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of the key, or in other words. the informatioiNcontent of the key ... The nature of this

conjecture is such that I cannot prove it, even Yor a special type of ciphers. Nor do I

expect it to be proven.”[—John Nash, 1955
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Milestones

Note: The following paragraphs list many papers that try to contribute to the P-versus-NP question. Among all
these papers, there is only a single paper that has appeared in a peer-reviewed journal, that has thoroughly been
verified by the experts in the area, and whose correctness is accepted by the general research community: The
paper by Mihalis Yannakakis. (And this paper does not settle the P-versus-NP question, but "just" shows that a
certain approach to settling this question will never work out.)

1. [Equal]: In 1986/87 Ted Swart (University of Guelph) wrote a number of papers (some of them had the
title: "P=NP") that gave linear programming formulations of polynomial size for the Hamiltonian cycle
problem. Since linear programming is polynomially solvable and Hamiltonian cycle is NP-hard, Swart
deduced that P=NP.

In 1988, Mihalis Yannakakis closed the discussion with his paper "Expressing combinatorial optimization
problems by linear programs" (Proceedings of STOC 1988, pp. 223-228). Yannakakis proved that
expressing the traveling salesman problem by a symmetric linear program (as in Swart's approach) requires
exponential size. The journal version of this paper has been published in Journal of Computer and System
Sciences 43, 1991, pp. 441-466.

2. [Equal]: The 1996 issue (Volume 1, 1996, pp. 16-29) of the "SouthWest Journal of Pure and Applied
Mathematics" (SWJPAM) contains the article "Polynomial-Time Partition of a Graph into Cliques" by the
Ukrainian mathematician Anatoly Plotnikov. This article designs a polynomial time algorithm for an NP-
hard graph problem, and thus proves P=NP.

(SWIJPAM is an electronic journal devoted to all aspects of Pure and Applied mathematics, and related
topics. Authoritative expository and survey articles on subjects of special interest are also welcomed.
SWIPAM serves as an international forum for the publication of high-quality strictly peer-reviewed
original research articles. The article is usually sent to at least two experts in the area. Two positive reviews
are required for the acceptance and publication of any submitted article.)

3. [Equal]: Around 1997 Tang Pushan provided a polynomial algorithm for the clique problem. The two
relevant papers are "An algorithm with polynomial time complexity for finding clique in a graph" by Tang
Pushan (Proceedings of 5th International Conference on CAD&CG, Shenzhen, P.R. China, 1997, pp 500-
505) and "HEWN: A polynomial algorithm for CLIQUE problem" by Tang Pushan and Huang Zhijun
(Journal of Computer Science & Technology 13(Supplement), 1998, pp 33-44). Clearly this implies P=NP.
Zhu Daming, Luan Junfeng and M. A. Shaohan (all affiliated with Shandong University, China) refute
these claims in their paper "Hardness and methods to solve CLIQUE" (Journal of Computer Science and
Technology 16,2001, pp 388-391).

113.

114.

115.

116.

The P-VersuS-NP p age 112. [Not equal]: In February 2016, Mathias Hauptmann showed that P is not equal to NP. Hauptmann starts

from the assumption that P equals Sigma-2-p, proves a new variant of the Union Theorem of McCreight
and Meyer for Sigma-2-p, and eventually derives a contradiction. This implies P not equal to NP. The paper

"On Alternation and the Union Theorem" is available at http://arxiv.org/abs/1602.04781.
(Thanks to Rolf Niedermeier and Ryan Dougherty for providing these links.)

[Equal]: In March 2016, Steven Meyer established P=NP. Meyer solves the P-versus-NP problem
philosophically by showing P is equal to NP in the random access with unit multiply (MRAM) model.
More precisely, the P-versus-NP problem is shown to be a scientific rather than a mathematical problem.
The assumptions involved in the current definition of the P-versus-NP problem as a problem involving non
deterministic Turing Machines (NDTMs) from axiomatic automata theory are criticized. The problem is
also shown to be neither a problem in pure nor applied mathematics.

The paper "Philosophical Solution to P=?NP: P is Equal to NP" is available at

http://arxiv.org/abs/1603.06018.
(Thanks to Samuli Leppénen for providing these links.)

[Not equal]: In April 2016, Javier A. Arroyo-Figueroa showed that P is not equal to NP. Arroyo-Figueroa
establishes the existence of a certain class of one-way functions that are (i) computable in polynomial time
and (i1) with negligible probability of finding its inverse by any polynomial probabilistic algorithm. This is
accomplished by constructing each member in T with a collection of independent universal hash functions
that produce a starting coordinate and a path within a sequence of unique random bit matrices. The
existence of one-way functions implies that P is not equal to NP.

The paper "The Tau One-Way Functions Class: P != NP" is available at http://arxiv.org/abs/1604.03758.
(Thanks to Szabolcs Ivan and Christian Lidstrom for providing these links.)

[Equal]: In summer 2016, Eli Halylaurin showed P=NP. The main result is that PSPACE is included in P.
Because it is already known that P is included in NP and NP is included in PSPACE, this implies the
desired P=NP. The paper "An Attempt to Demonstrate P=NP" is available at
http://vixra.org/abs/1605.0278.

[Not equal]: In September 2016, Stefan Rass showed that weak one-way functions exist. These are
constructed as preimages of sequences of decision problem instances that are sampled randomly by means
of an explicit threshold function. As a consequence, P is not equal to NP. The paper "On the Existence of
Weak One-Way Functions is available at http://arxiv.org/abs/1609.01575.

(Thanks to Andras Salamon for providing these links.)
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Summary

It is shown that any recognition
problem solved by a polynomial time-
bounded nondeterministic Turing
machine can be "reduced" to the pro-
blem of determining whether a given
propositional formula is a tautology.
Here ''reduced' means, roughly speak-
ing, that the first problem can be
solved deterministically in polyno-
mial time provided an oracle is
available for solving the second.
From this notion of reducible,
polynomial degrees of difficulty are
defined, and it is shown that the
problem of determining tautologyhood
has the same polynomial degree as the
problem of determining whether the
first of two given graphs is iso-
morphic to a subgraph of the second.
Other examples are discussed. A
method of measuring the complexity of
proof procedures for the predicate
calculus is introduced and discussed.

Throughout this paper, a set of
strings means a set of strings on
some %ixed, large, finite alphabet I.
This alphabet is large enough to in-
clude symbols for all sets described
here. All Turing machines are deter-
ministic recognition devices, unless
the contrary is explicitly stated.

1. Tautologies and Polynomial Re-

Reducibility.

Let us fix a formalism for
the propositional calculus in
which formulas are written as
strings on L. Since we will re-
quire infinitely many proposition
symbols (atoms), each such symbol
will consist of a member of £
followed by a number in binary
notation to distinguish that
symbol. Thus a formula of length
n can only have about n/logn
distinct function and predicate
symbols. The logical connectives
are & (and), v (or), and 7(not).

The set of tautologies
(denoted by { tautologies}) is a

-151-

The Complexity of Theorem-Proving Procedures
Stephen A.

University of Toronto

Cook

certain recursive set of stfﬁn@é on
this alphabet, and we are interested
in the problem of finding a good
lower bound on its possible recog-
nition times. We provide no such
lower bound here, but theorem 1 will
give evidence that { tautologies} is

a difficult set to recognize, since
many apparently difficult problems
can be reduced to determining tau-
tologyhood. By reduced we mean,
roughly speaking, that if tauto-
logyhood could be decided instantly
(by an '"oracle') then these problems
could be decided in polynomial time.
In order to make this notion precise,
we introduce query machines, which
are like Turing machines with oracles
in [1].

A query machine is a multitape
Turing machine with a distinguished
tape called the query tape, and
three distinguished states called
the query state, yes state, and no
state, respectively. If M 1is a
query machine and T 1is a set of
strings, then a T-computation of M
is a computation of M 1n which
initially M is in the initial
state and has an input string w on
its input tape, and each time M

assumes the query qQitat+ao +h oo oo o

ONPOBJEMLBI HNEPEJAYN MHOOPMAINHNN

Tom ITX 1973 Bouin. 3
KEPATKHE COOBHIEHHA
VAR 519.14
YHUBEPCAJIDHDBIE 3AJIAYH NEPEBOPA
Jd. A, Jdeeun
B crarbe paccMarpuBaerci HECKOJBKO H3BECTHHIX MACCOBHIX  3a/iad

«HmepefopHOrO THIA» M JOKa3bIBA€TCA, YT0 STH 3aJlaTd MO;KHO pEIIaTh JIHIIb
34 TAKOe BPEMA, 34 KOTOpOE MOKHO pemarth sooOme no0ble 3ajadd ykasaH-
HOT0 THIA.

[locie yToYHeHHMs HOHATHA aJrOpATMa OBLIA [OKa3aHa AJrOPUTMHUECKas Hepaspe-
AMAMOCTH PAfla KAACCHYeCKUX MaccOBHIX mpobiaeM (HampmMep, IIpoGiieM TOKIECTBA dile-
MEHTOB TPYINII, FOMeOMOpPHOCTH MBOr000pas3uil, paspeiinMocTH JMO(PaHTOBHX ypaBHEeHHIl
n apyrux). TeM caMbIM OB CHAT BOIPOC O HAXOAJAEHHH IPAKTHYECKOIO cmocoba HX pe-
meHis. OJHAKO CYIIeCTBOBAHHE aJTOPUTMOB JJs DEUIEHMA JPYTHX 33734 He CcHUMaeT
JJIS HUX @HAJOTHYHOIO BOIpOCcA H3-3a (DAHTACTHYECKHU 00JbIIOrO 00'beMa padOTHI, mpemil-
CEIBACMOr0 HTHME aaropurMaMu. Taxopa CHTyamMa ¢ TAK Ha3bIBaeMBIMH HmepeGOopHBIME 3a-
JagaMil: MUHMMH3AIUH OyJeBHX (PYHKOUI, I0MCKA AOKA3aTeJbCTB OPPAHHYEHHON JIJHHEL,
BeigcHenns u3omopduocTu rpados u ApyruMu. Bee oaTH 3alad4l PellalOTCA TPUBHAALHBIMH
aJTOPHTMAMH, COCTOAIIUMI B nepefope BeeX BO3MOMKHOCTeH, OfHAKO BTH aJrOPUTMBL TP&-
OYIOT SKCIIOHEHIMAJBHOTO BpeMeHH pafoThl B y MaTeMaTHROB CIOKIIOCH yOesKIeHHe, YTo
6GoJee TPOCTHE AJArOPHTMBL IJs HEX HEBOBMOKHBL BBLI MOJYYeH PHJ Cepbe3HBIX apryMeH-
TOB B I0Jb3Y ero cupasefiauBoctn (cM.[Y 2]), ofuako JokasaThb 9T0 YTBeD:KRAcHUe He YAa-
Joch naromy. (HaopuMep, 4o cHX mop He JOKA3aHO, UTO IJA HAXOKIPHHA MATeMaTHIECKAX
JIOKa3aTeNbeTB HYKHO (OJbIIe BpeMeHH, UeM IS X IIPOBEPKH.)
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IJ 9:'\7 — I< . Abstract: A large class of computational problems involve the 0 70)]- *& EO) 1—5"_
determination of properties of graphs, digraphs, integers, arrays j Z N/ 1 A
jj—jo of integers, finite families of finite sets, boolean formulas and —_— ~ Q E
elements of other countable domains. Through simple encodings } \ \) I/ I\ /FZﬁE Fl:ﬁ
1972 from such domains into the set of words over a finite alphabet

these problems can be converted into language recognition problems,
and we can inquire into their computational complexity. It is
reasonable to consider such a problem satisfactorily solved when
an algorithm for its solution is found which terminates within a

number of steps bounded by a polynomial in the length of the input.
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We show that a large number of classic unsolved problems of cover-
ing, matching, packing, routing, assignment and sequencing are
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equivalent, in the sense that either each of them possesses a H = iIi:Z

polynomial-bounded algorithm or none of them does.
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1. INTRODUCTION

All the general methods presently known for cémputing the
chromatic number of a graph, deciding whether a graph has a
Hamilton circuit, or solving a system of linear inequalities in

which the variables are constrained to be 0 or 1, require a *QZEO)N P'i_'Ajl‘/_':(j:ZOO 3£: (—E_F EH
combinatorial search for which the worst case time requirement yJ Wi —\C 0

grows exponentially with the length of the input. 1In this paper =\

we give theorems which strongly suggest, but do not imply, that (/ Z é/ud)ﬂ&——: — Y)
these problems, as well as many others, will remain intractable e DH:H
perpetually.

JrThls research was partially supported by National Science Founda-
tion Grant GJ-474,
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determination of properties of graphs, digraphs, integers, arrays j Z N/ 1 A
jj—jo of integers, finite families of finite sets, boolean formulas and —_— ~ Q =
elements of other countable domains. Through simple encodings } \ \) I/ I\ /FZﬁE Fl:ﬁ
1972 from such domains into the set of words over a finite alphabet

these problems can be converted into language recognition problems,
and we can inquire into their computational complexity. It is
reasonable to consider such a problem satisfactorily solved when
an algorithm for its solution is found which terminates within a
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We show that a large number of classic unsolved problems of cover-

| ing, matching, packing, routing, assignment and sequencing are ﬁBﬁ$A$D Fnﬁ EE
equivalent, in the sense that either each of them possesses a H — ﬂEﬁ:

polynomial-bounded algorithm or none of them does.
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1. INTRODUCTION

All the general methods presently known for computing the
chromatic number of a graph, deciding whether a graph has a
Hamilton circuit, or solving a system of linear inequalities in
which the variables are constrained to be 0 or 1, require a
combinatorial search for which the worst case time requirement
grows exponentially with the length of the input. 1In this paper
we give theorems which strongly suggest, but do not imply, that
these problems, as well as many others, will remain intractable
perpetually.

JrThls research was partially supported by National Science Founda-
tion Grant GJ-474,
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