SURVEY OF
RANDOM GROUPS

WHAT DOES A
"GENERIC” G ROYP
LOOK LIKE 7




G-ROUP PRESENTATION
6-::< a, ) 0LZ 5 nna Q'Q I

)
GENERATORS
TL1'=Q) I‘Lz'.::e,).,,nrl'::e>
RELATORS
EACH n. 18 Aworp
THE  ,*1
_ J
EXAMPLE .

o

ZXZ:<Q



FORMALLY

G=F /RS
WHERE w
F& — FREE GROUP

ON & LETTERS

r

(R)= NORMAL SURGROUP
OF %, GENERATED
BY THE RELATORG n.
oY,
RANDON EROUP : TAKE
THE RELATORE n; AT

RANDDM  AMoNG AL L



DENSITY Mope|
_ .

o 28 (2&-7)2-’ ~ (2&-1)8

REDUCED WORDS OF LENGTH
£ ™ Tue 6ENERATORS

+1 1 +1

Q.,' )0.2_ )...)QQ

o CHOOSE 0O<d ¢ 1.

TAKE  (2& -1)% REDUCED
WORDS oOF LENGTH {
AT RANDOM .

USE THEM AS RELATORC

~> RANDOHM GROUP
AT DENSITY o,



THM, ( GRoMov , 153 2)

o IF d>1/2 THEN

G = {O} °R &:- )0, 1}

WITH PROBA — 1

{0

o IF d<1/2 THEN
G IS WNFINITE AND
HYPERBOLIC

WITH PROBA

> 1

b0



PIGEON - HOLE
PRINCIPLE

MORE THAN ¢N' PIGEONS
IN N PIGEON- HOLES

= TWO PIGEONS N
THE SAME HOLE

VERY PROBABLY



k;' ' —_.,LjL
“ ® 5 ¢ 37
s W

YPERBOL | G
CANCELLAT o
(eSS —
S PROP. Cr)
NO Prop (T)
DEHN ALGORITHM
e

ACTS ON CAT(p) CUBE COMPLex
A-T- VENABLE
d=0

FREE SUBGROUPS

Bounvary ar mriniTy

e —
€ TorsoN- Frec
GROWTH EXPONENT




HYPERBOLIC GRotu

GROUP PRESENTAT 10N

b = (& -.&e\[ _,.,-,,TL>
o TP 0N

W WORD
Wwe & W 6

& w € <R>

(::) w = ﬁ AL . )1.3:1 u_?1
s 3

HOW LARGE 1S N 2

G HYPERBOLIC

» N (w) éC.\&,



CAYLEY G6RAPH OF ¢

=Y

VERTICES : ELEMENTS OF 6

EDGES: MULTIPLICATION
BY A GENERATOR

EXAMPLE -




HYPERBOLIC|TY e 7
WORD wr =« & IN &

& w  CLOSED PAT H
IN THE CAvyLey GRAPH

HYPERBOLICITY oy EVERY

CLOSED PATH W T4
CAYLEY GRAPH can BE



HY PER BOLI ity 3

THM (GROHOV/)
G 'S HYPERBOLIC =

d §>0 ST. THe Cayey

SRAPH 1S dJ- HYPerpoL )
Le. EVERY GEODES |-
TRIANGLE [ J-THIN

ed s




ITERATED QuUOT IENTS
THU (Yo 200?.)
LEY & BE » Now- € Le MerTARy
TORS|ON- FREE | .
@R031'>. LET m
BALL OF RADIYC 0 n & .
CHOOSE Qgd ¢t

o IF .o|>7/2 THEN G- lof
o |F oz 19 THEN G g
NOH-ELEMENTAR‘/ HYPER BOLIC
(WiTH PROBA > 1 )

0 00




APPL.lGATUOU .
1- RELATOR GROUPS

LET I (/M) BE THE WMBER

OF GROUP.S 0
N m GENE
WITH A SINGLE RATORS

LENGTH <! u';e'—_;‘OTOR OF
(_ZM 1)
IQ ("M) . | 2m+1 = -@

\DEA OF PROOF :
e MOST GROUPG ARE TYPICAL

o TYPICAL GROUPS HAVE
FEW 1SONORPHISMS



GRAPHICAL Pke_seuTATnouj

GOAL: PuT AN ARBITRA&Y
ERAPH IN spMg CAYLEY GRAPH

LeT T° BE A 6RAPH gycp
THAT EACH EDGE OF T

IS LABELLED BY A LETTER

+4 A
IN 01 e QQ :

DEFINE A GROUP GO‘)-‘

& GENERAT@RS:’. CL,, ) S Q—B

* RELATOR S o ALL WORDS
READ oN CYCLes oF T






PROP. (&RoMov)

LET T BE A “ReAsonABig*
GRAPH  (BouNDED PiAneTer

DEGREE, Diamever 4 1TH RATIO

CAayLey GRAPH
CONTAINS EXPANDERC

REMARK : NOT TYP'CA'_-




