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BIRTCAERT Y —BREA DT RET Y —[AIERE &
Chern-Simons M EEZX

ALIERE (B - EDO)”

1. F

ARETI, AMKREDY—3BKM Y OB|BREHFTEREFREZE {1,(Y)} el %
HAT5. ZOAREEIE, AV AXY MY Floer BB Y —DREENEHVTERIN
%. T OREALIZIE, Chern-Simons PR DRI UEZ HWS. 512, ZD—HB ro(Y)
EHWSZ LT, 3B ER Y —IKEDART HRED Y — A, B|RKX%EFIEH
ICRF DT ONEREDINEZEAT L. TOBANS, 3L AED Y —[FHIEREICD
WTWL D0H LWHEEZEL . RFETHENT 2ERIE, TR, FREHIK e
DILFERFE T D 5.

1.1. F21: FEOQOY —FEE

R E DY — BRI, SIS BRAD PLEEER Z AR A SO ERBIZEb > TEHS
N7z ([24], [18]). (PL) REQY—RIERIE, KDL ICEHIND;

O = {HBMPLFET Y —nIKI }/ ~ g s -

ZZT, Y, &Yy H-[A5E (homology cobordant) THh 5 &%, BRI /N7 b (n+1)
IRTEPLERRIR W HBMEEL T, OW = Y1 1Y, WEEHRL Y, = W(i =1, 2) 1%
REORERN Y —ICFAMEZFET L2 L2\ D, BEERNIE, O (CATHMEtOME %2 5 2
%. 2 1969 4F, Kervaire (R0)I2&>Tn#£3& 45L&, O 2{0} THD I LIR
TNz n=30DW, 0% 1% BOPLEHREKDETERLZEDEREIZRE3 LI,
0% X, WOLRLHRADETERLZLDLEEZXS. LEOARAER Y —3EKEY
X, B3R NACVARTEHRAEW OEERE 5 Z e T WD, TOW
DR AL XD (W) (EDEAEDIEE — B DOEAEDMEE) 225 LIi2&k>T
HE[R Y
w03 — 727, Y]+ I(W)/8 mod 2

MEF XN, Rochlin FEELIFIEND. u(X(2,3,5) =1 THE95, n Z2HTH
5. 122U, X(p,q,r) &,

S(p,q,r) ={(z,y,2) € Cla? + ¢y + 2" =0} N S°

2L o THEZ 6N Seifert 3IRTLEMRIETH 5. (X(2,3,5) 1 Poincaré BRH & FEIEH
%.) T D%, 1978 - SO4EIZ, FAAK ([24]) - Galewski-Stern([18]) 1%, ['5-Z & 1172 5 LA EDIX
T E RS RRIE M = MIE R B2 D=0 OB+ NG, HHIREDY—

AR I% JSPS BHER 17704364, B L OB 7a > 547 - V—FT 4 V7 RFEROEE2Z 1T 725 DT
H5.
*e-mail: masakit@ms.u-tokyo.ac. jp
Lz (PL) A ER Y —nERE & 13, BERSEOY -2 S" ORER Y- LA TH S (PL) B n ik
TCERRD Z L 2489, ZOFERTIEIN ST uE, ZRKIE, Borkdbor§5.
22O, FE PE—REOHOFER Y —fREAMT I ETE S .(21)
33 - AMTTAIAHZ AR IR U C, PL SIS & GG 22 13700,




Ny

ADEH BERKX)

FO(AM)) € HY (M, ker p) WHA D Z & THB.] LWVWHOEHEZRLUZ. ZHITkD,
(03, ) =AML EDOFEMELEOE Z ENH S hoz. LU, ZORNT
X, 0% 1%, BRHETH 20D 0E0 0o TV o7z, ZD#, 1982412 Donaldson
IZ & > TRSI N7z Theorem A ([5]), B X TZFDOEHHIZ &2 Mk ([15) W5 Z
LT, %(2,3,5) A%, O3 DT torsion TR\WZ EAVREIND. F72, ZOFERE ik
5T, 1990 4F, HH ([16]) - Fintushel-Stern([9]) 1%, {3(p, ¢, pgk — 1)}, 2XO% D
TN THBZ %R LTz —FHT, 2002412 meWQ])ié%ﬁﬂm

h:©% — Z: Frgyshov #ERFE

ZHE U7z, T OARZEE X, Theorem A % BT & 4 IRGGERRIRIZ — AL 3 B BRIC
HRIZBENDAZEBTH S, S 5I12FD 10 4, Manolescu ([23]) %, Rochlin A2 &
p: O3 — Z)2Z M split LW Z & & RT 2 8T, ERTCMHEZ IR D =M1 73 8741
ZHEEMNMEI L 72, £ LT 2018 D £4E, Dai-Hom-Stoffregen-Truong([4]) 1&, 425
HEFR ¢ 0% - Z*° 2R L7z, 2D Z LiX, 0312 Z°-summand DMFEET 5 2 L %
HMkd 5. Lk AEnY—RBEHOERZ, ERIZDOWTOHRRRT. [5], [8], [16], [9],
12122V TIE, X DFHELELEDE 0, 1.2BEIIBNWT, I FH LA

1.2. BR2: 7 —VHER

BAIZBIT 57 — VG, 1982 HFIZFEER I 7 Donaldson DX 2 hF O & LT,

BRI DR Y — DO RMBILFEEIZZ S DB Z 2 52T, Fr—UHHmTIX, 4T
SRR X 1T L TEZIND, ROEY 25 1 22

M(X) := { VB D IERHP w8 0 TR D } /X

EERTSL. M(X)IE, “Z<0587, ARESZR &, ARIKIGEHRIKORNE % £
D. ZUT, M(X) DERIXTEHEKROEE» S, X BEDOEREED, L\05D0BT —
U HE ’Cﬁj—‘b;h/éAiAm]@(}lhm’C%é AR TIE, FIZ anti-self-dual (LLF, ASD) A
BXEZHVWTRERASNSHEHIZOWTIERNS.

1982 4F, Donaldson (¥, 272X A EEMETH 5, HHFEA AP 4TS Mk X 1206 L
T, ASD iIRRADMDEY 27 A ZEM M (X) 2B $TH I LI12LD, Theorem A%ZRL
7z. Theoerm A I%, BEFEA A 4 RGTLRRIKD L2 ADY, L‘%Eﬁtxb £, ®v(x)(—1)

CAMTHLI L2 ERT D, TOMHIE, M(X) Dl EARFEREZBETLI LT
fTbtvad. Z®d Theorem A, B X FZDFEHAIED, RO ZDDIREIZEHT 5. —
u;#—B?j—wP&ﬁ@4%i%ﬁ%tﬁ?éf—9ﬂ%?%b,%5~omJﬁ
B EARTEFREADIIRTH 5. HIEHIZDOWTIHRAR S, 1985 4, Fintushel-Stern 13,
Z@ﬂp%—ﬂ%ﬁﬁ’%94mﬁﬁ V74—V REHWCTS —VHmE2ERT S Z

&0, S(p,q,pgk — 1) 73, ©3, D Ttorsion THRWIZ L 2R U7z, HEimDHF Tid
%gfﬁ)ot &, X(p,q,pgk — 1) IS 5 A -7+ =)L R ZHWS Z & T, @
ERQUININT 5 ASD ARRNDOBEO—BFAEMNMRIAITE DI L THD. 517, TD5%
iz L5k 2T, 1990 4, & H ([16]) & Fintushel-Stern([9]) 1, {Z(p, ¢, pgk — 1)},
DO NT—IUMNLTH D Z L% U7z, ZDIEHIE, Fintushel-Stern 23\ 7 FEHF R
HICHIR T % ASD ARRADED—EFIE L, Chern-Simons B DEEFIED 5 E
FEEDODEY1AT7MAZERAICHT 2HWEMAGLEL I LITL-oTiTbNE. 20N
1%, Seifert 3IRTCERIRIZMNET A2 A —E 74—V RZHWTWAHE WS T, TDF
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FCIE, —BOFED Y- 3BREADILEEIX, #E L\, RIZ, Theorem A DIEFT & 41K
TR DILIRIZ D W TR RS . Theorem A 1L, “ S92 2RO & D 41k c%
BRAKW DR A AP S, Dy (—1) EFRBTHZ 7, LWH RN TE 5.
S3ZFBERY—3ERMY IZH D #1 X 7l Z AR S /= Theorem A L3222
5. ZOW, MOMWEEZEZ 5,

Bl 1 EOLDBBERY—3EKEY 12X LT, HLRE 117z Theorem A (XKL 5 D07

ZHIRT B —D2DEX L LT, Donaldson([6]) I, “BEF 0y € I'(-Y,Q) HiE R
TWB Y IZDWT, #i5RE N7z Theorem A DKL T 27 2T & Z2mU7z. (Y, Q) I,
Z)8T D EHRIRITT Q-RXZ MVZERITH D, Y DAV RE Y~ Floer A7 REQ
T—CIEENG. AV AXY NV Floer(3) AET Y —IZ, Floer([11]) i2&>TY xR
X9 % ASD HBADEY 2 7 A 28R TH I e TERSI N, ERIZERT
LB, A4 VARV NV Floer R E T Y —(%, Chern-Simons INEIE % Morse B & 3 5
“Morse RERY—" L UTHEINS. £/, M1LIIHTHE 5 —DORERRFE L
U T, Froyshov([12]) I, “Froyshov AZ & W(Y) B0 TFDO Y IZXR L T, HLiEE N7z
Theorem ADENLT 57 2 ZRUT. h(Y)IE, 1 VAKX Y MY Floer(a)FEBT Y —
D“HLIFRERY =" L LTORMEEZHWTERIND

1.3. FR DIFRICO VT OHRE

A VARV NV Floer MO Y — BI Oy DREED S, Oy DNHATWRITNIE Y xR
FIIEFREREERFZBHICE DL IR ASD ARROEIFAET 5. Kxix, ZoME
54 5 Z & T, £EED Fintushel-Stern AWz, BRFE RIS 5 ASD A12
ROBDBEIES, 040y € I'(Y) EVWS £ ERVNTRATESZ L 2B L. £
7z, diH ([16]) - Fintushel-Stern([9]) T, Chern-Simons LB D i 5L (2 B3 5 il
EHWTWED, Z0HE#RE, 7409 —&14 2 RF Y MY Floer(3) REQY —
I (V) BEW, 7408 —ROBEEN € I (V) (—00 <5 <0 <7< o0) EAL
BIETRETEDZERBIRU. 74 NVA—f(EA 2V AX 2 NV FloerhEH Y —
(&, 1992 4F, Fintushel-Stern([10]) IZ & > TEEINTWbD &, KENIZFUTH 5.
ZUT, 74 VA —ROBEEE Y € Ir (V) EAWTRER(Y) %

rs(Y) :=sup{r € R5,|0 = 95’7“] € I[ls’r](Y, Q)}

X TRERLLS I, FRKEZF I FEEMEAZLE L7220, H ([16]) - Fintushel-
Stern([9]) * Floer([11]) D7 27 =y 7 %{fi5 2 & T, RER Y —[AHEALE L 25 Z &)
RIND. £z, BA ([14]) - Donaldson([6]) IZ &5 1 Y AKX b ¥ Floer FEB Y —D
HAEHNARXZ, 74NV R—FEDGHEITBIETE I LITE 5T, ro(V) ITHAEN AN Z 5
ZTz. 60T, ro(Y) OEAERAREMES 2 LT, 0L 1M 1I1Zd D XD WD 7 1
WV hb—YavibZ7 dH - Fintushel-Stern D& L 7251 {X(p, q, pgk — 1)}, 1%,
IDOESITHIMU TV ZEWBETE, TNENPHOEELE LT TWAS Z &
5, {3(p,q,pgk — 1)}, MWOLITHBWT KM TH B Z & iF, FREIIZETHENS.

4 Chern-Simons LB E W2 7 1 )L & —.

SZDEIBRAERI, 29 ITBVWTRIICERSI N

CZDEHIF, A=Y ATV MFREBRY =%, ECHIZHJ 5 spectral A2 ([19]) DA Y A XY bV
Floer REQ Y —IZBI357F0uy—LE25.



ADEH BERKX)

ZOBI, BEC, ro(Y) DEFEFARZHANT, 0L 1T 20 D008 L WEE %2
Bz, (EHL6, EHLS, i 3)

2. FHER
ZOETIE, £7 {r(V)} OMEIZBET 2 EEHEZRBXR, ZDE, ro(Y) ZHWT, 0%
CESA DK RSN EZEAT L. M1, TOHKRINERIZLZEDTHL. SLE

KS([). q.pgk — 1 )}::

0% (>0) = e3,
e} (=)

0} (= 1/264)

O3, (> 1/120)

1: @% D&

DEMEFERP, WSO DIeAIE, K125 Z & T, fEMICHET S Z R TE 5.
2.1. FEE

RINAFED EEMTH 5.

EHE 1 (BB-EB-a0, [26], 2019) s € Reg I {—cc} EHMFER Y — 3EKA Y IZ
SUT, MIBRZHFTEOEBEALE r (Y)DPEED, U FOWEZRD.

L (BFAME) s <7251 rg (V) <r(Y) DEALT 5.
2. (rg(Y) D) & TDsIZx L Tr (V) DI,
{SU(2)-Chern-Simons JN.EE £ D BER 722 i 5L A D B SUE } 1T {00}
ZEENS.

3. (AEAER) Y, Vo2 R ERY —3EKMEE T5. 72, W 2 RXERADPAEMT
HZAVNT NERARTERED > T, OW =1L -Y, 27> TW0W5b 2T 5.
P2

rs(Y2) < re(Y1)

DAL T B, 61T, r (V1) DVERT, W A HERS 2 51X,
rs(Ya) < rs(Y1)

NDAVACIRSS
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4. (EFERIRAR) rolzxf LT,
ro(Y1#Y2) > min{ry(Y1),70(Y2)} (1)
D AYACIY

5. (FEEBAME) Froyshov REE h(Y)DWETH LI e e, r (V) DERTHEZ L
FFAMETH 5.

FE 1 9, DD Remark 2R3

o 2018 4F, Daemi ([1]) 1, HFIATO Y —3ERAY &, k € ZIZH LT, Ty (k) L IT
BB, MEIRA % I ORI RERE LR L. Ty (k) 12k 2 D\T, B
KINTH B,

Ty (=1) <Ty(0) <Ty(1) <

X 512 Daemi DRER LA VA Z 2 N Floer Big a2 HWTE D, kE BIER ST,
Iy (k)% FH 10235 %729, ZOZ 06, IROMWIZEHRTH 5.

B 2 Ty (k) & ry(Y) IZBIRI2 8 B2 2
ZAUSH LT, Ba 13RO T L A EEW L7

EIE 2 (FIB-cBk-50,026], 2019) LEOFREBR Y —3EKMH Y IZH LT

DAL T 5.

Ir VML T y(D)ANOWFINEEZDZ v 005, Ty(k)(k<0)&, {r(Y)}
DEHRIX, K7ZDD > TV,

. Y:E(2,3,5)#(—2(2,3,6k—1))( FHAE) T B, rs( VI s 12D WTER
TR, 51T, Y] = X(2,3,5)#(—X(2,3,6k — 1)), Yo = —%(2,3,5) D2\ T
Daemi D A2 & Ty (k)(k irtm%sz) FEAERIZA (1)%{%tém\

o HHERARILrg T UTDOA, Bk U7z, —fRD s 1I2DOWTIX, BIEZELRTTH
5.7

AEEZER UK, TOEMREMZMRIET S I EIEEETHS. KLl ROV
T AD Seifert 3IRTTE RIS U CEIE %2175 7=,

TROBIZI2BZ 2 FHRLTVWS

rs(Y)> min {rs (V) —s2,rs, (V) —s1}

s=s1+S2

(8]



ADEH BERKX)

T2 3 (FIB-1EBk-50, [26], 2019) (p,q) ZAWVIZELBLARBORT LT 5. £72, k
ZERBETSD. ZOR FRDs € Reg T {—oo} I LT

1

rs _E ) Y qk - 1 - —7
(—2(p,q.p ) P

rs(X(p, ¢, pgk — 1)) = o0
b LU,
ro(=2(p, ¢, pgk + 1)) = rs(X(p, ¢, pgk + 1)) = 00
N RVAC IS
[26] (21, Seifert FEBT Y —3BRMEIZEL T, K0 Z L DEIEBINDH B, F 7z, Seifert 3
RTEERFARD N DD DEFEFRNZ K U T, IRD & 5 iR 5 V2T 5.

i 1 (FIE-Bk-80, [26], 2019) Y %, Seifert 3 IRTTE AR DA FRAE O HAEH T
PNBRETY -3 E T 5. ZOHFE, 7, (Y) € Quo 1L {oo} BRI T 5.

2.2. 04, D74 RL—ay
E&E 104> %,

O3(= 1) == {[Y] € O | min{ro(Y),ro(-Y)} > r}
EUTEDD.
ro(Y) DEFERAXIT L o T, MBARINS.
T 4 (FB-1EBk-50, [26], 2019) (TEOEHr > 05 L IEr = c0 T LT,
03,(>r) %, 0% DERREL 5.

FE 2 k2 IEOEE Y 3 50, Daemi DAZE Iy (k) 12 LT, #EERMAR (1) 272
XRWHINFLETE720, [T 4V L= avz2EDD I eNTERN. £z,
—fBz, Ty (k) OEFEMARI, £EFBZSNTWARW., TIAT, kZ2 00U TFTOEKE T
LI, Ty (k) DIEBEALEREHNIA STV,

IR &, RO,
O}(> 00) €+ COY(= 1) C e C O}(>0) =0}

NEond., ZOHSHOFEEM 3 ZzALETEL L, LRHOM1 DX 5.
{S(p, q. pgk — 1)}22, 1F, MEEIZHEBL TWE, ZNENOMTH £ T2 5D,
HABETH D720, {S(p,q,pgk — 1) 15, M—IKMITH B & WD FHEEEZ, SIRMICHRZ
BLEMTED. ZNHDFOL(>r)IZDVTHR>TWE I EIE, £ <RV, ROKE
B, [16], [9] DFEROKEILE E X 5.

IR 5 (BIB-£EE-A0, [20], 2019) {£EDr > 0127 LT, 63,/03,(> r) X, 2~ %
HOREX L THRD.

7, BENSWIBAEE O%(> 00) I, ZEALZ L NDINS.

3. RT b AROY —~DIGH
ZOFEIIZT, {ry(Y)} P55 FTIHIZDWTHRRS,
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3.1. 3 RFTHREOY —REE

9, FEUY-HBERCIB T HERRS.

T 6 (FIF-1EBk-50, [26], 2019) K % SSHOFETHTH - C, h(SP(K)) <0TH
595, ZOH, {Si”/k(K)}z‘;1 X, 0% OHFT—IXMITH 5.

R(S1(K)) <02 WO EME, K1IZBWT, Si(K) A 0% (> 00) DIMIWVWD Z & % FEik
$5. TUT, HI{S} (K)}e, &M 1Ic 70y b U7, Bie MR T Bk R
TN HHOT YN IA Vv THE. ZOEMIK, KE2 = AOCHT(p,q) £ T 5
Z iz &, dH ([16]) - Fintushel-Stern ([9]) DFERZ2E LT 5. 512, h(SPHK)) <0
Zl7-SREOCBE LT, Ml - U7 74 MECHOMIRRS Z MK AIfETH 5.

il 2 (HE-fagk-20, [26], 2019) A(SP(K)) < 0 %2723 MEFECTH, 774 b
OV H D BRI DT 5 .

O3 DIATIZEIE, Seifert FEBV Y — 3BREIINTEH2HDNIELAETHS. —F/T,
0% DETDILIE, W 3T ERRIAEEZREITLE LTHROZ LB S NT WS ([25]). %
DERP S, IRIEERBFNTH 5.

B 3 0}, D& TDIIE, Seifert 3ITLEMAEZAFILL UL TR DN ?

ZOMWDEZIFETH S, T3l 2015 H1Z Seiberg-Witten(LLF, SW) Ham S %
AW T, Stoffregen D3GERAZ G- 2 72 ([28]). 1.1 ETIX ASD AR Z W TR/ LN S,
Yang-Mills(PA N YM) BiERIZ DWW T DA, ik 7208 75— VBRI IE, SW AR Z W
TSNS SWHERANH L. YMHEHE SWHEIZ, WU THRBLTEZERLH D,
HAZHE OBIRIFEGR I N T & 7. B4RTERRIRITN U T, Donaldson A28 & & SW
AEEPEMTH S5 L WD Witten FREVDH O, TD—HBMEIrNT WS ([7]). £z,
Theorem A I&, YM HiGm & SW HEm O Wi ERICH W T BETH S, — AT, ko> %
Bk dEa v 82 b 2T A5G, ERO MBS SN TE ST, EBICRTT 2
DPAPTH B K5 0L < DENMVBH 5. Hald, YMEGRZHWT, M3DEZNET
HoZ LDHEEHZE G R Tz

EIE 7 (Stoffregen, [28], SW i@, 2015, FIF-LB:-A0, [26], YM ¥Ei@, 2019) 0%
DILTH > T, Seifert FEV Y —3EKMMZNREKLE UL TEXRVEDNFIET S.

7z, “HEAONZBFEOY—=3ERAEY IZXUT, Y D0k bR ER R ZRD 4150
SRRDBR L2507 L0 S [EI, 1.2 8 T N 724558 X 4172 Theorem A TR L
Bk % R - T & 72, Bl 2R, Seifert FE T Y — 3BREPHEOH M cELNS HRED
V—3ERkmEIE, BT, KEFAVEEME, H USIFAEMTH S 37 NEM 4IRS
FRIRDIEF L7256 Z e PHIONT WS, r(Y) DEFEMARZH WS & 3IZEHERS
TR MOMWIZEEZZ 525 LNTE S,

B4 ZAEADEEM, © USIBAEMETH D a7 AR 4IRTEHIKRDEERIZ
RO, REOY —3BREIFFMLET D07

ZHIZH LT, IR&ExRLU T

EIE 8 (FiE-cEk-a0, [26], 2019) RAFAMNELMHE, U IFAEHETH 5 4100
RO 0 3700, REBR Y = 3ERMOE {Y, 12, PMFEET 5. KT, [Vi] 13,

8 Pin(2)-monopole Floer FER Y —Z2HWTERIND «, 8,y EHOVTRI Nz,
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Seifert HE T Y — 3B, FOHDOFMTHT BHER Y —3KEE G E B, 512
ZDE>R V)2, %, (V] O ITB T M TH 2 & 5 ITRRZ EHT
x5,

TEHSDRE UT, WHLTHHRES . ZOFREED SWHEZ W2t BHIZF S T WA,
5T, 32 &0 —M bl ZRwe LT,

Bl 5 0} DETODItIE, Seifert 3IRTCEREDMAFEG THRIL S NDE D7

EWHRIWDH B, — AT, il 112 L >, r (V) &, Seifert 3¥RITEBEIRDIRALEE A
TEPNTVWEH. AHBTH-72. T2bE, r (Y)W EEKTHE L5 2Y 2 KR
THE M5 ICEA 2525 NTESL. ZNEREIZ, RO LS HREEEIT T,

AVE21—%58E 1 EEDsIZH LT

r5(S55(53)) A~ 0.0017648904 7864885113 0739625897 0947779330 4925308209
1070 A=K =THWALT 5. 72721, 57 ,(53) &, Rolfsen D7 — TV OFEOH 5, D, §i
BD12FMhTH5.
D% RS & INBURBA I A IE D 230,
B 6 LD s TR LT, 7,(57),(55)) 1S MEHED 2
Z DR WP E MNP NT5E, RINDEI e LT, RIBD 5.

i 3 (FE-tcik-20, 26], 2019) b LM 6 PWEENIZE» L, 03,/0% 1%, Z %
WAL UTED. 272U, 0313, Seifert FEBT Y —3BRMEIZAEK T N5 03 DI HE
L9 5.

4. RFEEREIRE

4.1. FEOY—RAEEHICOWVWT

OF DHEHEIZBET 2 KRFRFEE L LTIk H 5.

B 7 ©% 1%, torsion 2K DA ?

ZOMEND—DD7 7u—F & UT, HLFEWZEE ORI, RO X 5 2 nlagk
RIERU K% SSHOAARECRE T5. S(K, K" % K & —K*(x 38R D) O
ATI54 AT B, ZO 2S(K,-K*)] =0 0} THEZeMBHAISNTWS. Lo
T, BAMEOH KTho>T, S(K,-K" )M ehEnY—FAETRVWHDEFKATE
X, A#K 2 D torison DFFEN DS, ZHIZDWT, AERE r (V) IFHZ LWEA
D

Bl 8 ry(S(K,—K*) #00 TH 2 LIWAMKEVCHK & sid, FIET 507

Z DMV E RPN NIE, 03 1T torsion WRDNE. F7z, Fex DML 728585
BEDH O3, (> r) IZDOWT, IRD & 5 8 H 5.

B9 r < IZXULT, 04> r)/03(> ) IZERERN? 7z, 0% (> co) A RE
Jhs ?
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Z OFEX, 03 2 ROINZ L CHEST 5 AReEIcEb 5. ZoME~NDT T
O—F& LT, B4 OFEE, SWHITHWONTWS “FAM " 057 =v sk
HABDLETISIZED DI AMEREZEAZSND. 72, 03(> co) D Z>° DAt D5
HELUT, {S(p,q,pgk + 1)}, DB 5.

10 (p,q) iEL\L%EH@&(@/\?&T%ﬁ {3(p,q, qu+1)}k E, —RIRNE

SWHERZ W TE»N S, 10/8 & ([17])) 25 Z & T, (2, )b‘torsmn’C&b\
ENGIrG. —H, YMBEGEEHWTHES NS X {r(Y)}, Fy( ViE, 2(2,3,7) iz L
THH(SPIZHTAEEFEL) &0 5. SW@ Mmoo ND LZEeEIZFORERY —
FIBEAZE R o, 8, v([23]), k ([22]) 1%, B(2,3, ) TR UTHATWRWIZ LA LN TS
D, INoEAVSZ X M10%2H XEE’J RS BRIZIE, —DDAREEE 52 5.

42. 1 VRAY YV MV Floer REOY—ICDWT

Tz, Sf/k(K)ﬁ§—Y9(§$ﬁ“G%é7L:&)@+§J\ %5 2720, ka( YDA VARV b
> Floer FEQ Y —I4, A?b‘o“CL‘iIL\ £0 ﬂx@‘?‘iU‘EKLﬁbf A VARV B
> Floer Bl % HEIZH DS 720121F, Floer R EQ YV —DEtRENPEE L 05,

B 11 26§ 0 H K&, 0 TRWER k€ ZISH U T, S (K) D1 Y ARV k¥ Floer
']_\:ED/ %.’n+%:'d_41

FRZ K = T(p,q) &5 & ZTOFFEIX, 9] TlHbNTW5E. £/, HHEAED—D
DHEEMEE UT, P2 E WS WS HERH 5 ([3]). mRIZ, 1V AX Y Y
Floer BlEmIZ B 1 5, AN MEEZ 21 5.

B 12 —BDO3UMGEERMAY & SUQR) RIZH U T, HEENK SRV [E" 1 VAR Y
k> Floer v €0 Y — 2k &,

ZOMBIZIX, % < OAPFRENRIGEITHRER L T ([13], [2], [27]) DY, K72, PEiyzs
EFHITE 2 Ea%m\m\. IN#EDRRTEIL, “7r —VHEDEE 7 12D B2 H D,
ERIZFGIZE D, BENCH T 2MEEMER, “02 £ 07 BT AMENENS.
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2770 Va- 77 —HER»SHEI N
R REEERI L & Z D8I

JIIIES BB (USRS SR RS S B PD)”

SHMeaE/AHEH

1. EA
AR CTIIZHREIETEETERDOLZVWEDER2EZ 5295, /-, AFTIEEIZC®
WMDLIIK%EE Z, O REHRE VZIEEIZCo kLT 5.

EHF 11 M% 2 IRTEHRIKETB. M EO RO R0y v T L2510y 7R
ThHdEE,wDHAFEN, 2FVdo=0TH>T, EEDxe MIZDOWT (W), # 0 &7
L THD. MBBIRTEHREMEZTDEDY TV TF 4y 7R 0 D (M, w) %
DVUTLITav IEBFRIEE WD,

MENRRBERBDF[HEL LT, Yo7 L2274y 2R w s x e MIZOWT,
we: TMXTM - RIFZIRIERE UTIERILE B Z s NT WS,

TFDOHEID XS IZRERIZIZERRY VTV T4y JRBEEDRAD. TN ZThY v
TV T 14w 7 RMZ DI SHEE U 7 SRR TH 5.

Bl12 N2ZAL 5. NORERTN I RO LS mEARRY VTV I TF4v 7
fﬁwo%:%?

n:T*N > N2 HRREK L T5. 20L&, — MR A % 1(v) = p(r.v) (g € N,
pE T;N’ v € Tpg(T"N)) RO ERT S, wy=dly £ T DL, w T IV o Tav s
EXThH5.

VYTV T vy IR E Z D MOERE L, PR A @ L2 — < & DB
R, I 7 —XFMED AR DR, 77— T — Rl & 8 U 72 RECET & DREfR R ¥ 2
IZHEB N, 2 TIREIZT B,

M,w)2> > TV I TAavIERMKE U, ZD LD COFERT VIO T ES % X(M)
YB3 MEDEBH: M>RIZDWT, FONIJILNY - R MNUIBX, %

FEEDV e X(M)IZDWT, w(Xy, V) =—-dH(V)

Lo TEET S (IFIEREZRERLZDT, 2OL5 R X, 1 E—RIZEE 5).
HES' 2SS =R/ZIZE>TEDS. ¥/, ARETIREEKEFELa VX7 bEE2ED

NINKIVEREEZS. DF0OARIIBEWT, VT LI T 149 IZ8E M, 0) £ED

NI KN VEEEIL,BONLEEMH: [0,1]XM >R TH>T, ZOEHN[0,1]x M

ADOIAVNY NEBDEEGERDEDEET. 72, "INV M VEEH: [0,1]xM - R

IZDOWT, ZDBINIA =R 1 2BEEL-HD% H TEDS. DXV H: M >R%

H((x)=Ht,x) Ik >TEHT .

ARSI R GRER S:18100765) DB Z %213 725 DTH 5,

F—U— N HBERE, NIV N UMAFRMER, 775 Ya s 7L T — M

* T 606-8317 FUHRIF R T 22 5K AL 1113 2 T 50 K 27 B AT B 5 7

e-mail: kawasaki@kurims.kyoto-u.ac. jp




1z NEEE REBX)

NIV VEHEBH: [0,1]XM - RIZDOWT, ZDONINV Y -4V b E— (¢! o &
IRFAIZEML T B R PV (X)) I K DR E LTRERT S, D0, R ¢) =id
——_&m®%ZbTEaT5E@;@ﬁwHa%ﬂbZM%HE K WEMRSI N/
SN UMD REEREIEC, NIV N VD S ERS NAMA R GG EZ NI b
VA REBEER L S,

VUTV T 4w TERRR (M, w) IZDOWTAHAIN N VDOETEESEZNIIL N VD
BEFEEE L LY, Ham(M, w) £ KL T 5. ZHIEARTOE D BERDERIZ D WTEEZ KT
(72720, ININW DN VEBTERINE] EWOTETOEED-D, EBRICREZ KT Z
LT 5D LIEAHTH %)

XC, 22Ty TV T 4y 758K EDARZEBE LTIV b U0
HEERUZDITED, bR Y =R MAOEMER LS TNE YTV IT109 0
W& 2 RO FHEBRDOKTEETH D v TV 7T 4y 2 FEMHEES AR ST
HAS AFEDNIN S UMD FEMEEGIEY TV 2T 4y 2R ERFEL, HIZWA
ENIV N U RIFREZY VTV o T 4y 2D RO EFE D RETH 5.

NIV VS FEMEEHam(M, w) % TV —F] L ARTHE, 20 V-] Thb
Lie(Ham(M, o) 1ZN3I )L k>« RZ MUVGO K TR ER &2 5. NIV Y - R2Z b
JAGHIN IV N VEHBDOMAD DA TIRE D Z L 25 X 5 L, Lie(Ham(M, w)) 1 C®(M)/R
T E, RN IV b U FEERS TIRERGOTY —HE) THh 5.

IR, v TV T4y 2 8M% (N I)V bV J17F%R) DB 5 non-displaceability D
fEZEZ 2 5 D70, ZHEEDPRIRT L AN IV NV HERVPARETERS & 5 7%
Rt 2RO Z LI ZOMEDHEHAI D D. X, Y22 VTV 7T 149 755K M, w)
DEDELE LTS, XY H 5 displaceable TH 3 L 1%, H 5 f € Ham(M, w) HFLE L
T, fX)NY =032 TH5. ZIZT, YIIYDEHEATH 5. HIZ X 7 displaceable
EWV o G EITIE, X DX HE7» 5 displeceable Th 5 Z & %457

FTWRRTDEEEEZLD. ZIRTDGE, Y7L v 7RITHEEER
E—HT20EH-T, ZOMEEZH ULHET 5 LTHMTH 5.

Bl 1.3 ZIRGTERAIS? %2 S2 = {(x,y,2) eR? | X2 +y? + 2 = T Ko TERE L, BEHER 2 >
IV T a4y 2R (HEERN)w 2E X 5. KB F: S? > R%Z F(x,y,7) =z CED .

ZDEE,Fl(c)ldc# 0D& Zdisplaceable T, ¢ = 0 D & X non-displaceable TH 5.
B X SO3) < Ham(S2, wo) 7* 5 L72A35 (2 2 T, SO3) IFMEHER A Gt & 2 Az §2 D
] & 2 ROFRAEMO IR & [ —H). BEIEIN IV VMO RBEEGRY T Lo
TAv IR =EERZ2RETEI LR S.

F~1(0) 1ZBH 5 22143 [FIAH B4R T displaceable TH B DT, ZDHINR S ESH Y VT
Vo T 1y 78D THIME] 20D Z5 80N EELNETHAD.

Bl14 —RCh—F AT % T? = S' xS TEHKEL, fY ma//7v774/0ﬁ
XA NDw 2525, ZOLE, LEDc € SLIZDOVWTRAMR (¢} x ST ¢ T* I
non-displaceable Td 5.

ZOBNFFEEMARIZIIEINDE Z L DEZVEDTHD. EWVWIDL ) xSHIXT? E
DIFATEE) (x,y) = (x +a,y) (a # 0) TEZIZ displace T4, ZDFATRBENILY > T Lo
TFTAY IR w ZRODPSTHS. 2F0, 2NV TV 7T 1w 20 REEAE L
NIV N U4y [EIAHBAS & T displaceability (20 H B Z A RLTED, NIV bV
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NERFAED THIM] OFEZBRSRBTEIEDTHS. £72, NIV bV FERITIE
B—7 7 — %O AREHE - BRSO FEER MO THIME] $Ho5nTWER, Zhs
& non-displaceability & DR E AL X N T WS (Bl 21X [Po98, Pol4]).

VTV I T4 T ERRMR (M, w) EORIRIEFE LR WANINV N VEREF,G: M - R
WZDWTC, ZDRT Y VIEF,G) % w(Xg, Xp) I L > TEHET 5.

EE LS M) Z2nIRTY YTV I T 49 0% MKET 5. oM REHRD: M — R
PERD I, jIZDOWT{D;, 0} =0 %729 & &, BEHMEERTHL L\ D.

HEENEGMRD T 7 A /N— D (non-)displaceability I&/i < WSS 4, K2 b —V w 7 &5k
IR E B 5 BAR D £ 2013 2000 FACBARERR 2 2RI L TN TV 5. HEEERD T 7
A 7N —® (non-)displaceability (Z 2T D HHFER T, ARG CTRIZEZE L 725 DT T v

NZ7EeRVTOT 4y FIZLBUTNOEHTH 5.

EIE 1.6 (([EP06]) ©: M —» REZHY Y TV I T4y 74K EDHEBIEESR L T 5.
ZDY X, ®lEnon-displaceable 727 7 A1 N—% 5D, DFE D, HDy, € RFBIFIEL T
®~!(yp) I% non-displaceable & 72 5.

AROXEIT L HHNK 222528 Ths. €F1.61ENINVIY - T
7 —HEEHWTIEH I 0D, ZDOHNNZEZZ R 512H->TCEI7I7 Va7V
T—HEmAEHWAZ LTS, T L DA U AEMAIEREEIZ DO WTIZEIZEHIT 5.

EE LT M) 2 2Ry Yy TV I T 49 28 E T 5. MDD ERAK LD (M, w)
DTSR THZ L, LORTGHEn T, =085 TH5.

5] 1.8 ZHAKN DREER T*N DZEYIW Oy (X (T*N, wg) DT 75 > 2853 2 K.

ARIZBWTIRHIRE TREDOR ] 575 0 a4 kiihkz FI2EZ BN, 2D
TR EMPEIZT 272012 TRVWERHE] LW 022 TEeHTHL.
EELI M w)DT T 72T 2D ERAK LM () 2723 1%, LFDSRMADO W
TN EMZTIEEZ N,

() (M,w) "D LEHZHRIEN ORBERTN & ZDOREHERZR Y VTV 7T 19 7R w,
T, LIEZDEYW Oy TH 5,

(i) (M,w) DAY VTV I T 4y %K Tr(M, L) =0.

FE 110 ARICEIGT2EHOL LD —BRORNTEHIEFAIRETH 203, PP 2
LI ZEETE7201IZ EOXSIzE N, EMREIFICERT S, 9770 Va- 7L
7 —hEOY—DIEHHEERIARER LM TH B,

EELI LYY T VT 4y 0% MEM,0) DT 75 2T ai L RIRTERM: (x) %
WzdHbDE T35 0: M->REMw) FOEHEGEHRE T 2D E, Hby,eR
DPFIEL T, @ Y(yo) X LD 5 H @7 '(yp) 22 5 & non-displaceable & 7 5.

AR TIHER 111 %2 Zil 0 O FIETHEILT 2L T2 D 5. 2O DDOREFE/LIX
FADBES i izdEd b0 TR, TNETWREDIHZR >T0wsHDTH 5.



14 NEEE REBX)

2. R7 Y VIEIAEE
VTV I T 4w IEE M, w) ED1DOREE = (F,,...,Fx} IR U, k(F) %

K(F) = max ||{Z %iFy Z ViE,
WL DERT D, (M, w) DERBEEU = {U,,U,,..., Uy} IZDOWT, ZDRT Y VHEIR
ARZEE pb(U) % pb(U) = inf k(F) IZ & > TEFET S. T2 T FRinf 3 U THBET 3, D
F0Supp(F)cUi=1,....N) 225 1 DNEF LOEDTH 5.

FE21 Y F - FkDOERIZEEFHREGRYE FHIEHRLED L. ZOLREE
DEFD TIEEAZENEOZHBA] 2, i T 14X O RS O FHT
% 5.2 % ([PR] D Section 9, [P]). Z ViEAHEEVERIGR B O THE 5] ([PR]) ThH 5.

ME22 O: M —» REEFEFHELGHEL, V = (V,Va,...,Vy) & O(M) DAREIHK
B35 ZokE, MOERBEE OV = (O'(V),d'(V,),..., 0 (V)T L
pb(@ V) =0, 705,

COMBIMEEOEFEEHR O: M > R CATLEZDIE S D REEA,B: d(M) - RIZ

DWT{Ao®,Bo®}=0D D iDZ &2 HWNIEES IZRES.
NINVPVEHEH: [0,1]XM >RDA—7 7 —E|H|ZUTDOLIIZEHET S.

1
[|H|| = f (max H,(x) — min H,(x))dt.
0 XYM xeM

M DR EE X, Y IZDWT, X DY H 5D displacement energy E(X;Y) Z L FD & 512
EHRT D.
EX;Y) = inf{||H||; H € C>([0, 1] x M), ¢5,(X) N Y = 0}.
X 23Y 7* 5 non-displaceable 785G IZIX E(XX;Y) = 400 25, F72, E(X;Y) %2 E(X;Y) =
min{E(X; X), EXG;ICX D EHRT S, M OBEWEE U = {(U,,..., Uy} I2DWT, E(U),
E(U,L) % ZNTNEU) = max; EU;; Uy), E(U; L) = max; E(Us L) IZX D EFET 5.
ZZOWT, AT a Ty 4y FIIA R E2R L.
EH 23 ([P]) U={U,...,Uy}E M DBIHFE T, % U, ld displaceable TH 5 &9 5. T
DeE EU) >0T,
pb(U) > 2N?* - E(U))™" > 0.

2.2 LR 2.3 D O R 1.6 DME S . THEDBIFR CREIHIZHIZX 9 523, [displaceable
B A D+ /NS VBT 1 displaceable] WD FHEE A WIIZRRWHEMETH 5.

EIE 2.4 ([Kal8]) LZEEM () 229575 v Y2tk 356, U={U,,...,Uy}
FBAME T, AU IZ L L IXU; 5 displaceable ¥ §5. 2D & &, E(U;L) > 0T,

pb(U) > 2N? - E(U; L))" > 0.

MEE2.2 L2405 111 S DIFEM 1.6 DIGELFEKRTH 5.
B 2.5 (Uy,....,Up, Vi,..., V) E W, Wy ZZNNENS OFIE CLA R 237329 5.



8865 NMROY— 2V RYY LFEIEE ROI19FESH FAHTM) 12

o EEDL, jEkiZDWTU;#8",V; 8" & W, S DKL,

e EEDI=1.... . MIZDOWVWTO0e U, fEED j=1,....,NIZDWTO ¢V, HKIL.
ZOLE T*ORWBEU, Uy, U ELL N TEET 5.

U, ={U; xS, V;x S, Uy = {U; X Wi, Vi x 8"} s Us = (Ui x Wi, Vi X Wil e

ZDLE, pb(Uy) < pb(Us) < pb(Us) BHISNTH Y, ME2.2 X 0 pb(U,) = 0, EH 2.3
X0 pb(Us) >0 %5, Z LT, EEDEH24 XD EAFD pb(U) > 050 5.

3. B &R
EH1LIIDOE 5 —DDEHICEE 2B £ 5.

FTEFZ UM 7ERLTOT 4y FIZEDEAINZH L WO ZHAT 5.
E&EIL(EP6)) X222 T VLI T4y VLR M, w) DIV NT NBDEEET 5.
MDAV NESY I ROEM 27T HEEER O = (O),...,0): M — RFH
GFHETDHE EIZBE VD,

(1) 5y e RFEELTY = O (y),
(i) fEEDy # yo 2D WT d!(y) Ik displaceable TH 5.

[EP06] IZ 5\ Tl (M DSBS RRMA D5 E12) (T D3t A non-displaceable T 5 Z & A3
AEHE N, TN S 2B I L6 MR o Tz, £ D, [EPO9 IZHE W TR X & (258
W T 2522 AU FOEHDOILTRI Nz,

EIE 3.2 ([EP09]) (M,w) 2> > TV I T4y 72K E U, X, Y % (M, w) DL T 5.
ZD L E,XIXY H S non-displaceable TdH 5.

LOEHTX = Y DG % F ZNIXE D non-displaceability AU 72535 .
B THHNR] & UTEEPEALZMRIEILLTTH 5.

E&E33(Kal8]) X2 VTV I T4y %A (M, w) DIV N ELGLT 5.
MDAV NVELEY L TFOEM 27T EHEEBR D = (D,...,0): M — REM
GIETALXIZX-BE WS,

(i) Y =07(0),
() EEDy #0122V T O (W IEX £721Z 0 (y) HE 7 5 displaceable TH 5.

B34 V=< ZEEW, o) LORERTN ETEEBH(q, p) = 5lpll; 25X 5. HIXEK
B—EDOATHKTNE D THEEEEGHRT, H(0) =0y AHD T 71 3= 0y £ HW
2R D B2\, KFIZ 0y 72 5 displaceable TH 5. U723 T, ZEYHIWi Oy 1L 0y-ETH 5.

ZDEED TFHMNEK] IZD2WTEMHI2IZHYTEIDIEILUTOEMTH 5.

I 3.5 ([Kal8, KO19b)) > > TV I T 1w ISR ME M, w) DT 7T > 258532 R
LIZZM () 27230 e U, X, Y 2 L- e 35, ZD L X, XX Y H S non-displaceable
THb.



1€ NEEE REBX)

COEMMNSEH IR EEBIZNS. 2O 0Ei-% L% o ThEZFn
DR [HME ) 2D Z B MBEDTHLEM, TNE2EBRIZR DI TWEDONELE L
PriHBERE K & D H[E#FZE [KO19c] TH 5.

EE 3.6 IBODNREEBH: TN - RDEM (%) 232 1F, LFD
() EEDc e RIZDWTEHDES H (oo, c]) CT* NIV IXT b,

(i) AEDge NIZDWT,
H = min H
(4,0) Jmin, (¢, ).

BT e ThB.
S (%) BT T EKEH: TN - RIZDOWT,

= in H 1
my r?:}@‘;l%}k (q.p) (D)

CLUT, TNDOEHPEESy 2 PO LI IZEET 5.
Su=1{(q,p)€T'N|H(q,p)=my}. (2

A (h) 27T B E LTI, AV F =B H(g, p) = 5lpll; + UlQ) R ED D 5.
727U, slIpl; IGEB T AV F — (g 13 — < VEHR), U(g) BRIBETZ X V¥ —Tdh 5.

I 3.7 [KO19c]) N #FAZREAE L, @ = (y,...,D): T*N — RF 2 REER Lo iHE)
BEHE TS, FHIZ, O IR x) Z2iZLTED, O o) DWHES DF D,y e REDIE
TELTD(Se) = & BDENET L. ZDLE, O (y) AAD DD T 7 1 N—135Y]
Wi Oy 7° & displaceable TH 5. KFZ, O~ 1(yo) 1L Oy- 8 TH 5. EHL3.5, #13.4 X D O !(yy)
Z 0y 22565 O (yy) HE M 5 non-displaceable T 5.

ZOEMIZE>T, HIZIETSOB) LORFEDRTH D77 T Y aDMET*SO3) —
R3 D 1T 0g00) B EFRTES. MIZIZATORLD 3.

% 3.8 ([KO19c]) N #FHZ A H: T*N — RIFSEM: (%) 2z T E 5. T L &,
H ' (my) 120y 2255 H ' (my) HE D> 5 % non-displaceable T 5.

H P T3I)VF — DG E T H (my) 53 non-displaceable 72 D 1% [CFP] 12 & D GEHH &
NTWB D, Oy 2 5 D non-displaceablity 1FHZ 6 L HONTWARWFRTH 5.

E7o, 3T TIiroeikin e AW TN ORIEM GOSN S, ZOANEEREHNE
NUE E AR RO MK O Z E K £ DRDD, AFHERMTIIEED K< 0o
TV,

EIHE 3.9 ([KO19c]) NIV b VR H,,..., Hy: T*N — RIZEAM: (%) 272 U, (LR D i,
JIEDWCT{HL H} =0bili7-LTWb LT3, Z0LE N Sy #0.



8865 NMROY— 2V RYY LFEIEE ROI19FESH FAHTM) 17

4. pHRE

ZDETIE T T T Ta AR MIVAEEDE S5 —DD0HIZOWVWTHEZS. NI
N Uy EIARE IR 2 2R Rl 2 FF O Z e IS N T E D, TN D & S 7
PHEZFFOPITA SIS NT WS, ITHRIZEZ/ RS DI A — 7 7 — Il i1
ETHEM, ZZTHEHRAELVWSIEDEHES.

AR, 2—21)w RZERIZITEFED L VA - |2 ANVTEZS. Z8 Tl - || D
72"~ DEIRZEZEZ, AL |-l 2EL.

Ua> VTV IT 49 0 %MK M w) OEGEL TS, 20L&, NV Y I OH5R
B (Ba) IZ& D, FEED ¢ € Ham(M, ) IZ DWW, JEEIEH L, [0, 11 x U287 b &
ERONINV S VEBH,,. .. H € CX([0,11x U) NIV b YIS EREGE Y, ...
PIFAEL, ¢ =¥ b1 -0 o EEFITB. g D (UIZDOWTD)RAE (|glly & 2D &
IRk DIBHRNDEDELUTEET 5.

NN HDRHHEII T2 IS >V TV 7T 149 7% RED N IV b VI [FAREEDS
B ThHdZ L OEHTHWSNZEH DT, fZAEEE WO MEE I N IV b U FAE
FEDOREERIIMEE L R < Db 5. 3B 72 & PR O RFFIFHEED BAiME 2 v 5 BED
RIFRFTEN AR L BEET 5 Z 2 B H 5N TWS ([LR)).

LA g DY -~ vt L, widZD LDV YTV I Tav o R T B T T
VFEVTNVAFENHAEIZOWTUTDZ & 2R U .

EIE 4.1 (Br]) g2 2 EOEDOHE L, U %L, OffkfEaL 35 20L&, WY
Ty B HEE] Y

I:(Z%72,|| - ) > (Ham(Z,), || - llo),
DIFET 5.

ZZ TR RHHEZRATELS &, ZNUENZ 7 ST, 1T 7 ) 7RV Ta T 1y
F [BIP] 23 g BIEDGEIT (Z, || - ) 2* & (Ham(Z,), || - ly) NP Y T BLAHHER R %
ML TWA. oD IZNIL MY - AR MVAZEEZHAWS—H, 75V F v
TIVAFDOFIEITE 2 TR L. WITEARE 1, (Z,) LOBER A S Ham(E,) EOHHE
[ 2R T BRIV T O oy FRERK XN S FIRIZ L D TNEMBIL 7. HOFik
7 L7 —Himze —UHW WD TH S,

EDOEMAI THDAENZDIZZ2 2 TH 12D, 77 VTV ITIVAFIE—EDIED
BNIZOWTZN Z2HDAD N1 %[ S 72 [Br, Remark 1.5]. Z D% EH & HriHEE
BERIZLATD X 51Tk U 7-.

EIE 4.2 ((KO19a]) g, N 2 EDE L L, U % X, DAlffEeESG L T5. Zo & &, WY
Ty Y BGTHER R
I RV, 1) = (Ham(Z,), || - ll),

DHEAET B

TIVTF YT NAFOMENRET DR ST, B g DFHiit R U7z EiczZV @
WHAAZRVIZETIRL TWD Z L IZHET 5. A OFIRIZZ, N DIE ] B
HIERIZOWT DI T Va - AR PVAZLEBEBZAVWSEDTH 5. T, NOIEATHEH
FMEAHARIE NIV Y AV PE—TOEZRVTE)BEIZFEL, TNSHIZDONWT
DITTvTa ART MVAEEIZ ML L7225 DN, ZOEHRDFFHOHETH 5.
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5. ARV MINAEBEE T4 NIY—FET7LT7—EH
AFEDFHRERDIEIHIZBWTIEARY MIVAEREEZ WS, BIZHAT 2 X512, [
NIV S U EMRE EOBERTID X 572t D TH 5. D=, (FEIT 2 “CZ/ZZ
95,

FTIFARRGCE—AMBIBIT 2B LVET IS E2BOE LT EH. (M, g) % H
=< VSR U, TDOEDE—A - AXA—)VEBF: M > R%E2#Z 5. reRU{+oo}
WZOWTCrit'(F) %2 F(x) < r £ 725 F O EDOEE L T 5. Crit’(F)féEﬁJZémz>
Z2Z A BEE CHI(F) X LU, 2D ETE—ABHEZZ A, ANKOBZ EIF Ik F =1
VIERDMN R EET D ZOF oA VEEKDRED Y — Za‘:HM’(F)t‘d‘é DFD,
HM® BEHEDE—R - REQ Y —THKHM (F)IXBHEDE—A + A A= )LEKRDERSY
BRDOKREBR Y =T, r < sIZW UBi,: HM'(F) - HMS(F) DB EE 5 (ZhiE7 4
WY —1FEE—RAREOQAY— N, EETIET — X TORIEICEDET/A—2
AFV MNREQYV—LIEENS I EL ). ZZTCHEMR a e H(M;Z/2Z) iIZxf L,
ARG NIVAEE cy(F) % c(F) = inf{r | a € Im(i,10)} L &> TEET 5. 0B, D
BEBF: M S>RIZDWCTIEFA2E—A - AA— )V TIHEPT AL T (F) 2 EHT
5.

WIZNIN RV« AR MVAZEEBIZOWTHHT S, ARTIREBEDOZD, (M, w)
M) =0%7-3H Y TV I T av LKL T A NIV MY - T LT —HiE
CIFEIROEMD o T£— A Th 5.

Ly(M) = {z€ C™(S', M);[z21 =0 €[S, M]).

NIV BRECH: [0,1] XM - RIZDWT, L FOINEKE Ay : Lo(M) > RZEZ 5.

ﬂH(Z)—f Hz(z(t))dt—f
D2

772U, 2 D - MIE 2o =2 BB WO DREMET, ;M) =0 £V [ Zwid s DFEN
JIZHR S T, Ap(z) 1Z well-defined & 725, r e RU {+00} IZDWTHES

P'(H) = {z € Lo(M);z(t) = ¢}(2(0)), An(z) < r}.

BEHERBE, IV AL <r k725 Ay DEEFUE : DES L 725, HAY [FERIE] 22
IV VEEDE E, PH) TERINS Z2Z iz OWTa YL — - ¥ X —1q
MWD EREDTREQY —%2EZX5E, 749 —1FENI)LbY - 7L T7—FHEDO
V—HF (H)WEHETES. B REOY— QH.(M,w) DIEEIAZ T a1z L, ARIX
FTLEABRIZUTNAIIRNY - AR MVREE c,(H) PEHZRI NS, BLE, HOWERBHIZ
Mo TUE o720, L < 1 [Sch], [Oh05] 7 & &R,

AR CTIIEED 72D, L2 SN (x) 272377 7 v I aif NSk 5. 577
Va7 7ML TOERDO LT TE—AMEm TH5.

Qo(L) = {z € C7([0,1], M);2(0),z(1) € L, [z] = 0 € m (M, L)}.

NIV VEEH: [0,1]1X M - RIZDWT, BANOPEE AL : Lo(M) > REEZEZ 5.

:%@—fﬂkmmif
D2



8865 NMROY— 2V RYY LFEIEE ROI19FESH FAHTM) 1€

72720, D> > MIE [z LEEAMEE] T, mM,L)=02wL=0&D T wlEZD
EOSITH ST, AL (2) 1 well-defined £ 72 5. r € R U {+00} ITDWTHEL

Ch"(H; L) = {z € Qo(L); 2(1) = ¢3,(2(0)), A(2) < r}.

EEZDE, INEALR) <r &8 d AL DEFFHEz DEG L85, HAY [FERLEL] 722
SNV VEEOL I, Ch(H, L) TEREI NS ZR2ZAIzonwTaryl— - ¥ X —
BN 2EDOTHRERY —%EZXDE, T4 &S50V TLT—iK
EOYV—HF (H;L)DEHTE 5. BFHRERY— QH(L) DIEAEZ Talzt L, AR
WL HBRZLTZ TV ARY NVAREEBLH)PEHZ I NS, M E, MO
2> T U 57278, L < 1L [Oh97], [Oh99],[L], [LZ] 7 & A

ABRRTTE 2 RIS TR BT & B30T DB H 12DV T cu(H), cL(H)
FEEIN, ¢y, L 2 CX([0,1] x M) LOPEE L B s. BIF, 25U THLZ
Cx([0,1] x M) EOPNERBD Z L2 ZNTNNIN DY « ART NIVAER, 57TV
Var AR MVALERENERE TS,

6. ER O RAER B & KR AT R Ef

PAE, AT MVAEEZHBZER ETERLZ0, Tz NIV b Ul FMHEED S
B Ham(M, w) L CEHET 5. 7272 L, Ham(M, ) 12 1Z C* hifl 2 AT W3, 20D 1
T (W AR AT O ETH S & 5 12) Ham(M, w) EDIEZE G 4 id % £ &
T 258 DZER % Y 2 RMEB R THI B Z & T EE Ham(M, w) 2 KT 5. NIV b
VEEH: [0,1]X M > RIZH U ¢y 1F3E AP heo) DIRKT D0 KT LT 5.

TC,e: C([0,1]XM) 5 RENINVDIY - AXRT MIVAEEE ULIET 7TV a-
AR NVAERE TS, 2OV, HUEETEHEZ D, ¢: Ham(M,w) —> R %
@) =c(H)IZEVWEHETS. ZZT,H:[0,1]xM > Rixdy=d2mBNIHUE
BTHY, ZHIEHDEDRHIZL ST well-defined TH 5. 7272 L, M HBEHDIGEIZIXIE
BALSM: [ Hw" =0 (V1 €[0,1]) RS

T2 6.1 c: Him(M,w) > R% Y T LI T4y VKM, 0) EONI LY -+ 2R
I MIVAZE £H1E5 750V AR MNIUVAZREL T 5.
MOBEEUDcIZOVWTDARY MLVLBEC(U)ZUTD LS IZEHT .
C(U)= sup {c(@r) +c(@).

FeCZ2([0,1]xU)

EF 1.6, 23, FH 32 DT L 22 DIXA TOMETH 5.
WRE 6.2 UZMAY Y TV T 4w 7 ZRRIK(M, w) D displaceable 2R, c: C2([0, 1] x
M)->RZNINVDIY - AR MNVARZEEL TS, ZOLE,C(U)<EWU;U) <+
—HFTINnNoD [FHMNK] THAEM 111, €24, @M 3.5 OHFFIATIXLL N O4E
MWhXx s,
WRE6I LEY YTV IT 4w ISR (M, w)D T 75 2 il S hfih TSt () % i
723HDed5. U%L HLLIZUBED S displaceable 2BHE S, ¢ C([0,1]xM) —» R
BELIZOWTCDI T TV Ta AR MUVAEEL TS, 2D E,C(U) < E(U;L) < +co.



X NEEE REBX)

EO63NFE I IZHIE62D TFHXIK] BODBERNDTHAD. TN TIMIE63 X
ZAFHTENE, BIFT YV P T7RRL TR T 4y F I LB BEDEmE LY TIEDONIE
AFEOHEHEPEHBINZESNEDEA S0, RIZZF 2 IZHER D 5.

c: Ham(M, w) —» R % (B2 DOWTDO) NIV b Y - AT MVRZERES LLIET
75V a AR NVALEELT S, Z0L %, c DRWA o, Ham(M, w) — R % B
TOXIIZEHET 5.

(")

o) = lim ——.

ANRY MVAEED ZHAREAD S EOMRDFIENNZ B,
f.g e Ham(M, w) IZ2WTC, L H g, ;R 2T DL S IZEHT 5.

9.7(8) = skug{c(f‘kgfk)} + skug{c(f‘kg‘lfk)}-
D 72D qeja@) DT & % g (3) LEL . ZHUTART ML - V)V IR, AR
MURZBEDOIRTIZEL B SHSNTVWEEDTHS. 0, [FED f,§ € Ham(M, w)
IZDWTC g f(3) < +00 BNLT 2 NFBIED L Z A5 52 THWARL,
ZDeE, LTFNOAREXDED LD,

W 6.4 HE c: Hm(M,w) > RENIN Y - AT MUVRZESE LETI VTV
Va- AR MVRLERE TS, ZDOLE EED f,5 € Ham(M, w) 122 WTEUF A%
AVAE I

oo (f3) — ol f) — 0@ < g, f(B)-

ST, BEERDDIE . ;3) DFMETHS. £9, NIV by - ART PIVRLRIZ
FHEFREMDD 5, DE DEED f,5 € Ham(M, w) 122\ T o(F18f) = (@) DRI S
5. ZHUTE D g f1(3) = q(8) BHED . & o T, [T g h'displaceable ZHEE S U 12 A & Ff
DONIN N VEBTERINEGEIZIZME2ICX D

9.7(8) = 9.(8) < C(U) < E(U; U) < +00

DAL T 5. B, ZOXI R EORBDZ & 2O BRERB L IER. [g DAV
XV BEICIRBEREDO LS IZXBES5 L VWS ONHEHTH B.

—HT, 295 Va AR MVAZEIFHEBEFRETIEARVDOT, #i6.3 %2 HWT
LEFABEOREE A2 L LD T2 HRUDENTHRALTLESIDTHS. ZHIEAR
TIRAR7ZAER (EHE .11, T 2.4, EHL3.S5, M 42) Z R TBRICHEZE U SES. 20
MEZ R L =D EZEDHETH BD, MEOMIREIZT RAhy 7, D lET L
W EFW THRITE] 2BEUHT SO T, MR RIRED H 5 DI Tk v, Lzdi-
T, BRI RS IZ DO W TR &S SCIT B2 D 720,

NIIRY - AR MVAEETHRIL LZHREREENZ T Z Va2 ART MLR
BERLERILABWEREDS, ChiEZ 77 Ta - 7L 7—EBRIEEZE VI IREIIC
DWTRELBWIEICED. Z2OZ L IFHZIELTOHRERERIZELBATH 5.
EE6.5 [£FED f,g € Ham(M, w) 122\ T, #Fix(g) = #Fix(f~'gf) IZHFIZIE L WS,

#HLNgL) =#LN flgf(L)IF—FMITIFIEL L 7\, 2 2 T, Fix(h) £ EWI5E121F
Bh: M > MOEERESEEIET.
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#Fix(W) NI Y - 7L 7 —BEROERTC, #(LNhL) T 7T Y2 77—
AMDAERRTTIZ IS 5 Z & 2 BV Z WL, FEHEMROFHE IZE HHEEDOMEDAE
IJMEDBTHAD (LEL 720,

XTC, ETCEVWET S Va s AR MVABEPHERLETHRWI L TEL 5K
HOWS O BREZF IR U DTN, 2 THERINDIT TRV, &I, 5
RIFRD F FHRINTVWBUTNOMEZENT 5.

[E%8 6.6 g, N Z LD & U, C % X, NOIEaHg AR & 3 %. C %5 displaceable %%
T, DIERDOBEG UIZDWT, RY, |- ) 25 (Ham(Zy), || - [lp) ~NDMY Ty BT
[FIRLIIAFAES 2 2.

AR 6.7 LOBIATIEET &aMEH6.4 05 JATHRDHED DL S ITFE WA, TN
FHNTIZIEL < & & R I EM 2 RUE TIZRW. 6.4 BIKIFEZEDRRTH D,
T U7 BT 583 T NEART OB D TH 5.

ER68 77V a s ARYT MVARER c DRIRAL o DRI DWW TIXEEIZ ST i
ZIMVZ]I D50, THIFHE63DIGHIZEE 2 E L ARMOWE L 1ZRkE L HrtEo
BB EDTHD. 12720, @ A2 13H14 T, T DOFFHIZIEMiE 6.3 Tld 7 < [MVZ] D
TAT4T2HNS.

R 6.9 ARTHN I BYERTL Y WO BERIL, EHEOHBEO T M7 LT H
71y FOMLE[EPOS] DHFTHIO TEL LZHDTHD. o DKIT 7 L 7 — Mm%
FAWE D TARTORERS T 5 ThH - 7208, HRZRWE U T (BHER L TARW) ¥4
BHERBID 7 L7 —Mimz HOW R WRTEHEND 2028 WS DR H 5.

ZORE L LT, EHITERIZ T L7 — Mm% VT2 HimR?", wg) b2 ER HEHE ]
& RERR U 72 [Kal6]. & DR ICAN [Ki] DM ERRT T VA REEET, 79V TV 7V A
¥ &7 R J [BK] DMATELAZ AR BT OO EERBIOMEIZRII L TW5, £72, %
SHRHEF LR D N X7 RO E B S Bk e BRI U CREBI S T\ % [Kal7].

A B

FTRATHPEDOKEEZ G2 T EI > HEEAOERICE#H - T, ARTER
U7X D WL DWRIEITHESR K & DILFEMFRIZ L 2 H DT, T OBXITHIZ &
U7z KBV K 9. F 72, AIFFRIRES DRI A FE e SO AR 28 8 OK g R B e b
EIHIET) 12\ 72 AR ORIZZ I 2RI 7SI > THE D, \BI:YRE B HERIZ R -
T BREMREEICD RO TEHDEEZFTL LT, TZICEE2H<BDELET.
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Braids, polynomials and real algebraic links

Benjamin BODE (Osaka University)*

1. Introduction

In the last chapter of his seminal book [8] Milnor discusses the real analogue of links of
isolated singularities of complex plane curves, later termed real algebraic links.

Definition 1.1. A link L is real algebraic if there exists a polynomial f : R* — R? such that
e 1((0,0,0,0)) =(0,0),

e V£((0,0,0,0))=(9999),

e there is a neighbourhood B of (0,0,0,0) such that (0,0,0,0) is the only point in B
where the rank of V f is not full,

e 71((0,0)) ﬂSf) = L for all small enough radii p.

The first three conditions state that f has an isolated singularity at the origin in R?.

Milnor himself points out that it is highly challenging to construct examples of such links
that do not come from complex plane curves f : C> — C. Indeed, the family of links that is
known to be real algebraic is still comparatively small [5, 7, 9, 10].

One difference between the complex and the real polynomials is that in general the argu-
ment of a real polynomial as in Definition 1.1 (arg f : Sg — S1) is not a fibration. However,
Milnor established that the following is still true.

Theorem 1.2 (Milnor [8]). If a link L is real algebraic, then L is fibred.
According to Benedetti and Shiota, this implication should be an equivalence.
Conjecture 1.3 (Benedetti-Shiota [2]). A link L is real algebraic if and only if L is fibred.

In this short note we discuss a construction of real polynomial maps with isolated singu-
larities as in Definition 1.1, following [5]. Section 2 reviews the this construction in a quite
general setting, while Section 3 focuses on the class of homogeneous braids.

Definition 1.4. A braid B on s strands is called homogeneous if for every i =1,2,...,s — 1
the generator o; appears in the word B if and only if Gi_l does not appear.

The 3-strand braid (010, ])2 for example is homogeneous, because o7 always comes
with a positive sign and 0, always comes with a negative sign. If we change one of the
signs however, or if we consider the same braid word as a 4-strand braid, we obtain an
inhomogeneous braid. Note that the homogeneous braids contain all alternating braids that
do not close to split links.

Theorem 1.5 (Bode [5]). Let B be a homogeneous braid. Then the closure of B* is real
algebraic.

This work was supported by JSPS KAKENHI Grant Number JP18F18751 and a JSPS International Postdoc-
toral Fellowshipship.
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Keywords: homogeneous braid, singularity, algebraic link, Milnor fibration.
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The proof that homogeneous braids close to fibred links is due to Stallings [12]. An
important aspect of the proof in [5] is that for a loop in the space of complex polynomials, we
can establish a close relation between the braid that is formed by the roots of the polynomials
and the braid that is formed by their critical values. Here, we give more details on this relation
and illustrate how this could be used to generalize the construction to a larger family of links.

Section 4 gives an example of the outlined construction.

2. Constructing real algebraic links

Let B be a braid on s strands. We denote by % the set of connected components of the closure
of B or equivalently the set of cycles of the image of B under the permutation representation.
For every C € ¥ we write s¢ for the number of strands that make up the component C or
equivalently the length of that corresponding cycle. Then the total number of strands s equals
Y ccw sc. Suppose we have a parametrisation of B in C x [0,27x] given by

U U (FC (HZ”J) +iGe <l+2ﬂj>,t), t € [0,27], 1)

Ce? j=1 sc

where F¢, Ge : [0,27] — R are trigonometric polynomials. Such a parametrisation exists for
every braid and in fact there are even some bounds on the Fourier degree of F¢ and G¢ [4].
Then we can define the polynomial g, : C x [0,27] — C,

B (. t+2mj\ .. [t+27)
ST (e (e (M0 e (37))) o

with A > 0 and the nodal set g;l (0) is B for all values of A.

Furthermore, expanding the product in Equation (2) results in a polynomial not only in
the complex variable u, but also in e and e .

We now replace every instance of e in the polynomial expression of g; by another
complex variable v and every instance of e by its conjugate v. This identifies the variable
t with the angular coordinate of v. We thus obtain a polynomial f; : R* = C?> — C = R?
in u, v and v. In general, f; does not have an isolated singularity. However, it is an easy
calculation to show the following.

Proposition 2.1 (Bode [5]). Let k > (deg f;,)/(2s). Then for all small enough A > 0 the map
Py R¥*2=2C? 5 C =R given by

sk u 1%
— = 3
prtun) = 00 (i ). ®
or equivalently
. 2sk u ;
p}{/(I/l,rell) — r gl <r2k7t> l:fr > 07 (4)
u’ ifr=0,

has an isolated singularity at the origin if and only if argg; : (C x |0, 27r])\g2L (0) = S'isa
fibration. The link of the singularity is the closure of B.

There are a couple of things to note here. Firstly, the condition on arg g, does not depend
on A. Secondly and very importantly, the map p; is in general not a polynomial because we
have introduced square root terms. However if Equation (1) is a -periodic parametrisation,
then all of the exponents with non-zero coefficients in the trigonometric polynomials F¢ and
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G are even. This can be arranged if and only if B is a square, i.e., B = A? for some braid A.
It follows that in this case all exponents of v and v in fj can be taken to be even, so that all
square roots in Equation (3) cancel.

Proposition 2.2. If a braid B can be parametrised as in Eq. (1) such that argg; gives a
fibration over S', then B* closes to a real algebraic link.

We now want to investigate which braids satisfy the condition in Proposition 2.2 and
study in particular the case of homogeneous braids.

3. Homogeneous real algebraic links

For every ¢ € [0,27] the map u — g, (u,t) is a monic complex polynomial. We denote by
vi(t),i=1,2,...,5— 1, the critical values of g, (u,t?), i.e., the images g, (c;,) of the critical
points ¢; of u — g, (u,t), determined by the condition %Llj(c,-,t) = 0. It is again a simple
calculation to show that arg g; is a fibration over S' if and only if foralli = 1,2,...,s — 1 the
derivative w never vanishes. This has a nice geometric interpretation in terms of the
movement of the critical values in the complex plane as ¢ varies. Since g (u,¢) has distinct
roots, the critical values v;(¢) are always non-zero. The inequality states that no critical value
vi(t) ever changes the orientation in which it twists around the origin 0 € C as ¢ increases

from O to 27. Every critical value moves either always clockwise (% < O) or always

counterclockwise (% > O).

Proposition 2.2 can therefore be updated and rewritten in terms of polynomials and criti-
cal values. Let X; be the space of monic complex polynomials of degree s with distinct roots.
The fundamental theorem of algebra gives a straightforward identification of a polynomial
f= Hj-zl(u —x;) € X, with its unordered set of roots {xi,xy,...,xs}. This allows us to

identify a loop f; in X with the (closed) braid that is formed by the roots of the polynomials
N
U (x(),t) cCxs". (5)
j=1

Proposition 3.1. Let f;, t € S', be a loop in X, such that foralli=1,2,...,s— 1 the derivative

% never vanishes. Let B be the braid that is formed by the roots of f;. Then the closure

of B? is real algebruaic.

In Proposition 3.1 we do not require explicitly that the parametrisation of B is given in
terms of trigonometric polynomials. Since these are C!-dense in the space of 27-periodic
real C!-functions, we can always approximate a parametrisation as in Proposition 3.1 without
losing the property that % does not vanish.

We can also assume that the critical values are distinct. This means that

s—1
0,nHulJ;@),r)cCxs! (6)
j=1

forms a closed braid. Let X; C X, be the space of those polynomials in X, that have distinct
critical values. Then the space of possible sets of critical values of a polynomial in Xj is
given by

Vo= {(1,v2,5vs-1) € (C\{O) ™ s w vy if i 5% 3 /Ss1, ()
where S;_1 is the permutation group on s — 1 elements. Then the braid in Equation (6) can
be interpreted as a loop in V. Another interpretation of Proposition 3.1 is therefore asking
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Vi

Figure 1: If the critical values v;(¢) move on ellipses around the origin in the complex plane
without ever changing direction (from clockwise to counterclockwise or vice versa) as ?

dargv;(r)

varies, the derivatives —5, - never vanishes.

dargvi(t)

which braids can be parametrized as loops in V; satisfying the condition on =5~ and such
that this loop is the image of a loop in X; under the map that sends a polynomial to the set of
its critical values.
The words
A i =0,0; o070 o o withi<j<s (8)
i, jOj—1---0i410; O ... 0; 10; =>J

are a set of generators for the braid group B,. The generator A; ; takes the strand j+ 1 and
twists it around the strand i.
Lemma 3.2. The s-strand braid H 111 can be parametrised as in Eq. (6) such that
dargwilt) ;1o

_dt 7
lj:k.

s — 1, never vanishes if for every k =1,2,...,s— 1 there is a j such that

Proof. The parametrisation can be achieved if all v;(¢) move on ellipses in the complex plane

as t varies as indicated in Figure 1. Then for every j the generator Ay ; can be parametrised

d i . .
such that arg+l(t) does not vanish and all other strands are stationary. We can now con-

catenate the parametrisations for the Ay ; to obtain the desired braid word.

The fact that the generator Ay ; appears in the braid word if and only if A } does not
appear implies that none of the v; ever turns around on its ellipse. The condltlon that for
every k=1,2,...,5— 1 there is a j such that i; = k means that every v; moves at some point.
We can thus slightly perturb the parametrisation of each Ay ; such that none of the v; is non-
stationary. For example, for the parametrisation of A ; every v; with i # j — 1 moves an
€-amount on its ellipse. ]

The braids in Lemma 3.2 allow for the desired kind of parametrisation. What we need to
check now is that there is a loop in the space of polynomials X;, whose critical values form
that parametrisation. Then we want to know which braid is formed by the roots of these
polynomials.

The following theorem is very useful for this. Recall that X is the space of monic poly-
nomials with distinct roots and distinct critical values.

Theorem 3.3 (Beardon-Carne-Ng [1]). Let X0 C X, be the space of those polynomials in
X that have constant term equal to 0. Then the map 6 : X? — Vi that sends a polynomial
fe X? to the set of its critical values (vi,va,...,vs_1) is a covering map of degree s*~ .
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The map 6; is well-defined even if the constant term is not equal to zero.

Corollary 3.4. Let X; C X, be the space of those polynomials in X; whose critical values are
not equal to their constant terms, i.e. v; # f(0) foralli=1,2,...,5s— 1. Let y be a loop in
V, and § a path in Xy such that 6,(¥) = y. Then any homotopy of 7y in Vy lifts to a homotopy
of 7 in X;.

The homotopy lifting property in Corollary 3.4 means that the properties that we want to
check do not depend on the particular braid parametrisation, but only on the braid type. We
are going to show that there is a braid that is conjugate to the braid in Lemma 3.2 for which
it is relatively easy to determine that if it is interpreted as a loop in Vi, then it lifts to a loop
in X;. Furthermore, determining the braid B that is formed by the roots of the corresponding
polynomials is straightforward. Corollary 3.4 then implies that the braids in Lemma 3.2 also
lift to a loop in X, and the braid that corresponds to the roots of the polynomials is conjugate
to B.

We start with a polynomial f, whose roots are real. Then all of its critical points and
critical values are real as well. This is depicted in Figure 2. Between each pair of roots there
is exactly one critical point. We label the critical points {c,-}izhzws_l such that ¢; is the
critical point between the i and i 4- 1" smallest root. We set v; = f(c;). We now consider a
particular loop % : [0,27] — C in the target complex plane based at the origin. The loop stays
close to the real line and encircles the critical value v; in a counterclockwise direction. The
loop % does not intersect any critical values. When it is about to encounter a critical value
vj, it avoids it by moving into the upper or the lower half plane. If j > iand i = s+ 1 mod 2
orif j <iandi=smod2, then ¥ moves into the upper half plane. Otherwise, it avoids v;
by moving into the lower half plane. At the moment this choice might seem arbitrary (and
to some degree it is), but we will come back to why this turns out to be a good rule. An
example of y; is shown in Figure 2b).

Now we look at the preimage f~!(};). These are s — 2 distinct loops and two paths that
exchange the ith and i+ Ith smallest root. The braid that is formed by f~!(;) forms the
generator o; if we choose the convention that the overpassing strand corresponds to the root
with the smaller imaginary part. Note that this braid is given by (f~1(1i(¢)),t) = ((f —
%(¢))~1(0),¢) C C x [0,27].

This gives us therefore a parametrisation of the generator o; as a loop in X, whose critical

values form the braid |
S—

0,0)U | (vi—%(t),1) c Cx [0,27], 9)
j=1

4

depicted in Figure 3. We can consider the path y =[], yf]_j , which is the concatenation of

%. The path f — y(t) is a loop in the space of polynomials X;, whose roots form the s-strand
braid B = Hi‘:l Gl.ij and whose critical values form a braid that is easily seen to be conjugate
to [T, Ylf’ , where

Al 1 if j is odd,

A

15
This is illustrated in an example in Figure 4.
We have shown the following.

J— 2
Y; j if j is even. (10)
1 5+

Lemma 3.5. For every s-strand braid B = H§:1 Glij there is a conjugate of B that can be

: o . . . g .
parametrised as a loop in X whose image in Vg corresponds to the braid Hf~:1 Yij" . Equiv-
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6] C2 C3
—_— — —A—@ — .+
|

b)

44|

e

Figure 2: The definition of the loop 7. a) A real polynomial f has a critical point ¢; between
each pair of roots and the corresponding critical values v; = f(c¢;) must be real too. Points
with the same shape have the same image under f. E.g., the circles are the roots of f, all
squares get mapped to v; and so on. The lines in the domain are the preimage set of the real
line. b) The loop ¥; encircles vy. Its preimage set under f consists of two loops and two
paths exchanging the first and second root.
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a)\ b) \
\ \

if—%(f)

Lf |

<l \> ~

g OO-D
~ | —1

Vi vz 0 W™ vivs 0 W2 Vi vi 0 WM

Figure 3: a) The relation between the braid of roots and the braid of critical values. a)
The preimage set of y;(¢) under f forms the generator o}, while 7, (¢) itself forms the braid
(526]262_ L (We read braid words from the bottom to the top.) b) We can interpret o] as
the roots of the loop of polynomials f — ¥; (7). The braid of its critical values is isotopic to

—1 52
0, 0501.

. . . . . E;
alently, every parametrisation of any braid that is conjugate to H§:1 Yij’ can be seen as a

loop in Vi, which lifts to a loop in X;, which corresponds to a conjugate of B.

Note that if B is homogeneous, then the braid Hf~:1 Ylf’ is as in Lemma 3.2. Recall the
rule in the construction of the loop ¥; that determines if ¥ avoids a critical value v; by moving
into the upper half of the complex plane or the lower half. This rule is quite arbitrary. The
only thing it changes is which generator Y; corresponds to which generator ;. With our rule
we have the nice correspondence that Y is directly related to o;.

& . A
Corollary 3.6. Every parametrisation of H?ZIA1 Jij lifts to a loop in X and the correspond-

ing braid is conjugate to a homogeneous braid. Conversely, for every homogeneous braid
& .
J

there is such a braid of critical values H?: 1A
ol

The construction that establishes this relation between the braid that is formed by the
roots of a loop of polynomials and the braid that is formed by their critical values takes a lot
of inspiration from work by Rudolph [11].

The main theorem now follows from Lemma 3.2 and Proposition 3.1:

Theorem 3.7. If B is a homogeneous braid, then the closure of B? is real algebraic.

It can also be shown that on 3-spheres of small radius argp; is a fibration of the link
complement of the circle, exactly as in the complex case [5].

4. Examples

In this section we give an example of the explicit construction of real polynomials with
isolated singularities. If we wanted to strictly follow the procedure outlined in the proof of
Theorem 1.5, we would first have to write down the parametrisation for the braid of critical
values and then lift this loop in V; to a loop in X,. This corresponds to solving a system of
polynomial equations for every ¢ € [0,27]. In practice, this will be done for a discrete set
in [0,27] of sufficiently many data points. The resulting interpolating function gives a braid
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Figure 4: a) Concantenation of the loops ¥; allows us to construct any braid as the roots of a
loop of polynomials in X,. Here we see the braid 6,0,0 o5 262 as the roots of f — y(¢). The

corresponding critical values form a braid that is conjugate to YY»Y] Y3_2Y2. The generator

Y; describes a movement of the strand labelled by the critical value v; around the O-strand.
b) The resulting braid Y;Y,Y; Y3_2Y2 can be parametrised such that % never vanishes. This

is possible because 010,010; 262 is homogeneous.
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parametrisation, which is then approximated by trigonometric polynomials, which we can
use to define the functions g, and finally p, in Proposition 2.1.

Depending on the number of data points in [0,27] this can be a computationally quite
extensive process. For our purposes it is easier to start with a trigonometric parametrisation
and vary some parameters until the resulting g, leads to a fibration.

For all values of a, b > 0 the parametric curves

4 } )
U (acos (t—i—jm) + bisin (M) ,t> (11)
j=1

1

form the braid (6,0, 05 h.
Weseta=1and b = % and obtain

1 .. 3 1.
g,l(u,t) :I/l4+),21/t2 (Ee_lt . g . Eelt>

4 Vo o Ui 4 e b T 5,
+A (—ﬁe +1—6e — ¢ +1_28_Ee ~356° ) (12)

Figure 5 shows a plot argv;(z), argv, () and argv3(z), the critical values of g (u,r). We
see immediately that there are no stationary points. Therefore argg; (u,?) is a fibration and
this means that (u,¢) — arg g, (u,nt) is also fibration for all n. This justifies our choice of a
and b. Note that the nodal set of (u,) — argg; (u,nt) is (620, 'o5 ')". For even exponents
we obtain the following polynomials:

1 3 1
fl (u,v) — I/t4 —|—}l,2bt2 (EVZn _ g _ 5VZn)
1 1 1 1 1 1
14 - =bn, ~4n "~ 2pn -~ - 2n__— _6n
* (256V 16 T3 T8 16" 236" )

pati) = ()2, ()

1 1 1 1 1 1
14 - o Snslln o - 6n=10n 2 Tn9n |  ~ N8 ~ On=Tn ___~ _1ln5n )
+ ( 555”7 +16vv yAad +128(W> 6V 7 TasgV
(13)

Here we have chosen k = 2n, which is larger than deg f /s = 6n/4. Note that all exponents
of vand v in f) are even, so that there are no square root terms in pj .

Therefore the braids (020, ! o5 ! )" close to real algebraic links for all n. They belong
to the family of lemniscate links which where studied in [3]. Note that the constructed
functions are semiholomorphic, i.e., holomorphic in one complex variable u and deg, p) = s,
the number of strands.

If we want to construct real algebraic links that are not in the family of closures of squares
of homogeneous braids, it is important to recall that in our construction we only considered
one lift of the braid of critical values Hﬁ-: 1 Ai’;j. If any of its other lifts in X; are also loops,
then the closure of the squares of the corresponding braids are also real algebraic. Recently,
this was studied in more detail [6], but since it is challenging to check if a given link is the

closure of a homogeneous braid it remains unclear if the constructed families in [6] lead to
new real algebraic links.
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Figure 5: Plots of graphs of the arguments of the 3 critical values of g as functions of 7.
Because of symmetries of the braid parametrisations two of the three functions are identical.
None of the functions have any stationary points.
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G S % F5 0 A o 2 i)
KH sk (RGREAT)"

1. [FU®IC

0 —L ¥R GRS, & ISR IC B L CEHEBE A RE 0
T, MR &L CH BRI, v—L v SR RIZIERILTH B
D, ZDOEWDHHERICEE I N LR R EEMEHECANEMEHE, I 6I10BkT 22

ELHY, ZNONRETAIHEALH S, 22 TIE, 3XICHE — L v Y SREERN O
ZIEAIhH 2 #Z 2 2. LI, FHEFEDNEEETH 287, NEMTH 2857, X
HICIR(L L 7288 2 RAE L TR & 9 i, BERMEA NS E 75, HATRh
DFFEDNET 2 5 B X, FHEFHEOREN L AL IN S, FEEIIERL
THHHTICBE O TERIN DAL EPLEMMEE X ISR L, HNRDERHFICE
V2 IRATEE OREE I I T Wil 23% o,

AT, IRATEN O R 2 BARORFE LD X 9 1ok, & ISP %
AR DO FiEZEH T 5 2 8T, B0 AR L EOREL 8022 AZ RO
RSB 28 2l RE2HRET 2. £TE28ICB VT, AHFAOEREM T &
7% DIRATHNE OTEIC R 2 £ TOME RN T 5. F3ficlk, IRAHENmDIER
LR SEHSIZ BT 2 07 AR OE R ORI T 2 5 2 2 72912, JeRR RR e
HERER 2 EORARNBAELEZEAT S, I 512, SRR O E M2 =
P, BRED7 AMEL2FEORASHMAICNT 287 R « Ry 2 BOEHEZ2HENT 5.
AT, ANERONEN: - WMEMEZ T 2. —MkIC, JCRVRRERERIZNIAL &
ThHHD, HINEIMERIZZ ) LIFRS 2w, 7, A AMEROMLLZEEIOR E LT,
IR R EEEIICH 2 2 BB EDRNNALZ R TH 5 2 L 28N T
5. I50T, FEHTH, o, JERRFREERDE A B WIEGAITE, JGREEED IR
AEETHD I EREL,

ARONEIE [17) & (18], B X CIGIARICEK (M KY), SFAEHK (JuKF)
& DRI [19] 12D <

2. ESEIHmE
(M3, h) ZIED T o3RI — L Y EkELE T2 (h=(, ) Idu—L v Vita).
Hpe MICEBWT, #X7 F)bw e T,M? (v #0) 28 (v,v) >0 2T L, %
[BCTH 5 L v, FARRIS, (v,v) <0 (resp. (v,v) =0) VKDDL Z, v ZIKFHEY
(resp. JGHY) & PRSI,

3KILH — L Y SRR M3 = (M3, h) OB & &, 5% 2 R0 C° kA Y @
FOIARf N — (M3, h) ZRTZELTSE, ZDLE,

(ds?)p(v, w) = (dfy(v), dfy(w))  (v,w € T,E, p€X)

ICEDIEL DS D% SR ds* 2 1EAFNA (b L CIZFHER) LIPS,

AW BT (LTS 19K14526) DMK 2 Z 72 b DTH 5,
T 240-8501 M) RGO 17 B IXHHE S 79-1  REEEN YR AR LAk
e-mail: honda-atsufumi-kp@ynu. jp



# AHEESE BEEEX)

Hp e SWEHNHETH % &3, (ds?), B T,E DILEMENHRERICIEA 2 ED 5 &
Ex\V), [FARRIC, (ds?), BAEME (resp. (L) D & &, p e X 2RIV A (resp. JEHY
) EMES. ZEEREEES (resp. INEN LS, JERES) 22, (tesp. ¥, LD) T
KT, U=, (resp. =) &% 5L E, M f: 2 — M IIZEMI (resp. KHIT)
EREIEIN D,

ER 1 EHA R 20 O AR S 1o L, ZENEEAS Y, ERENREESG S L
Lo bETHROEH f X — M ZESBYEE & WS,

IEMRER 3, =2, US_ BT, 27 AR KPR H D ERI N D03,
HHRES LD ISED CI2 o T RICIIFERT . IRATIINE O848 1 AT L8
ZAUGETE (signature-changing metric) Z%45-Z2 % [1, 29, 30, 31, 21, 22, 12, 37, 38, 39,
11, 23, 34, 42, 36]. WZ{LFHRIFETEHRe AR B L THEREIN TV
% [41, 3.

2.1. Carathéodory FA8
Carathéodory PALE 1, 3XIG2—7 U v N2 R® DEArMHHIEIC 13472 & SIS
M2OET HDTIEBR VP EV) D TH 5. Carathéodory FRUIKMIRTH 5 —
75, F. Tari [44] 13 R® Tl <, 30 v a7 A% —2[ R oMz o 5412,
Carathéodory FPHZHEWICHP L7, 22T, 3XILI Va7 AF =2/ R L 13,
3RILT 7 7 A vAERIC D — L vy N

(x, ) = 2% +y* — 2* (x = (z,y,2) € RY)
Zli A7z, FHE3Xota—L vy SRRkETH 5, —MRIC, BRITIPENEES Y, =
YUY ICBWTERSINDDY, [44] TIRERAISH L THIFRoB&RZEAL Tw»
%. R}ICIZOAFNPAIEEARIR CH b, HNHRES LD OMfET DEE
F2OD ETHSL I LEHRINT VS [44],

X 1: 3Xn2—7 Y v P2 R® ORAEKE S? = {(z,y,2); 22 +y* + 22 =1} 133K
JLI v a7 A¥ =22 R} oM RiRATRIBHING 2 5 2 %
2.2. FHYHRFRFOESEHE
BRI VAT AX—2MR DI T 7 2= p(x,y) D
(1 - Spi) Pyy + 202 PayPy + Pax (1 - 903) =0
U ATER &5 2 SATE DS T 2 MR A &0 .
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27z L E, 2= p(x,y) FPEIEE 7 7 BLIFENS, 3062 —27 Y v P2/
R O NI O856, TN CER S NNy 7 7 13N % 5 & W9 Bernstein
DEIH Y 2o, [k, R OBEL, 2 VHCERINLMA, 77 (0%, %
[N 72 F %R 77 7)) 1 FEICR 2 2 £ 28 Calabi Ik D R& Nz, LaL, BAE
Mo, 2 VHTER S NRAMFMERE 77 7T, FEENN ORI TRv»
BIDSHAET 5. [25] KBV THZ 5k

z = ztanhy, z = log(cosh z/ coshy)

132D &9 BIRATNMESE V7 7% 5.2 %, T, 2FHTER S AT
Bh=RE 77 7 O RGN BRERIED 8] ICX D 52 517 (of. [2)).

AT ORI TR A ICHIE S N T» 5 [4,5,6,7, 8,9, 10, 13, 24].
PRI R 2B W TH EBEE LR TH b, B ED & HE A~
DWMNBIBDZALICRIET 2 Z EBH SN TS (6. i, RATMDFE TR
g A 2 7AE L 72\ [20].

3. XMRICH T DV AMEDEE)

AfficlE, BAEHEOIBRIL 2 EIC BT 2 87 AR D28 2 X7 HE R 2
W95, FF, DATUZETNVELENRTHIE1BENRZEAT S, X5
12, 2RI B 1R TR WIRRMGINR) ORG99 ATH S Ly-ROERT
5. L-WIZVNADRZETNE LILNNRTH . 20K, HI1FENRICET S
AZERmE LT, KGR, XREMERLZEAL, Z2no3h0 Y AR FHRMES
HHIEDTZIRIC KR ESET 2 2 L 2T, 3612, R AR Z R OREATH
2R % Gauss-Bonnet BLDEHDK D 37O Z L 2N T 5.

3.1. B1IEAMR, L:-=

f:2 = M ZREAEMEE T2, 8 OMEELERF (U;u,v) I2BWT, E = (fu, fu),
Fi=fu fo), G:={fu, fo) £BLSEE, FIEAPAds® 13

ds® = Edu® + 2F dudv + G dv?

ERIND, BEENE
\:=EG — F?

EEL. Hpe UMM (resp. Z2HINAL, IKIIINE) THH I L &, Ap) =0 (resp.
Ap) >0, M(p) < 0) XFHfETH 5. d\(p) #0TH LM p € LD % IERIL L W5,
ZDLE,

o BERIBEI XD, HD1EE e > 0L S OEHIHEE (1) (|t] < &) TH(0) = ph
LDEp DEHETY)ITEDRIRA T TARXIND LI BODDBIHET 5. (1)
2 RpPEhaR & s,

o — 4, Y(t)ITH I X7 b ABhn(t) TL(E) = df (n(t)) 1& M3 DHIIR Y b V8% L.
Z5bDDET 5. n(t) ZREHERR v (¢) 1S3 9 B 7 ROV LIRS,
VAR D, BT, THIMEES S 71 H = 0 %l T,

SN f : ¥ — RS ANEMSAAREHA N L 720 b IR EEEE S 7 7 ch5 2602 L &, F
R BT & 2N,




3 AHESE BEEKX)

g% 2. JRRMEAEM R p € LDITN LT, y(t) (Jt] <e) % p = ~(0) % 5 FelEhig,
n(t) % () I I BAR7 bV ET S, DL E,

7(0) E(0) 1T RMVTH S L E, pZB IEANRAILIER, 29 ThOVEE,
pZ 2B,

o (1) :=det(v'(t),n(t) LB EE, p=(0) 0¥ 1 (resp. 5 2H) THLH7DD
A3 512 6(0) # 0 (resp. 6(0) = 0) TH 2 605, FER{LZANNEp € LD
H

5(0) =0, §'(0) #0

272§ & &, Lz-m° &S,

Rty (t) D FIC X 2% A(t) == (fory)(t) EBL &, M3OIEAIftTHS. &

DEE, pH¥H LI (resp. FH2HH) TH B Z & LA (0) € Ty M H3ZEMMY (resp. JefY) T
HHIEDVRAMETHD, pHEIEGNETH S L &, Z@Z)IE”% > 00FEL C, 1
BOte (=) I LTy(t) bE IR E RS, DFD, 4(t) (t| <&)lF M2 D%
[ 72 (ERTHTR Cd 5.
R 3 (¥i’alﬁ3$®ﬁ‘éﬁ’3'§ BT 2 ERE LR OR). —#tic, F2fENRp e LD
IKREL, 4(0) € TrpyM BHIITH 203, t £ 0D L FA(t) BN E S D idb b
tw.%%ﬁﬁs>0#ﬁfbf EEDt € (—&,8) ITRLTAM) (Jt] < &) lF M3 D
JEHIZRIEAIHAR TH 2 £ &, pZ Lo-REM-S, JERMMANNRp € LD L -HTH
% 72D DML, RO (—,8) ISR L TH/(t) &nt) D31 RAEE, 2 b
St) =0, %2XIBRIEBE> 0T HZETH D, ROFEIAIS TS ([20,
Proposition 3.5], [46]) :

fY = M3 ERIEATIME, pe LD ZIBRLXENRET S, b L,
SRR H 23 p DB TER 61X, pld Lo-MTH 5,

&g, ERERSE MmO IEBL R R Le-RiTH B, 72, u—L Y SHkE
NP HENE R TH 2 BRI OHINE, & <12, JBRILTRVLEE DI DR
WD [46] IS BV THARSNT VS,

3.2. B1EANRDARES

p € LD ZF 1IN, ~(t) (|t| <e) Zp=~(0) 2@ 2Rkl E 35, B2
e>0%TA/NhE BT, —IERZEDLTIC, FREDt € (—e,e) IR L TH(F)
i%l@%%ﬁf%%kﬁ%tfim.Z@&%,ﬂﬂ@fﬁi%@%).( (1)
(t] <€) 1& M3 DRI 2 DT, t 2R 8T A —F IO ET I ENTE 3,

o FtITEWTH(t) (€ TypyM?) BFRENRT VDT, ¥(t) DEAMZERH
(3 () & Ty M? DI 22 2 RIGH 3 22T H 5.

L(t) = df (n(t)) 134 () ICIESL T 5 M3 DR S LD T, Lt) € (' (1)t T
b5,

o ZDLE, H()ITH) M3DIGIRT POV N(t) T, N(t) € (Y(t)2 22 (N(t), L(t))

1 2729 b DBHFIET 5,
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L(t)

N(t)~

HefEp € LDIZE VT, T,X O~ PV EIE 1 RoGiEa2EM%z2 %3, pe LD
DIEfFUICB W TERI NIRRT FEnT, Krqe LDIZE Ty, € T,5 13BN
7NV 5Z5, DOFD Lq = dfq(’f]) S Tf(q)Mg IR PV TH B L E, ne %(U)
ZIBIERT NV L5,

8 4 ([19, Proposition 2.6]). Jarip € LD D3 1 FEHRTH 5 72 O DLEEI75c
E1%, n, (df (n),df(n)) #0 THEZ o5,
EF 5 ([19]). (M3, h) D Levi-Civita it 2z V °£ . 1L p € LDITXHL T,

kr(p) = = (VaarY' (0), ;
)= o, ot & ©-LO))

8L ki(p) 2 XNRRIESR, ryv(p) 2 ERIEMEE LTS,

JERVRF BN o IR ky 3y (1) D E D TIHKS T8 £ 25 1 A
LB BZAEETH D, HNFRRIE kp &BEIE cy 13, [40) TEAZI NI H A
TN RT 2 AL B ORI k,, MEEHE L, ICZNZIIEL T0 5,
FRZ, kpld e ICWHPOWEZFIOZ L 2R T I EDTE S, HIZIE, kI3H 1HEARE
RDOBTET Z LB TEZNNAZLERTDH %28 ([40, Proposition 1.18] ZZ), kp b
WINAZ R TH 5. £7z, [40, Corollary 1.14] TR I N7 X H 1T, k IEY N XDREICE
WTC —oo IZFEHLT 203, [ERRD Z L3 D 37,

EH 6 ([19, Theorem A)). FE 2NN p € LD TR LT, F1IFEENRD S % 5 R
G pptnen Tlim, sooppn =p T 5. ZOLE, SRR L 13 {pulnen ICH>T
—co lZHEHT 5. 51T, b LpH Ly-mTRVE2FEINRZ 61X, ARy b
{Pntnen 2> T —c0 ICHEWT 5.

3.3. U AT DEH)

p € LDEFIFENERETZ, ZDEE, pDEEELLHE (U;u,v) T, uw-Hlid G SgEaT
HY, (n:=)0, WX PVETH D X ) B bDBHET 5. DX ) IR (u,v)
Z WA (adapted) EFES. EANREERICBWWT, ds? = Edu®+2F dudv+ G dv?

VELRER I A A TR ETVE LTS, HlZIE [26], [33, 14] 2.



x AHESE BEEKX)

LR LE,

—1

kp(p) == m

(GU (E (Eyy — 2F.) + E,F,) — %E (EG,, — 2(F0>2))

(u,v)=(0,0)

FE A R EER (u,0) D EDTIZK B, kp 2 FEHAZEE (balancing curvature) &
W5,

EE 7 ([19, Theorem B)). f: X — M3 ZiR&MMhH, pe LD ZIERMMAEHR & T
5. 5L, AYAMKK B p DUtE U THA LRSI, p3E1IHEENNATH S, 35
IZ, pe LDZFIFNNRETEEE, AWK K B pDfHEU THRATH B0
DA FAZ, UNOREIFR I > T

k=0 VNG KN = KRB

DR DZETH D,
R T DREHOME Z AN 5. £3, KD K ) LRI L EER D2 RN T -

WRES. [ - M3 ZHEAMMA, pe LDZE1EAENEET S, ZDLE, pD
BHEGE (U u,v) T, (u,0) FEENTH D, E(u,0) =1, \(u,0) =1 27T b0
FHET 5, 22T, ds?>=FEdu®>+2Fdudv+Gdv>THY, \=EG—-F?t73 5,

fliE 8 D X 9 REELLGE (U u,v) I28 W T
K = \K

ZU LICES D RITEREINS, 615, H2M6»RBEEO(u), Co(u,v) DFEEL T

A

K(u,v) = —%/i,;(u) - % {rn(u) — kp(u) + Kk (u)®(u)} v+ %C’g(u, v)v? (3.1)

EREINDZEDDD D, T, Mu,v) = v Mu,0) (A£0) ERINDZEDS, &
BT OBEE)., TOZEIER 6 ZilAGDbE S L, EH T OHIELHET.

F, X B 26, bLkeL(p) >0%5IFK(0,0)<0THBIEDbNDB. T
T, K=NKADT, #7AMERK /S L KO/EE—HT 5. 5615, M*H3
RIGI v a7 Ax—2%M M? = R} D8y, sgn(K) = —sgn(Kpue) 23D LD,
T, Kpo 3HHE f: X » RIZ2—27 Y v P20 R® Ol & &7 L 72BR D 4 A g3
ELTWw3, D%, kp(p) DIEA L Kru(0,0) DIEEIT—ET 5.

% 9 ([19, Corollary 5.7)). Hl@AFNIEEHIMH f X — RICHL, pe LD
FRIR ET S, B LAL(p) DIERGIE, fOBRIE f(p) DIEL TEHRTH S, —7H,
ki(p) DB 5IE, fOBIZ f(p) DL THIRTH 5.

ORGSR L RDEI S ER L Cu 254, EH6 XDk, 5 IFATH S,
L 72235 CE 2 MR RO CIHHTANI IR TH 2 Z D30 5.

% 7z, Pelletier [36], Steller [42] 12X D, ‘generic’ 75 TR EEIHE DS HIHLEL 2> 5
7% 5 %45 1213 Gauss-Bonnet BDEHDL D 2O LN TW» 5, (FEHIE [19] 2
ZH, ) BT 6, AV AMEPER LS ZORERN T LbrD, UT2
5.

\

Bl
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% 10 ([19, Corollary D]). ¥ % @il & DU & Nz 2R0CEHSRIE, f: 8 - M3 %
BOHmE %, L, fORTONMNEPIERLTHD, FIEREDY AihHEE
FioZ 613,

—L/KﬂA:MD

2m Js

DD ILD, 2T, (D) ZTDAAL T —EEET.

4. REEDATH - AT

AREIClE, YRR b LOCRREIIR O NEN: - e Z2 3G 5. JGIRRR IR X
NINAE R TH 5T, KBEHBEINNALRETH 2569 % ) ThOEADRH
%, 22T, eI

o JCIE IR SN A % & X NINAERTH S 2 & (% 11),
o JEHRF IR AN 2 T I FRHT T b B BB RIMIARZERTH 3 2 & (F 12)
EENT 2.

4.1. XHREMFROAEH

[ M ZRAMMmETS, KIS > R b LIEI:LD - R2AREEL
WY, DFED, TIFXRLDDMEREOIRD HFIckomwboriid, A4®EI: Y — R,
HLLIEIT:LD - RPANITHB EIE, [ 13 E, F,G EZOWHksB%TE
AbNBEERVY), ZIT, ds? = Edu®>+2Fdudv+Gdv? &L, (u,v)ldds* DA
PHOTEZZEER LTS, AEET: Y > R, bLLIET: LD - ROBPANNTH
g, WORGHME f 2FELT, f & fBHRN (DFD, ds} = ds?) 275,
I(f)£I(f) £hpEER0I, FlAER, 27 AMRKIZNNALERTH D, FiixR
HBENUALERTH D Z EDHSNT WS,

5.2 5 NWEAEEBHNNDPNED E ) DRIET 5 2 LR LIETH S,
T, CHRRRIE kp BN TH 5. HEE,
o) = - Lol0)

2E(u,0)Y/Gy(u,0)

LRIND, EL, (uwo)3EAEN, 2F0 v(u) = (u,0), n=20, ZiH THEESRE
LT3,

4.2. ZHEHMEORNENY - AEH

—J5, HREMER ky 3R RIRD (4.1) D & 9 RFRE2EL T, NLAE»E
IWEERRICHET 22 LETE R, LrL, Y AHEK OWLIER (3.1) &0,
LD ETr, =0%5613

(4.1)

k() = kg (u) + 2K,(u, 0)

ERIN, il 8 DX BRALEAHIEL (u,v) 1B AKX ds? DARIZE > T
EEFLLDHDT, UFTDOZ Vb5,

% 11 ([19, Corollary C]). IRATIME £ : X — M2 IR LT, MNRES LD I35 15
TR »e 5T 5, b L, LD ET

/{L:O



4 AHESE BEEKX)

DR VLD 7% 51X, SRR £y FNALERTSH 5.

F 11 DAREZ 72 S e, D F D IERRRINER £ 258 A 2 WA, Y
EHR sy BIMIAERTH 5 2 ED3DD 5

B 12 ([18)). FRBTHIZ AT £ 2 3 — R3 X LT, pe SR R
kL(p) #0

M ET S, ZOLE, HDp0iithU L EMITINREAEE f - U - R T,
FEFRRAUEEAGREROD, wy(p) £ ivp) THZHOMREET B, 7L,
Fy i3 f ORREIRZ R T, LIS, BWEIMR sy BIMVAZERTH 5.

DU, Z OiEHOBEE 285

#RE 13 ([18]). A £ - 2—>R3 LT, pe SZEIENNETS. 20
EE, LTSNz p DEEELSEGE (U u,v) DSFEET 5 ¢

o (u,v) IFBEH, DF D p DI Tu-llNIEHRES LD & —3 L, n=0,IFR
ExR7 P VG252 5,

° ( ) 5&’_._‘ T/\, Oi b (F :) <fu7fv> — 0753\5?101._[‘/), 75)/)

o SISO DG 5 72 2 RS D77 LRI A () = f(u,0) 1ZIRESF X —
Y EFRTHB, DD ()4 (1) = E(w,0) =1 TH 3.

ZDEE, HHU LD FITIHIXRT by T
<wafu> = <,¢}7¢> =0, <¢,fv> =1

2T DT B, (zp%:L-ﬁ‘-bZEf%&ﬂ%: )
ZDEE, Fi=(fu, fon®) lFfIC ')R30)71/ —L%5% %, LfJ“]X'—:ﬂ%?@D

AL, A= (fuu ) s B = (fun, ), C:= (for, ) £BL &, FRRRZHMLT
Fu=FU, Fo=FV, (4.2)
7272 L
Eu £, A Ey G B
2F 2F E 2F 2F E
Uu:.= A B 0 , V= B C 0
E, Gy G, G,
_T_AG 7—BG -B T_BG 7—06’ -C

L35, R (4.2) OARSEAU, — V., = U, V]
1

Ay =By =55 (E,A— E,B) + B* — AC (Cod1)
1
B,—-C, = 55 (G,A+ E,B) (Cod2)
E E?
Ey, + G — @ =2G(AC — B?*) — G,A+2G,B + E,C (Gauss)

2K
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EFMETH 5. Wiz Z DD AR (Codl), (Cod2), (Gauss) ZfE{ 2 L3 TEN
FIRAMMINZ KT 2 L3 TE 2 &), IRERTT I 2 i o FEAE B
ZINT I EMTE S (18],

WA 72 PERSEGE (U u,v) 128 WT, p = (0,0) Trp(p) # 0BRDZO%E I
E,(0,0) A0 TH s b5, DL E, (Gauss) IF

B 1 E.G,+ E?
- 2GA-E, 2F

EHEEINSE I LD 5, (Codl), (Cod2) IFARKPBIE A, BIXT 2 IEBEO MM
HRARICE T 2 2 EBTE S, 21U Cauchy-Kowalevski OERZ @A L, 22
MHRAR ISR 2 iR O FEAE R [17) W5 2 L TR%E/ 5.

EE 14 ([18)). FEMHTHRIEASTIMNE f: X — RIS L, pe 28 1 HENET
k(p) A0 ZWETHDEL, ~(t) 2 p(=~(0) ZWEBEEMERE T2 (771 |13
+4N). oL, T%20€ I 2GTHIKXM, T: 1 — R} % EMBHTN %4 2R ih#
[0) =0, 22T FABFETHEODDLEL, ZO0BREZC =TU)EEL. 2D
LE, pe L OEHU L EMHT ARG f: U — RT, f(p)=0TdHH

o fEfIRAUH—HEAAZFL,
o V() D fIT X B&Image(f o) 13T DR C DIEFIEATH
EABLDREET D, T5ICZ2DX) R fIRAOENET 3,

ZEMIHHERT - T — RS ZUNGER T LIC X - ¢, RATEHE OJE A HZ RTEE
BB o N, F 12 BEHIrN D,

SE R

[1] E. Aguirre, V. Fernandez and J. Lafuente, On the conformal geometry of transverse
Riemann—Lorentz manifolds, J. Geometry and Physics 57 (2007), 1541-1547.

[2] S. Akamine, Causal characters of zero mean curvature surfaces of Riemann-type in the
Lorentz-Minkowski 3-space, Kyushu J. Math. 71 (2017), 211-249.

[3] B.L. Al'tshuler and A.O. Barvinski, Quantum cosmology and physics of transitions with
a change of spacetime signature. Uspekhi Fiz. Nauk 166:5 (1996), 459.492; English transl.
in Physics-Uspekhi 39, 429.

[4] S. Fujimori, Y.W. Kim, S.-E. Koh, W. Rossman, H. Shin, H. Takahashi, M. Umehara,
K. Yamada and S.-D. Yang, Zero mean curvature surfaces in L? containing a light-like
line, C. R. Math. Acad. Sci. Paris 350 (2012), no. 21-22, 975-978.

[5] S. Fujimori, W. Rossman, M. Umehara, K. Yamada and S.-D. Yang, Embedded triply
periodic zero mean curvature surfaces of mized type in Lorentz-Minkowski 3-space, Michi-
gan Math. J. 63 (2014), no. 1, 189-207.

[6] S. Fujimori, Y.W. Kim, S.-E. Koh, W. Rossman, H. Shin, M. Umehara, K. Yamada

and S.-D. Yang, Zero mean curvature surfaces in Lorentz-Minkowski 3-space and 2-
dimensional fluid mechanics, Math. J. Okayama Univ. 57 (2015), 173-200.
[7] S. Fujimori, Y.W. Kim, S.-E. Koh, W. Rossman, H. Shin, M. Umehara, K. Yamada and

S.-D. Yang, Zero mean curvature surfaces in Lorentz-Minkowski 3-space which change
type across a light-like line, Osaka J. Math. 52 (2015), no. 1, 285-297.

MR N T A =% s 1T BHERERY PV d°T /ds? 3FHF TR EE, TIFIMERY FABETHRLE
w,

C




N

8]

[9]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

21)
22)
23]
24]
25)
26)
27)

[28]

AHESE BEEKX)

S. Fujimori, Y. Kawakami, M. Kokubu, W. Rossman, M. Umehara and K. Yamada,
Entire zero-mean curvature graphs of mized type in Lorentz-Minkowski 3-space, Q. J.
Math. 67 (2016), no. 4, 801-837.

S. Fujimori, Y. Kawakami, M. Kokubu, W. Rossman, M. Umehara and K. Yamada,
Analytic extension of Jorge-Meeks type mazimal surfaces in Lorentz-Minkowski 3-space,
Osaka J. Math. 54 (2017), no. 2, 249-272.

S. Fujimori, U. Hertrich-Jeromin, M. Kokubu, M. Umehara and K. Yamada, Quadrics
and Scherk towers, Monatsh. Math. 186 (2018), no. 2, 249-279.

D. Genin, B. Khesin and S. Tabachnikov, Geodesics on an ellipsoid in Minkowski space.
Enseign. Math. 53 (2007), 307-331.

R. Ghezzi and A.O. Remizov, On a class of vector fields with discontinuities of divide-
by-zero type and its applications to geodesics in singular metrics, J. Dyn. Control Syst.
18 (2012), 135-158.

C.H. Gu, The extremal surfaces in the 3-dimensional Minkowski space, Acta Math.
Sinica (N.S.) 1 (1985), 173-180.

M. Hasegawa, A. Honda, K. Naokawa, K. Saji, M. Umehara and K. Yamada, Intrinsic
properties of surfaces with singularities, Internat. J. Math. 26 (2015), no. 4, 1540008,
34 pp.

A. Honda, K. Naokawa, M. Umehara and K. Yamada, Isometric deformations of wave
fronts at non-degenerate singular points, Preprint, 2019, arXiv:1710.02999.

A. Honda, K. Naokawa, K. Saji, M. Umehara and K. Yamada, Duality on generalized
cuspidal edges preserving singular set images and first fundamental forms, Preprint,
2019, arXiv:1906.02556.

A. Honda, Fundamental theorem of spacelike curves in Lorentz-Minkowski space,
Preprint, 2019, arXiv:1905.03367.

A. Honda, Isometric deformations of mized type surfaces in Lorentz-Minkowski space,
in preparation.

A. Honda, K. Saji and K. Teramoto, Mized type surfaces with bounded Gaussian curva-
ture in three-dimensional Lorentzian manifolds, Preprint, 2018, arXiv:1811.11392.

A. Honda, M. Koiso, M. Kokubu, M. Umehara and K. Yamada, Mized type surfaces
with bounded mean curvature in 3-dimensional space-times, Differential Geometry and
its Applications 52 (2017) 64-77.

S. Izumiya and F. Tari, Self-adjoint operators on surfaces with a singular metric, J. Dyn.
Control Syst. 16 (2010), 329-353.

S. Izumiya and F. Tari, Apparent contours in Minkowski 3-space and first order ordinary
differential equations, Nonlinearity 26 (2013), 911-932.

B. Khesin and S. Tabachnikov, Pseudo-Riemannian geodesics and billiards, Adv. Math.
221 (2009), 1364-1396

V.A. Klyachin, Zero mean curvature surfaces of mized type in Minkowski space, 1zv.
Math. 67 (2003), 209-224.

0. Kobayashi, Mazimal surfaces in the 3-dimensional Minkowski space L3, Tokyo J.
Math. 6 (1983), 297-309.

M. Kokubu, W. Rossman, K. Saji, M. Umehara, and K. Yamada, Singularities of flat
fronts in hyperbolic 3-space, Pacific J. Math. 221 (2005), 303-351.

M. Kossowski, Pseudo-Riemannian metrics singularities and the extendability of parallel
transport, Proc. Amer. Math. Soc. 99 (1987), 147-154.

M. Kossowski, The Boy-Gauss-Bonnet theorems for C°°-singular surfaces with limiting
tangent bundle, Ann. Global Anal. Geom. 21 (2002), 19-29.



[29]

[30]

8865 NMROY— 2V RYY LFEIEE ROI19FESH FAHTM) 42

M. Kossowski and M. Kriele, Smooth and discontinuous signature type change in general
relativity, Class. Quantum Grav. 10 (1993), 2363-2371.

M. Kossowski and M. Kriele, Transverse, type changing, pseudo-Riemannian metrics
and the extendability of geodesics, Proc. Roy. Soc. Lond. Ser. A Math. Phys. 444:1921
(1994), 297-306.

M. Kossowski and M. Kriele, The Einstein equation for signature type changing space-
times, Proc. Roy. Soc. Lond. Ser. A Math. Phys. 446:1926 (1994), 115-126.

L. F. Martins and K. Saji, Geometric invariants of cuspidal edges, Canad. J. Math. 68
(2016), no. 2, 445-462.

L. F. Martins, K. Saji, M. Umehara and K. Yamada, Behavior of Gaussian curvature
and mean curvature near non-degenerate singular points on wave fronts, Geometry and
Topology of Manifold, Springer Proc. in Math. & Stat. 154, 2016, Springer, 247-282.

T. Miernowski, Formes normales d’une métrique mixte analytique réelle générique, Ann.
Fac. Sci. Toulouse Math. 16 (2007), 923-946.

K. Naokawa, M. Umehara and K. Yamada, Isometric deformations of cuspidal edges,
Tohoku Math. J. (2) 68 (2016), 73-90.

F. Pelletier, Pseudo métriques génériques et théoreme de Gauss-Bonnet en dimension
2, Singularities and dynamical systems (Irdklion, 1983), 219-238, North-Holland Math.
Stud., 103, North-Holland, Amsterdam, 1985.

A.O. Remizov, Geodesics on 2-surfaces with pseudo-Riemannian metric: singularities
of changes of signature, Mat. Sb. 200:3 (2009), 75-94.

A.O. Remizov, On the local and global properties of geodesics in pseudo-Riemannian
metrics, Differential Geom. Appl. 39 (2015), 36-58.

A.O. Remizov and F. Tari, Singularities of the geodesic flow on surfaces with pseudo-
Riemannian metrics, Geom. Dedicata 185 (2016), 131-153.

K. Saji, M. Umehara and K. Yamada, The geometry of fronts, Ann. of Math. (2) 169
(2009), 491-529.

A.D. Sakharov, Cosmological transitions with changes in the signature of the metric,
Zh. Eksper. Teor. Fiz. 87:2 (8) (1984), 375-383. English transl. in Soviet Phys. JETP
60 (1984), 214-218.

M. Steller, A Gauss-Bonnet formula for metrics with varying signature, Z. Anal. An-
wend. 25 (2006), no. 2, 143-162.

F. Tari, Caustics of surfaces in the Minkowski 3-space, Q. J. Math. 63 (2012), 189-209.
F. Tari, Umbilics of surfaces in the Minkowski 3-space, J. Math. Soc. Japan 65 (2013),
723-731.

M. Umehara and K. Yamada, Surfaces with light-like points in Lorentz-Minkowski 3-
space with applications, In: Canadas-Pinedo M., Flores J., Palomo F. (eds) Lorentzian
Geometry and Related Topics. GELOMA 2016. Springer Proceedings in Mathematics
& Statistics, pp 253-273 (2017), vol 211. Springer, Cham.

M. Umehara and K. Yamada, Hypersurfaces with light-like points in a Lorentzian man-
ifold, to appear in the Journal of Geometric Analysis. https://doi.org/10.1007/s12220-
018-00118-7






8865 NMROY— 2V RYY LFEIEE ROI19FESH FAHTM) 4

A BRI i = PR 2 R~ O FEEH O [E € sV

IR T (BERT)*

B =

FEDMIAH T AR D7 CAT(0) 24 I EEA DB BMMIEHT 2 & &, HD
HBICDPFEIZEERZFREFDZDDFMFIZDVWTIERD . £2ZDEME%2 W
T, Richard Thompson O F DA BRI CAT(0) 22N DE A D
BFZLERIZDOWT, R IR DR DA R A E e R 2 7D Z
L EFARDL. M E LT, Kim, Koberda, Lodha iZ& > TE X 6N TW5H
AL (B U IZHAIH) D& 242  ARMEEGO KA RAE BRI D
W, [ mMEE %25, F#iZ Thompson £ T & & OF Higman-Thompson
DEET, 12 DWTIE, ARIRITTEN CAT(0) 22~ D Hiffi 722 B A A3 K Ik
WEEHE2RD>E S A5 (FarbDWEEFA,) .

1. EA

AFEClE, BRAERED [H 5MOBERZEMIZERIIEAT % & &5 KIS EE S %
ol (bbb, R EO— S Th->T, HOEEDITCIZEI>THEEI NS DA
FAET D) LWHISHEIZOWTHRRS, 2O L5 0E%Z2, HOBESRME L ITRZ &
129 5.

HOEESMEEZFO L VWS Z e id, EBELD, BEX TV HHEREEMIZZORED “R
WER” (BIZIXEHZIERAPEAERIEH) 27220 nS5 2 2EKLTWS. £
7z, R 22 PR S DRI DO W THEE MMEEE2EZ 52 LT, TOREIZDOVWTDI H I
FENERPBONDZEDHDE. 2D KD RBEEONREMZHL, BEDBIRAANDE
HEZZ5ZIZEoTHESNS. HEHD, BARKARNDEEDDBEARK AR HYH
2RI EE 2D & &, T DX Serre DMEE FA 2D 2\ 5 . Serre DME FA
&, BEOMAEG O BRHEZFLIA L TWAE Z DR oNT WS, EEE, H DEED Serre
DOMWEFA ZF>Z &%, TOMIPEAHBMAEBOME 2727, Z D24 % £
TERERTHE e EFREETH S ([13) .

DA TS [ 5E s 1, Serre DMEE FA @ “Eikouib” 122725 —f% b TH 5. B
RIIZIE, IRD KSR DEFE R D: HDHED, kIRu7ell CAT(0) ZEHADE R 3]
TR DY KIS E i 2 RD L &, ZORE MEFA 2F>2 WS ([5]) . 7277
URTTIZAIFER T2 EIRk T 5 (ATFEL) . fEAMVEEMTH L Z L DEHIF2ETHE
w95, LUF, CAT(0) ZERIZDWTEZR 2B 5.

CAT(0) =R & 1%, MM H#EMTh-> T, EROHUM =ML -2V v R4
BN TORBZAB L HART “RoTWRW £ DO TH L. $5bb, A EHEE 22
(X, d) NOMERE ORI =T Az, y, 2) 125 LT, R2 WIZKTEAMOBERENSE L W=
M Az, 7y, 2) PERZRWT —EBIRIZFET 2D, Alr,y,2) EOLED Zfia, b,

AR ONEITBIFE GRER5:17J07711) ORI % Z 1 725 D VWT» 5.
2010 Mathematics Subject Classification: 20F65, 20F67
F—U— R : BEAOEEMAME, CAT(0) %M, VF¥—FK - b7V VO
* T 790-8577 RSO 2 % 5 5
e-mail: kato.motoko.yy@ehime-u.ac.jp
web: https://researchmap. jp/katomotoko
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A(z,y,2) EOXINT % = a, b DRI
d(a,b) < dg2(a,b) (1.1)

DRERDED 22 (K1) . % < OEBLPHEEZEE] S CAT(0) R OME 2 K>, il X
I, FARBIARIZ 1IRGED CAT(0) ZMTH B. Z Z THARKARNOEEMEHITH I
MDD T, E FA; 1& Serre DPEE FA & 5\, Hilbert 22[H H Fei CAT(0) 2] D4l
TH5. 7z, Flf Coefii 7 Riemann ZHAKD 5 E121E, CAT(0) ZHTH S Z 13,
W R PN ETRWE WS R —8T 2 (2] 2H) . 2O T CAT(0) ML, FHi
22 U CHREMRE 2GR T o ME L > TV 5.

jé . d(x% MZ)
< _
B } b +
v b T o) z
A(z,y, 2) A(z,7,2)

[ 1: CAT(0) 22 DML = F4T% & R? O Ll = £

CAT(0) ZEH Dkk %< 72 MEE X, £ 0 —#%iN7: Busemann JEIEHAZEEREZERE (LAT
Busemann ZZf) IZDOWTHK D 2D, Busemann ZE[H] & 1%, FRHEEEL Y TH 5
£ O AR 2 5 S . b b JIHIAEEREZEE (X, d) A Busemann ZE[# T &
% eiE, X OEZOWMER D D ey 2 [0,a1] — X, 2 : [0, 0] — X ITHU T,

d(Cl <a1t>, CQ((IQt)) S td(Cl (al), Cg(ag)) + (1 - t)d(Cl (0), CQ(O)) (12)

M7z Nd & &% 5 5. CAT(0) Z¢fH]1E Busemann ZZf] TH b, HHEAE5E i Riemann
ZRIRDIGEIZIE, 206 OBERIFIICErmii RS IETARWZ L 2Kd. L LRIz
1%, Busemann ZEft] Td > T CAT(0) B THRWEGENH B, HlZIXp / IV LhE AT
BanachZEf P 2 HEZ 5 &, ZNHIE1 < p < oo D & & Busemann ZZfTH 503, p # 2
D & E1F CAT(0) Z2[H TR\, AFE T ld Busemann ZE [~ O FEAEH O [ E sUMEE I D0
TIEBR A7 WD, Busemann ZEflDGEIZH EBRIDOEE M E 2 IRET 5 Z & T, 5
CAT(0) Z=R D& L FRRIZHEGR T 2 Z e TE 5 ([11]) .

WL DPDEEREHIIDOWTIE, BEFA RSN T WS, #HlZIE LEDHRK
EXERED I EDOHRBNIZDWT, SL,(Z) XMEE FA, 2852 ([5]2H8) . Farb [5]
HERED 3L EDHRE n 12D\WT, SLL(Z[1/p])) BB FA,_, #FD>Z L 2R L7,
Bridson [1] 1&[A] & A5 AT GEREEL g PR O GARBHREPMEEFA, 2> Z & 2R L%
(g > LIFEARED) . Varghese [15] & HHEFO H AFREHE Aut(F,) I220WT, Zhon
MEFA, 222 8%, n>422k <min{i|n/(i+2)] |2<i<k+1} D& IR
L.

AR TIZ 0 IZEDWT, BHZNMET D&MD A HWTHEFA, 2 RGES 5 ik
WZDOWTkR2E (EH2.3) . IRIZZEDFHEZIGH U, Richard Thompson D& & I
BENBHEE ZD—RALIZ OV THEERTEE ZHim S 5 (3.1, £H3.3) .
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2. BRRITCAT(0) ZEANDEEADETE R
(X,d) ZFHE7EfM, v 2 X OFREHE T5. X OEFSES Min(y) 2IRATED 5.

Min(y) = {z € X | d(z,v(x)) = infex{d(z,v(x)) | z € X}}. (2.1)

Min(y) BZETRWE &, ¢ ITFEBEME 5 5. HOLERMEHOERMMEL, THOMEED
TAEEMAGEREEmY UTEHALTWS I 2EHT L. EBEMZ 1220 T, y
RX NICEERZRFLZRWE & WKL S 5. S8 CAT(0) 22/ DA HH ) 70 55 K2
FIZDWTIE, AR OMED & 512, Min(y) Y [y 2P 8 CEM 3 2l E 7l
AT GRS Z S NT WS,

HRE 2.1 (2] 21). X 256 CAT(0) =R E U, v % X OMEINAREELElE 5. 2
D& E Min(y) IXEBEMERR x Y (Y Zd 5 CAT(0) ZE[H) IZF R,

T oI Dy AR ERLEHE TS L 4/ 1lEMin(y) = Rx Y Z BEREOME ZIAD
TERD. IR Y [Min(y) & Min(y) DEFEREW L AL e, BT R OVETHE & 5B
Y OEFEREHIZ RS 5.

PHMRERIEH %25 2 B BIXIRDE D 32D,

E 2.2 (2] 2HR). MiE21 T P X OFYRMAEREMIZo7-$5. DL
V' |Min(y) & Min(y) OFFREZH L UTHEEM. X 512, v |vine) PED DY DEREMR

CDEDTEFRTHLEM 232 RRB728, BEE ZTDEDBEOFIZDOWTE [EHE
MMEEE2EREL TEL: HEWMOBOM (G, H) WEEFA, 273 21k, GH kot
CAT(0) Z2[M X IZE R DEHMIMEHT 2401, HDHICFEERE2/HOLE%2ED.

T 2.3 ([10)). k ZAEEOERMET S, GIIETH->Tgp e GLT 5. GDILDF
{gi}lgigk b‘%?f?ﬁ%{%f:j—tjé

o 91X Ny Zal(g) e END (1<i<k). 722U Zg(h) 1Zh D G TOHMEEE %
KT

o 91X N, Zalg;) DT —~IEDIE & U TREHIR.
ZDEEH(G, (go) IFMEFA, 2 HD.

FERA. HENRIZ X 5 TRT. ZD70D, GH kIRIesEl CAT(0) 22 X (IZFEN D5
MUZMEHLTED, go WEERZR-20WE T 5. fEHOEHEMMEDIE XD, go 1ZN
). i 2.2 K0, Za(go) 1 Min(go) 12 FHRFMITERT S, g1 1d go DEBELD T,
RE & 0 [E5E R ZFEZ T, g1 |win(ge) 1 Min(go) D B 72 5 R A .

i 2.1 &0, Min(go) IFEMR x Y, DG 2 RS, Za(g90) D Min(go) ~DIEMI
R DB L Vi NOEREAIZHHT S, FTROETHENZOVWTHTAS L,
g1 V& Za(go)® NTHBRMERD T, gy DED B FETHRENIXEZ 0. RIZY, ~NDOFERESE
FIZOWTHRTAZ L, fliiH22 &0 ZOEMIFERMARDT, g 1Y, DOXEIHY 7255
REAMEED L. Y] OMMHRItIEE — dim(R) = k — 1A F2DT, X 2Y, LB &
Z,G% Zg(go) LIEEMA, g% gy LB SHAT- ECTH UMM REIC RS, T5L
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Y: D Min(g1) = R X Yo lZH U, go DYy (Rotk —2B0F) OB EREHTH %
ZeD0ns. FARO 7O 22 HRKE+ 1EHEDIRT & gop DIRIT0 D Yo, D AT

EHL2.31%, BED D B e HEE R 2RO Z L B RHE L TW 5D, KIS 722 [E 52 s D IEAE
RIS, EH23ITMATIROMEEZ WS, ZomEiE, ARKca—2Y)y K2
Mo ESRIZE T % [Helly DFEF ] O—fkfbe LTHEON5.

WRE 2.4 ([1], [15] 2HR). k 2 AR, X MR k& D5 CAT(0) e 3 5.
ki,....kn € NDYO < k < X1k 21723235, {Si}icicn &, Isom(X) DHWIZ
AP D E M RN EE L T 5. 2.5, D, (TRED k-0 BEDS X T [EE i % FF
D5 EED S, DIEEDOBE RIS LA IIIEDREE &2 .

3. Richard Thompson D& DA

EHL2 3 Tk R7ZME F A, D¥ESMIL, Richard Thompson W&t (AN Thompson
BE) ANDILHZQIHEIZEWTWA. Thompson BHZIZ F, T, VO 3FENRH O, THhT
NEAL K], BALH, 7Y b= VEADORMEHROE T LTI nd. Thod
FIXWTNEAREREE (RUCARAERE) THhD. TL VIZEMEETH D, AEFR
HABEDES EFIDTOHE LTEZTH S, FIFHEMEETIIR WD, F O T4
HERMEECZRoTWDS. IS ORIERA WIFEHAMEE 2R > Z Lo nTs

D, FHZ F DRENERETH 2085 DI EABRKBRMETH S, LFTIRF, T %D
—ALIZDOVWT DA, EFLEERMEEZRT-ODHmEIBRD0 V2Dl
DEEIZBRKIZERTE S ([10]) .

Thompson fif F &, BAXKE DM & 2RO HARMEER2IKDOF T, K2Ditx,
MOERINDE (42 . ZhoDstld, BRI EIRAFH UEE (HRME) OXHE
WZENETNRE SN, KX ET 7740 THBEIREBHITR>T WS, HlZIXX2
D fLIZBIL TR0, 1] = [0, U[3, s]U[3, 1] CEFEIE) BXT0,1] = [0, 3]U[L, 3JU[3, 1]
() DESIZpEIhTWSE. ZThsDREIEeT, BAKED S XKD ZE5IZ
o THONENETHE (AFZHEAFN L) HEFIZE, 2ok 2L THON
% (TbbER LMD N ENERO ZIHAENZ & > TES N, BERPXDNZT
T7A4vTHDEH7%) [0,1]0ME2EOACHMEEGP2TEENS (428) . H
BRIZ, Thompson #f T HALH DA & %2 &2 H AFRMEEREEDOH T, 2 DIT g, 21,
T OERIND. 2, EHRBLMEBOAENPERO ZHAENZ L > TH OGN, BE
MEADHNZT 774 0 THD LI RBEMNHOME 2HEOACHMESRZ2TEHD.

—_

D= s

To= 2 |.....

2. F, TOERR. FlIag o 25, Tk, vy, 7 (ALK O % R —fH L, ST
MIDEME AI2T) PoERINDS
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AR, FRTOEM L tE2RRT L7720, REZZQRBAOMIZE 2R EZZH VWD
A SR 2 DIEAR L IIZM3IZRT I 7THY, ZTOHEAZ—D2R\WT3TH 5.
— DT H B 2l DTE &R L PP, AT S R IR DS TEAIL, KM3D XSz, #
MEED THEHPENZ L >THESNEXBE WG DT o TWE LT 5. ZOEEN
UC, IR EHR2 DIEARD LOTES 725 1%, BALXF[0,1] D2EIIHIELTWD
U7z oCF, TOETLEBMNEAR-AIEADHMEZHNTRTZEATES HIAIX
X4) 277U TOrxERTEE 02ECKBOED BIZTRV0E[FLTRT I &I
5.

X 3: ARAF SR I ARDATEA E KOG (RX T X072, ZLIZHRP5ES
MAHEE 2 ANTHIWT WD) .

QI B AT

4: B2 D xg, w1, t ERIET DN E AR IEARDHL.

Thompson FEDEEAEFH D EE BB IZ DO WTIEWLK D DETHERD 5. HlZI1E
Farley [7] &, T & V %' Serre DMEE FA KD Z L &2 /R_ L7z, T2 T, FIXHNN LK
DIEIEZ FF D728, Serre DME FA % F57-72\0. 72 F, T, V IZERRITD CAT(0)
BARIZEREPDERIC (L7zhd> TRBNEE R Z2RK7-912) fEldT2Z L, Farley
[6] IZ& > THISNT WS, Genevois [8] 1£V OEBRIKIED CAT(0) HAEIA (cubical
complex) NDOIEAMHIZ KISEE R Z2 R D Z & 2R U7z, ARIRITD CAT(0) S
RN DLEELBHE R ERBMIET 2D T, ZORKBIZMEEFA, (KIXMEEDBHRE)
FOEFVERTHD. ThoDHERZEEZHL, TV OWEFA, 2R L
XEHARTH 5.

EE 3.1 ([10]). k ZEEDOBEHRE L T 5. Thompson #f F D153 RE [F, F] DAT:
HEOTT TR LT, #(F, (f) ZMEEFA, 2HD.

FERR. EHE2.3 LHE 24 HWCHWRT 5. R THA ﬁwvﬂ#F@% TEAE L
T 10, 1 DFEFETHE 1 L 22 580K F O —HT 5L (42R)
%%w%t,&%®f6wuﬂtﬁbfmanmwﬁwﬁﬁﬁﬁﬁbfwwqw:L
Zi7z 9. £z, BAXBEO ZHAHENIZ > THONDXME J, TH > Tsupp(f) &K
LOBNEDHEND. FIXHEAXFEO B CRMEEROETHEROT, BIXRE (0,1) 12
HARZMEAZ D, ZOEMR, B0 a7 VES R EREOFESNIZETEHT
H5 (42R) . LEdoT, J1 2 L OREIZE ST h € FOWFIET S, ZDOLE
supp(f™) = hq(supp(f)) 1 Int(Jo) NDOPHK hy (L) IZEEND. BB LIZEENS
FOxeRiE, FOHESEEEZKT. ZOHDEEZ F(J)) £8<L. J & [0,1] DFR—HIC
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Iy Jo
Jo Jy

Ji J3 -
0 1
5: IZFEﬁO) 4—9‘_:1’_4 V&4 I) f/ﬁ Jl - Ji+1 et Jz’-i—l - Jz (U f/ﬁ@i%é, ﬁ?&imod
n) 22 Cm<, S Uy (Ji — k| > 2) 1322

&b, F(h) L FORORARMBREONS. ZORABENTEI LT, M BNF(L) DR
MTEIBEZEENT VWD Z D DND. f L F(L)IEAaRDT, F(h) & Zp(f) I
HEEND. LENKST MR [Ze(f), Ze(f)] 2@ N3, AUHHREM (G, f)DRDD
W (F(Jy), ffrYIZ2WTHEDIR L, F DTG {hih<icprr 2135, FOILDF {gih1cichi &
gi=fhi TEDD L, TNHIXEM 2.3 DINEE 727 O

F O—fAb> T O5&IZHE FA, 2iEiw$ %72, Kim, Koberda & Lodha [12]
DEALUZE, TOBIEOEEEHNS. 216D —#kix Homeo, ([0,1]) & L < I
Homeo, (S1) DAL SR UTERIND. n > 22 HREE T 5. JHF DT 6N
7= nfEHDBAXEIDF] (J1, ..., J,) DY, TRFEDEED &5 & EDAM@EII N2 TRV LW
&M ET-TEE, INoEn-FoA Y LR (K5) . F = {fi}i<i<n C Homeo™ (R)
%, H (supp(f1),...,supp(fn)) Din-F =1 VKT LD RmLe T 5. [FEDNITDONT
(fi, fiy1) D> Thompson #f F £ [{FLIZ 7% & & F CHBK I 115 Homeo™ (R) DI HEZE
n-FrAUE LIER FXMEORTZmod n TEZSHIZ T, LEFEKIIn-Y Y IE
FUOn-V VOB EERTS (M5) . ZOERDOHT, [BED &S ERITHF 2 4Es
5] EWORGEIR, IRD K S BEERIZEDINT NS,

#E 3.2 ([12])). Gr %, {f1, fo} C Homeo™ (R) TR INBHEE T2, EFILOEDH
(supp(f1), supp(f2)) B32-F = A Y EHT LT H. ZOLEN e NE FHREL LN,
(PN VI F e 72 5.

EHE 3.3 ([11). nZ 2 FEOBEAREKE T 5. F = {fi}1<icn C Homeo, (R) IZD\WT, B
XDF] (supp(fi))i<icn n-F =4 Y E72En-V V72 KT LT 5. Gr %, FTHER
INBn-F A VHEEREn) Y IHE TS, H 2 ST (Gr, Gr) DA BRAER
WaktL 95, M (Gr, H) IZMEEDE e NIZHUTFA, 285D,

FERA. A1 <i<niZNUTH; = (fi,fis1) B . SEHDENKRLTS. [Gr,GF
1 A{[fi, firr] hrcin 1T E D TIEBER I NB DT, S = {50 hciaw & [fi, fir1] DIAR
L5 AELUTRW. §562%1 < < IZXUT, supp(sy) 1 (0,1) NDOEAK
Ml Jy IZ&EENT WS, 22F = A VBE (ky, ko) & supp(ky) U supp(ke) DAL D B X [H
REEOBEANIZET (12) OT, &1 <7 < 1ZNUT, Jy % supp(H,) Wiz
B3 otgy Mgy = bl ---hl - Al (B € [Hy, H]) DL LTHENE. ZZTS#%
S = {89 Ve ULhY Micicniciew EIMDBZ 5. S 1E HOBERERRDE £ THS.
S' DETLIE [H;, Hy) DB & ENS.

G D EIRTE5EN CAT(0) B X IZEEPDPEHEMIZEALTWA LT3, HilkF
W THENG, FEINSG H; ORI UCER312EHATET, D& LIETN
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supp(fi 1 1
PSRN RN PSRN
su P(fZ)[MS} 4 @ 2 [Mﬂ 4 @ 2
\\v/ N N
supp(/f3) 3 3
( )

6: g, ORI (V) > T BEDEB).

ZTNEERERDE DD L. ALED M > n, FEDOn-F = A Y GIIHN U TG LR
m-F A VHBEET S ([12]) OT, n Bk ICHERTHAREVWEKEL TR, 7
5L S DERD (k+1) GBS S, I/ LT, S, K& ENB0DAEDHIL, (0,1)
DHLHAXBNZEEND. ZOHXMZBEWMIZDL SR WHESHNIZET ISR G-D
e (k+ 1) fHEN S . flidE24% SITEALT, SOz b P BOEERERD>Z &

S N
n#&H
Z%%/r\ T n /n%H n / T n /nﬁﬁ
N G<i<o-n - DEE N\
n n

7: Higman-Thompson D& F, DA KR,

N /IN
(D) - )

273 % 373 n 73 I
8 nREDTZ 7.

FoA VLV VI P, TEXOZENS DL TH > T Higman-Thompson D
BE LT, EENEED (3], [92H) 2EATVWS. [EEOEHREn > 212K L
T 0,1 BEESTOnEHR#EZZEZZ L, FEXOT RO T Homeo ([0, 1]),
Homeo (S*) DEAFENRF SN D, T 5 % Higman-Thompson OFE LIS, F,, T, &
KT, B, LIEENENE, TE 8T 5. F, TOGELRFARZ, nHYEH 2RGS0
Bn DR IRIEEZ 8T, F, T, DB EAR L DEADHTRRTE S,
F, EMTIZRE Nz a0 B Gz (1<i<n)TEERINLTWS (3], [4) . 27U, n
TINVDFonz=MFlEn 2R (K8) . T, & F, 8LV, STOME2HED
2 /n AR CTHERINT NS,

R 3.2 1ZIFIRD & 5 72—k nid 5.

& 3.4 ([12). nZ 2 A EOBHAKE TS, {fi}i<icn C Homeo, (R) %, XD
(supp(fi))i<i<cn -T2 A Y TH DL BEHRET S, Gr & {fit1<i<n TEHI NS
Homeo (R) DERRHEELTE. N e N2+ REL LD L, Gr DD { N Haicn) 1E
n-F oA UVREERD, TOITEIZAMELRS.
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MEgEAF BEX)

Zﬁ% i @““)ﬁwnﬁfw N~
G<i<n-2 /, A &

n f'n,n+1 n

n

9: Higman-Thompson DFE T, DHFr L WAEKR.

A3 4 XY, F, bR n-F oA VEEDMFEIET DT, F, 12 DWW TEH 3.3 236

%35.n>3L95. H%F, ORXMTBAHOAMRERI AL T 5. #M(F,, H) &
FEDOLeNIZDODWTHEEFA, #FD.

T AZDOWTH, )V ITHEOHEEZFFDZ HRES.

8 3.6 ([12). 7,9, z, w e RV —0o < x <y <z <w< oo &fiizd &35, f,
g € Homeo (R) %, BWFXM (2, 2), (y,w) THBEIRTLETB. gf(y) > 27861,
(f,g) & F &[FRL

BB 3.7 ([L1)). HEDOn >2120T, T, 1 (n+ 1)-V v 7 E.

LR y, 2 2r/nEEECTH T, 0% 1 - 1/nIlETHDE TS, T, K7D {2, h<i<n
Ay, TEREINS. f.. = x;rllxi 1<i<n—-1)&8BE, fun =2, 28L&,
{fuiticicn W& F, KT 2. £72, y, & F, OTLOETEE S fo 0 (K9) 21
B, {supp(foi) cicnst FV VT BKL, T, KT 5. 72, #HE36I12LD,
(fimr firrm) (1 <i<n) & (fromst, ) EF R XoTT, & (n+1)-Y ¥ 7RO
EERD. O

WHE3TBE LU, WERERFENBMHETH L2 ([3]) 2HWDS &, EE3.3 &
DIRDIL T35

% 38.n>22F5. TLIIMEEDE e NIZODWTHEFA, 2HD.
SE Xk
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Brane coproducts and their applications
BH OB (BEUA ORI

B =
ARETIE, ANV VYIEMAZEZ, FHZLVL—7R/REO 7L —r bRy —~D—
RALIZDOWTHRS T 5. —BALDEE, H2ERTOEHRZEMD THRRT
M Thh, BRABAICEHTAI L TCMED (7L — R 2R
T3, ¥7-, TNSEBHEROIREQY—IZB85 Y THOHLED
MBS 5.

1. AROE=R

Chas-Sullivan[CS99] 1&, M %% m IRICA [AEKEEH 2 BRIK D56 12 2 O H L — 722 [H]
LM = Map(S*, M) OFE0 Y =8 LIV —TEH (LM x LM) — H,_,,(LM) %5
U7z, V= TRIE, TERN &V — T EE ORMIE D 5 €% X 15 Pontrjagin B &
[ZRRMRDFRER Y BB 2 X XHE] ZHlABEDLEZEDTHS. Pontrjagin & Id
MMPED XS RNMEMTH > TEFIET DD, KXFIEMIPERETHBD Z &, §
WAERIOUEZH > TEHEINDE DD THS. X 51T Cohen-Godin[CGO4] 1TV — T
LT, WV—TREH.(LM) = H, ,(LM x LM) % EDA N V7 EfFE%
L, TNno2t(1+ 1) RO HEKE 5O (TQFT) 2723 Z & ZFEH L 7.
INSDEAZNABN — T EMORED Y —ICB8EaRBNHEEL2 525 2 &2
BEINTWz, LZADBENH [Taml0] 12X D, V—TREMIZLACHHTH S Z
EX, V=T RBEEN—THEHOEHRMPEIZHHTH S Z LAGEHI N, D0, A

MY U IEAZRIFEERRBMEE TIERWI LRG0 >72DTH 5.

Z I T, 22DHFAND—BAbA TNz, 121%, Félix-Thomas[FT09|IZ k5, M
73 Gorenstein Z DIGEND —fR{bTH 5. Z T TZEM M DD Gorenstein M & 1%
%%%ﬁ%ofbkﬁ@ﬁﬁ%%#ﬁ?%@gfﬁD,M®%£3?14/ﬁ&#
LRBN b2z L TREBEI NS, THIXEMEREHEZRRIK, 3287 Nl
fE) —BEO DM, X5I2IEHDTED Borel i ¥ 2 &EATE Y, ZRIDIENT Z
A% 5.2 %, Félix-Thomas D HEIZ L BNV —TREDOEZDHIL, fibration (2> T
RN XXE2FD EIF5Z 2 Thsb. ZZTIE IRXFE] 1%, HEMED Ext
DT TH D, NAMDIAAR A: M — M x M 7 Gorenstein ZZ[E]DEIKTHIER
RIETHHZ EPHEZE S shrick map TH 5.

£95—HD—fbE LT, Sullivan-Voronov[CHV06, Section 512 & 2 7L — VFEA
IFohnd. ol —MBORGTTOERE H» S O GMHRZE/M SFM = Map(S*, M) 123 L T,
ZOFRERY =D EIZTV—VEEIEENGEEER Lz, X, V—THEDOL &L
[FARIZ 2 X FE & Pontrjagin B2 flASGHLEZHDE LTHKTE . 2258, SFM
EORBIIREE IV — TEROEGAE L HEARTZ UL, FIZ TV =R LIERAR
SARMIXSPM EIZIZMER I T Wi o7z,

AR TIE Félix-Thomas DFiEZILET 5 Z & CTofEHO 7LV — VR 2K
U, ZOIGHE LT H*(S*M) (281727 7RO H 5TOHWAGEHT 5.



5 HRR ERKX)

2. DGA O Ext hngt

EIHEfE LT, DGA (differential graded algebra) 0 Ext D E 2K & FEAR 221
HziiHd 5., MM Kz{ke U, (Ad) &% KED DGA &7 5.

EZF 1 (c.f. [FHTO1, Section 6]). (A, d) IIEE (P,d) »* (A,d)-semifree IFETH 5 &
&, (P,d) DB (A, d) IEED S

0=P(-1)cPOcPl)c---CcPn—1)CcPn)c---CP
PIAELT, REifild lezns.
o P={J,P(n)
o HniZOWT (P(n)/P(n—1),d) IxEH (A4, NHETH 5.

Ik, (BEO)R EOMBEOHERIES TS, BEMEEL SR8 KO —BLTH
, ZDGEIZHUTD LD BRFEBRD HIET Ext N EHRTE 5.

D &
T 2. (L, d), (N,d) % (A, d) Ikt 3 3.

o WA n: (P,d) = (L,d) TH>T(P,d) » (A,d)-semifree THZED% (L, d)
D (A, d)-semifree TR LS.

e (A, d)-semifree 23f# n: (P,d) = (L,d) 2T,
Exta(L, N) = H*(Homu (P, N))

LEFRT D, DL EERBHAGS Exta(L, N) — Hompa)(H*(L), H*(N))
0 (—) t&L,

i TC, pullback KA & Ext fMEEDRERIZDOWTIERS., U TFATRETIX, ®TD%E
MoarEuY —3ARMTH L LRETSH. p: E— B D (Serre) fibration T, B
MHEKETH 5 K 5 72 pullback X

|

e —
SV el €5

—

=

2FEZLH. TOLERREIF oA R CH(—) ITODWTHIEEH
P2 Bxtlo. 5 (C*(A), C*(B)) — Extl 5,(C*(D), C*(E))

DUTFTOESIZLTERIND. £T, C*(A) D C*(B)-semifree 2R (P,d) & & 5.
IOYE, idep LDOTVYIARE LD TIIEER

Hom(;*(B)(P, O*(B)) — HOI’HC*(E)(C*(E> ®C*(B) _P7 C*(E) ®C*(B) C*(B)) (3)

3505 A, Eilenberg-Moore OEER [Smi67, Theorem 3.2] & O C*(E) ®c«(p) P 1
C*(D) @ C*(E)-semifree 3fETH 5. fE>T, (3) DAKFERY —%2 LB LT, p*
NERIND.

m&1Z, Poincaré RO & Ext MEDBERIZ OWTIHRR S,
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@ 4 ([FT09, Lemma 1]). N & niXjc® Poincaré BN 22, X Z JRE RS 72 22 [
YU, S - X 5> N 225, Z0LE, HRIZEBINDROEHIZFRRT
H5.

Exte. oy (C*(X), C*(N)) — Homy (H"™'(X), H"(N))

3. §HTL—URIE
3.1. Gorenstein ZZ[H]
Gorenstein Z2ft] & 1%, Poincaré BUHZEHD —#fbE L TUATD XD IZEZ I NS.

EF 5 ([FHTSS]). HuEf;ZZEM M »

K k=m
Extl. (K, C*(M)) =
ey ( (M)) {0 ks m

Zhifzd e &, MZRITm®D (K)-Gorenstein ZE &\ 5.

BRI EAEHIE LT, RO 2208 o5, KT (b) £V, Gorenstein ZEfH D
DOt EDEBIZBL DD e nnrd
5l 6. (a) @ 4 XY, Poincaré uwaf'ﬁ (W12 A RS B 2 Bk 4A) 13 Gorenstein 22
flTdh 5. X 51T Gorenstein ZEH & U TDIRILIE, Poincaré MAFZEM & L TD
xone —E9T 5.

(b) T N7 biEE Liefit G O8ZEM BG & Gorenstein ZZETH D, £ DIRIGIE
—dimG TH 5.
AR, FRHIRFR 7 L — U REOERIZE W TEE LA E % 723 Corenstein ZE[H D
25N, UTFOEHIZEY 526N 5.

EI 7 ([FHTSS, Proposition 3.4, Proposition 5.2]). ch K =0& U, M % B2
T, @, m(M) KPERRTHdDET L. ZDEE M IE Gorenstein ZEHTH D,
TOWTEY |y + 22,1 = |w]) THEAOGND. ZI7T, {7} & Teven(M) @ KD
IR, {y; 1o 1& Moaa @ KDEETH D, || P Jy;| 1EZ N5 DIRILZE KT

£7-, Ttk [FHTSS, Proposition 1.7] &0, XRDOFEMEED KD LD Z &2 FRL T
BK<.
MR8 k>2& L, M%k#EfEEMET S, 2D E, Q1M H Gorenstein Z2H T
o, @, M KPERXITTHD I LIZFAETHS.

3.2. ®MITL—VREBEOER
ZOHiTlk, —DHDOTV—VRHE, TROLHMET L — VR (DMK DEHE S
ZB. 7&215 DHEIONEIE, k=1 OEIE Félix-Thomas [FT09] IZX25HDTH D,
k>2 OBENEEE L TRoNZ—RILTHS.

AR M % k#fER2Ef e 35, 70—V REOMRIEX, ROMKXE2HWTiTbhb.

SEM <220 SN x,y SEM 2Ly Sk x Sk

l l (9)

(L e e—



B¢ HRR ERKX)

Z I T, resy (FARE SP C SF ADHIRER, ¢ M — SHIM IFEMEHR L LTD
HMOHIAATH D, LEDOUUMIIL pullback X TH 5.

EE 10. (LEDT
7 € Extp gy (CH(M), C* (S M))

EREETD. ZOLEYITNHTEIRIT L — 2 RIE(DOW) 6Y 2 FDARKE LT
EHET S,

5Y: HY(SEM x SEM) 2L B (SFM 5,y 85 M) TUS0, prest (%)

T L — 2V REIL, IROEF TR TS 5.
#p8 11 ([Wak19a, Proposition 6.4]). {TE®D a,3 € H*(S*M) XL T,

0 (a x B) = (=1)"Wls). (5 x a)
MWENST D, 22T, 7: SFIM — SFHIM IESH o E 2 KIS B354 0h 58 F
LZEMBTHY, T XTI Ext MBEIAEE T 8B ERTH 5.

XTC, TL—UREEZ M DEBRDOAPSED B 72I121%, Ext IIEEOME % FRT
e~y % [5FL | BETHAHLENRDL. TIMHLGEL LT, AFOHIDETS
ns.

Bl 12. k=17T, M » miXst Poincaré RO ZLRIDGEIZIE, 4 X

Exté (vrary (CH(M), C*(M x M)) = Homg (H*™~™(M), H*™(M x M)) =K

LBEDT, yIEIDIRITERZ MIVZERIDERTTE L TEDIUZE .
L0 —DGEITIE, ROEHEZHNS.

EIE 13 ( [FT09, Theorem 12] (k = 1), [Wak, Theorem 3.1] (k > 2) ).
PROWTIAZKET 5.

(a) k=1T, M % Gorenstein ZZ[H]TH 5.
(b) k>1,chK =0T, QF'M I Gorenstein ] TH 5.
ZDL E, Gorenstein & ULTORILE m = dim Q1M &< &, PANOFED
5 AYA R
Exte. gr1y (C*(M), C*(S*'M)) = H"™(M)
EOEBIZEWTHIZ l=m &$25 28T, £t
¢1 € Bxth i1y (CH(M), C*(S* M) =K

6. TNEMWT y=¢ &LBZLT, T L—VREE 0V =0 LEETD.
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3.3. TL—VEBOESH
M % k#dfERsefe 35, 2oL —rEE, MR

SEM x SEM <2 Gk, SEM 2P

leVO Xevp l

M x M < M

SkM

ZRHWTEK

Vs HA(SEM) 2 1 (SEM x 0 SEM) H*™(S*M x S*M)
LUTEZINDG. 22T, A €Extd o (CH(M),C*(M x M)) =K ¥, & 13
Dk=1DHBENSEELERTTHS. TL—VREIZ(TL—VREELEST) E>2
ThHdIEIZHRT2HEERL, V—TREFAKDOHIEIZL>TERIN TS Z
LaFEELTEL.
34. TL—V (R)BEOME & B4&H

UFchK=0, M % k@EfEEBE LU, QF1M 1% Gorenstein ZE[S] TH B L IKET 5.
Dk x

H*((evoXeVo)*A[)

p: Ho(S*M x S*M) — H,_,,(S*M) (7L —>FH)
§: H,(S*M) — H,_7(S*M x S*M)  (RFRT L — VRFK)

NEZRINDDTH -7z, V—THEXIN—TREDHKE LT, THoFROME%E
74
EHE 14 ([Wak, Theorem 1.5]). 7L —VBENMT L — U REIE, REET S L
FEDY— H,.(S*M) = H, ,(S¥M) 12 Frobenius REIDHEZ 52 5. T8bbH,
TV —UREERMT L — U RBIE (R) G D (R) (T TH D, Frobenius fHEX
dou=1(1x0p)o(d®@1l)=%xp®1)o(1®J) Zii/=7.

E7, TU—V (R)BEOFAPMEZ RTHEE UTIROGHEHZ 1572

EH 15 ([Wak, Theorem 1.6]). M = SZ"FLIZx LT, 7L —VEIZ & B AEH,(S2M)
&, KByl = —2n—1, |2| =2n — 1 DIIT X D ERSINDHFHNRE N (y, 2) LFRET
HDH. ToI, ZOAMOFTHHT L —VRBEIZLLTFO L S IZEHEIN5.

() =1Ryz—y®z+20y+yz®1
(y)=y®yz+yz®y

(2) =2Qyz+yz® =z
0(yz) = —yz @ yz

ZOHlE, MPEHEDEETEHE T L -V, J7 L — U REOHEHIEHITT
HBHIEERLTED, V-7 (R)BEOGELHBNTHZ. ZOZ s, TL—
VEAFZRIZA N VIEHZR LD L EERNRBNEEZ 5 A TWEEERILN5.

o, TUV—VBEEHET V-V REEZ2ISIT—BLTEZLi2E-T, T 60D
BEDPIEEHTH S &> 2R L7z, ZOLSIRELIIA N Y IEHFZE(K=1)
DELEITIEROP-TEST, ZOMEL TV - IEHENSERHEEZEA TV
ZEERTHETHLLEZR L. FFMITOVTIE [Wakl9b] Z ST N7z,



6&C HRR ERKX)

4. FERTFT L —VRIR
ZOfITE, 5 —D2DT7 L —VRBETHIIENAFT L — VR (DB DEHE G-
Z5.

PAR, M % BjdiE 72 m IRot Poincaré BUNZEfE & 975, 2 ZTHA (9) DR D (2
ROHAZEZ 5.

comp

incl
S§+g S}A4'XA4ASkAJ SELUEN S}A4’x Sy M

f% kﬁ (16)

DFM ¢ SEM

22T, SEM X f e SFM & &0 SFM OFVRIEREK Y, DFM = Map(D*, M) T®H
5. F7z, resy \F EPEEREAOHIRER,  EpEEG DY — DF/ODF = Sk o358 X
N5EHTH 5.

ZDe & DM (~ M) I% Poincaré BONMEZ 723 DT, @4 K0 AT

L€ EXtTg*(DkM) (C*(S’;M), C*(DkM)) =K

NEESD. TWEHAVT, ENHET L -V REIIUTOEKRE L TEREINS.

H*(res1*u)

* incl” * *+m
O H*(SFM x S¥M) == H*(SFM xpr SEM) H* (S5 M)

ROMEIL, (fIZOVWTOREZRLZ ETD) FERFRT L — > REED BRI 725
HAEHEZTW?

R 17. f P EEEHR0: S¥ - MIZEAE Ny I &, /AT L — U REE 6
W u,v e H(S*M) 12 LT

Ops(u x v) = evi(w - c*(u)) - v

WEDEHETES, 22T, we H'(M) & M OHEMIETH D, evy: SFM — M
FEATOFMEAR, o M — SEM IZEMEGL L TOMDIAATH .

5. ZEDT L — U REDLLER

?%L,ﬂ%?v—yﬁﬁt#ﬁW7v—y%E%wﬁ?5:tf,H%%M)tgw
57y THEDOH HFEOHEWEIRT 5.

PARTIE M % kHERE7 m ikt Poincaré MO 2EE &35, ZDE EMDHEAIZ LD
“REEOTL - VRBEPBEEM TSNS,

SEM P Sk AT w0, SEM 2 SR« SEM

lresl lpr 1

D*M +—— SkM

lresz lev

SHAIM ¢ M,
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TR, ZOMROAMINIIESTE T L — Y REOERICHWZKR (9) 12, EFE5IEHR
TV —VRBEDOERITHWZKA (16) I22NZTN—EL TWA. £72, resyores; = resg
ThHhsHZezERELTEL. T, EEDIty € Ext{ (ge—1an (C*(M),C*(S* M) %
EEL, TNIMNETEIHMT L -V REEZEZ LS L ZoLE"FMEOTL—UR
BIZLLTFTO LD ITERSINLDTH - 7=,

6y = H*(res,” o resy*(7)) o incl” (18)

6Y, = H*(res;*(1)) o incl*
IS EHENT B72512, A, € K 2FEDEH A (M) 2% mm(s-1ar) < Hm (M)
EHOWT o (H*()(1) =\, - w IZEDEDS.

fd 19 ([Wak19a, Proposition 6.2]). EDIRED N T, resy*y = A\, -0 DALY 5.
o T(18) K DIRMIKALT 5.
5“\// = AW ) 51\1/5

ZOBBRREHWT EEDO TV — U REAELKT 52 8T, 1y THEOHERIZE
THRDEHZGS.

EHE 20 ([Wak19a, Theorem 1.4]). {EEDITY € Exteh. gu1yp (C*(M), C*(S*IM)) %
EET S, ZDLE, FED ae HO(SKM) 1z LT, IRDBHKALT 5.

Meviw - a = 0¢€ HHm(Skar)

Proof. G evg: SKM — M 1XYW c: M — S*M %F>D T, B H>0(SFM) =
H>(M) & Ker(c¢*) 2134%. a € H°(M) D& Ei&, IREOHHANSHL NI aw =
0€ HHF™(M) =0 TdHb. I acKer(ch) DHEEEFZRL. ZOLEMBEITLD,
RDESITFHETES.

6 (1 xa)=evy(w-c* (1)) - a=eviw-a
o (ax1)=evj(w c*(a)) 1=
T oz 11 L@ 19 K0,
AMps(1x ) = 05(1 x ) = 6% (a0 x 1) = Arey O (0 x 1)
2195, TNODFEANS, Meviw-a=0¢e HF™(SEM) 2155. O

L2L, LN, =0THNIE, EH 20FHHREREL>TLUES. /EoTA, A
FEHHTH D L 5% v DKL BLETH 5.

@ 21 ([Wak19a, Proposition 6.7, Proposition 6.11]). A FOWTFNA %2 KET 5.
(a) k=1
(b) k> 11EHE, chK=0TdHY, Q"M IX Gorenstein ZZfH]TH 5.

D&, by PEEL, N\, 1 Euler B8 x(M) I2—357T 5.
LYREHS Section 3 B A Z L IZIHEE




HRR ERKX)

LoT, B 20EMmE21 LD, ROEHEZES.

EIH 22 ([Wak19a, Theorem 1.4]). A 21 L [F UARED F T, LED o € H>°(S*M)
N UT, IRDBERILT 5.

x(M)eviw - o =0 € H*HF™(S*ar)

BB, k=102 M BERAEDEE L Menichi [Menl3] OEHTH b, THL 22 1%
ZO— b iz>TWNW5,

S 3Rk
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HEREeZEAE - MUy s b ROYV—DERDL -

P st CRBR S K%)

52

1970 FEEHIZ Demazure, Mumford, =E-/NHSIZ X D b=V v 7 &faf D FEHEHER S
I, b—U v 7RIS MPE LALLM, £/-—BmRNPTANTES
GEUTHELTWS., b=V 7R MOEMLL2DIE Th—Y vy Z7ZRREE VIR
BORMONF LT WO HMAEROMEOMIZ—W—DORIEDHZ] WS HFETH
% ([9], [15] ). i, ~—V v &ML, RBEEMEMATmEzBEIBLS
Ab.

ZOr=Vy 2%z bHR0 Y —OBlm»ORETHRADD - 72, Tl DiAAIL,
1991 4£® Davis-Januszkiewicz (Z X 25X TH 5 ([8]). ZDFmLIFE < HOH%Z R
Do 72 H, 2000 FEEHIZ Buchstaber-Panov (2 & D LD EIF & v—ffbaize T 7z ([5)).
—H, ZOEEEMSTIT, FHE (RPERLEEOHIBET) b=V v 7&MM%E b
RO Y — DB EDSET 2R A% T > TV ([13], [10]). ZDHINS OFE S HEH
LT, b=Uv2Z bRao—2nS 08k Ensk ([6). ZOREPSLT, =V
7 bReY—b Gt EECERLTWS.

R TIE, P—V v bRV —ZBWTEENEE L L HA IS 23D
W, RO 3DEMENT 5.

(1) b =7 AHEH & uE2EH

(2) MZHERN SR SN — < VERRMA L 3 IRTT T2 ARA

(3) ELHRIKNDEHE b —F ABEOME, BRI, EHREE Lo
(D) b—V v 7 EATHSNTWEZHEED b KB Y — DS S OHEE, (2) 1F h—
Uy 7 EMOFEBRIHIGT 258, 3) I b=V v 7R MOHIFIB I 25ETH S
D, INFTOBIZIE AR o722 o2 BEDRERTH 5.

L b= ARHEM & BE 2=
Rz flrothd s, S' 2 RS 1 OBRBP S 58
St={geCllgl=1},
S? &2 22 C x R = R® N 2 Huly & U 7« BAZER
S?={(z,2) ECxR||z]* +2* =1}
L35, ZokE, STOSEAOHEKBIEM (o E D OEfz)
St x 5% — S% (9,(2z,2)) = (92, )

DfEZER] S?/ST 1, (z,2) DHIEE 2 [ZE TG LD, KE T =[-1,1] LFA—HT
5. S? Lo S EHOAE SES Fix(Sh, S?) &b (0,1) & Bl (0, —1) D 2 i 5

AHFZRIE R EE GRETE 5:19K03472) OBk % Z 725 DTH 5, .
1
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2 BHE St KB k)
20, THOEKE T OHEESG V() (71, B 028 {1} ITHELTw5
S

| Fix(S', §%)| = [V(I)| = 2
Thb. —h, SPDAA T (S2) b2 THEH, TN5D—BUIMERTIZZR.
FEoflomkoifbe UT, nMOER (S 252 5. Z 2T, (SH" AHELARIC
ERLTHY, HuEZm (52)"/(SH™ & nRTTsr Gk M2k 5, Zor &, REjSES
Fix((Sh)", (5%)") & I" DIHFES V™) IZ 1 X 1 OXIERH Y,
| Fix((S")", ($%)")] = [V(I")] = x((5*)") = 2"
WAL L TW5.
LOBINRT & ST, BEEHOEAESIIMERZE DEROA 1 T — L BH L

TWAM, [HDEMET] TlE, #EBIEE > EIRILDEREZRi>TWb., £9 (55
ZETF ] IZOWTHRAR S, Cr EOFEHER) 7 (S1)n fEF

(1.1) (z1,...,2n) €C" = (g121,- -, gnzn) € C" (g1, 90) € (SH"

DOBEEZEMNE, (21,...,2,) DEIEIZ (|21],. .., |2.]) ZHIGSEEDZ2ITED, RPDE 1
%@@N)tﬁ*ﬁf%é(@)@ﬁﬂﬂ@ﬁAmWﬁﬂ@ﬂ?@ﬁ%ﬁbof%
BB ZERIEZE D S 720,

EF. 2nRGCPHZ AR M @ (SY) fERIZE, BRI (1.1) ofFHERIUTH S & & (I
MEZIE, Aut((SH)") DILTIR U > 72fEHEE U TH B L F), locally standard &5,

2n IRTLEAZ AR M A%, locally standard 72 (SY)" fEfHZ > TWE & T 5. ZD&
&, ROEGRLD, Gl M/(S)" BRIHICE 1 RIR (Ro)" THENS, n L
DN ERRIR L 705, AMNSHAROIEIGE UCTHRMMNZ HERH S, T T, nikit
MBEAPHEME X, REACBWT, 2OHRAZEORIT 1 OEPTEnETSH 2
&, ¥, BEHAPSTEEOABE TS EE>TH K\,

Q% nIRTTAMNZKE T2 L, MZHADOSE tﬂﬁ_,%0<z<n IZRL T
OLHMAERTE, QDiRITHDEZ £(Q) LEL. 22T, QHHFIZQ D nikTiH
uuﬁmm:1t7%?5.omﬁﬁéﬁﬁ,1mﬁﬁ%ﬂ,n—n%ﬂﬁé77ﬂv
Febwi. fi(Q) Rl UL IHA

= Zfi(@)t
QD f-ZIHRAL W, ZDLIERADE ﬁ%?bbf% N3%IER

holt) == folt — 1)
Z2QDhZHANE WS, fZHAL h-ZIHALFRUEHRERF>TWEA, ITFTE A
ZIHADVHERIZHENS.

. ﬁww_wl(>;o,ﬁ4w:@+zw L7285 T hya(t) = (¢ + 1)

I"1F (S D (SH" fEFIC & A HEZEMTH - 7275, EOHIE D, he(t) 1F (52)" D
RT Y AVZHN YT ranky Hai (%)) & —HLTWSH. ZOHFEIE, 1" DIHREL
ADHHHA B Z LIZED, (SH"ORYy FEBGNEI L Z2RLTWAS. (S?)"1Eh—
)y IEZRRD—BIT, ZDOXIBEEN =V v I LRIEDGEIZHRLT 5 Z L IEH
SNTWH, MOEHIE, ZOHEN =V v ZEAZES TS, MRoY—o#HE
TN T HZ L2k RTZEDTH 5.
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EE 1.1 ([14). M %, GEXRDOIFREB Y —DHZ TS 2n IXICEAMD AT BEZ RRIK
£95. Z0LE, M EOARERE DD (SH"EMIX locally standard 12720, #iiE 22
MQ=M/(SH"D&mHIZ (QHHD) FimiR. T 51

ho(t) =) ranky Hyj (M)t

j=0
MHALT 5.

M DEIT. M Oy FEIFZ EFEO X D ICHEZER» SR ESN, MOIAFRERY —
BROBEME IXPUEZEM Q 7 CldkESswnw. MO RERY—ERE2LATSI2E, Q
D7 7y MIHINT 2 M ORIRIG 2 DI ZREZ EE T 5 SIS REOE IR 2
Thbd. EODUHELdRBEE, QD772 y b2 Q,...,Q 2L, $W¥m: M = Q
WWEB QD5 ERL Q) & M; £ EL &, M; IIRIRTT 2 DEA LRI T, (S
DHD SIEHDEES;, DAFFESRIZR>TWVWD., ZDS; %, ED DR G 4%

(U Sl — (Sl)n, (Ul(Sl) = Sl>
&9 %. Hom(S, (SH") 2 Z" ZF—fT DL v, X Z" DimE A, 5610 1d+1 8
HDOEBTEHNLZNERELTEIWY (ZDOLE, v, IFEEZHRVCHE—DIZIRE D) .
IS {v ), 2HIRIROEME (1.2) # A 729, [ % {1,2,...,m} DWAEATI|I| =n
45,

(12) [Qi 7 QDIRARSIE, {v; | i€ I} idHom(S", (S")") =Z" DEETH 5.
el

WUEZER Q & T — & {v ), A M QA KRED Y —B H* (M) DBRE 2D 5. Eid
Ho i, MIZQ & {v}, 75 Q x (S DFFZE
(1.3) M =(Qx (S1)")/ ~
EUTHEHITTES., ZIZT(x,t)~(y,8)1F, e=yT, aDQr=)c;Q PHRES
X (T {1,2,.... my DBBEHHEETI|I| =n LIXESHRW), s i y(SY) = S;
(iel) THEEING (S)" DEABIZEEND L VWSRETHS. 2FD, Q x (SH)"
ZBEWT, QO ERIEHQr E (k=n—|I]) &5 (SH)" %, {v;(S) |ie€ I} THERK
ENBERILP—F AT, THET (D0 T/, %F25%) L MMWMELTES., V)V
R—[-1,1] x SLIZBEWVWT, 2008RD S' % 1 fUTHET & S2AFLNEH, Zho
—fbTh 5.

2. LD SBFSNE Y —< U E A L 3 IRt Z RRAA

BIffIIC BT 2 EFEBIRC 2 EHRRICE S NE, HERREFRROFERIKNIT 5.
—DRELENE, ATEITHLD o 2RI, HAIZHER 2D TH DD, A
THLO KD (SO EA%Z & D niXtZHkiRIE, HEFETIEZR <, £ < DA aspherical
LR TH 5.

STORHDIZS ={£1} 2F A, niRGTGHZHRIEN LD (SO FERDY, JRATHIC
(2.1) (x1,...,2,) €ER" = (g171, . ., gntn) € R (g1, -, 9n) € (SO)"
LRIUTH B & E, locally standard &\ 5 ((1.1) &) . T &, #EZEHQ =
N/(SO)" E n IRTGAMNZEMAEIZR D, (1.3) EEBRIZ, NIZQ x (S°)" Dpg2=fH

(2.2) N=(Qx(8)")/ ~
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4 BHE st CRERGH L REE)

LRIND., 5084, (1.2), (1.3) 12815 v; 1k Hom(S°, (S))) = (Z/2)" Dt & &
5. (1.3) 1%, "D Q %, v; 72Hb DT — R %EIIZ Q DEEFUTIR > T Y AH T N »H
FLCEHIL2EKT 5. QPRMMNEZHIKTH S L E N % small cover £\ ([8]).

Bl (2.1) D (SO EAIZ, nixot (FHE) b—FAR"/(2Z)" LOFHAZEL. ZOF
FHZ locally standard T, BLEZEMIX n IRITL k& 72 5.

LN, 20 EHD n IRFENL R ZEEEFIZIR > TR D G THEHE N —F A F o5
ZEERLTWVWAMN, &R 22258 (EWVHINE, v, 2b2R0#z5L),
=S A IXELD T30 NEHY —< VERREDREONS. EiX, ZOLDIZLT
BoNDIHY —< U ERRIX, FE Bott 2 IEIEN 5 RP! D4

B,— B, 14— -+— By — By={1xi}
Dry FZHhH2%HKB, L LTHENS. 22T, ERP'H B, —» B, 1%, B_, Lk
D 2 DD EKRHKD Whitney FIDFHHALTH B (2 DDEMMKEDN, —HIFHAKRE LT
H—fMIT b)) . B, %53 Bott AL L.

I VN7 MR — < VSRR B IR TCE RE CHEARETX BT E %59 (Bieberbach
DEM) , F Bott ZRARIZERIIXIRD KL T 5.

B 2.1 ([11], [7]). 52 Bott ZRRAKIZ Z /2 (RO a R E0 YV —ETXAIHIKS.

% Bott ZHAK B, 1, A0/ I8 (SO OEAHEL WO KRR EDTH B A, =
YONT Y — < VA RRIR OB & BRI S FIZREET S (FD Table 1 2) .

n 123 4 5 6 7 8 9 10
Diffn |1 2 4 12 54 472 8,512 328,416 ? ?
Orin |1 1 2 3 &8 29 222 3607 131,373 7

Sympn |0 1 0 2 0 6 0 31 0 416

TABLE 1. Diff n, Orin, Sympn I&, ZNZ, n kit Bott ZHRIKDHK
DEME, TONASHNARELDD, oIy TV o T 1y ZREERA
5HLDDMERT.

(22) 12BVT, Q AANSHATHNIEHA THREMEN 2MELNE A, Lok
DIV =Y VHEEZEZDLLROIX, HANEMTHILENHS. LTI FHEHHES
B xS, WD 3T A E A 5. 3 UGTAEHR I U & Fifa A f & 72 5
NS KIS Pogorelov % Fifk & IFIEN, (ROMAERKEHEIN 1355 5T 3.

B 2.2 ([1], [16]). IRICHEMNZHIARDY Pogorelov Z KT & 2 B35, 4
AT, 3RV ME YRV NEREZRNZETHD (R, 3R e JAROHEIZ
RN

SITCIMZ R P Dk ~)V k&l (k> 3), PO EEOHEHDKES] (P, Py, ..., P) T,
BEFELIX 102G L, BEREDAMER DD 272K, TSI 3DOMIFHEMAZIA LT
WRWZ & THB. Pogorelov ZHARIIIRIZIRILD 5. HIZIKXIE 12 HAK, —#IZHD
5T 6 A2 TH 5 3 IRILIMZ A (combinatorial fulleren & FFXNTW3) &
Pogorelov ZHIKTH % ([3]).

Pogorelov ZHI{A Q Z FI\WT (2.2) DK ZITS, 2F0, Q% 8(=2%)MHARL, %
NS ZMIZIA->TAED A 5. NEHZERIOHR T Q OFMEANEMP X, DK T 3R
TEARHBAZRRARDME SN B D%, Ziid Lobell B & IEEN T WS, Mostow DRI E L IZ
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BEEFI Y itk - b=V v 2 bROY— BN S - 5

FNE, 3RITCEL DAL RRAIZEEARBETX AT E 298, Lobell B0 3 R A
ZRARIZIRAVE, T 2.1 HELIDIRDRANL T 5.

EIR 2.3 ([4]). Lobell D 3IRGTTMHHZRRIRIZ Z/2 D 2R TR Y —ETXHIHRKS.

Z OEMODFEAIZIE, moment-angle ZHk{AE WS b=V v 7 MR Y —TfsEI
TWVWABNEEZHANDE (B, PXRERILEZEDRH D) .

2. Nikulin DEHOBICET ARG 6, REAMPEM LD 5KC EDMZIH
HIFFEEL WD &30 B0, 4IRTCTIEZ D & S M HEEK Q BMFIET 5 (HIZIX
120l D IE 12 itk Z 3IRIGHIZ H D 120 fafk) . 2D X 578 DITH U T (2.2) DK
2fio L (DF D, Q% 16(=2Y) HMAR L THEA TR D &8 T) 4 XITONHHEAZ A
NESNDED, THSIZH U T EILDEHNKNLTE0E S D0E 0> TV,

3. MEHARIZB I 2EHE b — T AWEDOMW, EMMLER, EFRE L O

REA & ZHAEDBRT 20125 5 1 DT 5. AHIDFEX, #1Hi2 D& 3008
R85, BEHIRFLC) & ZIZBE§ 2 SRR HFE 2 B vy, £

FI(C") ={Vi CVa C---CV,=C" | V; & C" DHEHE i RTiBsr 2R }.

T:m%"®§ﬁﬁ%(W®%Wﬁk%iéﬁﬁiFMﬁLbDTW%%%<.y®ﬁﬁ
DAFRESITEIH S, LR—HTE5. FEE, we &, It LT, IH

<€w(l)> - <€w(1)7€w(2)> C--C <6w(1) : 6w(n)>

EHIGX B EMEAFH—HEEZ S, ZIT, e,...,e, X Ct OEHEREKT, ( )ik
IZHBIGTHERI N MR MVEMERT.
FI(C™) 121, Plicker MEEEZ FIWTE— X » MEM

p: FI(C") — R”
WEFRTE, B uFIC)) & (n— 1) RIGEIRZS HK
Perm,, := {(v(1),...,v(n)) e R" |v € &, } DA
—HTL. TNIKELTIROZ LB Ro N TV 5.
A 3.1. pw) = (wi(1),...,wt(n). 61T, 2HM pu(w) & u(v) A Perm, DL T
FIENDMBEFDEMEE, w=vs; LIRBEMs; = (i,i+ 1) PFHETEHI L TH 5.
ZOMBEIZEEL T, 6, RITIROEMdZFEZ 5.
d(u,v) = L(u"v).

ZIZT, l(w) G w DEXT, wBMHEE>THEIWL, wiHE#ls), ... s,
DETHRHERRUIZLED s, 2O BoTH L. EOFMELD, du,v) %, u
& v % Perm, DTHM p(u) & p(v) B &, 2056 ZF8 Perm, O (U067 5) #E
THREDHEDDEILEZ 3.

ue G, IZxRLT

C(u) :={(z1,...,2,) € Z" = Hom(C",T) | &) < Ty(2) < -+ < Ty(n)}
& Z 5 (KREMIZ Weyl chamber) . C(u) Dt A 6iT0) L NTRA=RERREZED,
FI(C)®) = Fl(CMT = &,

THBH. 2T XC = Fix(G, X).
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6 BHE st CRERGH L REE)

T, FIICY) 2o ERIZ 1My 2D, ZOTHEOHAY 252 5. £7,
y' c Fi(cH! =&,

IZIERT 5. Atiyah-Gullemin-Sternberg OFEH K 0, p(Y) 1Zpu(YT) ZHM E T 5%
HATHS. ue G, ITRHLTANeCu) BIEREIZLD,

: T
15% AMtyyeY' C G,

EZD. FEHOMBEAIZNDED 23K T udAZED. LEA-T, B4
Rety: 6, - YT c 6,
21850, ZOBEMIIIROEH®E HD.

EIE 3.2 ([12). Rety ZV I 2 b (00 YT EEEGHR) . /2, Kue S, ITHL
Td(u,v) =d(u,YT) 725 v e YT IZM—271FH D, ZhiLRety(u) TERZSNS.

LREOEBDOEIX, &, DIERDEOEARIIN U THY ZO2DIFTIEZL, YT
S, @ Coxeter matroid & XN TWVWEEDIZZR>TWS ([2]). &HB, YT BEALHIC
Nh%H L E, Rety 2 BAKMITRD S JENDH S, £z, L EOFHI—# Lie O
BRAKIZXT U TR 5.
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] & A5 1 AN AT BE T O BARSERE D R FRIZDOWT
AR TR CREURRLAY: - HLTHHR)

B =
ARETIE, [ E N AT et O GAASERE O BRI 2 ERE R IZ O W
TS 5.

1. BA - BR

a8 Ml S IR L, Diff(S) 2 S OBIR 05 BRSNS © [ O FIAH G4
RS BRE T L. LZL, SPHARMHEOSLEZ, 1E 2 EDH DD FEHEE
DAREZZDIELIZT D, ZOHE, M(S)%, BADKEEEBEETSTAY bPE—IC
& % Diff(S) OfEft L U, S OBRERE L I3,

1.1. BAHEOZE

Yo 2B g > 0 Tn > 0D 2 KD ig e a >3 7 MaETadhE & 5.
1938 4212, Dehn [3] 12 & o T, X,, DEHEHRE M(Z,,) »* Dehn twist (5£2.1EFS
BR) 7=b THERINLSHIRI N, TDE, Lickorish [15, 17] X Humphries [10] (Z
o TM(E,0) D Dehn twist IZ & 2 HMRERRNGZ 5N7z. K, Z O Humphries
DAERAERSRIL, Dehn twist IZ X2 EMRDHFTHRE/NIVWEDTH S HDFHX [10]
DHTIEHEN TN S,

M(2,,) DEBRERIE, £ 1980 412 Hatcher-Thurston [8] 1Z& > Tn = 0 DHAE
IZEZ o7, TDE, BIFMETRWEGEIZ Harer [7]12 & > TM(E,,) DAERER
NEZ 563, Wajnryb [25]12& > Tn e {0,1} DEEITX DL M(Z,,) DAERE
ARG Z 60T, TO Wajnryb DFoRi%, 4R % Humphries [10) DEKR (Zn=1
DHGEIZHHRIZ—MBAL L7252 D) & U, BRRSBEDOFRR LA, fliHTH 5 LI
ZDHEHDRNEDL>TWD. ne{0,1} DFAITIEZ D & S IZHHRRRMRE X
SNTWERD, TNETITHSONT W n > 20BED M(S,,) DHERETRIL, i
HERRE L < AATW, Gervais [5] 1%, TNHDAERERZHNT, £EDg>0
En > 028U M(E,,) OFEHLRBERAD Az K OMBRREZHEE L 72, 2D Gervais
DFERIFIERFRICEHT 2L D THED, WRELERZHEEL 7ZHT, M(Z,,) D Dehn
twist ZEt & THRROBBAL LT, YOMAd ORRERIZBETH 20
Iz, 20O, Luo [18]I2& Y, Z D Gervais DERF/RZ & 0 Hiflifb U 72 fERR
REGZO6NTVWS (BE 2.6) . HIZZDH, Gervais [6] 1%, (¢9,n) = (1,0) DEHH
ERCAERED g > 12 n > 0128, BRXPEAL M(E,,) DAERFRZHERL T
W5,

1.2. AE T REHEOSEG
Ny, 2T g > 1 Tn > 0E DB 2 K Db S A afgga > o827 M &

T5. Thbb, Ny, %, gHOENZFERP? OEFER A S nlH OO I %
WO\t DTH5. [MEATAARRIMEOSLEIZE, £, 1963412 Lickorish [14]

* T 278-8510 T-EEEEFHI AT (LR 2641 BRATERLR F B LB R

e-mail: omori_genki@ma.noda.tus.ac. jp
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ko T, g>2D5EICE4IEEE M(N,,) % Dehn twist D A TIFAERE NRNWEHED
RINT. HIZFEGERXT, g > 20K, M(N,,)H Dehn twist & ** crosscap slide "’
EWEEN Dt (BB2.28B8R) Lo TEMINEFHEZRLZ. M(N,,,) DA RAER
RE, n = 0DHAEIZ, Chillingworth [2] 12X 2T 1969 FiZfIOTEHA 6Nz, T
@ Chillingworth @A %1%, Dehn twist & crosscap slide IZ& > TR I N T W5,
Szepietowski [24] 1, Z @ Chillingworth DA% K S 35T, Dehn twist & crosscap
slide lZ &2 K D/NZTWVWM(N, o) DAEBRESREZ G ZTWS., FEEIZ, BHEK 912X
T, Z @ Szepietowski DAEKRDY, Dehn twist & crosscap slide (2 & 5 M(N, o) DAL
ROFTRL/NSIVWEDTHLHIMMEPSINT NS,

M(N,,) DAERFZRIZ, (g9,n) = (2,0) DEEIT Lickorish [14], (¢,n) = (2,1) D&
(2 Stukow [21], (g,n) = (3,0) DA Z Birman-Chillingworth [1], Z DD n € {0, 1}
D512 Paris-Szepietowski [20] IZ & o THIO TEHEZX 5N 7z. £ D&, Stukow [22] A
Z O Paris-Szepietowski D& R FH S A, LR %E (REMRNIZIE) Szepietowski [24]
DEBARET D M(N,,) DERKREZGZTVWS (EE 2.14) . I1h5DHERER
F, BRSO TH LD, FOEEPRKEWGEICEMZERRE2LET.
ZD Lk, n > 2058121, KEZM(N,,) OFEREFFERLINTWR2ro72. FHEHIZ,
M(N,,) DR E U TEDIRZREDRBRETH L 02T 58, EEDg>1L
n> 01U, BRADEHHL M(N,,) DIERF RO ZIT>7- (BE 3.1). 20D
FERIE, ne{0,1}DHBEGIEFFEEDRX [19)NTEZ SN, n> 2058130/ L%
FHMERO/NRER K E OEFEE G [12]) X2 THEA 6N, TN 5 DFE
21T O BRZ, Gervais [5] Difan 2 2% (2L, BEFED M(N,,,) DARKRZHWTEE
HZITO DY, n> 2058 EEARFBRPMMONT VAR > 724, fX [12) N TEK
M7 ARER (& 2.15) ZMKL, TORRITN U Tz 1T - 72,

2. %
2.1. Dehn twist DREOERE & M(Z,,,) DERKT

S% Ny, BULIEYE,, &35, S EOBMPEAMHR 2L, ¢DSHNTDIERERE
Ns(c) T =25 A%, EMHFAMTH W clIREITH B L EV, Ns(o) BIAET A
D Ny EIAFRMTH B lXBAITHL LS.

S E ORI 72 BAREARAR ¢ (2 U, No(c) DEIRZ2DODMEEED, ThE +,. & —,

EEL. Ns(e) DIFIZE O € {+.,—JIZRU, top Tcllino7zME 029 54 F Dehn
twist Z €& S (M 1S81) .
FR 2.1 Ns(o) DHIE O € {+,,—} 2HZDFHLK 10D & S iR c DIHIZ R Z 5
Z25H (ZOKRMPRDFHHEZHERLTWS) XEAMBTHE. DL, UT, BAHK
25 Z 5 7z U 72 B EA Hh AR 16 U TE, BRERD I KET & 5- 2 5 T Ng(c) DI
EERTHL T (KM6ESMR) . 7z, BARIIZHEBPAT c & No(c) DI E 0 A5
ZONTWVWBK, to=t. 2ELZLITT 3.

PAF, ##i@81Z & U Dehn twist DDA 2 WL D0 8N T 5.
R 2.2, (i) S EOBMEAMKR DS NTHRD A T ZADHDER L 251, t.0 =
1e M(S) 2753,

(it) DD 2ty =ty =121 .
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o

1: S E X7 BAfBAHRAR ¢ \¥h o 7211 & 0 1ZBA9 5 4 F Dehn twist ...

W 2.3 (7L A FEIER (1), fe M(S) IR, UFAMD 7o :
Jteof ™" = tsoss. 0,

BU, fi:{+e —c} = {+10 =} 1 [ AEET 2 HhifR D5 D A & D DEA.
HE 2.3128WT, f=tge THBDcl dDBRMAFIIR D m DD 7L A FNEIR

X (1) 2T LA RBEFER T, LITR.

R 2.4 (2-F =41 VRN c1 L ey & S EOREBIINIT 1 55T B WU 72 BT EH R

tj—é C1 e Co @IEEU&E{%Ns(Cl UCQ) @iﬁﬁ%5 K:B%, Ng(01 UCQ) &:Iﬁ[%%_ﬂofg‘

i% ( 27‘2{!3\7\'5{) . Ng(cl)O)FE'T.I??@Z (Z = 1,2) th(é)o)ﬁ%e%NS(Cl UCQ)@ﬁ%b‘

SHEEINDME & UkE, IRDPERY LD :

(t01;91 t02;92 )6 - té;@«

B 2.5 (7 &2 VERA). & Soy E MRS O E U, 61, 0, 03, 04,
012, 013, 0oz 2 3D XS4 Y OB E 5. DIZME 25X, Ng(0;) Dl
0; (i =1,2,3,4) & Ns(6:;) DFE 0, ((1,7) = (1,2),(1,3),(2,3)) & X D[ & » & i
INBAE L UK, IRAEKD LD ¢

L5y ;023 t513;913 L5y, 012 — ls, ;01 ls, ;02 lsy ;03 t54;94 .

0

2: RGP c1, co & Ns(er Uca) DBES
5 3: Sou EHA M S QWA S L

@%%@Eﬁlﬁﬂ%ﬁ(ﬁ, 527 537 647 512, 5137 523'
Luo [18] 1%, Gervais [5] KDz M(2,,) DR RZHREL, LTFORRERG.

EIHE 2.6 ([18). g > 0220 > 0L, M(S,,) DERIFUFTEZSNS.
HRR : {tey | ¢ 0 By, EOHMPHENR, 0 € {+.,—.}}
BEER=

(0) (i) tep =16 M(S) (S _LEOMMPARR A3 S N THILDBER & 72 5 1),
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(ii) tor, =ters, =151,
(I) 7L 1 FEGBR Ty, T,
(II) 2-F =1 VRN,
(II) 7> & ERA.

2.2. Crosscap pushing map & Dehn twist OfEDOBEFRI

ZDETIX, crosscap pushing map #E# U, crosscap pushing map & Dehn twist D
IDBERNIZ D WTHEI T S, crosscap pushing map 1%, 25 1.2 % TH/T L 7z crosscap
slide DdH B HEETO— b >TW\W5.

Ny, D1 5UCHEBTYIZ 2230 2 B 750 BT EA AR 0 & BRIEAdhAR o 1IZW L, Y, €
M(N,,) %, Mdébius D Ny, (1) (N, HD Mobius D % crosscap LWF.R) %& o
> TC1HIELHTHESND N, DD FEHEGHED 1Y bE—HHET5 (K42
). ZDY,,%, crosscap pushing map I3,

Y/t.n
'»I’ —> @
Y/I.ﬂ
— .@ ‘

4: Ny, LOWMHRE p & o 1ZB9 5 crosscap pushing map. EBDY a 23WUHIZ2 54T,
TEPaBARIGETH 5.

FEE 2.7 a PRSI, Y, % crosscap slide -5, Lickorish [14] 12X D, crosscap
slide IZ Dehn twist DA TR T HAHERRVWHIRINT WS, aBPRHITH 51, 1E
HIERE N, (pU @) 1 Ny &3 IRIMH & 72 % &%, crosscap slide 13 g > 2 DIGEITE &
kB, ZOHNg > 208512 M(N,,) D Dehn twist 725 THEBE I A WRHK & 7425,

BUR, #i#EIZ & Y crosscap pushing map & Dehn twist DDA Z W < D934
5.

R 2.8, MOBED VD Y, =Y 1 =Y, 1,

ot



o
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W 2.9 (7L A RERR (D). fe M(N,,) K LT, BURAHED 2o,

Yo =Y. 4(0)-

2 2.10 ([13] @ Lemma 2.2). a & p Z2RMHIZ 1 TR D D N, E OB BHEA
ke U, 6 & 0, 22N TNIERLEME Ny, (U ) ~ Ny DEEFR KD & 7 2 Bt
MET 5. Ng(6) (i =1,2)DHEG; (i =1,2) 2F 5OZME & U7zIE, DURAEK
DALD :

Yia = toonts,,-

X

5. a WEMGE D EABERE Ny, (U a) = Nip & Ny, (nU o) DEFR & 73256,
(i=1,2). 22T, MHFD@FLcrosscap &L T3,

PAR T crosscap pushing map D25 W 252 4. il S & BA KD c CoOH
Dirde : D int(S)IZHL, D:=eD)&BL. ZDOWK, S—int(D)% oD DX
Rl el THoNLEZ S 95, ZOXIITILTSHS S 2%
L8 % S D DIZEIT % blowup LIEZR. 90D D S — int(D) N TDIEHER IE blowup
212 8" ND crosscap & 72 B IZIEFE T 5. F 72, blowup DHEME, Tabbilmm S %=
Z DN O B BFEAdHAR p TY OB E, TOHFEONEFICHR D, 250 68T
Hhia S 2152 #F%2 5" O piZB9 % blowdown & FE5.

N, EOBM 7 BFEPHRR p 2 XS, Z DK, N, O piZBd % blowdown iZ &> T
FoNBHM%Z S & L, blowdown D@ TH NS MM D, & DFE—le, : D — D, %
52%. D, DMz, € DAL, M(S,x,) % 0S D&ERE v, ZEET 5 H AW
FFEMEBDOT A VNS5 95, ZDWKF, blowup homomorphism

Pu M(S’7 z,) = M(Ngn)

LIEMFO &SI E RS NAHAMERTHS. &he MS,a,) 8L, hoRET

h' € Diff(§) ¥ L TIRDEA: (a) # L 1k (b) 2Wizd 605 & 5
(a) h/|Du = idDM’
(b) h'(x) = eu(e,'(x)) (x € Dy),

HLzeCltlzeCr : DEBLZRE TS, TD X570 132D, 12T 5 blowup &
AT 57280 (23, Subsection 2.3] 2]), ¢, (h) € M(N,,) & well-defined IZE £ 5.
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%7z, point pushing map

Ju ™ (S, ) = M(S,z,)

ik, 1, 2EHETES EOBL—TYIZH LT, 2,2y ICHR->T1IEIEEZ LT
Bond SOHCMAAMEEDT 1Y M —H.(y) € M(S,z,) ZRIEEELZHT
JFONDHERMEHRTHS.

EE 2.11. AT, j, 2 #ERBIEHIZT 5812, m (S, 2,) OBOIEEE LD S5 2
2T B, TRDD, 1,7 € m(S,2,) ITL, vy € mi(S,z,) &1, yami(t) = 7(2)
0<t<HPOYn(t) =702t -1) (3 <t<1)LBD2LDTH5.

Z DWF, point pushing map & blowup homomorphism M & %
V= 0u 0 Ju : M (Ng—1,n, ) = M(Ngn)

b £ 72 crosscap pushing map WO, ,(v) % v1Z¥ 5 7z crosscap pushing map &
3.

BEWTHIZ 1 s TR D2 N,,, EOFAHKR o & Bl B dhAR 2L, a% S k
Dx, 2R LT 25)N—TTanbblowdowniZE>THONDIBDET L. o Hifl
THdRE, az S LORML—T L UTH->THL. ZOH, IR D ([13,
Lemma 2.2, Lemma 2.3] &) .

fRE 2.12. BETIZ 1RATR DS N, O BHEHRIRE o & B0 72 B EA Hhs p 12w U,
IRDIK D SED.
(@) = Y-

RDOBAFRAIK, crosscap pushing map v, : m1(S,2,) = M(N,,) o605,
& 2.13. u% N,, LORMZBEFEATIEE U, o & 8% N,, LORMEAHETZ N
ZThp 1RTHEINZR D20 e T 5. Baf e m(S,x,)» S EOHMIL— T TR
RINDLIET S, af% N,, LOBMEAMRT oS =aB € m(S,2,) w2 EDL
5. Zok, UTOBEFRXZ2E5 :

Ylu?aY)u»ﬁ = YN:QIB'

2.3. M(N,,) DBERKXT

AFETIE, EREROGIHIZHWS M(N,,) DAERKRIZOWTHNT S, BEAHRD
D 2{RTTERM Lo NDHWZZD 58 WH DA S e, D= X (1=1,...,g+n) 2L D,
D;=e;(D) & BL. ZOMEN,, DETIVELT, Sy —int(W),D;) DDy U--- U D,
WZBE9 % blowup iIZ &> THESNAHIHZ &5 (K 62H) .

Ny, EOBKAMR e (=1,...,9—1), 8, u ZR 6 D XS ICHL. ZDK, Fh
5 O HIKRIZEE 9 % Dehn twist X° crosscap slide # A N CTE#ET 5.

a; = to, (i=1,...,9—1),
b = tg,
y = Y, a0
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Epstein [4]12& 2T, M(Ny,) (n € {0,1})PEHHIZRZ Z 206N TWS. LA
TOERFRI (g,n) = (2,0) DIRFIZ Lickorish [14], (g,n) = (2, 1) DKFIZ Stukow [21],
(g,n) = (3,0) DT Birman-Chillingworth [1], % U TZ DD (g, n) DEf (n € {0,1})
IZ Stukow [22] B35 A 726D TH 5.

6: Ngm@:E:):}l/é: Ngmto)%f{ﬁﬁﬁﬁﬁ%ﬁal, sy O, ﬂ, M1, 5, 51,. .. 75n—1~

T2 2.14 ([14], [1], [21], [22)). (g,n) = (2,0), (2,1), (3,0) IS L, M(N,,.) IZAFD
FKRzEFFD:

M(Ny) = <a1,y |af =y* = (ay)* = 1> = Lo ® 2o,
M(Nzy) = (ar,y|yary™ =at),
M(N3) = <a1,a2,y | a1G2a1 = agalag,?f = (a1y)2 = (azy)2 = (a1a2)6 = 1>-
g>4am2one{0,1}, HL<LIE(g.,n) = (3,1) DI, M(N,,) ZUAFD &> hFri%

R, ARt (9,n) = (3,1) D ay, as, y T, g > 4DWay,... a.1,y, b. BEFRNIZ
LFDELEDTH5:

(A1) lai, a;] =1 (9 =4, |i—j[>1),
(A2) a;a;110; = a;110;0;41 (1=1,...,9—2),
(A3) bl =1 (924, i£4),
(A4) asbay = bash (g >5),
(A5) (azazash)'® = (ajasazasb)® (g >5),
(A6) (asazasasaeh)'? = (a1azaszasasagh)? (g=>17),
(A9) ot =1 (g=0),
(A9b) [ag_5,bg%2] =1 (g > 8 even),
fBHU, by =ai, by =b,
bis1 = (Dim102i02i4+102i4202i43D;)° (bi—1G2i2i 41021 420i13) " (1<i<Z?),
(B1) ylazasarasyay 'ay 'agay’) = (azazarazyas ay taglay )y (92 4),
(B2) y(asary ™" ay ' yayas)y = ar(azary ™ a; 'yaraz)ay,
(B3) lai,y] =1 (9>4,i=3,...,9—1),

(B4) as(yasy™") = (yasy™")as,
(B5) yai = ay’'y,
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(B6) byby™" = {arasaz(y " azy)az ' ay ' ay  Hay ez (yasy " )azas} (g>4),
(B7) [(asasasasasasaiasyay ‘ayaz tay taytay tastagt), b = 1 (g >6),
(B8) {(yay a3 az ay")b(awazazary ™) H(ay ' ag  agtag )b~ (asazasar) }

= {(as a3 ay )y(azasas) Hag 'ay 'y~ 'asasHay 'yasty ™ (9=5),
(C1) (aag---a4-1)? =1 (g >4 even, n=0),
(C2) [ar,p] =1 (9>4,n=0),

AU, p=(a1as---a,-1)? (g odd),

p=(ytasas - ag1yasas - ag 1)y lasaz-ag (g even),
(C3) p* =1 (9>4,n=0),
(C4) (ytasas- - ag_1yasas---a,_1)"s =1 (g >4 odd, n=0),

BU, [21,79) = mym9my tayt.

n > 20BE0 M(N,,) DEBERE, KK EHIC & 5 ERPRC & >T Bk
B N (12 218). LaL, ZOERKROBIRRAST 5%, AT
Z DHBRFRDERROHENT 2 HE T 5.

I 6, [X 7O N,,, LD HFEHIERS,, qwy, prgs 0ugs 05 1SHL, SAFOBICERT 3.

di =t 1<i<n-—1),

Agj = oy (1<i<g—-1,1<j<n-1),
Tij = oy (1<i<g, 1<j<n—1),
Sij = loy, (1<i<j<n-—1),

Sij = lay, (1<i<j<n-1),

T Ngvnj:o)ﬁ'ﬁ%iﬁﬁ“ﬁﬂﬂﬁai;j, Pijy iy Oij

INKER & EH D20 > 20DBED M(N,,) DAREFERIEIUTOL S REDTH 5.

@ 2.15 (Kobayashi-O. ([12])). ¢ > 1 & n > 212X L, M(N,,) DERERIZ, &
W 2.14D M(N,,) DABRERRIZUFOERT EBERAZNZ2EHTHSNS.

ﬂﬂK%%)ﬁZEdl (Z = 1,...,?1—1), ai;j (1 S 7 S g—l,l S j S n—l), Ti,j
(1<i<gl<j<n—1),s,;(1<i<j<n—1),5,(1<i<j<n-—1).

Mz 2B/ H 2 HEEOBERA.
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3. FER
DLRAAREDO LR TH 5.

EIH 3.1 (Kobayashi-O.). ¢ > 122 n > 02U, M(N,,)DHERIFZUFTEZ SN
5.
ARt {teo | ¢ 0 Ny BB BHEEARIER, 0 € {+., —}}
U{Ya | g2 Ny, EOBMZ2 BREARIER, o @ N, OB HhR }
X% EOERr o b8 6587 5.
B fR

(0) (i) teo =1 (cH Ny, ETHEH U <1 Mobius DH 2R D),

(ii) tepe = tetiq, = tc_;icf

(i) Yia =Y, s = Y10,
(I) 7V 4 REGRRA

(1) fteof ' =t (f€X),
(1)) fYuaf ' =Y r (f €X),

(II) 2-F =1 VR,
(I1I1) 5 > & VR,
(IV) i 2.13 DEMRA (ie. Yiap = YiaYus),
(V) #ii 2.10 DBIRR (ice. Yo =ts0.ts,,)-

SEE 3.2 FHL 3.1 OBMR (0) 13, N, WO U < 13 Mobius DEORR & 7%
& 95 7RI o 72 Dehn twist (3AERIT & UTAREE WS Bk Z2FH, BB (V) I,
a DEMITH % K 5 74 crosscap pushing map Y, , 1% Dehn twist DFETH I N5 724
Bote UTAEE WS ERZRD. 20, EH 3.1D M(N,,) DRRIE, KREHRIZ
&, Aotz 2 TOIEABAZ Dehn twist & crosscap slide & U, (1), (IT), (III), (IV) ®
R ZFOTRRE > TS,

EIE 3.1 DFFAOHE. G2 EH 31 ORENSBSNIRET S, M, M(N,,) %
M 214 £ 138 215 OARKXRPSBONLIHELEFH—HT 5. M(N,,) &EGD
DR GG % DU T ORRICHER T 2 HCEMR 3.1 2/R7.

Xo%&, EH2.14 £72 1368 2.15 D M(N, ) DERFROLEFKEEE LTS, F(X,)
Xl o THHIAERI NS HEMFE L, 7 F(X) — M(N,,) % EH 2.14 £ 7=
FE 2.15 DRRNSB[BSND HARREHERB GG L T5. HIZ, ERREK Y .
F(Xy) > GZx&re Xg Il Ly(z) = TEETS. ZOK, GHY: M(N,,) =G
%, %1€ Xo o U Tidy(at?t) =2 (FFERIE) , TOMD f e M(N,,) ZxL
TIRY(f) =v(f) CEHETS. ZTIT, feF(Xo)ldfeM(N,,)DnriMs 3T
BV 7 R ThD (FHSHR) .
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F(Xo)

|

M(Ngm) i - >G

X Z2 &8 31 DRRDERRE U, BREEH o : X - M(N,,) Z2HYER
MEKo: G — M(N,,) 2iFET 5. oLy DEFRID, &L PERBERZ ST,
potp =idm,.) &Y, KT, IZHEHTHLIHBDNS. > T, ¢ BEREE
ThOEHTH B I L 2RTHTY BAMEERTHLHVIND, EH 31PR/FON
5. ZOFEMDOAEMN LI BHERIERTH L H 2T 22 ITHD, Th
(ZREHE 2.14 & A 2.15 D M(Ny,,) DERERD 2 TOREBAHEHE 3.1 DRROBR
APS/ONLHTIHMTE 5.

O

BiEE: ZOEEEHNFROTY =Y URY T LAIBHEE T I o 2 HEAD/NMAEANK
(FKEHREET) , PRyLRERREER (RRHKEET) , IHEOFERIK (RREHAKEEXUE) , RAFK
(AERED) , FEABEK (JURIMI) (200 S S HE L B £ 9.
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2IRTCT 7 A N—FEOHIZH T B Gluck twist (2D
W\WT

wH B (REEERY AAREARESA S8 PD)*

1. [FLC®HIC

2 RIGAE OV &3 4 ROTERTENZ I S 2T HOIA E N2 2IGEEREIO Z L 2 W 5. KZ
ZOMZEMMN ST EOT7 7 A NN—HEiEE AT AL E, TOMUHEZ 7 7 A N fEUHE
WL BRI 2 oS OV H ORERRIZ DWW T Artin 12 & o TEAKRINZR 2R 7 7 A
N—HEH DRERRIZ DWW T Zeeman 12X 5 Y A A b A UAEOH [15] % Litherland
LBV AR PE =V AN VEECH 9 R EDRRSNT WD A, AFETIE Pao 12D
Wi X 3172 branched twist spin Z#% 5. Z Z T, Branched twist spin D E % % & HIZ
AR (FHELWEZIZ28K). S LORBAE S P THRNLRSIEHEER 5. Z
DIEFIZ X 28EZEMN 3 THEH L &, FERIZ2KTHY, HlF#EILE~ 2 FEH
FAET 20, 1 FEHOFIANEE & [EE R DOFEE 1 2 RoeERTH & A IR 5.
Z D 2 RytEKHE % branched twist spin &\ 9.

LR 7 7AN—HKEOH, D0 S3ic@oricloilisnig S'T7748=-T
HHHD, IZDWTIE Nielsen-Thurston IZX>TEFDTZ7 7 A NRX—KDE/ Fa I —
irreducible, pseudo-Anosov, reducible @ 3 FFHIZ BT E B Z WIS NT WS [14].
FFIZ irreducble (IZXRT 2 H DIk b —F A5V H, pseudo-Anosov IZH RS 2 H D i
MHEFEOH, reducible 12T 2 HDIEY T 74 MEOCHEIEIENSE 27 T AIZEL T
BY, TNTNDY I AN YO OCHOREN R S AL L LTHISNTWS, —F
T2 7 74 N—FEOCHIZBEA LU T, periodic (ZX)59 % H Did branched twist spin
CIEIEN D 2 IRTTAE O H TH B Z &8 Plotnick 2 X W HISTW5 [11] 45, Thlist
DE/ PR I-BFENMINTEST, BT 2EHEVCHDZ I ALRS5NT
AV AN

— 7T Gluck twist & 1% S* 226 2RGTAECH OBLEFEZ IO RE, HEEMH v 12
FoTHED RIEMEDZ L2\ S. Gluck 1% 9?2 x ST EDH & 2 DM EMEHRD S
L, TAY RE—THBIOAESIHBDRY S?x D? NEERTE 25 D2 FE WL 7ZFEEE
AT 22 LHBITH Y, FIZZDEBILI vy THEZ L2 RUE[7]. ThiZ
X0, 2T CHIZR > 72 FMCTARENRS DIEE % 2FEL 2R WZ &b 5.
Gluck twist 12 & > T4 RGeEKI & 2 RothkE O H OFA & Fi7- 72 4 RGBT & 2 IR0
CHOMMPESND A, Fiiis 4 RGTERIEIRPAD DHERETH B DT, Freedman 12
K BN ARGTER T > I L FROKERD S 4 ReERE L AMREDTH B Z Lhb
M5, TDARICERED ST LA FEMTH 2085 IR IRFETH 5. =
B%, Gluck twist (Z4GCKRT VA7V FREDOKRHIOMERE UTHIEI N T WS,

Z Z CAFTIXIRDEBIZFEDWT Gluck twist 12 & 5 branched twist spin D%k
EHEHETD.

A2 ISR EE (FRE 5:18]11484) Dk %2 Z -5 DTH 5,
2010 Mathematics Subject Classification: MSC-codel, MSC-code2
F—17— K : Surface knots, Gluck surgery

* T 184-8501 HUEH/NRHAMHEIILNT 4 TH 1-1  BREZEERT: HEZ

e-mail: mfukuda@u-gakugei.ac. jp
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EI 1.1 (Pao[10]). Branched twist spin (2> 7z Gluck twist T 515 4 IRILE bk
RIZ ST LA FRMETH 5.

ZOEMIZE D, branched twist spin (ZXf U T Gluck twist %475 Bif&2 D 2 IRIhE
CHOA e 20, ERRIZED XS BMECHIZRENEZRETEZDT, 2D
FERIZDOWTEIHT 5.

2. Branched twist spins

2.1. S'-1EH

4 RGTERTHE E DG S 20 DR S-/EA X Fintushel & Pao (2 & D RO EH
PRGN TWS

I 2.1 (Fintushel [2], Pao [10]). S* EORATH & 2 D&M 7 ST H O 55 A fEEH
ROEL L orbit data EIEIXNAIRD 4 DD XA TEEOESGITIXL 1 NIRHELE
3 5.

{D’},{5%}.{S%, m},{(S°, K),m,n} (m,nIEH\NIHLIEREL).

ZIZT, 200 T L PAEEETHB EIE, HD S EOWMOFEMES H & St
EFOHCHEBEL o DFEAEL T, IROMADTHIZRE T 2N,

Sy g4 xddy g1y g4

g4 L, g

Orbit data IZIRDIEHRZ D ;

(D} - WUBEZER D?, 2 A1 52, FIAMEE R L.
(%) - - WUEZEIZ S, FEE MRS 2 SRS, fisME S L.
{53 m} - BOBEZERNE S°, R R EA I 2 SHER, 2,2 A T OHISHIEHELE.
{(S?, K),m,n} - - $BEZEMIES? EESEGIL 2 8EE, Z2,-210 T L Z,-210 TOHIH
WOEAMEIE L, H EHBE A O #5822 [~ O B id BRI K % 7229

ER 2.2, TH 21 X3 ART VALV FREBPIRT I RINZERTH S, &
BX, Fintushel O3 [2] TIX EH 2.1 ND S* A€ M E—4RouikE, D? I3KE
= 3RITERIR, SBIEARE P —3WcERE E L TRLT WA, FD# Pao 1I2L 0,
S4 D383 LWAFMETH B Z EARI N, EHL 2.1 OERERIELT S.

ZNZTND orbit data IZHIEd SARKN A SIER 2T 5. 3RoG 2R RS
RO R? 2612 1 HizX B2 a7 MET I 2i2kb S4 75%%%%5
ZOmEIE S*AEFTH D [EE D S?2 THBDT, orbit data {D?} IZXIRT 5 ST-AE
HIZZ>TWaA., FNUUMND orbit data 12X )63 5 SYEMAIX, S2 Eo S YEH%ZH
WTIRD &S IZHERT 5. £, S3cCcC?2C2 NOHEMNERmE L, Z0 S° EOREE
MDD\ SYHER%Z#E Z 5. Jacoby & Seifert 12k > T S3 EDEEMDBRVERED St
PERIZ H W Z R IEOBE m,n 2 HAWT,

6i¢(’l“16i91, rzeieg) (7, et (91+mq5) (92+n¢)) (2‘1)
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725 SYEREFAMETH B Z e hHISNTWS [5,13]. EEE LT, m=n=1Tbh
i, "y 77747V —=varThb. ZOEMOPLESERIX S? THDH, L m#1
THNIE, Zp-2A TOHINGEPFET D, TIT, Ly XA T OFISEIE L 1,
EEDEED Z,, LRI 288D Z & TH L. BINENFET 255121F, Th
ZN L BA T E Ly-2A TOHINGEREDESZ E,, B, £ELZLIZTE. &z,
E, L E, DEflic k2B TNETN E, B &35, EOS-fEH%E2HD 5% 1IzxfL,
BEEAEZEZDHZL TS LD SEH%ZGS. U EDIEMAT, Z, -1 TOADEIL
HiEzR>O e &, St LTRAIAHE L EERDOFES B, UF Z2GERETH D,
Er U F* 388 ZEM S° Aol 5. B UZ, -ZA 7L Z, -2 1 T 025 % s
HiEL LTR2EE, B,UF & E,UF IZZNZTN2RGCERETH D, 2 HDEEM F
TOAMEWIIZI R D> TWD., 7z, Ef UEUF* [$#uEZEH 3 WO BHZAKEOH
O8> TWwWa. EOm iz LT, —MOMTH K 2K 2546121k, O O
g N(O) o K OFERE N(K) ~DORMEEGZHWT orbit data WD m,n %%
ZTIWK 2T 5Z 2R TES. ZOK 2/ LT, Fintushel 150 &b ONEH
Do RZEROIEARBENEHIHIZ 25 Z L 2R, {(S% K),m,n} ORZEMMPEE NE—
AYGLERAITH 5. F7z, Pao WHIRMNEIC K- T, {53}, {S3,m}, {(S3, K),m,n} ®
LEMIIETHAEMTHZ Z L 2R U7z, FHZ, {S°) O22Mid EidisdR7z@ b
St LA FEIMIZ 72 B DT, 2T orbit data IZXET S S LD SAEFHARERL X
722l b,

2.2. Branched twist spins

Branched twist spin D (21 orbit data {(S%, K)m,n} ZHW\5.

& 23. K=EUE'UF" % S HO 1 ROt CFHE 95, ZDEE, K D (m,n)-
branched twist spin % K™" = FE, UF TEDH .

JERE E LT, Fintushel & Pao DEHIZ L > T K IHMERED 1 Yot OHZINS Z &
MTEZBHDT, branched twist spin I& K & AWIZEREDEH mn IZLXVIREI N
5. £/, n=1D& &, (m,1)-brandched twist spin (& Zeeman (2 X > THEE S 17z
m-V 4 ARNARVKEOCH 5.

IRIZ S* % branched twist spin (¥R > TR 5. ZTD A2 ETHEZER S° O
figz 5.2, SLAEFHOMBGRE LT S OnffeHE 2 5. HIsEDG £ & EX DN
ENTNE 1 O XS mEHRSES B B 2HS Z 2T, BEZEM S ITRko &
DI TES.

Ec*
\D%*
N
S
Dy

1: N(K) D453 fi#
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S = N(F*)UN(ES)UN(E)U(S*\ intN(K)).

ZIZT, N(—)IZEMNOMERHEZERT. 4, BHER2HMDOE, 1 JOEFHEE D> &
EBLZXIT S, ZomEOER oD © SEMIZ X WL SP ThY, S-EH
F(2.1) TREINDZEDTHS. 5, D2 % Mg D? Oz 2B RIZE D m BN
WEE 5L, S IHIEER 2FERFODT, TOHINHEIZIHR->T S2 2200
VYUY RN=FR9D? x D? & D2 xOD? T35 ZeNTES. 20 S° OHE%EEL
5222 & 0 4ocEk B Eo SYEAT, PR D> THEEHEDLBHEKTE 5.
£S5 —HDEERTHFEMDOERZITD 2 2ITLD,

N(F)= D2 x F*x D?

BRSNS, 7z, OD2 x D2 13 B}, EOKRRZHLNETE KDOAYT 147 VD
SLERIZ LW TH D Z L ITIERET B L,

N(ES) =2 0D? x ES x D?

WESND. [ERRIZ,

N(ES) = D2 x E x 0D?
REOoNG. wEIZ, S3\intN(K) O SHEHIZ L 2K IEE S-HOMEEEZ S B,
Hy(S3\intN(K),Z) =0 THBZehm5, (S3\intN(K)) x5! TH2IZ LS. B
toERE2FLDDLE, ST IZIRONHEE S D.

St = (D2, x F*x D2)U(0D2, x B x D2)U (D2, x B x D) U ((S*\intN(K)) x S*).
(2.2)

3. Branched twist spin (28 27z Gluck twist

Hi® T, branched twist spin (2 o7z S'EHIZ & S S* DR (2.2) 25X 7. ZDHE

TlE, DL —RIEEZ AND Z 2T, B &bEEGEZ BARNIZE 2, Gluck
twist IZ &K > TSNS 4 IRouE ik BARNIZER T 5.

BN StomE e S EHEZEET 5. HuEZEMOMAEETH S 53\ intN(K)
DEERE (0, 2,h) ZIRD X SITEDH S, B 0(S° \ intN(K)) DEEfFEE U T preferred
meridian-longitude Xf (0,z) Z & 5. T DOEH 9(S? \ intN(K)) @ S?\ intN(K) ND
e UTOS? \IntN(K)) x [0,1] 2F A, TOREMEZ (0,2,y) £35. HEELT
(S \ intN(K)) 1% 9(S? \ intN(K)) x {0} IZMET 2D T 5. JBEE (0,2,y) &
S YEFRDMERETH D h 2 AWT (S?\intN(K)) x St OBERE (0, x,y,h) 5 S* D&

—HITLEIITEDD. THUTKD ISP\ IntN(K)) x St DEERE (0, 2,h) DEZX S.

EEMDEFETH D D2, x F* x D2 QEEFHIIIRD L SIZED D, 220D 4 Rukk%E
ZTNEN BY, By £ U, (r1,01) & (rg,02) ZENEN Bl ND D2, & D? O L
5. BEDBDHIUE, r1,79,01,0, DIAIE ZHEYNTHD EST Z & T, BB (r1,01,72,02)
NS DAEE—HTE2LIICMEILNTES. £72, BETHNIEB, & B, DK
AT ANWEZBHZ LT, ECEDEM 2 X B DFEA»PSOHFEL, E.m ZED
By OFGSATDPS He LTEW (X 22 /R &), HERIZ, (r,60)) & (ry,0,) 2F8
ZN By WO D2 b D? OWERE T 5. BEXRHNIE, 1,1y, 0,0, DFIE % EY)IZ
BOETZET, B (r, 0,y 0,) 7 S* D E e —HTEEIICMBIENTE S,
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0

Vi, x EC* V,, x ES*

2: Vi, x ESF &V, x B EOERE 2

—> <

Vip X Bt
B4 m m B4
Tll ! — €z 2 \l, &

3: F‘JZ*% 7”1,7’2,7”/1,7’5,13
ZDEE, ri=1,00=0,r0=—1y,0, =0, 725 EEFEELTEL (M3 2RK).

BRIZ 0D x B x D2 & D2 x B x OD? FOJEEEZED S, T o DREMEIE E
TEDE BY B hSFEINZLDTHY, ¥bob (0,1,0,) THRIND.

PAEZ & D@D 72 R % FIWTHE D 8B % %5 2 5. Branched twist spin O
Hfize 2 Mk 9 2 2512, 0D2 x ES < D? & (S3\intN(K))xS! Db &bE%2EZ 5.
ZTNZENDO Y —AIFHHPUEVFAEL TE D, FHHPUEIXOD? x ES x D2 AT 6,
FHENZ m JH, 0y AN n A9 2 &5 2BHEAMKRTH 0, (SP\intN(K))xS'HTIE A
AN 1 AT 2 BB TH D, ZDOZ S0 AR EM g 0D?, x ESx0D? —

A((S3\intN(K)) x SH)IZIRD LS IZEHRZ NS,

(0,2,h) = g(ad + nh,z, —p0 + mh).

ZZT, a,fldma+nf=1%m-38EThHsd. EE (0,,2,0,) X, gl
WD EHIZEITS.
(91,1’ 92) = (m01 — TL@Q,ZL’ 601 + OC@Q).

ZDEH{EHNT K™ OfFOHMZER S\ int(N(K™") 3RO #%E H .
ST\ int(N(K™™) = (OD2, x B x D2) U, ((S* \ intN(K)) x S")

[FIRRIZ, D2 xESx0D?2 & (S3\intN(K))x St Db GHoEE e : 0D2 x ESx0D? —
((S? \intN(K)) x 1) IRIRD & 5 L EF XN 5.

e(01,x,05) = (mby — nby, x, fO; + absy).

BT, D2 x F* x D? % (OD? x OE x D?)U (D?, x OE x 0D?) O#ff Tt o5 N
H5ILITERETSHE, SP\intN(K)) x St Db Abilk g & e DHARRILIKRTHE
LB EeNbhrb.
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IS DD AR ELEE T ST DR (2.2) IJIKD & S5 5.

St = (D2, x F*x D2)Uia(0D2, x ES* x D2))U o ((D2,x ES x 0D2)U, ((S*\int N (K)) x S1)).
(3.1)
ZZT, e lke® (D2 x F* x D?)Uiq (OD?, x B x D?) NEHER U2 B4R TH 5.
CZETOELRTS ONMHEHGZ5ZENTEDT, AR TIXGluck twist 12 & -
THROND 4 IRTERRIRD G RIZ DWTEIHT 5. JEIZ Gluck twist @O BEARK 72 3KR
25 2TEL. 2WRaEOCHDOEHEOER L MAHEMTH S S? x 0B? Z2IRD 3 DD
HAER T T B L.

S? x OB* = (D* x I x 0B*) U (S' x I x 0B?).

ZZTD*xJIx0B* IZELT, D* OMpEREZ (r,0), 0B* OpefE% A U < fMipERET
¢ dBHE, S'xIxoB* IZBLT, H—HKaD St ORI 0, =00 0D? JE
X ¢ ZHHWTRTZ N TES, /2, [ OFFEER ¢ TELZ 21275, EEEL
T, 01 S? ORI TAT I, © 12 S? EORKI VT REETH L. T DRERE
Z T Gluck twist v = v UV IFIRD K S IZFIT 5.

v((r,0),z,¢) = ((r,0 —¢),z,0), ((r,0),z,¢)c D*x 9l x 0D

v(0.2,¢) = (0 — ¢,2.9), (0,2,¢) €S xIxID

Branched twist spin K™ (Z{t > 7z Gluck twist TR S5 N5 4 e kiK% S(K™")
TRTZeel, K™ W Gluck twist (Z& > TZL L7 206K HZ K" TR Z
LT B Y, NK™) ¥ KT IRRD &S L5 R BB,

N(K™") =((D* x 0I x B?) Ua (0D x I x B?))U, (3.2)
((D?, x EX x dD?) U, ((S* \ intN(K)) x S1)), '

K™ = (D? x 01 x {0}) U (OD* x I x {0}) C S(K™™).

Branched twist spin K™" [JE&ZENL O &5 KV BHEEL, K™ IZiho7=
Gluck twist 12 &> T K™ $ 7272 2k CHAN L LT 5. ZOMUHEZ Ko™ =
({0} x I x B*)U ({0} x Ef, x 9D2) C B(K™") £E{FELSZ &I 5. ZDIZens
B(K™™) 13 U TRz L 2 D00 HOR (S(K™), Kg", K™™) 28D, 20
3 DHLITH U CTIRDEHAD K D 2.

T 3.1 (F.[4]). 3 DM (Z(K™"), K&™ Ke™) & (S(K™Fmm) K™ KeT™m) i3l
EUTHWAFEMETH 5.

Al A DREEN -
Gordon & (K™Y Oz 52, TOEC—ADREEEZ > F<WMOFEASZ LT,
N(K™Y) & S(K™HUY B FEMETH B Z R R U 8. EHE 3.1 1% St DR
(32) IZHUT Gordon D7 AT 7 % —fbdT 2 kickoTHOoNE. IFTIE, M
DPNERIIETRIZ L T L L7z Gordon O 74 F7 2L, ifH%Z 52 5. EH3.1

I T % 2k D? EXKAI$57-% B2 ZHWTW5.
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D ERERT TR 7z X 512, branched twist spin K™" [Ixf& LT K™ 2D, Zh
o DEHE N(K™™) & N(K™™) 1% (3.1) NOid =% AW T

K — ((D72n x F* x DZ) Uia (aD?n X Eg* X Di)),

K™™ = (D% x F* x D2) Uq (D2, x ES x OD2)),

YRINB., T, LK™ HTIE NKD™) & N(KD™) BIRO &S icEI N5,

K™ = (D? x 01 x B?) Uy (OD* x I x B?),

Ky™ = (D* x 0l x B*) U, (D2, x E x 0D?2).

X (3.2) DEUDHEAZMOFEZ D Z LI, IROXDIZ K" Ko™ #RK$TZ e
TE5.
K™ = (D* x 0l x B®) U, (D* x I x 0B?),

K™ = (D? x 01 x B?) Uy (OD2, x ES* x D?).

ZDHEREDH D B 212 & 5T B(K™") 1EM4 OEXD & S e pfRzRio. 22T, KX
S(K™ N(K™
——————— dpp2xorxp? -~ — = — — — — -—————-= 1
ID2><81><B2 I D% x I x B? 'DQXBIXBZI—>
___________ , - rcarrangcmcnt T T
l’\ l/\ e lu lu’
D2 B <D — > NN T

4: Decompositions of (K™") and M (K™t™")

DANENIZD*%x0IxB? 2 0D*xIx B> DY HboEEM " & Gluck twist v = vUr/
DEREBRTHEONEZHDTHY, GO p & 0 1FIRTHRINDS D? x0I x B? &
OD2 x B x D2 D0 &bEEH &' L Gluck twist DMEHE v L =v1Ur " Of
REGSTH 5.

&' (01, 2,02) = (mby — (m + n)by, z, B0, + aby).

ZDANEZD Gordon IZ&BTATT7THY, KRTHNIETE - LEBEZIEATEY—
ADWOEZZATD DN, SEIGERFZEHEL T, YL RBEDIIEOKRTDAE
AL TWD (G [4] 2 7 K).

X T, Gluck twist 1FX#A (involution) THDZ &b, y& vy HIETAY MY /7’(5‘
HYH, THICLELOEY—ZADOWMOFEAIL K ONMHMEZZZ W LITERT 5L, K32
DA e DEHENS S(K™T) OfR%E A TWS, BLEIC X b 2240 DK™ &
S(K™nn)y O EMEBHES. 51T, RIFEDODE—ZADANEZIZ L > TE(K™")
WT K™ & K™ e RINTWREOHIE, SK™mr NTE KEm e kg ©
RKINDECHIIBLZ L0 5. Lo TERVHE LD, O
FR 3.2 11 THEARZE ST B(K™") 1F S* LA FEMICR 2 Z 233 TIZHS
NTWDH, T 3.1 T2 DOREIHE 52 5. fAllfZe oI, EH3.1 OEREZHEDEL
AT 52T, S(K™™) & S(K%) U< IE DKWY L FEMIC RS Z 2 Do h
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5. EL50D5EIZE Gordon DEHIZRAEIN, ST LA FEMETH S Z LRI N
5. —HTBE, EMIITIEK™ O m UNZETERVWESIZEZSD, B(K™")
DEFTE O P TR ST HERAZHATL2Z 206, (K™) i& {(S3, K),m,n} X
1 7'® orbit data Z£FD. Orbit data D m,n IZNEFIZ7 <, T D orbita data 7 57
TTEND A IRTERIRIIMADEFEZ RN T—ETH S DT, Gluck twist 2 FEUH
EANEZALZ2I2ED, niZOoWTHE( 2SRRI ENTE S,

A (3.2) ZHWTO(K™™) DR S 2 CHRMZL S ZHET 2 2 LI3RD Z
D 5HES. Branched twist spin DEERN S S* D DEESTH S K™ OFEOCHH
ZEMTH D (D2, x B, x 0D?)U, ((S3\ intN(K)) x S1) Eiix SEHADPER TN TV
5. ZOERIE S(K™) NIRRT 5 2 EATE, orbit data 1 {(S3, K), m,m +n}
THd. iU <IF, Gluck twist (2 & D BUEZERIZM 5 O LS IHUHZZLXT,
BISNEED X TDOAEEZ D, EH31 o K™ OO HfZ TR Kem

E* jon

m-+n

5: K™ IZ¥ > 77 Gluck twist 12 & 2 #lE2EfE D24l

DFECHMZEMTH D Z L hbn s, HEZMN TR K™ 3HINEE Z,, -
RATEEERDOHESGL ULTHEINTWAE I ERbn5.
ZDZENSIRDEBBRED.
EHE 3.3 (F.). Ko = Kmmin,
757 A N—=EOHIZB U TR OEIA Plotnick 12k > THISNT W3,

EIE 3.4, JEHIHZ 27 7 A N—FEOH KL IZH LT, ZOE/ Ra I —DAED
HEThHhNE, K & Ky 1ZERLGS.

Branched twist spin K™" &7 7 4 N—#ECHTH D, FHZZDE/ Fa I —DN#
Em THB. EoTIRODI ENHES.

% 3.5. JEAMAZ branched twist spin K™ (ZX LT, m B&HTHNIE K™ &
Kmomtn (3870 5,

Z 1 E TD branched twist spin D23 FHIZEE9 5 64752 TlE, Hillman & Plotnick
IZ& B K (ZHilPR % 5% 1 72 branched twist spin OIEEIHYE [6] %, m PMEKTH 556
DYIR 2T 5+ 05 3] LRI o T W o 7203, Sk m DHHTH 255D
R Z5EZTED, EEDHIBROADO TDIERTH 5.

Z& 3Rk
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INTERSECTION SPACE COHOMOLOGY SHEAVES

J. TIMO ESSIG

ABSTRACT. This talk is meant to give an overview on the sheaf theoretic
approach to intersection space cohomology and discusses its advantages
and disadvantages. It gives a hint on the construction of certain inter-
section space complexes on toric varieties with Poincaré duality for their
hypercohomology groups.

1. INTRODUCTION

Poincaré duality is one of the most important topological properties of
closed oriented manifolds and does in general not hold for singular spaces.
The initial question of this talk is: Can we change the singular space (locally
near the singular set) to produce a space that has Poincaré duality?

This is done by the theory of intersection spaces: It assigns to cer-
tain types of stratified pseudomanifolds by a local spatial procedure CW-
complexes that have Poincaré duality for their reduced singular (co)homology
groups with rational coefficients. The construction is explained for spaces
with isolated singularities in [8, 2] and for general depth one spaces in [6].
For these types of spaces, the construction was modified in [12, 14] to yield
actual rational Poincaré duality spaces in the sense of Browder. For spaces
of greater stratification depth, intersection spaces were defined in [3, 1].

The resulting (co)homology theory (reduced singular cohomology of in-
tersection spaces) was studied independently using differential forms on the
nonsingular part or blowup in [4, 9, 13], using L?-cohomology in [7] and a
algebraic approach in [10].

In this talk, the focus is on another approach to the intersection space co-
homology theory: Via sheaf theory. This was studied first in [5] for complex
projective varieties with only isolated singularities. The authors proved the
existence of a perverse sheaf that describes intersection space cohomology
and carries a natural mixed Hodge structure. They give precise conditions on
the self duality of this sheaf complex and the existence of a pure Hodge struc-
ture satisfying the Hard Lefschetz Theorem. For general pseudomanifolds

Date: June, 2019.

2010 Mathematics Subject Classification. Primary: 55N33, 14J17, 58A10, 58A12; sec-
ondary: 57P10, 57R22, 81T30, 14J33.

Key words and phrases. Singularities, Stratified Spaces, Pseudomanifolds, Poincaré Du-
ality, Intersection Cohomology, Intersection Spaces, de Rham Theory, Differential Forms,
Deformation of Singularities, Mirror Symmetry, Scattering Metric.
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there cannot exist a perverse sheaf describing intersection space cohomology
because of the stalk vanishing conditions such a sheaf has to satisfy.

In the second part of [1], Agustin and Bobadilla explain the construction
of a cohomologically bounded complex of constructible sheaves to describe
intersection space cohomology. They give conditions on the existence of such
a intersection space complex and characterize it by a set of properties. In
general, there is not a unique intersection space complex. We provide an
overview of these constructions and results in Section 2. It is not clear if or
which intersection space complexes are self dual. The non-uniqueness makes
it impossible to use the techniques for proving self duality one uses for the
intersection homology sheaves. Agustin and Bobadilla give a partial solu-
tion to this problem for spaces with one singular stratum. They introduce
the notion of general intersection spaces and show that general intersection
spaces of complementary perversities are dual to each other.

In Section 3, we explain a construction of so called Kiinneth intersection
space complexes for toric varieties (or other singular spaces with compatible
triangulisations for their link bundles) that respect the trivializations on the
link bundles of the singular strata. Those intersection space complexes are
then the candidates to give a positive answer to the self duality question.
This is work in progress and joint with M. Agustin and J. Bobadilla.
Conventions and Notation: Throughout the paper, the terms “singular
space” and “pseudomanifold” denote a Thom-Mather stratified pseudoman-
ifold, e.g. a Whitney-stratified complex projective variety.

Following [11], the cohomology sheaf of a complex of sheaves A® on a
space X will be denotes by H®(A®), while the hypercohomology groups will
be H!(X; A®). We work in the derived category of cohomologically bounded
constructible complexes of sheaves, which is denoted by DY..

2. INTERSECTION SPACE SHEAF COMPLEXES

Intersection homology by Goresky and MacPherson was one of the first
approaches to re-establish Poincaré duality for singular spaces. Initially
invented to define characteristic classes for singular spaces, it became fa-
mous for its impact on singular topology and singular alegbraic variety. A
sheaf theoretic approach to intersection cohomology, motivated by Deligne
and introduced by Goresky and MacPherson in [11] has been used to prove
Poincaré duality and topological invariance of intersection cohomology for
topological pseudomanifolds. It also led to a proof of the Kazhdan-Lusztig
conjecture via D-modules, relating representation theory and intersection
cohomology. The axiomatic definition has another advantage: It makes it
easy to check, whether a new approach computes intersection cohomology
or not.

With these promising results in the back of one’s mind, an analogous sheaf
theoretical description for intersection space cohomology is desirable. Here,
I want to highlight the approach of Agustin-Bobadilla in [1]. Based on their
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iterative construction of intersection space pairs, they derive a constructible
complex of sheaves IS} and show that its global hypercohomology is the
cohomology of the intersection space pair, see Section 2.1. Moreover, in [1,
Section 6], they introduce a set of properties, called the ISI‘;—propertieS in the
following, mimicking the axioms for intersection cohomology of [11, Section
3.3]. A sheaf complex satisfying these properties will be called an IS;-
complex. There are three main differences from intersection cohomology:

(1) Except for the case of isolated singularities, an ISj-complex cannot
be a perverse sheaf complex.

(2) The IS3-properties do not fix an IS3-complex of sheaves up to quasi-
isomorphism.

(3) In unison with the other approaches to intersection space cohomol-
ogy, there does not always have to be an ISj-complex.

In the following, we use the notation of Agustin-Bobadilla : Let X% be a
Thom-Mather stratified pseudomanifold (e.g. a complex projective variety)
of dimension d with filtration

X:XdDXd,QD...DX()DX_lzw

Let Uy := X \ X4k with open inclusion iy : Uy < Ugy1 and ji @ Xg—p \
Xg—r—1 > Ugy1. Let further p denote a perversity function in the sense of
Goresky and MacPherson and ¢ its dual perversity.

2.1. From spaces to sheaf complexes. Agustin-Bobadilla construct in-
tersection space pairs (IPX,IPX, o), where Xy o is the singular set, by
iteratively replacing link bundles by their fiberwise homology cotruncations.
The existence of such an intersection space pair is obstructed in general and
each choice in the iterative construction of the pair might affect the follow-
ing steps (in the spirit of obstruction theory). An intersection space pair
always exists for toric varieties or other pseudomanifolds with compatibly
trivializable link bundles, see [1, Theorem 3.30].

To assign to an intersection space pair a cohomologically bounded con-
structible complex of sheaves on X, with hypercohomology the cohomology
of the pair, Agustin-Bobadilla define an increasing sequence (IP" X, IP" Xy 5)
of modified intersection space pairs which are all contained in a certain ho-
motopy model 7 : X' ~ X of X. Loosely speaking, for increasing n, the re-
placement of link bundles by their homology cotruncations is done on smaller
tubular neighbourhoods of the singular strata. One then defines the sheaf
complex K™* as the kernel of the induced map of v™ : IP" X, _o — [P"X
on cubical singular cochains with rationals coefficients. Since the sequence
of modified intersection spaces is increasing, there are canonical morphisms
N2 20— K75 for ny < mo. This gives and inverse system and one
sets

IS;7 = T, 1&1 Ko,
neN



J. Timo Essig (Hokkaido Univ.)

4 J. TIMO ESSIG

Agustin-Bobadilla prove in [1, Theorem 5.16], that the hypercohomology
groups of this complex are the cohomology groups of the intersection space
pair. For the whole constructing and proofs of the statements, [1, Section
5] can be consulted.

2.2. An axiomatic approach to intersection space complexes. The
cohomologically bounded, constructible intersection space complex IS} of
the previous section satisfies the following set of properties:

(1) IS;3|U2 = QUQ?

(2) H'(IS5) =0 for i ¢ {0, 1,...,n},

(3) B (jzIS3|v,,) = 0 for i < q(k), 4

(4) the natural morphism H* (j;;ISHUkH) — H* (jzik*ISHUk) is an iso-
morphism for ¢ > q(k).

From now on, any complex B® € DY, that satisfies these properties will be
called an ISJ-complex. These properties look similar to the axioms for the
intersection homology sheaf of Goresky and MacPherson, see [11, 3.3], but
there are two major differences: The intersection homology sheaf always
exists and is (up to quasi-isomorphism) uniquely determined by the axioms,
while this is not true for IS;—complexes.

Agustin-Bobadilla also give a construction of ISj-complexes that is inde-
pendent from intersection space pairs (and their existence). That approach
is more general (see e.g. [1, Section 9.1]). Their construction is inductive,
starting on the regular stratum. In the k-th step, an IS3-complex (IS7)x—1
on Uy can be extended to a complex satisfying the axioms on Uy if and
only if the following distinguished triangle in the derived category splits.

- ° - ° - ° +1
TS‘?(k)]klk*(ISf))kfl — jklk*(ISﬁ)kfl — 7—>q(k)]k@k*(ISp)k,1 L>]

If this triangle splits, one has to choose such a splitting to proceed. The
obstruction at each step might, as for the construction of the intersection
space pairs, depend on all the previous choices. If X is an algebraic variety,
Agustin-Bobadilla show that the construction can be lifted to the category
of mixed Hodge modules on X: If an IS;;-Complex exists, it is a mixed
Hodge module, i.e. its global hypercohomology groups have a mixed Hodge
structure (see [1, Theorem 8.3]).

Agustin-Bobadilla give necessary and sufficient conditions on the exis-
tence and uniqueness of an ISI'j—sheaf complex, living in certain Ext' and
Hom sheaves respectively, see [1, Corollary 7.6]. It follows from [1, Theorem
9.10], that spaces with isolated singularities have a unique intersection space
complex.

Concerning Poincaré duality, Agustin-Bobadilla only have a partial an-
swer. Although the Verdier dual of an IS3-complex is an ISZ-complex ({1,
Theorem 10.1]), this does not imply global Poincaré duality. If an inter-
section space of a two strata space X¢ of dimension d with singular set
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Xq— exists for a given perversity p, the intersection space complexes IS3
are parametrized by the vector space

Ep :=hom (75 g Jk«Jx ik QU » T<qi) JrwJi i+ Quy )

(see [1, Corollary 7.6]). An element IS} € Ej is called a GIS; or general
intersection space compler of X with perversity p, if the hypercohomology
groups of IS} are minimal compared to the hypercohomology groups of all
complexes in Ejp, that is dim (H'(X, IS%) = Mingecp, H!(X,S*). Provided
the existence of such a GIS; IS5, Agustin-Bobadilla prove that the Verdier
dual IS := DIS3[—d] is a GI1Sz, with ¢ the dual perversity of p, and that
there is an isomorphism

H'(X,TS2) = hom <Hd—i(X, 1S?), R)

of Q-vector spaces for all i, see [1, Theorem 10.6]. It is not clear, what the
conditions are that determine the existence of such a GISp-complex and
how it can be constructed. It is interesting to know, whether the intersec-
tion space of Banagl-Chriestenson in the setting of [6] or the intersection
form complex QI3 of [4] give rise to G1Sp-complexes. In the following, the
Poincaré duality question is discussed for toric varieties.

3. KUNNETH INTERSECTION SPACE COMPLEXES FOR TORIC VARIETIES

The purpose of this section is to introduce special IS}-complexes for toric
varieties and other pseudomanifolds with compatible trivializations for the
link bundles, that respect these trivializations.

3.1. Kiinneth intersection space complexes in depth one. We outline
the idea of a Kiinneth intersection space complex for a two strata pseudo-
manifold first.

The setup in this section is the following: Let X% be a d-dimensional
stratified pseudomanifold with filtration X = X; D X,;_, = Y, closed in-
clusion j : Y < X, and let U = X \ Y with open inclusion ¢ : U < X,
such that there is an open (tubular) neighbourhood Y € TY C X that is

trivializable. That is there is a stratified isomorphism & : TY = v x Z,
with Z = cone(L) = Z U {v} and inclusions iy 7 < 7 and Ju: {v} = Z.
Let Y <~ Y x Z ™2 Z be the factor projections. Let further TY = TY \Y
denote the tubular neighourhood of Y with the singular part removed.
The idea is: By [1, Corollary 7.6 and Theorem 9.10], there is a unique
intersection space complex IS;;(Z ) on the cone Z for any perversity p, that
is there is only one splitting of the map T<g(,yjvidni;, Qp — Juudpiz, Q-
We use that fact to construct a unique intersection space complex IS3(T'Y")
on TY and hence for X (since it must be the constant sheaf on X \ Y') for
perversity p, which is compatible with the trivialization ®. Its Verdier dual
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(which is an IS} complex) will then also be compatible with the trivializa-
tion, implying the duality IS} = IS%[—d]. Compatibility with the trivializa-
tion means that the complex fits into a certain Kiinneth structure.

Definition 3.1.1 (Kiinneth property and structures). A sheaf complex K® €
Db (X) satisfies the Kiinneth property with respect to the trivialization

O :TY =5 Y x Z if there is exists a sheaf complez L® € Db.(Z) and an
isomorphism ( : K®|ry = O*riLe. A triple (K*,L®, 3) is called a Kiinneth
structure for K°.

For example, the constant sheaf Qx on X has a Kiinneth structure. There
is a unique complex that satisfies the properties of an ISj-complex and has a
Kiinneth structure (IS5, IS3(Z2), 38), where IS7(Z) is the unique IS3-complex
on the cone Z, which is compatible with the Kiinneth structure of the con-
stant sheaf on TY. We want to elaborate the construction of such a complex:
By [1, Theorem 9.10], the cone Z, which has only one isolated singularitiy v,
has a unique splitting A : ju,Jyi5 Qpf — T<g(r)Jvadniy, Q. Together with
the canonical adjunction morphisms related to j and j, and the natural
Kiinneth structures of i,Qpy and j,j*i.Qy, this morphism fits into the fol-
lowing commutative diagram, where the dashed arrows are induced by the
other morphisms.

(1) l \L \\\\\\\\\ \\\\\\
* T3 X

P . e (I)*WQA . .
JJ 1 Qu — O3y, iy, Qp ——— O MIT<q(r Juadnt;, Qy

IR

We set IS} := cone(pqe)[—1]. By the same arguments as in the proof of
[1, Theorem 7.3] (see p.39 therein), IS} satisfies the properties of an IS}-
complex. By construction, it has a Kiinneth structure with

IS2|ry = &% cone()) = & 731S5(2).

We do not provide the arguments that IS]'3 is unique up to quasi-isomorphism.
To prove Poincaré duality for the rational hypercohomology groups of IS?,
one shows that DISF[—d], where D denotes the Verdier dual, is the Kiinneth
intersection space complex of the dual perversity g.

3.2. Compatible systems of trivializations in depth two. In general-
ity, compatible systems of trivializations for Thom-Mather stratified pseu-
domanifolds are explained in [1, Section 3]. Since the notation in the general
case is rather involved, we focus on the special case of a depth 2 pseuod-
manifold X with filtration

X=X:DXg—m D Xa
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and three strata U = X \ Xy, Si—m = Xg—m \ Xg— and Sy = X4
The Thom-Mather control data provide tubular neighbourhoods Ty_,, Ty_;
of the singular strata that have a fiber bundle structure

0d—m * Ta—m — Sa—m> 0a—1:Ta— — Sa—i

with fibers cone(L4—,) and cone(Lg4—;) (and suitable transition functions),
such that on T, ,, N Ty_; it holds that o4_; 0 04y = 04—;- A system of
trivializations for such a space is a tuple of fiber bundle isomorphisms

\de—m : a,-Td—m i Ld—m X Sd—mv
Wyy:0Tg—y — Lg—y X Sq_i,

where the bundle projections on the right hand sides are the second factor
projections. Note that the link L; ; of the bottom singular stratum is a
singular space itself with singular stratum S* and link Lg_,,. The system
of trivializations is then called compatible, if there is a tubular neigbour-
hood TF , of the singular set in L, ; (defined by ¥, 4|7, . ) that has a
trivialization
Ul oTk | S Ly x ST
such that the following diagram commutes:

Uy

o)

0Ty NOTy_m, = E)TdL_l X Sq_i

gJ/\I]d—m ‘ r:Vl‘I/L xid

Ld—m X (Sd—m N 8Td_l) % Ld—m X SL X Sd—l

As an example, the torus action in toric varieties always induces a compatible
trivialization for the link bundles.

3.3. Kiinneth intersection space complexes in depth two. We use the
notation of the previous section. To generalize the construction of Kiinneth
intersection space complexes of Section 3.1, one uses an induction on strata.
Starting with the constant sheaf Qu on U, one first shows that there is
a unique Kiinneth intersection space complex 4 ISy on X \ Xy ; with a
Kiinneth structure as in the depth one setting. Then, one proves that there
is a unique IS3-complex on X extendending 4 IS} that has a Kiinneth
structure (IS3,IS3(L4—),8), with IS3(Lg—;) the unique Kiinneth intersec-
tion space complex on the link Ly ;. Note, that the two Kiinneth structures
can be chosen compatibly since the trivializations are compatible. After-
wards, one proves that the shifted Verdier dual DIS;[—n] is the unique
ISZ-complex with the above Kiinneth properties.

At the end, the uniqueness of the Kiinneth intersection space complexes
and the Verdier duality theorem imply Poincaré duality for the hyperco-
homology groups of the Kiinneth intersection space complexes of comple-
mentary perversities. These ideas will be explained in more detail in an
upcoming article.
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Topological invariants and corner states for some
Hamiltonians on a lattice
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ML B L T, RIZRUOL2DADH 5 RFFAD N Ra Yy —2EHL, £D
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Ta=—00 £k B = +oo b#T. ELIICH DI LIRAVED LT B,




14 WE ERD

Yy y=px y y=px _
ST MR !
.. NN

o N
- N
— 1. .. OSSR
|
N
- h
fHB

3: UM (B DA, A) & ML (4)

EHE 2.2 (Park[13]).
0= K(HP) = T8 2 8§98 0. (2)

ZZTKHYP) S TP ~OFHIEE TR, 4 E T3 2 R_T7 (T8, T7) 125 DF « U
FETH 5.

3. N - Ty IR

Z Z Tld Kellendonk-Richter-Schultz-Baldes[10] IZEED &, /N7 - T VX IGDE X
fb & RO 2 kR 5. 5 FZEDEE T, 21RITTTZ T A A L 1IRIE2 7 A AlLL & FEEH
55525 AD KA VA MERD EIFS (3ELADSE CERY LT [14 2% T
L) DR, VEARRTOERNEZERE L, NTEZDI 7 &2 KT.

3.1. 2RIV RA

A FEMHRT? — Herm(V), (§,t) — HA(E ) 2FE A D8 TP D/RMT HAE ) ZEHE
¥4 LA(T% V) EOEHFRIL, Fourler £#t 2 #8H U T 12(2% V) LA FHIEH 1%
EFEH N 225, BEROBNERRLE LTZ2 2NNV IDETINVERZL, 22Tl
HAZINIWINIWRZT WD) NI LFEDMBAETH S LD RRDNI
W=7 VR RHITEE, IRODIEZES .

RE 3.1. HA 1 ZA]3.

ZOREDS &1Z, Fr(6,1) € T2IZR L, TV I — MEAFRE HAE,t) DAY ML
sp(HA(E ) IZ0Z2EE R, 65T, FrTHAE ) DADEAMEETIINT 2 A
ZERIDEM AR T NVZEM Eg(&,t) #HLD , /87 A =R B T? ETRZ NVZERM Ep(€,t)
DiizZEz B, RS V7 DEHERZ MVRE, - T2 5615, EgldBlochRe
IEIE 5. Bloch H Eg O2i— Chern #8110 % & 2 FAMARARIN 72 NV 7 DARZE B & AL,

8ZZ T Herm(V) &V EDTIL I — NEHEIRD 723721,
IBIZXLNTFDIRD 12(22; V) LOERE CHREHREZE XS (ZZTIR(Z%V) DIt = { oy} ay)ez2
XV DIL @,y DIITY.,  Newylly <o Z2ilifzdHDEHZLTVD).

(Hp)ay = Z ApqPe—py—q> (Ap,q € Endc(V))
finite
772U (OO 1) GRIAD (p,q) € Z2 ZFRVT Ay, =0T 5. ZOLE Hidz &y iDL
HEVEFAZR & 1 TdH 0, Fourier 2112 & - THEGEEHR T? — Herm(V) 252, R DETIVIZHEEN
5.l UTiE 1R+ 7 =)V I A4 VD tight-binding NIV =T VA3 5.
T2 EE 2D TOHEDMTEDS.
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NIV ZHEH LR, Z0&EIE TKNNE L SN TWw5 (18]
FEF 3.2 (VL2 H8ER, TKNN ). 7208 (HA) = (e1(Ep), [T?) € Z.

PNV I NIV N =T VR EHR T2 — Herm(V) OHIFAHN THEGER T 5 & &, K
E 31DPMEIZN AR D IIM)IET % Bloch RIZFFLT, > TNV ZHEBIIAETH 5.

WRIZZTy V%EZD. H4 Fourier Z#Z k> T HA Z T TNHNI XA —XAHFE Nz
2(7,V) EOFRE CIASKICAEHZ D { HA (t) }ier (23R 5. Z 2T Toeplitz /EH
ROME{ Hijgyo(t) := PooHMt)Poolier 2H A B, ZHNEIYININMZT Y LIF
S AREMN S, ZOWREIET TN I A — X T N7z H B Fredholm /EFHZE D /E
KWL D#METH S, ZOBEDANRY MV, §78D B IR Higyy (1) ber DA
RIZPMVEODRX %, BEELRXDOHEHLIADTRHENETHAZHD (TOME
WXL, 0 LENSEIIRDERNZ +, ENPOAIIRDEIRX % — THAD), xTv
2=t QAN

3.3 (T VIRE). Tonl (HA) == st{Hf, (O her € Z

BRRITIE, Bt e TIZDWT Hiy, () DEHAMHEODEHFRZ bb (T v DIREE) 2
FAETHDT, Ty VEHBIZTy VREBOMEHE 2T S5HNE THALTLEDEF A 5.
Ty VA0 TRITNET Y DREWFET 5 Z L ITHERT 5. B EOY¥EfO 212,
PNV - Ty VXIS (O AT Y — ) 12, LR OEMTRARS NS,

EIE 3.4 (N - Ty VMIE). Tool (HY) = Tog (HA).

o TNV IDIROY—%ZRBRLTMRAYAIBIT Y DREAREND. LD -
Ty VXG0 EFLOE AL & FEHIE Hatsugai 12 K 5 [6]. £ Z Tld Kellendonk—Richter—
Schulz-Baldes[10] IZ & % Toepliz /D 885w & W 2Rt 2 /9 5. RO
WEHT 5.

K1(K(I*(Z0)) ® C(T))
x /

Z
ZOLERIFLATTH S,

o Ko(O(T?2)) &2kt b — 7 ADAAAM K B KO(T?) LA TH D, T2 EOAR
TV IEHERT MIVKTH S Bloch H Eg 13 Z D K DG [Fp] # D 5. ¢ 12 T?
FOBERT v I HEFERT MVHRIZZDHE— Chern & WH S & 2 HHEREL {5
T [Eg) D ey 12 & 2403 2 8B TDNHY) Th 5.

o 12(Z>y) LA H A Fredholm fEFFZE D 2RZEM O, MARBw Y Az
IE I 75— D DHEEE LS % Freds(12(Zso)) L E < B, K, (K(1%(Zs0)) ® O(T))
&, T 25 Fred;* (1*(Zso)) ~NDEAEEBRD R E b ¥ —H [T, Fred;* (1*(Zs))] IZ
R TH, AR NV G2 B L~NDEHEDHSD. Ty ININV =TV
{Hp (O hier 132 ZOTERED, Blfsf 12 & > TTy VKT (HY) 125 3.

12 2 CRIBOMALD 72 DIZ 12(Zs0, V) 2 12(Z20) @V EOIEFAZE Pog @1y % Pso £ HL. BT, |
REHAIZ DO W TIXAKOIKGL %2 T 5.

12 HA % 75 x Z EAZ Dirichlet 515 4 0E% IV THIBR T 5. Ty VIR S gl AR IZEEAL R DT,
T DS FNZHRSY Fourier Z4 L 726 O MY {Hpy, () hier TH 5.

BARBEHART VW (—00,0) & (0,4+00) DEHBSIZEGEND Z DR 12(Zs) EDH DA

Fredholm fEIZEN S5 HD. {EHZE VLA THIHEZ AND . AAH K BEO D 3E2EE % 725
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o Oy \XFERF] (1)IZC(T) 2TV VIV TELNDEERF MZFAMET 5 CF BRD
K MiEm D BE 5L e R 7Y

ZZTCLEEOHMAD T TH LI &S EH 34DEDS
3.2. 18557 5 A AIII
AHITRV BRI SIZZ,-RBEFOL TS, T hbbEZMEERITLV -V Tho
TIP=1%45%b005 2007295, EHRGHT — Herm(V), (£,t) — HA(t) A
Fourier 21 % M U CED 5 1*(Z; V) EOH AL R EAZEZ HAl b EE N
NIV NZT VRIS M % P(Z; V) BIZ& T 74 N—=~OEFIC & > THRIR U 72 fF
AZZHVINTRTIEDET S, ZD& IROINEZEEL
IRE 3.5. (1) HALEA[, (2) HAT & TT I Al .

BAIDEMNZ NIV 2 D3B B FEDMGAA LT T I DOBELIZHIGT 5. BEDEMIE HAL
DA ZIVHFE L TN S H SFEDE TSI PR FEEZ R DOBETH D 1° 112 H
A TIWERRZ LR, H7A4 FIOVFRIEIZ & 0, HAT [ZIRD off-diagonal 7 »?E‘ém%.

h 0]
RAE 3.5(1) KO hBAHTH D, HHEEHRT — C\ {0}, t — det(h(t)) DFEHEED —1
5% ZDRDNIL VI PR,
EH 3.6 (VL2 LM (HAY) .= —Wind(h).

‘(7\,& , J://O):ET}]/K b'CToephtz{’Eﬁﬁngggge: P>0H P>0 %%}\;_ I/‘/‘V\
SNE=TVERR Ty ININ =T VIRITERKA#BTH D, ED 5 Hyy,, P T
®D off-diagonal B3 P>oh P> & Fredholm fEFZETH 5. ZDHEHZEZ T v DB ITS.
3.7 (T VIRE). Ty " (M) = index(PsohPs).

ik HAL, & K fie =, ARRIRGE R 2 bVZER] Ker(HAL) IC/FFA L, £ D BEEIE
1Th5. I//Eﬁiﬂ%ﬂm.@+1.ﬁwm®ﬁm#b—l.ﬁ Sl DRIE % |
WzbDIZ T 5. %OTI//?ﬁiHﬁ;@lﬁﬁO@lﬁﬂ9bﬁ%I//ﬁ
) O E HOEHIZ LB EMETHAZHDOTH Y, Rz vy VIRED 0 TR
METy DIREVFHET D, 2D DL D LD,
EIE 3.8 (/L2 - Ty URE). Tpp (HAY) = TN (AT,

ZHUEER 2.1 (2) D32HITOREMMNSEBIZH S . ARTENNILZ - Ty I
(EFE 3.4, 38)ITX D HWIZHEL WEHEZ, ZhZNnI?PA(HA) & TIPAT(HAT) ¥ %4,

4. A—F—0HDRICBFB MROY—EN VI Ty Y - A—F—RIb
UFTH2D XS RIRG2DA R DR zikamd 5. 4, b EONFIX[7)12HD <.

M O(T) »ia e C* BR7x D T2 %2 £ D.

BarA IV Z DO RIZAIIL & WD 27 T AR I NS, I 2 ERHE LAV 1Hior—A
7 A A TSI NG [14)].

e 35005 VIMBEIR G TRIFNIEZR SRV I L IZHEE T 5.
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4.1. F&%E

ARG TS — Herm(V), (€,n,t) — H(En,t) DO P(Z3V) DNV I NIV =T v
H%EZ5. RIJL2OMZFFORELUTH2D KSR EFZ T2\, {43 Fourier 22
HBUZ X > TR(Z%V) EOEAZOBE{HO her 2B A 5. HE = HO @V L EE AR
ZHD, 1O BT D, ZNSD EADIILZ NIV N =T ¥ H(t) D compression %
WAHZETITYYDETNEIA—F—DETNEEATS. FTTYvIVDETIVEEA
T 5:

Hﬁﬁuy:}”Hﬁﬂw:H3—+H$,f@@JO::}ﬁH@ﬂﬁ:Hﬁ—»Hﬁ

IS OEREACHBEEAZEELZIY YNNI INZT VLIRS, RIZI—F—DET I
ZEANT 5 R R R . .
S L (8) = POPH() PP 1P — HP

Corner

HYP ()& dA—F—NI)RZT VLI

Corner

AWMCTEUATOREZEE, TDRIEEZHRT 5.
RE 4.1 {EEDt e TIZHL, ZDDT Y YNNIV =T ¥ HE (1), Hig,, () 35
HHETHH LT 5.

ZOREDS L TRNIVININV DT Y HBAHETH DL, o THRANEET S
RWFNWNITEZDODT Yy VHIMBRENLREETTIVET S, ZOREDS &1, BAR
T ODMMHAZEEZEEL, TOWEPHGZERT 5.

4.2. NV Ty IREE

FTAH R OOy Y (LN 7) NINVP=T VEHWTIHAERE2EHT 5.
TODTY VNIV DTV HE () & Hyy (1) 137V 2NV R =7 > H(t) D com-
pression & U CERSNIZDTH 7. > T o%(Hiyy(t) = H(t) = aﬁ(Hgdge(t)) T
BHY, RT (HRye(t), Hogyo(t) 13 My (S*P) DFETH 5. il g: R\ {0} — R %
(—00,0) D_ETIXL, (0,400) D ETIF025HDETSH. TDE E continuous functional
calculous IZ & > T F DS ILAEFSNS.

P = g(Hgage Hgdge) € My(8*7 @ C(T)).
ZIDONMEAZEREEZU RO C*EHO K FEOILE LTERT 1718
EH 4.2 (N7 Ty ORER). T2DAH) = [p] € Ko(S™? @ C(T)).
4.3. O—F+—1EH
HIZA=F=NINF=TVEHVTMHEREREEZEHT . 22T, Y(HSD (1) =

Corner

(Hge(t), Hpage () IEAE D 5 My (S@F) DFHITETH O, HeoTEREL 22505 HEL (1)

Corner

1% Fredholm fEZETH 5 Z & h3¥0 2%, [ CHA Fredholm fEFISEDMEERE { HED (8 bier

Corner
MHARY MVFRIZE > TEBIEOMNMHAZ®E 2G5, ThE2WVWEVOEDDOLERE
EFRT 5.

OB AT U, K BEKo(A) 1%, ADITHIER M, (A) DHEIC (T7bb g€ M, (A) Tq=q*=¢ %
570) 1= b DES (n IMEEOHRE E & 2) [THEYNCFEMEGRE AN TERI NS [12].

183 1HIT/ V7 $580% 5 2 72 Bloch 3l Eg 13RO & S ICHETE 5. g(HA) 1Z My (C(T?)) D% E
0, ftoT C* BRD K B Ko (C(T2)) Dt ED 5. T OITIEAAHR K B L ORI Ko (C(T?)) = K9(T?)
W& > TBloch HDZ F A [E] IKHIRT 5. ZOEKRTNILVY Ty UAREBDEFIX, Bloch HAE
b5 KOT?) DO EELZEDTH 5.
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EF A3 (T —F—558). Z3D2 (H) :=st{HS (1) }hier € Z.

Corner orner

EHDPS IO (H) PR TRINET—F =N IV =7 Y OEAE DA R 2

MV (A—F—RE) BEETZ Y. o Ta—F—fiia—F —REOHEBETS
NETEEELADTHA EIT/-HDTH 5.

4.4. 8

e es] (2) I C(T) 2T Y IV LTRSS REERINCEMES 5D C* B K HEmD
6 JHTE 25| DEEFAER T 9, Ko(S™F @ C(T)) — K\(K(H*?) ® C(T)) 2% % 5. ki
D DDNIAARZEDRNZIZLA FOERLEDH 5.

FE 4.4 (H. [7], MV 2Ty Y - 3—F—HR). sf o dy(Tpn ™ (H)) = IS0 (H).

Corner

Proof. 3—F =3V N=T ¥ {HEE, () }rer 1 [T, Freds™ (H9)] = K, (K(H*)

C(T)) DItEED S D, fit> THEFRERT I I2 L > TP H) W DY 5 AIZES
L EHEPO TR, ZNIIBIRAERT O, DE B SMHRTE 5.

Mo THHEIBHFAMADNILIETYIDMROY—%5KRL T, TOEENCRT LT
TEEAR O —F—REARN, I—F 2B 2EEEAIIRS5ES.
ER 4.5 AROHERIX, NIV Ty U BIZ BT B [10] D <3 H U, Toeplitz /EH
FZORD Y IZPmE Toeplitz EHZEZ W -igmz2EBHI A2 THONZEDTH
5. X HITRIRTTTH K ERIGE DI P\ % ATREIZ T % & B FED Toeplitz /EFHEDFEEL
BRERIZ (4, 3] 7 CTRIE AT WA 2
HER 4.6, BMADHBETIENIVININ ST VIEA[HETH 5728, 3.1 Hi & FRRIZ VL
TDARERRBEZDHINTES. BRKIZ, T3 £ Bloch % 3.1Hi& FRIZEREL,
Bloch R ED S KO (T X Z 0 Z O Z L D% EZEZSD. —2DZIEBloch D F v
ZIZHIGEL, D D=DD ZIZHIRT 53507 DAZERIL (3IRITET T A ADRD) G5
BELIENSG. BLZDINED FTIRHEZDOP[ALRIFIETOTHL I EHIHATES
[7]. ZOEKT, AROI—F —IZBE L7z MRD Y —0ELE, R0 M ROY AL
HORMROY—IIR L THIERMNA MROY —DOFRLAEMNITONS.

5. BRBIDERE
BIEICRER Lz a—F —IZB# U MM ALEOIEA 2 BARFIORNEREEZ 5 X 5. K
HiTlda=08=0t95%.

(72, V) EOMEFZE HA % 215527 7 A A D b RE I HIVHEIAD NV 2 N3 )L b
=7V (31HBR), 2(Z,Vs) LOEHFE HM % 11R5627 7 A ANLD bR a2 7 )Uifiis
DNV ININ =TV THA TZVRBERIITEZ oD D (32/iZ2H) &7
5. 2Z2TW=Vi@WheBL. ZNoZHWTUTDZ(Z,W) LoFRE I
HH#EEERT 5.

O e

H=H®II+1e HM,
Fourier 21T 12(Z*, W) EOERAFZEDHE{H(t) = HAt) @I +1® HAY cp 123 T 5.
EHE 5.1 (H. [7]). EEONINVI=T Y HIZHUL, BARAED 2D,

VW2 ZTOHBIEZRITT TAALIFENDREERLTWAILEZKMLTWS
202 ZTHE{HEE () }her B3 Fred®® (HP) IZA S RWHADH VR85, ZOHAIE T2AH)

Corner

I3DA (HY30Thsd. ZITIREWARESZBRVTHRT 5.

Corner

2772 UARIGE 2 DEA ORER [13] & ST 2 &, 2 OBAOf OIARIEFEHZIRICE S h T3,
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(1) HteTZDDT Y ININV =T ¥ Hy,, (), Hig,(t) 133 A3

(2) (1) &0 a—F—HEPEHIND. a—F—HHTH L H D MRuvhn
BaE T IEDA (H) = 2PAHA) - TWPAT(FAT) THx 55, 22 THDIE
TODEBDH.

Proof. (1) %t € TIZH U Heg, (t) B TdH 5 Z & 2R 7. Hilbert 22RO [F R HE, =

(Zs0; V1) @ P(Z; Va) 2 & D,

Hiope(t) = PPH(t)P® = Hpy (1) @ TT+ 1 @ H.
ThHb. IO Frrdr I HN IR0 T
(HRage(t))® = (Higaee(t)* © 1+ 1@ (HAT)2,

(Higge(t))? > 0 & (HM)? > 0 & D (HE,.(1)% > 0. 5> T Hyg, (8) XA, Hpy, (1) D
AV FARROERIC K > TRI NS,

(2) HA &L HEZNnZND Ty DR o) € 2(Zs0; V1) & 0o € P(Zso; Vo) Do T2 &
95, §hbL, H5teTIZDOWT Hiy, (Her = 0& Hill oo = 0D KD LD, T
v E

HEon (01 ® 02) = (Higge () @ T+ 1@ HER ) (01 @ 02) = 0
ThHy, H* e HEZnZThDo Ty VREOT VY VREIGI—F—REE2 52 5. —F
TZIZITODETNTIRI—F—REIZZY VREOT VYV ILVEOKEME L THTE
INZZeNbrd. HDOI—F—REOMELHE HA, H Oy DREBOMEEZ (7F
BIZEREL ORI 22 TR AVBFLNS. O

EH 51 2HWEZ T, kD ROV NVAH DO S BARFI 2K TE 5. FEE
D ERBNL (7, 8] ¥R BRI NN,

FERE 5.2 (H. [8]). TZETO#mMIZI—FT —DAEN 180 E X D /NI WA IZR> T
WA, K3EKD LD BAENISVEL D KERMMADBELARIZER S Z LN
TE5. ZOBRDOMIZHT 2 H BFED Toeplitz EFEIZH L THEH 2.2 & [AkEDHE
RO B, RE 41O R THEMAIZKNT 23— F - FERICERINDS. 22
TP (N ELA) & MEA O3 —F —FRBOMICIE -1 OB Y 2D Z & AR
NG HOTNVININVITUVERFEELUTCHDIVIREEZ DL 2FEXDHL X,
a—F—EEIRICIG U TELT 5.

6. IGABI : BR MRO Y IV

hARBT VAV 3 —F —REER RO R, WIMEYEE TRER M RO S HILIERIE L
IFEIE [15], IR ACHIZE R I N T WS [2]. ARETIE3RILY T A A TRIRGL2 D
D—F—%2FDOREW o720, 2IRGTRIRG2D I —F —%2 Kb, I 5123280 &5
ZAATIVHMMEEZRD 7 T AAIIDREZEAS L, BHHED I —F — R EER S
, I—F—IZBE L 72 MR V=2 oW RO % BT 2 2 A TES (8] I
Fi#il & U T, Benalcazar—Bernevig-Hughes ® 2 {RIGE TV [2] 1£77 4 TV KFEZ & O
ORI RS, EEIZa—F —REZ O, ZDZ L 24 DFIETHHT 2
ZENTED. TROEEH 5.1 LHLOEMRZ HWT, 3—F — il KEIZER L,
HEAWUTH L LR TES. 2K -T2 OEF VDD I —F —RIEDHH%
2D NETY—I2DWT, A1 T IVHFREDEEIDE S 2 2 7525 72 [8].
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On the topological regularity of spaces
with an upper curvature bound

KEF S (A"

B =
ARETIE, Lytchak K (70 v K5) L EF T X B HhRAY LI0H R P22
X B — O ILFEISE [30, 31] D 5 B, FHZEMFH b R0 Y — OB S
156 N AAIERIEIZ BT 25 [31]) RO ERFERRIZDOVWTHET 5.

1. [FU®IC

A. D. Alexandrov (& 1950 FARUZ M = AT O LB G2 & > THIR A /il B 7
R BRI O R 2 EA LUz, O 2 H & 9% Alexandrov 2% 1%, 1980 AR D
Gromov DIfFE 2 2Kk L U CTHINZB OB Z 1275, fiRD Nica R iiZ= i 1
HZ Alexandrov 22l & I X4, BREEZE IR IZATS 5 Gromov O 7L a3 87 |k ﬁmfﬂ
12 & 0 KIg Riemann B # 2 B W T KERMAESRIZE->TWS. — 5T, #iEH kI
SR AN Y R F"ﬁ &, R 72 XL AT CAT (k) 221 & X3, Gromov O MUHHEEIZ BEHE S 5
AT IR 12 35\ T Gromov WHEREEZER] & & IR 2 &# 2 H > TW 5.

lIFNinﬁﬁﬂﬁﬂ%ﬁRﬁWﬂn—Uﬁmhﬁ%h%ﬁ%@11%?.@%
MR ANZE R ER X 12U T, e e XITBIT 5 HAZEM%E X, X THRL, £D

Euclid#ff & U C@HEINSHEEMAE2 T,X THT. B EMT,X DIEHSZ 0, TKT
£ U X »¥Riemann Z AR TH VL, HIMZEH S, X IZBALEEERE 12, $E25M T, X 1385
DEZZERINT, THR 0, (FIEH O REZEH] DR /UMY 4 5.

3 Lytchak & 2535 [31] DI LIZE R R ZEMITN9 2 RAAHERMEERTH 5.
FIB 1.1. ([31)) Hi=A LIC A RRRAT a8 2 b EEEEZER X 12 LA R I EETH 5
(1) X & niItiHZRRIATH 5.

(2) EEDSr € X IZBIF2AAEML, X XS HIHE N —FAETH 5.

(3) EEDORz € X ITHBITHHEMT, X ER"IZFAMETDH 5.

FER L EHLLIRO LIS TE 5 ([31]). #iRD LIZER B2 v o M
HEZE X AT UM RIXAETH 5. (1) X IINAHZ IR TH 5. (2) FATHE 2 Ak 22
SHFEELT, &rr € X ITBWTHRAZEMES, X EXIZHRE MY —FAETHS. 3) F
BRIGEAIAHZERI T AFAEL T, Kale € X ITB W THEEM T, X ETIZHMETH 5.

EH T IERMITH > 72 A. D. Alexandrov DIE ([1) ) 125659 5. €8 1.1
ZBWT, X DB n kot HEEATHZ T2, 2O E KB 5 %Ik
S"TERUAERY—HERD (n— DRI HER YLK TH 5 (E3.5 %2 S]).
Hln>5ThhiE, & TOHMERD (n— 1) RTAHZREIKTH 2 L IFHE S 20,
EB, 2D & S B 272 3611%, Edwards O —ERRHEEH ([17], [11)I2& D, (n—2)
mﬁﬂmmM$%ny—@ﬁ®*$%ﬁtbf%&éﬂéqmML@QWMJ%%%)
flifin <4 ThNE, ERUTHBIT 2 HAZEMIES" IZAMETH 5 (EH6.2 2 2.

HR o N BT (GRREE 526610012, 21740036, 18740023) & “FARIEAMRAIIISE B HIRE O Bk % 3217 72
* T 305-8571 I D IEHRKEE 1-1-1 FUN K AR E 2RI

e-mail: nagano@math.tsukuba.ac. jp
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RIS D BICE R RFRED Y =SR2 MHIERIMERTH 5.

EIE 1.2. ([31]) IR EICAERZIEBO nIRIEHER Y —ZRA X 126 L, X DA
BRI EE ENPFEL T, ZHEE X — EldnkaiHZ A TH 5.

FEHL 1.2 [E KRR T DH - 72 Quinn DRE 41 ITHENRfEEZ 5 A TWS

PURTIX, BREEZEE O 5 p 2 HD & 3 245 r OBEEIEERAR 2 U, (p), Fﬁﬂﬁﬁﬁﬂﬂlfi%
B,(p), BEBEERT B, (p) — U.(p) % 0B, (p) THRT I &IZT 5.

HE R FIZ A R DA RIXIE Alexandrov 22N U CEH 1.1 REM 1.2 D E
ARASER D NLD Z &, Wu ([50]) AR U7z & 512, Perelman O & Fr# k22 ([36], [37])
»HEPN S, Perelman O JFFT#EMEEH O FIRIZIRDED TH 5 ([26] K. Hh*
M RIZE R AR Alexandrov Zfl X ODiilz € X 2525 &, +03/NSIERED

€ (0,00) XU T, FMHEGHh: B.(z) — Bi(o,) BFEL T, h(aBr(:);)) Y. X D
h(:z:) = o, 27z U, $#IREBR OB, (x): 0B.(x) - L. X BFAMTHS. T T T, Hi%EM
T, X NOPHHEBRI 0B (0,) & SFZEM L, X LR —HLTW5.

Hi3R S BIZE SR GG, BEEEZEE A RAT 3 v X2 s CRATIMMEKSECH v | 216 T
HoTH, FFTHEMEEHEA L O L7272\ 2 A Kleiner [28] 12 & o THf X 17z (A
D BRI SRR AR 1L [33]) 2 2 ). @ 1.1 EH 1.2 23EH T 5 72 121%, Perelman
DESLC[36], [37) LITERIRETA T TBRRBETH 5.

B LICE R ARET Y —ZRRRITH U T, IRDJ[ATHEMEE AL D LD, 7Rd,
n =5 DEE DG X Steven Ferry K (7 b — A K% OB % 21T TW5 (EEG6.1).

EIE 1.3. ([31)) BRL LICERBRnIRIGHAET Y —ZEE X 12OV, TBDO/Mr e X
X UT, X 2B 5 0EHEU, &, ST EHUSER Y —REERFD I V8T b (n—-1)
TR AHZ BRA M, SFAEL T, U, 1& M, EORH#EC(M,) IZFETH 5.
TR 1.2, M2 [31] T, MO EEBAML TV, Thabb, EH13IZENT, 3L
n<ATHNE, EEDHs € X IZOWT, FRIRTRTDr € (0,D,) I LT,
FREEERIE OB, (2) 1XS" P L H UAER Y =2 DT VR b (n — 1) IRGCAFHZ BRIK
Th Y, BRI U, (2) 13 0B, (x) EOBISE C(OB, () A TH 5.

=2 Bz A a2l 3 2 R A ERIPEREEE 1.1 1%, RIZER R 2 & 5 7R
12 A 55 Riemann ZBRAK51 D FE A RS FR O A7 48 1F JIME & A AHZ e % &<

EIH 1.4. ([31]) CAT(k) TH % s & n kot Riemann Z ARSI (M;, p;) D3 RAF & EA

FREEZZ X 12, M4 E Gromov-Hausdorff fiAHTIPER L TWB & 95, ZD e & X i
n(ﬁ(mh*ﬁ%ﬁﬁifﬁ) D, X NOMEEDORKEAFZEMIZKEICHEHMTH S, T48bb5,
Zme{l,... npIIOVWTHEEDr e X,§ €3, X,...,6n €2, - L D X ITH U,

KAEFZEM Y, - e, X, X &S MR TH S, AT, B L XMV T
HZE, + D ROEZDIZH U TMIZXIZFEMETHS.

W R 23 T IS S0 IR 3 Riemann ZRRARSNZN U, 2 1.4 O FTE O AL IE R
X V. Kapopvitch [25] IZ X o TRINT WS, EH 1.4 DDA AL €M X Perelman
DA FZEMEH ([37]) DIFFETH . Perelman ONAHZLE M EBLD EiRIZIRDME D T
b5 ([26) L), #iFED k PLED n kIt Alexandrov ZEf X (TR U T, 5 € € (0,00) B3
FAELT, & UHIERD £ BLED n ikt Alexandrov 22 Y & X DD Gromov-Hausdorff
HREEDS e R CH UL, X LY IZFAMTH 5.
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—f%IZ, A BT SRR 2 O S A 22X CAT (1) /I TH 5. & -T, CAT(1)
ZE [T ﬁ@“éﬂ?E;EIE CEM LI ZMAGDE D &, M I Z AR o g
IZED %, Lytchak & 53 [31] 13 B 1.1 &2 W T CAT(1) ZZ M3 % 2 5 BRI E
PHRBERHEH Z R L TWS. 51T, FHEAY 3412 & D BEAEVPTTDODNTNS.

AFETIE, EH1.1-1.4 DO I DWW TS 5. (DA MR EAARIEAR D 8 faf
FHIEBIX CAT(1) B2 A3 5 ([3]). 725t EOAHERATED 3 >80 NS
£ & PL ZHARDNIZ CAT(-1) il 2 A9 % ([2]). Z vl Kirby-Siebenmann D&
H(27)) & 0 6 IRTCMAETHNIXCMHERRITH U THIEL W, BAFEH RO Y —D
B SR LA T MR O A AERGE 2 90T 5 2 L IZBIRE N WA & 5.

2. RN EICERGEEHEBOEAME

iR A EICE R M2 fIC B9 2 & ke LT 6], 8], [10] 2 IFTHL.
2.1. BiRA LICHE R

PREEZZEN O AR & XX [E D 5 DFERKBLDAAMBRDO Z £ TH D | AR &
R ERAIARD Z & TH B, IEDILREL - € (0, 00] IZX U T, BHREZZR] DS r- RIS
BMTH D &, Bl r KDL D 2 SRR CHEIEN 5 & 125 . Bz
EASRAIMEI T H 2 & 1T co- [ TH B & Z 12\ S . J& il i i P e 22 ﬁb%mwmm
T TH D & E, UimZFRE DT R TORMKRNZ DR ZBEATHETES L &I
5. HHEEZEHEAE R TH % & IMEROMBEEERALS 2 X7 b TH D L EITWN S, %m
B EERE S AR 2 > 87 N TR A NIXREFIEETH 5.

FE ke RIZH U, il x O HERE iz M2 TR, TDOEZKEZ D, £ B<.
SERERREZE DY CAT (k) TH 5 & 1E, D-HAITH v, D AEDN 2D, K DIERD
At =T M2 NDR UEZF D =MAE L AR TELSZVWE ZI20n ).

FREEZE X RS LICERTHD L, DDk c RVFIEL T, [ERD Nz € X IT
HNUTHSr e (0,D,/2) BWFAEL TEH I IEREZERN B, (2) 2 CAT (k) TH B L EITW .
LG, X OMEIIRUTTHE LV,

HiE DS LIZH R TH S FEEEZEEIZ ANR (fdhEfE LY 22 8) TH S ([35], [29]). E
5%, iR BIZAERTH 2R IRTN P O RA#TH L. Thbb, RO
CAT (k) BD 2 122WT, &r € (0, D, /2 i2: U T B.(2) &M TH 5. &re|0,D,)
ERUT, e SERD My € Bo(o) lEME—FNIC REHIMAR TSI Z 23 TE 5. Rz

()mﬁx#bﬁﬁﬁéw%Mﬁﬁk ' > T B.(z) DR TR IZHHETH 5.

Bl 2.1, Wrim gl R —kRIZ £ LR TH 2T D580 Riemann Z AR 1E, fiED x LLF D
PREEZERI T 5. 5Efi Riemann ZEAD CAT (k) TH B Z & &, Wi g3 03 —FRIZ x DA
RTHY, OB EEN—HRIZD . UETHEZ tiﬂﬁf%é.

Bl 2.2. FHEEZER X EO Buclid # C(X) 1% Euclid B 2 fif 2 72 A8 [0, 00) x X/{0} x X
EUTCEXS. HHlfEZEH X ED Euclid # C(X) A CAT(0) TH D Z & &, X B CAT(1)
THhdIZLIEFAMETHS.

Bl 2.3. BREEZEM X, Y OBRERE X « YV IXBRE A EEEE % ff 2 7255 [0, 7/2] x X x Y/ ~
EUTEE S, FEHEZEH X, Y OBRMEAE X «Y DICAT(1) THd I &, X LY hLd
WCAT() THEZ LAl THS. 2B, S™ 1S HES™ ™ NZERNTH S, i
72 Z 123 BRI S? « 7 1% Z EoBRm R e S 700,
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2.2. Hﬂﬂ$7§*‘it:ﬁﬁ@ﬂ€%ﬁwfﬁﬂﬁU’%)ﬁl""il%bzf'aﬁ, & ZEME

B LICERTHHHEMEM X ORr e X ITHUT, Koo ftEd 2IEHMHL
BHAMAR AR DOELE %2 Y X TRT. Mo llB I 5ME £, 13X X FORRREE 72 5.
ZIZTC, N XD2DDIty;: [0,a]) — X, i € {1,2} DDA £, (71, 72) &,

L@ ) BB dn(h) ()
2t t1,t2—0 2t1ts

Zo(71,72) = lim 2sin
t—0

2729, 72720, diE X FOHHTH S, Mo ltB 2 HAER Y, X (%0 k2
Y X)Ly = 00>7u4f*4t2: LTE#RIND. Tzé”hF'EJTX M ZER 2, X o Euclid #
C(E,X) e UTEHRIND. ALEDSAZEMIECAT(1) TH Y, 722 CAT(0) TH 5.

iHE S N S RN L R I SR A +6a\/J\é7;/\37) EPRRERRR I A 22 I R E
M:"»—lﬁ,lfﬁf%é. FEE, CAT (k) ZZMD 2 1I2BWT, TRTDr € (0,D,) IR LT,
U (z) = {z}® B.(z) — {z} IZ T, X IZHE ME—[EMETH 5 ([29)]).

ARz LT, PREEZZ M OO dim (AT (ETOT) 2K . #hE2 LICE R
AR ZE ] X AT U T, dim X = 1+ sup,ey dim X, X DD LD ([28]). T 51T, &
LdimX =nThL, H Do € X DIFIEL H, 1 (3, X) B EHPIZEETIZ AW ([28)).

2.3. EAZRAY_E (2 574 Rl B9 5T fm R At 22 ]

(SN ’ﬁ%‘?f‘% O RT3 > 82 bR SE 4l 2R T BREE R o Z & %
GCBA ZE[] 2 I3 2, ER AT TH B & &, GCBA(k) Z L IER. L X A
GCBA ZE[E]TH 1 i %‘591; € X \ZHIF2FMZEM X, X PHEZEM T, X 13 GCBA Z2[H]
Thd. i, HAEML, X 1Zav 7 b Th Y, sl EBEEM (T,X, o0,) E T EHE
RZEM (rX,x) Zr — oo & U7z & & D RS & Gromov-Hausdorff i (2 #ﬁﬁ’]’@%é.

MAZEM X Ofir € X PEHRERTHE L1, HEnil OV TRz B X IZBWTR"?
CEMBBEEZ DL 2V . ZOEE 2 2 n RTEHRER L ITR. ma 2] X A
DIEL IR RN S R 2 8EE%E S(X) TRUMENBRERES LITR.

Lytchak & 235 13503 [31] 1256479 33 [30] 12 B W T GCBA Z2[H D [ D 5
BRI 72 GE 2 AT o 72 G [30] N DAL 2SR &2 O ik R 5. £ D GCBA
22 X AZR LT, BURAYR D 320, (1) dim X 3BT ERTH 5. (2) X — S(X) &
W LMD ERAETH 5. (3) X IZHWT, #22[H A Eulelid 24 & F RN 2 8260 5
RAEGIIMETHS. (4) X P niktTHNE, dmS(X) <n—-1Tdh 5.

IR Lytchak & 2835 [30] (IZ K B JRATAE P —LEREHTH 5.

EE 2.1. ([30]) {EED GCBA(k) M X Ofixr € X IZHLT, 57, € (0,D,/2)
PIEFELT, IRTDr € (0,r,) IZDWT, Bu(z) &3> /37 b3 D CAT(k) TH Y,
OB, (2) 1L, X IZHKRE PE—HETHSD. S 517, GCBA(k) M7 (X;) DEEFE X, D
M € X UT B(a;) 33 282 D CAT (k) TH D, (B, (), 1) 7 (By (), 2) 12
AT E Gromov-Hausdorff fiAH TR L TWB & 95 &+ RKERITH L TIB,(x;)
OB (2) IZHREME—[HEfHETH 5.

3. IR LICERARETOY —ZHRIK
AMTI, H, CZEREREREO Y -2 KT,

3.1. R EOY —ZRIFICH T % LSRR I
HE WY —ZRMAIZ BT 2 ZRRA D R OFEEIZ D W T FRITIR R B ([14] 2 2).
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JEHTa X7 Naf s BEEEZEE M S n RITREQY —ZRETH S & 1F, ED R
pEMIZBWYEREMAtER YR H, (M, M — {p}) » H,(R",R" —{0}) IZAMTH 3
L EIZWS . AIRIRGEANR TH % n ikt A E R Y — S kK% n RITT—IRZHRIK L I35,
D n IR —REFRAIRDIRTCIE n IZFELW. B L n < 2THNIE, Moore DEHIZ
& o T, [EED nIRITT—BERRIRIIN S BRIKTH 5 ([49] 2 2 1H).

RiFHZE M DR D 8 EAES 5 o: X —» YV DA TH D 21, (FEDOHyc Y D
77 ANR—o  ({yH) X IZBIT BT RTOREEDOHTHMTH S L X2V D. 7,
nARTE— IR ZRRAR M, N DDA G B o: N - MHBL VY )a—23 v Ths L,
N BRGNS RETH 2 2 120D, AT, nIRIT—RE KA M DL YY) 12—
TavERFOLIX, HEnIRTNMASHIEN PSS M ADL YY) 2= a VIBFET S
LEIZWVWS. Quinn DLV a—Y 3 UIFEFEEH ([39], [40]) 12 & D IRAIEE D LD,

EE 3.1. ([39], [40)) n > 5 & T 5. HfE n IRGTT—MAEZRRK M 1%, n IRTTE AR
EHETHE LYY a—varvERD.

PABE, B* T R* D 2 RGeARHERAT BT & R 3. FREEZEM X 28 DDP (PR 2 B 1)
BT o0k, EROHEHEER 0 B = X, 0 B — X EfEED e € (0,00) 125U,
TG G B — X, $o: B — X BMFEL T, %0 € {1,2} 12DV T d(p;, p;) < €T
HY, 51 (B NGB MWEELETHDLLEIZWVWD. 22T, did—HkfMch 3.

Edwards ® DDP L ') 2 — a VIERUEHE ([16]) & Quinn D L V') 2 —¥ 3 U IEE
EHL ([39], [40)) 2 & bE S &, IRD Edwards-Quinn ® DDP ZRRAGREHE N E SN 5.

EIR 3.2. ([16], [39], [40]) n > 5 & 9§ 5. kG n RO —MERRIK M 723 n IRouhiMZ 4%
ETHBHZ e, MPnikRaERIkE 2R L, D DDDP 2§29 Z L IZEMETH 5.

PAHZEM X DEBRES K P X ICBWT I-LCC(RFrREER) TH D L 1%, KDY
MOEEIZWD. TRLEL [EEDOEp e K&, X I8 5 p DIEEOBIERE U T3 L
T,pDHLBEEV BFHEL T, TRTOEGEEK 0 S' -V - Kz LT, »obi
G5 e B® - U— KDBFEL TS =0 20727

%1% Cannon-Bryant-Lacher {2 & % 1-LCC Ui EH ([12])) TH 5.

EIE 3.3. ([12]) M Z nixyt—Ekke 35, L S(M)D1-LCCTH Y, 2m+3 <n
2723 mIiZ OV Tdim S(M) < m THIE, MIiEniRuhitHZ kA TH 5.

FR 3.1. Cannon-Bryant-Lacher ® 1-LCC IUiE R 3.3 1%, 416 — SRR DI
Bestvina-Daverman-Venema-Walsh ([5]) IZ & > TR INTW5.

3.2. RN LICERRREOY —ZHREOELRMEE
—MBIZ, HEEEDS B R EEZE X IZANR TH 0 ([35], [29]), X DEAFI > 82 b
TRFFIHLG 5206 T HUE X IZRARIC AR T TH 5 ([30]). £72, X AiAED YV —
SRR TH UL, X IZFFTHMISER CTH 5 (— MBS RRIA DA [47), MHZRADOLE
6] 22H). X o T, lHEDN EICARZAED Y —ZKIEGCBA ~ A TH 5.
P. Thurston ([47]) I3MERICEMZER b Ao Y — DGR Z HWTIRZ R LU 7=

EIR 3.4. ([47]) HED LITE R 3IRTC— IR ERIRIT 3IRTCAMHERRIATH 5.

WO MBIE, Lytchak & 25 (3112 & 075 & N7zl Lo A5 573 BEBEZ2 R 1= 515 5
RE WY — SR ERROETH 5.
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o8 3.5. ([31]) HhERA LIZHE 2 mATa o8N o M EEEEZERE X IS UM FIZFRETH 5.
(1) X EnkthEaY =4 ETH 5.

(2) Fir € X N UTH, (2, X) = H,(S" 1) %372

ZOHE, Fir € X WZBIFAAMEMY X & (n - DIRTHET Y —ZHRIKTH D,
BT, X EnRthEO Y 2RIk TH 5.

Edwards @ —EHRREEH ([17], [11DIC& D, n>5& T2 L& FED (n—2) kAR
TV AVKRERY—IRE X2 O ZERE (S” (S X)) i, n IR MHE A TH 5.

B 3.1. ([1], [4], [21]) n > 5 &9 5. FERERS (n—2)Roua 87 bIEEHIREFERD Y —
BRI Riemann ZR(A (Poincaré R E W Y —3KMH) X2 2 5.2 5. @YNCILRLTE 2%
CAT(1) TH 5 & L TRV, BREWERES +2" 21X CAT(1) TH Y (n—1)ReHER Y —
ZRRATH 5. BT € SU X218 B HAZEM S, (S”+Xn72) [E o2 1L R
ThD. BRI L IFZRRARATIE AR, BRETY B S” «(S” «Xn—2) 1& CAT(1) 22
Thod. BFESre € SOx(S" X2 12812 izl 2, (S° #(SY*+Xn72)) 1& S0 %72
WEREMNTH D, R, ST EEMTIRAVWARE FE—FETH 5. Edwards D —HE
R EH ((17), [11]) & 0, SU (S «X"2) & n IR TCAAHZRRIRTH 5 .

4. REMNE—REWHE 774 TL—23 Y
4.1. FE FE—REM & BAREGEEE

IEDSEE e € (0,00) 12X U, BREEZEH DM OEARES f: X — Y De-HRE ME—RE
THd el HH5EHRGHRg: Y - XDPFEL TR E D LD E IV D, Hif G B
go f LMHEGKidy ZFERNEFEFE—3: X x[0,1] = X &, fog&idy ZFEIKE b
E—U:Y x[0,1] = YDPFEELT, IRD (1), (2) 2723, (1) Ko e X ITR/LT, dhfr
0,1] 2t (fod)(z) €Y DBEDERENY OFTeRilETHS. (2) FyecYIIxL
T, HHAR[0,1] 2t — Uy(x) € Y DBERDEREVY OHFHTeRiHTH 5. FHBEEM X, Y 2
eHRENE—RETHD L IFeFREME—AEES [ X > YV PFETHEESITWVWS.

BEEL p: [0,70) — [0, 00) BEFEBIETH 5 L 1F, p(0) = 0522 p > idp ) Z 7z L, &
DIZBWVWTERTH D L ZITWD . ATHEREE p 120 U T, BERfEZEM X 2 LGC(p) TH %
(B MZNEHETH D) &1k, LREDOMr € X LIEDOFEEr € (0, 00) 12K L THHH#E
BREK U, (2) DSFRDERAR U,y (2) DR THHETH 5 & EIT NS,

{13 Petersen ([38]) 12 & % LGC(p) ZEMIZHTHHRE P —LEMEHTH 5.

IR 4.1. "HERE p L AR 252 5. D e € (0,00) 12X LT, H5 6 € (0,0)
PIEELT, nITEA R TH 5 22D LGC(p) ZE#H X, Y D dgu(X,Y) < § 271X,
TN e ENE—EMETH S. 7272 U, dgpy 1& Gromov-Hausdorff FEECTH 5.

ROEFIE, HIHAE b Y -2 AHEGEHRTIEMNT S5 ot UEHDORRHTH L. 26,
- ERUERIX, n > 5 DG Chapman-Ferry ([13]), n = 4 D35 (2 Ferry- Weinberger
([19]), n = 2,3 DEEIT Jakobsche ([23, 24]) IZ K> THENLE T WD, 72720, n =3
D6 D Jakobsche ([24]) D E 53R (F Poincaré FREADf#EHR (Perelman) 2 B2 & L T\ /z.

EIR 4.2, 3287 MEREEZER] M DS n iR GAMHZRRETH D L &, TRTD a € (0,0)
LT, 5 e € (0,00) BHFAEL T, (EED I V827 b n RTRAIZREA N 225
D eFT NE—FEGH N - MISHUT, HBFMGEHE [: N = MAFELT
d(f, f) < aDE YLD, 72720, diZ—HEETH 5.
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4.2. 7747 L —=avET A N=K

NARZE ORI D HEREE f: X — Y D3 (Hurewicz) 774 7Lb—>3 > Thd L, f
PEZEDMMEMIZN U THRE P —Fb EIFHEZZTE EI120S.

NAHZEM ORI OHEREEE f: X — Y DRAMIC—RRT#ER 7 7 4 N—%Z&/FD L iE, (T
BEO/Rze X &, XADxDEREDRIEREUIZH LT, X WD x OFLERV BMEEL
T\/CUT%D IROMWEZRT-TLZIZWVWD. T8b5, BLiycY DT 713~

{yH) AV bR, EES ()N VIR ) NUDOHTHHETH 5.

m@7747v > a VEMIE Michael ([32]) & Unger ([48]) D#fZEH & E 0 5.

T 4.3. BT N7 N AROUIEEZEM X, Y IO\, R5HEEHES f: X — Y
DRI =B #i 72 7 7 A N =% Fb, FEDRy e YIIRILTT7 714 3= f1(y)
NENHEOHTHMETH DL TH. ZOLEfIET7714TL—2arThb.

7747V =3 viE 7 7 A N—RIZIR D35, FlTil X7z oG BUERE 4.2 & Dyer-
Hamstrom ([15]) D 7 7 4 N— MR 2 DY B &, WEES ([18], [42 2 2 H]).

EE 4.4, Bra 87 MERRGE ANR BiEEZEf] XY oo 7y 14 T L —vayv
[ X 2 YDV ERBDORy e YIZBIF27 74— 1 ({y}) a7 Manik
TTAAHZ IR TH NI, FIZRANICHIAR 7 74 N—_TH 5.

X1 Ferry DL ([18]) DZFRK TdH v, Perelman (2 & % Poincaré FAE DI % B D
ANz ERTH 5.

T 4.5. B3> 87 MERIRGE ANR BE#EZEH X 2 oKX I ~AD 7 74 7L —
Yavii X 5 TIZDOWC ROt € [ITBITD 7 715 fFLH{t}) DS n ikt
ZRMATHNIX, X 1X m+nﬁmuﬁ%%%1%é

5. MIEN EICERLEMZERICE T2 HAREEHARER
Lytchak & 235 1503 [30] (25T GCBA BT 2R L HESHROBEE
HBAULE. gtk Z 7I’Lb6 X htnd B AR ORI, B2 FIZHA 7 Alexandrov Z2[H] D
B[ 2T B WTHEARN R E % F 72 LTV (9]). FEBE, Perelman ([36], [37]) iZ#i=R A3
TMIZAE AT Alexandrov ZERIZ B 1) M REGE P RATRNIZHHZ 7 7 14 N —H

ThdIe%amRU, LITBX G e 2 FEH U 72

GCBA(k) 226 X N OBEEMEERIR U, (2) BN TH 5 & 1%, r < D,,/100 Z {7z U, P
FEREBRIR Bo, () X2 2827 b CAT (k) M TH B L ZITWVWD . fla LIXHERRD 2
Y,z € Biop(2) TR U T, Mo & iy 26 SEEHHER S fle & 52 %8S AR
DEDR 2z ITHBIFEMEE L,(y,2) THRT. 228, fEED GCBA (k) ZZHNDIEED 5L
UNGABEREBR A 2 R D 2 2 ITTHEE T 5.

IEDZEHS € (0,00) 52 5. GCBA(r) 22 X NOWUNHEBEERIK U, (20) DAL
x € Upy(20) (2R U T, Biopy(xo) — {2} WD EED KD (pr,...,pp) PR ICE TS
(k,0)- R TH B LI, Bioy (o) — {o} IZHID L EHDSOM (1, ..., qr) BFEL T
AR SEDE ZIZWD. (1) Fie{l,....k}ZDOWT, fEEDy € Bioy (o) — {z}
X UT Zo(piyy) + Loy, @) < m+0 2729, (2) HHER S 0,5 € {1,...,k}ITDWVT,
Lo(piypj) <7)240, Lu(pirq;) < 7/2+0, Lo(giyq;) < 7/2+0 25729, £z, Uy, (o)
DI EA WAZK U T, Biog, (20) ND kED SO (pr, ..., pp) W IZB TS (K, )1
RBTHD L, M (py,...,pn) DRz e WIZBWF S (K, 6)-MEH/THD L EIZWVS.
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TUNBHERBEEERAR U, (20) WOBHIEE U 2 @ HIB L T 254 f: U — R 5 (k,0) R
BigThHdLlE, UILBITD (kO MESR (p1,....,pp) WEIELT f = (dy,,...,dy,) %
73 EITWS. 2T, dyy,. .o dy, W EENTE R0y, o pp 2O OFEEEBIE 2 KT
GCBA(r) B X HD (k,0)-MEGH f: U - RFIZOWT, EBBU DNz c U D
SHLIROWBE %72 T HERDERE Upy110s TRT. THbE, Hdppe X LUN
D x DREEE U, BWEMELUT [ = (f,dy): Uy — RFFU S (k4 1,120)-EEKTH 5.
T, fOT77AN—IIINUT, EQL) =1 — Upp1105 EBE, NOBIARES LIER
GCBA(r) 22 X D (k, §)-HEGHEDAFK 2 EE IR D@ Y TH 5 ([30]).
(1) fEED S € (0,00) LALED 2 € X IZH LT, BB +H4/NE 71 € (0, 00) HIMEE
UTC,dy: Up(x) — {z} — (0,7) 1% (1,0)-HEEHTH 5.

(2) (k,0)-MEBH f: U — RFiz2WT, £EDf 2 € UL T, +Ho/MNEk

€ (0,00) &, UIZEENS (U(x) — {a}) N f7(f(z)) ODBIEREV BFIEL T,

fr=(fde): V= R (k+1,120)-HEGHRTH Y, FHIV C Upy110 TH D,

(3) (k,0)-MEGHf: U >R DEEDT7 v A N—TLIZ LT EI) IXERTH 5.

(4) 20k0 < 1 %73 & & ATED (k,0)-MEBG f: U - RFFFEEHRTH Y, UDIT
BOAVNT MESEEKIZNU, 515 € (0,00) IEEL, TRTDr € (0,70)
Cre KIZHU, l#Hn U.(z) N fH(f(z) I ZZNEHEDOHF T IZAHETH 5.

5) BLdmX =nTHY, §X+/NITNE, EED (n,0)-MfEGH f: U - R
IEM Lipschitz HlDIAARTH 5. X 512, X1 (n+ 1,0)-MELGLE2HFEL LW,

HEE LEDS € (0,00) XL T, GCBA(k) 22 X OBES U 6 OEEGH
f:U =R % (0,0)-MEGHREER. DIFTI, JFAERESKOESE N, TET.

B D GCBA(k) 22 X D (k, 0)-fREAAD AR ZRMEE ((30) &, 7714 7L —
v aVER AR EDOKMEN N RO Y —OHEREH NS LIREEL Z N TES.
EHE 5.1. ([31]) TRTDE e Ny B LV € (0,1/20k) 12X LT, D GCBA(k) ZE[H]
DRIEEG U 2 EF/RE T 5 (k,6)-MEGH f: U - RVGREFNZT7 71 TL—va v
Thsd. IVFELUL EED2zcUIZH LT, 571, € (0,00) FHELTB, (z) CU
272U, $RTDr e (0,r,) IZ2OWTHIBREGE f|B,(2): B (x) = f(B.(x)) 13K %D
T 7 AN=IHHEIRT 74 T =23 v Thb.

JNZ T, Raymond ([42]) D—fEZ A LD T 74 T —>a v ORIZ L W IRERS.
EHE 5.2. ([31]) IXNTDn e NgB KU € (0,1/20n) &k € {0,1,...,n} ITH LT,

D LICER R n Ot RER Y —ZRKRORES U 2 ERIF L §5 (k,0)-MEEH
f:U = RFEDETIHRNMERD 7 74 N—1& (n — k) IRt — B E KA TH 5.

6. BIRA L ICE R EEREZEE O AIME IE R
6.1. REQOY —ZHRFICH T BAHEERIM

HIR DY B RRRE R Y — SRR 2 A IERIMEE I 1.2 2155 7212, IRIZ
AR BMEGHRD 7 7 A N—1Zx5 9 BAAHIE R E R 2R T

EE 6.1. ([31)) EEDn € Ng i LT, 26 € (0,00) BAFFEL TLARDIL D 37
D, WP LA L niRuFREO Y —ZRIKRORAEA U 2 EEIE L T 5 (k,0)-HE
B f: U - R DEEDT7 74 N=TLZH LT, IR EES E(I) IZERTH Y,
IT— E(ID) % (n — k) IRTCAAHSZ A TH D, MAT, HLn—k<3THhD%26IE
(n — k) IRTTAIMHERRIKTH 5.
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SEBADRERE. (n — kIZEET ZIRINIE) ERDn € No 2R LT, +2/h& <6 € (0,00) %
0, RN LITERBZnIRGHRED Y —SHRRDRES U 2 ERIE L T 5 (k,0)-HE
B f-U >R 2522 EBHOMELID, ZTRWMEED fOT7 74 NX—11D
IS EES E(I) IZARTH S, TE52 L 0D Ik (n — k) Rt —MRERRIKTH 5.

Dn—k<2&9%. ZDO&E, Moore DEH KX O ILIZ2IRTTAHEZEIRIETH 5.

M) n—k=3&33. FEDOpcllE2E52%. ZOLE, FHNSBEEDr € (0,00)
U T (k+1,120)-MEGE f+ = (f.d,): U (p) — {p}—)RkH?ﬁﬁfj_é 5.1

E(D) &b, fHEET7 7 A N—=PHE7R 2R Z A TH B 7 71 T L —2a v T
H5. £oT, Bd,: (U (p)—{p}) NIl = (0,r) IZ& T 7 A N=H32 287 |+ 722100
NAZIKTH L7 74 T L= a v Thh, 44 X0 EAAIZHAR 7 74 3=
WTh5. Bz, (Up) — {p}) NI (% S YGRS Bk T 5. ZDHE, Uy(p) NILH
R3 cf.l*ﬁfz%é EWbhd. Urhio T, ILIE3IRThitHE A TH 5.

M) n—k=4292 EEOzcll- EAD) XL T, » Db S5FEH U, ETESR
NIz (k+1,120)-AHEBE [+ = (f,dy): U, — RFIDFEAET . @H51 2 (1) &Y,
[HR& 7 7 AN =D 78 SRR ERIK TH L 7 71 TV —2 a v THB. Bif
dy: Uy N1 — dy(U, NI G T 7 A N=D33 VX7 S22 2R E ik TH 2 7 7
ATV —=2avThh, EMA44 X REMICEELR Y 74 NX=KTH B, Kz, U, NIl
E ARG SRR TH B, &> T, 1T — E(I) 1 4IRThZ A TH 5

(IV)n—k>529%. TEDzcll - E(I)IZHLT, xm@éﬁﬁi&{ﬁU ETE#
Nz (b + 1,120)-HEEE f+ = (f,dy): U, — RF 23587 5. BIZBWT,
U, NITHY (n — k) OThidZ Rk TH % Z & % Edwards— Qumn@DDP 57%4$mmn§hﬁ
H3.2 ([16], [39], [40]) &2 FH\WCREERAS 5. GERH D@ TR Z 73S 2 BRI E R 4.5 72
ExRHAWBD, ZOMFLIIEM RN TS 5 (FEIZER X [31] 22 H). WFhittE &
IT— E(ID) 78 (n — k) RThMZ A TH D Z L D3 bh 5. O

12050, &R EICERBREBD n ke hER Y =2 X 12 LT, X I
GCBAZEHTH 5. ZD & &, X ZWUNHPRREERIK CHUE L T, BHUNBEBEREERIK U, (2)
MoDEMEB f: U (z) > RO ICEHG61IZHEHT 5 &, ke 12285, O

6.2. FRTAIAEIE R
F R AAHIE M E B 1.1 OFFH OBEIE 258 R 5. R TEH 122 W5

EE 1.1 DFIROEE. (1) = (2). iR LI2E RAREEEEZER X 5% n IRoTA A& AR
ThHsrLT25LT3. FEDRre X 2525, @35 &0 A%, X a8
2 b (n—1)RIE—EERERTH Y H (2, X) = H (S 25723, Bz, 2, X 130K
HEETHD. HLn<3THNE, S, XIS HNZFEHETHS. M Fn>42 L, 8, XA
S"HZARE MY —[AETHZ Z 2 2RT. ZD7HITIE Whitehead DEH L D ¥, X H
HEiETH D Z L 2R TIER V. /NS BREEDr € (0,D,) LT, Up(z) — {x}
WXHEKETH D, 9 oz XIZKREME—FMETHSE. £-T, L, X IFHELETH S.
(2) = (1). Eﬁﬂ"fﬁ’ AR N7 PEERERER X IZDOWT, e e X ITH
WTE XS HNHZARE MY —FAETH D LTS5, @35 &0 X IEn ks —MRE K
THbd. bln<2THNE, X IEZnRTMNHEHFAETHS. UM Fn >389 5. EHf
1.2 X D REARE X DEDEE EPFMELTX — EldniRiHZRMEATHS. 22
T, ERr e XITHWT, +/NSBMEEDr € (0,D) IR UT, Up(x) — {a}ld X, X
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WZARE MY —EETH O, BEFETH D Z LIEET S, Ko T, EIZXHTI-LCCT
HY, X512dim E = 0 %72 3. Cannon-Bryant-Lacher ® 1-LCC Y& 3.3 ([12])
0, X EnikAMHERIKTH 5.

(2) & (3). HATIZHE ATz (1) & (2) DIEHI L FKIZ (2) & 3) 2T TN TE 5.
72720, (2) = (3) DA TIFIROHEFEEZH WS, T74bE ) Wi n IR AHZ RRE DS
R"[FHTHZ Z L L MBEFHEFETH D Z LIEFAETH D (n=3DL (7] & [43],
n=4D&E[20],n>5D& E [46]). FEE, wHERBEAER T, X 23 niIRoGhHZRIAT &
52 % RULERT, ZNARICHMTH S Z & 2FEHT 2BRICHWS. O

R ODEBLD X (1) DFEHIE, P. Thurston OEH 3.4 ([47)) IHEEHE 52T W5,
EIHE 6.2, ([31], [47)) #HhED EITHE SR PEREZEM X 1268 U TU A& D 32D,
(1) X PnIRITEHRER Y —ZRRIRTH D, n <3 THNL, X IINMHLRIKTH 5.

(2) X D3 IRTTAAHSHRIA T, n <4 THNWE, (TEDz € X I LU THRZEM S, X
SN IZFEMTH B.

SERR. R (1) IR LICEENT WS, FIE Q) 2R T D, n<4b L, gD LI
AR RS X P n RIS A TH B L35, Z D& &, FFTALAE I PEEE
L1E@#E35 &0, ERle e X ITBWY 2 AMAEM S, X &3 237 M (n— 1) Roc—#
SRETHY, ST ERE N —FAMETHS. HLn <3 THNIE, Moore DEFLL D
Y X EnKTCAMERMATH D, S"HIZFHMTH . b Ln=4ThNE, FR() &
0 S, X X 3RTAAMZ AR TH 0 | Perelman 12 & % Poincaré TAEDMEHIZ X 0 S 1Z[H
MThsd. Z5UTEIERR) 2G5, O

6.3. REOY—ZRIKRICH S % BTN
BRED Y =SR2 R #ENE 1.3 2195 72D IZIR % /RT.

EHE 6.3. ([31])) EEDn € NgIZHUT, %6 € (0,00) DFFEL TEARDE D V7D,
B2 BIZER L nRTGAER Y —SHRIKDOHES U 2 8 HIE L 55 (k,§)-METH
[:U =R DIEFEDT7 7 A N—THZR LT, IRDE VLD, (EEDH e e IMIZH LT,
MIZBIT2 e OFEEU, &, S eRUAER Y- 2/FEDI VAT N (n—k—1)
RTEALAHZRRAR M, DIFAEL T, U, 1% M, DB#EC(M,) A TH 5.

SERADREBE. (n — k2B ZIRNIE) LD n € Ng 2/ LT, +2/h&E <6 € (0,00) %
0, P LIZHERRnIRGHRED Y —SRRDORES U 2 ERIE L T 5 (k,0)-MHE
B f U >R O77AN—11%2525. [FEDz c IMIZHLT, +/NSBREED
r € (0,00) IZDWT (k+1,120)-MEGE f = (f,d,): Up(v)—{z} = RFDFET 5.
EH51 LD, fAIIEE 7 7 AN—DHETH B LI BT 74 7L —2a vy ThHY, G
dy: (Upo(x)—{z})NI — (0,7) &7 71 T —>a > Thd. KRN = (U.(2)—{z})NII
EHEL.EH61LD NI (n— k) IRTAAZHRIKTH 5.

Dn—k<3&35. EH6.1KD D (n— k) IRCAMEERRIKTD D FEAE D LD,

Mn—k=4&35%. ZO&E(0) LD [TIEKT 7 A NI AR 3T HZ bR
KTH27 74T V—=ravThd. £oT, G d,: N = (0,7) &7 74 8=»31
YR NIR3IRTNAASRIRTH D7 74 7L —2a v ThH, A4 XD FATIC
HEFZ 7 7 A N=RTHD. ZDL &, a7 Mg 3IRTMNMHERE M BPEFEELTN
1 (0,7) x MIZ[AFHTH B, ULzh> T, FRVPKOIDZ Ehbhrb.



8865 NMROY— 2V RYY LFEIEE ROI19FESH FAHTM) 121

(Il n—k>5&79%5. FiREZ/RTZOIZIE, (n— k) IRTGAHSRENIZE T 55
XIS 2346D%, (n—k — 1) IRt > X7 MIMZ K M 12X 5T[0,00) x M &84T
TIN5 L2 REIERWY. £ Ln—k > 6THNIL, Siebenmann D€ H ([44], [22]
2SI RO FEERVBULZDD. HOlEn k=502 ETH5E. ZDLE IFNEDINE
) DH &, Quinn DL V'Y a— 3 YIELEER ([39], [40]) DREfETH 2 €M 3.1 % H
WT 5 IRTENAHZ RRAR N D FAfT 2 17\, FiiE D 5 IoeiHZ B4k NT 12 Siebenmann
DT EEE ([45]) 2T A Z LIk > T, ERZIHT LI LN TES. O

FR 6.1, EH6.3Dn — k=505 DEHIE Steven Ferry KOEB %2217 T\W5

EIE 13O, fiE2 LIZARZERED niRuARER Y — SRR X %GNG PREEBR A
THIE LT, BWUNGHELEERRAR D 5 D EEERICERL 6.3 2 M 5 & R, O

6.4. RN LICERRY —< VU ZHRADIERIBBIROIERIM & 2EM
ARETIE, IITHRAR 2 EH 1.4 OFSFREIRKIZ DWW T DART . EH 1.4 D KIE S5 HZEMIz
B9 % EROFEH X EME THANIN T h 2 FEMIZERSC[31] 22 R).

EH 6.4. ([31]) CAT(k) TdH % gifl & n ikt Riemann Z 54451 (M, p;) 23546 E A
PRAEZEI] X 12, A E Gromov-Hausdorff fIAH TP L TWE & 45, ZDE &, X I
nGCNMHERRIETH S, AT, B L XA a7 bThHIE, +RKOEED 125
LTMEXIZHAHETHS.

SERA. MRERZEM] X 1X CAT(k) TH 5 GCBA(k) ZElTH 5. 21 L0, [TEDOrc X
WX UT, br, € (0,D./2) BFELT, $RTD7r € (0,7,) IZ2WT, FAMFREERIA
B,(z) H 32827 k2D CAT(k) Th 0, BilEBRE 0B, () & $,X 12 R E b ¥ —[FET
Hb. T, Mre XITPURT 8 M, Dz, € M; 2383 ZHEMIERIA B, (v;) 3
aAVNT S D CAT (k) TH Y, (B (), x;) 1% (B (2), ) (IZ 54T E Gromov-Hausdorff
MHETPERL TWad. BOEH 21 &0, +9KER T LU TIB(2;) X 0B, (2) IZ78
EMNE—FMETHS. BT, 0B, (1) I& ZxX IZRE B 1:° [FfECH 5. % M; 1ZCAT (k)
TH 5 nikit Riemann ZHAKTH 5D T, sla; € M; \ZHF 5 BHGRERIZ—RHRIZ D, PA
ETHY, 0B (x) 1ES™ (@”%\)mafa@% otof Y. X IESTHZAE Y —FfE
Thod. R MHERMEER 1.1 &0, BR2ZE X En oM EHRAETH 5.
UFRXParvns hThdeds. +HREBVEREDIINU M; LIV RXT N TH
5. —fRiZ, CAT (k) 221X LGC(id)p p,)) TH 5. Petersen DHRE b ¥ —ZEMHEH 4.1
([38]) &0, FEED e € (0,00) ITDWT, THRELITHU M & X ZeREME—[HE
HTHE. £oT, o EBLEHL2E D, +HREZRNUIHU M, & X ZFRAMETHS. O
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Heegaard Floer R €W Y —IZHET AECHD I
I—RXVARE =

ik SR (CREUCRY: - JSPSHKiAIZE 2 PD)*

1.

MOHOOYO—4 Y22, FEOHOMO IaRNVT 1 XA L] 1ZH7-5EEBEERTH
b, FECHDODTAY FE—=D—RILIZER->TWVWD., ZoRMEESRIECRI Y
O—F VAR JIENE T — VB2 KT, TOHMEIZOWTIE, REZIZERUNWIT
DRHELAHT OREINT VAW, —FHT, TOEIRTIREIZ DWW T Levine [§]
o THEERSZRITIEINT VWS, Z0Zens, HUOHaYya—&X Y ARD
fRIAIE, Rt bR Y —FRrE O EE LTHIoNT WA,

—7%, Heegaard Floer FEOY—EimL 1%, AMEA3SIRITCERIAL 41Tt aR)L
TAARALDRTEPSZ 7 4 VA —(F EHEROBE~NDEAF 252w THD.
5lZ, FOH KIZHNUTIRZ? 74 VX = EBEERCFK>®(K) i oh, %
DF =4 VHEME—EEEIECHOTA Y NE—ARERIZRD. FHZ, ZTDHDHHEP
PEBEADORER Y —# HFK (K) 3408 Floer FEAY—2 LTHISNT V3.
HFK(K)I3ERAERT — VBT, HO3 v a— REEE MHEARERTH Y 2ht
5, MOHOMHE FEOCHOY 1 7 o)V bl OB/NER) 7 714 =M (FEOH
DFfiZE[EAY St EO AR OMEE %2 H D ED) 72 & ORHMEE %2 5 2ICIRETE 5
AREEE UTHAIZR S T-.

B CPK>(K) & HFK(K) & s U CRHEREEETH 52—, K I - 7= i
PNV RIVEEEZE N UT, SIRTERRMAICABES 2 BHEARX, 4Rt aRILT + XL
MNHSTEF o1 VEGRLBEEIIBEb>TWS., TOBBHIZERTS 2T, INET
CFK®(K) D oka 23y =RV ARERDEHSINTE LA, 15 1% Hom [6]
WKLo TEAINEZEOHI Y=V ABOBEEC,. 2/ U CaAGMIZEEI NS
ED1Zh o7z, FEHOWMIEHREILX, Z OEHEC, s DREEDOMHTH v, HIZIETBEE
TIZ (1) Cpr LOESNEFDEA, (2) FE 1 DFEOCHDC,r WTHEKT 5SRO
E,REDEENESNT WS, AT, IhoDEHEDONEE, TOREENEES
B E 2 CHHNT 5.

2. EUEHOIOYO—4 > Ak

AHITIE, HEOHDOI Y =XV AHRIZE T 2R PEL 2RV K.

2.1. BUoBaOvI—4%vREC

BOHK), K; DAY=V N ThdLiE, 7227 ADWSNRHDIAAR A: ST x
0,1] = S® x [0, 1] BFEIEL T, Algixgy = K x {i} (1 =0,1) 27z TH5.
Ko, KiM7A4Y Y I THARLEEFHSNZAYy A=KV MNED, T4V ME—=7
SHEEINDAEMT =27 ADMDIAA AITIIEREDt € [0, 1] 1I2DW0T Algryqsy S

WSS IZ JSPS BHH#EE 18J00808 DBk E % T 726 DTH 5,
F—U—KN:§OHIYa3—-&X VA, Heegaard Floer FEH Y —
* T 153-8914 HHUHD H RXE 3-8-1 R K F R AP BRI E T ST
e-mail: sato.kouki®mail.u-tokyo.ac. jp
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UHIZRZ WS R D L. —MiZiE, M1DOLSBREEIRERT =25 ADMD
AARTERINSEZD, T4V My 2 TCHRWECHR TS 2y a—& Y MZR 05
L. ¥, THHAEFSEOHEaya—X v v ThEZ ] 1E THEOHD Bt AOMKOH
OIAAIZHEERT A Z &) CEMETH D, MEHBO LIS MBS EH S, 51T, KO
HOaya—Xy2ZHEeRCIE, HEEMZIMEE UTT —VEEZ KT

@QWNN

X 1. A¥iD [A27 T T7HEOH] XN S5O HI3A T3 trefoil & /2T trefoil D
WHoOEZFED, FIZBITZWEOETH S, —FH, MOZBENS, A7 T7HO
HIZEHHABEOCHE Iy =XV N THBEZ N5,

2.2. BRTHEUCBOYO—YVREC

a2 A=KV ADBERITEIRTCHEOCH (SO S T2ADE S P dAA) 1T/ LTH
HARIZIEEEE N, gk Ba Yy 3—49 VY RBEC o N5, Levine & n kot
WHOHOY A 7 )V bl Z BB NIZEHOIAE NNV RVIZE>TRIMiTaZ & %
EZ, TOREEY U TRERHIE G752 M6 1072, X512, BERE HTHER0
£AHE R, ava—X AL EERICWIRT S EMEBERE IEZEAL, KMy
A=YV RBECa & KIENDE T —ROUVEEZERE L 72, SOt OCH 2 v a— & v A8
BT RTIDCp ZFHWTRBR TN, THITCH DHEEDHEINTND

EHE 2.1 (Levine [8]) B#n > 2124 L T,
on e {{0} (n: 1520
Caig (n: &)
¥z, Ct=CizxtLT, 4R
Talg: C = Calg
DPIAET D, ZIT, Cag ZLX QL QLY THD.

Z D1, Casson-Gordon [2] IZ& 2> Tapgg WP TRV LRI N, TOFEOHI v
=RV AMC =C' DAPREORLFNE T 5 Z L@ N7z,
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2.3. MIEMNECE I Y I—4% Y 2E Crop

Casson-Gordon DFERLARE, Ker may, DIFFEAEE A7 572h%, Freedman & Donaldson
DOHERIZ & - C, MEMIYA—F Y REFERD Y T — XV ZADKJIH R ik X
N5E51k?., 22T, MMEMIYI—Y VR, IVI-KXVADERIIBITS
T =27 ADOMHDIAAZ TFFEHRAHNEOIAA] IZETHIRT 2 Z L TERS
ha. y@a% TEDHE L FMRCAENE B I Y I—4 Y RE Cr,, HEO N, #E
[F] B 77 1

T'Top TAlg:Top
C CTop CAlg

ENfREING. ZONMRIZEAL T, Freedman & Donaldson OHEERIZIRD Z & ZHH 5
MIZU7z. 22T, [K|IFMOHKDaya—x v 2HE2RT.

EH 2.2 (Freedman [4]) #50'H K ® Alexander ZHAMN 1 & 4572 61K, KIZHMH
BASOH EAMNa Y a—X 2 b ThD. $bb, K] € Kermr,.

EI2 2.3 (Donaldson [3]) Alexander ZIHAN 1 & 255 UH T, CDite U THER
fifEH2HDWBEFMET 5.

FEOZODEEDFRE UT, [Ker oy 13 Z L AEZR A2 5, RIZERMETH
5] WS ZEMNHLNIINZ. BB, ZMi’C‘@I%&LA’C%otLevme@{@n
B a1 X Casson-Gordon IZ &> CTHZA 6Ny a— XV ALEREE, Kernp,, LT
WFHIARMEZ E>TLES. Lo T, \_ODKerWTOp@fEﬁﬂF’E?Sbkbk&b%f’&)
T— UMD K D MM HEE 2 < KT 2GRN T v O — XV A B BMTEE
XN, IDEBEHINSG LD IZRo72. T LT, ZOH E A Heegaard Floer HET Y —
HERDEL LD E, WADHKEEZRT RERFE T &0 o7, BETIE, Kermr,
13z L RIBREMEA T [12] %, ZP & H’*”Eéfﬁﬁﬁ[] £ DZ &MY, Heegaard Floer
FERY-HEmE A UCIEHINTWS

3. Heegaard Floer FEOY —EiH
AREITIX, Ozsvath-Szabd 12 & > TEA I N7z Heegaard Floer RE T Y —HEHIZ DWW
TS 5. 22 TIHRIT, 3RS RRIRDBBER CF> LU0 HOBERCFK>® O
FBRMEICEEZ ZEWTE I ZHED 5.
3.1. Z 7 14 V9 —t EHEMR CF>
Y #GREASIRGCERMERE 35, ZDL &, Heegaard HHIE L FEIXND Y AR g F
FEARHE X, BFEL T, YIiE2 2Oy MUK H,, Hs \ZafREIhd. X512, 5, k
D IR RN 7 BFEEA AR DA { v}, (vesp. {B:}]_,) & H, (vesp. Hg) WTEZNENIER
MM ZEED IS5 REDE LTLEIENTE, =2/ H =, {a}l,, {Bi})
Do Y OWAFEMHBEIIETTAILNTES. 2O H %2 Y O gD Heegaard X
= W QU

RIZ, S, & niRNFMELE 35, Z0eE, Sym"(%,) = (3, nf#lER)/S, (Z1Enik
TLERLHRRORE N A D Z EDHSNT WS, KT, Sym? (X)) 1&g IRTGHEIELRRIK
THY, TOFIZIF2DODEgIRTE M —F A

T, = (a3 X -~ X g) /Sy BE Ty := (B x --- X 5,)/5,
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PHOAENT WS L AT 5. Heegaard Floer S8k CF>(H) 1%, KHEHIZE X
E, Sym?(%,) & T, Ts 2ZNTNI Y TV I T a4y 74k 200575097
VISR SRRRIZENL T, “I 7TV T VRN Floer RER Y= Ok EEAT 5
ZeThEohD. L, ZI74NM ML —varvERBATLEOI, EEIZIZAEM
Y\ (U; s U, 6i) EDHE K w 2 GO THEIRCE>®(H,w) €D 5. £7-CF>*(H,w)
DERRIZIEK, “FTT7 70T VHATEORX O Z A —1lH7=5 (T, NTs) x Z H
BHAINTWS, Z0rE, J40bhb—YarybA)bmDWH/EERIZIEZH &S E
(To NTs) x {i <m} TEBEINDHIHITINT 5.

Bl 21X, X 2DLEKHIES? D Heegaard IAD—2TH D, HRILZNIZHIGT S
BB CF>(H,w) THd. FZ, TOREnDOFREOY =% HFX(H,w) £&EFL
N RN

Z
HFE?(H,w) = {

AR

(a,-1) (a,0) (a,1)

P N N N N

(b,—1) (b,0) (b, 1)

l l l
(c,-1) (c,0) (c, 1)

H =1, {ar ), (Br1)) CF*(H,w)

2: XL S OFfEEL1 D Heegaard KNDHI. oy, By 1ZFNZ 0D, DM & AMITT
Mt zik> T\, ARIZAEBIIH IS 2 8HEMR. RENIIE RO 23R R OKIE
IZio TWAH Z L aERT S, £z, Fx AV (a,1) DIREIX 2T, KT (a,2) (B&
G2 & homologous 7 (¢, 2 4+ 1)) W HFX (M, w) DHRER Y —DERICE G5 X 55 A
IV EiRo T\ 5.

ER U7z CF®(H,w) &, IROBEKRTY (BT BMHAEMZ2EE>T W3,

EH 3.1 (Ozsvath-Szabé [11]) H,H' %Y @ Heegaard X& 3T 5. T &, %
NENDEEDHE S w, w IZ2WT, Z7ANVX—EHEERELTOF =1 VHE D
v — [l

CF*®(H,w) ~ CF*(H ')

MEALT 5.
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KRz, 74V bbb =23 v bRV -1 DOEDER COF~(H,w) &ZDEEIK CF(H, w)
IZDOWT, FEI N LS

0— CF (H,w) = CF*(H,w) = CF"(H,w) =0
DF A »HEME—FEEP, FvEDY-5524
o> HF (H,w) - HF*(H,w) = HF* (H,w) — - -

DFEIBFEL, Y OMNHREEE 8D, /2, 74V Lb—=2ay bV 0% CF~(H,w)
TH 5 AR CF(H,w) 1E, To N Ty &ERRIZE DOHRIRTEHH T — VR
YD, X51Z, TOKRERY—RE HF(H,w) & LEMTH (1) Ok 555445 T,
EHOLIEPHE DM Y, 5T I DPAICHENFONTVS.

3.2. 22 74 WY —(FTZHEEEXRCFK>

RIZ, K% SPHOMVOHEHET 1208 E, S3DdH 5 Heegaard A H 2D ED—
DOER w,z ZHVWTHUTE K 2RTZeNTE5. (EBE, NV NIUAH,, Hs O
T, a; X[ DIRADMHWNZ T RN w & 2 ZFEIRD DD IAAIE, T4V PE—D
EERVWTENTN—BIZEEXS. M3DEMEMFETERBINZV.) LoT, O
HIZIE OF®(H,w) & CF>®(H,z) D D DHEEERBERHIIGT 5 Z 212725, X6
2, ZOZODOHBERIIEHEMICF =/ VRBIZR > TE D, WHFOENIZ 7 1)L

FL—YavDADFiDALERD.

ZZT, BN F oA VEBEZ N LT TCF®(H,w) EICES 2 1CHETEZ 7101
Mo—YavaI oMt s 28T, 22 74 VX EPEIRCFK®(H,w, 2) 215
5. FHZ, 2O S, OFK®(H,w, 2) 137 7 4 VR —(F EHEEIRE UTOF>®(H,w)
BLU CF®(H,2) LIEHEMIZF =4 VAR TH L Z LB br 5.

Bl ZIE, FEBRIZZOFHETH 20 CF®(H,w) 2 OCFK>®(H,w, 2) \CE#T 5L,
X 3DAKD & SI27 5.

D&%, OFK®(H,w,2)D K IZBT 5714V ME—REMEIFIRD X SITBXS
ns.

EIE 3.2 (Ozsvath-Szabé [10]) (H,w,z), (H v’ ') & K &#&KT S O _&EELA
& Heegaard A &5, ZD&E, Z274 VX —(ESHERLLTDF =1 VKE
N — (A fE

CFK®(H,w,2) ~ CFK>(H v, 2"

MEALT 5.

B2, CF®(H,w) DD REE CF(H,w) ® LIz :HEE 2 12gkd 52 740 b
L—=ya v AD, ZOF oA VHRENE—REELPKDOTAY NE—FRERELRD.
DT T 4NE—FEEERIINET D AR MILRHID B R—UDHEOCH Floer
REQY— HFK(K) 2575, Rz, HFK(K) & CFK®(H,w, z) % 5 ZH G4
Thb.) TOMIZE, CFK®*(H,w,z) 52 TD Dehn FMD4FEDFE T Y —Ff
HF® HF~ HF* HF D EAETHE 2 LR MM ST WS, [13, 14]

VRERRIE, X0 —#IZ, RO 3IRITERIKND null-homologous 724% FHIZXS U T [AIBRD KA
ZBMEDENLT B
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iT i=-1 i=0 i=1

----------------------- _»

(al) e—
(a,0) «—— (b, 1) j=1
(a,—1) e— (b,0) (c, 1) j=0

1~ . | . _

——(b,-1) (c,0) j=-1
(Ca_]) J= -2

041 v

H =1, {a1},{B1}) CFK®(H,w,2)

B 3: ¥, OAMITIE oy DIESHMZE, AMUITIE 8 DiRkD MR ZE#IT T2 DDEK
w,z ZAES L, 2 BESA E Heegaard AR R THENHEILTE S, (ZOHITIE
GF 3R trefoil BN TWS.) AR ZRISHINT 2 8EAKR CFK®(H,w, z). ik
CF*(H,w) TKD Z 71V L —=>a v Thh, jlildIZHEKTEZ 7140 b —
varvThb.

4. CFK®|CHE T2V IA—9 Y AFREE

4.1. ¥4V A—8F V AFEE L, Hom IZ &K 2#IR

238 THRRZ XSz, FOHaYyaI—X v A0WEEORITIX, HOHaya—& v
AREDERIHE Ker mrop Z7F U KFANONDS X S5 RBEmICIEHPEE > T\, ZLT
Heegaard Floer R E WY —HERODEIGLARE, P42V I - XV ZAREENEHZI N,
Iz, ARTI, ZO—HT, FIZAMHIELELY R LDEZHNT 5.

e Ozsvath-Szabd [9] KASIZK > THAONHERBEGH 7. C - Z. TOAEE
%, CFK>® o8 EN5 CF LD Z 74V b= a v 2HVWTERINS.

e Hom-Wu [7] IZ& > THASNLER vT: C — Zso. TOARLEIE, CFK> )
LAEINSE CFY LD Z 74V L=y arvEAVWTCERI NS, v (XK
BTN, SBINENE « vH(K#JT) < vH(K)+ vt (J) 285, KIZvT(K) =
vH(—K) =072 5 02K UECNTHAREH,+ & KT

e Ozsvath-Stipsicz-Szabé [12] IZ &> TH A S NHERBIEMHR YT C — PL([0,2],R).
772U, PL([0,2],R) IZFAK [0,2] FORSHKEEBEKROELSTHS. T
DAREEIE, £t€[0,2] TLIZCFK>® EDQZ27 1)V b — a3 v i
LR 74V L—=Ya 3 2HOWTERINDS., KT, TOREERT O ‘W7

2ZZTC-KiE, KOayva—XUAHOILE LTOWLEKRT.

3te 0,2 ZFEELZLE, T4 hL—Yary L Rbs(e R) OEHERIZ (t/2)i(c) +(1—1/2)j(c) < s
BT F oAV it ko TERENSG. (727201, i(e),jlo) i, Hfiw, z ZNhZNZHET2Z 7 4
NWEL—YaVIiZBLT, c2B0HR/NDT 4V L —2 3 v LR
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EEZDE, REHERBIY: C - Z> MEFoNnsd. ZHIZ&oT, Kermp,, D Z™®
LRI EMKF 2RO Z LW CEFI X v 7z,

ZOMIZH, e: C— {£1,0}, {Vi: C — Zootrers, B ERRL BABENERINT
WBD, ERORZERIETARTOFK® 2HWCEZINTNS, LENST, b
ETORERIZN LU THENEZ E OALEOFEZMEIZTZ2OIZHARTHS. Z0D
RIWIZX U T, Hom IXIRD & 5 g = 5 % 7=.

EIH 4.1 (Hom [6]) Co+ %, CO H,+ \Z KDL EDD. ZOHE, ava—KV A
AEET v Y, e,V 32T, W¥n,+:C — Cpr & Cpr ZIRIB L T 2 EMHDE I3
35 :

C v, Y6, Vi ﬁ%:@a

7TV+

Co+
ZZT, ZODKECEMN K] - [J] € Hy+ Zifi729 Z &1,

vI([K] = [J]) =vi([J] - [K]) =0

DEONDZ L LEAETHD. Tk -> TEEZHEOHOMOFRERGE v BE
WS, B XSz, vAEIX TOFK®* D2 5EE 532 3—R 2V AREE%KRHIT
B FAMERBIFR] &\ D EIEZBEICR > TWADIF725%, Hom XS HI1Z vt HfEA CFK>
D YZERE NE—AE IZH7ZMETHB I L HHLNIZ L.

EIE 4.2 (Hom [6]) #UH K, J 2 vt AETH 2 Z LITROMEEFAMTH 5 : 22
7 4 VR —{F SIFERIRER Ay, Ay DIFELT, Z2 74 VA EFERE L TOF =
A VARE ME—[E

CFK™(K)® A ~CFK>™(J)® A,

MEALT 5.
ek, Taya—& v 2MEROME % fRIHS 5728 12 [Heegaard Floer RE T Y —
HimzIoHT 5] LWVWOHKTH 7205, HomDEHIZE - T

WOHOTAY b —0% s COFK®*DF A VEKREDNYE—[{ESE
HOHOaya—X Vv ANE — CFK®OXEERE MY —[AEDE

EWS BB S MZR D, [#HEIRKCFK>™ OWWE 2T 570 12 Tava—&KY
AHEmEIGHT A EWOMEREF /- IZAREIZ I o 7=, FHH L Z DBLUE D S BIEWSE
BHEDTNS.

4.2. ZEICEDHRBR (1) : Cpr EANDEDIEFEDEAN

v EMEDEFE X, —DODEX

vI(K] = [T) = vT (7] = [K]) =0
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DHBFIZEILT AL VNI EDTH 7208, ZDHHED—D%HWINIXCH FIZHSIER
ZEATHIENTES., T4bE, CrD27tx, gL, Bz <y%

vz —y)=0
TEDD L, BR<IEC LOHRIEF 5. 5612, ZOWMANEPITIRD & 574
FWHEEEZED.
EIE 4.3 (£ [15]) C,r LOIDMEZIZDONWT, BAFDZ A D LD,

o TED2,y,2€C+ IZDOVWT, s<y Bl ar+2<y+2
o TEDz,yecCh IZDOWVWT, <y 6L —y < —u.

o NEB T v —T V, & Cpr 2l E T HEHREALT LE, THoXHDNET
ZRFT 5.

o F—TFARV =S x D2NDEEDFECTH PIZDWT, ZHUIfIBET 2 54
P:C,+ = Cp,[K]p+ — [P(K)],+

iZ well-defined T, 2 2OWMDMEFZ2RFT S, 272U, P(K) 2 PaenNx—rk
TE2KDOYT 74 MECHTHS.

X5, REOMEL LT, HONET < ZROBEKRZFE>Z L7, 2T,
FrA VEMR O, = CoDPREBTHZ LIE, FEOY— EIZEE I N5 HERER
fo: Ho(CY) — H(Co) MABEBRIZIZ>TWH I ETH 5.

T 4.4 (k) BIFR[K],« < [J],« DKL T B Z 23RO mEE FAETH S : 722 7 «
VR L= a3 RN U - REE R E G

f: CFE™(J) = CFK™(K)

PFET B,

K2, 220727 4 )V 2 —D ZFHEIRDOV G AN EEFTIBMLDVFIET 5 Z & % WEEE
BLIERZ 129 5L, Hom DHFLIZMA T

HOHOaYya—X Vv ANE — CFK®OXEERE MY —[FAESE
& CFK™ OB 454

EWVISHNEBFONIZZ LT85, T HIT, ZESE MY —FAEGEG L HEL T, W
T OEFRMEGIT TN ENMITHER T2 e NTEE 0D, BT DR
LH5.

A= 2RV OFRRES x (O} DK IZB 2 L5112V % S3IZHDRAARLED, POBELTEES
MOHDZ L.
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4.3. ZEEICLBMARR (2) : BH 1 OFEVBED v RERODER

FHIT I, 428 O NP DR ME Z7E L <HFEL, EROFTHD vt
FIEZIZ R LT, IROARFERZGEH L2, 22T, gu(K)ix TK 2 BN TIRS A A
HOB/NER] THH, KD4RTEHLIFIENTWS.

EIE 4.5 (&) EROMUH KIZH LT, REX
—9a(K)[To 3]+ < [K]+ < ga(K)[To3]0+

M DLD. 72720, TozldaFR trefoil K 7.

CORERDIGHE LT, I RTCOEH ] OEOCHD v A2, tAZE2HWT
SR MET A Z L ITRI L 7.

EIR 4.6 (1£fK) RO L OFTH KIZDOWT,

Tzl (T(K)=1)
[K]+ =40 (T(K) =0)
—[Ta3],+ (7(K)=-1)

ANDAVAC RN
ZDFERIZOWTIE, HHKRRBEN I > a—Z VAR Cp LU TEEEA W, £

D7=HIZ, FTCOT4NV I L —=2arye LT, Fn I FOMTEHRAK] TERX
NDCOMNEEF, (n€Zsy) 2FZ5D. ZOKE, Levine DARZERETEH 46X D

o Gmag(F1)IXZ> @ Zye EMEFIZED.

o B, (F) 1 [Tos), 1 &> TEBRENBIERKERET, K, (F) 2 ZTH 5.
WOt Re NS, T T,

o mai(Ker mrgp) = 0.

o m(Ker mpop) 1 Z% % EHIK T2 6.

VOB DB 0, IC,+ Ik EZ KId 5 —/T, MEBIZE>TSHHEW
MR HIRXI NG| EWHIEBLRPBFEON-Z 125, T, C+ 2L 5 CDMIHD
[RA%2RT—HT, C+r EOT74 Vb L= a Yy

0C m+(F1) Cmp+(Fo) C-+- CCps

MNP T VR TH LA REE S RIEL TWAS. Kz, IROMEIZRERT, FHEN
SEOPEE UTEEHALTWSEEDTH 5.

BIRE 4.7 D n € Zo \Z2WT, Cpr DIBARE T+ (Fo) 13HRAA ?
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Levine DREI 2 > 3 — XV ARECa 1, @IRIGI Y I — XV ARECT ZRIAL 72721
THL, CL=CizBWVTH, ZOKREPLHEEY AN LEOCHMBEOI Yy a3 —X VA
ZHRET D ECREEHTH Y, BAETEIRFICEEINTVS., SBOFHED—D
DHE, Cqr OMEEZFEL <ML, MotEz XKL Zza Yy a—X v A8 L KIR
T hARE Y =128 % Floer BIERINAZ EDO NG OMRD /- DIZER I NS HiwmE LT
BRERLEIETHD.

BEH ROV U URYYACBHELEE ok, LEFOERICL K DR E H
LR
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Conway-Gordon D EHLD ¥ # AL & —fikAl
W st (RO P RPBRABEET)"

B =
28 6 THASER T T 7 ND 2 [0 #& A H O A DRI T FE T, £7248
M 7TEASER 2 7 7NDOFEOHD Conway ZIHAD 2 IR DRI DIRFNZ T
W TH B LD FHIHIX, Conway-Gordon DEHLIE LTLLFSNT WS
AR TlE, Conway-Gordon DEELDEEE RS EIFIC & K5 AL, B&U“Tﬁﬁ—:‘kiﬂ(
SLALEDFEET T T AD—BALIZDOWT, BoEDFER 2 TR ET 5.

1. Conway-Gordon D EIE

ARETIE, 1IRTER CW RO ZHIikE 727 LIFC, 2D 0 itk z2TER, 1k %0
EMERZEIZT B, 7577 GOR ADHDIAA f: G — R % G DERIEHAH L
WO, 204 F(G) 2 GOEBITZ 720D (K1.1). G ORI 5 7 (3 EK) TH
JUZEMAR S DEH A 2L eV, G OZERDAA f ROH A 2L (DIEZEH) A 12
XU, fN) X f(G) NOFEUB (A B) IZIFN7R 5720,

1.1: =M 57 1.2: BT D 0 ik

757 GD2ODHEMT T 7 f(Q), 9(G) BEETH S LIk R OHCFHMEEH ¢
PIFAEL T O(f(G)) = g(G) £ mp & T3, =I5 7 f(G) »BBETHS LI
f(G) D R3 NDEMIZEENDHDEMT T 7 WG) THMETHL L E 20D . S
SR tl‘ﬁ% B0 7 O FEIIERAMMETH L, FEOHEmRIIBWTEZONT
WAMESPALEREDL S WEMT T 71— BfbInd. X 1208 T0D 0 RO LS
2, BENDHEOCHPKABLRAZEHATS, HEIXIEAHREM T T 7P EET S Z
W, DHERMEEMIET A1 OO TH L. T2, 7T 7 DIEALNLEDO S EE X
58T, RENDNY RV (N RIVEECE) PHE O InHI NS,
NoIFER T 7 7 OMERMEDOMIEE WA D, —T, 77 70+ TRE W] tmc;t
ZTOMEEDEM T T 713b5RNEDOWEEZRS, ThiE 7 T 7 BIROHEIED S R T
DLWV OIED 1980 R BN, BAIZITObNTWS. ZTh o lZWbIXZEM 7 Z
7 OWNIENMEEDOMETH D, T DIERL 7% o720 D% Conway-Gordon @ﬁ;j@ff)é.
IR, 797 GOy EEEOHESZ2ELY A 7V E kYA DN, kYA 2L
2ROEE%E Ty(G) T, £z, kYA 70 L 1Y A 7NV EDILHBROEE%E T4,(G)
AR5 1% JSPS BHFE JP15K04881, JP19K03500 DBk %% 13726 DT .

* BRI AL X 28T 2-6-1 BRI T REE B R BUE A IR R 2 B

e-mail: nick@lab.twcu.ac. jp
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TRT. 72, (n— 1) BRD1IBRLLTHRONDG I 72 nTARTEELI T 7 L0\,
K, TETIHIZn=06,7 D& Z, Conway-Gordon I$IXDEH %2R L 7.

EIE 1.1. (Conway-Gordon DEIE [6])

(1) K¢ DIEEDZERMDAA fIZBEWT, 3o,k K(f(V) =1 (mod 2). ZZ
Tlk E R IZBITSBHAE 2L LT

(2) K; OEEOZERBDIAAR [ IZBWT, 3 1 gy a2(f(7)) =1 (mod 2). 2T
ay & Conway ZIER 3 D 22 0)(%‘?5(’5:%'3‘

1 6

3 4
B 1.3: Kg, K7 D275 7. KEERIZ /D Hopf #&AH, AD=FEREOH IZ [EME.

EH11D S, Kg DZE/MT T 71306 DR 20 (AHEEL T L, 72 K, D%
272 7303 HEAHMTHZED Z L2820 (K 1.3), TOHFEEFEL T Conway-
Gordon DFEH Wb d Z bWt —fRITHE /BEOME LD/ 7 71 {84+ B
PﬁH%UEWET%5KVW\_mb@% HaRD7 7 7 ORI ZEM 7 7 D
HERIZH T HEERFET — <Y TH 5. FFIZ Robertson-Seymour-Thomas 12 & 5, #&
&EWT&77®777v4% HIERIZ X AR T IZREREED1DTH D [34],
— A TR ERNIES T 7 ORHEAS i%ﬁ&éhfwammu_[9%2aéﬁw)
UL L% DAFTOEKIIAOHcH S, WE, 2777 f(G) NOKEOH /#
AHTE2TOHMAZELCLDE, 7T 7 Hind HGE kﬁﬂ(of Hamilton #§0'H /#&# B
CIERZ 22T 5. Wx OHMIE, BB 1.1 %, M5 7 HOMEOH - #EaH 2 AU
REETHD L WS VGPSTHEAE n > 8 @ K, (It L, Hamilton #5U'H /#& A
HOIRBDEHNZFARDZLTHD. TOXIIBRMRIFIINETIFLAE LRI o72LD
Wb, DK EEEZIZTOMRBEUNMS D577,

EI 1.2. (1) (Foisy [11], FHF [13])° Ky DAEEDOZEMMDIAA fIZHWT,
ZVGFS(Ks) az (f(v)) =3 (mod 6).

(2) (P8 [13)) n>9 D& &, K, DIEEDOEMMDIAAR fIZHEWT,
> ern (i) @2 (f (7)) = 0 (mod 2).

p 1, nTHRDI B EDRLD2THED, b &5 L 1 ARKDLTHIENTZ 77(%5
%‘ril%%&a L=JUK IZHUL, Hi(R® - K)=27Z O%nxx © & LT, [J] =1k(L)Y &7&5 k(L)
% L ORIFPEE VW, L OMAPSFHETE L. L BoHEEAH (%L:EBH) %5 k(L) =0 Th5.
SHMEAH L ® Alexander $IER AL (1) € Z[tF2] 2 MICERLL, ZKEW 2 =12 — 2 %
il TRONBBEHLIHEN Vi(2). FHZARRETH K © Conway ZHAFAEITHK ST, £/240
P14 Yoy a2 (K)22 ORICERE NG, K BHEAS Vi(z) =1, BHZ ay(K) =0 TH 5.
4 K¢ 1B LTI Sachs 57128 L TWT [36], Conway-Gordon-Sachs DEHE Wb b Z v H 5.
®Foisy & 2 oers (i) @2 (f(7)) =0 (mod 3) 2R U [11], FHE 37 1 (g, a2 (f(7)) =1 (mod 2) %
RU7 [13].
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(3) (Kazakov-Korablev [19]) n > 7 D& &, K, ODEEDZERIOIAA f IZHEWT,
D pamn 2oner, (k) I(F(X) = 0 (mod 2).

FEH11DOA ) VFIVOFEHIZA RO LS IT Iz, K, OERBEDIAA f I
U, 3 a(f) =3 cro ) @2(f(7)) (mod 2) ASLDHDLELIMTRETH S Z z:%
RS, o T aff) FEDAA fITRS T, WITEMAINZ a(h) = 1 L7325 HDIAHK
h 252 a(f) = ah) =1 %2185 (EE, K13 © K; OZEMZ Z 7%, 4360 H0
Hamilton #5C'HD 5 BHE1 D7ZITIEEHIAT ay = 1). Kg DZEMEDIAA fITHLTH,
0(f) = Yrery o) K(F(V) (mod 2) 12 LML TBEREBAT o(f) = 1 HIR
SN, FHEimlE AT — b ORAEHWZHERREDTHODTT 72y TV TH D
M, &0 RERERBD K, ~DO—ifb, 5 WVIEAEFRRNOREEAZ ZEIZNS LK
ANEHE Y 720 0 | BT BRI DA A b 12DWT a(h) 2EET 22 b —BIZIEAS
TR\, %Wa= DFHFIDHFEPHER S NZ KR D 1D TH S L5l bns. wm
EFIFX10EH, L OEEB n=06,7 I28WT, €H 1.1 0B8EEFES LIF 252 T
63452 Ik L, ;iir B, R PR CRREL KT L ORFMIICE D, 20
EIEHAB N >8 D K, IT—tT 52 LIZHRIN L7z, AT, TOMEZHET 3.

2. Conway-Gordon D EEDFEZRIL
1L (1), (2, WINELATD XS5 I8 EOFERICES EA's

EIE 2.1. (HrE [26])
(1) Ko DIERDOZEMBDIAAR fIZBWT,

2 > w(f()) -2 > wf())= >, k(FN)-1 (21

’YEF@(KG) ’YEF5(K6) )\EF3yg(K6)

(2) Ky DEZOERBDAA [ IZBNT,

TY  ax(f() =14 ) ax(f(v) =2 > k(f(N))*+3 > Ik(f(N)* —42. (2.2)

~El7(K7) ~el5(K7) XT3 4(K7) XeT'33(K7)

KBX, (2.1) OO mod 2 ZHLS L EH 1.1 (1) fFoNnD. 7z, (2.2) OHHLD
mod 2 ZMUB L Y 1 ey a2(F (7)) = Xnery s (V) T, FIFADIE AL (#23d)
IROTERLL (2) 256N 5.

EH2TIEMUFOLSIZUTHHE N, WE, K¢ 522D 354 ZIVOIELH %
BRONCTIHOND T T 7% Kyy TRILE, G =K £721F Kz3 DZEMEDIAA f (2
XU, Simon REEEIFIIND FBUEAEE L(f) DWEFRIND S £72, 1" 2 G = K;
DEE D =T5(Ks), G=Kss DEE T =D4(Ks3) £T2LE o FEE off) H

a(f) = as(f()) = D aalf(7)) (2.3)

~ver” ~ET4(G)

TEHEIND." Simon AELFEE o AL EE OMIZIE, A FOREF:

65X D2 JBdiEZEM Co(X) = {(z,y) € X x X | 21 # 22} REZD EDOWE 1(x1,22) = (22,21) I
WU, Fx A VB Ker(l+ 1) DEFRIRED Y —REE H* (Co(X),0) 8T, G=Ks £721F
Ks 3 OZEMEDIAA f XL, H?(Co(R3),1) XZ DERHIE X O (f x f)* IT&26 (f x f)*(2) €
H2(02(G) )T % f D Simon AEEB LW\, L(f) TRT. Zhd f OHA»SFETE S [40).

£E1 1 ( ) nEHE j’é K? @ii&)ﬁyj\f ’fi%bfd\l/\% Oé(f) @74 ?’f 7%*/IE%JEL/, G = K5,K373
RS T, X0 —BRINREED FT, BT 7 7DKRE ME—RERL LTEAI N [39)].
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Sato) - Y w(e) = 2.0

yer” ~€el4(G)
DI 0 3D [28] (AREMNZIEARME-A 1 [22]). WD T Kg DIEEDZEMBDIAA fI1Z%f
U, Ko 1& B &S E6MD Ky ITABZRIBD 7 G (i =1,2,...,6), B &5 E 10
D Kz \(ZRBRES 257 Hy (j=1,2,...,10) ZE A,
6

10

SOL(fla)? =Y Lfle)? =4 > Ik(f(N)?

Jj=1 i=1 el 3(Ks)
MDD Z N, Ky DZEMZ S 70 [REQY =58 [40] DISHIZ L W REND.
ZZTHE L(flm), L(flg,) 1T (24) 2@HUEBHET L L (1) BMEFoND. (2) 1K, K D
EEDOEMMEDIAA fIZN U, Ky D37 T 7T K ICHMHBRED F 22 THEZ (X
2.1), flp \CEH21 (1) ZEHL, 2TO FIZDOVWTRLAEDEEELTHEONS.

2.1: K7 DED 57T Ky IZEFHRS D

EH2.1 (1) DFFHDHFL, B 77 70 FEn Y —ALBEZECHKD D ay 2 HW
TR L, 22 ICHRERY —BR0HE2EHL T RNRBER2E5L2A5TH5 8
THIFBIRR (24) ZBABICHVWSONET A T4 T THH o1z

3. Conway-Gordon DO EED—i%1b
2.1 (2) DFEHDOFEIZ D K, (n=28,9,...) IZIk% L#EHATE, I f(K,)
D Hamilton F5OH D ay DIRFIDY, 551 ZIVAETHD ay, MO 2 O FEAH D 1k
MOIREDZEIFFEBMU TV, kYA ZIUEECHE YA ZIVEECEH» S5 2 5%
DiEAEE (k1) BHPBELEILE (6<k+1<n), % (k1) EAHOD 1> OBRHDO—
R BN S D0 63, MR BRRICRE RN T W, L L, Ky DZEM ST 798
FEOUTOMEIZ (&30 L) AW &h8, BN 25 #e ko7
EHE 3.1. (BRI [20]) K; DEREOZEMBOIAAR fIZBWT,

> k(=2 >0 k() (3.1)

Ael'3 4(K7) Ael'3 3(K7)

AERALE, 2.1 (1) L FABRDOFHET O’Donnol 2R U 72582 3Ml7 7 7 Kiz, OFFE
4t Conway-Gordon BLAK [29] %, Ky BELRTD Kyy, (ZHBZMAD 25 7125#
HI2Z8i2&d. 22 TEM3LEER2.1 (2) 06, K; ODZEMBEOIAA fIZBWT

Yoo oa(f) -2 Y alft))= Y Ik(f(N) -6 (3.2)

vyel7(K7) ~v€l's(K7) XeT'33(K7)

S2TD n 2oV, K, DERZ T 7DRTOHRED Y —EAHRKI b2 > T3 [38], [25].
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DE D 325, [Hamilton #5OH D ay DFEFNE, 534 ZNVAETCHD ay OFEFIE (3,3)
WBAHD K2 DRI TRERLSEFZING] EWVWIIREDIHEIZRES. KMEIZIZZ O
21U T, HAIILLTOMRZE7-.

EHE 3.2. (HRF-FE[20)n>6 D&, K, DIEEOZEMMOIAA fIZBWVWT,

>, ()= (m=5) ) a(f()= (H;S)! ( > Ik(f(N) - (n51>>.

YELL(Kp) YEL5(Ky) Ael'3,3(Kn)

EH 3205, f(K,) ® Hamilton fETHDRZ VA VWALNWERZTL 5. £7,
n>6DEE K, D2DOD3Y A ZIVDIERH N € [33(K,) 2ELHT T T 7T K
AR DIEFME—DTH DI EITHEETS. ZOZ g 1l (1) 2o, f(K,) D
(3,3) #&AHD 1k* DML, K, O Kg (CRBAESZZ 7 OMEH () ETH 5.
o TEM32LD, LFORVEONS.

%33.n>6 D&, K, DIETEDOZEMMDIAA f IZHEWT,

Y a(f())—(m=5)" Y GQ(fW))Z(n_5>(nz-_6?)(n_1)!-

el (Kp) vels(Kn)
EE 3.4, @B KB, EUENER 25 7 OFRD —BRE LT K, DEZERKRR LT
ENBMDIAA f, ZEAL [7], HIZKBIE, £, (K,) O TOIEDEE (3,3) #&AH K
L x5 (7) D Hopf #AHTH S Z L &R U7z [30]. #5THR33D FFRITHRRT
H5. HIZ f(K,) ORTDO5H% A ZIUETHIZAWHZD T, Kz

Z(K) () = 2= ((g) _ (n - 1)) _ (=) ._66!)<n 1! g

HF SN S, Hamilton fFEHZZSDFECHBMONRZR ST & H ay DRRFID DD -
ZEWHFEHUTHRLWY. ZUTZOFEMR3S OREH CTEHEERSEH 2 R 727,

R, n>7TDEE K, DZEMT T 7 f(K,), 9(K,) IZBWT, ZNEF D Hamilton
FEOHD ay DMFDOZED mod (n —5)! #El> TA LS. 3205

Sl - D agh)

’YEFn(Kn) ’Yern(Kn)

J"ﬂ( SRR u<<g<A>>2) (mod (n—5)) (3.4

)\EF3,3(K»,L) )\GFgﬂg(Kn)

LIRBN, fK,), g(I,) D (3,3) #EAHD 1k* OMBFI, EEL1.1 (1) 25 WThE mod
2T (3) IKARBDT, ZDEIMEHETHS. £->T (3.4) 15
S a(f()= Y. axg(y) (mod (n—5)) (3.5)
YET L (Kp) Y€ (Ky)

¥ 72%. Bt Hamilton $50VH D ay OFFIE mod (n —5)! THORAMKS 2\, Z
IT g & UTHE3ATRRERERRIEL fi, 2#AZ (3.3) & (35) o

> aton="52((5)- (") a5y o)
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PMEREDZERIDIAA fAZDWTHED LD, () =1 (mod 2) & n = 6,7 (mod 8),

(";1) =1 (mod 2) & n=0,6 (mod 8) BENENFMMTH S Z LITIEREL T (25
UZF9 % Lucas OFHZHVNIEEW), LFORVESNS.

%35 n>7DEE K, DEEOEMIDAA fIZHBWT, D mod (n —5)! D&
CEEW:N A RVASE

(@ - 5)! (n . 1) (n=0 (mod 8))
> a(f(1) =40 ‘ (n#0,7 (mod 8))
T n ; ol (Z) (n=7 (mod 8)).

BIZIE n=T7 D& EIZ, > era(gn @2(f(7) =T7T=1 (mod 2) &7 b EH 1.1 (2) A3,
Rl n=8DEEIE, Y 1k a2(f(7)) =63 =3 (mod 6) &7V EH 1.2 (1) 17
HEND. FlZn>9 DL EIFEH12 (2)D—BILT, 3LAAFERTH 5.

S THAIE, 253 Hamilton #&AH DIEABDIRDS TN WS B S, EH 1.2 (3)
EUTOESITHETEILHTE .

EE 3.6. (ﬁ—F—%ﬁ 21)n>6 &L, p,q>3% n=p+q RDERELTEHLZ K,
DEEDZEMMEDIAA fIZEWT,

(n=6) > k(f(\)’ (=9

1k A 2 _ Ael's 3(Kn)
Aer%m) ) 2(n —6)! Z k(f(A)? (p# q).
AeT'3 3(Kn)

Kz,

YooY KEW?P=m=5)! Y k()

p+q=n AEFpﬁq(Kn) )\EF3’3(K”)

FEHIE (B DEZA) b io HBIT, n=7TDEED 31) IZMAT, n=8 D& &
STOk(FA) =4 > k(FN)L DY k(NP =2 ) k(f(N)?

)\EF315(K8) )\GF3,3(K8) Ael'y 4(K8) )\EF3 3(K8)
75§Jﬂzbﬁ’)lt%i<bf75>6”%fﬂmjé IZFEE S, EH3606, K, DLEDZEM T Z 7
IZB\WT, Hamilton $ECH®D a, DHE LR UL, 264 Hamilton A HD 1k* DA

fH mod (n — 5)! THODIAAIZ ﬁkb?lb\@ FHIRENZ & ThHh S, BRIZRZL DI
Z)\Ergg Kn) Ik(f(N)? > ( ) THo=D6, RORHLELIZFEONDS.

R37.n>68UL,p,q>3%n=p+qRIPBHELTEHLE, K, DILEDOZEMMD
AA fAZBNWT,

Kz,
> Y KGOz -5)

p+a=n AeTy 4(Kn)
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FER3ATHRNZEY | K, DIE¥ERRE f, ITLX>oTR3TO FREFEHI N, fiE>T
XERTHD. K, DZEHT T 7 NOIEG R A H O /MEEDOMFEIE, Fl 21X Fleming-
Mellor [10] IZR 64, R3.3EXZDRBR T2 o DFHli 25X 7D VWA LS.

4. TR T Z 7D

EH 3.2 DIGHANRE EEMIZ BT 5ZEM T 7007 7 AL LT, EER T S 70
EiFohd, WE, BT T 7 (= 1RO BRERNERO LK) G DZERBOIAA f B
WBETH2L1E, G DIEREDL e XL, ZTDH fi(e) B R D (F-7 <4)FRHT
HHLERWD. nHEOEM I 7 71X K, DD T Z77THY, K, DEEME RPN
DR (1,62,43) RITEE, B2 XD 2JHAD 1 RO THESIZ & T1 DORE &%
MHOIAADNFONS (K4.1). Th%E K, OEENRIFEEMEOIAALIERZ L2
T2 5> TEREDHM S T 7 1B LML A A% KD,

fr(Ke) fr(K7)

4.1: K, OEHERILZER S5 7 (n = 6,7)

MM 2 S 71, DF PR Y —I2BWTHO LA ET IV E LTHRIZ
BN BE%T WA [1, §7] 22M), 2=l 2 T 7 OREFIZENERIA 20 5. KR
Bz ix, MEEM 77 7 OFEOH /#AH NEMEX Hamilton #50VH /#&AH 02582
DRH 5. K, ORIEZERZ 2 7 N® Hamilton FEOH /i&A HIIBIEHEn LT TH 5
TEIZERLELD. 22 THAHE L OB s(L) 21X, L © R? NTOREKZENZE
5 1THRERDOR/NIDZ & TH O, RNERBUZ DOV T TOHEENIH SN T WS,

Rl 4.1. ([1], [24], [2], [5]) #&AH L OB s(L) (22WT, IRHBEKH DM
(1) L IEEMFEOHLS, s(L) > 6.

(2) s(L) =6 <= L I% 3;, 02, 22 DWW 1h & [FfHE.

(3) s(L) =7 < L 1% 4;, 2 dDWFhh L FEfE.

(4) S(L) =8<«= L X 51, D9, 61, 62, 63, 31#31, 31#31(, 819, 890 A= 5% ODL\TZ’L
MEFME. 2 2T # 1385, * 3EGE LT

4.1 ()T D, 5RO 1 BEN S 22 ECHIZEHATH 5. o T, #IEZEN T
THND5H A ZVFEOCHIZETHHE 2D, CH32N LU TOEMVPELIZFEONS.
9Z ZTIEEIE & L7223, linear, rectilinear, straight edge 72 & O HFEMEDL N, I TWRW.

0 4.1 D K, OFEHER 72832 MO AM, EIZX 1.3 O K; OZEMEOAA L [FAETH 5.
HEFECH - BAHD T ~0ViE, Wb 5 Rolfsen T — 70 [35] 12> 7z.
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T 4.2. (F F-HE [20) n>6 DL =, K, DEEDHBERBDAR [, IZBWT,

n—>5)! n—1
> wto =" X weer- ("))
’YEFn(KH) A€F373(Kn)

4.1 (2)I2& D, 6RD 1 HRDP 5725 2 itk AaE K, BWHAEAE 02 2 Hopf
HAEH 22 OWTIhDIZFEETH D, 1k(02) =0, 1k(22) = £1 THB. fE> T (3,3) #EA
HoD 1k* OFNE (3,3) Hopf #&AHDMEBUZE L <, EL4212 &V, K, DFPEZEM 2
Z 7N Hamilton fEOHD ay DRRANE, WHRD n>6 1I220WTH, AL ST A
7‘/7‘)1/0)&7&7 DA CHIRINZI F 5. EHILZ DFERPIAELRITA-ST VWS,

A2 5, R33ERFABRICUT 3 ) a2 (fi(y) OTRBBONG. —fi
DDA DWW TIE EIZE R THRWD, BRSO IAA f, 122\ TIE E
WHEERTHZZ W, UTFIZRRD Ky OFIEEMZ Z 7AD (3,3) Hopf #&AHD
fEEUZ 2220 B RN 2 S o 9 B
fpd 4.3. (Hughes [15], Huh-Jeon [16], & [26]) K¢ DEEOMILAEMELDIAA f, 12
BWT, f(Ke) &L Hopf #AHDMEBUL1EE 72 IX3ETH 5.

A3 D (5) < Pnery e K(F(N)? <3(5) 78D, fE> TEH 420 5RO
ErFons.

R 44.n>6 DX E, K, DIEEOFILZEMEDIAA £, 1IZBWT,

—_ —_ —1)! — — —1)!
(n 5)(35)(71 DL S w () < 3(n 2)(7;.6!5)(71 Dt
YELn (Kn)
Bl 4.5. (1) R44Tn=6,F2& Y | xya(fh(y)=012%5. Ml (2)
£ fily) IFEWHRFECH 0, £2721% ZEEHECH 3, TH Y, ax(01) =0, a2(3;) =1
D5, fi(Ke) WED ZERCHOMEEIE, 0Ol E 721X 1 TH 2 ([16) THEER
FIRIZ & DR EN TV HEDBIGERA).

(2) n=T DL ¥ RIALTHLL (2) D5
1< Y a(f())<15 Y a(fi(7)=1 (mod2)
vel7(K7) €7 (K7)

THs. A1 (2), (3) 25, fuy) 1X 0y, 31 FZIXSOFHECH 4, DVT I
THY, ay(4)) = -1 25, fi(Ky) EBT =FEHECH % AT (Brown [4], Ramirez
Alfonsin [32] THRAEMKTIEIZ X W RENTWIZHFEDJIZEH).

(3) n=8 D& & RA4LEHL2 (1)H 5

20< ) ap(fi(9) <189, > ax(fi(y)) =3 (mod 6)
v€El's(Ks) y€Els(Ks)
THd. MEAIIZE> TSRO IHENSRIFETHIZETOR->TWVWT, 55
31, 51, D2, 63, 31931, 31#3%, 819, 820 DWW T ay > 0 TH B, > T fi(Ky) 13db
TINSDWTNDEED. FIZINSHETHD ay DEDHKMED ay(819) =5
ThHdZ Lo, f.(Kg) &, ay > 0722 Hamilton f§OH %27 &% [21/5] =5
fA&s (EEs26 2R X).
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SEE 4.6, 244D FRUIKEHER AR ZE M DAAIZ L W EHI N, RETHB. —
F, EFIZOVWT, Bl n =7 D& &, FehEzERIX 15 THBD, Jeon et al.
(18] BT BEM~ b uA REEROIGAIC & 2 3HEBHERIC L UL, K, OfEZERME
DIRAB fr T 3 pyey @2 (fi(r)) = 13,15 LB BDEFFAEL VS L. ZHULE
#4275, (3,3) Hopf #&AH DA 19,21 THEHDONPHFIEL BN L LAETH
L. =2 n>T71220WT, R44DHRED EFUTH S TV,

BB 4.7. n>7TDE &, K, ODMIEZERZ Z 7 2KI128\WT, Hamilton f5OH D ay D
RO KEZIER K. 7214, (3,3) Hopf #& A H OEELD Bkl % REE L.

Bl 4.8. M42D2D0D Ky DZEM 7T 7 %EF 2 5. Kl 3] THRALNZEHD, FHiF Ky
DIEHE) AR 22 775 7 CHWZEME TR WA, 2 WENDE[ 75 7%, £ ToIE
HEH72 Hamilton #5O0HE LT, & 5 L2l HD =EE-ECHEZET [3], 33] (ENhH %
BRUTAK). EHIIZD 21 L 0SBITMPE®RLEH B LELEDDH, 104EM Eb
N5 ITIZWz, UL USHE, FHZR33Tn=80D¢ &, L LETDO5Y 1 ZLETEHN
HHH7: 5, Hamilton #5OH D ay OFRFIE 21 LA ET, iz TOIEEFAZA Hamilton #E
CHMRZFEOCH RS IE, B2 EE RS, Z0h (21 D1IDODEKRTH 7.

4.2: Kg D2DODEM I 77

5. BRRBIGAME

FEHA2DIEHIZOWTESAURTHFI S, 12HIX, K, DIEEZEM T 5 7 DIEH
HH72 Hamilton #&H OB/MEBTH 5. o(K) THUH K ORIREHRZ2RT L Z,
o(K) < (s(K) —3) (s(K) —4) /2 B3 LDZ & (Calvo [5]), £72 as(K) < ¢(K)?/8
DL D VLD Z D5 (Polyak-Viro [31]), n ARD 1 AN 542 25 H K 12DWT

as(K) < {("_3)2("_4)1 (5.1)

32
REOND (|- IZKER). £ZTR44DTFHRE (5.1) ZHWT, K, ORIEZER TS
7 OIEHEAZA Hamilton & H ORAMEELD FH 6 OFMii 2 5256 Z LN TE 5.
EE 5.1, (HRFHE [20) n > 7 DL E, K, OfMEZER2ZZ 7 OIEEIHZR Hamilton
FEOHT ay >0 7225 OO E/MELIE, IRD r, LETH S ([-] 1&RKHBEE):

i ’7(71—5)(71—6)(71—1)!/(2.6!)"
' [(n—3)%(n—4)2/32] :

REOEMS ST 3 A 25T A 2 Nh T k=2 OFAH [257) U [13846] % & LAY, £ D%
277 7T, ERD X € T3 5(Ks) 12U, £ DEAIZFEILEIHEAE D Hopf SEAHTH 5.
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T D7T<n<16 1285 ELNZMEIZLTFDED THS.

n (781910 11 12 13 14 15 16
o || 1] 21292772 | 7187 | 73628 | 823680 | 10015889 | 131436569

FE 5.2, K, DFIZ LIRS BRW—DZEM T T 7IZDO0WT, n=8 D& EX ay B
B Hamilton F§OHD D & 3MEFEL (FE [14]), n > 9 D& Eld ap DHK
® Hamilton AEOCHBDRL LD (n—1)(n—2)---9-8HFHET DI VRN TW
% (Foisy [3]). % IZAREEM T Z 7D ay HIED Hamilton FEOCHZF X TWEDT
NG BN, n=9,10,11 D& Z r, I& Foisy D FAREDEHEREN. —Hn=8D
L& Hlas (3)THZEY ro =2 XD BHRWVEHI 5] 2356158 WIFicLTH,
EHL5.1 DOFHIi L n > 8 IZDOWTIKREIZITFEERWE Bbihd.

B 5.3. n>8 D& &, K, DIIEZEM T 7 72K\, JEEAZ Hamilton O
H(Tay,>07%%%H0)DE/MAKERES L.

2 OHDBHIX, K, DfIEZEM 22 7 @ Hamilton FEOHD ay ODIEDRKETH 5.
WERLAD S, K, DFIEZEFMDIAAR f 1IZBWT

(n—5)(n—6)(n—1)!

max {as(fi()} (K > Y as(f(7)) = 561

eln(Kn
YET R (Kn) el ()

Thbo, mHh%E i1, (K,) = (n—1)!/2 TH->TUTFHESN S M
EHE 5.4. (BRF-FE 21]) n>6 D& &, K, DLEOILZERMEDIAAR f IZBWT,

(n—5)(n —6)
| nax | {az(fr(v)} = ol :
EH 541X, K, ODFIEZERZ T 71%, n B+ RETNE, ERITKER ay DfEZE
FfO Hamilton fEOCHZ BT ELEES>TWS. I XD, FIIZIROFERMESNS.

% 5.5. IEDQFEH m 1T L, n > (11 + /2880m — 2879) /2 72 5, K, DIERDFREZE
2727 f.(K,) %, ap > m 7% Hamilton #50H %2 & .

EE 5.6. -, K, DRYELIEBR SR WZEM 2T 71220 T, Kigp DIEED
78177 71X |ag| > 2% RAKEVCHZEL Z L, FEQEH m XL, n > 96y/m
55, K, DIERDZREM T T 7 f(K,) & |ag] >m 25FVCHEZGL I & 2R U7k [37).
FHZRIBZEM 272 7 12BN, Fex OFERO AR LD B (BIFDO T — 7V 22 R).

m 1234567809710
n (FF-210 [37)) | 48 | 136 | 167 | 96 | 215 | 236 | 254 | 272 | 288 | 304
n(ZER-%E[21) | 7 33|44 [52] 60| 66 | 72| 77 | 82| 87

Fix, KVBAECH/AEAH L 1I22WT, n Do RETNE, K, DIEEORY
2T 71k LIZFAERFEOCH/EABE2 G0 Z 2RI s nTE Y (B E [24]), %
D&% n OF/NMEZ L ® Ramsey 8 & \Wo>T R(L) TEY. HlziX R(2?2) = 6,
BHIZ K3311 ERINDELBMS DR AMT T 7 OMIEZEM S T 713463 az > 0 725 Hamilton

FEOHZ A A (FBA-HE [12]), 20k Ky O Kszq1 CHEEZR (280HD) #0277 7 C#HAT 5 Z &

T, o b HWiHli 8] B S5NED, Bo L IhbE Tldaw.

Y Hamilton #&HH D 1k* DEDHAMHEIZDWTE FAKOMEREIE LN,
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R(3,) =7Td»2. EOBHE m 12U, K, DILEDORILZER- 2 T 705 ay > m 7254
VCHZEL LS 7% n OBRuMEZ R(m) TRIZLIZTH L, ax(K) > 0 72250 H K
IZH U R(ag(K)) 1& R(K) 2 T2 S5HIS 5745, R(m) OPE ERDIER IZHE L.

ERE 5.7. m > 2 12U, R(m) ZR& &.

RBRIZSHBOBEZ 2T TH <. Conway-Gordon DEIDKEEAL . — bz DWW T,
1k, as IZBTBEBRAE UTIZEH 3.2, €H36PIEMTH D LSS, —74, 1k,
ay WX ENTNIRE, 2 DBRBEFEE (Vassiliev TEE) TH S, Hamilton F5H /
BAHDIRZ BN 2L AZRBL LTI, n PRELLBRDLEINSTEATDT, &b
FIRDERBAZRIZ L2 RFHRINS. TD L5722 [EIRD Conway-Gordon
AN ZREBTON1IDOFETH 5.1 #il 21X Naimi-Pavelescu 1%, Ky O —fEDZER
77 713N HEEAE & GT LTRSS WA, MIBER ST 73T e I &
FHEBSRR TR LT WT 23], —MDZEM 7T 7 LfBZER 25 7 L TREOH /#& A H
WIEMED R 5. ZOBRWA IR &5 7% TER] OARIZL > THiliTE 2 LM
HW. £7z, ¢4 TNz k512, SPEM T 7 71307+ b Ru Y =128 65 1LEW
DETIVD1DTdHSH, Flapan-Kozai [8] T, o HLEWOEAE VD E T IV
D1IDEUT, SAKRHND T Y XL Ien iz HRE S S K, DZ V8 LFHBERT 57
DRI NTE D, TOHEADH X DFERORDNEISHE I NS,
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