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１．序
　

Ω ⊂ Rn: bounded

　
∃C0 = C0(n) > 0

　
such that

　
− 4 u ≤ f　 in Ω　　(classical subsolution)

　
⇓
　

max
Ω

u ≤ max
∂Ω

u + C0diam(Ω)2‖f+‖L∞(Ω)
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Assume diam(Ω) = 1 and 0 ∈ Ω.

　
Consider v(x) := u(x) + µ|x|2.

　
− 4 v ≤ f − 2µn < 0

　
provided µ >

‖f+‖∞
2n .

　
max

Ω
v = max

∂Ω
v

　
Otherwise, v(x0) = max

Ω
v for x0 ∈ Ω,

　
0 ≤ − 4 v(x0) < 0　　　矛盾
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v(x) = u(x) + µ|x|2
　

Hence, max
Ω

v = max
∂Ω

v

　
max

Ω
u ≤ max

Ω
v = max

∂Ω
v

　
≤ max

∂Ω
u + µ max

∂Ω
|x|2

　

max
∂Ω

u ≤ max
∂Ω

u +
diam(Ω)2

2n
‖f+‖∞
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2．ABP最大値原理（楕円型）

6



ABP最大値原理
　

∃C1 = C1(n) > 0

　
such that

　
− 4 u ≤ f　 in Ω

　
⇓
　

max
Ω

u ≤ max
∂Ω

u + C1diam(Ω)‖f+‖Ln(Γ[u])
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Γr[u] := {x ∈ Ω | ∃p ∈ Br s. t. u(y) ≤ u(x) + 〈p, y − x〉 (∀y ∈ Ω)}
　

Br := {p ∈ Rn | |p| < r}
　

Γ[u] :=
∪

r>0

Γr[u]　　upper contact set 　(上接集合)
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Sketch of proof

　
Change of variables

　
max

Ω
u − max

∂Ω
u =: r ≥ 0

　
If r = 0, then the proof is done with any C1 > 0.

　
Assume r > 0.

　
Claim: 　Br = Du(Γr[u])
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Br ⊃ Du(Γr[u])

　
∵
　

x ∈ Γr[u] ⇒ ∃p ∈ Br such that

　
u(y) ≤ u(x) + 〈p, y − x〉 (∀y ∈ Ω)

　
∴ p = Du(x) i.e. Du(x) ∈ Br
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Br ⊂ Du(Γr[u])

　
∵
　

∀p ∈ Br fixed

　
∃x ∈ Ω (Not x ∈ Ω !) such that

　
max
y∈Ω

{u(y) − 〈p, y〉} = u(x) − 〈p, x〉

　
i.e. u(y) ≤ u(x) + 〈p, y − x〉　(∀y ∈ Ω)
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If x ∈ ∂Ω, max
Ω

u < max
∂Ω

u + rdiam(Ω).

⇓
Recall　diam(Ω)=1, 　r = max

Ω
u − max

∂Ω
u

　
a contradiction

⇓
Hence, x ∈ Ω. 　⇒ p = Du(x)

　
i.e. p ∈ Du(Γr[u])
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Change of variables formula

　∫
T (A)

g(ξ)#(T −1ξ)dξ =

∫
A

g(T (x))|det(DT (x))|dx

　
#(T −1ξ) ≥ 1, T := Du, A := Γr[u], g ≡ 1

⇓∫
Br

dξ =

∫
Du(Γr[u])

dξ ≤
∫
Γr[u]

|detD2u|dx
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ωnrn =

∫
Br

dξ ≤
∫
Γr[u]

|detD2u|dx

　
x ∈ Γr[u] ⇒ u(y) ≤ u(x) + 〈Du(x), y − x〉

　
i.e. D2u(x) ≤ O

　
λk: eigen-value of D2u(x) ≤ 0

　
|detD2u(x)| = (−λ1) × · · · × (−λn)
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∫
Γr[u]

|detD2u|dx ≤
∫
Γr[u]

(− 4 u

n

)n

dx

⇑
Arithmetic mean-Geometric mean inequality

(相加相乗平均)

　
ωnrn ≤ 1

nn

∫
Γr[u]

(f+)ndx

　
∴
　

max
Ω

u − max
∂Ω

u = r ≤
1

nω
1/n
n

‖f+‖Ln(Γr[u]) �
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ABP最大値原理
　

∃C2 = C2(n, ‖b‖n) > 0

　
such that

　
− 4 u + 〈b, Du〉 ≤ f　 in Ω

　
⇓
　

max
Ω

u ≤ max
∂Ω

u + C2diam(Ω)‖f+‖Ln(Γ[u])
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Apply Change of variables formula to g(ξ) := 1
κ+|ξ|n　(κ ≥ 0)

　∫
Br

1

κ + |ξ|n
dξ ≤

∫
Γr[u]

|detD2u|
κ + |Du|n

dx ≤
1

nn

∫
Γr[u]

(− 4 u)n

κ + |Du|n
dx

　
Here, κ := ‖f+‖n

Ln(Γ[u])

　
(a + b)n ≤ 2n−1(an + bn) (∀a, b ≥ 0)

　

≤
2n−1

nn

(∫
Γr[u]

|b|n|Du|n

κ× + |Du|n
dx +

∫
Γr[u]

(f+)n

κ + |Du|n××

)
dx

　

≤
2n−1

nn
(‖b‖n

n + 1)
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LHS = nωn

[
log(κ + sn)

]r
0

= nωn log

(
1 +

rn

κ

)
　

log

(
1 +

rn

κ

)
≤ C(‖b‖n

n + 1)

⇓

1 +
rn

κ
≤ exp

{
C(‖b‖n

n + 1)
}

⇓
rn ≤ κexp

{
C(‖b‖n

n + 1)
}

　
κ := ‖f+‖n

Ln(Γr[u])
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３．ABP最大値原理（放物型）
　

Krylov (1976)

　
Tso (1985)
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Parabolic upper contact set　　(放物型上接集合)

　
u : QT := Ω × (0, T ) → R

　

Πr[u] :=

(x, t) ∈ QT

∣∣∣∣∣∣
∃p ∈ Br such that
u(y, s) ≤ u(x, t) + 〈p, y − x〉

∀(y, s) ∈ Ω × [0, t]


　

Π[u] :=
∪

r>0

Πr[u]
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ABP最大値原理
　

∃C2 = C2(n, ‖b‖n+1, diam(Ω), T ) > 0

　
such that

　
∂u

∂t
− 4u + 〈b, Du〉 ≤ f　 in Ω × (0, T ]

　
⇓
　

max
QT

u ≤ max
∂pQT

u + C2diam(Ω)‖f+‖Ln+1(Π[u])

　
∂pQT := (∂Ω × [0, T ]) ∪ (Ω × {0})
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D := ( ∂
∂x1

, . . . , ∂
∂xn

), 　∇ := (D, ∂
∂t)

T

　
Fix a ∈ Rn. Define Φ : Rn+1 → Rn+1 by

　
Φ := (Du, u − 〈Du, x − a〉).

　

∇Φ(x, t) =

(
D2u DT (u − 〈Du, x − a〉)
Dut

∂
∂t(u − 〈Du, x − a〉)

)

=

(
D2u −D2u(x − a)T

Dut ut − 〈Dut, x − a〉

)
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Lemma

　
|det∇Φ| = ut × detD2u

∵
　

∇Φ :=

(
D2u −D2u(x − a)T

Dut ut − 〈Dut, x − a〉

)
　

jth column ×(xj − aj) be added to n + 1th column

⇓(
D2u ~0
∗ ∗ ∗ ut

)
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Assume diam(Ω) = 1.

　
m0 := max

∂pQT

u, r0 := max
QT

u − m0 > 0

　
D := {(ξ, h) ∈ Rn × R | |ξ| < r0, |ξ| < h − m0 < r0}

　
(a, t0) ∈ Ω × (0, T ] such that r0 = u(a, t0) − m0

　
Claim : D ⊂ Φ(Πr0[u])

24



Fix ∀(ξ, h) ∈ D

　
P (y) := h + 〈ξ, y − a〉 affine function

　
P (y) ≥ h − |ξ| > m0 i.e. P ≥ u on ∂pQT

⇐ |ξ| + m0 < h < r0 + m0
P (a) = h < r0 + m0 = u(a, t0)

　
∃(x̂, t1) ∈ Ω × (0, t0) such that

　
u(x̂, t1) = P (x̂), u(y, s) ≤ P (y) (y ∈ Ω, 0 ≤ s ≤ t1)
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D := {(ξ, h) | |ξ| ≤ r0, |ξ| < h − m0 < r0}
　

κ := ‖f+‖n+1
Ln+1(Π[u])

.

　∫
D

1

κ + |ξ|n+1
dhdξ = C0

∫ r0

0

rn−1

κ + rn+1

(∫ r0+m0

r+m0

dh

)
dr

　

= C0

∫ r0

0

r0r
n−1 − rn

κ + rn+1
dr

　

≤ C1

∫
Πr0[u]

(ut − 4u)n+1

κ + |Du|n+1
dxdt
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∫
D

1

κ + |ξ|n+1
dhdξ ≤

∫
Πr0[u]

|det∇Φ|
κ + |Du|n+1

dxdt

　

≤ C1

∫
Πr0[u]

(ut − 4u)n+1

κ + |Du|n+1
dxdt

　

≤ C2

∫
Πr0[u]

(|b||Du|)n+1 + (f+)n+1

κ + |Du|n+1
dxdt
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RHS ≤ C2

∫
Πr0[u]

|b|n+1dxdt + C2

　

LHD = C0

∫ r0

0

r0r
n−1 − rn

κ + rn+1
dr

　

≥ C3

∫ r0

0

r0r
n−1 − rn

κ + r0
n rn − 1

n+1rn+1
dr

　
= C3 log

{(
κ + r0

n rn
0 − 1

n+1rn+1
0

)
/κ
}

　
= C3 log

(
1 +

rn+1
0

n(n+1)κ

)
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log

(
1 +

rn+1
0

n(n+1)κ

)
≤ C4

　
sup
QT

u − sup
∂pQT

u = r0 ≤ C5κ
1

n+1 = C5‖f+‖Ln+1(Π[u])
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４．応用
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4.1 Weak Harnack inequality

i.e.　
u ≥ 0: supersolution in Ω

　
− 4 u + 〈b, Du〉 ≥ f in Ω

　
B2 b Ω

　
‖u‖Lp0(B1)

≤ C0

(
inf
B1

u + ‖f−‖Ln(Ω)

)
　

for ∃p0, C0 > 0 constants.

32



Decay estimate of distribution function

　
v :=

u

inf
B1

u + ε−1
0 ‖f−‖n

, ε0 > 0 fixed later

　
Note inf

B1

v ≤ 1, ‖f−‖n ≤ ε0

　
∃C0 > 0 such that ‖v‖Lp0(B1)

≤ C0

⇓

‖u‖Lp0(B1)
≤ C0

(
inf
B1

u + ‖f‖Ln(Ω)

)
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‖u‖Lp0(B1)
≤ C0

⇑
∃α > 0 such that |{x ∈ B1 | u(x) > t}| ≤ Ct−α

　
⇔　∃M > 1 and ∃θ ∈ (0, 1) such that

　
|{x ∈ B1 | u(x) > Mm}| ≤ θm

　
Let us show the case when m = 1．
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− 4 u ≥ f in B2　　(u|∂B2
= 0 for simplicity !)

　
φ(x) := −A(|x|2−n − 22−n): “fundamental solution” (A > 0)

　
φ|∂B2

= 0, φ ≤ −2 in B1

　
φ̂ ∈ C2 such that φ = φ̂ except near 0

　
− 4 φ̂ = 0 except near 0, i.e. supp4φ̂ b B1
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w := −u − φ̂, Recall inf
B1

u ≤ 1

　
− 4 w ≤ f− + 4φ in B2

⇓
sup
B2

w ≤ sup
∂B2

w + C‖f− + 4φ̂‖Ln(Γ[w;B2])

　
LHS ≥ sup

B1

(−u + 2) ≥ − inf
B1

u + 2 ≥ 1

　

RHS ≤ Cε0 + C

(∫
B1∩{w≥0}

1dx

)1
n
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∃σ > 0 such that

　
σ ≤ |{x ∈ B1 | w(x) ≥ 0}| ≤ |{x ∈ B1 | u(x) ≤ M := sup

B2

(−φ̂)}|

⇓
∃θ > 0 such that |{x ∈ B1 | u(x) > M}| ≤ θ

　
・・・we had to work with a unit cube instaed of B1 to have θ < 1・・・
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4.2 Local maximum principle

　
Unbounded coefficient case

　
is excluded by a classical argument.

　
Use weak Harnack inequality (by Caffarelli)

38



4.3 Calderón-Zygmund estimate　Caffarelli 1989

　
D2u ≈ Θ := max{Θ+, Θ−}

　
Θ±(x) := inf

{
M > 0

∣∣∣∣ u(y) ≤ ±M |y|2 + affine
= holds at x

}
　∣∣∣∣∫ uφxixjdx

∣∣∣∣ ≤ C‖Θ‖Lp‖φ‖
Lp′ (∀φ ∈ C∞

0 )

and

‖D2u‖Lp ≤ C‖Θ‖Lp ⇐ Decay estimate on Θ
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Enough to show the case of i = j

　
δhf(x) := 1

h2{f(x + hei) + f(x − hei) − 2f(x)}
　∫

u(x)φxixidx ≈
∫

uδhφ(x)dx

　
=

∫
φ(x)δhu(x)dx≤

∫
φ(x)Θ(x)dx

⇑
|u(x + y) − u(x)| ≤ M |y|2 + 〈ξ, y〉 　(∃ξ ∈ Rn)
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５．一般化
　
　

Asuume diam(Ω) = 1

　
u ≥ 0 in Ω

　
u = 0 on ∂Ω
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5.1　p-Laplacian　cf. Imbert 2011
　

− 4p u ≤ f in Ω
　

− 4p u = −
n∑

k=1

∂

∂xk

(
|Du|p−2 ∂u

∂xk

)
　

= −|Du|p−2

4u + (p − 2)|Du|−2
n∑

k,j=1

uxkuxjuxkxj


　

{· · · } is uniformly elliptic if p > 1 and Du 6= 0
　

max
Ω

u ≤ max
∂Ω

u + C‖f+‖
1

p−1

Ln(Γ[u])
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r0 := max
Ω

u − max
∂Ω

u > 0として導けばよい．

　∫
Br0

g(|ξ|)dξ ≤
∫
Γr0[u]

g(|Du|)|detD2u|dx

　

≤ Cp

∫
Γ[u]

g(|Du|)
( − 4 u

|Du|p−2

)n

dx

　

≤ C′
p

∫
Γ[u]

g(|Du|)
(f+)n

|Du|n(p−2)
dx
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g(r) := rn(p−2)

　

左辺 = nωn

[
rn(p−1)

n(p − 1)

]r0

0

=
ωn

p − 1
r

n(p−1)
0

　
r

n(p−1)
0 ≤ C′′

p ‖f+‖n
Ln

　
∴
　

max
Ω

u ≤ max
∂Ω

u + C‖f+‖
1

p−1
Ln
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5.2 ∞-Laplacian

　

− 4p u = −
n∑

k=1

∂

∂xk

(
|Du|p−2 ∂u

∂xk

)
= −|Du|p−2 4 u − (p − 2)|Du|p−4

n∑
k,j=1

uxkuxjuxkxj

　
× 1

p−2|Du|p−4 p → ∞ with |Du| 6= 0

⇓

− 4∞ u := −
n∑

k,j=1

uxkuxjuxkxj

　
Charro-De Phillips-Di Castro-Máximo 2013
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Consider normalized ∞-Laplacian:

　
− 4p u × 1

p−2|Du|p−2 (p → ∞)

⇓

− 4N
∞ u := −

n∑
k,j=1

uxkuxj

|Du|2
uxkxj

　
− 4N

∞ u ≤ f in Ω

　(
sup
Ω

u − sup
∂Ω

u

)2

≤ C

∫ sup
Ω

u

sup
∂Ω

u
‖f+1Γ[u]‖L∞({u=r})dr
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5.3 Fractional Laplacian　　σ ∈ (0, 2)

　
−L[u] ≤ f in Ω

　

L[u](x) :=

∫
Rn

u(x + y) − u(x) − 〈Du(x), y〉χB1
(y)

|y|n+σ
dy

　

=
1

2

∫
Rn

u(x + y) + u(x − y) − 2u(x)

|y|n+σ
dy
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L[u] ≤ f(x) in Ω

　
u ≥ 0 in Rn \ Ω

　
⇓
　

max
Ω

u ≤ C‖f+‖
2−σ

2
L∞(Ku)

‖f+‖
σ
2
Ln(Ku)

　
N. Guillen and R. W. Schwab, 2012
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5.4 Monge-Ampère equation

　
−detD2u = f in Ω

　
F (X) := −detX should be elliptic;

　
Restrict solutions to be convex.

　
If u is convex in Ω (Ω must be convex), then

　
max

Ω
u = max

∂Ω
u, and

　
min
Ω

u ≥ min
∂Ω

u − C‖f‖L1(Ω)
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ご清聴ありがとうございました。
　

まだ時間があるようなので・・・
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5.5　k-Hessian

　
1< k <n

　
σk(D2u) :=

∑
1≤j1<···<jk≤n

λj`
(D2u)

　
λj(D

2u(x)): eigen-values of D2u(x)

　
Restrict solutions to be convex again !

　
Assume r := min

∂Ω
u − min

Ω
u > 0.
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n∏
i=1

λi =
∏

i1<···<ik

(λi1 · · · λik)
1

n−1Ck−1

　

≤

 ∑
i1<···<ik

(
λi1 · · · λik

) 1

n−1Ck−1

nCk


nCk

　　⇐ 相加相乗

　
≤

1

nCk
σk(D2u)

n
k

⇑ N∑
i=1

ai

α

≤ Nα−1
N∑

i=1

aα
i 　(α > 1, ai ≥ 0)
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u: convex solution of

　
−σk(D2u) ≥ f in Ω

　∫
Br

dξ ≤
1

nCk
‖f−‖

n
k

L
n
k (Ω)

　
min
Ω

u ≥ min
∂Ω

u − C‖f−‖
1
k

L
n
k (Ω)
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ご清聴ありがとうございました！
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