< < n),my > 0}
v=1 v=j

In the same way one can construct the chains 9;  A*(I) (1 < j < n) and
finally put

n+1
a*(1) = A1)+ Y (1) '0;.A% (1)
j=1
Then we have
n+1 ~
d(@*(I))=0 mod U S;
j=1

i.e., a*(I) € Hy(Y, Ly). Furthermore we have as Lemma 11

18



Lemma 18 For any admissible I such that |I| = n + 2, the identity holds

n+2

Y (1o (@;1) =0

j=1

In conclusion we may choose admissible I with |I| = n + 1, such that 1 € T
so that any other can be a linear combination of them. We have the same
conclusion as Theorem 13.

5 Degenerate cases

In Section 3, and 4 we have assumed (H1) and (H2). In this section we
discuss the cases where these conditions are not necessarily satisfied.
First note the following (for example, see [2]I, Lemma 4.2) :

Lemma 19 We have the commutative diagram :

Res

H" (X -Y;V,) —— H"(Y;V,)

! /

Hn+1(X—Y§f/0) —— Hn<Y§f/0)

where Res denotes the Residue along Y, and & means the boundary operation
(Leray map) into a tubular neighborhood of Y in X — Y.

For an arbitrary ¢(§)T € R7 such that its representative € H"*1(X —
Y, Vy), denote

W75 = Res (£T> = {ﬂ} , 975 = Res <£T)
o f) L)y T 73

Then ™M (I) is equal to the restriction of

1

() = R

to Q. As for o (I) the following two recurrence relations play an important
role in the sequel:

19



Lemma 20 For an admissible I with |[I| =p(0 <p<n+1)

AN (1) ~ 3 Med < o ) ok, 1) + (Ao + 11— p — 1)A(0, Do (1)
k¢l ’
Sl g, ) e (5.1

In particular

PP ) ~ > Maropq(k) — (Ao + 1 — 1)),

. 0, j R
PP () ~ > MA ( k ) pa(k,J) = Y Aeajoaropq(k)

kj k=1
+(Aoo + 1 = 2)A(0,5)0q(J) + (Ao + 1 — 1)ajopq (D)

Therefore o2 (I) can be described as a linear combination of po(J) such that
|J —JN 1| <1 with the coefficients of rational functions of a;;, axo whose
denominators are products of A(K) for K C I.

For the proof see [2]I,Proposition 4.2.

Lemma 21 Fiz an admissible I with p = |I| < n + 1. Then an arbitrary
Pl <p<p

pn—1 'Z (I) I
P70, = DADZE D ~ =3 (b ) et
Oatn=p=04( o 5, Jeol+ 0 a( 07 )0

(5.2)

For the proof see [1]I, Proposition 4.2.

Owing to Lemma 20 and 21 an arbitray form ﬁ (vk > 0) can be de-
k=1Jk

scribed explicitly as a linear combination of the representatives of admissible
forms ¢g(I)7g.

Proposition 22 In addition to (H1) suppose the following condition :
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(HIV(p)) For a fized admissible I with p = |I| <n, A(I) =0. But for
any other admissible J such that |J| <n+2 A(J) # 0.

Then 1*(I) vanishes. The dimension of H,(Y, L) decreases by one and is
equal to Kk, — 1. On the other hand the representatives pg(I) in Proposition
2 does not make a basis of H"(Y, Vo). We have a linear relation

(Z)\j—i-)\oo—l—n—p—l) OIQOQ Z)\k ( )(pQ(/{?,I)

jel kel

1 k, 0,1
A A ) v
& ) aV ) 8V
Y (s ;28[)(0 I)mz«,ayz)z
k¢l v=1 v
mod B(Z) (5.3)

where B(I) denotes a linear space spanned by ¢q(J) such that |J—JNI| <1
and |J| < |I|. H"(Y,V,) is of dimension k, — 1 and is spanned by og(J)
such that J # I and |J| < n+ 1 with the fundamental relations (2.3), (2.4).

Proof. In fact since A(I ) = 0, the LHS of (5.1) vanishes. A repeated
application of (5.1) to ) (9,I) shows the RHS of (5.1) equals the RHS of
(5.3) in view of the Jacobi identities

xﬂ(é @I):—mmnm@n

Proposition 23 In addition to (H1) suppose the following condition :

HIV(n+1) For a fivzed admissible I with |I| =n+1, A(I) =0. But for
any other admissible J such that |J| < n+2 A(J) # 0. Then [*(I) vanishes
and dim H,,(Y, L) = kn, — 1. We have a linear relation

n+1

20> A = DA Do =) > (1) '\

jel k¢l v=1

A@DA(héI)Mh@D

Ak, A0,

vo(k,0,I) mod B(T) (5.4)

H™(Y,Vy) is of dimension k, — 1 and is spanned by po(J) such that J # I
and |J| < n+ 1 with the fundamental relations (2.3), (2.4).
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Proof. Since A(I) = 0 the LHS of (5.1) vanishes. Applying repeatedly
(2.4) to wo(k, I) and (5.1) to 2 (9,I) one sees that the RHS of (5.1) equals

=23 A = DA(0, Dgo(I)

jel
0,1 I
nt1 A(kI)A(O(?I)A(k’a”I)
_1\v—-1 ) ,O0p
+kz¢; ;( DT Ak, 1)A(0,1) ¢o(k,0,) mod B(T)

Hence (5.4) follows owing to the identities
k,I
_ 772 )
Ak, I) = =U ( 0,1,...,n+1 )

0,1 0,0, \ I
A(kJ)A( ; )_A(O,])A(k,ayl)

Corollary 24 Suppose that m = n + 2,n > 1 and that A(I) = 0 for all
admissible I with |I| = n+1. Then H"(Y, V) is of dimension k, — (n+2) =
22— — 4 and is spanned by the representatives po(I) with |I| < n with
the one fundamental relation: For J = {1,2,... ,n+ 2}

A(0,,0,7)

D () pq(8,0,.0) T = 0 (5.5)
p#v A( 0 a‘:J )

wo(I) (|I| =n+1) can be expressed as
203 A = 1DA(0,I)po(I) =0 mod B(Z) (5.6)

jel

over the coefficients of rational functions of a; j, aro with the denominators
A(K) (|K| < n). This identity is just an n dimensional version of (1.2).

Proof. (5.5) is a special case of (2.3) since A(d,J) = 0. On the other hand
(5.6) is a special case of (5.4) since A(k,0,1) = 0.

Proposition 25 In addition to (H1) suppose the following condition :

(HIV (n+2)) For a fized admissible I with |I| =n+2, A(I) =0. But
for any other admissible J such that |J| < n+2 A(J) # 0. Then there is
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no vanishing of Lefschetz cycles and dim H, (Y, ﬁo) = Kp. On the other hand,
for any fixed p

o1
<ZI)\”_1)U(1,...771—1—1)%0@(])50 mod B(Z) (5.7)
ve
H™(Y, V) is of dimension k,, and is spanned by pq(J) such that |J| < n+1
with the fundamental relations (2.3), (2.4).

Proof. By hypothesis the LHS of (2.4) vanishes. By a multiplication by f;,
of both sides of (2.4) one sees that ¢ (1) is linearly dependent on % (v #

m

). On the other hand due to (5.2) each w is linearly dependent on

i

admissible g (J) with |J| <n + 1. Hence the Proposition follows.

Finally we consider the special case where n > 2, m = n+2 and A(i, j) =
0,ie,a;; ==x1foralli,je{1,2,...,n+2} (i # j). Since the signature of A
is of type (n+ 1,1), we have A(1,2) =0, A(1,2,...,p) <0if3<p<n+2.

By a suitable Lorentz transformation we may assume that a; ; = —1 for
all 4,7 (1 # 7). In fact

Lemma 26 There exist a diagonal matriz P with diagonal elements equal
to &1 such that B = P - A -'P is the matriz with diagonal elements 1 and
off-diagonal elements —1.

Proof. Denote by B, the matrix of size r 4+ 2 with diagonal elements 1
and off-diagonal elements —1. Let A, be the matrix with the (7, j) elements
a;; (1 <i4,7 <r+2). For r = 0 the Lemma is trivial. Suppose that the
Lemma is true for A,_;. There exists a diagonal matrix P,_; with diagonal
elements +1 such that B,_; = P,_; - A,_; - 'P._;. Let ﬁr be the diagonal
matrix of size r + 2 such that the first r + 1 diagonal elements coincides with
the ones of P._; and the last one equal to 1. Then IBT A, -tpr has the same
components as B, except for the off-diagonal components in the last column

or row. Denote these components by €1, ...,¢,.1. Then we have
r+1

det(P, - A, ' P) = (1 —7)2" + (r — 2)2" ! Zai -2 Z gig; <0
k=1 1<i<j<r+1

But this inequality goes to a contradiction except for the case where all ¢;
equal 1 or all €; equal —1. One sees that the first case is equivalent to B,,
while the last one coincides with B,. Q.E.D.
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Lemma 27 Suppose [ ={1,2,...,n+2.} The matrix A for all off diagonal
elements a;; = —1 defines the hypersphere arrangement A’ if and only if
{a;o}; satisfy the quadratic relation

n+2
2
(n — 1) E CL]-’O -2 E Aj.00k,0 +2n=0
j=1 1<j<k<n+2

Proof. First remark that if A(0,7) <0 then A(0,J) <0 for J C I,J # I.
In fact it is sufficient to show this in case J = {1,...,7} (3 <r <n+1.)
This follows by lowering induction from the identity

2 0,1,...,r
A0,1,...,MA(L,...,r+1)— A (r+1,1,...,r>
= A(0,1,...,r+1)A(1,...,7)

because A(1,...,r), A(1,...,r + 1) are both negative. On the other hand

n-+2
A(O, I) = 2”{(71 — 1) Z (IiO -2 Z a;.00k,0 + 2%}
j=1 1<j<k<n+2

Hence the Lemma.

We now apply to it the formula (5.3) for p = 2.
For I = {i,j} we have
0,2,7

A(()?Zaj) = _(ai,O + CLij)Z,A ( k,i,j

) = 2((11'70 + CL]'70)
Hence (5.3) and Lemma 20 give

(Moo 1= 3+ N+ M) (aio + a;0)0(i, 4) + Y Ar(aro + aio)pq(k, i)

k#i,j
+ 3 Alaro + a0)pq(k, §) ~ wi (5.8)
k#i,j
where we put
n+2
wig =2 Mk, i,5) + (aio + ajo) Y Maropo(k) = (Ao + 1 — 1)
k#i,j k=1

(@i0 + a50)pQ(0) — (Aoo +n = 2){A(0,2)q (1) + A0, )pe(i)}
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To solve (5.4) with respect to pg(i,5) we put v; ; = (a0 + aj0)eq(i, j) and

Vi = Z MeVkiiy Voo = Z)\i)\jvi’j, W; = Z MWy iy Woo = Z A jw; 5
k#i i#] k#i ij

Then (5.8) is equivalent to
()\oo +n — 3)?]@'7]' + ‘/Z + ‘/] ~ wm (59)

(5.9) can be uniquely solved for v, ;:

1 1
Aot = BJvig ~ iy + (2)\oo+n—3—2)\i+2)\oo+n—3—2)\j)

w; W
a 1
(2>\oo+n—3—2>\i+2)\00+n_3_2,\j> (5.10)

where V; and V., are uniquely determined by

n+2 n+2
Ak e Wi
| Vi ~
( +;2Am+n—3—2)\k> 22)\00+n—3—2>\k

k=1

provided none of 2\, +n — 3 — 2\ or the symmetric polynomial

n+2 n+2
GO =[] +n—3=2)0) + > A ]2 + 1 —3-2)))
k=1 k=1 j#k

vanishes. In this way we can conclude

Proposition 28 For m = n + 2,n > 2, suppose that in addition to (H1),
a;; =—1 foralli,j(i # j), and A(L) <0 for all admissible I with 3 < |I| <
n + 2. Suppose further that neither of 2Aoe +n — 3 — 2\, 0r Aoo + 1 — 3 o1
G(A) vanish. Then all the Lefschetz cycles I*(I) (|I| = 2) vanish. H™(Y, V)
s of dimension k, — (";2) and has a basis of representatives ¢g(I) with
0 < |I| < n+1,|I| # 2 satisfying the fundamental relations (2.3),(2.4).
©wo(i,7) can be described as a linear combination of these representatives as
in (5.10).
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6 2 problems

As is seen from Propositon 2, H"(Y, V) is spanned by the representatives
wo(I). The result due to Orlik-Terao (see [9]) suggests that this fact still
holds in general in the following sense :

Conjecture 1 . Without any of the hypotheses (H1) or (H2), H"(Y, V) is
spanned by the representatives (), I C {1,2,...,m} including pq(0).

The complex hypersphere () has the Kahler metric

n+1 n
ds® = &[> = > gupd(tdl”
v=1 p,v=1

with respect to local coordinates ¢ = (¢¥)1<,<,. We put
N= NG+ N, (N €Zy)

for fixed [ = (I;); € (Zso)™, X' = (X;); € R™. For a large N the asymptotic
behavior of the integral (2.2) can be explicitly evaluated if the cycle c is a
stable cycle defined by the gradient vector field on @ :

n

0 ~ v
A =2 5o liloslfig"
v=1 vog=1

where g"” denotes the inverse matrix of the metric tensor g, . The critical
points are determined by the equations on @)

> ljdlog f; =0
j=1

Every cycle mentioned in Theorem 13 seems to have one-to-one relation with
a stable cycle corresponding to these critical points. This fact suggests :

Conjecture 2 All the critical points of the gradient vector field lie in RQ).
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