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COMSOL

2.1

Ω �x γ(�x) (
) γ(�x)

γ(�x) ( )

γ(�x) = 0
0 < γ(�x) < 1

γ(�x) = 1

⎫⎪⎬
⎪⎭ (1)

( ) �u(�x)
p(�x)

�∇ · �u = 0 (2)

�∇ ·
(
�u�uT

)
= �∇ · σ̃ + �f(�x) = −�∇p +

1
Re

�∇2�u + �f(�x) (3)



L U ρ

σ̃ ( ) �f(�x) (
)

σ̃ p �u (
) ( ) τ̃

σ̃ = −pĨ + τ̃ , τ̃ =
1

Re

{
�∇�u +

(
�∇�u

)T
}

; Re ≡ UL

ν
(4)

Ĩ 2 ( )T ν Re

Ω ( ) Γ = Γu ∪ Γp

�u = �u∗ on Γu, p = p∗ on Γp (5)

(3) �u

�∇ ·
(

�u
�u 2

2

)
= �∇ ·

(
σ̃T�u

)
− Φ + �f(�x) · �u (6)

Φ ( )

Φ ≡ τ̃ : �∇�u =
1

Re

{
�∇�u +

(
�∇�u

)T
}

: �∇�u =
1

2Re

{
�∇�u +

(
�∇�u

)T
}2

(7)

[3] γ(�x)

(3) �f(�x) Borrvall and Petersson [3]
�f(�x)

�f(�x) = −α(�x)�u(�x) (8)

α(�x) γ(�x)

α(�x) = α (γ(�x)) = αmax
q {1 − γ(�x)}

q + γ(�x)
(9)

q (> 0) α(γ) q = 0.1 αmax

(3) ( )

αmax =
(

1 +
1

Re

)
χ (10)

χ ( χ = 104) γ α(γ)
�u p γ

2.2 —

γ

J = J(γ) (
�u p) J γ



�F x D

y Y

( )
�F

�F

(2) (3) (6)
Ω

∫
Γ

�u · �n dΓ = 0 (11)∫
Γ

�u (�u · �n) dΓ =
∫

Γ

�σ dΓ +
∫

Ω

�f(�x) dΩ (12)∫
Γ

(
p +

�u 2

2

)
(�u · �n) dΓ =

∫
Γ

(�τ · �u) dΓ +
∫

Ω

{
�f(�x) · �u − Φ

}
dΩ (13)

Γ Ω �n Γ ( ) �σ = σ̃�n = −p�n+�τ

�τ = τ̃�n Γ ( )

�V �V (12)∫
Γ

(
�u · �V

)
(�u · �n) dΓ =

∫
Γ

�σ · �V dΓ + �V ·
∫

Ω

�f(�x) dΩ (14)

�V ·
∫

Ω

�f dΩ =
1
2

∫
Γ

{
�u 2 + �V 2 −

(
�u − �V

)2
}

(�u · �n) dΓ +
∫

Γ

�σ ·
(
�u − �V

)
dΓ −

∫
Γ

(−p�n + �τ) · �u dΓ

=
∫

Γ

{(
p +

�u2

2

)
(�u · �n) − �τ · �u + �σ ·

(
�u − �V

)
− 1

2

(
�u − �V

)2

(�u · �n)
}

dΓ (15)

(11) (13)

�V ·
∫

Ω

�f(�x) dΩ =
∫

Ω

{
�f(�x) · �u − Φ

}
dΩ +

∫
Γ

{
�σ ·

(
�u − �V

)
− 1

2

(
�u − �V

)2

(�u · �n)
}

dΓ (16)

2.2.1

�F ΓS ( ) −�σ

�F = −
∫

ΓS

�σ dΓ = −
∫

ΓS

(−p�n + �τ) dΓ (17)

(�u = �0)
�F (17) (12)

( �f ) Γ∞ −�u (�u · �n)
�σ

�F = −
∫

ΓS

�σ dΓ =
∫

Γ∞
{−�u (�u · �n) + �σ} dΓ (18)

�f



�f Ω
�F �F −�f

�F = −
∫

Ω

�f dΩ =
∫

Ω

α(�x)�u dΩ (19)

(12) (18)
(19) �F

�F = −
∫

Ω

�fdΩ =
∫

Γ∞
{−�u (�u · �n) + �σ} dΓ (20)

−�f ΩF (γ = 1 )
ΩS∗ (0 ≤ γ < 1 ) ΩF

�f = �0
ΩS∗ (3) �f �f = −�∇ · (σ̃ − �u�uT

)
ΩS∗ ΓS∗

�F = −
∫

Ω

�fdΩ =
∫

ΩS∗

{
�∇ · (σ̃ − �u�uT

)}
dΩ =

∫
ΓS∗

{�σ − �u (�u · �n)} dΓ =
∫

ΓS∗
{−p�n + �τ − �u (�u · �n)} dΓ

(21)

ΓS∗ ΩF ΩS∗

�u (�u · �n)

�F = −
∫

Ω

�fdΩ ≈
∫

ΓS∗
�σ dΓ =

∫
ΓS∗

(−p�n + �τ) dΓ (22)

(17) ΓS∗ ΩS∗

�n ( ) (17)

2.2.2

D (19) (20) x

D =
∫

Ω

α(�x)u dΩ ≡ J1 (23)

D =
∫

Γ∞
{−u (�u · �n) − pnx + τx} dΓ ≡ J2a (24)

≈ −
∫

Γ∞
{u (�u · �n) + pnx} dΓ ≡ J2b (25)

u �u x Ω
(11)–(13) (16) �V �U

(�V = �U = [U, 0, 0]) D

( [4] ) U = 1 1/U

D =
1
U

∫
Γ∞

{
−

(
p +

�u2

2

)
(�u · �n) − �σ ·

(
�u − �U

)
+ �τ · �u +

1
2

(
�u − �U

)2

(�u · �n)
}

dΓ ≡ J3a (26)

≈ − 1
U

∫
Γ∞

(
p +

�u2

2

)
(�u · �n) dΓ ≡ J3b (27)

D =
1
U

[∫
Ω

{
Φ + α(�x)�u2

}
dΩ −

∫
Γ∞

{
�σ ·

(
�u − �U

)
− 1

2

(
�u − �U

)2

(�u · �n)
}

dΓ
]
≡ J4a (28)

≈ 1
U

∫
Ω

{
Φ + α(�x)�u2

}
dΩ ≡ J4b (29)



J ( )

J = one of {J1, J2a, J2b, J3a, J3b, J4a, J4b} (30)

2.2.3

Y (19) (20) y

Y =
∫

Ω

α(�x)v dΩ ≡ K1 (31)

Y =
∫

Γ∞
{−v (�u · �n) − pny + τy} dΓ ≡ K2a (32)

≈ −
∫

Γ∞
{v (�u · �n) + pny} dΓ ≡ K2b (33)

v �u y

J ( )

J = one of {K1, K2a, K2b} (34)

D Y (≈)
Γ∞ (�u ≈ �U)

(�τ ≈ �0)

2.3

�u(�x) p(�x) ( γ(�x) )

G (�u(�x; γ(�x)), p(�x; γ(�x)); γ(�x)) = 0 (35)

( )
(

)
( = 1) ( = 1)

G (γ(�x)) :=
∫

Ω

{1 − γ(�x)} dΩ − 1 = 0 (36)

1 L A (A/L2 = 1)
V (V/L3 = 1)

2.4

(36) (23) J =
J1 (�u(�x; γ(�x)); γ(�x)) γ(�x)

1. γ(�x) ( n

�xi γ {γi = γ(�xi); i = 1, · · · , n} )
0 1

γ(�x)



1:

Re 0.1 1 10 20 50 100 200 500 1,000 2,000

CD 90.8 12.1 2.69 1.81 1.10 0.76 0.53 0.33 0.22 0.15

2:
(Re = 10)

β ≡ CD/CDmin 1 1.1 1.2 1.5 2

CL 0 1.89 2.84 5.27 8.72
CL/CD 0 0.64 0.88 1.31 1.62

2. (2) (3) �u(�x)

3. J = J1 (�u(�x; γ(�x)); γ(�x)) γi

∂J/∂γi ∂G/∂γi

A

4. γ(�x) = 0

5. ( [6])
γ(�x) ( γ

γi)

6. 2

2.5

2.5.1

Navier-Stokes x ( U

) A

( ) j (23)
L A L =

√
A Re Re ≡ U

√
A/ν D

CD CD ≡ 2D/
(
ρU2A

)
Re 0.1 2,000

2 1

Navier-Stokes

( =1)

CD ( CD )
Re 10 (CDmin = 2.69)

β ≡ CD/CDmin 4 β = {1.1, 1.2, 1.5, 2}
3 β CL ≡ 2L/(ρU2A)

(CL/CD) 2 J (31) y



(a) Re = 0.1

(b) Re = 1

(c) Re = 10

(d) Re = 20

(e) Re = 50

(f) Re = 100

(g) Re = 200

(h) Re = 500

(i) Re = 1, 000

(j) Re = 2, 000

2:

(a) CD/CDmin = 1
( , CDmin = 2.69)

(b) CD/CDmin = 1.1

(c) CD/CDmin = 1.2

(d) CD/CDmin = 1.5

(e) CD/CDmin = 2

3:
(Re = 10)



(a) Re = 0.1

(b) Re = 1

(c) Re = 10

(d) Re = 20

(e) Re = 50

(f) Re = 100

(g) Re = 200

(h) Re = 500

(i) Re = 1, 000

(j) Re = 2, 000

4:

2.5.2

Navier-Stokes x ( U )
V

( )
j (23) L V L = V 1/3

Re Re ≡ UV 1/3/ν D CD CD ≡ 2D/
(
ρU2V 2/3

)
0.1 2,000 4 3

3:

Re 0.1 1 10 20 50 100 200 500 1,000 2,000

CD 230 25.5 3.96 2.42 1.30 0.83 0.55 0.32 0.21 0.14

Stokes Navier-Stokes
Stokes

Pirroneau [7]
5 120

Pironneau Navier-Stokes
( )



(a)
(b)

5: Stokes ( )

3

(
)
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A

A.1

( )
ρ j

δj/δρ j ρ

( 6)

( ) y ρ



dy/dρ ( 7) (dy/dρ)
dy/dρ

( 8)

6:

7: ( )

8:

A.2 —

( )
( ) ρ ρ



(
) y y ( )

( )
ρ y ρ ( )

ρ ⇒ f [y; ρ] = 0 ⇒ y = y[ρ]
e.g. y:

y

j j ρ y

y = y[ρ] j ρ

j = j [y[ρ], ρ] (37)

( ) j

ρ j (j ρ

) j ρ ( )

δj =
∂j [y[ρ], ρ]

∂y
δy +

∂j [y[ρ], ρ]
∂ρ

δρ =
(

∂j [y[ρ], ρ]
∂y

dy

dρ
+

∂j [y[ρ], ρ]
∂ρ

)
δρ (38)

( ) ( )

δj

δρ
=

∂j [y[ρ], ρ]
∂y

dy

dρ
+

∂j [y[ρ], ρ]
∂ρ

j ρ ( ) (39)

y ρ dy/dρ

λ

( ) f λ 1 j J J ρ

y λ f = 0 J = j

J = j [y[ρ], ρ] + λ f [y[ρ], ρ] = J [y[ρ], ρ; λ] = j [y[ρ], ρ] (40)

J ρ

δJ

δρ
=

∂J [y[ρ], ρ; λ]
∂y︸ ︷︷ ︸

≡g[λ;y[ρ],ρ]

dy

dρ
+

∂J [y[ρ], ρ; λ]
∂ρ

=
δj

δρ
J ρ ( ) (41)

dy/dρ g g ρ y λ

dy/dρ λ

g = g [λ; y[ρ], ρ]

g [λ; y[ρ], ρ] = 0 ⇒ λ

λ:

λ λ

( )

1 ( ) f λ f λ



λ j ( J) ρ

dy/dρ

δj

δρ
=

δJ

δρ
=

∂J [y[ρ], ρ; λ]
∂ρ

(42)

y

λ ( ρ)

j

ρ (
) τ ρ τ

ρ(τ) ρ

A.3 —

ρ (0 ≤ ρ ≤ 1:
ρ = 0 0 < ρ < 1 ρ = 1) (

ρ γ ) ( ) ρ

�u(�x) p(�x) (
) Ω Navier-Stokes Ω Γ

�u = �u∗ Γu �σ = �σ∗ Γσ

�∇ · �u = 0, �∇ · (�u�uT − σ̃
) − �f = �0 in Ω Navier-Stokes (43)

�u = �u∗ on Γu, �σ = �σ∗ on Γσ (44)

σ̃ ≡ −pĨ + τ̃ , τ̃ =
2

Re
ε̃, ε̃ ≡ 1

2

{
�∇�u +

(
�∇�u

)T
}

, �σ = σ̃�n = −p�n + �τ , �τ = τ̃�n (45)

Navier-Stokes �f

( [3] )

�f = −α�u, α = αmax
q (1 − ρ)

q + ρ
, αmax =

(
1 +

1
Re

)
χ, χ = 104 e.g., q = 0.1 e.g. (46)

ρ α = α(ρ) �u p ρ

( ) j

( )

j =
∫

Ω

Lj dΩ +
∫

Γ

�j dΓ; Lj = αu, �j = 0 (47)

ν �λ −ν ( )
�λ ( ) Navier-Stokes Ω

j J

J ≡ j −
∫

Ω

ν
(

�∇ · �u
)

dΩ +
∫

Ω

�λ ·
{

�∇ · (�u�uT − σ̃
) − �f

}
dΩ = j (48)



j J j Gauß

J =
∫

Ω

{
Lj − �uT

(
�∇�λ

)
�u − p

(
�∇ · �λ

)
−

(
�∇ · π̃

)
· �u − �λ · �f

}
︸ ︷︷ ︸

≡L

dΩ

+
∫

Γ

{
�j + (�u · �n)

(
�u · �λ

)
− �λ · �σ + �π · �u

}
︸ ︷︷ ︸

≡�

dΓ (49)

L � L �u p

( J ) π̃ κ̃ �π �κ

π̃ ≡ −νĨ + κ̃, κ̃ =
2

Re
ε̃, ε̃ ≡ 1

2

{
�∇�λ +

(
�∇�λ

)T
}

, �π = π̃�n = −ν�n + �κ, �κ = κ̃�n (50)

ν �λ (
) ν(�x) �λ(�x) dL/dp = 0

dL/d�u = �0 Ω

�∇ · �λ = 0, −�∇ ·
(
�λ�uT + π̃

)
−

(
�∇�λ

)T

�u − �g = − [α, 0, 0]T in Ω; �g = −α�λ (51)

d�/dp = 0 d�/d�u = �0 ( d�/d�u = �0 d�/d�σ = �0)
Γ = Γu ∪ Γσ

�λ = �0 on Γu, �π + (�u · �n)�λ +
(
�u · �λ

)
�n = �0 on Γσ (52)

J J ρ

j

δj = δJ =
∫

Ω

SΩ δρ dΩ +
∫

Γ

SΓ δρ dΓ ( )
δj

δρ
=

δJ

δρ
=

∫
Ω

SΩ dΩ +
∫

Γ

SΓ dΓ (53)

SΩ

SΩ =
∂L

∂ρ
+

dL

dα

dα

dρ
=

(
∂L

∂α
+

∂L

∂ �f
· d�f

dα

)
dα

dρ
=

(
u + �λ · �u

) dα

dρ︸︷︷︸
<0

SΓ

SΓ =
∂�

∂ρ
+

d�

dα

dα

dρ
=

(
∂�

∂α
+

∂�

∂ �f
· d�f

dα

)
dα

dρ
= 0 (54)
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