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1.1. The mean curvature flow
1.1. The mean curvature flow

Let M" be an n-dimensional manifold and assume that
X: M" - R

is an n-dimensional hypersurface in the (n + 1)-
dimensional Euclidean space R"*!.
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1.1. The mean curvature flow
1.1. The mean curvature flow

Let M" be an n-dimensional manifold and assume that
X: M" - R

is an n-dimensional hypersurface in the (n + 1)-
dimensional Euclidean space R"*!.

A family X(¢) = X(-, t) of smooth immersions:
X(@) : M" - R"

with X(0) = X is called mean curvature flow
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1.1. The mean curvature flow
1.1. The mean curvature flow

Let M" be an n-dimensional manifold and assume that
X: M" - R

is an n-dimensional hypersurface in the (n + 1)-
dimensional Euclidean space R"*!.

A family X(¢) = X(-, t) of smooth immersions:
X(@) : M" - R"

with X(0) = X is called mean curvature flow if they

satisfy X (p. 1)
D

ot
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1. The mean curvature type flow 1.1. The mean curvature flow

where H(p, t) denotes the mean curvature vector of
hypersurface M; = X(M", t) at point X(p, t).
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1. The mean curvature type flow 1.1. The mean curvature flow

where H(p, t) denotes the mean curvature vector of

hypersurface M; = X(M", t) at point X(p, t).

The simplest mean curvature flow is given by the

one-parameter family of the shrinking spheres

M, c R"*! centered at the origin and with radius
—2n(t —T)fort <T.
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1. The mean curvature type flow 1.1. The mean curvature flow

where H(p, t) denotes the mean curvature vector of

hypersurface M; = X(M", t) at point X(p, t).

The simplest mean curvature flow is given by the

one-parameter family of the shrinking spheres

M, c R"*! centered at the origin and with radius
—2n(t —T)fort <T.

This is a smooth flow except at the origin attime ¢t = T

when the flow becomes extinct.
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1. The mean curvature type flow 1.1. The mean curvature flow

For an n-dimensional compact convex hypersurface
My = X(M") in R"+1,
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1. The mean curvature type flow 1.1. The mean curvature flow

For an n-dimensional compact convex hypersurface
My = X(M") in R"+1,

Huisken (J. Diff. Geom. 1984) proved that the mean
curvature flow M, = X(M", t) remains smooth and
convex until it becomes extinct at a point in the finite
time. If we rescale the flow about the point, the
resulting converges to the round sphere.
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1. The mean curvature type flow 1.1. The mean curvature flow

For an n-dimensional compact convex hypersurface
My = X(M") in R"+1,

Huisken (J. Diff. Geom. 1984) proved that the mean
curvature flow M, = X(M", t) remains smooth and
convex until it becomes extinct at a point in the finite
time. If we rescale the flow about the point, the
resulting converges to the round sphere.

When M, is non-convex, the other singularities of the
mean curvature flow can occur.
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1. The mean curvature type flow 1.1. The mean curvature flow

In fact, Grayson (Duke Math. J. 1989) constructed a
rotationally symmetric dumbbell with a sufficiently long
and narrow bar, where the neck pinches off before the

two bells become extinct.
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1. The mean curvature type flow 1.1. The mean curvature flow

In fact, Grayson (Duke Math. J. 1989) constructed a
rotationally symmetric dumbbell with a sufficiently long
and narrow bar, where the neck pinches off before the
two bells become extinct.

For the rescaling of the singularity at the neck, the
resulting blows up, can not extinctions. Hence, the
resulting is not a sphere.
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1. The mean curvature type flow 1.1. The mean curvature flow

In fact, Grayson (Duke Math. J. 1989) constructed a
rotationally symmetric dumbbell with a sufficiently long
and narrow bar, where the neck pinches off before the
two bells become extinct.

For the rescaling of the singularity at the neck, the
resulting blows up, can not extinctions. Hence, the
resulting is not a sphere.

In fact, the resulting of the singularity converges to a
shrinking cylinder.
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1.1. The mean curvatura flow
Let X : M" — R™! be a hypersurface satisfying
H + (X,N) =0,

where H denotes the mean curvature of the
hypersurface.
One can prove that

X(t) = V=2tX : M" —» R,

is a solution of the mean curvature flow equation,
which is called a self-similar solution of the mean
curvature flow.
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1. The mean curvature type flow 1.1. The mean curvature flow

One of the most important problems in the mean
curvature flow is to understand the possible
singularities that the flow goes through.
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1. The mean curvature type flow 1.1. The mean curvature flow

One of the most important problems in the mean
curvature flow is to understand the possible
singularities that the flow goes through.

A key starting point for singularity analysis is Huisken’s
monotonicity formula because the monotonicity implies
that the flow is asymptotically self-similar near a given
singularity which is modeled by self-shrinking solutions
of the flow.
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1. The mean curvature type flow 1.1. The mean curvature flow

One of the most important problems in the mean
curvature flow is to understand the possible
singularities that the flow goes through.

A key starting point for singularity analysis is Huisken’s
monotonicity formula because the monotonicity implies
that the flow is asymptotically self-similar near a given
singularity which is modeled by self-shrinking solutions
of the flow.

For simple, one calls a hypersurface X : M" — R"+! g
self-shrinker if it satisfies

H + (X,N) = 0.
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1. The mean curvature type flow 1.1. The mean curvature flow

It is also known that self-shrinkers play an important
role in the study of the mean curvature flow
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1. The mean curvature type flow 1.1. The mean curvature flow

It is also known that self-shrinkers play an important
role in the study of the mean curvature flow

because they describe all possible blow ups at a given
singularity of the mean curvature flow.
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1. The mean curvature type flow 1.1. The mean curvature flow

It is also known that self-shrinkers play an important
role in the study of the mean curvature flow

because they describe all possible blow ups at a given
singularity of the mean curvature flow.

On the other hand, if we consider weighted area
functional

T(s)=fe'@d,us
M

By computing the first variation formula, we know
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1. The mean curvature type flow 1.1. The mean curvature flow

that X : M" — R"*! s a critical point of F(s) if and
only if X : M" —» R™! s a self-shrinker, that is,

H + (X,N) = 0.
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1. The mean curvature type flow 1.1. The mean curvature flow

that X : M" — R"*! s a critical point of F(s) if and
only if X : M" —» R™! s a self-shrinker, that is,

H+ (X,N) = 0.

Furthermore, we know that X : M" — R"*lis a
minimal hypersurface in R**! equipped with the metric

2
gap = e ndspifandonlyif X : M* —» R™lis a
self-shrinker, that is,

H + (X,N) =0.
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1.2. The mean curvature type flow
1.2. The mean curvature type flow

As one knows, for a family of immersions
X(t) : M - R™"! with X(0) = X, the volume of M is
defined by

! f (X0, NO)duy
n+1Ju

Huisken (J. Reine Angew Math. 1987) studied the
mean curvature type flow:

oX(t
a—i) = (—h(t)N(¢) + H(?)),
where X(¢) = X(-, t), h(¢) = foH(;;d”’ and N(?) is the

unit normal vector of X(¢) : M — R™1L.
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1:2. The mean curvature type flow
It can be proved the above flow preserves the volume
of M. Hence, one calls this flow the volume-preserving
mean curvature flow.
Huisken (J. Reine Angew Math. 1987) proved that if the
initial hypersurface is uniformly convex, then the above
volume-preserving mean curvature flow has a smooth
solution and it converges to a round sphere.
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1:2. The mean curvature type flow
It can be proved the above flow preserves the volume
of M. Hence, one calls this flow the volume-preserving
mean curvature flow.
Huisken (J. Reine Angew Math. 1987) proved that if the
initial hypersurface is uniformly convex, then the above
volume-preserving mean curvature flow has a smooth
solution and it converges to a round sphere.

It is natural and important to study critical points of the
weighted area functional for the volume-preserving
variations.
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1. The mean curvature type flow 1.2. The mean curvature type flow

It can be proved the above flow preserves the volume
of M. Hence, one calls this flow the volume-preserving
mean curvature flow.

Huisken (J. Reine Angew Math. 1987) proved that if the
initial hypersurface is uniformly convex, then the above
volume-preserving mean curvature flow has a smooth
solution and it converges to a round sphere.

It is natural and important to study critical points of the
weighted area functional for the volume-preserving
variations.

But since this definition of the volume of M is not good
enough from the view point of variations for the
weighted area functional, we need to find new
definitions of the volume and a flow.
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1. The mean curvature type flow 1.2. The mean curvature type flow

In Cheng and Wei (arXiv 2014), we introduce a
definition of the weighted volume of M.

For a family of immersions X(¢) : M — R™! with
X(0) = X, we define a weighted volume of M by

V(t)=f(X(t),N)e'¢dp.
M

Furthermore, we consider a new type of mean
curvature flow:
0X(¢)

— = (—a()N(t) + H(2))
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1. The mean curvature type flow 1.2. The mean curvature type flow

with

fyy HON (@), Nye™¥ dp

a(t) = 2 ’

SN (), Nye™ T dp

where N is the unit normal vector of X : M — R"+1,
We can prove that the flow:

0X(?)
—— = (—a(®)N() + H(1))
ot
preserves the weighted volume V(¢). Hence, we call
this flow a weighted volume-preserving mean curvature
flow.
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2.1. The weighted volume-preserving variations
2.1. The weighted volume-preserving
variations

Let X : M" — R™! be an n-dimensional hypersurface
in the (n + 1)-dimensional Euclidean space R"*!,
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2.1. The weighted volume-preserving variations
2.1. The weighted volume-preserving
variations

Let X : M" — R™! be an n-dimensional hypersurface
in the (n + 1)-dimensional Euclidean space R"*!,

We denote a variation of X by X(¢) : M —» R™1,

t € (—&,¢) with X(0) = X.
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2.1. The weighted volume-preserving variations
2.1. The weighted volume-preserving
variations

Let X : M" — R™! be an n-dimensional hypersurface
in the (n + 1)-dimensional Euclidean space R"*!,

We denote a variation of X by X(¢) : M —» R™1,

t € (—&,¢) with X(0) = X.

We define a weighted area functional A : (—&,&) » R

by
a0 = [ e au,
M

where du;, is the area element of M in the metric
induced by X(#).
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

f (X(0), Nydp
M

is called the volume of M.
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

f (X(0), Nydp
M

is called the volume of M.
The weighted volume function V : (-g,&) —» R of M is
defined by

V(t):f(X(t),N)e'gdu.
M
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

We say that a variation X(¢) of X is a weighted
volume-preserving normal variation if V(¢) = V(0) for

0X(t)
all t and TI,f:() = fN
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

We say that a variation X(¢) of X is a weighted

volume-preserving normal variation if V(¢) = V(0) for
all t and 252,29 = fN.

Proposition 2.1. Let X : M — R"*! be an immersion.
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

We say that a variation X(¢) of X is a weighted
volume-preserving normal variation if V(¢) = V(0) for

all t and 252,29 = fN.
Proposition 2.1. Let X : M — R"*! be an immersion.
The following statements are equivalent:
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

We say that a variation X(¢) of X is a weighted
volume-preserving normal variation if V(¢) = V(0) for

0X(t)
all t and TIt:O = fN

Proposition 2.1. Let X : M — R"*! be an immersion.
The following statements are equivalent:

@ For all weighted volume-preserving variations,
A'(0) = 0.
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

We say that a variation X(¢) of X is a weighted
volume-preserving normal variation if V(¢) = V(0) for

0X(t)
all t and TIt:O = fN

Proposition 2.1. Let X : M — R"*! be an immersion.
The following statements are equivalent:
@ For all weighted volume-preserving variations,
A'(0) = 0.
Q@ (X,N) + H = A, which is constant.
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

Definition 2.1. Let X : M — R"*! pe an
n-dimensional hypersurface in R™*1,
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

Definition 2.1. Let X : M — R"*! pe an
n-dimensional hypersurface in R™*!. If

(X, N+ H=A,

we call X : M — R™1 g A-hypersurface.
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

Definition 2.1. Let X : M — R"*! pe an
n-dimensional hypersurface in R™*!. If

(X, N) + H = A,
we call X : M — R™1 g A-hypersurface.

Remark. When A = 0, the A-hypersurface becomes a
self-shrinker of mean curvature flow.
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

Theorem 2.1 (Cheng and Wei, 2014).
Let X : M — R"*! be a hypersurface. The following
statements are equivalent:
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

Theorem 2.1 (Cheng and Wei, 2014).
Let X : M — R"*! be a hypersurface. The following
statements are equivalent:

@ X : M - R"!is a A-hypersurface.
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

Theorem 2.1 (Cheng and Wei, 2014).
Let X : M — R"*! be a hypersurface. The following
statements are equivalent:

@ X : M - R"!is a A-hypersurface.

Q@ X : M - R™!is a critical point of the weighted
area functional A(¢) for all weighted volume-
preserving variations.
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2. The weighted volume-preserving variations 2.1. The weighted volume-preserving variations

Theorem 2.1 (Cheng and Wei, 2014).
Let X : M — R"*! be a hypersurface. The following
statements are equivalent:

@ X : M - R"!is a A-hypersurface.

Q@ X : M - R™!is a critical point of the weighted
area functional A(¢) for all weighted volume-
preserving variations.

Q@ X : M - R™!is a hypersurface with constant
weighted mean curvature A in R**! equipped with

X2

the metric gap = e~ n 0 43.
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2. The weighted volume-preserving vari

2.2. Examples of 1-hypersurfaces

ions 2.2. Examples of A-hypersurfaces
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2.2. Examples of A-hypersurfaces
2.2. Examples of 1-hypersurfaces

As standard examples of A-hypersurfaces, we know
that all of self-shrinkers of mean curvature flow are
A-hypersurfaces.
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2.2. Examples of A-hypersurfaces
2.2. Examples of 1-hypersurfaces

As standard examples of A-hypersurfaces, we know
that all of self-shrinkers of mean curvature flow are
A-hypersurfaces. For examples, Angenent’s compact
embedded self-shrinker:

X:S8'x8§" o5 R,

Qing-Ming Cheng (Fukuoka University) Geometry of A-hypersurfaces March 16, 2016 20/52



2.2. Examples of A-hypersurfaces
2.2. Examples of 1-hypersurfaces

As standard examples of A-hypersurfaces, we know
that all of self-shrinkers of mean curvature flow are
A-hypersurfaces. For examples, Angenent’s compact
embedded self-shrinker:

X:S'xs" o R
Drugan’s topological sphere self-shrinker:

X:8" >R
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2.2. Examples of A-hypersurfaces
2.2. Examples of 1-hypersurfaces

As standard examples of A-hypersurfaces, we know
that all of self-shrinkers of mean curvature flow are
A-hypersurfaces. For examples, Angenent’s compact
embedded self-shrinker:

X:S8'x s o retd
Drugan’s topological sphere self-shrinker:
X:8" >R

and compact self-shrinkers with higher genus due to
Mgaller and so on.
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Furthermore,
Example 2.1.

X:8'(r)» R"™ r>0

is a compact A-hypersurface in R**! with A = 2 — r.

r
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Furthermore,
Example 2.1.

X:8'(r)» R"™ r>0

n

is a compact A-hypersurface in R**! with A = 2 — r.

r

Example 2.2. For a positive integer k,
X : S*(r) x R"K

is an n-dimensional complete noncompact
A-hypersurface in R™! with A = £ —r.
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Example 2.3. For n = 1, and for some 4 < 0, we can
prove that there exist closed embedded A-curves I' in
R2, which is not circle.
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Example 2.3. For n = 1, and for some 4 < 0, we can
prove that there exist closed embedded A-curves I'y in
R2, which is not circle.

Remark.
There are no closed embedded self-shrinker curves of
mean curvature flow except circle with radius 1.
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Example 2.3. For n = 1, and for some 4 < 0, we can
prove that there exist closed embedded A-curves I'y in
R2, which is not circle.

Remark.
There are no closed embedded self-shrinker curves of
mean curvature flow except circle with radius 1.

Example 2.4. For any positive integer n, there exist
complete embedded A-hypersurfaces, which are given
by [ x R"1in R"1,
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Theorem 2.2 (Cheng and Wei, 2015). For n > 2 and
A 2 0, there exists embedding revolution
A-hypersurface X : S x §71 —» R™! jn R+,
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Theorem 2.2 (Cheng and Wei, 2015). For n > 2 and
A 2 0, there exists embedding revolution
A-hypersurface X : S x §71 —» R™! jn R+,

Proof of theorem 2.2. Let (x(s), r(s)), s € (a,b) be a
curve in the xr-plane with r > 0 and $"~!(1) denote the
standard unit sphere of dimension n — 1.
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Theorem 2.2 (Cheng and Wei, 2015). For n > 2 and
A 2 0, there exists embedding revolution
A-hypersurface X : S x §71 —» R™! jn R+,

Proof of theorem 2.2. Let (x(s), r(s)), s € (a,b) be a
curve in the xr-plane with r > 0 and $"~!(1) denote the
standard unit sphere of dimension n — 1. Then we
consider

X :(a,b) xS"'(1) » R™!

Qing-Ming Cheng (Fukuoka University) Geometry of A-hypersurfaces March 16, 2016 23/52



2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Theorem 2.2 (Cheng and Wei, 2015). For n > 2 and
A 2 0, there exists embedding revolution
A-hypersurface X : S x §71 —» R™! jn R+,

Proof of theorem 2.2. Let (x(s), r(s)), s € (a,b) be a
curve in the xr-plane with r > 0 and $"~!(1) denote the
standard unit sphere of dimension n — 1. Then we
consider

X :(a,b) xS"'(1) » R™!

defined by X(s, @) = (x(s), r(s)a), s € (a, b),
a € $™1(1). Namely, X is obtained by rotating the
plane curve (x(s), r(s)) around x axis.
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Thus, X : (a,b) x S*1(1) » R"*!is a A-hypersurface if
and only if (x, r) satisfies
&P+ ()P =1

x" = —=r'[xr + ("%1 -r)x’ + 1.
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

Thus, X : (a,b) x S*1(1) » R"*!is a A-hypersurface if
and only if (x, r) satisfies

X2+ @) =1
x"" = —=r'[xr + (”%1 —r)x’ + 1].

Let (xs, rs) be the maximal solution of the above
equations with initial value (xs, rs, x5 (0)) = (0,6, 1).
Then for small enough 6 > 0, there is a simple closed
curve (xgs, rs) in xr-plane.
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2. The weighted volume-preserving variations 2.2. Examples of A-hypersurfaces

It can be proved that it is a graph of x = fs5(r). Hence,
there exists an embedding revolution A-hypersurface
X : St x §™ 1 - R™1jn R,
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3. #-functional and stability of A-hypersurfaces 2. 1 F-functional

3.1. ¥ -functional
We define a ¥ -functional by
F(s) = Fx,.,(X(s))

n _ X)X
= (drty) 2 e dug
M
1

\

+ A(4m)"2

f (X(s) - Xo, NYe™ S dp,
M

Qing-Ming Cheng (Fukuoka University) Geometry of A-hypersurfaces March 16, 2016 26/52



3. #-functional and stability of A-hypersurfaces 2. 1 F-functional

3.1. ¥ -functional

We define a ¥ -functional by
F(s) = Fx,.,(X(s)
= (drt,)": f e T dp,
M
1
Vi,

where X; and ¢, denote variations of Xy = O, ¢ty = 1,
respectively and
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3.1. ¥ -functional
We define a ¥ -functional by
F(s) = Fx,.,(X(s))

n _ X)X
= (4rt,)"2 e dug
M

+ A4y f (X(s) = Xy, NYe™ % du,
M

where X; and ¢, denote variations of Xy = O, ty = 1,
respectively and —— aX( = fN.
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i
1. ¥ -functional

We define a ¥ -functional by
F(s) = Fx,.,(X(s)

n _IXe)-Xs1?
= (4rtg) 2 e = dug
M

+ A4y f (X(s) = Xy, NYe™ % du,
M

where X; and ¢, denote variations of Xy = O, ty = 1,
respectively and —— aX( = fN.

One calls that X : M — R"*1 s g critical point of F(s)
if it is critical with respect to all normal variations and all
variations X; and ¢, of Xy = O, ty = 1.
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3. #-functional and stability of A-hypersurfaces 2. 1 F-functional

Theorem 3.1 (Cheng and Wei, 2014).
Let X : M — R"*! be a hypersurface. The following
statements are equivalent:
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3. #-functional and stability of A-hypersurfaces 2. 1 F-functional

Theorem 3.1 (Cheng and Wei, 2014).
Let X : M — R"*! be a hypersurface. The following
statements are equivalent:

@ X : M - R"!is a A-hypersurface.

Q@ X : M - R"!is a hypersurface with constant
weighted mean curvature A in R**! equipped with

X2

the metric gap = €™ n 0 43.
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Theorem 3.1 (Cheng and Wei, 2014).
Let X : M — R"*! be a hypersurface. The following
statements are equivalent:

@ X : M - R"!is a A-hypersurface.

Q@ X : M - R"!is a hypersurface with constant
weighted mean curvature A in R**! equipped with

X2

the metric gap = €™ n 0 43.

Q@ X : M - R™!is a critical point of the weighted
area functional A(¢) for all weighted volume-
preserving variations.
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3. #-functional and stability of A-hypersurfaces 2. 1 F-functional

Theorem 3.1 (Cheng and Wei, 2014).
Let X : M — R"*! be a hypersurface. The following
statements are equivalent:

@ X : M - R"!is a A-hypersurface.

Q@ X : M - R"!is a hypersurface with constant
weighted mean curvature A in R**! equipped with

X2

the metric gap = €™ n 0 43.

Q@ X : M - R™!is a critical point of the weighted
area functional A(¢) for all weighted volume-
preserving variations.

Q@ X : M — R"!is acritical point of F(s).
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3. #-functional and stability of A-hypersurfaces 3.2. Stability of compact A-hypersurface

3.2. Stability of compact A-hypersurface

Definition 3.1. One calls that a critical point
X : M - R™! of the F-functional F(s) is ¥ -stable
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3.2. Stability of compact A-hypersurface

Definition 3.1. One calls that a critical point

X : M - R"! of the ¥ -functional ¥ (s) is F-stable
if, for every normal variation X(s) of X, there exist
variations X; and ¢, of Xy = O, ty = 1 such that

F"(0) > 0.
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3.2. Stability of compact A-hypersurface

Definition 3.1. One calls that a critical point

X : M - R"! of the ¥ -functional ¥ (s) is F-stable
if, for every normal variation X(s) of X, there exist
variations X; and ¢, of Xy = O, ty = 1 such that

F"(0) > 0.

One calls that a critical point X : M — R"*! of the
¥ -functional F(s) is F-unstable
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3. #-functional and stability of A-hypersurfaces 3.2. Stability of compact A-hypersurface

3.2. Stability of compact A-hypersurface

Definition 3.1. One calls that a critical point

X : M - R"! of the ¥ -functional ¥ (s) is F-stable
if, for every normal variation X(s) of X, there exist
variations X; and ¢, of Xy = O, ty = 1 such that

F"(0) > 0.

One calls that a critical point X : M — R"*! of the

¥ -functional F(s) is F-unstable

if there exist a normal variation X(s) of X such that for
all variations X;and t;0f X =0, ty =1,

F'"0) <0
holds.
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3. #-functional and stability of A-hypersurfaces 3.2. Stability of compact A-hypersurface

Theorem 3.2 (Cheng and Wei, 2014)
Q@ lir< vnorr> Yn+1,

the n-dimensional round sphere
X : S"(r) > R™1

is ¥ -stable;
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3. #-functional and stability of A-hypersurfaces 3.2. Stability of compact A-hypersurface

Theorem 3.2 (Cheng and Wei, 2014)
Q@ lir< vnorr> Yn+1,

the n-dimensional round sphere
X : S"(r) > R™1

is ¥ -stable;

Q@ Ifvh<r< ¥Yn+1,

the n-dimensional round sphere
X : S"(r) » R™1
is ¥ -unstable.
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3. #-functional and stability of A-hypersurfaces 3.2. Stability of compact A-hypersurface

According to our theorem 3.2, we would like to propose
the following:
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3. #-functional and stability of A-hypersurfaces 3.2. Stability of compact A-hypersurface

According to our theorem 3.2, we would like to propose
the following:

Problem 3.1. Is it possible to prove that spheres $"(r)

with r < Ynorr > VYn + 1 are the only F-stable
compact A-hypersurfaces?
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According to our theorem 3.2, we would like to propose
the following:

Problem 3.1. Is it possible to prove that spheres $"(r)

with r < Ynorr > VYn + 1 are the only F-stable
compact A-hypersurfaces?

Remark. Colding and Minicozzi (Ann. of Math., 2012)
have proved that the sphere $"( ¥n) is the only
¥ -stable compact self-shrinkers.
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According to our theorem 3.2, we would like to propose
the following:

Problem 3.1. Is it possible to prove that spheres $"(r)

with r < Ynorr > VYn + 1 are the only F-stable
compact A-hypersurfaces?

Remark. Colding and Minicozzi (Ann. of Math., 2012)
have proved that the sphere $"( ¥n) is the only

¥ -stable compact self-shrinkers.

In order to prove this result, the property that

the mean curvature H is an eigenfunction of Jacobi
operator plays a very important role.
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3. #-functional and stability of A-hypersurfaces 3.2. Stability of compact A-hypersurface

According to our theorem 3.2, we would like to propose
the following:

Problem 3.1. Is it possible to prove that spheres $"(r)

with r < Ynorr > VYn + 1 are the only F-stable
compact A-hypersurfaces?

Remark. Colding and Minicozzi (Ann. of Math., 2012)
have proved that the sphere $™( Vn) is the only

¥ -stable compact self-shrinkers.

In order to prove this result, the property that

the mean curvature H is an eigenfunction of Jacobi
operator plays a very important role.

But for A-hypersurfaces, the mean curvature H is not
an eigenfunction of Jacobi operator in general.
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4. Complete A-hypersurfaces

For complete A-hypersurfaces, we have

Qing-Ming Cheng (Fukuoka University) Geometry of A-hypersurfaces March 16, 2016 31/52
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For complete A-hypersurfaces, we have

Theorem 4.1. (Cheng and Wei, 2014)

Let X : M — R"*! be an n-dimensional complete
embedded A-hypersurface with polynomial area growth
in R+,
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For complete A-hypersurfaces, we have

Theorem 4.1. (Cheng and Wei, 2014)

Let X : M — R"*! be an n-dimensional complete
embedded A-hypersurface with polynomial area growth
in R If H—-A>0and

A(f3(H -2 -S) 20,

then X : M — R"*! is isometric to one of the following:
Q S"(r)withd =2 —r,
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4. Complete A-hypersurfaces

For complete A-hypersurfaces, we have

Theorem 4.1. (Cheng and Wei, 2014)

Let X : M — R"*! be an n-dimensional complete
embedded A-hypersurface with polynomial area growth
in R If H—-A>0and

A(f3(H -2 -S) 20,

then X : M — R"*! is isometric to one of the following:
Q S"(r)withd =2 —r,
Q R”,
Q SK(ryxR"* 0 < k <n,
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4. Complete A-hypersurfaces

where § = %; ; hlzj is the squared norm of the second
fundamental form and f3 = X, ; x hijhjihii.
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where § = %; ; hlzj is the squared norm of the second
fundamental form and f3 = X, ; x hijhjihii.

Remark. For A = 0, Huisken (J. Diff. Geom. 1990 and
Colding and Minicozzi (Ann. of Math., 2012) proved this

result. In this case, from the maximum principle, one
canprove H > 0if H > 0,
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fundamental form and f3 = X, ; x hijhjihii.

Remark. For A = 0, Huisken (J. Diff. Geom. 1990 and
Colding and Minicozzi (Ann. of Math., 2012) proved this

result. In this case, from the maximum principle, one
can prove H > 0 if H > 0, since

LH = AH - (X,VH) = H - SH.

H > 0 is essential.
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4. Complete A-hypersurfaces

Remark. For 1 # 0, we can not prove H — 1 > 0 if
H — A > 0 from the maximum principle only.
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4. Complete A-hypersurfaces

Remark. For 1 # 0, we can not prove H — 1 > 0 if
H — A > 0 from the maximum principle only.
We need to use the condition A(f3(H — 1) — S) > 0.
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4. Complete A-hypersurfaces

Remark. For 1 # 0, we can not prove H — 1 > 0 if
H - A > 0 from the maximum principle only.

We need to use the condition A(f3(H — 1) — S) > 0.
This condition

Afs(H-1)—-5)20

is essential.
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4. Complete A-hypersurfaces

Remark. For 1 # 0, we can not prove H — 1 > 0 if
H - A > 0 from the maximum principle only.

We need to use the condition A(f3(H — 1) — S) > 0.
This condition

Af/sH-D-85)>0

is essential.

In fact, for any positive integer n, complete embedded
A-hypersurfaces T'; x R*1 in R**! do not satisfy this
condition, where I') is a closed embedded A-curve in
R
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Proof of theorem 4.1

Since X : M — R"*! is an n-dimensional complete
embedded A-hypersurface,
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Proof of theorem 4.1

Since X : M — R"*! is an n-dimensional complete
embedded A-hypersurface, we can not use Stokes
formula directly.

Qing-Ming Cheng (Fukuoka University) Geometry of A-hypersurfaces March 16, 2016 34/52



Proof of theorem 4.1

Since X : M — R"*! is an n-dimensional complete
embedded A-hypersurface, we can not use Stokes
formula directly.

Hence, if X : M — R"*!is an n-dimensional complete
embedded A-hypersurface with polynomial area growth,

Qing-Ming Cheng (Fukuoka University) Geometry of A-hypersurfaces March 16, 2016 34/52



Proof of theorem 4.1

Since X : M — R"*! is an n-dimensional complete
embedded A-hypersurface, we can not use Stokes
formula directly.

Hence, if X : M — R"*!is an n-dimensional complete
embedded A-hypersurface with polynomial area growth,
we can make use of Stokes formula for several special
functions.
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Since X : M — R"*! is an n-dimensional complete
embedded A-hypersurface, we can not use Stokes
formula directly.
Hence, if X : M — R"*!is an n-dimensional complete
embedded A-hypersurface with polynomial area growth,
we can make use of Stokes formula for several special
functions.
Proof of theorem 4.1.
Since
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Proof of theorem 4.1

Since X : M — R"*! is an n-dimensional complete
embedded A-hypersurface, we can not use Stokes
formula directly.
Hence, if X : M — R"*!is an n-dimensional complete
embedded A-hypersurface with polynomial area growth,
we can make use of Stokes formula for several special
functions.
Proof of theorem 4.1.
Since

LH=H-+S1-H),

H-12>20
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4. Complete A-hypersurfaces

and
A(fs(H-2)-S5) 20,

we are able to prove H — 1 > 0.
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4. Complete A-hypersurfaces

and
A(fs(H-2)-S5) 20,

we are able to prove H — 1 > 0.

Thus, we consider function log(H — A).
We have

A
LlogH-)=1-S+ i IV log(H — )2
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4. Complete A-hypersurfaces

and
A(fs(H-2)-S5) 20,

we are able to prove H — 1 > 0.

Thus, we consider function log(H — A).
We have

A
LlogH-)=1-S+ i IV log(H — )2

and

£VS> VS— vss+ 22,
VS
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4. Complete A-hypersurfaces

In order to use Stokes formula for functions S,
log(H — 1) and VS, we need to prove the following:
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4. Complete A-hypersurfaces

In order to use Stokes formula for functions S,
log(H — 1) and VS, we need to prove the following:

|x12
Q@ [, SU+|XPe"7du < +oo
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4. Complete A-hypersurfaces

In order to use Stokes formula for functions S,
log(H — 1) and VS, we need to prove the following:

Y2
Q@ [, S +[XPe T du < +oo
o fM Sze‘%d,u < +oo.

Q J,Iv VS[Ze~ T du < +oo,

P
Qo fM i?k hijke > du < +oo.
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4. Complete A-hypersurfaces

In order to use Stokes formula for functions S,
log(H — 1) and VS, we need to prove the following:

@ [,sa+ |X|2)e-¥du < +oo
Q [, ST " djt < +oo,

Q [,V VSPeF dy < +oo,
Q [, hlzk ‘lezd,u < +oo.

,.]9
Q [, SIVleg(H — D)e” : du < +o0.
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Suppose 7 is a function with compact support,

X2

f (Vi V log(H — )ye~F dy
M

X2

- f (L log(H - /l))e"Tdu
M

/1 1x12
2 2| B
n S 1 + |Vloeg(H — 1 )e 2 d[,l.
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Suppose 7 is a function with compact support,

f (Vi V log(H — )ye~F dy
M

IX12

= - | wLtog - Dy F au
M

A 1x12
2 2 il
= n S—l— + |Viog(H — 1 )e 2d[,l.

Combining this with inequality:

1
(Vir, Vlog(H - D) < &lVal* + —n’|V log(H - DI,
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we have

1 X2
f (7S + (1 = DIV log(H - D)™ di
M

1X12

/lnz)e‘Tdu,

A

fore > 0.
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we have

1 X2
f (7S + (1 = DIV log(H - D)™ di
M

1X12

/lnz)e‘Tdu,

A
< elVol? + n* +
fM(I i+
fore > 0.
Since
A Af3

S o
< = < UVS < U +2)
H-2 S 20 2

for & > 0, we have
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4. Complete A-hypersurfaces

A 1 X2
f {(1 = u)1725 +17°(1 — =)|V log(H - A)Iz}e‘%du
M 20 &

1x12

A
< f (swm2 +(1+ ua):f)e-Tdu.
M 2
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4. Complete A-hypersurfaces

A 1 X2
f {(1 = u)lfS +17°(1 — =)|V log(H - A)Iz}e‘%du
M 20 &

1x12

A

< f (8|V17|2 +(1+ ud)nz)e_Tdu.
M 2

By choosing &, 6 and constant c¢(n, 1), we get

f (S + [V log(H — DP)e™T du
M

X2

< e(n, ) f (VP + e T dp.
M
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4. Complete A-hypersurfaces

Since X : M - R"*! has polynomial area growth, we
can prove, for any m > 0,

f A + |X|")e™ T dyu < oo.
M
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4. Complete A-hypersurfaces

Since X : M - R"*! has polynomial area growth, we
can prove, for any m > 0,

f A + |X|")e™ T dyu < oo.
M

By replacing i with | X|n, we have

X2

f S + [ XP)e~ T du
M

X2

< ¢(n, Q) f 1 + [XP)e™ = dp.
M
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Thus, we have

SA + |XP)e~ T du < oo.
M
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Thus, we have

f SA + |XP)e~ T du < oo.
M

So, we can apply Stokes formula to our functions.

f (VS, Vlog(H — )™+ du
M

x[?

= - f SLlog(H — De™+ du
M
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Thus, we have

f SA + |XP)e~ T du < oo.
M

So, we can apply Stokes formula to our functions.

f (VS, Vlog(H — )™+ du
M

x[?

= - f SLlog(H — De™+ du
M
and

|2

f |V Vglze'%dp = —f Vsz£ ‘/ge'IXTd,u.
M M
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Putting

A
Llog(H-A)=1-S+ —— —|Viog(H - V)]
g( ) [T |V log( )]
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Putting

A
Llos(H-1)=1-S+ — [V1og(H — )]
g( ) [T |V log( )]

and

A
£VS> V5 - Vss+ 2B
Vs
into the above two formulas, we have
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Putting

A
Ll() H—/l—l—S+

and

A
£VS> V5 - Vss+ 2B
Vs
into the above two formulas, we have

0> f [V VS - VSVlog(H - D)['e™ 7 du
M

S X
+ A(fs = "2 du.
fM 3= )¢ > du
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Putting

A
Ll() H—/l—l—S+

and

A
£VS> V5 - Vss+ 2B
Vs
into the above two formulas, we have

0> f [V VS - VSVlog(H - D)['e™ 7 du
M

S X
+ A(fs = "2 du.
fM 3= )¢ > du
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4. Complete A-hypersurfaces

From A(f3(H — 1) — S) = 0, we have

S
Afz - m) =0,
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4. Complete A-hypersurfaces

From A(f3(H — 1) — S) = 0, we have
S
Afs——) =0,
(f3 H—/l)
S

m = constant
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From A(f3(H — 1) — S) = 0, we have

S
Af3 - m) =0,
S

m = constant

hijx(H — ) = h;jH y,

forany i, j, k.
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From A(f3(H — 1) — S) = 0, we have
S
Afs——) =0,
(f3 H—/l)

S

————— = constant
(H - 2)?
hijx(H — ) = h;jH y,

forany i, j, k.
We obtain that X : M — R"*! js isometric to R” or
Sk(r) x R"* with A = £ — 1.
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5.1. Upper bound growth of area of complete A-hypersurfaces
5.1. Upper bound growth of area of
complete A-hypersurfaces

It is well-known that the comparison volume (area)
theorem of Bishop and Gromov is a very powerful tool
for studying Riemannian geomery. Namely,
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5.1. Upper bound growth of area of
complete A-hypersurfaces

It is well-known that the comparison volume (area)
theorem of Bishop and Gromov is a very powerful tool
for studying Riemannian geomery. Namely,

The comparison volume theorem (Bishop and
Gromov).

For n-dimensional complete and non-compact
Riemannian manifolds with nonnegative Ricci
curvature,
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5.1. Upper bound growth of area of complete A-hypersurfaces
5.1. Upper bound growth of area of

complete A-hypersurfaces

It is well-known that the comparison volume (area)
theorem of Bishop and Gromov is a very powerful tool
for studying Riemannian geomery. Namely,

The comparison volume theorem (Bishop and
Gromov).

For n-dimensional complete and non-compact
Riemannian manifolds with nonnegative Ricci
curvature, geodesic balls have at most polynomial area

growth:
Area(B,(xg)) < Cr".
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5.1. Upper bound growth of area of complete A-hypersurfaces
Furthermore, Cao and Zhou (J. Diff. Geom., 2010)
have studied upper bound growth of area of geodesic
balls for n-dimensional complete and non-compact
gradient shrinking Ricci solitons. They have proved
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5. Area of complete A-hypersurfaces 5.1. Upper bound growth of area of complete A-hypersurfaces

Furthermore, Cao and Zhou (J. Diff. Geom., 2010)
have studied upper bound growth of area of geodesic
balls for n-dimensional complete and non-compact
gradient shrinking Ricci solitons. They have proved
Theorem ( Cao and Zhou, J. Diff. Geom., 2010).

For n-dimensional complete and non-compact gradient
shrinking Ricci solitons, geodesic balls have at most
polynomial area growth:

Area(B,(x,)) < Cr*.

Qing-Ming Cheng (Fukuoka University) Geometry of A-hypersurfaces March 16, 2016 45/52



5. Area of complete A-hypersurfaces 5.1. Upper bound growth of area of complete A-hypersurfaces

Furthermore, Cao and Zhou (J. Diff. Geom., 2010)
have studied upper bound growth of area of geodesic
balls for n-dimensional complete and non-compact
gradient shrinking Ricci solitons. They have proved
Theorem ( Cao and Zhou, J. Diff. Geom., 2010).

For n-dimensional complete and non-compact gradient
shrinking Ricci solitons, geodesic balls have at most
polynomial area growth:

Area(B,(x,)) < Cr*.

Remark. There exist n-dimensional complete and
non-compact gradient shrinking Ricci solitons, which
Ricci curvature is not nonnegative.
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5.1. Upper bound growth of area of complete A-hypersurfaces
It is natural to ask the following:
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5.1. Upper bound growth of area of complete A-hypersurfaces
It is natural to ask the following:
Problem 5.1. Whether is it possible to give an upper
bound growth of area for complete and noncompact
A-hypersurfaces?
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5.1. Upper bound growth of area of complete A-hypersurfaces
It is natural to ask the following:
Problem 5.1. Whether is it possible to give an upper
bound growth of area for complete and noncompact
A-hypersurfaces?

For the above problem 5.1, Cheng and Wei (arXiv
2014) have proved the following:
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5.1. Upper bound growth of area of complete A-hypersurfaces
It is natural to ask the following:
Problem 5.1. Whether is it possible to give an upper
bound growth of area for complete and noncompact
A-hypersurfaces?

For the above problem 5.1, Cheng and Wei (arXiv
2014) have proved the following:

Theorem (Cheng and Wei, arXiv 2014).

Let X : M — R"*! be a complete and non-compact
proper A-hypersurface in the Euclidean space R™*!,
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It is natural to ask the following:
Problem 5.1. Whether is it possible to give an upper
bound growth of area for complete and noncompact
A-hypersurfaces?

For the above problem 5.1, Cheng and Wei (arXiv
2014) have proved the following:

Theorem (Cheng and Wei, arXiv 2014).

Let X : M — R"*! be a complete and non-compact
proper A-hypersurface in the Euclidean space R™*!,
Then, there is a positive constant C such that for r > 1,

Qing-Ming Cheng (Fukuoka University) Geometry of A-hypersurfaces March 16, 2016 46 /52



5.1. Upper bound growth of area of complete A-hypersurfaces
It is natural to ask the following:
Problem 5.1. Whether is it possible to give an upper
bound growth of area for complete and noncompact
A-hypersurfaces?

For the above problem 5.1, Cheng and Wei (arXiv
2014) have proved the following:

Theorem (Cheng and Wei, arXiv 2014).

Let X : M — R"*! be a complete and non-compact
proper A-hypersurface in the Euclidean space R™*!,
Then, there is a positive constant C such that for r > 1,

Area(B,.(0) N X(M)) < Crn"'%‘zﬂ—#’

where 8 = 1inf(1 — H)%.
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5. Area of complete A-hypersurfaces 5.1. Upper bound growth of area of complete A-hypersurfaces

Remark. The estimate in our theorem is best possible
because the cylinders S*(ry) x R"~* satisfy the equality.
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5. Area of complete A-hypersurfaces 5.1. Upper bound growth of area of complete A-hypersurfaces

Remark. The estimate in our theorem is best possible
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Remark. When 1 = 0, that is, for self-shrinkers,
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5. Area of complete A-hypersurfaces 5.1. Upper bound growth of area of complete A-hypersurfaces

Remark. The estimate in our theorem is best possible
because the cylinders S*(ry) x R"~* satisfy the equality.

Remark. When A = 0, that is, for self-shrinkers,
this result is proved by Ding and Xin (Asia, J. Math.,
2013),
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5. Area of complete A-hypersurfaces 5.1. Upper bound growth of area of complete A-hypersurfaces

Remark. The estimate in our theorem is best possible
because the cylinders S*(ry) x R"~* satisfy the equality.

Remark. When 1 = 0, that is, for self-shrinkers,
this result is proved by Ding and Xin (Asia, J. Math.,
2013),

and X. Cheng and Zhou (Proc. Amer. Math. Soc.
2013).
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5. Area of complete A-hypersurfaces 5.1. Upper bound growth of area of complete A-hypersurfaces

Remark. The estimate in our theorem is best possible
because the cylinders S*(ry) x R"~* satisfy the equality.

Remark. When 1 = 0, that is, for self-shrinkers,
this result is proved by Ding and Xin (Asia, J. Math.,
2013),

and X. Cheng and Zhou (Proc. Amer. Math. Soc.
2013).

Furthermore, we have proved
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5. Area of complete A-hypersurfaces 5.1. Upper bound growth of area of complete A-hypersurfaces

Remark. The estimate in our theorem is best possible
because the cylinders S*(ry) x R"~* satisfy the equality.

Remark. When 1 = 0, that is, for self-shrinkers,
this result is proved by Ding and Xin (Asia, J. Math.,
2013),

and X. Cheng and Zhou (Proc. Amer. Math. Soc.
2013).

Furthermore, we have proved

Theorem (Cheng and Wei, arXiv 2014) . A complete
and non-compact A-hypersurface X : M — R™!in the
Euclidean space R™*! has polynomial area growth if
and only if X : M — R™*! s proper.
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5.2. Lower bound growth of area of complete A-hypersurfaces
5.2. Lower bound growth of area of
complete A-hypersurfaces

Calabi and Yau studied lower bound growth of area for
n-dimensional complete and non-compact Riemannian
manifolds with nonnegative Ricci curvature. They
proved the following:
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5. Area of complete A-hypersurfaces 5.2. Lower bound growth of area of complete A-hypersurfaces

5.2. Lower bound growth of area of
complete A-hypersurfaces

Calabi and Yau studied lower bound growth of area for
n-dimensional complete and non-compact Riemannian
manifolds with nonnegative Ricci curvature. They
proved the following:

Theorem (Calabi and Yau).

For n-dimensional complete and non-compact
Riemannian manifolds with nonnegative Ricci
curvature,
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5.2. Lower bound growth of area of complete A-hypersurfaces
5.2. Lower bound growth of area of
complete A-hypersurfaces

Calabi and Yau studied lower bound growth of area for
n-dimensional complete and non-compact Riemannian
manifolds with nonnegative Ricci curvature. They
proved the following:

Theorem (Calabi and Yau).
For n-dimensional complete and non-compact
Riemannian manifolds with nonnegative Ricci
curvature, geodesic balls have at least linear area
growth:

Area(B,(xy)) = Cr.
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5. Area of complete A-hypersurfaces 5.2. Lower bound growth of area of complete A-hypersurfaces

Cao and Zhou (J. Diff. Geom., 2010) have proved that
n-dimensional complete and non-compact gradient
shrinking Ricci solitons must have infinite area.
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5. Area of complete A-hypersurfaces 5.2. Lower bound growth of area of complete A-hypersurfaces

Cao and Zhou (J. Diff. Geom., 2010) have proved that
n-dimensional complete and non-compact gradient
shrinking Ricci solitons must have infinite area.

Furthermore, Munteanu and Wang (Comm. Analy.
Geom., 2012) have proved that areas of geodesic balls
for n-dimensional complete and non-compact gradient
shrinking Ricci solitons have at least linear growth:

Area(B,(xy)) = Cr.
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5. Area of complete A-hypersurfaces 5.2. Lower bound growth of area of complete A-hypersurfaces

For complete and noncompact A-hypersurfaces, Cheng
and Wei (arXiv 2014) have proved the following:
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5. Area of complete A-hypersurfaces 5.2. Lower bound growth of area of complete A-hypersurfaces

For complete and noncompact A-hypersurfaces, Cheng
and Wei (arXiv 2014) have proved the following:

Theorem (Cheng and Wei, arXiv 2014).
Let X : M — R"*! be an n-dimensional complete
proper A-hypersurface.

Qing-Ming Cheng (Fukuoka University) Geometry of A-hypersurfaces March 16, 2016 50/52



5. Area of complete A-hypersurfaces 5.2. Lower bound growth of area of complete A-hypersurfaces

For complete and noncompact A-hypersurfaces, Cheng
and Wei (arXiv 2014) have proved the following:

Theorem (Cheng and Wei, arXiv 2014).

Let X : M — R"*! be an n-dimensional complete
proper A-hypersurface.

Then, for any p € M, there exists a constant C > 0

such that
Area(B,(0) N X(M)) > Cr,

forall r > 1.
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5. Area of complete A-hypersurfaces 5.2. Lower bound growth of area of complete A-hypersurfaces

Remark. The estimate in our theorem is best possible
because the cylinders $" 1(ry) x R satisfy the equality.
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5. Area of complete A-hypersurfaces 5.2. Lower bound growth of area of complete A-hypersurfaces

Remark. The estimate in our theorem is best possible
because the cylinders $" 1(ry) x R satisfy the equality.

When A = 0, that is, for self-shrinkers, Li and Y. Wei
(Proc. Amer. math. Soc., 2014) have proved this result.
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5. Area of complete A-hypersurfaces 5.2. Lower bound growth of area of complete A-hypersurfaces

Thank you!
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