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S (X0 YL (V2)d + 2 1= B3 3¢/d4nBo FL1i4g > . 2 s
[2] [63 v &% 8 ht 3 Matim 1% & v o ip 4 k ¥ ,7
LBaB L, S otk RE L3,

39 (B 75 A3 5B 1 o L 0 9B v 2 SE L7 [5]
DE B LA R BT, A 0 apeche A—bt LD dv 3w Eu
Mckeanln 4 B 2+ = 3. B bk (B2 L fm ® 3 4
—b> BBt epedie 05 3. B w —b7 iR 5B speche
v 5 32 A% R T3 D FE AR B TZ 0.

4° (B.) o &2 B t 4% 5, W AR, 1BA T —I”«.. < , %5 3
FLR B RRE i 2 e bRDT 3 e AE LA
TOE, A o ospede i -l —b L ')*ekfn Pkt
Wohh3a, ThoBEIRL WS ), 4, T % h ¢ o> 0<a
<h kRIL TEM > R0, x I3 T e HF BRI A3 2
PG FolaMAEn HAVBI AORTR L F RIS 1z

GRS

('] Biskep, hL. & R, (ittomdlen , Geomoln of Mamifolde, Acad. Preaa , 1964

[21 Dywhin, E. B, MMW%WW‘CW and Monmegatice
eigprfuncliong of Mo lopluce Bellngmy vponaton, A-M.S. Damal. 12, 20+-228, 5.
[3])stm %%, 1 kD, Bamc/,z;ng Mahurr processso, 1,3, T, T. Kyste Unive, § (19657, 233—
27%; ¥ (1968), 26S— 440 T Cl1969), 95— lé0.

Ledit 10, iR, Q Conparisn theviom fan sudutions of Mochadkic differeritial
epuations, Vo eppesn in Ocala Math, T A rapaniios.
(51 %5 do B, Ona limk Mheonts for o AerMVLC4&z¢&ﬂp“44“¢£;"9 dffuriin Precens)
[61 kamrmﬂu—ec,F, 1., Now-negatie eigenpenlions of #e Belbrami-Llaplece openiton
O symmeliic apaces vf Ton-poslice cenvalune , Soviet Matl PoAl < (J9g3), 1130~ 1122,
(I McKean, H Y., Qn uppen bound To the 2pectusm of O on & manifold of Tegative
corvalune, T Piff. Geometry , 4 (1970), 359- 386,

[£)ikD  On fhe branching prowese for Bronian portiteo 2w MMM
/L«mcuwa, T, Math. 15980 Uniwr, 4 1965, 385-395,

[93 1R 1 | Limid Hewsm fon @ clas of brtmching processes, Mankins jrocesaes
and Polewtiod Uheorsy , 2°5- 232 Wikey . 1967,
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MARWKOV TRANDOM FIELDS

and GENERALIZED POTENTIAL THEORY

H. Kiwvsch

T. Tntvoduction

J/afézcr T3] auct Williaws LH] odiscovered a
connection between, sowme Gawssia, HNarkov random
f/c[a/s wirkls  discrete /dramc-écr and a randomn,
wall on “Lhe /aarameéér space. 7/76)/ wsed jentr—
ties o/ the /ﬂafemé/q/ ééeory of the rauclowns we lk
for the /arao/ of /wfa/ozféfcs of the ravdoua Ael/o .
However | ju doing so they Aol cover all cases of
Gaussiae farkov felds

S tbrs paper, we ake au @a/aaxife /aa/‘né
of view. We stavt with au arbitrary Caussiav  far-
Lov ﬁb/f/ with Aiscveite /Uardme-éer aud shopw 2hat
theve ecxist fuuctbions satisfying the ideatities of
drscrete /daéeué/a/ {Aeory , ﬂ/é&oujlr -t%ey are nof
Adefined i geneval with ‘the help of a swbstochas-
tic  Jernel. [n this sewse , we gewevalize Jiscrete
/yafeuéld/ bheory

Here | we em/aéa.:ize Lhrs genevalizaton of
potentiol Lheory . We give & theorens  concernig
the Dvicklet porok [ens (¢h. 3. () and define aud
Show Zhe elemiestary propevéies of petetials
(¢h. 3.2 awcd 3.3 ). for applications of this & the
bheory of MMavkev fields |, see our paper L[]
where also fhe proofs are giveq with  peove
details,
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T. Definitions

A randon freld /s a stochaséic process wrth
a  geveral pavapeter et T (usually intevpretedd
as  space ). We deal! with ‘the rscreée case ; so
we  Suppose T bo ke coumtalole. ln T we tfave uo
bime Airection for dhe definition of faviovity,
but we Suppose that theve exisés a  nejghbouar-
hood  relation y: 7x 7T —> {0, /] Such  that
Vi yl&t) =0 and ylés)=1 only for Ffiuitely many s
and  KEVs yl4s)=yl,2) . The boundavy of a
De T is thew definect by ODi=/[s54 D[ teD, 4t
iy

/Vaw, et Klt), te 7 pe a Gaussian rpandons
Freld with [X/é/ =0 . Thew X tas e /arkov
/Wo/aeféy Wit rey/aecé fo a Dc 7 Wy al
Vie D E(XHE)[Xs), s¢D )= E(X4)/Ks), se D)
X /s Mavkov jif /4 has the [TMavkoy /Wo/oeréy w.
rn to  all Finite Cc 7,

For any D& T define  HI(D)= linfXlé), {eD
(closuve in U /a/p/)) and let Ho= A (C 7
X s rezu/ar & /‘/” = {Oj € fmice
X /s J/hzu/dr > oo = HCT)

The Fo //ow/my Jewraa 15 @ Standdavd

Lewrmra 2./ Any X&), t€ T | jfas a Aecopupas tion
X=Y+ 7 with Y awd Z /ha/e/acua/eh &
(yu/ar aud 2 regelar

Froof : Fut Y(E): = g, K(£) | wheve T = orth.
projectiom ovrr A

Y siu-

7/
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. Genevalized éooéewéfal theovy

Let Xt¢) , te 7-/ be a ravclomn Frelol , Mavkoy
w.v. to all me—/ao/m-é Sets Z/éf , le. 7 a(é,s) g 2.
E(XQ) | Xs), s#2) = Z ale,s) X(5) (1)

o¢

We put alés) =0 if st | s0 dhe summation in
(1) can be ome over 7. Spitzer aud Williaias
treated the cas€ , when alts) s a substochaséic
kevnel. We breat tere Zhe gemera/ cace.

(1) can Fre wridten using Lbhe covariawce
f[é,s) = E/\’[é///.sj/ Since the comcdidiomna/ Z))&ccéaélbh
/s am arééajoha/ /a/a/'ecé/ol//:

Rlér) — 2Zalts) Ris,v) =c) It s) (2)
Sor Some nonnegaLive clé) (cle) is +the evos
OF rnterpolation ).

Heve Lhe commection wrétt oo tenial theory
hecomes clear . [F alé,s) s Sulbosochastic, then

) Js Just the e7ua-é/0h for bhe Green Fuunc tion,

By (2): E{ (Xt)- Tatt,r) xir) ) (X6) - Zaleg) Xig))-
= a(s,%t) cl¢) = aclés) cls) (3)

Assumption: c(4)>0 yVé (see [1] #For the
case , when c(¢) =0 Sor some Z ).

Tre /a//oh//hf v 1S basic
Lepwnria 3./ For any /;'M/ée c (Jléi/‘d[éd}é“_c

has a matrix  Invevse.
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Froof: let K l(€s):= |
= E£f[Xte) - £(X(&) | Xir), re 9¢)]- [Xls) = E(X(s)| Kr) ve dC)] } .
Theun éy the /pro/ycré/'es of condrtional exlyecéaéion

Ke (€,s c (£,
avd fy (2),(3) : = C(;S)}a/x,yj = 7(—(?/1/ - dt4q) 4766

7. e. o

| -1
Refinition : e (4s)= [J’(f;ﬂ-—a/f;q/nqe c] (¢5) tse C
he (¥ s):= 2= ge t4r)ale;s) te C, 54 C

A Function F: Dvop ——>7K is havnonic m D
i Vée D: Fté) = Zalés)Fs)

Givenn a Ffunction Fo: 00— R , bhew £ /s cal-
Jed the Solubion of the Divichlet jwololewr with
boundlavy values #o Iff F is havmonic in D and
FlE)= £ (£) VéedD.

Theorernr 3./ for any Fnite C | the Divickled
porololen (with avkitravy boundlary values) has a

unigue solution .
Proo f: Un /7ue ness follows Frows the fact | that
the matrix J’/é/‘s’/—d(é,sjép“c s wot J/M‘ju/arr,
Frowr the  Aefiuibron of e (bis) aud fic (Es), we
get easily  f (b4s)= ald;s) + ga/é,r/ be (r;s)
This Ja  dura /'m/a//”e.; | tha £
Fle) = Zhetltis) £ ls) éeD ; flé)= £ (%), 0D
s a Solubion of £bhe Dirichlet porols let

7. e .

Mow , we want to define potentials . for hs, we

prove Sewmra 32: Jin e /,5/5/ ex/sts.
' cr7
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Prooz‘: Let X=VY+ Z hbe <he decam/aa:/.é/bh m o sin-
ywlar and reglar poav &5
Then //m L(ZE) | 2(), rdc) = i L, .
For J#-é we thave : Y[s) aud Z[f) are  n H(/{[?/
ﬁyeé[rer witd e poenctess ce of YV and Z | this
tajpplics | that Y and Z are goluéions  of (/).
Witt ‘the belp of theoren F/ , we can Show
that E(2(¢)|Z(s) 54 C)=Zh, (¢, s)A(s) /i e.
Z ;s Markoy.
Then out of the proof of lfewumia T/
£{[2(¢)- £(2t6)|2(v), rd C)][2ls) - E(Z/5)] Z(r), ré €] f = g (he)els)
This  converges to EZ()TL) as C 1T

g. e- .

ﬂéf/h/‘é/.ah . g[f,.sj-' //m \96 (é,&) (éreen funcézah}
A fumcé/bm = T — 7}? wiéh Zly&r)l(gcﬁ's))) < 20
/s called a chavge , and

/o{é/ Z\g (€,s) y(xj /s the /uoéené/a/ with chavge @

Fewiark: Out a/ Schhwav tz - meyua// we  get
< clt)
glées)® £ glait) g(sis) £

Theoyewr 3.2: [F N /s a /oo-éewé/ce/ , they
/o[éj——‘falé,s//o[s/ is its chavge.
M-’ Sivice Z /s a solutiow of 7) , we jcé
afber a Avision of 2) ,éy c(r)

gléyr) — Zalés)g(s,vr) = dr)
This trpolies £he Hheores.

7 e A.
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Theoren, 3.3- /f 7" satisfies  FlE)- g_a/és///sj:y/éj
with = |gts)] (2525 )i<oo Lhesn )= Z5tis)pls) + hik)
with h a harmounic /ancé/om . hH s given éy
hi€) = c//r”; }:Zc_kc (¢, s) F(s).
_ﬁfao o SE TS obviocs bhat F(E) - gjfé/ij/Jj s
havmowic (Abecause of theorew, I,
[/M/yueues.s of the solubion of the Dirichleé
/arob/em sbhow s | fLhat hit) = SZ'/;C (é,&)h[&/ .
Now , 5(2/5]12/6}, Jé/C):Z-Z,C(é,s}Z[s) Inpolies
o rd C , 4+ C
/ S =4 " ’
ﬁ’[élr) S /]C 3 S)jﬁ/") jc/é/r/ re ¢, £ecC

Therefore = 2 he (2, s) Z 9lsir)gcr) =

— Zj(é,rj @(r) — i‘\?c (¢,r) yfrj
But Gelé,r) —> gl4 ) ¥E ¥r as C 7 7.
Fauvtbermore 1\7 (¢,v) — ge /—é,rj/ C(r) (Ig[é,r)lc(") +

Tt <)) = gldy” Fo(en HEYE 4 g (efg (S <

vy -
£ 29tk t) glov)t ‘(‘f)’ :

There fore ;l’c[éh‘}j,;ﬂ[‘/’/ plr) — 0 as C * 7.
7. €. o,

(Ora //ﬂry 3./. A /eaécm-é/a/ V. Jaé/\rf/es

crr //é /=

We Jleave 1t +to bhe intevestecd — reaofer , fo Ae-
Vc/O/o thirs é//eary /Mr{/zer. /n e
[er, we show /é%zaé flhrs é/zeary ‘§

Lrivial exéenx/an/ at least o1 tbe

pext c//a/a—
rea//), a  won

//omofemeauj
casée .

34



Sem. on Probab.
Vol .47 1977
P1-122

[V Existevce “theorewns

T =2Z2% thev we call a Feld tono -
geneous If the covaviance s  fmas/ationinvariant,
Theorew, 4./ There ex/sts a honsgeneous So-
lubion of (1) wrth cl€)>0 Vi ifF
al(ts)= a(t-s)= als—-%) and
Pix):= | = Zalk)e'™ 20 [Pb) etx < o0
M’ See ?ozauov EZ ]E”ﬂ

Theorem 4:2: /[/F ﬂ/és cl(t) , with clé)>0 V2,
satisfies (3) and Z_ br /75,\{/ < oo where
blt,s)=|atés)| | Lo (.4 s) == k"(¢,v) blns) , ¢hes
bheve exists a solutiow 07‘ ) .

Proo f+ See Wiimse LUV,

Theoremws < (y/'VeJ aw/)/ a Zwial yewera//zaéfam a/f
potential Lheory , since Gléis) , Geléis) and

he (éis) couldd also pe defined wilh poower serres
(lilre ‘11 Stauclaved /005514 tral élzeory) , aad «/l/
joleantities 7@//014/ £bew /I’Ohﬂ, a ééamje i Ehe
grclev 0f Swevineation. Hpwever, Lheorecw, [/ tudi-
Cates blhat Lhe Coudsdionm of Hheorews 2 are
too. stroug.

V. Possibole Generalizations

The flavior /w/o/aeré % of bhe Sfrebl XN comres
Frows  the finite sucge of the lkevuel alé,s).
But ju 4he case of a randow Lield X | which
satisfres EUX(E) [ X(s), s+ t) = 2—6'6[15/5) )([S) with
an /h//hiéc Suhn on the r/‘y/:é ~hand  sicle

q0
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we (ﬂeé proé/em.s with Lhe chauge in the or-
Aer  of  sunimiation.
ln ‘the case of a corbinwows foaranie ter,
, what coulod te £he cor-
Vef/aana//'hj “o ? alté,s) X(s) . One can ALbink
. . o
thowt oue ling like éa C/a,, 4,5) 25 Xis) A0 (s)

Lheve qre fovo loleser s

(rcmar/e , tbhat a fe”e"‘i/ neiyérhaurhood relation X
Corvesponds to a mulbiple Mavkov properéy e

the continuouns casce ). OFFf course, such e)gure&f/ﬂﬂs
dre 7uz'£< Joro lo/lenia£ic.

T here m/j/zé be Some chauces /n  €le
case T & IR awnd with a Mavkov /am/aeré 54 oF
Flinite order. An other possib /'//é/y s evewtually
a gemera Lzation 4o vector valued SFlelds ( the
alts) wouldd lbecaunie pectvices j

VIl Retfevences

[1] H. Kdunsch , Gaussian Havkoy rawdow 1[3610{5, H appear
(2] Yu. A. ’Rozamov} On Gaussian fields with eivav. cou-
ditional distributions , TPA 12 (1967) , 381- 39|
3] ~ Spi-ﬁzer , nn Ecole d'éte de prolo. St. Flour I,
Leckt. Notes i wath, 390, @Phuger ([97#) ,|79-85
[AJ D.Witligwas Basic 4Lheorews ou  harpesses , In

/

Stochastic Aua(ysis , ed. Kemo{a!l/Havdimg , 349- 63
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2%,
- _ [ +d-=S
Vi) - [ £U=S)
E(YtsYew) <)
<h5. 2HD (0,1 ;3,4) O FPBLTHT 2
59 LoFBEA TR yIER, TE DI HBLRH
PaLQ,R), cHL T, 7579 >BOF 5 ROMB FE I
E/EOLLOBETED, (Polevy [6])
COMBARMB, ROKHic L g HRE MR,
(T.Hio’a, I KwB'o) H. Nowmoto & H.Yoshizawae C4 1)
MEER
b, 1i i 2 i
O, =1#LR), 25¢2)eCTR) f 0 (R
sY MRS T Gelford tuplet
6, <(*(R) C D5
2, Diro FE &Y e’ g ns
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SLR)>§=(5'f) =#H it B,r 9
unitany R %

dx+ ¥
(Tg (xy ~ (pz+5)<f:(ﬁ1+g

BE L, S s ) BB x5 (BF JM)U)’&B)&?M“,
Le\U DEBREWRENRS SRR L 50 TH 3.
LOLNENG TOHBFIEKRE BT X -5
-0 7T >BHHEBL, S NHPGLMLR) D
R TIY>EGEREET TT O 1BD ND whitt nolg
o ERoMEE wzo BHER AROB>TRIUE ST L E
AT LicHh B

§1.0"czo%Hs T
NERcNL N PE DeroMyrsR2WMed
%, > OBy

0= 0@ )={T; HoBZE R, TOCD]

HERE oMo | THLEF, 2o Tr, Foy
LITHBEAZRELLIZXE.
I. 1 W3X-§-9&b
Bl b PR LTER), REFHSRH L L

D.=14; FeCMR'). V%) C°R) (LK)
ERY), O®) 0 1N -8 —FHHERNSD =RB.
(s)27h 5 (Safleoo = Ffexet)
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L3 ER &

. |
(3) 5 Tk =Ez:‘7c(‘i)
4z, tofRRL (D), (S) th3 M3 O"0¥rH#H &
%227,

I " Dpy] =D+

P | —_— i —
(K) T80T = 4 F (i) S K@)
THh3. L3 OERE (S8),(D),(T) 1§, ROV
SL(2R)9) L(R'Adx) L T9 2=9)-EREF23 .

- 1 +

(TF)ery = paT (5D
LOKBLF TAHS P.Lévy 00) BB FXIETE, &
(¢ #WEFmw T Hida, I Kubo, H.Nomoto & H.Yoshi
zawa, L[4 1),

L. —ML

Le—-MITAnicid, BERGY) I 163 L

kR HB5ERKNEIFELS B2 PGLOH,R) , M2,
Dz2=9Y —&£BEMD v HAAREIFVETLFLOCE h
% . BT (S)e(B)im -1, ROV T-HBIF4 3
0

(3) (S«@()‘)(g() = jc(q,,--')’t_,)g(; 1 Lo, - T ) ) L=, -

B) PP =€fex, 2% T, T il
Fe L(R™ o).
tok A3MBe FRARK)O L Xe (T))&w

Ry SHe CHORUE 9L, LD LETEHF,

3T, 1oBRES<ANR Dn Rro CPmBafks
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BRro3£0 L, & L3REBFA ProCaHo Fa 2
BraY FRETR, P'0 focalcoordimale &, £ L5t

) P9 cfiwquﬁ's commdimals A\ZRFIERES 9 1A C
TLUBELEZ3INTG, FLTHAE PP -1} L
}ﬂ\\’ (7)0') —W&fﬁé‘?‘rié t/

J = { M+K J -/ 5(& Py

T (T )y = () T Lo b2 2
3. <o) B 2H P 13

D =1 $,7eCTR), TeCAR), 1-1-4 1 1 LK),

2 N (o SN Iy Fffi= LT

(K) K{(f) :J;“S:(x‘),]_i L=l ,m

;'1 At Ao -1 Aoy .—j_‘_
feor—; BT (o, Lot T8 1-%*-"1.%)
(8 SIJ‘ ) :j{*SJ({)j’; 2#

f@ﬁ)H'FC‘X.,-* Xi-1, X““% ‘ 5(84! - ).

39 EHER {D:,S: K Sy t@sLWi R)9
PR ) = 5y 8% =8 ) ~&SL{ Ty geSLniRI | &
wET7. 2S5 LR A m%Tgwqumnﬁmt
LT

O°D>Fa{Ty;§e SL+LR) |
RIBHEBE.
L, AT g% T&E s NI A SHBS
T LTkd’ Fulir R0 k870 FHEF

FNTHIFEEETFAN IcE R FERBEEHS H 1=
LTV B 6354,
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— HBEAEMR 759 LBE (X330 —ML) &
CHL T UH <o D,

=, HBEFEM) BT, s 5 £ 3LMH,R) o) (H¢
TNRR)ZR Ty & ABWNET IHLLTEIHNToH
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