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Dirichlet spaces of Harnack type

M is a locally compact metrizable space equipped with a Borel
measure 4, finite on compact sets and positive on open sets, and a
strictly local regular Dirichlet form (£, F). Denote by d its
intrinsic distance defined by:

d(x,y) =sup{f(x) —f(y) : f € FNC¢, dI'(f,f) < du}.

Assume: (Al) d is finite continuous and defines the toplogy of M,
(A2) (M, d) is complete. We then get a complete length space.

Theorem (Sturm (1995))
The following are equivalent:
e Volume doubling and Poincaré

o Two-sided heat kernel Gaussian bound p(t,x,y)~ e=dt)?/t,

1
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e Parabolic Harnack inequality

Call a space with these equivalent properties a Dirichlet space of
Harnack type.



Neumann and Dirichlet heat kernels in domains

Consider a domain U (say unbounded) in Euclidean space or in a
Dirichlet space of Harnack type. We can define two heat
semigroups. The Neumann heat semigroup HtN’U and the Dirichlet
heat semigroup HtD’U.

For which class of domains can one obtains two-sided heat kernel
bounds?

The Neumann heat kernel in U = R/l = {x : x, > 0} equals

1 lly—x||? lly —x||?
pN t,x,y = — | e y4t +e_y4t
v (4mt)n/2

The Dirichlet heat kernel in U = R = {x : x, > 0} equals

1 lly—x||? lly” —x||?
pD t,x,y = — | e y4t —e7y4t
v (4t)n/2

Here, y’ is the symmetric of y w.r.t. hyperplane {x, = 0}.



Neumann and Dirichlet heat kernels in domains

The Neumann heat kernel in U =R’ = {x : x, > 0} equals
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The Dirichlet heat kernel in U = R/ = {x : x, > 0} equals
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Inner uniform domains

A domain U is uniform if for any two points x,y in U there exists a
curve joining x to y of length at most Cod(x, y) and such that, for
any z on the curve,

_ d(x,z)d(y, z)
dist(z, U®) > cg———— .
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Let dy be the inner distance in U.
Let U be the completion of (U, dy).

A domain U is inner uniform if for any two points x,y in U there
exists a curve joining x to y of length at most Cody(x, y) and such
that, for any z on the curve,

dU(X,z)dU(y,z).

dist(z, U°) > du0xy)
Uu\x,



Inner uniform domains

path from x to y in U



Examples of uniform domains

e Domain above the graph of a Lipschitz function ®
U={x=(x1,...,xn)  P(x1,...,Xn—1) < Xn}
e The inside and outside of the snow flake
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Examples of inner uniform domains

e Complement of any convex set (e.g., the outside of a
parabola)

e Complement of the logarithmic spiral




Slited planes

Given a (finite or) countable family f = {(x;, y;))} C R2 of points
in the upper-half plane, let Rif be the upper-half plane with the
vertical segments s; = {z = (xj,y) : 0 < y < y;} deleted.

It is easy to check that the domain R is inner uniform if and only
if there is a constant ¢ > 0 such that for any pair (i, /),

\x; — xj| > cmin{y;, yj}. Such domains are never uniform if there
is at least one non trivial slit.
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Half-spaces in the Heisenberg group

Let M = H3 = {(x,y,2) : x,y,x € R} be the Heisenberg group:
(x,y,2) - (X,y,2) = (x+ X,y +y,z+ 2+ (1/2)(»x" — x/'))
The Lie algebra is spanned by X, Y, Z, [X,Y] = Z.

The canonical sub-Riemannian geometry is associated with the
sub-Laplacian X2 + Y2 and Dirichlet form [(|Xf|? + |Yf|?)dp.
This space is of Harnack type with V(r) = cr*.
A. Greshnov (2001) shows that

e The lateral half-spaces Us. = {(x,y,z) € R®: x > 0} (of

course, x can be replaced by y),

e The upper half-space U, = {(x,y,z) € R3: z > 0},
are uniform in H3 equipped with its canonical sub-Riemanian
metric.



The Neumann kernel in inner uniform domains

Theorem (P. Gyrya, LSC, 2007)

Let M be a Dirichlet space of Harnack type with a carré du champ
operator. Let U be an inner uniform domain. Then the Dirichlet
form

EN(F, F) = [T(f,f)du, feFN
FN = {f € 2(U, 1) N FueU) : [, T(F, F)dp < 00.}.

is a strictly local regular Dirichlet form on U which is of Harnack
type and satisfies

% 2
pU(t,x,y) ~ V(:ﬁ)exp (—dU(t’y)> :

The global volume and inner volume are comparable
V(x,r) ~ Vy(x,r).



The Neumann kernel: sketch of proof

1) The doubling condition is easily seen to be satisfied.

2) Check Poincaré using a (two step) Whitney covering argument.
3) Doubling and Poincaré imply regularity of the Dirichlet form
e.g., Hajlasz)
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Dirichlet heat kernel

What about the Dirichlet heat kernel?
When can we obtain two-sided bounds?



The function h

On a non-compact domain U, we seek a function h > 0, harmonic
and vanishing at the boundary.

In the upper-half space R}, this is h(x) = x.

If U is non-compact and inner uniform in a Dirichlet space of
Harnack type then such a function h exists, is unique up to a
positive multiplicative constant and is roughly increasing as a
function of the distance to the boundary in the following sense:

There exists a, C € (0, 00) such that h(y) < Ch(x,) for all x € U,
r >0 and y € By(x, r) where x, is any point dy(x,x,) = r and
d(x,, US) > ar.

(See, Aikawa, Ancona, Gyrya/LSC).



The Doob transform |
Consider the Dirichlet forms:
EXU(F.F) = [,T(f, f)RPdu, f € FR(U) = closure of F.(U).
ERV(E ) = [,T(f, F)Rdp,
feFlUu )—{f€L2(h2d,u N Foc(U) = [, T(F, F)RPdp < oo}
and the form &f(f,f) = [, T(hf, hf)du, f € h"LFP(U).

If his harmonic posmve in U and vanishes at the boundary and if
U is non-compact inner uniform then:

(a) all these forms are equal to a strictly local regular Dirichlet
form satisfying (A1)-(A2) on U.

(b) they are of Harnack type.



Sketch of proof

By definition, E2°Y(f,f) = [, T(f, f)h*dp,
f € FB(U) = closure of F.(U) is a strictly local regular Dirichlet
form on U.

A simple computation shows that it equals

EF (. f) = [, T(hf, hf)dp, f € "X FP(U), when h has the
assumed properties.

One then shows that Llpc(U) is a core for both SD Y(f,f) and
EMY(f,f). Regularity on U and (A1)-(A2) follow.

Finally, one repeats the proof of Poincaré with the weight h?. For
that, one needs to check the doubling property for h>d.



The Doob transform I

Because EU (f,f)= [, T(hf, hf)dp, f € h™ LFP(U) is a Dirichlet
form of Harnack type, its heat kernel satisfies

Py (t.x,y) ~

1 d 2
exp (_ U();7y) ) )
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but, also, we have pD(t,x,y) = h(x)h(y)p}; (t,x,y). Hence
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po(t,x,y) =



The exterior of a parabola

Consider the exterior of the parabola y = x? in the plane, that is,
V = {x = (x1,%) = x2 < x2}. Then

h(x) = \/2 (\/xf 4 (1/4—x0)2 +1/4— X2> _1

EP



The exterior of a parabola

h(x):\/2<\/m+l/4fx2>fl. 1P

PE(t,x,y) =~

h(x)h(y) ( du(X,y)2)
———exp| ———— .
th(Xﬁ)h(yﬁ) t

In particular, for any fixed x,y € U,

pg(t,x,y) ~ t73/2 as t tends to infinity.

(compare with the upper-half plane for which the corresponding
behavior given earlier is in t~2).



Probability & Geometry
Thank youl!
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