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ڀݚ൫ج (A)ɹڀݚ՝୊/ྖҬ൪߸ɹ 16H02145

ڀݚ൫ج (B)ɹڀݚ՝୊/ྖҬ൪߸ɹ 16H03928
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ɹɹɹɹɹɹɹɹɹɹɹɹɹɹɹɹɹɹळాେֶ
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8݄ 7೔ʢਫʣ

15:00–16:00 ୩ޱ ਖ਼थʢ౦ژେֶɾ਺ཧՊֶڀݚՊʣ
ͱChern-Simons൚ؔ਺܈ڥ໘ͷͳ͢ϗϞϩδʔಉٿϗϞϩδʔݩ࣍3

16:30–17:30 ઒࡚ ੝௨ʢژ౎େֶɾ਺ཧղੳڀݚॴʣ
ϥάϥϯδϡɾϑϨΞʔཧ࿦͔Βߏ੒͞Εͨ෦෼ٖლಉܕͱͦͷॾԠ༻

8݄ 8೔ʢ໦ʣ

9:30–10:30 Benjamin BodeʢେࡕେֶɾJSPS֎ࠃਓಛผڀݚһʣ
Braids, polynomials and real algebraic links

11:00–12:00 ຊా ३࢙ʢԣ඿ཱࠃେֶɾڀݚֶ޻Ӄʣ
ޫత఺Λۂͭ࣋໘ͷزԿֶ

13:30–14:30 Ճ౻ ຊࢠʢѪඤେֶɾཧڀݚֶ޻Պʣ
༗ݩ࣍ݶඇਖ਼ۂ཰ڑ཭ۭؒ΁ͷ࡞܈༻ͷݻఆ఺ੑ࣭

15:00–16:00 ए݄ ॣʢ౦ژେֶɾ਺ཧՊֶڀݚՊʣ
Brane coproducts and their applications

16:30–17:30 ԋߨըا ᐩా Պʣڀݚେֶɾཧֶཱࢢࡕ໵ʢେװ
ͱଟ໘ମ༺࡞܈ ʵ τʔϦοΫτϙϩδʔͷ؍఺͔Β ʵ
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8݄ 9೔ʢۚʣ

9:40–10:40 େ৿ ෦ʣֶ޻ཧՊେֶɾཧژ৓ʢ౦ݯ
͍ͯͭʹදࣔݶͷແ܈໘ͷࣸ૾ྨۂ෇͚ෆՄೳ͖޲

11:10–12:10 ෱ా ਸ਼قʢ౦ֶܳژେֶɾJSPSಛผڀݚһ PDʣ
ϑΝΠόʔ݁ͼ໨ʹର͢Δݩ࣍̎ Gluck twist ʹ͍ͭͯ

13:30–14:30 Timo Essigʢ๺ւಓେֶɾ֎ࠃਓಛผڀݚһʣ
Sheaves for Intersection Space Cohomology

15:00–16:00 ྛ ৾ʢٕۀ࢈ज़૯߹ڀݚॴɾ࢈૯ݚಛผڀݚһ PDʣ
Topological invariants and corner states for some Hamiltonians on a lattice

16:30–17:30 Ӭ໺ ʣܥҰʢஜ೾େֶɾ਺ཧ෺࣭޾
On the topological regularity of spaces with an upper curvature bound

8݄ 10೔ʢ౔ʣ

9:30–10:30 ౻ࠤ ޫथʢ౦ژେֶɾJSPSಛผڀݚһ PDʣ
Heegaard Floer ϗϞϩδʔʹ༝དྷ͢Δ݁ͼ໨ͷίϯίʔμϯεෆมྔ

11:00–12:00 ৽ᅳ ྄ʢ౦ࢠঁژେֶɾݱ୅ڭཆֶ෦ʣ
Conway-Gordonͷఆཧͷਫ਼ີԽͱҰൠԽ
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ͱ܈ڥ໘ͷͳ͢ϗϞϩδʔಉٿϗϞϩδʔݩ࣍3
Chern-Simons൚ؔ਺

୩ޱਖ਼थ (౦ژେֶɾֶৼDC)∗

1. ং
ຊߘͰ͸ɼ༗޲ϗϞϩδʔ ໘ٿ3 1 Y ͷແݶେΛ࣮͢ڐ਺஋ෆมྔ {rs(Y )}s∈[−∞,0]Λ
঺հ͢Δ. ͜ͷෆมྔ͸, ΠϯελϯτϯFloerϗϞϩδʔͷਫ਼ີԽΛ༻͍ͯఆٛ͞Ε
Δ. ͦͷਫ਼ີԽʹ͸, Chern-Simons൚ؔ਺ͷྟք஋Λ༻͍Δ. ͞Βʹ, ͦͷҰ෦ r0(Y )

Λ༻͍Δ͜ͱͰ, ,ʹ܈ڥ໘ͷͳ͢ϗϞϩδʔಉٿϗϞϩδʔݩ࣍3 ແݶେΛ࣮͢ڐ਺
ʹఴ͚ͮࣈΒΕͨ෦෼܈ͷྻΛಋೖ͢Δ. ͦͷ؍఺͔Β, ͭʹ܈ڥϗϞϩδʔಉݩ࣍3
͍͍͔ͯͭ͘ͷ৽͍͠ੑ࣭Λಋ͘. ຊߘͰ঺հ͢Δ݁Ռ͸ɼ໺࡚༤ଠࢯ, ͱࢯथޫ౻ࠤ
ͷڞಉڀݚͰ͋Δ.

1.1. എ1ܠ: ϗϞϩδʔಉ܈ڥ

ϗϞϩδʔಉ܈ڥ͸, Ґ૬ଟ༷ମͷPLߏ଄΍ܗ֯ࡾ෼ׂͷଘࡏ໰୊ʹؔΘͬͯఆٛ͞
Εͨ ([24], [18]). (PL)ϗϞϩδʔಉ܈ڥ͸ɼ࣍ͷΑ͏ʹఆٛ͞ΕΔ;

Θn
H := {༗޲PLϗϞϩδʔnٿ໘}/ ∼H-ಉڥ .

͜͜ͰɼY1 ͱY2 ͕H-ಉڥ (homology cobordant)Ͱ͋Δͱ͸ɼ༗޲ίϯύΫτ (n+ 1)

PLଟ༷ମݩ࣍ W ͕ଘͯ͠ࡏɼ∂W = −Y1 ⨿ Y2ɼแؚࣸ૾ li : Yi → W (i = 1, 2)͕੔
.Λ༠ಋ͢Δ͜ͱΛ͍͏ܕ਺ͷϗϞϩδʔʹಉ܎ ࿈݁࿨͸, Θn

HʹՄ܈׵ͷߏ଄Λ༩͑
Δ. 2 1969೥, Kervaire ([20])ʹΑͬͯ n ̸= 3ͱ͢Δͱ͖ɼΘn

H
∼= {0}Ͱ͋Δ͜ͱ͕ࣔ

͞Εͨ. n = 3ͷ࣌, Θ3
H͸, ͳΔ.3ʹܕͰఆٛͨ͠΋ͷͱಉݍΒ͔ͳଟ༷ମͷ׈ ҎԼ,

Θ3
H ͸, .Δ͑ߟͰఆٛͨ͠΋ͷͱݍΒ͔ͳଟ༷ମͷ׈ ೚ҙͷ༗޲ϗϞϩδʔ ໘Yٿ3

͸, ͋ΔίϯύΫτεϐϯ ଟ༷ମWݩ࣍4 ͷڥքͱͳΔ͜ͱ͕஌ΒΕ͍ͯΔ. ͦͷW

ͷަࠩࣜܗͷࢦ਺ I(W )(ਖ਼ͷݻ༗஋ͷݸ਺−ෛͷݻ༗஋ͷݸ਺)Λ͑ߟΔ͜ͱʹΑͬͯ
४ಉܕ

µ : Θ3
H → Z/2Z, [Y ] &→ I(W )/8 mod 2

͕ఆٛ͞ΕɼRochlinෆมྔͱݺ͹ΕΔ. µ(Σ(2, 3, 5)) = 1Ͱ͋Δ͔Β, µ͸શࣹͰ͋
Δ. ͨͩ͠, Σ(p, q, r)͸,

Σ(p, q, r) = {(x, y, z) ∈ C3 |xp + yq + zr = 0} ∩ S5

ʹΑͬͯ༩͑ΒΕΔ Seifert .ଟ༷ମͰ͋Δݩ࣍3 (Σ(2, 3, 5)͸ Poincaréٿ໘ͱݺ͹Ε
Δ.) ͦͷޙ, 1978ɾ80೥ʹ, দຊ ([24])ɾGalewski-Stern([18])͸ɼʮ༩͑ΒΕͨ5Ҏ্ͷ࣍
Ίͷඞཁे෼৚݅͸ɼ͋ΔίϗϞϩδʔͨͭ࣋෼ׂΛܗ֯ࡾҐ૬ଟ༷ମM͕ͭ࣋Λݩ

ຊڀݚ͸ JSPSՊݚඅ 17J04364, ͓Αͼ਺෺ϑϩϯςΟΞɾϦʔσΟϯάେֶӃͷॿ੒Λड͚ͨ΋ͷͰ
͋Δɽ
∗ e-mail: masakit@ms.u-tokyo.ac.jp
1Ұൠʹ (PL)ϗϞϩδʔ nٿ໘ͱ͸, ੔܎਺ϗϞϩδʔ͕ SnͷϗϞϩδʔͱಉܕͰ͋Δ (PL)ด n࣍
.͢ࢦଟ༷ମͷ͜ͱΛݩ ͜ͷߘݪͰ͸அΒͳ͚Ε͹, ଟ༷ମ͸, .Β͔ͳ΋ͷͱ͢Δ׈

2͜ͷ܈͸, ϗϞτϐʔٿ໘ͷ܈ͷϗϞϩδʔ൛ͱݟ၏͢͜ͱ΋Ͱ͖Δ.([21])
33ɾ4ݩ࣍Ґ૬ଟ༷ମʹରͯ͠, PLߏ଄ͱඍ෼ߏ଄ʹࠩ͸ͳ͍.
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ྨ δ(∆(M)) ∈ H5(Mɼkerµ)͕ফ͑Δ͜ͱͰ͋Δɽʯͱ͍͏ఆཧΛࣔͨ͠. ͜ΕʹΑΓ,

(Θ3
H , µ)͕ܗ֯ࡾ෼ׂͷଘࡏ໰୊ͱؔΘΔ͜ͱ͕໌Β͔ͱͳͬͨ. ͔͠͠, ͜ͷ࣌఺Ͱ

͸, Θ3
H͸, ༗܈ݶͰ͋Δ͔Ͳ͏͔΋෼͔͍ͬͯͳ͔ͬͨ. ͦͷޙ, 1982೥ʹDonaldson

ʹΑͬͯࣔ͞ΕͨTheorem A ([5]), ͓ΑͼͦͷాݹʹΑΔҰൠԽ ([15])Λ༻͍Δ͜
ͱͰ, Σ(2, 3, 5)͕, Θ3

HͷதͰ torsionͰͳ͍͜ͱ͕ࣔ͞ΕΔ. ·ͨ, ͜ͷ݁ՌΛҰൠԽ
͢ΔܗͰ, 1990೥, ాݹ ([16])ɾFintushel-Stern([9])͸, {Σ(p, q, pqk− 1)}∞k=1 ͕Θ3

Hͷத
ͰҰ࣍ಠཱͰ͋Δ͜ͱΛࣔͨ͠. ҰํͰ, 2002೥ʹFrøyshov ([12])͸, શࣹ४ಉܕ

h : Θ3
H → Z : Frøyshov४ಉܕ

Λߏ੒ͨ͠. ͜ͷෆมྔ h͸, Theorem AΛڥք෇͖ ,ʹࡍଟ༷ମʹҰൠԽ͢Δݩ࣍4

ࣗવʹݱΕΔෆมྔͰ͋Δ. ͞Βʹͦͷ 10೥ޙ, Manolescu ([23])͸, Rochlinෆมྔ
µ : Θ3

H → Z/2Z͕ split͠ͳ͍͜ͱΛࣔ͢͜ͱͰ, ෼ׂ༧૝ܗ֯ࡾҐ૬ଟ༷ମͷݩ࣍ߴ
Λ൱ఆతʹղܾͨ͠. ͦͯ͠ 2018೥ͷڈ೥, Dai-Hom-Stoffregen-Truong([4])͸, શࣹ
४ಉܕ φ : Θ3

H → Z∞Λߏ੒ͨ͠. ͜ͷ͜ͱ͸, Θ3
HʹZ∞-summand͕ଘ͢ࡏΔ͜ͱΛ

ҙຯ͢Δ. Ҏ্, ϗϞϩδʔಉ܈ڥͷྺ࢙Λ, ݁Ռʹ͍ͭͯͷΈड़΂ͨ. [5], [8], [16], [9],

[12]ʹ͍ͭͯ͸, զʑͷख๏ͱਂؔ͘ΘΔͨΊ, 1.2ষʹ͓͍ͯ, ΑΓৄ͘͠ड़΂Δ.

1.2. എ2ܠ: ήʔδཧ࿦

਺ֶʹ͓͚Δήʔδཧ࿦͸ɼ1982೥ʹൃද͞ΕͨDonaldsonͷ࿦จΛ࢝·Γͱͯ͠ɼ
௿ݩ࣍τϙϩδʔͷະղܾ໰୊ʹଟ͘ͷ౴͑Λ༩͖͑ͯͨɽ ήʔδཧ࿦Ͱ͸ɼ4 ݩ࣍
ଟ༷ମXʹରͯ͠ఆٛ͞ΕΔɼղͷϞδϡϥΠۭؒ

M(X) := {෺ཧ༝དྷͷඇઢܗภඍ෼ํఔࣜͷղ}/ରশੑ

Λ͢࡯ߟΔɽM(X)͸,ʠଟ͘ͷ৔߹ʡ, ༗ूݶ߹Λআ͘ͱ, ༗ݩ࣍ݶଟ༷ମͷߏ଄Λ࣋
ͭ. ͦͯ͠, M(X)ͷ༗ݩ࣍ݶଟ༷ମͷߏ଄͔Β, Xࣗ਎ͷ৘ใΛಘΔ, ͱ͍͏ͷ͕ήʔ
δཧ࿦ͰߦΘΕΔٞ࿦ͷྲྀΕͰ͋Δ. ຊߘͰ͸ɼओʹanti-self-dual (ҎԼɼASD)ํ
ఔࣜΛ༻͍ͯల։͞ΕΔཧ࿦ʹ͍ͭͯड़΂Δ.

1982೥, Donaldson͸,ަ͕ࠩࣜܗෛఆ஋Ͱ͋Δ,୯࿈݁༗޲ด4ݩ࣍ଟ༷ମXʹର͠
ͯ, ASDํఔࣜͷղͷϞδϡϥΠۭؒM(X)Λ͢࡯؍Δ͜ͱʹΑΓ, Theorem AΛࣔ͠
ͨ. Theoerm A͸, ୯࿈݁༗޲ด4ݩ࣍ଟ༷ମͷަ͕ࠩࣜܗ, ෛఆ஋ͳΒ͹, ⊕ b2(X)(−1)

ͱಉܕͰ͋Δ͜ͱΛओு͢Δ. ͦͷূ໌͸, M(X)ͷ୺ͱ঎ಛҟ఺Λ͢࡯؍Δ͜ͱͰ
.ΘΕΔߦ ͜ͷTheorem A, ͓Αͼͦͷূ໌ํ๏ͷ, .ͷೋͭͷ೿ੜʹண໨͢Δ࣍ Ұͭ
͸, ΦʔϏϑΥʔϧυΛؚΉ ,ଟ༷ମʹର͢Δήʔδཧ࿦Ͱ͋Γݩ࣍4 ΋͏Ұͭ͸, ڥ
ք෇͖4ݩ࣍ଟ༷ମ΁ͷ֦ுͰ͋Δ. લऀʹ͍ͭͯड़΂Δ. 1985೥, Fintushel-Stern͸,

Σ(p, q, pqk− 1)Λڥքʹݩ࣍4ͭ࣋ΦʔϏϑΥʔϧυΛ༻͍ͯήʔδཧ࿦Λల։͢Δ͜
ͱʹΑΓ, Σ(p, q, pqk − 1)͕, Θ3

HͷதͰ torsionͰͳ͍͜ͱΛࣔͨ͠. ٞ࿦ͷதͰ࠷΋
ॏཁͰ͋ͬͨͷ͸, Σ(p, q, pqk − 1)ʹ෇ਵ͢ΔΦʔϏϑΥʔϧυΛ༻͍Δ͜ͱͰ, ঎ಛ
ҟ఺ʹରԠ͢ΔASDํఔࣜͷղͷҰҙଘ͕ࡏอূͰ͖Δ͜ͱͰ͋Δ. ͞Βʹ, ͜ͷٞ
࿦Λ֦ு͢ΔܗͰ, 1990೥, ాݹ ([16])ͱFintushel-Stern([9])͸, {Σ(p, q, pqk − 1)}∞k=1

͕Θ3
H಺ͰҰ࣍ಠཱͰ͋Δ͜ͱΛࣔͨ͠. ͦͷূ໌͸, Fintushel-Stern͕༻͍ͨ঎ಛҟ

఺ʹରԠ͢ΔASDํఔࣜͷղͷҰҙଘࡏͱ, Chern-Simons൚ؔ਺ͷྟք஋͔Βఆ
·ΔղͷϞδϡϥΠۭؒʹର͢Δ੍໿Λ૊Έ߹ΘͤΔ͜ͱʹΑͬͯߦΘΕΔ. ͜ͷٞ࿦
͸, Seifert ,ଟ༷ମʹ෇ਵ͢ΔΦʔϏϑΥʔϧυΛ༻͍͍ͯΔͱ͍͏఺Ͱݩ࣍3 ͦͷ·
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·Ͱ͸, ҰൠͷϗϞϩδʔ3ٿ໘΁ͷ֦ு͸, ೉͍͠. ,ʹ࣍ Theorem Aͷڥք෇͖4࣍
.ଟ༷ମ΁ͷ֦ுʹ͍ͭͯड़΂Δݩ Theorem A͸,ʠS3 Λڥքʹ׈ͭ࣋Β͔ͳ4ݩ࣍ଟ
༷ମW ͷަ͕ࠩࣜܗෛఆ஋ͳΒ͹, ⊕ b2(W )(−1)ͱಉܕͰ͋Δʡ, ͱ͍͏ղऍ͕Ͱ͖Δ.

S3 ΛϗϞϩδʔ3ٿ໘Y ʹऔΓ໋ͨ͑׵୊Λ֦ு͞ΕͨTheorem AͱݺͿ͜ͱʹ͢
Δ. ͜ͷ࣌, ;Δ͑ߟͷ໰͍Λ࣍

໰ 1 ͲͷΑ͏ͳϗϞϩδʔ3ٿ໘Y ʹରͯ͠,֦ு͞ΕͨTheorem A͸੒ཱ͢Δͷ͔ʁ

͜Εʹର͢ΔҰͭͷ౴͑ͱͯ͠, Donaldson([6])͸,ʠোྨ֐ θ−Y ∈ I∗(−Y,Q)͕ফ͑
͍ͯΔ Y ʹ͍ͭͯ, ֦ு͞Εͨ Theorem A͕੒ཱ͢Δ ʡ͜ ͱΛࣔͨ͠. I∗(Y,Q)͸,

Z/8Z࣍਺͖ͭ༗ݩ࣍ݶQ-ϕΫτϧۭؒͰ͋Γ, Y ͷΠϯελϯτϯFloerίϗϞϩ
δʔͱݺ͹ΕΔ. ΠϯελϯτϯFloer(ί)ϗϞϩδʔ͸, Floer([11])ʹΑͬͯ Y × R
ʹର͢Δ ASDํఔࣜͷϞδϡϥΠۭؒΛ͢࡯؍Δ͜ͱͰఆٛ͞Εͨ. ఆٛ͢ʹࡍ࣮
Δࡍ, Πϯελϯτϯ FloerϗϞϩδʔ͸, Chern-Simons൚ؔ਺ΛMorseؔ਺ͱ͢Δ
ʠMorseϗϞϩδʔʡͱͯ͠ߏ੒͞ΕΔ. ·ͨ, ໰ 1ʹର͢Δ΋͏Ұͭͷಉ஋ͳճ౴ͱ
ͯ͠, Frøyshov([12])͸,ʠ Frøyshovෆมྔ h(Y )͕ 0ҎԼͷ Y ʹରͯ͠, ֦ு͞Εͨ
Theorem A͕੒ཱ͢Δʡ͜ ͱΛࣔͨ͠. h(Y )͸, ΠϯελϯτϯFloer(ί)ϗϞϩδʔ
ͷʠಉมίϗϞϩδʔʡͱͯ͠ͷߏ଄Λ༻͍ͯఆٛ͞ΕΔ.

1.3. զʑͷڀݚʹ͍ͭͯͷ֓ཁ

ΠϯελϯτϯFloerϗϞϩδʔ, ͓ΑͼθY ͷߏ੒͔Β, θY ͕ফ͍͑ͯͳ͚Ε͹, Y × R
্ʹ঎ಛҟ఺Λڥք৚݅ʹͭ࣋Α͏ͳASDํఔࣜͷղ͕ଘ͢ࡏΔ. զʑ͸, ͜ͷੑ࣭
Λ͢࡯؍Δ͜ͱͰ, ,͍ͨ༺ͷFintushel-Stern͕ه্ ঎ಛҟ఺ʹରԠ͢ΔASDํఔ
ࣜͷղͷଘࡏΛ, 0 ̸= θY ∈ I∗(Y )ͱ͍͏৚݅Λ༻͍ͯ୅༻Ͱ͖Δ͜ͱΛͨ͠࡯ߟ. ·
ͨ, ాݹ ([16])ɾFintushel-Stern([9])Ͱ͸, Chern-Simons൚ؔ਺ͷྟք஋ʹؔ͢Δ੍໿
Λ༻͍͍͕ͯͨ, ͦͷٞ࿦΋, ϑΟϧλʔ෇͖ 4 ΠϯελϯτϯFloer(ί)ϗϞϩδʔ
I∗[s,r](Y )͓Αͼ, ϑΟϧλʔ൛ͷোྨ֐ θ[s,r]Y ∈ I∗[s,r](Y )5(−∞ ≤ s ≤ 0 ≤ r ≤ ∞)Λ༻͍
Δ͜ͱͰදݱͰ͖Δ͜ͱΛͨ͠࡯؍. ϑΟϧλʔ෇͖ΠϯελϯτϯFloerϗϞϩδʔ
͸, 1992೥, Fintushel-Stern([10])ʹΑͬͯఆٛ͞Ε͍ͯͨ΋ͷͱ, ຊ࣭తʹಉ͡Ͱ͋Δ.

ͦͯ͠, ϑΟϧλʔ൛ͷোྨ֐ θ[s,r]Y ∈ I∗[s,r](Y )Λ༻͍ͯෆมྔ rs(Y )Λ

rs(Y ) := sup{r ∈ R≥0|0 = θ[s,r]Y ∈ I 1[s,r](Y,Q)}

ʹΑͬͯఆٛͨ͠.6 ͜Ε͸, ແݶେΛ࣮͢ڐ਺஋ෆมྔͱͳΓ, ాݹ ([16])ɾFintushel-

Stern([9])ɾFloer([11])ͷςΫχοΫΛ͜͏࢖ͱͰ, ϗϞϩδʔಉڥෆมྔͱͳΔ͜ͱ͕
ࣔ͞ΕΔ. ·ͨ, ਂ୩ ([14])ɾDonaldson([6])ʹΑΔΠϯελϯτϯFloerϗϞϩδʔͷ
࿈݁࿨ެࣜΛ, ϑΟϧλʔ෇͖ͷ৔߹ʹ͢࡯؍Δ͜ͱʹΑͬͯ, r0(Y )ʹ࿈݁࿨ެࣜΛ༩
͑ͨ. ͞Βʹ, r0(Y )ͷ࿈݁࿨ެࣜΛ͜͏࢖ͱͰ, Θ3

Hʹਤ 1ʹ͋ΔΑ͏ͳ෦෼܈ͷϑΟ
ϧτϨʔγϣϯΛ༩͑ͨ. ྻͨ͠࡯ߟɾFintushel-Sternͷాݹ {Σ(p, q, pqk− 1)}∞k=1 ͸,

ਤ1ͷΑ͏ʹൃ͍ͯ͘͜͠ࢄͱ͕࡯؍Ͱ͖, ͦΕͧΕ͕෦෼܈ͱͯ͠ด͍ͯ͡Δ͜ͱ͔
Β, {Σ(p, q, pqk − 1)}∞k=1 ͕Θ3

Hʹ͓͍ͯҰ࣍ಠཱͰ͋Δ͜ͱ͸, .औΕΔͯݟʹత֮ࢹ

4Chern-Simons൚ؔ਺Λ༻͍ͨϑΟϧλʔ.
5͜ͷΑ͏ͳෆมྔ͸, .ॳʹఆٛ͞Εͨ࠷͍͓ͯʹ[29]
6͜ͷఆٛ͸, ύʔγεςϯτϗϞϩδʔ΍, ECHʹ͓͚Δ spectralෆมྔ ([19])ͷΠϯελϯτϯ
FloerϗϞϩδʔʹ͓͚ΔΞφϩδʔͱ͑ݴΔ.
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͜ͷ؍఺, ͓Αͼ, r0(Y )ͷ࿈݁࿨ެࣜΛ༻͍ͯ, Θ3
Hʹؔ͢Δ͍͔ͭ͘ͷ৽͍͠ੑ࣭Λ

ಋ͍ͨ. (ఆཧ6, ఆཧ8, ໋୊3)

2. ओ݁Ռ
͜ͷষͰ͸, ·ͣ {rs(Y )}ͷੑ࣭ʹؔ͢ΔओఆཧΛड़΂, ͦͷޙ, r0(Y )Λ༻͍ͯ, Θ3

H

ʹ෦෼܈ͷ૿େྻܥΛಋೖ͢Δ. ਤ 1͸, ͦͷ૿େྻܥΛֆʹͨ͠΋ͷͰ͋Δ. ෆมྔ

ਤ 1: Θ3
Hͷֆ

ͷ݁ࢉܭՌ΍, ͍͔ͭ͘ͷԠ༻͸, ਤ1Λ͜͏࢖ͱͰ, .తʹཧղ͢Δ͜ͱ͕Ͱ͖Δ֮ࢹ

2.1. ओఆཧ

.ͷओఆཧͰ͋Δߘຊ͕࣍

ఆཧ 1 (໺࡚-ࠤ౻-୩ޱ, [26], 2019) s ∈ R≤0 ⨿ {−∞}ͱ༗޲ϗϞϩδʔ ໘ٿ3 Y ʹ
ରͯ͠, ແݶେΛ͢ڐਖ਼ͷ࣮਺஋ෆมྔ rs(Y )͕ఆ·Γ, ҎԼͷੑ࣭Λͭ࣋.

1. (୯ௐੑ) s ≤ s′ͳΒ͹, rs′(Y ) ≤ rs(Y )͕੒ཱ͢Δ.

2. (rs(Y )ͷ஋) શͯͷ sʹରͯ͠ rs(Y )ͷ஋͸,

{SU(2)-Chern-Simons൚ؔ਺ͷط໿ͳྟք఺ͷྟք஋}⨿ {∞}

ʹؚ·ΕΔ.

3. (ಉڥෆ౳ࣜ) Y1 , Y2 ΛϗϞϩδʔ .໘ͱ͢Δٿ3 ·ͨ, W Λަ͕ࠩࣜܗෛఆ஋Ͱ
͋ΔίϯύΫτ༗޲ ,ଟ༷ମ͋ͬͯݩ࣍4 ∂W = Y1 ⨿ −Y2 ͱͳ͍ͬͯΔͱ͢Δ.

͜ͷͱ͖,

rs(Y2 ) ≤ rs(Y1 )

͕੒ཱ͢Δ. ͞Βʹ, rs(Y1 )͕༗ݶͰ, W͕୯࿈݁ͳΒ͹,

rs(Y2 ) < rs(Y1 )

͕੒ཱ͢Δ.
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4. (࿈݁࿨ެࣜ) r0ʹରͯ͠,

r0(Y1#Y2 ) ≥ min{r0(Y1 ), r0(Y2 )} (1)

͕੒ཱ͢Δ.

5. (ඇࣗ໌ੑ) Frøyshovෆมྔ h(Y )͕ෛͰ͋Δ͜ͱͱ, r−∞(Y )͕༗ݶͰ͋Δ͜ͱ
͸ಉ஋Ͱ͋Δ.

஫ҙ 1 ·ͣ, ೋͭͷRemarkΛड़΂Δ.

• 2018೥, Daemi ([1])͸, ༗޲ϗϞϩδʔ ໘Yٿ3 ͱ, k ∈ Zʹରͯ͠, ΓY (k)ͱݺ
͹ΕΔ, ແݶେΛ͢ڐਖ਼ͷ࣮਺஋ෆมྔΛఆٛͨ͠. ΓY (k)͸kʹ͍ͭͯ, ୯ௐ૿
େྻͰ͋Δ;

· · ·ΓY (−1) ≤ ΓY (0) ≤ ΓY (1) ≤ · · ·

͞Βʹ Daemiͷߏ੒͸Πϯελϯτϯ Floerཧ࿦Λ༻͍͓ͯΓ, k͕ਖ਼ͳΒ͹,

ΓY (k)͸, ఆཧ1ͷ2,3,5Λຬͨ͢. ͜ͷ͜ͱ͔Β, .ͷ໰͍͸ࣗવͰ͋Δ࣍

໰ 2 ΓY (k)ͱ rs(Y ͸͋Δ͔ʁ܎ؔʹ(

͜Εʹରͯ͠, զʑ͸࣍ͷ͜ͱΛূ໌ͨ͠;

ఆཧ 2 (໺࡚-ࠤ౻-୩[26],ޱ, 2019) ೚ҙͷϗϞϩδʔ3ٿ໘ Y ʹରͯ͠

r−∞(Y ) = Γ−Y (1)

͕੒ཱ͢Δ.

{rs(Y )}͸, Γ−Y (1)΁ͷऩଋྻΛ༩͑Δ͜ͱ΋෼͔Δ. ΓY (k)(k ≤ 0)ͱ, {rs(Y )}
ͷؔ܎͸, ະͩΘ͔͍ͬͯͳ͍.

• Y = Σ(2, 3, 5)#(−Σ(2, 3, 6k − 1))(k͸ࣗવ਺)ͱ͢Δͱ, rs(Y )͸ sʹ͍ͭͯఆ਺
Ͱ͸ͳ͍. ͞Βʹ, Y1 = Σ(2, 3, 5)#(−Σ(2, 3, 6k − 1)), Y2 = −Σ(2, 3, 5) ͍ͭͯ
Daemiͷෆมྔ ΓY (k)(k͸ਖ਼ͷ੔਺)͸࿈݁࿨ެࣜ (1)Λຬͨ͞ͳ͍.

• ࿈݁࿨ެࣜ͸ r0ʹରͯ͠ͷΈ, .ड़ͨ͠ه Ұൠͷ sʹ͍ͭͯ͸, தͰ͋࡯ߟࡏݱ
Δ.7

ෆมྔΛఆٛͨ࣌͠, ͦͷࢉܭՄೳੑΛอূ͢Δ͜ͱ͸ॏཁͰ͋Δ. զʑ͸, ͷΫ࣍
ϥεͷSeifert .ͨͬߦΛࢉܭଟ༷ମʹରͯ͠ݩ࣍3

;ͳΔ͜ͱΛ༧૝͍ͯ͠Δʹܗͷ࣍7

rs(Y ) ≥ min
s=s1+s2

{rs1(Y )− s2, rs2(Y )− s1}
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ఆཧ 3 (໺࡚-ࠤ౻-୩ޱ, [26], 2019) (p, q)Λ͍ޓʹૉͳࣗવ਺ͷϖΞͱ͢Δ. ·ͨ, k

Λࣗવ਺ͱ͢Δ. ͜ͷ࣌, ೚ҙͷ s ∈ R≤0 ⨿ {−∞}ʹରͯ͠

rs(−Σ(p, q, pqk − 1)) =
1

4pq(pqk − 1)
, rs(Σ(p, q, pqk − 1)) = ∞

͓Αͼ,

rs(−Σ(p, q, pqk + 1)) = rs(Σ(p, q, pqk + 1)) = ∞

͕੒ཱ͢Δ.

[26]ʹ͸, Seifert ϗϞϩδʔ ,ͯؔ͠ʹ໘ٿ3 ΑΓଟ͘ͷ͕͋ྫࢉܭΔ. ·ͨ, Seifert 3

,ଟ༷ମͷ͍͔ͭ͘ͷ࿈݁࿨ʹରͯ͠ݩ࣍ .ͷΑ͏ͳৼΔ෣͍Λ͢Δ࣍

໋୊ 1 (໺࡚-ࠤ౻-୩ޱ, [26], 2019) Y Λ, Seifert ͷ࿈݁࿨Ͱॻݸݶଟ༷ମͷ༗ݩ࣍3
͔ΕΔϗϞϩδʔ3ٿ໘ͱ͢Δ. ͜ͷ࣌, rs(Y ) ∈ Q>0 ⨿ {∞}͕੒ཱ͢Δ.

2.2. Θ3
HͷϑΟϧτϨʔγϣϯ

ఆٛ 1 Θ3
H(≥ r)Λ,

Θ3
H(≥ r) := {[Y ] ∈ Θ3

H |min{r0(Y ), r0(−Y )} ≥ r}

ͱͯ͠ఆΊΔ.

r0(Y )ͷ࿈݁࿨ެࣜʹΑͬͯ, .ΕΔ͕ࣔ࣍͞

ఆཧ 4 (໺࡚-ࠤ౻-୩ޱ, [26], 2019) ೚ҙͷ࣮਺ r ≥ 0 ΋͘͠͸ r = ∞ ʹରͯ͠,

Θ3
H(≥ r)͸, Θ3

Hͷ෦෼܈ͱͳΔ.

஫ҙ 2 kΛਖ਼ͷ੔਺ͱ͢Δ࣌, Daemiͷෆมྔ ΓY (k)ʹରͯ͠, ࿈݁࿨ެࣜ (1)Λຬͨ
͞ͳ͍ྫ͕ଘ͢ࡏΔͨΊ, ಉ༷ʹϑΟϧτϨʔγϣϯΛఆΊΔ͜ͱ͕Ͱ͖ͳ͍. ·ͨ,

Ұൠʹ, ΓY (k)ͷ࿈݁࿨ެࣜ͸, ະͩ͑ߟΒΕ͍ͯͳ͍. Ճ͑ͯ, kΛ 0ҎԼͷ੔਺ͱ͢
Δ࣌, ΓY (k)ͷඇࣗ໌ͳྫࢉܭ͸஌ΒΕ͍ͯͳ͍.

͜ΕʹΑΓ, ෦෼܈ͷྻ;

Θ3
H(≥ ∞) ⊂ · · · ⊂ Θ3

H(≥ r) ⊂ · · · ⊂ Θ3
H(≥ 0) = Θ3

H

͕ಘΒΕΔ. ͜ͷ෦෼܈ͷྻͱఆཧ 3Λ߹Θͤͯॻ͘ͱ, ͷਤه্ 1ͷΑ͏ʹͳΔ.

{Σ(p, q, pqk − 1)}∞k=1 ͸, ແݶԕʹൃ͖͍ͯ͠ࢄ, ͦΕͧΕͷઢͰғ·Ε͍ͯΔྖҬ͕,

෦෼܈Ͱ͋ΔͨΊ, {Σ(p, q, pqk− 1)}∞k=1 ͕Ұ࣍ಠཱͰ͋Δͱ͍͏࣮ࣄΛ, తʹଊ֮͑ࢹ
Δ͜ͱ͕Ͱ͖Δ. ͜ΕΒͷྻΘ3

H(≥ r)ʹ͍ͭͯ෼͔͍ͬͯΔ͜ͱ͸, ଟ͘ͳ͍. ͷ݁࣍
Ռ͸, [16], [9]ͷ݁Ռͷਫ਼ີԽͱ͑ݴΔ.

ఆཧ 5 (໺࡚-ࠤ౻-୩ޱ, [26], 2019) ೚ҙͷ r > 0ʹରͯ͠, Θ3
H/Θ

3
H(≥ r)͸, Z∞Λ

෦෼܈ͱͯͭ࣋͠.

·ͨ, ܈΋খ͍͞෦෼࠷ Θ3
H(≥ ∞)͸, ZΛؚΉ͜ͱ͕Θ͔Δ.

3. ௿ݩ࣍τϙϩδʔ΁ͷԠ༻
͜ͷষʹͯ, {rs(Y )}͕΋ͨΒ͢Ԡ༻ʹ͍ͭͯड़΂Δ.
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3.1. ܈ڥϗϞϩδʔಉݩ࣍3

·ͣ, ϗϞϩδʔಉ܈ڥʹ͓͚ΔԠ༻Λड़΂Δ.

ఆཧ 6 (໺࡚-ࠤ౻-୩ޱ, [26], 2019) KΛS3 ಺ͷ݁ͼ໨Ͱ͋ͬͯ, h(S3
1 (K)) < 0Ͱ͋

Δͱ͢Δ. ͜ͷ࣌, {S3
1 /k(K)}∞k=1 ͸, Θ3

HͷதͰҰ࣍ಠཱͰ͋Δ.

h(S1 (K)) < 0ͱ͍͏৚݅͸, ਤ 1ʹ͓͍ͯ, S1 (K)͕Θ3
H(≥ ∞)ͷ֎ʹ͍Δ͜ͱΛҙຯ

͢Δ. ͦͯ͠,ྻ{S3
1 /k(K)}∞k=1Λਤ1ʹϓϩοτͨ࣌͠,ஈʑͱ֎ଆʹ཭Ε͍༷ͯ͘Λࣔ

͢͜ͱ͕, ূ໌ͷΞ΢τϥΠϯͰ͋Δ. ͜ͷఆཧ͸, KΛτʔϥε݁ͼ໨T (p, q)ͱ͢Δ
͜ͱʹΑΓ,ాݹ ([16])ɾFintushel-Stern ([9])ͷ݁ՌΛ෮͢ݩΔ. ͞Βʹ, h(S3

1 (K)) < 0

Λຬͨ݁͢ͼ໨ͱͯ͠, ૒ۂɾαςϥΠτ݁ͼ໨ͷແྻܥݶΛߏ੒ՄೳͰ͋Δ.

໋୊ 2 (໺࡚-ࠤ౻-୩ޱ, [26], 2019) h(S3
1 (K)) < 0Λຬͨ͢૒݁ۂͼ໨, αςϥΠτ

݁ͼ໨ͷແ͕ྻݶଘ͢ࡏΔ.

Θ3
H ͷઌڀݚߦ͸, Seifert ϗϞϩδʔ .໘ʹର͢Δ΋ͷ͕΄ͱΜͲͰ͋Δٿ3 ҰํͰ,

Θ3
Hͷશͯͷݩ͸, ૒ݩ࣍3ۂଟ༷ମΛ୅දݩͱͯͭ࣋͜͠ͱ͕஌ΒΕ͍ͯΔ ([25]). ͦ
ͷ؍఺͔Β, .͸ࣗવͳ໰͍Ͱ͋Δ࣍

໰ 3 Θ3
Hͷશͯͷݩ͸, Seifert ʁ͔ͭ࣋ͱͯ͠ݩଟ༷ମΛ୅දݩ࣍3

͜ͷ໰͍ͷ౴͑͸൱Ͱ͋Δ. ͜Ε͸ 2015೥ʹ Seiberg-Witten(ҎԼ, SW)ཧ࿦ 8 Λ
༻͍ͯ, Stoffregen͕ূ໌Λ༩͑ͨ ([28]). 1.1ষͰ͸ ASDํఔࣜΛ༻͍ͯಘΒΕΔ,

Yang-Mills(ҎԼYM)ཧ࿦ʹ͍ͭͯͷΈ, ड़΂͕ͨ, ήʔδཧ࿦ʹ͸, SWํఔࣜΛ༻͍
ͯಘΒΕΔSWཧ࿦͕͋Δ. YMཧ࿦ͱSWཧ࿦͸, ฒൃͯ͠ߦల͖ͯͨ͠ྺ͕࢙͋Γ,

ৗʹ྆ऀͷؔ܎͸ҙࣝ͞Ε͖ͯͨ. ด4ݩ࣍ଟ༷ମʹରͯ͠͸, DonaldsonෆมྔͱSW

ෆมྔ͕౳ՁͰ͋Δͱ͍͏Witten༧૝͕͋Γ, ͦͷҰ෦͕ղ͔Ε͍ͯΔ ([7]). ·ͨ,

Theorem A͸, YMཧ࿦ͱSWཧ࿦ͷ྆ཧ࿦ʹ͓͍ͯূ໌ՄೳͰ͋Δ. ҰํͰ, ѻ͏ଟ
༷ମΛඇίϯύΫτͱ͢Δ৔߹, ྆ཧ࿦ͷಉ஋ੑཱ͕֬͞Ε͓ͯΒͣ, ੒ཱ͢Δʹࡍ࣮
ͷ͔ෆ໌Ͱ͋ΔΑ͏ͳଟ͘ͷ෦෼͕͋Δ. զʑ͸, YMཧ࿦Λ༻͍ͯ, ໰3ͷ౴͕͑൱Ͱ
͋Δ͜ͱͷผূ໌Λ༩͑ͨ;

ఆཧ 7 (Stoffregen, [28], SWཧ࿦, 2015, ໺࡚-ࠤ౻-୩ޱ, [26], YMཧ࿦, 2019) Θ3
H

ͷݩͰ͋ͬͯ, Seifert ϗϞϩδʔ3ٿ໘Λ୅දݩͱؚͯ͠·ͳ͍΋ͷ͕ଘ͢ࡏΔ.

·ͨ,ʠ༩͑ΒΕͨϗϞϩδʔ ໘Yٿ3 ʹରͯ͠, Y ͕͍͔ͳΔަࠩࣜܗΛͭ࣋ ݩ࣍4
ଟ༷ମͷڥքͱͳΔ͔ʡͱ͍͏໰୊͸, 1.2અͰड़΂֦ͨு͞ΕͨTheorem Aʹؔ࿈͠,

.Ε͖ͯͨͨ࣋ຯΛڵ ྫ͑͹, SeifertϗϞϩδʔ3ٿ໘΍݁ͼ໨खज़Ͱॻ͔ΕΔϗϞϩ
δʔ3ٿ໘͸, ඞͣ, ,ਖ਼ఆ஋͕ࣜܗࠩަ ΋͘͠͸ෛఆ஋Ͱ͋ΔίϯύΫτ༗ݩ࣍4޲ଟ
༷ମͷڥքͱͳΔ͜ͱ͕஌ΒΕ͍ͯΔ. r0(Y )ͷ࿈݁࿨ެࣜΛ༻͍Δͱ, ໰ 3ʹ౴͑Δ
͚ͩͰ͸ͳ͘, ;ͷ໰͍ʹ΋౴͑Λ༩͑Δ͜ͱ͕Ͱ͖Δ࣍

໰ 4 ,ਖ਼ఆ஋͕ࣜܗࠩަ ΋͘͠͸ෛఆ஋Ͱ͋ΔίϯύΫτ༗޲ ʹքڥଟ༷ମͷݩ࣍4
ͳΓಘͳ͍, ϗϞϩδʔ3ٿ໘͸ଘ͢ࡏΔ͔ʁ

͜Εʹରͯ͠, .Λࣔͨ࣍͠

ఆཧ 8 (໺࡚-ࠤ౻-୩ޱ, [26], 2019) ,ਖ਼ఆ஋͕ࣜܗࠩަ ΋͘͠͸ෛఆ஋Ͱ͋Δ4ݩ࣍
ଟ༷ମͷڥքʹͳΓಘͳ͍, ϗϞϩδʔ ໘ͷ଒ٿ3 {Yk}∞k=1 ͕ଘ͢ࡏΔ. ಛʹ, [Yk]͸,

8Pin(2)-monopole FloerϗϞϩδʔΛ༻͍ͯఆٛ͞ΕΔα, β, γΛ༻͍ͯࣔ͞Εͨ.
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Seifert ϗϞϩδʔ3ٿ໘, ݁ͼ໨ͷखज़Ͱ͔͚ΔϗϞϩδʔ3ٿ໘Λؚ·ͳ͍. ͞Βʹ
ͦͷΑ͏ͳ {Yk}∞k=1 Λ, {[Yk]}∞k=1 ͕Θ3

H ʹ͓͍ͯҰ࣍ಠཱͰ͋ΔΑ͏ʹબͿ͜ͱ͕Ͱ
͖Δ.

ఆཧ8ͷܥͱͯ͠, ఆཧ7͕ै͏. ͜ͷ݁ՌͷSWཧ࿦Λ༻͍ͨূ໌͸஌ΒΕ͍ͯͳ͍.

͞Βʹ, ໰3ΛΑΓҰൠԽͨ͠໰͍ͱͯ͠,

໰ 5 Θ3
Hͷશͯͷݩ͸, Seifert ΕΔ͔ʁ͞هͰද߹݁ܕଟ༷ମͷઢݩ࣍3

ͱ͍͏໰͍͕͋Δ. ҰํͰ, ໋୊ 1ʹΑͬͯ, rs(Y )͸, Seifert ߹݁ܕଟ༷ମͷઢݩ࣍3
Ͱॻ͔Ε͍ͯΔ࣌. ༗ཧ਺Ͱ͋ͬͨ. ͢ͳΘͪ, rs(Y )͕ແཧ਺Ͱ͋ΔΑ͏ͳY Λൃݟ
͢Ε͹, ໰5ʹ౴͑Λ༩͑Δ͜ͱ͕Ͱ͖Δ. ͜ΕΛ೦಄ʹ, .ͨͬߦΛࢉܭͷΑ͏ͳ࣍

ίϯϐϡʔλࢉܭ 1 ೚ҙͷ sʹରͯ͠

rs(S
3
1 /2 (5

∗
2 )) ≈ 0.0017648904 7864885113 0739625897 0947779330 4925308209

͕10−50ΦʔμʔͰ੒ཱ͢Δ. ͨͩ͠, S3
1 /2 (5

∗
2 )͸, Rolfsenͷςʔϒϧͷ݁ͼ໨52 ͷ, ڸ

૾ͷ1/2खज़Ͱ͋Δ.

͜ͷ஋ΛݟΔͱ, খ਺఺ҎԼʹप͕ੑظͳ͍.

໰ 6 ೚ҙͷ sʹରͯ͠, rs(S3
1 /2 (5

∗
2 ))͸ແཧ਺͔ʁ

͜ͷ໰͍͕ߠఆతʹղ͔Εͨ৔߹, ࣔ͞ΕΔ͜ͱͱͯ͠, .Δ͕͋࣍

໋୊ 3 (໺࡚-ࠤ౻-୩ޱ, [26], 2019) ΋͠໰6͕ߠఆతʹղ͔ΕΕ͹, Θ3
H/Θ

3
S͸, ZΛ

෦෼܈ͱؚͯ͠Ή. ͨͩ͠, Θ3
S͸, Seifert ϗϞϩδʔ3ٿ໘ʹੜ੒͞ΕΔΘ3

Hͷ෦෼܈
ͱ͢Δ.

4. ະղܾ໰୊
4.1. ϗϞϩδʔಉ܈ڥʹ͍ͭͯ

Θ3
Hͷߏ଄ʹؔ͢Δະղܾ໰୊ͱ͕ͯ͋࣍͠Δ.

໰ 7 Θ3
H͸, torsionΛ͔ͭ࣋ʁ

͜ͷ໰୊΁ͷҰͭͷΞϓϩʔνͱͯ͠, ,͸ࢯथޫ౻ࠤͷऀڀݚಉڞ ͷΑ͏ͳՄೳੑ࣍
Λఏࣔͨ͠; KΛS3 ಺ͷ༗݁޲ͼ໨ͱ͢Δ. S(K,−K∗)ΛKͱ−K∗(∗͸૾ڸͷҙ)ͷ
εϓϥΠεͱ͢Δ. ͜ͷ࣌, 2[S(K,−K∗)] = 0 ∈ Θ3

HͰ͋Δ͜ͱ͕஌ΒΕ͍ͯΔ. Αͬ
ͯ, ༗݁޲ͼ໨ KͰ͋ͬͯ, S(K,−K∗)͕S3 ͱϗϞϩδʔಉڥͰͳ͍΋ͷΛൃݟͰ͖
Ε͹, Ґ਺ 2ͷ torisonͷଘ͕ࡏ෼͔Δ. ͜Εʹ͍ͭͯ, ෆมྔ rs(Y )͸͑࢖ͳ͍ͩΖ
͏͔;

໰ 8 rs(S(K,−K∗)) ̸= ∞Ͱ͋ΔΑ͏ͳ༗݁޲ͼ໨Kͱ s͸, ଘ͢ࡏΔ͔ʁ

͜ͷ໰͍͕ߠఆతʹղ͔ΕΕ͹, Θ3
Hʹ torsion͕͔ͭݟΔ. ·ͨ, զʑͷߏ੒ͨ͠෦෼

ͷྻΘ3܈
H(≥ r)ʹ͍ͭͯ, .ͷΑ͏ͳ໰୊͕͋Δ࣍

໰ 9 r < r′ʹରͯ͠, Θ3
H(≥ r)/Θ3

H(≥ r′)͸༗ݶੜ੒͔ʁ ·ͨ, Θ3
H(≥ ∞)͸༗ݶੜ

੒͔ʁ
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͜ͷ໰୊͸, Θ3
HΛ෦෼܈ͷྻʹ෼ղͯ͠ཧղ͢ΔՄೳੑʹؔΘΔ. ͜ͷ໰୊΁ͷΞϓ

ϩʔνͱͯ͠, զʑͷख๏Λ, SWཧ࿦Ͱ༻͍ΒΕ͍ͯΔʠہॴಉܕʡͷςΫχοΫͱ
૊Έ߹Θͤͯ͞ΒʹਂΊΔํ͑ߟ͕ੑ޲ΒΕΔ. ·ͨ, Θ3

H(≥ ∞)ͷZ∞ͷੜ੒ݩͷީ
ิͱͯ͠, {Σ(p, q, pqk + 1)}∞k=1 ͕͋Δ.

໰ 10 (p, q)͸͍ޓʹૉͳࣗવ਺ͷϖΞͱ͢Δ࣌, {Σ(p, q, pqk+1)}∞k=1͸, Ұ࣍ಠཱ͔ʁ

SWཧ࿦Λ༻͍ͯಋ͔ΕΔ, 10/8ఆཧ ([17])Λ͜͏࢖ͱͰ, Σ(2, 3, 7)͕ torsionͰͳ͍͜
ͱ͕෼͔Δ. Ұํ, YMཧ࿦Λ༻͍ͯಘΒΕΔh΍ {rs(Y )}, ΓY (k)͸, Σ(2, 3, 7)ʹର͠
ͯࣗ໌ (S3 ʹର͢Δ஋ͱಉ͡)ͱͳΔ. SWཧ࿦͔ΒಘΒΕΔZΛ஋ʹͭ࣋ϗϞϩδʔ
ಉڥෆมྔ α, β, γ([23]), κ ([22])͸, Σ(2, 3, 7)ʹରͯ͠ফ͍͑ͯͳ͍͜ͱ͕஌ΒΕ͓ͯ
Γ, ͜ΕΒΛ༻͍Δ͜ͱ͸, ໰10Λߠఆతʹղ͘ࡍʹ͸, ҰͭͷՄೳੑΛ༩͑Δ.

4.2. ΠϯελϯτϯFloerϗϞϩδʔʹ͍ͭͯ

զʑ͸, S3
1 /k(K)͕Ұ࣍ಠཱͰ͋ΔͨΊͷे෼৚݅Λ༩͕͑ͨ, S3

1 /k(K)ͷΠϯελϯτ
ϯFloerϗϞϩδʔ͸, ෼͔͍ͬͯͳ͍. ΑΓҰൠͷ݁ͼ໨Kʹରͯ͠, Πϯελϯτ
ϯFloerཧ࿦Λࣗ༝ʹѻ͏ͨΊʹ͸, FloerϗϞϩδʔͷ͕ࢉܭॏཁͱͳΔ.

໰ 11 ͼ໨݁ڮ2 Kͱ, 0Ͱͳ͍੔਺ k ∈ Zʹରͯ͠, S3
1 /k(K)ͷΠϯελϯτϯFloer

ϗϞϩδʔΛͤࢉܭΑ.

ಛʹK = T (p, q)ͱ͢Δͱ͖, ͦͷࢉܭ͸, [9]ͰߦΘΕ͍ͯΔ. ·ͨ, ๏ͷҰͭํࢉܭ
ͷՄೳੑͱͯ͠, खज़׬શྻΛ༻͍Δͱ͍͏ํ๏͕͋Δ ([3]). ,ʹޙ࠷ Πϯελϯτϯ
Floerཧ࿦ʹ͓͚Δ, .Δ͛ڍຊతͳ໰୊Λج

໰ 12 Ұൠͷ3ݩ࣍ଟ༷ମY ͱSU(2)ଋʹରͯ͠, ઁಈʹґΒͳ ʠ͍ಉมʡΠϯελϯ
τϯFloerϗϞϩδʔΛߏ੒ͤΑ.

͜ͷ໰୊ʹ͸, ଟ͘ͷਓ͕ಛผͳ৔߹ʹ௅ઓ͍ͯ͠Δ ([13], [2], [27])͕, ະͩ, ܾఆతͳ
ఆٛ͸༩͑ΒΕ͍ͯͳ͍. ʹఆ఺ʡݻͷ܈͸,ʠήʔδࡏ೉ͷॴࠔ ؔΘΔ෦෼ʹ͋Γ, ݻ
ఆ఺ʹد༩ʹΑΓ, ઁಈʹର͢Δґଘੑ΍,ʠ ∂2 ̸= 0 ʡʹ ؔ͢Δ໰୊͕ݱΕΔ.
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ϥάϥϯδϡɾϑϨΞʔཧ࿦͔Βߏ੒͞Εͨ
෦෼ٖლಉܕͱͦͷॾԠ༻

઒࡚੝௨ ∗(һPDڀݚձಛผڵ౎େֶֶज़ৼژ)

ྩ࿨ݩ೥ീ݄ࣣ೔

1.ಋೖ
ຊߘͰ͸ଟ༷ମ͸શͯ࿈݁Ͱڥքͷͳ͍΋ͷΛ͑ߟΔͱ͢Δ. ·ͨ, ຊߘͰ͸ৗʹC∞

.ͱ͢Δڃ∞Β͔ͳࣸ૾ͱ͍͑͹ৗʹC׈,͑ߟͷଟ༷ମΛڃ

ఆٛ 1.1 MΛ 2nݩ࣍ଟ༷ମͱ͢Δ. M্ͷೋ࣍ඍ෼ࣜܗω͕γϯϓϨΫςΟοΫࣜܗ
Ͱ͋Δͱ͸, ω͕ดࣜܗ,ͭ·Γ dω = 0Ͱ͋ͬͯ,೚ҙͷ x ∈ Mʹ͍ͭͯ (ωn)x ! 0ͱͳ
Δ͜ͱͰ͋Δ. ωͷ૊ࣜܗଟ༷ମMͱͦͷ্ͷγϯϓϨΫςΟοΫݩ࣍਺ۮ (M,ω)Λ
γϯϓϨΫςΟοΫଟ༷ମͱ͍͏.

ॳ౳తͳઢܗ୅਺ͷ݁ؼͱͯ͠, γϯϓϨΫςΟοΫࣜܗ ω ͱ x ∈ M ʹ͍ͭͯ,
ωx : TxM × TxM → R͸ೋࣜܗ࣍ͱͯ͠ඇୀԽͱͳΔ͜ͱ͕஌ΒΕ͍ͯΔ.
ҎԼͷྫͷΑ͏ʹ༨઀ଋʹ͸ࣗવͳγϯϓϨΫςΟοΫߏ଄͕ೖΔ. ͜Ε͕ͦ͜γϯ

ϓϨΫςΟοΫزԿֶ͕ݹయྗֶ͔Β஀ੜͨ͠ྺ࢙తݯىͰ͋Δ.

ྫ 1.2 NΛଟ༷ମͱ͢Δ. Nͷ༨઀ଋT ∗N ͸ҎԼͷΑ͏ͳࣗવͳγϯϓϨΫςΟοΫܗ
ࣜω0Λ΋ͭ.
π : T ∗N → NΛࣗવͳࣹӨͱ͢Δ. ͜ͷͱ͖,Ұ࣍ඍ෼ࣜܗλ0Λλ0(v) = p(π∗v) (q ∈ N,

p ∈ T ∗q N, v ∈ T(p,q)(T ∗N))ʹΑΓఆٛ͢Δ. ω0 = dλ0ͱ͢Δͱ, ω0͸γϯϓϨΫςΟοΫ
.Ͱ͋Δࣜܗ

γϯϓϨΫςΟοΫزԿֶΛ͑ߟΔଞͷಈػ͸,ଌ஍ྲྀΛ௨ͨ͠ϦʔϚϯزԿͱͷؔ
ذͳͲଟ܎ԿͱͷؔزԿΛ௨ͨ͠୅਺زέʔϥʔ,܎ͱͷؔܕϛϥʔରশੑͷA໛,܎
ʹ౉Δ͕,͜͜Ͱ͸ׂѪ͢Δ.

(M,ω)ΛγϯϓϨΫςΟοΫଟ༷ମͱ͠,ͦͷ্ͷC∞ڃϕΫτϧ৔ͷ੒͢ू߹ΛX(M)
ͱ͢Δ. M্ͷവ਺H : M → Rʹ͍ͭͯ,ͦͷϋϛϧτϯɾϕΫτϧ৔XHΛ

೚ҙͷV ∈ X(M)ʹ͍ͭͯ, ω(XH,V) = −dH(V)

ʹΑͬͯఆٛ͢Δ (ω͸ඇୀԽೋࣜܗ࣍ͳͷͰ,͜ͷΑ͏ͳXH͸Ұҙʹఆ·Δ).
ԁप S 1Λ S 1 = R/ZʹΑͬͯఆΊΔ. ·ͨ,ຊߘͰ͸ؒ࣌ґଘ͠ίϯύΫτ୆Λ΋ͭ

ϋϛϧτϯവ਺Λ͑ߟΔ. ͭ·Γຊߘʹ͓͍ͯ,γϯϓϨΫςΟοΫଟ༷ମ (M,ω)্ͷ
ϋϛϧτϯവ਺ͱ͸,׈Β͔ͳവ਺H : [0, 1] × M → RͰ͋ͬͯ,ͦͷ୆H͕ [0, 1] × M
಺ͷίϯύΫτ෦෼ू߹ͱͳΔ΋ͷΛ͢ࢦ. ·ͨ, ϋϛϧτϯവ਺ H : [0, 1] × M → R
ʹ͍ͭͯ, ͦͷؒ࣌ύϥϝʔλ tΛݻఆͨ͠΋ͷΛHtͰఆΊΔ. ͭ·ΓHt : M → RΛ
Ht(x) = H(t, x)ʹΑͬͯఆٛ͢Δ.
ຊڀݚ͸Պݚඅ (՝୊൪߸:18J00765)ͷॿ੒Λड͚ͨ΋ͷͰ͋Δɻ
Ωʔϫʔυɿٖლಉܕ,ϋϛϧτϯඍ෼ಉ૬܈,ϥάϥϯδϡɾϑϨΞʔཧ࿦
∗˟ ॴڀݚ౎େֶ਺ཧղੳژ๺ന઒௥෼ொ۠ژࠨࢢ౎ژ౎෎ژ606-8317
e-mail: kawasaki@kurims.kyoto-u.ac.jp
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ϋϛϧτϯവ਺H : [0, 1]× M → Rʹ͍ͭͯ,ͦͷϋϛϧτϯɾΠιτϐʔ {φt
H}t∈[0,1]Λ

มԽ͢ΔϕΫτϧ৔ؒ࣌ {X(Ht)}tʹΑΔੵ෼ͱͯ͠ఆٛ͢Δ. ͭ·Γ,ඍ෼ํఔࣜφ0
H = id,

dφt
H

dt = X(Ht)ͷղͱͯ͠ఆٛ͢Δ. ,ʹߋ φ1
HΛφHͱུ͠ه,͜ΕΛHʹΑΓੜ੒͞Εͨϋ

ϛϧτϯඍ෼ಉ૬ࣸ૾ͱݺͼ,ϋϛϧτϯവ਺͔Βੜ੒͞ΕΔඍ෼ಉ૬ࣸ૾Λϋϛϧτ
ϯඍ෼ಉ૬ࣸ૾ͱݺͿ.
γϯϓϨΫςΟοΫଟ༷ମ (M,ω)ʹ͍ͭͯϋϛϧτϯͷ੒͢ू߹Λϋϛϧτϯඍ෼

ಉ૬܈ͱݺͼ, Ham(M,ω)ͱද͢هΔ. ͜Ε͸໊લͷ௨Γࣸ૾ͷ߹੒ʹ͍ͭͯ܈Λ੒͢.
(ͨͩ͠,ʮϋϛϧτϯവ਺Ͱੜ੒͞ΕΔʯͱ͍͏ܗͰͷఆٛͷͨΊ,࣮܈ʹࡍΛ੒͢͜
ͱΛূ໌͢Δͷ͸গ͠ඇࣗ໌Ͱ͋Δ.)
ͯ͞,͜͜ͰγϯϓϨΫςΟοΫଟ༷ମ্ͷࣗવͳม܈׵ͱͯ͠ϋϛϧτϯඍ෼ಉ૬

Կͷઐ໳Ո͔Β͢Ε͹γϯϓϨΫςΟοΫزΛఆٛͨ͠Θ͚͕ͩ,τϙϩδʔ΍ඍ෼܈
΋ࣗવͳ֓೦Ͱ܈Ͱ͋ΔγϯϓϨΫςΟοΫඍ෼ಉ૬܈଄Λอͭඍ෼ಉ૬ࣸ૾ͷ੒͢ߏ
͋Ζ͏. ೚ҙͷϋϛϧτϯඍ෼ಉ૬ࣸ૾͸γϯϓϨΫςΟοΫࣜܗΛอଘ͠,ߋʹ͍͑
͹ϋϛϧτϯඍ෼ಉ૬܈͸γϯϓϨΫςΟοΫඍ෼ಉ૬܈ͷਖ਼ن෦෼܈Ͱ͋Δ.
ϋϛϧτϯඍ෼ಉ૬܈Ham(M,ω)ΛʮϦʔ܈ʯͱΈͳ͢৔߹,ͦͷʮϦʔ؀ʯͰ͋Δ

Lie(Ham(M,ω))͸ϋϛϧτϯɾϕΫτϧ৔ͷ੒͢ઢۭؒܗͱͳΔ. ϋϛϧτϯɾϕΫτ
ϧ৔͕ϋϛϧτϯവ਺ͷඍ෼ͷΈͰܾ·Δ͜ͱΛ͑ߟΔͱ, Lie(Ham(M,ω))͸C∞(M)/R
ͱಉҰࢹͰ͖,ಛʹϋϛϧτϯඍ෼ಉ૬܈͸ʮແݩ࣍ݶϦʔ܈ʯͰ͋Δ.
ҎԼ, γϯϓϨΫςΟοΫزԿֶ (ϋϛϧτϯྗֶܥ)ͷ͓͚Δ non-displaceabilityͷ

໰୊Λ͑ߟΔͷ͕ͩ,ม͕܈׵ແݩ࣍ݶͱͳΔϋϛϧτϯྗֶ͕ܥຊߘͰड़΂ΔΑ͏ͳ
ʮ߶ੑʯΛͭ࣋͜ͱʹ͜ͷ໰୊ͷ໘ന͕͋͞Δ. X, YΛγϯϓϨΫςΟοΫଟ༷ମ (M,ω)
ͷ෦෼ू߹ͱ͢Δ. X͕ Y͔Β displaceableͰ͋Δͱ͸, ͋Δ f ∈ Ham(M,ω)͕ଘ͠ࡏ
ͯ, f (X) ∩ Ȳ = ∅ͱͳΔ͜ͱͰ͋Δ. ͜͜Ͱ, Ȳ͸YͷดแͰ͋Δ. ୯ʹX͕displaceable
ͱ͍ͬͨ৔߹ʹ͸, X͕Xࣗ਎͔ΒdispleceableͰ͋Δ͜ͱΛ͢ࢦ.
·ͣ͸ೋݩ࣍ͷ৔߹Λ͑ߟΑ͏. ೋݩ࣍ͷ৔߹,γϯϓϨΫςΟοΫࣜܗ͸໘ੵࣜܗ

ͱҰக͢Δͷ΋͋ͬͯ,͜ͷ໰୊Λқ͘͠ཧղ͢Δ্Ͱ༗ޮͰ͋Δ.

ྫ 1.3 ೋٿݩ࣍໘S 2ΛS 2 = {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}ʹΑͬͯఆٛ͠,ඪ४తͳγ
ϯϓϨΫςΟοΫࣜܗ (໘ੵࣜܗ)ω0Λ͑ߟΔ. വ਺F : S 2 → RΛF(x, y, z) = zͰఆΊΔ.
͜ͷͱ͖, F−1(c)͸ c ! 0ͷͱ͖ displaceableͰ, c = 0ͷͱ͖ non-displaceableͰ͋Δ.

લऀ͸SO(3) ≤ Ham(S 2,ω0)͔Β͕ͨ͠͏ (͜͜Ͱ, SO(3)͸ඪ४తͳྔܭΛೖΕͨS 2ͷ
.(ࢹͱಉҰ܈ͷ੒͢׵Λอͭ౳௕ม͖޲ ͸ϋϛϧτϯඍ෼ಉ૬ࣸ૾͕γϯϓϨΫऀޙ
ςΟοΫࣜܗ=໘ੵࣜܗΛอଘ͢Δ͜ͱ͔Βै͏.

F−1(0)͸໌Β͔ʹඍ෼ಉ૬ࣸ૾Ͱ displaceableͰ͋ΔͷͰ, ͜ͷྫ͔ΒͲ͏΋γϯϓ
ϨΫςΟοΫزԿಛ༗ͷʮ߶ੑʯ͕͋Γͦ͏ͳͷ͕ͤ࡯ΒΕΔͰ͋Ζ͏.

ྫ 1.4 ೋݩ࣍τʔϥε T 2 Λ T 2 = S 1 × S 1 Ͱఆٛ͠, ඪ४తͳγϯϓϨΫςΟοΫܗ
ࣜ (໘ੵࣜܗ)ω0 Λ͑ߟΔ. ͜ͷͱ͖, ೚ҙͷ c ∈ S 1 ઢܦ͍ͯͭʹ {c} × S 1 ⊂ T 2 ͸
non-displaceableͰ͋Δ.

͜ͷྫ͸ඇઐ໳Ոʹ͸͔ڻΕΔ͜ͱͷଟ͍΋ͷͰ͋Δ. ͱ͍͏ͷ΋ {c} × S 1͸ T 2্
ͷฏߦҠಈ (x, y) +→ (x + a, y) (a ! 0)Ͱ༰қʹdisplace͞Ε,͜ͷฏߦҠಈ͸γϯϓϨΫ
ςΟοΫࣜܗω0Λอ͔ͭΒͰ͋Δ. ͭ·Γ,͜Ε͸γϯϓϨΫςΟοΫඍ෼ಉ૬ࣸ૾ͱ
ϋϛϧτϯඍ෼ಉ૬ࣸ૾ͱͰ displaceabilityʹ͕ࠩ͋Δ͜ͱΛ͓ࣔͯ͠Γ, ϋϛϧτϯ
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.Δ΋ͷͰ͋Δࠦࣔ͘͢ڧΛࡏಛ༗ͷʮ߶ੑʯͷଘܥֶྗ ·ͨ,ϋϛϧτϯྗֶܥʹ͸
ϗʔϑΝʔزԿ΍ෆมଌ౓ɾपظ఺ͷଘࡏͳͲଞͷʮ߶ੑʯ΋஌ΒΕ͍ͯΔ͕,͜ΕΒ
ͱnon-displaceabilityͱͷؔ܎΋͞ڀݚΕ͍ͯΔ (ྫ͑͹ [Po98, Po14]).
γϯϓϨΫςΟοΫଟ༷ମ (M,ω)্ͷؒ࣌ґଘ͠ͳ͍ϋϛϧτϯവ਺ F,G : M → R

ʹ͍ͭͯ,ͦͷϙΞιϯׅހ {F,G}Λω(XG, XF)ʹΑͬͯఆٛ͢Δ.

ఆٛ 1.5 (M,ω)Λ 2nݩ࣍γϯϓϨΫςΟοΫଟ༷ମͱ͢Δ. Β͔ͳࣸ૾Φ׈ : M → Rk

͕೚ҙͷ i, jʹ͍ͭͯ {Φi,Φ j} = 0Λຬͨ͢ͱ͖,ӡಈྔࣸ૾Ͱ͋Δͱ͍͏.

ӡಈྔࣸ૾ͷϑΝΠόʔͷ (non-)displaceability͸͞ڀݚ͘޿Ε,ಛʹτʔϦοΫଟ༷
ମͷӡಈྔࣸ૾ͷͦΕ͸ 2000೥୅Ҏ༷߱ʑͳ͕ڀݚͳ͞Ε͍ͯΔ. ӡಈྔࣸ૾ͷϑΝ
Πόʔͷ (non-)displaceabilityʹ͍ͭͯͷݹయత݁ՌͰ,ຊߘͰಛʹॏཁͱͳΔͷ͸Τϯ
τϑͱϙϧςϩϰΟονʹΑΔҎԼͷఆཧͰ͋Δ.

ఆཧ 1.6 ([EP06]) Φ : M → RkΛดγϯϓϨΫςΟοΫଟ༷ମ্ͷӡಈྔࣸ૾ͱ͢Δ.
͜ͷͱ͖, Φ͸ non-displaceableͳϑΝΠόʔΛ΋ͭ, ͭ·Γ, ͋Δ y0 ∈ Rk͕ଘͯ͠ࡏ
Φ−1(y0)͸non-displaceableͱͳΔ.

ຊߘͷओ୊͸্هఆཧͷʮ૬ର൛ʯΛ͑ߟΔ͜ͱͰ͋Δ. ఆཧ1.6͸ϋϛϧτϯɾϑϨ
Ξʔཧ࿦Λ༻͍ͯূ໌͞Ε͕ͨ,ͦͷ૬ର൛Λ͑ߟΔʹ͋ͨͬͯ͸ϥάϥϯδϡɾϑϨ
Ξʔཧ࿦Λ༻͍Δ͜ͱʹͳΔ. ͦΕʹΑΓੜ͡Δٕज़తࠔ೉ʹ͍ͭͯ͸ޙʹઆ໌͢Δ.

ఆٛ 1.7 (M,ω)Λ2nݩ࣍γϯϓϨΫςΟοΫଟ༷ମͱ͢Δ. Mͷ෦෼ଟ༷ମL͕ (M,ω)
ͷϥάϥϯδϡ෦෼ଟ༷ମͰ͋Δͱ͸, Lͷ͕ݩ࣍nͰω|L = 0ͱͳΔ͜ͱͰ͋Δ.

ྫ 1.8 ଟ༷ମNͷ༨઀ଋT ∗Nͷྵ੾அ0N͸ (T ∗N,ω0)ͷϥάϥϯδϡ෦෼ଟ༷ମ.

ຊߘʹ͓͍ͯ͸ൺֱతʮ৚݅ͷྑ͍ʯϥάϥϯδϡ෦෼ଟ༷ମΛओʹ͑ߟΔ͕,͜ͷ
ઌͷٞ࿦Λ؆୯ʹ͢ΔͨΊʹʮྑ͍৚݅ʯͱ͍͏΋ͷΛ͜͜Ͱ·ͱΊ͓ͯ͘.

ఆٛ 1.9 (M,ω)ͷϥάϥϯδϡ෦෼ଟ༷ମ L͕৚݅ (∗)Λຬͨ͢ͱ͸,ҎԼͷ৚݅ͷ͍
ͣΕ͔Λຬͨ͢͜ͱΛ͍͏.

(i) (M,ω)͕͋Δดଟ༷ମNͷ༨઀ଋT ∗Nͱͦͷඪ४తͳγϯϓϨΫςΟοΫࣜܗω0

Ͱ, L͸ͦͷྵ੾அ0NͰ͋Δ,

(ii) (M,ω)͕ดγϯϓϨΫςΟοΫଟ༷ମͰπ2(M, L) = 0.

஫ҙ 1.10 ຊߘʹొ৔͢Δఆཧͷଟ͘͸ΑΓҰൠͷঢ়گͰ΋ূ໌ՄೳͰ͋Δ͕,΍΍͜
͠͞Λආ͚ΔͨΊʹ্ͷΑ͏ʹॻ͍ͨ. ઐ໳Ո͚޲ʹ஫ҙ͢Δͱ,ϥάϥϯδϡɾϑϨ
ΞʔϗϞϩδʔͷඇࣗ໌ੑ͕ຊ࣭తͳ৚݅Ͱ͋Δ.

ఆཧ 1.11 LΛγϯϓϨΫςΟοΫଟ༷ମ (M,ω)ͷϥάϥϯδϡ෦෼ଟ༷ମͰ৚݅ (∗)Λ
ຬͨ͢΋ͷͱ͢Δ. Φ : M → RkΛ (M,ω)্ͷӡಈྔࣸ૾ͱ͢Δ. ͜ͷͱ͖,͋Δ y0 ∈ Rk

͕ଘͯ͠ࡏ, Φ−1(y0)͸ L͔Β΋Φ−1(y0)͔Β΋non-displaceableͱͳΔ.

ຊߘͰ͸ఆཧ1.11Λೋ௨Γͷํ๏Ͱਫ਼ີԽ͢ΔܗͰ࿩ΛਐΊΔ. ͜ͷೋͭͷਫ਼ີԽ͸
ยํ͕΋͏ยํΛแؚ͢Δ΋ͷͰ͸ͳ͘,ͦΕͧΕಛ༗ͷԠ༻Λ͍ͯͬ࣋Δ΋ͷͰ͋Δ.
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2.ϙΞιϯׅހෆมྔ
γϯϓϨΫςΟοΫଟ༷ମ (M,ω)্ͷ1ͷ෼ׂ F⃗ = {F1, . . . , FN}ʹର͠, κ(F⃗)Λ

κ(F⃗) = max
x,y∈[0,1]N

||{
∑

i

xiFi,
∑

j

y jF j}||,

ʹΑΓఆٛ͢Δ. (M,ω)ͷ༗ݶ։ඃ෴U = {U1,U2, . . . ,UN}ʹ͍ͭͯ,ͦͷϙΞιϯׅހ
ෆมྔpb(U)Λpb(U) = inf κ(F⃗)ʹΑͬͯఆٛ͢Δ. ͜͜ͰԼݶ inf͸Uʹ෇ਵ͢Δ,ͭ
·ΓSupp(Fi) ⊂ Ui(i = 1, . . . ,N)ͱͳΔ1ͷ෼ׂ F্⃗ͷ΋ͷͰ͋Δ.

஫ҙ 2.1 Ϛάχνϡʔυ κͷഎܠʹ͸ྔࢠ৘ใཧ࿦΍ྔࢠଌఆཧ࿦͕͋Δ. ͜ͷෆมྔ
ͷྔࢠԽ͕ʮਖ਼࡞༻ૉ஋ଌ౓ͷަࢠ׵ʯʹରԠ͠ɺ͜Ε͸ʮϊΠζʯͷԼ͔ΒͷධՁ
Λ༩͑Δ ([PR]ͷSection 9, [P]). ͜Ε͸ෆ֬ఆੑؔ܎ .ͷʮैܑఋʯ([PR])Ͱ͋Δ(ཧݪ)

໋୊ 2.2 Φ : M → Rk Λӡಈྔࣸ૾ͱ͠, V = {V1,V2, . . . ,VN} Λ Φ(M) ͷ༗ݶ։ඃ
෴ͱ͢Δ. ͜ͷͱ͖, Mͷ༗ݶ։ඃ෴ Φ−1V = {Φ−1(V1),Φ−1(V2), . . . ,Φ−1(VN)}ʹର͠
pb(Φ−1V) = 0ͱͳΔ.

͜ͷ໋୊͸೚ҙͷӡಈྔࣸ૾Φ : M → Rkͱ೚ҙͷ׈Β͔ͳവ਺ A, B : Φ(M) → Rʹ
͍ͭͯ {A ◦ Φ, B ◦ Φ} = 0͕੒Γཱͭ͜ͱΛ༻͍Ε͹༰қʹࣔͤΔ.
ϋϛϧτϯവ਺H : [0, 1] × M → RͷϗʔϑΝʔ௕ ||H||ΛҎԼͷΑ͏ʹఆٛ͢Δ.

||H|| =
∫ 1

0
(max

x∈M
Ht(x) −min

x∈M
Ht(x))dt.

Mͷ෦෼ू߹X, Yʹ͍ͭͯ, XͷY͔Βͷdisplacement energy E(X; Y)ΛҎԼͷΑ͏ʹ
ఆٛ͢Δ.

E(X; Y) = inf{||H||; H ∈ C∞c ([0, 1] × M), φ1
H(X) ∩ Ȳ = ∅}.

X͕Y͔Βnon-displaceableͳ৔߹ʹ͸E(X; Y) = +∞ͱ͢Δ. ·ͨ, Ē(X; Y)Λ Ē(X; Y) =
min{E(X; X), E(X; Y)}ʹΑΓఆٛ͢Δ. Mͷ։ඃ෴U = {U1, . . . ,UN}ʹ͍ͭͯ, E(U),
Ē(U; L)ΛͦΕͧΕE(U) = maxi E(Ui; Ui), Ē(U; L) = maxi Ē(Ui; L)ʹΑΓఆٛ͢Δ.
͜Εʹ͍ͭͯ,ϙϧςϩϰΟον͸ҎԼΛࣔͨ͠.

ఆཧ 2.3 ([P]) U = {U1, . . . ,UN}͸Mͷ։ඃ෴Ͱ,֤Ui͸displaceableͰ͋Δͱ͢Δ. ͜
ͷͱ͖, Ē(U) > 0Ͱ,

pb(U) ≥ (2N2 · E(U))−1 > 0.

໋୊2.2ͱఆཧ2.3͔Βఆཧ1.6͕ै͏. ߲਺ͷؔ܎Ͱূ໌͸ׂѪ͢Δ͕,ʮdisplaceable
ͳดू߹ͷे෼খ͍͞։ۙ๣͸displaceableʯ͍͏࣮ࣄΛ༻͍Ε͹͍ܰ࿅श໰୊Ͱ͋Δ.

ఆཧ 2.4 ([Ka18]) LΛ৚݅(∗)Λຬͨ͢ϥάϥϯδϡ෦෼ଟ༷ମͱ͢Δ. U = {U1, . . . ,UN}
͸։ඃ෴Ͱ,֤Ui͸ L΋͘͠͸Ui͔Βdisplaceableͱ͢Δ. ͜ͷͱ͖, Ē(U; L) > 0Ͱ,

pb(U) ≥ (2N2 · Ē(U; L))−1 > 0.

໋୊2.2ͱఆཧ2.4͔Βఆཧ1.11͕ै͏ͷ͸ఆཧ1.6ͷ৔߹ͱಉ༷Ͱ͋Δ.

ྫ 2.5 {U1, . . . ,UM,V1, . . . ,VN}ͱ {W1,W2}ΛͦΕͧΕS 1ͷ։ඃ෴ͰҎԼΛຬͨ͢ͱ͢Δ.
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• ೚ҙͷ i, jͱ kʹ͍ͭͯUi ! S 1, Vj ! S 1ͱWk ! S 1͕੒ཱ,

• ೚ҙͷ i = 1. . . . ,Mʹ͍ͭͯ0 ∈ Ui,೚ҙͷ j = 1, . . . ,Nʹ͍ͭͯ0 " Vj͕੒ཱ.

͜ͷͱ͖, T 2ͷ։ඃ෴U1,U2,U3ΛҎԼͰఆٛ͢Δ.

U1 = {Ui × S 1,Vj × S 1}i, j,U2 = {Ui × Wk,Vj × S 1}i, j,k,U3 = {Ui × Wk,Vj × Wk}i, j,k.

͜ͷͱ͖, pb(U1) ≤ pb(U2) ≤ pb(U3)͕஌ΒΕ͓ͯΓ,໋୊2.2ΑΓpb(U1) = 0,ఆཧ2.3
ΑΓpb(U3) > 0ͱͳΔ. ͦͯ͠,චऀͷఆཧ2.4ΑΓਅΜதͷpb(U2) > 0͕෼͔Δ.

װͱ૬ରతװ.3
ఆཧ1.11ͷ΋͏Ұͭͷূ໌ʹ࿩ΛҠͦ͏.
·ͣ͸ΤϯτϑͱϙϧςϩϰΟονʹΑΓಋೖ͞Εͨװͱ͍͏֓೦Λઆ໌͢Δ.

ఆٛ 3.1 ([EP06]) XΛγϯϓϨΫςΟοΫଟ༷ମ (M,ω)ͷίϯύΫτ෦෼ू߹ͱ͢Δ.
MͷίϯύΫτू߹Y͸ҎԼͷ৚݅Λຬͨ͢ӡಈྔࣸ૾Φ = (Φ1, . . . ,Φk) : M → Rk͕
ଘ͢ࡏΔͱ͖ʹװͱ͍͏.

(i) ͋Δ y0 ∈ R͕ଘͯ͠ࡏY = Φ−1(y0),

(ii) ೚ҙͷ y ! y0ʹ͍ͭͯΦ−1(y)͸displaceableͰ͋Δ.

[EP06]ʹ͓͍ͯ͸ (M͕ดଟ༷ମͷ৔߹ʹ)೚ҙͷ͕װnon-displaceableͰ͋Δ͜ͱ͕
ূ໌͞Ε,ͦΕ͔Βͨͩͪʹఆཧ1.6͕ಘΒΕͨ. ͦͷޙ, [EP09]ʹ͓͍ͯװ͸͞Βʹڧ
͍ʮ߶ੑʯΛ΋ͭ͜ͱ͕ҎԼͷఆཧͷܗͰࣔ͞Εͨ.

ఆཧ 3.2 ([EP09]) (M,ω)ΛดγϯϓϨΫςΟοΫଟ༷ମͱ͠, X, YΛ (M,ω)ͷװͱ͢Δ.
͜ͷͱ͖, X͸Y͔Βnon-displaceableͰ͋Δ.

্ͷఆཧͰX = Yͷ৔߹Λ͑ߟΕ͹װͷnon-displaceability͕͕ͨ͠͏.
.ͷʮ૬ର൛ʯͱͯ͠චऀ͕ಋೖͨ֓͠೦͸ҎԼͰ͋Δװ

ఆٛ 3.3 ([Ka18]) XΛγϯϓϨΫςΟοΫଟ༷ମ (M,ω)ͷίϯύΫτ෦෼ू߹ͱ͢Δ.
MͷίϯύΫτू߹Y͸ҎԼͷ৚݅Λຬͨ͢ӡಈྔࣸ૾Φ = (Φ1, . . . ,Φk) : M → Rk͕
ଘ͢ࡏΔͱ͖ʹX-װͱ͍͏.

(i) Y = Φ−1(0),

(ii) ೚ҙͷ y ! 0ʹ͍ͭͯΦ−1(y)͸X·ͨ͸Φ−1(y)ࣗ਎͔ΒdisplaceableͰ͋Δ.

ྫ 3.4 ϦʔϚϯଟ༷ମ (N, g)্ͷ༨઀ଋT ∗N্Ͱവ਺H(q, p) = 1
2∥p∥2gΛ͑ߟΔ. H͸വ

਺ҰݸͷΈͰߏ੒͞ΕΔͷͰӡಈྔࣸ૾Ͱ, H−1(0) = 0NҎ֎ͷϑΝΠόʔ͸0Nͱ͍ޓ
ʹަΘΒͳ͍,ಛʹ0N͔ΒdisplaceableͰ͋Δ. ͕ͨͬͯ͠,ྵ੾அ0N͸0N-ܪͰ͋Δ.

͜ͷװͷʮ૬ର൛ʯʹ͍ͭͯఆཧ3.2ʹ֘౰͢Δͷ͸ҎԼͷఆཧͰ͋Δ.

ఆཧ 3.5 ([Ka18, KO19b]) γϯϓϨΫςΟοΫଟ༷ମ (M,ω)ͷϥάϥϯδϡ෦෼ଟ༷ମ
L͸৚݅ (∗)Λຬͨ͢΋ͷͱ͠, X, YΛL-װͱ͢Δ. ͜ͷͱ͖, X͸Y͔Βnon-displaceable
Ͱ͋Δ.
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͜ͷఆཧ͔Βఆཧ 1.11͕ͨͩͪʹै͏. ͜ͷఆཧΑΓ৽ͨͳ L-װΛ͚ͭݟΕ͹ͦΕ
Δͷ͕චऀͱ͍͚ͯͭݟʹࡍͱ͕෼͔ΔͷͰ͋Δ͕,ͦΕΛ࣮ͭ࣋͜ʮ߶ੑʯΛ͍ڧ͕
ંాཾഅࢯͱͷڞಉڀݚ [KO19c]Ͱ͋Δ.

ఆٛ 3.6 Β͔ͳവ਺H׈ : T ∗N → R͕৚݅ (⋆)Λຬͨ͢ͱ͸,ҎԼͷ

(i) ೚ҙͷ c ∈ Rʹ͍ͭͯ෦෼ू߹H−1((−∞, c]
)⊂ T ∗N͕ίϯύΫτ,

(ii) ೚ҙͷq ∈ Nʹ͍ͭͯ,
H(q, 0) = min

p∈T ∗q N
H(q, p),

Λຬͨ͢͜ͱͰ͋Δ.

৚݅ (⋆)Λຬͨ͢വ਺H : T ∗N → Rʹ͍ͭͯ,

mH = max
q∈N

min
p∈T ∗q N

H(q, p) (1)

ͱͯ͠, T ∗Nͷ෦෼ू߹S HΛҎԼͷΑ͏ʹఆٛ͢Δ.

S H = { (q, p) ∈ T ∗N | H(q, p) = mH }. (2)

৚݅ (⋆)Λຬͨ͢വ਺ͱͯ͠͸, ΤωϧΪʔവ਺H(q, p) = 1
2∥p∥2g + U(q)ͳͲ͕͋Δ.

ͨͩ͠, 1
2∥p∥2g͸ӡಈΤωϧΪʔ (g͸ϦʔϚϯྔܭ), U(q)͸ҐஔΤωϧΪʔͰ͋Δ.

ఆཧ 3.7 ([KO19c]) NΛดଟ༷ମͱ͠, Φ = (Φ1, . . . ,Φk) : T ∗N → RkΛ༨઀ଋ্ͷӡಈ
ྔࣸ૾ͱ͢Δ. ,ʹߋ Φ1͸৚݅ (⋆)Λຬ͓ͨͯ͠Γ, Φ(S Φ1)͕୯ू߹ͭ·Γ, y0 ∈ Rk͕ଘ
Φ(Sͯ͠ࡏ Φ1) = {y0}ͱͳΔͱԾఆ͢Δ. ͜ͷͱ͖, Φ−1(y0)Ҏ֎ͷΦͷϑΝΠόʔ͸ྵ੾
அ0N͔ΒdisplaceableͰ͋Δ. ಛʹ, Φ−1(y0)͸0N-װͰ͋Δ. ఆཧ3.5,ྫ3.4ΑΓΦ−1(y0)
͸0N͔Β΋Φ−1(y0)ࣗ਎͔Β΋non-displaceableͰ͋Δ.

͜ͷఆཧʹΑͬͯ,ྫ͑͹T ∗SO(3)্ͷՄੵ෼ܥͰ͋ΔϥάϥϯδϡͷಠָT ∗SO(3)→
R3ͷ্Ͱ0SO(3)-װΛൃݟͰ͖Δ. ଞʹ͸ҎԼͷ͕͋ܥΔ.

ܥ 3.8 ([KO19c]) NΛดଟ༷ମH : T ∗N → R͸৚݅ (⋆)Λຬͨ͢വ਺ͱ͢Δ. ͜ͷͱ͖,
H−1(mH)͸0N͔Β΋H−1(mH)ࣗ਎͔Β΋non-displaceableͰ͋Δ.

H͕ΤωϧΪʔവ਺ͷ৔߹ʹH−1(mH)͕non-displaceableͳͷ͸ [CFP]ʹΑΓূ໌͞
Ε͍ͯΔ͕, 0N͔Βͷnon-displaceablity͸͓ͦΒ͘஌ΒΕ͍ͯͳ͍݁ՌͰ͋Δ.
·ͨ,ఆཧ3.7Ͱٞͨͬߦ࿦Λ༻͍ͯҎԼͷ෭࢈෺͕ಘΒΕΔ. ͜ͷෆٞࢥͳఆཧ͕Ͳ

Ε΄ͲՄੵ෼ܥͷઐ໳ՈͷڵຯΛऒ͘΋ͷͳͷ͔,ຊࣥߘච࣌఺Ͱ͸චऀ΋Α͘෼͔ͬ
͍ͯͳ͍.

ఆཧ 3.9 ([KO19c]) ϋϛϧτϯവ਺H1, . . . ,Hk : T ∗N → R͸৚݅ (⋆)Λຬͨ͠,೚ҙͷ i,
jʹ͍ͭͯ {Hi,Hj} = 0΋ຬ͍ͨͯ͠Δͱ͢Δ. ͜ͷͱ͖,

⋂k
i=1 S Hi ! ∅.
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4.෼྾௕
͜ͷষͰ͸ϥάϥϯδϡɾεϖΫτϧෆมྔͷ΋͏ҰͭͷԠ༻ʹ͍ͭͯ͑ߟΔ. ϋϛϧ
τϯඍ෼ಉ૬܈͸༷ʑͳڑ཭Λͭ࣋͜ͱ͕஌ΒΕ͓ͯΓ,ͦΕ͕ૈزԿతʹͲͷΑ͏ͳ
ੑ࣭Λ͔ͭ࣋͸͞ڀݚ͘޿Ε͍ͯΔ. தͰ΋ಛʹ༗໊ͳ΋ͷ͸ϗʔϑΝʔڑ཭΍ަࢠ׵
௕Ͱ͋Δ͕,͜͜Ͱ͸෼྾௕ͱ͍͏΋ͷΛѻ͏.
ҎԼ,ϢʔΫϦουۭؒRnʹ͸௨ৗͷ L2ϊϧϜ ∥ · ∥ΛೖΕͯ͑ߟΔ. ZnͰ͸ ∥ · ∥ͷ
Zn΁ͷ੍ݶΛ͑ߟ,ಉ͘͡ ∥ · ∥ͱॻ͘.

UΛγϯϓϨΫςΟοΫଟ༷ମ (M,ω)ͷ։ू߹ͱ͢Δ. ͜ͷͱ͖,όϯϠΨͷ෼྾ิ
୊ ([Ba])ʹΑΓ,೚ҙͷφ ∈ Ham(M,ω)ʹ͍ͭͯ,ඇෛ੔਺ k, [0, 1] × UʹίϯύΫτ୆
Λͭ࣋ϋϛϧτϯവ਺H1, . . . ,Hk ∈ C∞c ([0, 1] × U)ͱϋϛϧτϯඍ෼ಉ૬ࣸ૾ψ1, . . . ,ψk

͕ଘ͠ࡏ, φ = ψ−1
1 φH1ψ1 · · ·ψ−1

k φHkψkͱॻ͚Δ. φͷ (Uʹ͍ͭͯͷ)෼྾௕ ∥φ∥UΛ͜ͷΑ
͏ͳ kͷ͏ͪ࠷খͷ΋ͷͱͯ͠ఆٛ͢Δ.
όϯϠΨͷ෼྾ิ୊͸ݩʑ͸ดγϯϓϨΫςΟοΫଟ༷ମͷϋϛϧτϯඍ෼ಉ૬͕܈

୯७Ͱ͋Δ͜ͱͷূ໌Ͱ༻͍ΒΕͨ΋ͷͰ,෼྾Մೳͱ͍͏ੑ࣭͸ϋϛϧτϯඍ෼ಉ૬
.࿦తੑ࣭ͱਂ͔͔͘ΘΔ܈ͷ܈ ۙ೥ͩͱԁ൫ͷଌ౓อଘಉ૬܈ͷ୯७ੑͱ͍͏௕೥ͷ
ະղܾ໰୊͕෼྾௕ͱؔ࿈͢Δ͜ͱ΋஌ΒΕ͍ͯΔ ([LR]).
ΣgΛछ਺ gͷดϦʔϚϯ໘ͱ͠, ωΛͦͷ্ͷγϯϓϨΫςΟοΫࣜܗͱ͢Δ. ϒϥ

ϯσϯϒϧεΩ͸෼྾௕ʹ͍ͭͯҎԼͷ͜ͱΛࣔͨ͠.

ఆཧ 4.1 ([Br]) gΛ2Ҏ্ͷਖ਼ͷ਺ͱ͠, UΛΣgͷՄॖͳ։ू߹ͱ͢Δ. ͜ͷͱ͖,૒Ϧ
ϓγοπ୯ࣹლಉܕ

I : (Z2g−2, ∥ · ∥)→ (Ham(Σg), ∥ · ∥U),

͕ଘ͢ࡏΔ.

͜͜Ͱྺ࢙తͳઆ໌ΛڬΜͰ͓͘ͱ,͜ΕҎલʹϒϥΰ,ΠϰΝϊϑͱϙϧςϩϰΟο
ν [BIP]͕g͕ਖ਼ͷ৔߹ʹ (Z, ∥ · ∥)͔Β (Ham(Σg), ∥ · ∥U)΁ͷ૒Ϧϓγοπ୯ࣹლಉܕΛ
.੒͍ͯ͠Δߏ ൴Βͷߏ੒͸ϋϛϧτϯɾεϖΫτϧෆมྔΛ༻͍ΔҰํ,ϒϥϯσϯ
ϒϧεΩͷํ๏͸·ΔͰҟͳΔ. ൴͸جຊ܈π1(Σg)্ͷٖლಉ͔ܕΒHam(Σg)্ͷٖლ
ಉܕΛߏ੒͢ΔϙϧςϩϰΟονߏ੒ͱݺ͹ΕΔख๏ʹΑΓ͜ΕΛղܾͨ͠. ൴ͷख๏
͸ϑϨΞʔཧ࿦ΛҰ੾༻͍ͳ͍΋ͷͰ͋Δ.
্ͷఆཧ4.1ͰຒΊࠐ·Εͨͷ͸Z2g−2Ͱ͕͋ͬͨ,ϒϥϯσϯϒϧεΩ͸Ұൠͷਖ਼ͷ

਺Nʹ͍ͭͯZNΛຒΊࠐΊͳ͍͔Λ໰͏ͨ [Br, Remark 1.5]. ͜ͷ໰୊Λචऀͱંాཾ
അࢯ͸ҎԼͷΑ͏ʹղܾͨ͠.

ఆཧ 4.2 ([KO19a]) g, NΛਖ਼ͷ਺ͱ͠, UΛΣgͷՄॖͳ։ू߹ͱ͢Δ. ͜ͷͱ͖, ૒Ϧ
ϓγοπ୯ࣹლಉܕ

I : (RN , ∥ · ∥)→ (Ham(Σg), ∥ · ∥U),

͕ଘ͢ࡏΔ.

ϒϥϯσϯϒϧεΩͷ໰୊͕ղ͚ͨͷΈͳΒͣ,छ਺ gͷධՁ΋ྑ্ͨ͘͠ʹZNͷ
ຒΊࠐΈΛRNʹ·Ͱ֦ு͍ͯ͠Δ͜ͱʹ஫ҙ͢Δ. զʑͷख๏͸Σg಺ͷඇՄॖ୯७ด
.ઢʹ͍ͭͯͷϥάϥϯδϡɾεϖΫτϧෆมྔΛ༻͍Δ΋ͷͰ͋Δۂ Σg಺ͷඇՄॖ୯
७ดۂઢ͸ (ϋϛϧτϯɾΠιτϐʔͰͷࠩΛআ͍ͯ΋)ແݶʹଘ͠ࡏ,ͦΕΒʹ͍ͭͯ
ͷϥάϥϯδϡɾεϖΫτϧෆมྔ͸Ұ࣍ಠཱͱͳΔͷ͕,͜ͷఆཧͷূ໌ͷݤͰ͋Δ.
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5.εϖΫτϧෆมྔͱϑΟϧλʔ෇͖ϑϨΞʔཧ࿦
ຊߘͷॾ݁Ռͷূ໌ʹ͓͍ͯ͸εϖΫτϧෆมྔΛ༻͍Δ. આ໌͢ΔΑ͏ʹ,͜Ε͸ʹޙ
ϋϛϧτϯඍ෼ಉ૬্܈ͷٖლಉܕͷΑ͏ͳ΋ͷͰ͋Δ. ؆୯ͷͨΊ,܎਺͸શͯZ/2Z
ͱ͢Δ.
·ͣ͸༗ݩ࣍ݶϞʔεཧ࿦ʹ͓͚Δқ͍͠Ϟσϧ͔Β࿩Λ࢝ΊΔͱ͢Δ. (M, g)Λด

ϦʔϚϯଟ༷ମͱ͠,ͦͷ্ͷϞʔεɾεϝʔϧവ਺F : M → RΛ͑ߟΔ. r ∈ R∪ {+∞}
ʹ͍ͭͯ Critr(F)Λ F(x) < rͱͳΔ Fͷྟք఺ͷू߹ͱ͢Δ. Critr(F)Ͱੜ੒͞ΕΔ
Z/2ZՄ܈ΛCHr

∗(F)ͱ͠,͜ͷ্ͰϞʔεࢦ਺Λ͑ߟ,ޯ഑ྲྀͷ਺্͑͛ʹΑΓνΣΠ
ϯෳମͷඍ෼Λఆٛ͢Δ. ͜ͷνΣΠϯෳମͷϗϞϩδʔΛ HMr

∗(F)ͱ͢Δ. ͭ·Γ,
HM∞∗ ͕௨ৗͷϞʔεɾϗϞϩδʔͰ֤HMr

∗(F)͸௨ৗͷϞʔεɾεϝʔϧෳମͷ෦෼
ෳମͷϗϞϩδʔͰ, r < sʹରࣸ͠૾ ir,s : HMr

∗(F) → HMs
∗(F)͕ఆ·Δɹ (͜Ε͸ϑΟ

ϧλʔ෇͖ϞʔεϗϞϩδʔͱݺ͹Ε,ۙ೥Ͱ͸σʔλղੳͰͷه๏ʹ߹Θͤͯύʔγ
εςϯτϗϞϩδʔͱݺ͹ΕΔ͜ͱ΋ଟ͍). ͜͜Ͱඇࣗ໌ͳ a ∈ H∗(M;Z/2Z)ʹର͠,
εϖΫτϧෆมྔ ca(F)Λ ca(F) = inf{r | a ∈ Im(ir,+∞)}ʹΑͬͯఆٛ͢Δ. ͳ͓,Ұൠͷ
വ਺F : M → Rʹ͍ͭͯ͸FΛϞʔεɾεϝʔϧവ਺Ͱۙ͢ࣅΔ͜ͱͰ ca(F)ΛఆٛͰ
͖Δ.
.ϋϛϧτϯɾεϖΫτϧෆมྔʹ͍ͭͯઆ໌͢Δʹ࣍ ຊߘͰ͸؆୯ͷͨΊ, (M,ω)

Λπ2(M) = 0Λຬͨ͢ดγϯϓϨΫςΟοΫଟ༷ମͱ͢Δ. ϋϛϧτϯɾϑϨΞʔཧ࿦
ͱ͸ҎԼͷۭؒͷ্ͰͷʮϞʔεཧ࿦ʯͰ͋Δ.

L0(M) = {z ∈ C∞(S 1,M); [z] = 0 ∈ [S 1,M]}.

ϋϛϧτϯവ਺H : [0, 1] × M → Rʹ͍ͭͯ,ҎԼͷ൚വ਺AH : L0(M)→ RΛ͑ߟΔ.

AH(z) =
∫ 1

0
Ht(z(t))dt −

∫

D2
ẑ∗ω.

ͨͩ͠, ẑ : D2 → M͸ ẑ|∂D2 = zͱͳΔ׈Β͔ͳࣸ૾Ͱ, π2(M) = 0ΑΓ
∫

D2 ẑ∗ω͸ ẑͷબͼ
ํʹґΒͣ,AH(z)͸well-definedͱͳΔ. r ∈ R ∪ {+∞}ʹ͍ͭͯू߹

Pr(H) = {z ∈ L0(M); z(t) = φt
H(z(0)),AH(z) < r}.

Λ͑ߟΔͱ,͜Ε͸AH(z) < rͱͳΔAHͷྟք஋ zͷू߹ͱͳΔ. H͕ʮඇୀԽʯͳϋ
ϛϧτϯവ਺ͷͱ͖ʹ, Pr(H)Ͱੜ੒͞ΕΔZ/2ZՄ܈ʹ͍ͭͯίϯϨʔɾθϯμʔࢦ
਺ͱඍ෼ΛఆΊͯϗϞϩδʔΛ͑ߟΔͱ,ϑΟϧλʔ෇͖ϋϛϧτϯɾϑϨΞʔϗϞϩ
δʔHFr(H)͕ఆٛͰ͖Δ. ݩϗϞϩδʔQH∗(M,ω)ͷඇࣗ໌ͳࢠྔ aʹର͠, ༗࣍ݶ
ͱಉ༷ʹͯ͠ϋϛϧτϯɾεϖΫτϧෆมྔݩ ca(H)͕ఆٛ͞ΕΔ. Ҏ্, ૈ͍આ໌ʹ
ͳͬͯ͠·͕ͬͨ,ৄ͘͠͸ [Sch], [Oh05]ͳͲࢀর.
ຊߘͰ͸؆୯ͷͨΊ, LΛ৚݅ (∗)Λຬͨ͢ϥάϥϯδϡ෦෼ଟ༷ମͱ͢Δ. ϥάϥϯ

δϡɾϑϨΞʔཧ࿦ͱ͸ҎԼͷۭؒͷ্ͰͷʮϞʔεཧ࿦ʯͰ͋Δ.

Ω0(L) = {z ∈ C∞([0, 1],M); z(0), z(1) ∈ L, [z] = 0 ∈ π1(M, L)}.

ϋϛϧτϯവ਺H : [0, 1] × M → Rʹ͍ͭͯ,ҎԼͷ൚വ਺AL
H : L0(M)→ RΛ͑ߟΔ.

AL
H(z) =

∫ 1

0
Ht(z(t))dt −

∫

D2
ẑ∗ω.
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ͨͩ͠, ẑ : D2 → M͸ʮzͱLΛுΔԁ൫ʯͰ, π2(M, L) = 0ͱω|L = 0ΑΓ
∫

D2 ẑ∗ω͸ ẑͷ
બͼํʹґΒͣ,AL

H(z)͸well-definedͱͳΔ. r ∈ R ∪ {+∞}ʹ͍ͭͯू߹

Chr(H; L) = {z ∈ Ω0(L); z(t) = φt
H(z(0)),AL

H(z) < r}.

Λ͑ߟΔͱ,͜Ε͸AL
H(z) < rͱͳΔAL

Hͷྟք஋ zͷू߹ͱͳΔ. H͕ʮඇୀԽʯͳϋ
ϛϧτϯവ਺ͷͱ͖ʹ, Chr(H; L)Ͱੜ੒͞ΕΔZ/2ZՄ܈ʹ͍ͭͯίϯϨʔɾθϯμʔ
Δͱ,ϑΟϧλʔ෇͖ϥάϥϯδϡɾϑϨΞʔϗ͑ߟ਺ͱඍ෼ΛఆΊͯϗϞϩδʔΛࢦ
ϞϩδʔHFr(H; L)͕ఆٛͰ͖Δ. ݶaʹର͠,༗ݩϗϞϩδʔQH∗(L)ͷඇࣗ໌ͳࢠྔ
ͱಉ༷ʹͯ͠ϥάϥϯδϡɾεϖΫτϧෆมྔcLݩ࣍

a(H)͕ఆٛ͞ΕΔ. Ҏ্,ૈ͍આ໌
ʹͳͬͯ͠·͕ͬͨ,ৄ͘͠͸ [Oh97], [Oh99],[L], [LZ]ͳͲࢀর.
༗ݩ࣍ݶͱಉ༷ʹʮඇୀԽʯവ਺ʹΑΔۙࣅͰҰൠͷവ਺Hʹ͍ͭͯ΋ca(H), cL

a(H)
͸ఆٛ͞Ε, ca, cL

a Λ C∞c ([0, 1] × M)্ͷ൚വ਺ͱݟͳͤΔ. ҎԼ, ੒ͨ͠ߏͯ͠͏͜
C∞c ([0, 1] × M)্ͷ൚വ਺ͷ͜ͱΛͦΕͧΕϋϛϧτϯɾεϖΫτϧෆมྔ,ϥάϥϯ
δϡɾεϖΫτϧෆมྔͱݺͿͱ͢Δ.

6.෦෼ٖლಉܕͱٕज़తࠔ೉
Ҏ্,εϖΫτϧෆมྔΛവ਺্ۭؒͰఆ͕ٛͨ͠,͜ΕΛϋϛϧτϯඍ෼ಉ૬܈ͷී
วඃ෴ H̃am(M,ω)্Ͱఆٛ͢Δ. ͨͩ͠, Ham(M,ω)ʹ͸C∞Ґ૬ΛೖΕ͍ͯΔ. ͦͷ্
Ͱ (ॳ౳తͳ୅਺తҐ૬زԿͷतۀͰश͏Α͏ʹ) Ham(M,ω)্ͷ߃౳ࣸ૾ idΛج఺ͱ
͢ΔಓͷۭؒΛద౰ͳಉ஋ؔ܎ͰׂΔ͜ͱͰීวඃ෴ H̃am(M,ω)Λߏ੒͢Δ. ϋϛϧτ
ϯവ਺H : [0, 1] × M → Rʹର͠ φ̃H͸ಓ {φt

H}t∈[0,1]ͷ୅ද͢ΔݩΛද͢ͱ͢Δ.
ͯ͞, c : C∞c ([0, 1] × M)→ RΛϋϛϧτϯɾεϖΫτϧෆมྔ΋͘͠͸ϥάϥϯδϡɾ

εϖΫτϧෆมྔͱ͢Δ. ͜Εʹ͍ͭͯ, ಉ͡ه߸Ͱ͕ͩॖڪ, c : H̃am(M,ω) → RΛ
c(φ̃) = c(H)ʹΑΓఆٛ͢Δ. ͜͜Ͱ, H : [0, 1] × M → R͸ φ̃H = φ̃ͱͳΔϋϛϧτϯവ
਺Ͱ͋Γ,͜Ε͸HͷબͼํʹΑΒ͢well-definedͰ͋Δ. ͨͩ͠, M͕ดͷ৔߹ʹ͸ਖ਼
Խ৚݅ن

∫
M Htωn = 0 (∀t ∈ [0, 1])΋՝͢.

ఆٛ 6.1 c : H̃am(M,ω)→ RΛγϯϓϨΫςΟοΫଟ༷ମ (M,ω)্ͷϋϛϧτϯɾεϖ
Ϋτϧෆมྔ,·ͨ͸ϥάϥϯδϡɾεϖΫτϧෆมྔͱ͢Δ.

Mͷ։ू߹Uͷ cʹ͍ͭͯͷεϖΫτϧ༰ྔCc(U)ΛҎԼͷΑ͏ʹఆٛ͢Δ.

Cc(U) = sup
F∈C∞c ([0,1]×U)

{c(φ̃F) + c(φ̃−1
F )}.

ఆཧ1.6,ఆཧ2.3,ఆཧ3.2ͷূ໌ͰݤͱͳΔͷ͸ҎԼͷิ୊Ͱ͋Δ.

ิ୊ 6.2 UΛดγϯϓϨΫςΟοΫଟ༷ମ (M,ω)ͷdisplaceableͳ։ू߹, c : C∞c ([0, 1]×
M)→ RΛϋϛϧτϯɾεϖΫτϧෆมྔͱ͢Δ. ͜ͷͱ͖, Cc(U) ≤ E(U; U) < +∞
ҰํͰ͜ΕΒͷʮ૬ର൛ʯͰ͋Δఆཧ1.11,ఆཧ2.4,ఆཧ3.5ͷূ໌Ͱ͸ҎԼͷิ୊

͕ΧΪͱͳΔ.

ิ୊ 6.3 LΛγϯϓϨΫςΟοΫଟ༷ମ (M,ω)ͷϥάϥϯδϡ෦෼ଟ༷ମͰ৚݅ (∗)Λຬ
ͨ͢΋ͷͱ͢Δ. UΛL,΋͘͠͸Uࣗ਎͔Βdisplaceableͳ։ू߹, c : C∞([0, 1]×M)→ R
ΛLʹ͍ͭͯͷϥάϥϯδϡɾεϖΫτϧෆมྔͱ͢Δ. ͜ͷͱ͖, Cc(U) ≤ Ē(U; L) < +∞.

第66回トポロジーシンポジウム講演集（2019年8月・秋田市） 19



ิ୊6.3͕·͞ʹิ୊6.2ͷʮ૬ର൛ʯͳͷ͕͓෼͔ΓͰ͋Ζ͏. ͦΕͰ͸ิ୊6.3͞
͑ূ໌Ͱ͖Ε͹,ޙ͸Τϯτϑ΍ϙϧςϩϰΟονΒʹΑΔطଘͷٞ࿦Λ౰ͯ͸ΊΕ͹
ຊߘͷॾఆཧ͕ࣗಈతʹಘΒΕΔͷͩΖ͏͔. ࣮͸ͦ͜ʹ೉఺͕͋Δ.

c : H̃am(M,ω)→ RΛ (ႈ౳ݩʹ͍ͭͯͷ)ϋϛϧτϯɾεϖΫτϧෆมྔ΋͘͠͸ϥ
άϥϯδϡɾεϖΫτϧෆมྔͱ͢Δ. ͜ͷͱ͖, cͷಉ࣍Խσc : H̃am(M,ω) → RΛҎ
ԼͷΑ͏ʹఆٛ͢Δ.

σc(φ̃) = lim
k→+∞

c(φ̃k)
k
.

εϖΫτϧෆมྔͷ֯ࡾෆ౳͔ࣜΒ্ͷݶۃͷଘ͍͕͑ࡏΔ.
f̃ , g̃ ∈ H̃am(M,ω)ʹ͍ͭͯ,ෆมྔqc, f̃ (g̃)ΛҎԼͷΑ͏ʹఆٛ͢Δ.

qc, f̃ (g̃) = sup
k∈Z
{c( f̃ −kg̃ f̃ k)} + sup

k∈Z
{c( f̃ −kg̃−1 f̃ k)}.

؆୯ͷͨΊʹqc,id(g̃)ͷ͜ͱΛqc(g̃)ͱॻ͘. ͜Ε͸εϖΫτϧɾϊϧϜͱݺ͹Ε,εϖΫ
τϧෆมྔͷจ຺Ͱ͸͔͘ݹΒ஌ΒΕ͍ͯΔ΋ͷͰ͋Δ. ͳ͓,೚ҙͷ f̃ , g̃ ∈ H̃am(M,ω)
ʹ͍ͭͯqc, f̃ (g̃) < +∞͕੒ཱ͢Δ͔͸ࡏݱͷͱ͜Ζ෼͔͍ͬͯͳ͍.
͜ͷͱ͖,ҎԼͷෆ౳͕ࣜ੒Γཱͭ.

໋୊ 6.4 വ਺ c : H̃am(M,ω) → RΛϋϛϧτϯɾεϖΫτϧෆมྔ΋͘͠͸ϥάϥϯ
δϡɾεϖΫτϧෆมྔͱ͢Δ. ͜ͷͱ͖,೚ҙͷ f̃ , g̃ ∈ H̃am(M,ω)ʹ͍ͭͯҎԼ͕੒
ཱ͢Δ.

|σc( f̃ g̃) − σc( f̃ ) − σc(g̃)| ≤ qc, f̃ (g̃).

ͯ͞, ໰୊ͱͳΔͷ͸ qc, f̃ (g̃)ͷධՁͰ͋Δ. ·ͣ, ϋϛϧτϯɾεϖΫτϧෆมྔʹ
͸ڞ໾ෆมੑ͕͋Δ,ͭ·Γ೚ҙͷ f̃ , g̃ ∈ H̃am(M,ω)ʹ͍ͭͯ c( f̃ −1g̃ f̃ ) = c(g̃)͕੒ཱ͢
Δ. ͜ΕʹΑΓqc, f̃ (g̃) = qc(g̃)΋ै͏. Αͬͯ,ಛʹg͕displaceableͳ։ू߹Uʹ୆Λ࣋
ͭϋϛϧτϯവ਺Ͱੜ੒͞ΕΔ৔߹ʹ͸ิ୊6.2ʹΑΓ

qc, f̃ (g̃) = qc(g̃) < Cc(U) < E(U; U) < +∞

͕੒ཱ͢Δ. ͳ͓ɺ͜ͷΑ͏ͳ্܈ͷവ਺ͷ͜ͱΛ෦෼ٖლಉܕͱݺͿ. ʮgͷ୆͕খ
͍͞ʯ৔߹ʹ͸ٖლಉܕͷΑ͏ʹ;Δ·͏ͱ͍͏ͷ͕ཧ༝Ͱ͋Δ.
ҰํͰ,ϥάϥϯδϡɾεϖΫτϧෆมྔ͸ڞ໾ෆมͰ͸ͳ͍ͷͰ,ิ୊6.3Λ༻͍ͯ

্ͱಉ༷ͷࣜมܗΛ͠Α͏ͱ͢Δͱ࠷ॳͷ౳ࣜͰഁ୼ͯ͠͠·͏ͷͰ͋Δ. ͜Ε͸ຊߘ
Ͱड़΂ͨ݁Ռ (ఆཧ1.11,ఆཧ2.4,ఆཧ3.5,ఆཧ4.2)Λࣔ͢ࡍʹ໰୊Λੜͤ͡͞Δ. ͜ͷ
໰୊Λղܾͨ͠ͷ͕චऀͷࣄ࢓Ͱ͋Δ͕,໰୊ͷղܾࡦ͸ΞυϗοΫ,ͭ·Γ໰୊͝ͱ
ʹ্ख͍ʮൈ͚ಓʯΛ୳͠ग़͢΋ͷͰ,౷Ұతͳղܾ͕͋ࡦΔΘ͚Ͱ͸ͳ͍. ͕ͨͬ͠
ͯ,۩ମతͳղܾࡦʹ͍ͭͯ͸֤࿦จʹઆ໌ΛৡΓ͍ͨ.
ϋϛϧτϯɾεϖΫτϧෆมྔͰ੒ཱͨ͠ڞ໾ෆมੑ͕ϥάϥϯδϡɾεϖΫτϧෆ

มྔͩͱ੒ཱ͠ͳ͍ཧ༝͕ͩ,͜Ε͸ϥάϥϯδϡɾϑϨΞʔཧ࿦͕ڞ໾ͱ͍͏ૢ࡞ʹ
͍ͭͯ҆ఆ͠ͳ͍͜ͱʹΑΔ. ͜ͷ͜ͱ͸ྫ͑͹ҎԼͷ࣮ࣄʹ৅௃తͰ͋Δ.

࣮ࣄ 6.5 ೚ҙͷ f , g ∈ Ham(M,ω)ʹ͍ͭͯ, #Fix(g) = #Fix( f −1g f )͸ৗʹਖ਼͍͕͠,
#(L ∩ g(L)) = #(L ∩ f −1g f (L))͸Ұൠʹ͸ਖ਼͘͠ͳ͍. ͜͜Ͱ, Fix(h)ͱॻ͍ͨ৔߹ʹ͸
ࣸ૾h : M → Mͷݻఆ఺ू߹Λ͢ࢦ.
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#Fix(h)͕ϋϛϧτϯɾϑϨΞʔཧ࿦ͷੜ੒ݩ, #(L∩ h(L))͕ϥάϥϯδϡɾϑϨΞʔཧ
࿦ͷੜ੒ݩʹରԠ͢Δ͜ͱΛͤ͜ى͍ࢥ͹,ඇઐ໳Ոͷಡऀʹ΋͋Δఔ౓ͷ໰୊ͷຊ࣭
͸఻ΘΔͰ͋Ζ͏ (ͱ৴͍ͨ͡).
ͯ͞,্Ͱॻ͍ͨϥάϥϯδϡɾεϖΫτϧෆมྔ͕ڞ໾ෆมͰͳ͍͜ͱͰੜ͡Δࠔ

೉ͷ͍͔ͭ͘Λචऀ͸ղܾͨ͠Θ͚͕ͩ,શ͕ͯղܾ͞ΕͨΘ͚Ͱ͸ͳ͍. ΋ࠓ,ʹޙ࠷
ະղܾͷ··͞࢒Ε͍ͯΔҎԼͷ໰୊Λ঺հ͢Δ.

໰୊ 6.6 g, NΛਖ਼ͷ਺ͱ͠, CΛΣg಺ͷඇՄॖ୯७ดۂઢͱ͢Δ. C͔Βdisplaceableͳ
Σgͷ೚ҙͷ։ू߹Uʹ͍ͭͯ, (RN , ∥ · ∥)͔Β (Ham(Σg), ∥ · ∥U)΁ͷ૒Ϧϓγοπ୯ࣹლ
ಉܕ͸ଘ͢ࡏΔ͔.

஫ҙ 6.7 ্ͷઆ໌Ͱ͸͞΋໋୊6.4͔Βઌ͔͏ै͕ڀݚߦͷΑ͏ʹॻ͍͕ͨ,͜Ε͸਺
ֶతʹ͸ਖ਼͘͠ͱ΋ྺ࢙తʹ͸ਖ਼֬ͳঀड़Ͱ͸ͳ͍. ໋୊6.4ࣗମ͸චऀͷൃݟͰ͋Γ,
঺հͨ͠ઌڀݚߦ͸ͦΕҎલͷ΋ͷͰ͋Δ.

஫ҙ 6.8 ϥάϥϯδϡɾεϖΫτϧෆมྔ cͷಉ࣍ԽσcͷԠ༻ʹ͍ͭͯ͸طʹઌݚߦ
ڀ [MVZ]͕͋Δ͕,͜Ε͸ิ୊6.3ͷԠ༻ʹॏ͖Λஔ͘ຊߘͷڀݚͱ͸େ͖͘ํੑ޲ͷ
ҟͳΔ΋ͷͰ͋Δ. ͨͩ͠,ఆཧ4.2͸ྫ֎Ͱ,ͦͷূ໌ʹ͸ิ୊6.3Ͱ͸ͳ͘ [MVZ]ͷ
ΞΠσΟΞΛ༻͍Δ.

஫ҙ 6.9 ຊߘͰ৮Εͨ෦෼ٖლಉܕͱ͍͏֓೦͸,චऀͷ஌ΔݶΓΤϯτϑͱϙϧςϩ
ϰΟονͷࣄ࢓ [EP06]ͷதͰॳΊͯొ৔ͨ͠΋ͷͰ͋Δ. ൴Βͷߏ੒͸ϑϨΞʔཧ࿦Λ
༻͍ͨ΋ͷͰຊߘͰͷߏ੒΋ͦ͏Ͱ͕͋ͬͨ,ࣗવͳ໰͍ͱͯ͠ (ٖლಉܕͰͳ͍)෦෼
ٖლಉ͕ܕϑϨΞʔཧ࿦Λ༻͍ͳ͍จ຺Ͱ΋ݱΕ͏Δ͔ͱ͍͏΋ͷ͕͋Δ.
͜ͷղ౴ͱͯ͠,චऀ͸࣮ࡍʹϑϨΞʔཧ࿦Λ༻͍ͣʹHam(R2n,ω0)্ʹ෦෼ٖლಉ

੒ͨ͠ߏΛܕ [Ka16]. ͦͷޙʹ໦ଜ [Ki]͕ແݩ࣍ݶϒϨΠυ্܈Ͱ,ϒϥϯσϯϒϧε
Ωͱέυϥ [BK]͕ମੵอଘಉ૬্܈Ͱͷ෦෼ٖლಉܕͷߏ੒ʹ੒ޭ͍ͯ͠Δ. ·ͨ,෦
෼ٖლಉܕ൛ͷόόΞ૒ରఆཧ΋ಛघͳ܈ʹରͯ͠ূ໌͞Ε͍ͯΔ [Ka17].

ँࣙ
·ͣ͸ຊࣥߘචͷػձΛ༩͑ͯͩͬͨ͘͞ੈ࿩ਓͷօ༷ʹ͍ͨ͠ँײ·͢. ຊߘͰ΋঺
հͨ͠࿦จͷ͍͔ͭ͘͸ંాཾഅࢯͱͷڞಉڀݚʹΑΔ΋ͷͰ,͜ͷػձʹ൴ʹ΋ँײ
.͢·͍ࢥͨ͘͠ ·ͨ,ຊڀݚ͸චऀ͕ૅجՊֶڀݚӃ਺ཧ෺ཧஂڀݚ (େؖຽܚࠃঘ๺
ಓӜ߲ࢢ)ʹ͍ͨೋ೥ؒͷؒʹड͚ͨݩ͕ܹࢗʹͳ͓ͬͯΓ,ޙ࠷ʹ౰ੈ͓࣌࿩ʹͳͬ
.͢·චΛᎭ͘΋ͷͱ͠ʹ͜͜,ͯ͠هͷ೦Λँײઌੜʹ΋վΊͯࠜཾޖͨ
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(Birkhäuser/Springer, 2005), 525–570.

[Po98] L. Polterovich, Hofer’s diameter and Lagrangian intersections, Int. Math. Res. Not. 1998
(1998), no. 4, 217–223.

[P] L. Polterovich, Quantum unsharpness and symplectic rigidity, Lett. Math. Phys., 102(3) (2012),
245-264.

[Po14] L. Polterovich, Symplectic intersections and invariant measures, Ann. Math. Qu. Not. 38
(2014), no. 1, 81–93.

[PR] L. Polterovich and D. Rosen, Function theory on symplectic manifolds, CRM Monograph Se-
ries, Vol. 34 (American Mathematical Society, 2014).

[Sch] M. Schwarz, On the action spectrum for closed symplectically aspherical manifolds, Pacific J.
Math. 193 (2000), no. 2, 419–461.

川崎盛通（京都大）22



Braids, polynomials and real algebraic links

Benjamin BODE (Osaka University)∗

1. Introduction
In the last chapter of his seminal book [8] Milnor discusses the real analogue of links of
isolated singularities of complex plane curves, later termed real algebraic links.

Definition 1.1. A link L is real algebraic if there exists a polynomial f : R4 → R2 such that

• f ((0,0,0,0)) = (0,0),

• ∇ f ((0,0,0,0)) =
(

0 0 0 0
0 0 0 0

)
,

• there is a neighbourhood B of (0,0,0,0) such that (0,0,0,0) is the only point in B
where the rank of ∇ f is not full,

• f−1((0,0))∩S3
ρ = L for all small enough radii ρ .

The first three conditions state that f has an isolated singularity at the origin in R4.
Milnor himself points out that it is highly challenging to construct examples of such links

that do not come from complex plane curves f : C2 → C. Indeed, the family of links that is
known to be real algebraic is still comparatively small [5, 7, 9, 10].

One difference between the complex and the real polynomials is that in general the argu-
ment of a real polynomial as in Definition 1.1 (arg f : S3

ρ → S1) is not a fibration. However,
Milnor established that the following is still true.

Theorem 1.2 (Milnor [8]). If a link L is real algebraic, then L is fibred.

According to Benedetti and Shiota, this implication should be an equivalence.

Conjecture 1.3 (Benedetti-Shiota [2]). A link L is real algebraic if and only if L is fibred.

In this short note we discuss a construction of real polynomial maps with isolated singu-
larities as in Definition 1.1, following [5]. Section 2 reviews the this construction in a quite
general setting, while Section 3 focuses on the class of homogeneous braids.

Definition 1.4. A braid B on s strands is called homogeneous if for every i = 1,2, . . . ,s−1
the generator σi appears in the word B if and only if σ−1

i does not appear.

The 3-strand braid (σ1σ−1
2 )2 for example is homogeneous, because σ1 always comes

with a positive sign and σ2 always comes with a negative sign. If we change one of the
signs however, or if we consider the same braid word as a 4-strand braid, we obtain an
inhomogeneous braid. Note that the homogeneous braids contain all alternating braids that
do not close to split links.

Theorem 1.5 (Bode [5]). Let B be a homogeneous braid. Then the closure of B2 is real
algebraic.
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The proof that homogeneous braids close to fibred links is due to Stallings [12]. An
important aspect of the proof in [5] is that for a loop in the space of complex polynomials, we
can establish a close relation between the braid that is formed by the roots of the polynomials
and the braid that is formed by their critical values. Here, we give more details on this relation
and illustrate how this could be used to generalize the construction to a larger family of links.

Section 4 gives an example of the outlined construction.

2. Constructing real algebraic links
Let B be a braid on s strands. We denote by C the set of connected components of the closure
of B or equivalently the set of cycles of the image of B under the permutation representation.
For every C ∈ C we write sC for the number of strands that make up the component C or
equivalently the length of that corresponding cycle. Then the total number of strands s equals
∑C∈C sC. Suppose we have a parametrisation of B in C× [0,2π] given by

⋃

C∈C

sC⋃

j=1

(
FC

(
t +2π j

sC

)
+ iGC

(
t +2π j

sC

)
, t
)
, t ∈ [0,2π], (1)

where FC, GC : [0,2π]→R are trigonometric polynomials. Such a parametrisation exists for
every braid and in fact there are even some bounds on the Fourier degree of FC and GC [4].

Then we can define the polynomial gλ : C× [0,2π]→ C,

gλ(u, t) = ∏
C∈C

sC

∏
j=1

(
u−λ

(
FC

(
t +2π j

sC

)
+ iGC

(
t +2π j

sC

)))
(2)

with λ > 0 and the nodal set g−1
λ (0) is B for all values of λ.

Furthermore, expanding the product in Equation (2) results in a polynomial not only in
the complex variable u, but also in eit and e−it .

We now replace every instance of eit in the polynomial expression of gλ by another
complex variable v and every instance of e−it by its conjugate v. This identifies the variable
t with the angular coordinate of v. We thus obtain a polynomial fλ : R4 ∼= C2 → C ∼= R2

in u, v and v. In general, fλ does not have an isolated singularity. However, it is an easy
calculation to show the following.

Proposition 2.1 (Bode [5]). Let k ≥ (deg fλ)/(2s). Then for all small enough λ > 0 the map
pλ : R4 ∼= C2 → C∼= R2 given by

pλ(u,v) = (vv)sk fλ

(
u

(vv)k ,
v√
vv

)
, (3)

or equivalently

pλ(u,reit) =

{
r2skgλ

(
u

r2k , t
)

if r > 0,
us if r = 0,

(4)

has an isolated singularity at the origin if and only if arggλ : (C× [0,2π])\g−1
λ (0)→ S1 is a

fibration. The link of the singularity is the closure of B.

There are a couple of things to note here. Firstly, the condition on arggλ does not depend
on λ. Secondly and very importantly, the map pλ is in general not a polynomial because we
have introduced square root terms. However if Equation (1) is a π-periodic parametrisation,
then all of the exponents with non-zero coefficients in the trigonometric polynomials FC and
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GC are even. This can be arranged if and only if B is a square, i.e., B = A2 for some braid A.
It follows that in this case all exponents of v and v in fλ can be taken to be even, so that all
square roots in Equation (3) cancel.

Proposition 2.2. If a braid B can be parametrised as in Eq. (1) such that arggλ gives a
fibration over S1, then B2 closes to a real algebraic link.

We now want to investigate which braids satisfy the condition in Proposition 2.2 and
study in particular the case of homogeneous braids.

3. Homogeneous real algebraic links
For every t ∈ [0,2π] the map u )→ gλ(u, t) is a monic complex polynomial. We denote by
vi(t), i = 1,2, . . . ,s−1, the critical values of gλ(u, t), i.e., the images gλ(ci, t) of the critical
points ci of u )→ gλ(u, t), determined by the condition ∂gλ

∂u (ci, t) = 0. It is again a simple
calculation to show that arggλ is a fibration over S1 if and only if for all i = 1,2, . . . ,s−1 the
derivative ∂ argvi(t)

∂ t never vanishes. This has a nice geometric interpretation in terms of the
movement of the critical values in the complex plane as t varies. Since gλ(u, t) has distinct
roots, the critical values vi(t) are always non-zero. The inequality states that no critical value
vi(t) ever changes the orientation in which it twists around the origin 0 ∈ C as t increases
from 0 to 2π. Every critical value moves either always clockwise

(
∂ argvi(t)

∂ t < 0
)

or always

counterclockwise
(

∂ argvi(t)
∂ t > 0

)
.

Proposition 2.2 can therefore be updated and rewritten in terms of polynomials and criti-
cal values. Let X̃s be the space of monic complex polynomials of degree s with distinct roots.
The fundamental theorem of algebra gives a straightforward identification of a polynomial
f = ∏s

j=1(u − xi) ∈ X̃s with its unordered set of roots {x1,x2, . . . ,xs}. This allows us to
identify a loop ft in X̃s with the (closed) braid that is formed by the roots of the polynomials

s⋃

j=1

(
x j(t), t

)
⊂ C×S1. (5)

Proposition 3.1. Let ft , t ∈ S1, be a loop in X̃s such that for all i= 1,2, . . . ,s−1 the derivative
∂ argvi(t)

∂ t never vanishes. Let B be the braid that is formed by the roots of ft . Then the closure
of B2 is real algebraic.

In Proposition 3.1 we do not require explicitly that the parametrisation of B is given in
terms of trigonometric polynomials. Since these are C1-dense in the space of 2π-periodic
real C1-functions, we can always approximate a parametrisation as in Proposition 3.1 without
losing the property that ∂ argvi(t)

∂ t does not vanish.
We can also assume that the critical values are distinct. This means that

(0, t)∪
s−1⋃

j=1
(v j(t), t)⊂ C×S1 (6)

forms a closed braid. Let Xs ⊂ X̃s be the space of those polynomials in Xs that have distinct
critical values. Then the space of possible sets of critical values of a polynomial in Xs is
given by

Vs = {(v1,v2, . . . ,vs−1) ∈ (C\{0})s−1 : vi ̸= v j if i ̸= j}/Ss−1, (7)

where Ss−1 is the permutation group on s− 1 elements. Then the braid in Equation (6) can
be interpreted as a loop in Vs. Another interpretation of Proposition 3.1 is therefore asking
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v1

v2

Figure 1: If the critical values v j(t) move on ellipses around the origin in the complex plane
without ever changing direction (from clockwise to counterclockwise or vice versa) as t
varies, the derivatives ∂ argv j(t)

∂ t never vanishes.

which braids can be parametrized as loops in Vs satisfying the condition on ∂ argvi(t)
∂ t and such

that this loop is the image of a loop in Xs under the map that sends a polynomial to the set of
its critical values.

The words

Ai, j = σ jσ j−1 . . .σi+1σ2
i σ−1

i+1 . . .σ
−1
j−1σ−1

j with i ≤ j < s (8)

are a set of generators for the braid group Bs. The generator Ai, j takes the strand j+ 1 and
twists it around the strand i.

Lemma 3.2. The s-strand braid ∏n
j=1 A

εi j
1,i j

can be parametrised as in Eq. (6) such that
∂ argvi(t)

∂ t , i = 1,2, . . . ,s−1, never vanishes if for every k = 1,2, . . . ,s−1 there is a j such that
i j = k.

Proof. The parametrisation can be achieved if all vi(t) move on ellipses in the complex plane
as t varies as indicated in Figure 1. Then for every j the generator A1, j can be parametrised
such that ∂ argv j−1(t)

∂ t does not vanish and all other strands are stationary. We can now con-
catenate the parametrisations for the A1, j to obtain the desired braid word.

The fact that the generator A1, j appears in the braid word if and only if A−1
1, j does not

appear implies that none of the vi ever turns around on its ellipse. The condition that for
every k = 1,2, . . . ,s−1 there is a j such that i j = k means that every vi moves at some point.
We can thus slightly perturb the parametrisation of each A1, j such that none of the vi is non-
stationary. For example, for the parametrisation of A1, j every vi with i ̸= j − 1 moves an
ε-amount on its ellipse.

The braids in Lemma 3.2 allow for the desired kind of parametrisation. What we need to
check now is that there is a loop in the space of polynomials Xs, whose critical values form
that parametrisation. Then we want to know which braid is formed by the roots of these
polynomials.

The following theorem is very useful for this. Recall that Xs is the space of monic poly-
nomials with distinct roots and distinct critical values.

Theorem 3.3 (Beardon-Carne-Ng [1]). Let X0
s ⊂ Xs be the space of those polynomials in

Xs that have constant term equal to 0. Then the map θs : X0
s → Vs that sends a polynomial

f ∈ X0
s to the set of its critical values (v1,v2, . . . ,vs−1) is a covering map of degree ss−1.
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The map θs is well-defined even if the constant term is not equal to zero.

Corollary 3.4. Let X̂s ⊂ Xs be the space of those polynomials in Xs whose critical values are
not equal to their constant terms, i.e. vi ̸= f (0) for all i = 1,2, . . . ,s−1. Let γ be a loop in
Vs and γ̃ a path in X̂s such that θs(γ̃) = γ . Then any homotopy of γ in Vs lifts to a homotopy
of γ̃ in X̂s.

The homotopy lifting property in Corollary 3.4 means that the properties that we want to
check do not depend on the particular braid parametrisation, but only on the braid type. We
are going to show that there is a braid that is conjugate to the braid in Lemma 3.2 for which
it is relatively easy to determine that if it is interpreted as a loop in Vs, then it lifts to a loop
in X̂s. Furthermore, determining the braid B that is formed by the roots of the corresponding
polynomials is straightforward. Corollary 3.4 then implies that the braids in Lemma 3.2 also
lift to a loop in X̂s and the braid that corresponds to the roots of the polynomials is conjugate
to B.

We start with a polynomial f , whose roots are real. Then all of its critical points and
critical values are real as well. This is depicted in Figure 2. Between each pair of roots there
is exactly one critical point. We label the critical points {ci}i=1,2,...,s−1 such that ci is the
critical point between the ith and i+1th smallest root. We set vi = f (ci). We now consider a
particular loop γi : [0,2π]→C in the target complex plane based at the origin. The loop stays
close to the real line and encircles the critical value vi in a counterclockwise direction. The
loop γi does not intersect any critical values. When it is about to encounter a critical value
v j, it avoids it by moving into the upper or the lower half plane. If j > i and i ≡ s+1 mod 2
or if j < i and i ≡ s mod 2, then γi moves into the upper half plane. Otherwise, it avoids v j
by moving into the lower half plane. At the moment this choice might seem arbitrary (and
to some degree it is), but we will come back to why this turns out to be a good rule. An
example of γ1 is shown in Figure 2b).

Now we look at the preimage f−1(γi). These are s−2 distinct loops and two paths that
exchange the ith and i+ 1th smallest root. The braid that is formed by f−1(γi) forms the
generator σi if we choose the convention that the overpassing strand corresponds to the root
with the smaller imaginary part. Note that this braid is given by ( f−1(γi(t)), t) = (( f −
γi(t))−1(0), t)⊂ C× [0,2π].

This gives us therefore a parametrisation of the generator σi as a loop in X̂s, whose critical
values form the braid

(0, t)∪
s−1⋃

j=1
(vi − γi(t), t)⊂ C× [0,2π], (9)

depicted in Figure 3. We can consider the path γ = ∏ℓ
j=1 γε j

i j
, which is the concatenation of

γi. The path f − γ(t) is a loop in the space of polynomials X̂s, whose roots form the s-strand
braid B = ∏ℓ

j=1 σε j
i j

and whose critical values form a braid that is easily seen to be conjugate

to ∏ℓ
j=1Y ε j

i j
, where

Yj =

⎧
⎨

⎩

A
1, j+1

2
if j is odd,

A
1, j

2+⌊ s
2⌋

if j is even. (10)

This is illustrated in an example in Figure 4.
We have shown the following.

Lemma 3.5. For every s-strand braid B = ∏ℓ
j=1 σε j

i j
there is a conjugate of B that can be

parametrised as a loop in X̂s whose image in Vs corresponds to the braid ∏ℓ
j=1Y ε j

i j
. Equiv-
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a)

b)

c1 c2 c3

v1 v2v3 0

f

f

γ1

Figure 2: The definition of the loop γi. a) A real polynomial f has a critical point ci between
each pair of roots and the corresponding critical values vi = f (ci) must be real too. Points
with the same shape have the same image under f . E.g., the circles are the roots of f , all
squares get mapped to v1 and so on. The lines in the domain are the preimage set of the real
line. b) The loop γ1 encircles v1. Its preimage set under f consists of two loops and two
paths exchanging the first and second root.
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a) b)

v1 v2v3 0

f

=

v1 v2v3 0v1 v2v3 0

f − γ1(t)

Figure 3: a) The relation between the braid of roots and the braid of critical values. a)
The preimage set of γ1(t) under f forms the generator σ1, while γ1(t) itself forms the braid
σ2σ2

1 σ−1
2 . (We read braid words from the bottom to the top.) b) We can interpret σ1 as

the roots of the loop of polynomials f − γ1(t). The braid of its critical values is isotopic to
σ−1

1 σ2
2 σ1.

alently, every parametrisation of any braid that is conjugate to ∏ℓ
j=1Y ε j

i j
can be seen as a

loop in Vs, which lifts to a loop in X̂s, which corresponds to a conjugate of B.

Note that if B is homogeneous, then the braid ∏ℓ
j=1Y ε j

i j
is as in Lemma 3.2. Recall the

rule in the construction of the loop γi that determines if γi avoids a critical value v j by moving
into the upper half of the complex plane or the lower half. This rule is quite arbitrary. The
only thing it changes is which generator Yk corresponds to which generator σ j. With our rule
we have the nice correspondence that Yj is directly related to σ j.

Corollary 3.6. Every parametrisation of ∏n
j=1 A

εi j
1,i j

lifts to a loop in X̂s and the correspond-
ing braid is conjugate to a homogeneous braid. Conversely, for every homogeneous braid
there is such a braid of critical values ∏n

j=1 A
εi j
1,i j

.

The construction that establishes this relation between the braid that is formed by the
roots of a loop of polynomials and the braid that is formed by their critical values takes a lot
of inspiration from work by Rudolph [11].

The main theorem now follows from Lemma 3.2 and Proposition 3.1:

Theorem 3.7. If B is a homogeneous braid, then the closure of B2 is real algebraic.

It can also be shown that on 3-spheres of small radius arg pλ is a fibration of the link
complement of the circle, exactly as in the complex case [5].

4. Examples
In this section we give an example of the explicit construction of real polynomials with
isolated singularities. If we wanted to strictly follow the procedure outlined in the proof of
Theorem 1.5, we would first have to write down the parametrisation for the braid of critical
values and then lift this loop in Vs to a loop in X̂s. This corresponds to solving a system of
polynomial equations for every t ∈ [0,2π]. In practice, this will be done for a discrete set
in [0,2π] of sufficiently many data points. The resulting interpolating function gives a braid
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a)

b)
v1 v2v3 0 v1 v2v30

∼

v1

v2

v3

f − γ(t)

v

Figure 4: a) Concantenation of the loops γi allows us to construct any braid as the roots of a
loop of polynomials in X̂s. Here we see the braid σ1σ2σ1σ−2

3 σ2 as the roots of f − γ(t). The
corresponding critical values form a braid that is conjugate to Y1Y2Y1Y−2

3 Y2. The generator
Yj describes a movement of the strand labelled by the critical value v j around the 0-strand.
b) The resulting braid Y1Y2Y1Y−2

3 Y2 can be parametrised such that ∂ argvi
∂ t never vanishes. This

is possible because σ1σ2σ1σ−2
3 σ2 is homogeneous.

Benjamin Bode (Osaka Univ.)30



parametrisation, which is then approximated by trigonometric polynomials, which we can
use to define the functions gλ and finally pλ in Proposition 2.1.

Depending on the number of data points in [0,2π] this can be a computationally quite
extensive process. For our purposes it is easier to start with a trigonometric parametrisation
and vary some parameters until the resulting gλ leads to a fibration.

For all values of a, b > 0 the parametric curves
4⋃

j=1

(
acos

(
t +2π j

4

)
+bi sin

(
3(t +2π j)

4

)
, t
)

(11)

form the braid (σ2σ−1
1 σ−1

3 ).
We set a = 1 and b = 1

2 and obtain

gλ(u, t) =u4 +λ2u2
(

1
2

e−it − 3
8
− 1

2
eit
)

+λ4
(
− 1

256
e−3it +

1
16

e−2it − 1
4

e−it +
1

128
− 1

16
eit − 1

256
e3it

)
. (12)

Figure 5 shows a plot argv1(t), argv2(t) and argv3(t), the critical values of g1(u, t). We
see immediately that there are no stationary points. Therefore arggλ(u, t) is a fibration and
this means that (u, t) )→ arggλ(u,nt) is also fibration for all n. This justifies our choice of a
and b. Note that the nodal set of (u, t) )→ arggλ(u,nt) is (σ2σ−1

1 σ−1
3 )n. For even exponents

we obtain the following polynomials:

fλ(u,v) = u4 +λ2u2
(

1
2

v2n − 3
8
− 1

2
v2n

)

+λ4
(
− 1

256
v6n +

1
16

v4n − 1
4

v2n +
1

128
− 1

16
v2n − 1

256
v6n

)
,

pλ(u,v) = (vv)4×2n fλ

(
u

(vv)2n ,
v√
vv

)

= u4 +λ2u2
(

1
2

v7nv9n − 3
8
(vv)8n − 1

2
v9nv7n

)

+λ4
(
− 1

256
v5nv11n +

1
16

v6nv10n − 1
4

v7nv9n +
1

128
(vv)8n − 1

16
v9nv7n − 1

256
v11nv5n

)
.

(13)

Here we have chosen k = 2n, which is larger than deg f/s= 6n/4. Note that all exponents
of v and v in fλ are even, so that there are no square root terms in pλ .

Therefore the braids (σ2σ−1
1 σ−1

3 )2n close to real algebraic links for all n. They belong
to the family of lemniscate links which where studied in [3]. Note that the constructed
functions are semiholomorphic, i.e., holomorphic in one complex variable u and degu pλ = s,
the number of strands.

If we want to construct real algebraic links that are not in the family of closures of squares
of homogeneous braids, it is important to recall that in our construction we only considered
one lift of the braid of critical values ∏ℓ

j=1 A
εi j
1,i j

. If any of its other lifts in X̂s are also loops,
then the closure of the squares of the corresponding braids are also real algebraic. Recently,
this was studied in more detail [6], but since it is challenging to check if a given link is the
closure of a homogeneous braid it remains unclear if the constructed families in [6] lead to
new real algebraic links.
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Figure 5: Plots of graphs of the arguments of the 3 critical values of g as functions of t.
Because of symmetries of the braid parametrisations two of the three functions are identical.
None of the functions have any stationary points.
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光的点を持つ曲面の幾何学
本田　淳史 (横浜国大工)∗

1. はじめに
ローレンツ多様体は理論物理学，とくに一般相対論において重要な役割を果たす一方
で，純粋な幾何学的対象としても興味深い．ローレンツ多様体の計量は非退化である
が，その部分多様体に誘導される計量は正定値計量や不定値計量，さらに退化するこ
ともあり，それらが混在する場合もある．ここでは，3次元ローレンツ多様体内の連結
な正則曲面を考える．とくに，誘導計量が正定値である部分，不定値である部分，さ
らに退化した部分を混在して持つような曲面，混合型曲面を対象とする．混合型曲面
の計量が退化する点 (光的点) は，誘導計量の特異点とみなされる．誘導計量が非退化
である部分において定義される不変量や幾何構造は一般に発散し，光的点の近傍にお
ける混合型曲面の構造は解明されていない部分が多い．
本稿では，混合型曲面の光的点を写像の特異点のように扱い，とくに波面の微分幾

何学的研究の手法を適用することで，ガウス曲率などの様々な幾何学的不変量の光的
点における挙動を調べた結果を報告する．まず第 2節において，本研究の動機付けと
なる混合型曲面の近年に至るまでの研究を紹介する．第 3節では，混合型曲面の非退
化な光的点におけるガウス曲率の有界性の特徴付けを与えるために，光的特異曲率や
光的法曲率などの基本的な不変量を導入する．さらに，光的特異曲率の幾何学的意味
や，有界なガウス曲率を持つ混合型曲面に対するガウス・ボンネ型の定理を紹介する．
第4節では，不変量の内在性・外在性を議論する．一般に，光的特異曲率は内的不変量
であるが，光的法曲率はそうとは限らない．まず，ガウス曲率の漸近挙動の系として，
光的特異曲率が恒等的に消える場合には光的法曲率が内的不変量であることを紹介す
る．さらに，実解析的，かつ，光的特異曲率が消えない場合には，光的法曲率が外的
不変量であることを導く．
本稿の内容は [17] と [18]，および佐治健太郎氏 (神戸大学)，寺本圭佑氏 (九州大学)

との共同研究 [19] に基づく．

2. 混合型曲面
(M3, h)を向きづけられた3次元ローレンツ多様体とする (h = ⟨ , ⟩はローレンツ計量)．
点 p ∈ M3において，接ベクトル v ∈ TpM3 (v ̸= 0 ) が ⟨v,v⟩ > 0 を満たすとき，空
間的であるという．同様に，⟨v,v⟩ < 0 (resp. ⟨v,v⟩ = 0) が成り立つとき，vを時間的
(resp. 光的) と呼ぶ．
3次元ローレンツ多様体M3= (M3, h) の曲面とは，連結な 2次元C∞級多様体Σの
はめ込みf : Σ → (M3, h) を表すこととする．このとき，

(ds2)p(v,w) := ⟨dfp(v), dfp(w)⟩ (v,w ∈ TpΣ, p ∈ Σ)

により定まるΣのなめらかな計量ds2 を第1基本形式 (もしくは誘導計量)と呼ぶ．

本研究は科研費 (課題番号:19K14526)の助成を受けたものである。
∗〒 240-8501 神奈川県横浜市保土ケ谷区常盤台 79-1　横浜国立大学大学院工学研究院
e-mail: honda-atsufumi-kp@ynu.jp
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点 p ∈ Σが空間的点であるとは，(ds2)pが TpΣの正定値対称双線形形式を定めると
きをいう．同様に，(ds2)pが不定値 (resp. 退化)のとき，p ∈ Σを時間的点 (resp. 光的
点)と呼ぶ．空間的点集合 (resp. 時間的点集合，光的点集合) をΣ+ (resp. Σ−, LD) で
表す．Σ = Σ+ (resp. Σ = Σ−) となるとき，曲面 f : Σ → M3は空間的 (resp. 時間的)

と呼ばれる．
定義 1. 連結な2次元C∞級多様体Σに対し，空間的点集合Σ+と時間的点集合Σ−がど
ちらも空でない曲面f : Σ → M3を混合型曲面と呼ぶ．
非光的点集合 Σ∗ := Σ+ ∪ Σ−上では，ガウス曲率Kや平均曲率Hが定義されるが，

光的点集合LDに近づくにつれて一般には発散する．混合型曲面の第 1基本形式は型
変化計量 (signature-changing metric) を与える [1, 29, 30, 31, 21, 22, 12, 37, 38, 39,

11, 23, 34, 42, 36]．型変化計量は量子重力理論や一般相対論においても考察されてい
る [41, 3]．
2.1. Carathéodory 予想
Carathéodory 予想とは，3次元ユークリッド空間R3の閉凸曲面には少なくとも臍点
が2つ存在するのではないかというものである．Carathéodory 予想は未解決である一
方，F. Tari [44] はR3ではなく，3次元ミンコフスキー空間R3

1の閉凸曲面の場合に，
Carathéodory 予想を肯定的に解決した．ここで，3次元ミンコフスキー空間R3

1とは，
3次元アファイン空間に標準ローレンツ内積

⟨x,x⟩ = x2 + y2 − z2 (x = (x, y, z) ∈ R3
1)

を備えた，平坦な3次元ローレンツ多様体である．一般に，臍点は非光的点集合Σ∗ =

Σ+ ∪Σ−において定義されるが1，[44] では光的点に対しても臍点の概念を導入してい
る．R3

1にはめ込まれた閉曲面は混合型曲面であり，光的点集合LDの連結成分の個数
は2つ以上であることも示されている [44]．

図 1: 3次元ユークリッド空間R3の単位球面S2 = {(x, y, z) ; x2 + y2 + z2 = 1}は 3次
元ミンコフスキー空間R3

1の凸な混合型閉曲面を与える．

2.2. 平均曲率零の混合型曲面
3次元ミンコフスキー空間R3

1のグラフ z = ϕ(x, y)が
(
1− ϕ2

x

)
ϕyy + 2ϕxϕxyϕy + ϕxx

(
1− ϕ2

y

)
= 0

1第 1基本形式と第 2基本形式が比例する点を臍点という．
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を満たすとき，z = ϕ(x, y)は平均曲率零グラフ 23と呼ばれる．3次元ユークリッド空間
R3の極小曲面の場合，「全平面で定義された極小グラフは平面に限る」というBernstein

の定理が成り立つ．同様に，R3
1の場合も，全平面で定義された極大グラフ (つまり，空

間的な平均曲率零グラフ) は平面に限ることが Calabi により示された．しかし，混合
型の場合，全平面で定義された混合型平均曲率零グラフで，実解析的かつ平面でない
例が存在する．[25] において与えられた

z = x tanh y, z = log(cosh x/ cosh y)

はそのような混合型平均曲率零グラフを与える．近年，全平面で定義された混合型平
均曲率零グラフの系統的な構成法が [8] により与えられた (cf. [2])．
混合型の平均曲率零曲面は近年盛んに研究されている [4, 5, 6, 7, 8, 9, 10, 13, 24]．平

均曲率零曲面は流体力学においても興味深い対象であり，型変化は音速から超音速へ
の流れ関数の変化に対応することが知られている [6]．また，混合型の零でない平均曲
率一定超曲面は存在しない [20]．

3. 光的点におけるガウス曲率の挙動
本節では，混合型曲面の非退化な光的点におけるガウス曲率の挙動を調べた結果を紹
介する．まず，カスプ辺をモデルとした光的点である第 1種光的点を導入する．さら
に，第 2種光的点 (第 1種でない非退化光的点) の特別なクラスであるL3-点も定義す
る．L3-点はツバメの尾をモデルとした光的点である．その後，第1種光的点における
不変量として，光的特異曲率，光的法曲率を導入し，それらがガウス曲率の有界性や
曲面の形状に大きく影響することを示す．さらに，有界なガウス曲率を持つ混合型曲
面に対するGauss-Bonnet型の定理が成り立つことを紹介する．
3.1. 第1種光的点，L3-点
f : Σ → M3を混合型曲面とする．Σの座標近傍 (U ; u, v)において，E := ⟨fu, fu⟩,
F := ⟨fu, fv⟩, G := ⟨fv, fv⟩ とおくとき，第1基本形式ds2は

ds2 = E du2 + 2F du dv +Gdv2

と表される．関数λを
λ := EG− F 2

とおく．点 p ∈ Uが光的点 (resp. 空間的点, 時間的点) であることと，λ(p) = 0 (resp.

λ(p) > 0, λ(p) < 0) は同値である．dλ(p) ̸= 0である光的点 p ∈ LDを非退化と呼ぶ．
このとき，

• 陰関数定理より，ある正数 ε > 0とΣの正則曲線 γ(t) (|t| < ε) で γ(0) = pかつ
LDは pの近傍で γ(t)によりパラメトライズされるようなものが存在する．γ(t)

を特性曲線と呼ぶ．

• 一方，γ(t)に沿うベクトル場η(t)でL(t) := df(η(t))はM3の光的ベクトル場を与
えるものが存在する．η(t)を特性曲線γ(t)に沿う退化ベクトル場と呼ぶ．

2非光的点集合Σ∗上では，平均曲率零グラフはH = 0を満たす．
3曲面 f : Σ → R3

1 が適当な合同変換を施したのちに局所的に平均曲率零グラフで与えられるとき，平
均曲率零曲面と呼ばれる．
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定義 2. 非退化な光的点 p ∈ LDに対して，γ(t) (|t| < ε)を p = γ(0)を通る特性曲線，
η(t)をγ(t)に沿う退化ベクトル場とする．このとき，

• γ′(0)と η(0)が1次独立であるとき，pを第1種光的点4と呼ぶ．そうでないとき，
pを第2種と呼ぶ．

• δ(t) := det(γ′(t), η(t))とおくとき，p = γ(0)が第1種 (resp.第2種)であるための
必要十分条件は δ(0) ̸= 0 (resp. δ(0) = 0) で与えられる．非退化な光的点p ∈ LD

が
δ(0) = 0, δ′(0) ̸= 0

を満たすとき，L3-点5と呼ぶ．

特性曲線γ(t)のfによる像を γ̂(t) := (f ◦ γ)(t) とおくと，M3の正則曲線である．こ
のとき，pが第 1種 (resp. 第 2種)であることと γ̂′(0) ∈ Tf(p)Mが空間的 (resp. 光的)で
あることが同値である．pが第 1種光的点であるとき，ある正数 ε̄ > 0が存在して，任
意の t ∈ (−ε̄, ε̄) に対してγ(t)も第1種光的点となる．つまり，γ̂(t) (|t| < ε̄)はM3の空
間的な正則曲線である．
注意 3 (平均曲率の光的点における有界性と光的点の型). 一般に，第2種光的点p ∈ LD

に対し，γ̂′(0) ∈ Tf(p)M は光的であるが，t ̸= 0のとき γ̂′(t)は光的かどうかはわから
ない．ある正数 ε̄ > 0が存在して，任意の t ∈ (−ε̄, ε̄) に対して γ̂(t) (|t| < ε̄)はM3の
光的な正則曲線であるとき，pをL∞-点と呼ぶ．非退化な光的点p ∈ LDがL∞-点であ
るための必要十分条件は，任意の t ∈ (−ε̄, ε̄) に対してγ′(t)とη(t)が1次従属，つまり
δ(t) ≡ 0となるような正数 ε̄ > 0が存在することである．次の事実が知られている ([20,

Proposition 3.5], [46])：

f : Σ → M3を混合型曲面，p ∈ LDを非退化な光的点とする．もし，
平均曲率Hがpの近傍で有界ならば，pはL∞-点である．

とくに，平均曲率零曲面の非退化な光的点はL∞-点である．また，ローレンツ多様体
内の平均曲率が有界である超曲面の光的点，とくに，非退化でない場合の光的点の構
造が [46]において調べられている．
3.2. 第1種光的点の不変量
p ∈ LDを第1種光的点，γ(t) (|t| < ε) をp = γ(0)を通る特性曲線とする．必要ならば
ε > 0を十分小さくとることで，一般性を失わずに，任意の t ∈ (−ε, ε) に対して γ(t)

は第1種光的点であると仮定してよい．このとき，γ(t)のfによる像 γ̂(t) := (f ◦ γ)(t)
(|t| < ε) はM3の空間的曲線なので，tを弧長パラメータに取り直すことができる．

• 各 t において γ̂′(t) (∈ Tγ̂(t)M3) は空間的ベクトルなので，γ̂′(t) の直交補空間
(γ̂′(t))⊥ はTγ̂(t)M3の時間的な2次元部分空間である．

• L(t) = df(η(t))は γ̂′(t)に直交するM3の光的ベクトルなので，L(t) ∈ (γ̂′(t))⊥ で
ある．

• このとき，̂γ(t)に沿うM3の光的ベクトル場N(t)で，N(t) ∈ (γ̂′(t))⊥ かつ⟨N(t), L(t)⟩ =
1 を満たすものが存在する．
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光的点p ∈ LDにおいて，TpΣの退化ベクトル全体は1次元部分空間をなす．p ∈ LD

の近傍Uにおいて定義されたベクトル場ηで，各点q ∈ LDにおいてηq ∈ TqΣは退化ベ
クトルを与える，つまりLq := dfq(η) ∈ Tf(q)M3は光的ベクトルであるとき，η ∈ X(U)

を退化ベクトル場と呼ぶ．
補題 4 ([19, Proposition 2.6]). 光的点p ∈ LDが第1種光的点であるための必要十分条
件は，ηp ⟨df(η), df(η)⟩ ̸= 0 で与えられる．
定義 5 ([19]). (M3, h)のLevi-Civita接続を∇で表す．第1種光的点p ∈ LDに対して，

κL(p) :=
1

(ηp ⟨df(η), df(η)⟩)
1
3

〈
∇d/dtγ̂

′(0), L(0)
〉
,

κN(p) := (ηp ⟨df(η), df(η)⟩)
1
3
〈
∇d/dtγ̂

′(0), N(0)
〉

とおく．κL(p)を光的特異曲率，κN(p)を光的法曲率と呼ぶ．
光的特異曲率κLや光的法曲率κN は γ(t)や ηのとり方に依らず定まる第 1種光的点
における不変量である．光的特異曲率 κLと光的法曲率 κN は，[40]で導入されたカス
プ辺に対する幾何学的不変量の特異曲率κs，極限法曲率κν にそれぞれ対応している．
特に，κLはκs に類似の性質を持つことを示すことができる．例えば，κsは第1基本形
式のみで表すことができる内的不変量であるが ([40, Proposition 1.18]を参照)，κLも
内的不変量である．また，[40, Corollary 1.14]で示されたように，κsはツバメの尾にお
いて−∞に発散するが，同様のことが成り立つ．
定理 6 ([19, Theorem A]). 第 2種光的点 p ∈ LDに対して，第 1種光的点からなる点
列{pn}n∈Nで limn→∞ pn = pとする．このとき，光的特異曲率κLは{pn}n∈Nに沿って
−∞に発散する．さらに，もしpがL3-点でない第2種光的点ならば，光的法曲率κNも
{pn}n∈Nに沿って−∞に発散する．
3.3. ガウス曲率の挙動
p ∈ LDを第1種光的点とする．このとき，pの座標近傍(U ; u, v)で，u-軸が光的点集合で
あり，(η :=) ∂vが退化ベクトル場であるようなものが存在する．このような座標系(u, v)

を適合的 (adapted)と呼ぶ．適合的な座標系において，ds2 = E du2+2F du dv+Gdv2

4第 1種光的点はカスプ辺をモデルとしている．例えば [26], [33, 14] を参照．
5L3-点はツバメの尾をモデルとしている．例えば [26], [14] を参照．
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と表すとき，

κB(p) :=
−1

2E2(Gv)
5
3

(
Gv (E (Evv − 2Fuv) + EuFv)−

1

5
Ev

(
EGvv − 2(Fv)

2
)
)∣∣∣∣∣

(u,v)=(0,0)

は適合的な座標系 (u, v)のとり方によらない．κBを平衡曲率 (balancing curvature)と
呼ぶ．
定理 7 ([19, Theorem B]). f : Σ → M3を混合型曲面，p ∈ LDを非退化な光的点とす
る．もし，ガウス曲率Kが pの近傍Uで有界ならば，pは第 1種光的点である．さら
に，p ∈ LDを第1種光的点とするとき，ガウス曲率Kがpの近傍Uで有界であるため
の必要十分条件は，U内の特性曲線に沿って

κL = 0 かつ κN = κB

が成り立つことである．
定理 7 の証明の概要を紹介する．まず，次のような特別な座標系の存在を示す：
補題 8. f : Σ → M3を混合型曲面，p ∈ LDを第1種光的点とする．このとき，pの座
標近傍 (U ; u, v)で，(u, v)は適合的であり，E(u, 0) = 1, λv(u, 0) = 1 を満たすものが
存在する．ここで，ds2 = E du2 + 2F du dv +Gdv2であり，λ = EG− F 2とする．
補題 8 のような座標近傍 (U ; u, v)において

K̂ := λ2K

はU上に滑らかなに延長される．さらに，ある滑らかな関数Φ(u), C2(u, v)が存在して

K̂(u, v) = −1

2
κL(u) +

1

2
{κN(u)− κB(u) + κL(u)Φ(u)} v +

1

2!
C2(u, v)v

2 (3.1)

と表されることがわかる．一方，λ(u, v) = v λ̂(u, v) (λ̂ ̸= 0) と表されることから，定
理 7 の後半が従う．このことに定理 6 を組み合わせると，定理 7 の前半も従う．
また，式 (3.1) から，もしκL(p) > 0ならば K̂(0, 0) < 0であることがわかる．ここ
で，K̂ = λ2Kなので，ガウス曲率Kの符号と K̂の符号は一致する．さらに，M3が3

次元ミンコフスキー空間M3= R3
1の場合，sgn(K) = −sgn(KEuc) が成り立つ．ここ

で，KEucは曲面f : Σ → R3
1をユークリッド空間R3の曲面とみなした際のガウス曲率

としている．つまり，κL(p)の正負とKEuc(0, 0)の正負は一致する．
系 9 ([19, Corollary 5.7]). 埋め込まれた混合型曲面f : Σ → R3

1に対し，p ∈ LDを第1

種光的点とする．もしκL(p)が正ならば，fの像は f(p)の近くでお椀型である．一方，
κL(p)が負ならば，fの像はf(p)の近くで鞍状である．
第2種光的点に第1種光的点が集積している場合，定理 6 よりκLの符号は負である．
したがって第2種光的点の近傍では曲面は鞍状であることがわかる．
また，Pelletier [36], Steller [42] により，‘generic’ な計量で特異曲線が ‘測地線’から
なる場合にはGauss-Bonnet 型の定理が成り立つことが知られている．(詳細は [19] を
参照．) 定理7 から，ガウス曲率が有界ならばその仮定を満たすことがわかり，以下を
得る．
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系 10 ([19, Corollary D]). Σを連結で向きづけられた 2次元閉多様体，f : Σ → M3を
混合型曲面とする．もし，fの全ての光的点が非退化であり，fが有界なガウス曲率を
持つならば，

1

2π

∫

Σ

K dA = χ(Σ)

が成り立つ．ここで，χ(Σ)はΣのオイラー数を表す．

4. 不変量の内在性・外在性
本節では，光的特異曲率と光的法曲率の内在性・外在性を議論する．光的特異曲率は
内的不変量である一方で，光的法曲率は内的不変量である場合やそうでない場合があ
る．ここでは，光的法曲率は

• 光的特異曲率が恒等的に消えるとき内的不変量であること (系 11)，

• 光的特異曲率が消えずに実解析的である場合には外的不変量であること (系 12)

を紹介する．
4.1. 光的特異曲率の内在性
f : Σ → M3を混合型曲面とする．関数 I : Σ → R, もしくは I : LD → Rを不変量と
いう．つまり，IはΣやLDの座標の取り方によらないものを指す．不変量 I : Σ → R,

もしくは I : LD → R が内的であるとは，I は E, F , G とその微分による関数で与
えられるときをいう．ここで，ds2 = E du2 + 2F du dv +Gdv2とし，(u, v)はds2のみ
を用いて定まる座標系とする．不変量 I : Σ → R, もしくは I : LD → Rが外的であ
るとは，別の混合型曲面 f̃が存在して，f と f̃ は等長的（つまり，ds2f = ds2

f̃
）だが，

I(f) ̸= I(f̃) となるときをいう．例えば，ガウス曲率Kは内的不変量であり，平均曲率
Hは外的不変量であることが知られている．
与えられた不変量が内的か外的かどうかを決定することは基本的な問題である．ま

ず，光的特異曲率κLは内的である．実際，

κL(u) = − Ev(u, 0)

2E(u, 0) 3
√

Gv(u, 0)
(4.1)

と表される．ただし，(u, v)は適合的，つまり γ(u) = (u, 0)，η = ∂v を満たす座標系と
している．
4.2. 光的法曲率の内在性・外在性
一方，光的法曲率κNは光的特異曲率の (4.1)のような表示を持たず，内的か外的かど
うかを同様に判定することはできない．しかし，ガウス曲率Kの漸近展開 (3.1) より，
LD上でκL = 0ならば

κN(u) = κB(u) + 2K̂v(u, 0)

と表され，補題 8 のような特殊な適合的座標 (u, v) は第一基本形式 ds2のみによって
定まるものなので，以下のことがわかる．
系 11 ([19, Corollary C]). 混合型曲面f : Σ → M3に対して，光的点集合LDは第1種
光的点からなるとする．もし，LD上で

κL = 0
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が成り立つならば，光的法曲率κNは内的不変量である．
系 11 の仮定を満たさない場合，つまり光的特異曲率κLが消えない場合には，光的

法曲率κNは外的不変量であることがわかる．
系 12 ([18]). 実解析的な混合型曲面f : Σ → R3

1に対して，p ∈ Σを第1種光的点で

κL(p) ̸= 0

を満たすとする．このとき，ある pの近傍Uと実解析的な混合型曲面 f̃ : U → R3
1で，

fと f̃は同じ第一基本形式を持つが，κN(p) ̸= κ̃N(p) であるものが存在する．ただし，
κ̃Nは f̃の光的法曲率を表す．とくに，光的法曲率κNは外的不変量である．
以下，この証明の概要を紹介する．
補題 13 ([18]). 混合型曲面 f : Σ → R3

1に対して，p ∈ Σを第 1種光的点とする．この
とき，以下の条件を満たすpの座標近傍 (U ; u, v)が存在する：

• (u, v)は適合的，つまり pの近傍で u-軸は光的点集合LDと一致し，η = ∂vは退
化ベクトル場を与える，

• (u, v)は直交座標系，つまり (F =) ⟨fu, fv⟩ = 0が成り立つ，かつ

• 光的点集合の像からなるR3
1の空間的な正則曲線 γ̂(u) := f(u, 0) は弧長パラメー

タ表示である，つまり ⟨γ̂′(u), γ̂′(u)⟩ = E(u, 0) = 1 である．

このとき，あるU上のfに沿うベクトル場ψで

⟨ψ, fu⟩ = ⟨ψ,ψ⟩ = 0, ⟨ψ, fv⟩ = 1

を満たすものが存在する．(ψをL-ガウス写像と呼ぶ．)

このとき，F := (fu, fv,ψ) は fに沿うR3
1のフレームを与える．L-ガウス写像 ψ に

対し，A := ⟨fuu,ψ⟩ , B := ⟨fuv,ψ⟩ , C := ⟨fvv,ψ⟩ とおくと，Fは次を満たす：

Fu = FU , Fv = FV , (4.2)

ただし

U :=

⎛

⎜⎜⎜⎜⎝

Eu

2E

Ev

2E
−A

E

A B 0

−Ev

2
− AG

Gu

2
− BG −B

⎞

⎟⎟⎟⎟⎠
, V :=

⎛

⎜⎜⎜⎜⎝

Ev

2E
−Gu

2E
−B

E

B C 0

Gu

2
− BG

Gv

2
− CG −C

⎞

⎟⎟⎟⎟⎠

とする．式 (4.2) の可積分条件Uv − Vu = [U ,V ]は

Av − Bu =
1

2E
(EvA− EuB) +B2 − AC (Cod1)

Bv − Cu = − 1

2E
(GuA+ EvB) (Cod2)

Evv +Guu −
EuGu + E2

v

2E
= 2G(AC − B2)−GvA+ 2GuB + EvC (Gauss)
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と同値である．逆にこの偏微分方程式系 (Cod1), (Cod2), (Gauss)を解くことができれ
ば混合型曲面を構成することができるという，混合型曲面に対する曲面論の基本定理
を示すことができる [18]．
適合的な座標近傍 (U ; u, v)において，p = (0, 0)で κL(p) ̸= 0が成り立つならば

Ev(0, 0) ̸= 0であることがわかる．このとき，(Gauss) は

C =
1

2GA− Ev

(
Evv +Guu −

EuGu + E2
v

2E
−GvA+ 2GuB + 2GB2

)

と書き直されることから，(Cod1), (Cod2) は未知関数A, Bに対する正規形の偏微分
方程式系に変形することができる．これに Cauchy-Kowalevski の定理を適用し，空間
的曲線に対する曲線論の基本定理 [17] を用いることで次を得る．
定理 14 ([18]). 実解析的な混合型曲面 f : Σ → R3

1に対し，p ∈ Σを第 1種光的点で
κL(p) ̸= 0を満たすものとし，γ(t) を p (= γ(0)) を通る特性曲線とする (ただし |t|は
十分小 )．さらに，Iを 0 ∈ Iを含む開区間，Γ : I → R3

1を実解析的な空間的曲線で
Γ(0) = 0，かつ曲率ベクトルが零でないもの6とし，その像をC := Γ(I)とおく．この
とき，p ∈ Σの近傍Uと実解析的な混合型曲面 f̃ : U → R3

1で，f̃(p) = 0 であり

• fと f̃は同じ第一基本形式を持ち，

• γ(t)の f̃による像 Image(f̃ ◦ γ)はΓの像Cの部分集合である

ようなものが存在する．さらにそのような f̃は4つ存在する．
空間的曲線Γ : I → R3

1を適切に選ぶことによって，混合型曲面の非自明な局所等長
変形が得られ，系 12 が導かれる．
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༗ݩ࣍ݶඇਖ਼ۂ཰ڑ཭ۭؒ΁ͷ࡞܈༻ͷݻఆ఺ੑ࣭

Ճ౻ຊࢠ (Ѫඤେֶ)∗

֓ ཁ

,Δͱ͖͢༺࡞ʹඋCAT(0)ۭؒʹ౳௕͔ͭ൒୯७׬ͷݶ༗ݩ࣍Ґ૬͕܈ ͷ܈
͋Δ͕ݩৗʹݻఆ఺Λͨͭ࣋Ίͷ৚݅ʹ͍ͭͯड़΂Δ. ·ͨͦͷ৚݅Λ༻͍
ͯ, Richard Thompsonͷ܈F ͷ༗׬ݩ࣍ݶඋCAT(0)ۭؒ΁ͷ౳௕͔ͭ൒
୯७ͳࢠ׵ަ,͍ͯͭʹ༺࡞෦෼܈ͷ೚ҙͷ༗ݶੜ੒෦෼ݻ͕܈ఆ఺Λͭ࣋͜
ͱΛௐ΂Δ. Ԡ༻ͱͯ͠, Kim, Koberda, LodhaʹΑͬͯ͑ߟΒΕ͍ͯΔ୯
Ґ۠ؒʢ΋͘͠͸୯Ґԁʣͷ͖޲Λอͭࣗݾಉ૬ࣸ૾ͷ੒͢༗ݶੜ੒܈ʹͭ
͍ͯ, .ఆ఺ੑ࣭Λௐ΂Δݻ ಛʹThompson܈ T ͓ΑͼHigman-Thompson
ͷ܈Tnʹ͍ͭͯ͸, ༗׬ݩ࣍ݶඋCAT(0)ۭؒ΁ͷ൒୯७ͳ౳௕࡞༻͕େҬ
తݻఆ఺Λͭ࣋ͱ͑ݴΔʢFarbͷੑ࣭FAkʣ.

1. ಋೖ
ຊߘͰ͸, ༗ݶੜ੒܈ͷʮ͋Δछͷڑ཭ۭؒʹ౳௕ʹ࡞༻͢Δͱ͖ৗʹେҬతݻఆ఺Λ
,ʯʢ͢ͳΘͪͭ࣋ ,཭্ۭؒͷҰ఺Ͱ͋ͬͯڑ ఆ͞ΕΔ΋ͷ͕ݻΑͬͯʹݩͷ೚ҙͷ܈
ଘ͢ࡏΔʣͱ͍͏ੑ࣭ʹ͍ͭͯड़΂Δ. ͜ͷΑ͏ͳੑ࣭Λ, Ϳ͜ͱݺఆ఺ੑ࣭ͱݻͷ܈
ʹ͢Δ.

,ͱ͍͏͜ͱ͸ͭ࣋ఆ఺ੑ࣭Λݻ͕܈ ఆٛΑΓ, ͕܈཭ۭؒʹͦͷڑΔ͍ͯ͑ߟ “ྑ
.ͳ͍ͱ͍͏͜ͱΛҙຯ͍ͯ͠Δͨ࣋ʣΛ༺࡞༗ͳݻ΍༺࡞ʢྫ͑͹ࣗ༝ͳ”༺࡞͍ ·
ͨ, ಛผͳڑ཭ۭؒͷ଒ʹ͍ͭͯݻఆ఺ੑ࣭Λ͑ߟΔ͜ͱͰ, ͦͷ܈ʹ͍ͭͯͷ͞Βʹ
ਂ͍৘ใ͕ಘΒΕΔ͜ͱ͕͋Δ. ͜ͷΑ͏ͳݱ৅ͷ୅දతͳྫ͸, ࡞ͷ୯ମత໦΁ͷ܈
༻Λ͑ߟΔ͜ͱʹΑͬͯಘΒΕΔ. ͋Δ܈ͷ, ୯ମత໦΁ͷ౳௕͔ͭ୯ମతͳ࡞༻͕ৗ
ʹେҬతݻఆ఺Λͭ࣋ͱ͖, ͦͷ܈͸Serreͷੑ࣭FAΛͭ࣋ͱ͍͏. Serreͷੑ࣭FA

͸, .ड़͍ͯ͠Δ͜ͱ͕஌ΒΕ͍ͯΔه଄Λߏͷ૊Έ߹Θͤతͳ܈ ,ࡍ࣮ ͋Δ͕܈Serre

ͷੑ࣭FAΛͭ࣋͜ͱ͸, ͦͷ͕܈ඇࣗ໌ͳ༥߹ੵͷߏ଄Λͣͨ࣋, Z΁ͷશࣹΛͨ࣋
ͣ, ༗ݶੜ੒Ͱ͋Δ͜ͱͱಉ஋Ͱ͋Δʢ[13]ʣ.

ҎԼͰѻ͏ݻఆ఺ੑ࣭͸, Serreͷੑ࣭FAͷ .Խ”ʹ౰ͨΔҰൠԽͰ͋Δݩ࣍ߴ“ ۩
ମతʹ͸, :Δ͑ߟͷΑ͏ͳ΋ͷΛ࣍ ͋Δ܈ͷ, k׬ݩ࣍උCAT(0)ۭؒ΁ͷ౳௕ͳ൒୯
७࡞༻͕ৗʹେҬతݻఆ఺Λͭ࣋ͱ͖, ͦͷ܈͸ ੑ࣭FAkΛͭ࣋ͱ͍͏ʢ[5]ʣ. ͨͩ
.Λҙຯ͢ΔʢҎԼಉ͡ʣݩ࣍͸Ґ૬ݩ࣍͠ ޙ൒୯७Ͱ͋Δ͜ͱͷఆٛ͸2ষͰ͕༺࡞
ड़͢Δ. ҎԼ, CAT(0)ۭؒʹ͍ͭͯఆٛΛड़΂Δ.

CAT(0)ۭؒͱ͸, ଌ஍తڑ཭ۭؒͰ͋ͬͯ, ೚ҙͷଌ஍͕ܗ֯ࡾϢʔΫϦουۭ
ؒ಺Ͱͷൺֱܗ֯ࡾͱൺ΂ͯ “ଠ͍ͬͯͳ͍”΋ͷͰ͋Δ. ͢ͳΘͪ, ଌ஍తڑ཭ۭؒ
(X, d)಺ͷ೚ҙͷଌ஍ܗ֯ࡾ∆(x, y, z)ʹରͯ͠, R2 ಺ʹ֤௖఺ؒͷڑ཭͕౳͍͠ࡾ
ܗ֯ ∆̄(x̄, ȳ, z̄)͕߹ಉΛআ͍ͯҰҙతʹଘ͢ࡏΔ͕, ∆(x, y, z)্ͷ೚ҙͷೋ఺ a, bͱ,

ຊߘͷ಺༰͸Պݚඅ (՝୊൪߸:17J07711)ͷॿ੒Λड͚͍͍ͨͯͮجʹڀݚΔ.
2010 Mathematics Subject Classification: 20F65, 20F67
Ωʔϫʔυɿ࡞܈༻ͷݻఆ఺ੑ࣭, CAT(0)ۭؒ, Ϧνϟʔυɾτϯϓιϯͷ܈
∗˟ 790-8577 দࢢࢁจژொ 2൪ 5߸
e-mail: kato.motoko.yy@ehime-u.ac.jp
web: https://researchmap.jp/katomotoko
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∆̄(x̄, ȳ, z̄)্ͷରԠ͢Δೋ఺ ā, b̄ͷؒʹ

d(a, b) ≤ dR2(ā, b̄) (1.1)

ͷ͕ؔ܎੒Γཱͭʢਤ 1ʣ. ଟ͘ͷॏཁͳڑ཭ۭ͕ؒCAT(0)ۭؒͷੑ࣭Λͭ࣋. ྫ͑
͹, ୯ମత໦͸ .ͷCAT(0)ۭؒͰ͋Δݩ࣍1 ͜͜Ͱ୯ମత໦΁ͷ౳௕࡞༻͸ৗʹ൒୯
७ͳͷͰ, ੑ࣭FA1͸ Serreͷੑ࣭FAΑΓ͍ڧ. Hilbertۭؒ΋׬උCAT(0)ۭؒͷྫ
Ͱ͋Δ. ·ͨ, ୯࿈݁Ͱ׬උͳRiemannଟ༷ମͷ৔߹ʹ͸, CAT(0)ۭؒͰ͋Δ͜ͱ͸,

அ໘ۂ཰͕ਖ਼Ͱͳ͍ͱ͍͏৚݅ͱҰக͢Δʢ[2]ࢀরʣ. ͜ͷҙຯͰCAT(0)ੑ͸, ཭ڑ
ۭؒʹରͯ͠ඇਖ਼ۂ཰ੑΛهड़͢Δੑ࣭ͱͳ͍ͬͯΔ.

x

y z

x̄

ȳ z̄

d(x, y)

∆(x, y, z) ∆̄(x̄, ȳ, z̄)

d(x, z)

d(y, z)

a

b

≤
b̄

ā

ਤ 1: CAT(0)ۭؒͷଌ஍ܗ֯ࡾͱR2ͷൺֱܗ֯ࡾ.

CAT(0) ۭؒͷ༷ʑͳੑ࣭͸, ΑΓҰൠతͳ Busemann ඇਖ਼ۂ཰ڑ཭ۭؒʢҎԼ
Busemannۭؒʣʹ͍ͭͯ΋੒Γཱͭ. Busemannۭؒͱ͸, ཭ؔ਺͕ತͰ͋Δڑ
Α͏ͳଌ஍తڑ཭ۭؒΛ͏ݴ. ͢ͳΘͪ, ଌ஍తڑ཭ۭؒ (X, d)͕BusemannۭؒͰ͋
Δͱ͸, Xͷ೚ҙͷଌ஍ઢ෼ͷ૊ c1 : [0, a1 ] → X, c2 : [0, a2 ] → Xʹରͯ͠,

d(c1 (a1 t), c2 (a2 t)) ≤ td(c1 (a1 ), c2 (a2 )) + (1− t)d(c1 (0), c2 (0)) (1.2)

͕ຬͨ͞ΕΔͱ͖Λ͏ݴ. CAT(0)ۭؒ͸BusemannۭؒͰ͋Γ, ୯࿈݁׬උRiemann

ଟ༷ମͷ৔߹ʹ͸, ͜ΕΒͷ֓೦͸ڞʹஅ໘ۂ཰͕ਖ਼Ͱͳ͍͜ͱΛද͢. ͔͠͠Ұൠʹ
͸, BusemannۭؒͰ͋ͬͯCAT(0)ۭؒͰͳ͍৔߹͕͋Δ. ྫ͑͹ pϊϧϜΛೖΕͨ
Banachۭؒ lpΛ͑ߟΔͱ, ͜ΕΒ͸ 1 < p < ∞ͷͱ͖BusemannۭؒͰ͋Δ͕, p ̸= 2

ͷͱ͖͸CAT(0)ۭؒͰͳ͍. ຊߘͰ͸Busemannۭؒ΁ͷ࡞܈༻ͷݻఆ఺ੑ࣭ʹ͍ͭ
ͯ͸ड़΂ͳ͍͕, Busemannۭؒͷ৔߹ʹ΋ۭؒͷݻ༗ੑͳͲΛԾఆ͢Δ͜ͱͰ, උ׬
CAT(0)ۭؒͷ৔߹ͱಉ༷ʹٞ࿦͢Δ͜ͱ͕Ͱ͖Δʢ[11]ʣ.

͍͔ͭ͘ͷॏཁͳ܈ʹ͍ͭͯ͸, ੑ࣭FAk͕ௐ΂ΒΕ͍ͯΔ. ྫ͑͹, ೚ҙͷࣗવ਺
kͱ೚ҙͷ 3Ҏ্ͷࣗવ਺nʹ͍ͭͯ, SLn(Z)͸ੑ࣭FAkΛͭ࣋ʢ[5]ࢀরʣ. Farb [5]

͸೚ҙͷ 3Ҏ্ͷࣗવ਺ nʹ͍ͭͯ, SLn(Z[1/p])͕ੑ࣭ FAn− 2 Λͭ࣋͜ͱΛࣔͨ͠.

Bridson [1] ͸͖޲෇͚Մೳछ਺ gดۂ໘ͷࣸ૾ྨ࣭ੑ͕܈FAg− 1Λͭ࣋͜ͱΛࣔͨ͠
ʢg ≥ 1͸ࣗવ਺ʣ. Varghese [15] ͸ࣗ༝܈ͷࣗݾಉ܈ܕAut(Fn)ʹ͍ͭͯ, ͜ΕΒ͕
ੑ࣭FAkΛͭ࣋͜ͱΛ, n ≥ 4͔ͭ k < min{i⌊n/(i+ 2)⌋ | 2 ≤ i ≤ k + 1}ͷͱ͖ʹࣔ
ͨ͠.

ຊߘͰ͸ ,͍ͯͮجʹ[10] Δ৚݅ͷΈΛ༻͍ͯੑ࣭FAkΛอূ͢Δํ๏͢ࡏ಺ʹ܈
ʹ͍ͭͯड़΂Δʢఆཧ 2.3ʣ. ,͠༺ͷํ๏ΛԠͦʹ࣍ Richard Thompsonͷ܈ͱݺ
͹ΕΔ܈ͱͦͷҰൠԽʹ͍ͭͯݻఆ఺ੑ࣭Λٞ࿦͢Δʢఆཧ3.1, ఆཧ3.3ʣ.
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2. ༗ݩ࣍ݶCAT(0)ۭؒ΁ͷ࡞܈༻ͷݻఆ఺
(X, d)Λڑ཭ۭؒ, γΛXͷ౳௕ม׵ͱ͢Δ. Xͷ෦෼ू߹Min(γ)Λࣜ࣍ͰఆΊΔ:

Min(γ) = {x ∈ X | d(x, γ(x)) = infx∈X{d(x, γ(x)) | x ∈ X}}. (2.1)

Min(γ)͕ۭͰͳ͍ͱ͖, γ͸൒୯७ͱ͏ݴ. ,ͷ൒୯७ੑ͸༺࡞ͷ౳௕܈ ʮ܈ͷ೚ҙͷ
.Δ͜ͱʯͱఆٛ͢Δ͍ͯ͠༺࡞ͱͯ͠׵൒୯७ͳ౳௕ม͕ݩ ൒୯७ͳ γʹ͍ͭͯ, γ

͕X಺ʹݻఆ఺Λͨ࣋ͳ͍ͱ͖, ૒ۂతͱ͏ݴ. ׵తͳ౳௕มۂඋCAT(0)ۭؒͷ૒׬
γʹ͍ͭͯ͸, ҎԼͷิ୊ͷΑ͏ʹ, Min(γ)͕ʮγ͕ฏߦҠಈͰ࡞༻͢Δ͕࣠ฏߦʹฒ
Μͩʯߏ଄Λͭ࣋͜ͱ͕஌ΒΕ͍ͯΔ.

ิ୊ 2.1 .(রࢀ[2]) XΛ׬උCAT(0)ۭؒͱ͠, γΛXͷ૒ۂతͳ౳௕ม׵ͱ͢Δ. ͜
ͷͱ͖Min(γ)͸௚ੵڑ཭ۭؒR × YʢY ͸͋ΔCAT(0)ۭؒʣʹ౳௕ಉܕ.

͞Βʹγ′͕γͱՄ׵ͳ౳௕ม׵ͱ͢Δͱ, γ′͸Min(γ) = R × Y Λ௚ੵͷߏ଄ΛࠐΊ
ͯอͭ. ݶ੍ γ′|Min(γ)ΛMin(γ)ͷ౳௕ม׵ͱΈͳ͢ͱ, ୈҰ੒෼RͷฏߦҠಈͱୈೋ
੒෼Y ͷ౳௕ม׵ʹ෼ղ͢Δ.

൒୯७ͳ౳௕࡞༻Λ͑ߟΔࡍ͸͕࣍੒Γཱͭ.

ิ୊ 2.2 .(রࢀ[2]) ิ୊ 2.1Ͱ γ′͕X ͷ൒୯७ͳ౳௕มͨͬͩ׵ͱ͢Δ. ͜ͷͱ͖
γ′|Min(γ)͸Min(γ)ͷ౳௕ม׵ͱͯ͠΋൒୯७. ͞Βʹ, γ′|Min(γ)ͷఆΊΔY ͷ౳௕ม׵
΋൒୯७.

͜ͷষͷओ݁ՌͰ͋Δఆཧ 2.3Λड़΂ΔͨΊ, ఆݻͷ૊ʹ͍ͭͯ΋܈ͱͦͷ෦෼܈
఺ੑ࣭Λఆ͓ٛͯ͘͠: ͷ૊܈ͱ෦෼܈ (G,H)͕ੑ࣭FAkΛຬͨ͢ͱ͸, G͕ kݩ࣍
CAT(0)ۭؒXʹ౳௕͔ͭ൒୯७ʹ࡞༻͢ΔͳΒ͹, H͕ৗʹݻఆ఺Λͭ࣋ͱ͖Λ͏ݴ.

ఆཧ 2.3 ([10]). kΛ೚ҙͷࣗવ਺ͱ͢Δ. G͸܈Ͱ͋ͬͯ g0 ∈ Gͱ͢Δ. Gͷݩͷྻ
{gi}1 ≤ i≤ k͕͋ͬͯ࣍Λຬͨ͢ͱ͢Δ:

• gi͸
⋂i− 1

j=0 ZG(gj)ʹؚ·ΕΔ (1 ≤ i ≤ k). ͨͩ͠ZG(h)͸hͷGͰͷத৺Խ܈Λ
ද͢.

• g1͸ g0ͱG಺Ͱڞ໾Ͱ͋Γ, gi+1͸ giͱ
⋂i− 1

j=0 ZG(gj)಺Ͱڞ໾ (1 ≤ i ≤ k).

• gi͸
⋂i− 1

j=0 ZG(gj)ͷΞʔϕϧԽͷݩͱͯ͠Ґ਺༗ݶ.

͜ͷͱ͖૊ (G, ⟨g0 ⟩)͸ੑ࣭FAkΛͭ࣋.

ূ໌. എཧ๏ʹΑͬͯࣔ͢. ͦͷͨΊ, G͕ k׬ݩ࣍උCAT(0)ۭؒXʹ౳௕͔ͭ൒୯
७ʹ࡞༻͓ͯ͠Γ, g0͕ݻఆ఺Λͨ࣋ͳ͍ͱ͢Δ. ,ͷ൒୯७ੑͷԾఆΑΓ༺࡞ g0͸૒
.తۂ ิ୊ 2.2ΑΓ, ZG(g0 )͸Min(g0 )ʹ൒୯७ʹ࡞༻͢Δ. ݩ g1 ͸ g0 ͷڞ໾ͳͷͰ,

ԾఆΑΓݻఆ఺Λͣͨ࣋, g1 |Min(g0)͸Min(g0 )ͷ૒ۂతͳ౳௕ม׵.

ิ୊ 2.1ΑΓ, Min(g0 )͸௚ੵ R × Y1 ͷߏ଄Λͪ࣋, ZG(g0 )ͷMin(g0 )΁ͷ࡞༻͸
RͷฏߦҠಈͱ Y1 ΁ͷ౳௕࡞༻ʹ෼ղ͢Δ. ·ͣRͷฏߦҠಈʹ͍ͭͯͯݟΈΔͱ,

g1 ͸ZG(g0 )ab಺Ͱ༗ݶҐ਺ͳͷͰ, g1 ͷఆΊΔฏߦҠಈ͸௕͞ 0. ʹ࣍ Y1 ΁ͷ౳௕࡞
,ΈΔͱͯݟ͍ͯͭʹ༺ ิ୊ 2.2ΑΓ͜ͷ࡞༻͸൒୯७ͳͷͰ, g1 ͸ Y1 ͷ૒ۂతͳ౳
௕ม׵ΛఆΊΔ. Y1 ͷҐ૬ݩ࣍͸ k − dim(R) = k − 1ҎԼͳͷͰ, XΛ Y1 ͱஔ͖׵
͑, GΛZG(g0 )ͱஔ͖͑׵, g0 Λ g1 ͱஔ্͖ͨ͑׵Ͱಉٞ͡࿦͕ՄೳʹͳΔ. ͢Δͱ
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Y1 ⊃ Min(g1 ) = R × Y2ʹର͠, g2͕Y2ʢݩ࣍ k − 2ҎԼʣͷ૒ۂతͳ౳௕ม׵Ͱ͋Δ
͜ͱ͕Θ͔Δ. ಉ༷ͷϓϩηεΛ࠷େk + 1ճ܁Γฦ͢ͱ, g≤ k͕0ݩ࣍ͷY≤ kͷ૒ۂత
ͳ౳௕ม׵ͱͳΔ. Y≤ k͸1఺ʹͳΔͨΊ, ໃ६͢Δ.

ఆཧ 2.3͸, .ͱΛอূ͍ͯ͠Δͭ࣋͜ఆ఺Λݻ͕ݩͷ͋Δ܈ େҬతͳݻఆ఺ͷଘࡏ
Λࣔ͢ʹ͸, ఆཧ2.3ʹՃ͑ͯ࣍ͷิ୊Λ༻͍Δ. ͜ͷิ୊͸, ༗ݩ࣍ݶϢʔΫϦουۭ
ؒͷತू߹଒ʹؔ͢ΔʮHellyͷఆཧʯͷҰൠԽͱͯ͠ಘΒΕΔ.

ิ୊ 2.4 ([1], [15] .(রࢀ k Λࣗવ਺, X ΛҐ૬ݩ࣍ k ͷ׬උ CAT(0) ۭؒͱ͢Δ.

k1 , . . . , kn ∈ N͕ 0 < k < Σn
i=1kiΛຬͨ͢ͱ͢Δ. {Si}1 ≤ i≤ nΛ, Isom(X)ͷ͍ޓʹ

Մڞʹ͍ޓ͔ͭ׵໾ͳ෦෼ू߹ͱ͢Δ. ֤Siͷ, ೚ҙͷki-ݩ෦෼͕܈Xʹݻఆ఺Λ࣋
ͭͳΒ͹, ೚ҙͷSiͷ೚ҙͷ༗ݶ෦෼ू߹͸ڞ௨ͷݻఆ఺Λͭ࣋.

3. Richard Thompsonͷ܈΁ͷԠ༻
ఆཧ2.3Ͱड़΂ͨੑ࣭FAkͷ൑ఆ৚݅͸, Richard Thompsonͷ܈ʢҎԼThompson

.ʣ΁ͷԠ༻Λ೦಄ʹஔ͍͍ͯΔ܈ Thompson܈ʹ͸F , T , V ͷ 3छྨ͕͋Γ, ͦΕͧ
Ε୯Ґ۠ؒ, ୯Ґԁ, Χϯτʔϧू߹ͷಉ૬ࣸ૾ͷ੒͢܈ͱͯ͠هड़͞ΕΔ. ͜ΕΒͷ
.ʣͰ͋Δ܈ੜ੒ݶʢಛʹ༗܈දࣔݶ͸͍ͣΕ΋༗܈ TͱV ͸୯७܈Ͱ͋Γ, ༗ݶදࣔ
୯७܈ͷྺ্࢙ॳΊͯͷྫͱͯ͠༗໊Ͱ͋Δ. F͸୯७܈Ͱ͸ͳ͍͕, Fͷަࢠ׵෦෼
.ͳ͍ͬͯΔʹ܈͸୯७܈ ͜ΕΒͷ܈͸༷ʑͳඇࣗ໌ͳੑ࣭Λͭ࣋͜ͱ͕஌ΒΕ͓ͯ
Γ, ಛʹF ͕ैॱ܈Ͱ͋Δ͔Ͳ͏͔͸༗໊ͳະղܾ໰୊Ͱ͋Δ. ҎԼͰ͸F , T ͱͦͷ
ҰൠԽʹ͍ͭͯͷΈ, ఆٛͱݻఆ఺ੑ࣭Λࣔͨ͢Ίͷٞ࿦Λड़΂Δ͕, V ΍ͦͷҰൠԽ
ͷ৔߹ʹ΋ಉ༷ʹٞ࿦Ͱ͖Δʢ[10]ʣ.

Thompson܈F͸, ୯Ґ۠ؒͷ͖޲Λอͭࣗݾಉ૬ࣸ૾શମͷதͰɺਤ 2ͷݩx0 , x1

͔Βੜ੒͞ΕΔʢ[4]ࢀরʣ. ͜ΕΒͷݩ͸, ఆٛҬͱ஋Ҭ͕ಉ͡ݸ਺ʢ༗ݸݶʣͷ۠ؒ
ʹͦΕͧΕ෼ׂ͞Ε, ্֤۠ؒΞϑΝΠϯͰ͋ΔΑ͏ͳࣸ૾ʹͳ͍ͬͯΔ. ྫ͑͹ਤ 2

ͷf1ʹؔͯ͠͸ [0, 1] = [0, 14 ]∪ [ 14 ,
1
2 ]∪ [ 12 , 1]ʢఆٛҬʣ͓Αͼ [0, 1] = [0, 12 ]∪ [ 12 ,

3
4 ]∪ [ 34 , 1]

ʢ஋ҬʣͷΑ͏ʹ෼ׂ͞Ε͍ͯΔ. ͜ΕΒͷ෼ׂ͸શͯ, ୯Ґ͔۠ؒΒ۠ؒͷೋ౳෼ʹ
ΑͬͯಘΒΕΔ෼ׂͰ͋ΔʢҎԼೋ߲෼ׂͱݺͿʣ. ,Fʹ͸܈ ͜ͷΑ͏ʹͯ͠ಘΒΕ
Δʢ͢ͳΘͪఆٛҬͱ஋Ҭͷ෼ׂ͕༗ݶͷೋ߲෼ׂʹΑͬͯಘΒΕ, ࣸ૾͕۠෼తʹΞ
ϑΝΠϯͰ͋ΔΑ͏ͳʣ[0, 1]ͷ͖޲Λอͭࣗݾಉ૬ࣸ૾͕શؚͯ·ΕΔʢ[4]ࢀরʣ. ಉ
༷ʹ, Thompson܈T ͸୯Ґԁͷ͖޲Λอͭࣗݾಉ૬ࣸ૾શମͷதͰ, ਤ 2ͷݩx0 , x1 ,

π͔Βੜ੒͞ΕΔ. ·ͨ, ఆٛҬͱ஋Ҭͷ෼ׂ͕༗ݶͷೋ߲෼ׂʹΑͬͯಘΒΕ, ࣸ૾
͕۠෼తʹΞϑΝΠϯͰ͋ΔΑ͏ͳ୯Ґԁͷ͖޲Λอͭࣗݾಉ૬ࣸ૾ΛશؚͯΉ.
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1

x0 = x1 = π =

ਤ 2: F , Tͷੜ੒ܥ. F͸x0ͱx1͔Β, T͸x0 , x1 , πʢ୯Ґ۠ؒͷ྆୺ΛಉҰ͠ࢹ, S1

ؒͷࣸ૾ͱΈͳ͢ʣ͔Βੜ੒͞ΕΔ.
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ҎԼ, F ΍ T ͷෳࡶͳݩΛදࣔ͢ΔͨΊ, ࠜ෇͖ೋ෼ذ໦ͷ૊ʹΑΔදࣔΛ༻͍Δ.

ࠜ෇͖ແ2ݶ෼ذ໦ͱ͸ਤ3ʹࣔ͢άϥϑͰ͋Γ, ͦͷ௖఺͸ҰͭΛআ͍ͯ3ՁͰ͋Δ.

Ұ͚ͭͩ͋Δ2Ձͷ௖఺ΛࠜͱݺͿ. ࠜ෇͖ແݶೋ෼ذ໦ͷ֤௖఺͸, ਤ3ͷΑ͏ʹ, ୯
Ґ۠ؒͷೋ߲෼ׂʹΑͬͯಘΒΕΔ۠ؒͱରԠ͚ͮΒΕ͍ͯΔͱ͢Δ. ͜ͷରԠΛհ
ͯ͠, ࠜ෇͖༗ݶ 2෼ذ໦ͷ 1Ձͷ௖఺ͨͪ͸, ୯Ґ۠ؒ [0, 1]ͷ෼ׂʹରԠ͍ͯ͠Δ.

͕ͨͬͯ͠F , Tͷ֤ݩΛࠜ෇͖༗ݶೋ෼ذ໦ͷ૊Λ༻͍ͯද͢͜ͱ͕Ͱ͖Δʢྫ͑͹
ਤ4ʣ. ͨͩ͠TͷݩΛද͢ࡍ͸, 0ΛؚΉ۠ؒͷࣸΓઌʹϥϕϧ0Λ෇ͯ͠ද͢͜ͱʹ
͢Δ.

[0, 1]

[0, 12 ] [12 , 1]

[0, 14 ] [34 , 1][ 12 ,
3
4 ][ 14 ,

1
2 ]

ਤ 3: ࠜ෇͖ແݶೋ෼ذ໦ͷ֤௖఺ͱ۠ؒͷରԠʢݟ΍͢͞ͷͨΊ, ֤ลʹ͔ࠜΒԕ͟
͔Δ͖޲ΛೖΕͯඳ͍͍ͯΔʣ.

x0 x1

0

π

ਤ 4: ਤ2ͷx0 , x1 , tͱରԠ͢Δࠜ෇͖༗ݶೋ෼ذ໦ͷ૊.

Thompson܈ͷ࡞܈༻ͷݻఆ఺ੑ࣭ʹ͍ͭͯ͸͍͔ͭ͘ͷઌ͕͋ڀݚߦΔ. ྫ͑͹
Farley [7] ͸, T ͱ V ͕ Serreͷੑ࣭FAΛͭ࣋͜ͱΛࣔͨ͠. ͜͜Ͱ, F ͸HNN֦େ
ͷߏ଄Λͨͭ࣋Ί, Serreͷੑ࣭ FAΛͨ࣋ͳ͍. ·ͨ F , T , V ͸ແݩ࣍ݶͷ CAT(0)

ෳମʹ౳௕͔ͭݻ༗ʹʢ͕ͨͬͯ͠େҬతݻఆ఺Λͣͨ࣋ʹʣ࡞༻͢Δ͜ͱ΋, Farley

[6] ʹΑͬͯ஌ΒΕ͍ͯΔ. Genevois [8] ͸V ͷ༗ݩ࣍ݶͷCAT(0)ํମෳମʢcubical

complexʣ΁ͷ࡞༻͕ৗʹେҬతݻఆ఺Λͭ࣋͜ͱΛࣔͨ͠. ༗ݩ࣍ݶͷCAT(0)ํମ
ෳମ΁ͷ౳௕ͳ࡞܈༻͸൒୯७࡞༻ͳͷͰ, ͜ͷ݁Ռ͸ੑ࣭FAkʢk͸೚ҙͷࣗવ਺ʣ
ΑΓ΋ऑ͍݁ՌͰ͋Δ. ͜ΕΒͷ݁ՌΛ౿·͑Δͱ, T ΍ V ͷੑ࣭FAkΛௐ΂Δ͜ͱ
͸ࣗવͰ͋Δ.

ఆཧ 3.1 ([10]). kΛ೚ҙͷࣗવ਺ͱ͢Δ. Thompson܈F ͷަࢠ׵෦෼܈ [F, F ]ͷ೚
ҙͷݩfʹରͯ͠, ૊ (F, ⟨f⟩)͸ੑ࣭FAkΛͭ࣋.

ূ໌. ఆཧ 2.3 ͱิ୊ 2.4Λ༻͍ͯٞ࿦͢Δ. ܈෦෼ࢠ׵ަ [F, F ]͕F ͷ෦෼ू߹ͱ͠
ͯʮ0, 1ͷ֤ۙ๣Ͱ1͖܏ͱͳΔࣸ૾ͷ੒͢Fͷ෦෼ू߹ʯͱҰக͢Δ͜ͱʢ[4]ࢀরʣ
Λ༻͍Δͱ, ೚ҙͷ f ∈ [F, F ]ʹରͯ͠, (0, 1)಺ͷด۠ؒ J1 ͕ଘͯ͠ࡏ supp(f) ⊂ J1

Λຬͨ͢. ·ͨ, ୯Ґ۠ؒͷೋ߲෼ׂʹΑͬͯಘΒΕΔ۠ؒ J2 Ͱ͋ͬͯ supp(f)ͱަ
ΘΒͳ͍΋ͷ͕औΕΔ. F ͸୯Ґ۠ؒͷࣗݾಉ૬ࣸ૾ͷ੒͢܈ͳͷͰ, ։۠ؒ (0, 1)ʹ
ࣗવͳ࡞༻Λͭ࣋. ͜ͷ࡞༻͸, ೚ҙͷίϯύΫτू߹Λ೚ҙͷ։ू߹಺ʹࣸ͢࡞༻Ͱ
͋Δʢ[4]ࢀরʣ. ͕ͨͬͯ͠, J1 Λ J2 ͷ಺෦ʹࣸ͢ݩ h1 ∈ F ͕ଘ͢ࡏΔ. ͜ͷͱ͖
supp(fh1) = h1 (supp(f))͸ Int(J2 )಺ͷด۠ؒ h1 (J1 )ʹؚ·ΕΔ. ୆͕ J2 ʹؚ·ΕΔ
F ͷݩશମ͸, F ͷ෦෼܈Λ੒͢. ͜ͷ෦෼܈ΛF (J2 )ͱ͓͘. J2 ͱ [0, 1]ͷಉҰࢹʹ
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0 1

J1

J2
J3

J4

J1

J2

J3

J4 S1

ਤ 5: ۠ؒͷ 4-νΣΠϯͱ 4-Ϧϯά. Ji − Ji+1ͱJi+1 − Ji (Ϧϯάͷ৔߹, ఴࣈ͸mod

n) ͸ۭͰͳ͘, Ji ∪ Jk (|i− k| ≥ 2) ͸ۭ.

ΑΓ, F (J2 )ͱ F ͷؒͷಉ͕ܕಘΒΕΔ. ͜ͷಉܕΛհ͢Δ͜ͱͰ, fh1͕ F (J2 )ͷަ
.Ε͍ͯΔ͜ͱ͕Θ͔Δ·ؚʹ܈෦෼ࢠ׵ fͱF (J2 )͸Մ׵ͳͷͰ, F (J2 )͸ZF (f)ʹ
ؚ·ΕΔ. ͕ͨͬͯ͠ fh1͸ [ZF (f), ZF (f)]ʹؚ·ΕΔ. ಉٞ͡࿦Λ૊ (G, f)ͷ୅ΘΓ
ʹ (F (J2 ), fh1)ʹ͍ͭͯ܁Γฦ͠, Fͷݩ{hi}1 ≤ i≤ k+1ΛಘΔ. Fͷݩͷྻ{gi}1 ≤ i≤ k+1Λ
gi = fh1···hiͰఆΊΔͱ, ͜ΕΒ͸ఆཧ2.3ͷԾఆΛຬͨ͢.

F ͷҰൠԽ΍ T ͷ৔߹ʹੑ࣭ FAk Λٞ࿦͢ΔͨΊ, Kim, Koberdaͱ Lodha [12]

ͷಋೖͨ͠F , T ͷҰൠԽͷݴ༿Λ༻͍Δ. ͜ΕΒͷҰൠԽ͸Homeo+([0, 1])΋͘͠͸
Homeo+(S1 )ͷ༗ݶੜ੒෦෼܈ͱͯ͠ఆٛ͞ΕΔ. n ≥ 2Λࣗવ਺ͱ͢Δ. ॱং͚ͮΒΕ
ͨnݸͷ։۠ؒͷྻ(J1 , . . . , Jn)͕,ʮఴྡ͕ࣈΓ߹͏ͱ͖ͷΈڞ௨෦෼͕ۭͰͳ͍ʯͱ͍
͏৚݅Λຬͨ͢ͱ͖,͜ΕΒΛn-νΣΠϯͱݺͿʢਤ5ʣ. F = {fi}1 ≤ i≤ n ⊂ Homeo+(R)
Λ, ྻ (supp(f1 ), . . . , supp(fn))͕n-νΣΠϯΛ੒͢Α͏ͳݩͱ͢Δ. ೚ҙͷnʹ͍ͭͯ
⟨fi, fi+1 ⟩͕Thompson܈FͱಉܕʹͳΔͱ͖, FͰੜ੒͞ΕΔHomeo+(R)ͷ෦෼܈Λ
n-νΣΠϯ܈ ͱݺͿ. ։۠ؒͷఴࣈΛmod nͰ͑ߟΔ͜ͱͰ, ্ͱಉ༷ʹn-Ϧϯά͓
Αͼn-Ϧϯά܈Λఆٛ͢Δʢਤ5ʣ. ͜ͷఆٛͷதͰ, ʮྡΓ߹͏ੜ੒͕ݩFΛੜ੒͢
Δʯͱ͍͏Ծఆ͸, .Δ͍͍ͯͮجʹͷΑ͏ͳ݁Ռ࣍

ิ୊ 3.2 ([12]). GFΛ, {f1 , f2} ⊂ Homeo+(R)Ͱੜ੒͞ΕΔ܈ͱ͢Δ. ੜ੒ݩͷ୆ͷ૊
(supp(f1 ), supp(f2 ))͕2-νΣΠϯΛ੒͢ͱ͢Δ. ͜ͷͱ͖N ∈ NΛे෼େ͖͘ͱΕ͹,

⟨fN
1 , fN

2 ⟩͸FͱಉܕͱͳΔ.

ఆཧ 3.3 ([11]). nΛ2Ҏ্ͷࣗવ਺ͱ͢Δ. F = {fi}1 ≤ i≤ n ⊂ Homeo+(R)ʹ͍ͭͯ, ։
۠ؒͷྻ (supp(fi))1 ≤ i≤ n͕n-νΣΠϯ·ͨ͸n-ϦϯάΛ੒͢ͱ͢Δ. GFΛ, FͰੜ੒
͞ΕΔn-νΣΠϯ܈·ͨ͸n-Ϧϯά܈ͱ͢Δ. HΛަࢠ׵෦෼܈ [GF , GF ]ͷ༗ݶੜ੒
෦෼܈ͱ͢Δ. ૊ (GF , H)͸೚ҙͷk ∈ Nʹରͯ͠FAkΛͭ࣋.

ূ໌. ֤ 1 ≤ i ≤ nʹରͯ͠Hi = ⟨fi, fi+1 ⟩ͱ͓͘ . SΛHͷੜ੒ܥͱ͢Δ. [GF , GF ]

͸ {[fi, fi+1 ]}1 ≤ i≤ nʹΑͬͯਖ਼نੜ੒͞ΕΔͷͰ, S = {si′}1 ≤ i′≤ n′͸ [fi, fi+1 ]ͷڞ໾ͨ
͔ͪΒ੒Δͱͯ͠ྑ͍. ͢Δͱ֤ 1 ≤ i′ ≤ n′ʹରͯ͠, supp(si′)͸ (0, 1)಺ͷด۠
ؒ Ji′ ʹؚ·Ε͍ͯΔ. 2-νΣΠϯ܈ ⟨k1 , k2 ⟩͸ supp(k1 ) ∪ supp(k2 )ͷ೚ҙͷด۠ؒ
Λ೚ҙͷ։ू߹಺ʹࣸ͢ʢ[12]ʣͷͰ, ֤ 1 ≤ i′ ≤ n′ʹରͯ͠, Ji′ Λ supp(Hn)಺ʹ
ݩࣸ͢ gi′ ͕ gi′ = hi′

1 · · ·hi′
i · · ·hi′

n (hi′
i ∈ [Hi, Hi]) ͷΑ͏ʹͯ͠औΕΔ. ͜͜Ͱ S Λ

S ′ = {sg
i′

i′ }1 ≤ i′≤ n′ ∪ {hi′
i }1 ≤ i≤ n,1 ≤ i′≤ n′ͱऔΓସ͑Δ. S ′͸Hͷ༗ݶੜ੒ܥͷ··Ͱ͋Δ.

S ′ͷ֤ݩ͸ [Hi, Hi]ͷڞ໾ʹؚ·ΕΔ.

GF͕k׬ݩ࣍උCAT(0)ۭؒXʹ౳௕͔ͭ൒୯७ʹ࡞༻͍ͯ͠Δͱ͢Δ. Hi͸Fͱ
ಉܕͰ͋Δ͔Β, ༠ಋ͞ΕΔHiͷ࡞༻ʹରͯ͠ఆཧ3.1Λద༻Ͱ͖ͯ, S ′ͷ֤ݩ͸ͦΕ
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supp(f1)

supp(f3)

supp(f2)supp(f4) Ji′
[H3, H3] [H1, H1]

1

2

3

4

1

2

3

4

ਤ 6: gjͷߏ੒ (Ϧϯά܈ͷ৔߹).

ͧΕݻఆ఺Λͭ࣋ͱΘ͔Δ. ೚ҙͷm > n, ೚ҙͷn-νΣΠϯ܈Gʹରͯ͠Gͱಉܕͳ
m-νΣΠϯ͕܈ଘ͢ࡏΔʢ[12]ʣͷͰ, n͕ kʹൺ΂ͯे෼େ͖͍ͱԾఆͯ͠ྑ͍. ͢
ΔͱS ′ͷ೚ҙͷ (k+1)ݩ෦෼ू߹S ′

k+1ʹରͯ͠, S ′
k+1ʹؚ·ΕΔݩͷ୆ͷ࿨͸, (0, 1)

ͷ͋Δด۠ؒʹؚ·ΕΔ. ͜ͷด۠ؒΛ͍ޓʹަΘΒͳ͍։ू߹಺ʹࣸ͢Α͏ͳGFͷ
͕ݩ (k+1)ݸऔΕΔ. ิ୊2.4ΛS ′ʹద༻ͯ͠, S ′ͷڞ͕ͪͨݩ௨ͷݻఆ఺Λͭ࣋͜ͱ
͕ै͏.

i൪໨ n n

n

n൪໨xn,i

(1 ≤ i ≤ n− 1) (n− 1)൪໨

n

n

n

n

n൪໨xn,n

n

n൪໨

n

n൪໨n

ਤ 7: Higman-Thompsonͷ܈Fnͷੜ੒ܥ.

(1)(2) (n)

n෼3ذ෼2ذ෼ذ

ਤ 8: n෼ذͷάϥϑ.

νΣΠϯ܈ͱϦϯά܈͸, F , T͓ΑͼͦΕΒͷҰൠԽͰ͋ͬͯHigman-Thompsonͷ
Fnͱ܈ Tnͱݺ͹ΕΔ΋ͷʢ[3], .রʣΛؚΜͰ͍Δࢀ[9] ೚ҙͷࣗવ਺ n ≥ 2ʹର͠
ͯ, [0, 1]͓ΑͼS1 ͷ n߲෼ׂΛ͑ߟΔͱ, F ͓Αͼ T ͱಉ༷ͷߏ੒ͰHomeo+([0, 1]),

Homeo+(S1 )ͷ෦෼͕܈ಘΒΕΔ. ͜ΕΒΛHigman-Thompsonͷ܈ͱݺͼ, Fn, Tnͱ
ද͢. F2 , T2͸ͦΕͧΕF , TͱҰக͢Δ. F , Tͷ৔߹ͱಉ༷ʹ, n߲෼ׂΛࠜ෇͖ͷ༗
ݶ n෼ذ໦ͱରԠͤ͞Δ͜ͱͰ, Fn, TnͷݩΛࠜ෇͖༗ݶ n෼ذ໦ͷ૊ͰදࣔͰ͖Δ.

Fn͸ਤ7ʹࣔ͞Εͨnݸͷࣸ૾xi (1 ≤ i ≤ n)Ͱੜ੒͞Ε͍ͯΔʢ[3], [4]ʣ. ͨͩ͠, n

Ͱϥϕϧ͚ͮΒΕͨܗ֯ࡾ͸n෼ذΛද͢ʢਤ 8ʣ. Tn͸Fn͓Αͼ, S1ͷ͖޲Λอͭ
2π/nճసͰੜ੒͞Ε͍ͯΔ.

ิ୊3.2ʹ͸࣍ͷΑ͏ͳҰൠԽ͕͋Δ.

ิ୊ 3.4 ([12]). nΛ 2Ҏ্ͷࣗવ਺ͱ͢Δ. {fi}1 ≤ i≤ n ⊂ Homeo+(R)Λ, ։۠ؒͷྻ
(supp(fi))1 ≤ i≤ n͕ n-νΣΠϯͰ͋ΔΑ͏ͳࣸ૾ͱ͢Δ. GF Λ {fi}1 ≤ i≤ nͰੜ੒͞ΕΔ
Homeo+(R)ͷ෦෼܈ͱ͢Δ. N ∈ NΛे෼େ͖͘ͱΔͱ, GFͷ෦෼܈ ⟨{fN

i }1 ≤ i≤ n⟩͸
n-νΣΠϯ܈ͱͳΓ, ͞ΒʹFnʹಉܕͱͳΔ.

第66回トポロジーシンポジウム講演集（2019年8月・秋田市） 51



n

n

n

n
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(n− 1)൪໨
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n

n

n
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(n− 1)൪໨

0

0

ਤ 9: Higman-Thompsonͷ܈Tnͷ৽͍͠ੜ੒ܥ.

ิ୊ 3.4ΑΓ, Fnͱಉܕͳn-νΣΠϯ͕܈ଘ͢ࡏΔͷͰ, Fnʹ͍ͭͯఆཧ 3.3͕ద༻
Ͱ͖Δ.

ܥ 3.5. n ≥ 3ͱ͢Δ. HΛFnͷަࢠ׵෦෼܈ͷ༗ݶੜ੒෦෼܈ͱ͢Δ. ૊ (Fn, H)͸
೚ҙͷk ∈ Nʹ͍ͭͯੑ࣭FAkΛͭ࣋.

Tnʹ͍ͭͯ΋, Ϧϯά܈ͷߏ଄Λͭ࣋͜ͱ͕ࣔͤΔ.

ิ୊ 3.6 ([12]). x, y, z, w ∈ R͕−∞ ≤ x < y < z < w ≤ ∞Λຬͨ͢ͱ͢Δ. f ,

g ∈ Homeo+(R)Λ, ୆͕։۠ؒ (x, z), (y, w)Ͱ͋ΔΑ͏ͳݩͱ͢Δ. gf(y) ≥ zͳΒ͹,

⟨f, g⟩͸Fͱಉܕ.

ิ୊ 3.7 ([11]). ೚ҙͷn ≥ 2ʹ͍ͭͯ, Tn͸ (n+ 1)-Ϧϯά܈.

ূ໌. ynΛ2π/nճసͰ͋ͬͯ, 0Λ1− 1/nʹࣸ͢΋ͷͱ͢Δ. Tn͸ਤ7ͷ{xn,i}1 ≤ i≤ n

ͱ {yn}Ͱੜ੒͞ΕΔ. fn,i = x− 1
i+1xi (1 ≤ i ≤ n − 1)ͱ͓͖, fn,n = xn ͱ͓͘ͱ,

{fn,i}1 ≤ i≤ n͸ FnΛੜ੒͢Δ. ·ͨ, ynͱ FnͷݩͷੵͰදͤΔ fn,n+1ʢਤ 9ʣΛ෇͚
଍͢ͱ, {supp(fn,i)}1 ≤ i≤ n+1 ͸ϦϯάΛ੒͠, Tn Λੜ੒͢Δ. ·ͨ, ิ୊ 3.6ʹΑΓ,

⟨fi,n, fi+1 ,n⟩ (1 ≤ i ≤ n)ͱ ⟨fn,n+1 , fn,1 ⟩͸Fͱಉܕ. ΑͬͯTn͸ (n+ 1)-Ϧϯά܈ͷߏ
଄Λͭ࣋.

ิ୊3.7͓ΑͼTn͕༗ݶੜ੒࣮࣭త୯७܈Ͱ͋Δ͜ͱʢ[3]ʣΛ༻͍Δͱ, ఆཧ3.3Α
Γ͏͕͕ͨ࣍͠.

ܥ 3.8. n ≥ 2ͱ͢Δ. Tn͸೚ҙͷk ∈ Nʹ͍ͭͯੑ࣭FAkΛͭ࣋.
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Brane coproducts and their applications

ए݄ɹॣ (౦ژେֶ ਺ཧՊֶڀݚՊ)

֓ ཁ

ຊߘͰ͸ɼετϦϯά࡞༻ૉɼಛʹϧʔϓ༨ੵͷϒϨʔϯτϙϩδʔ΁ͷҰ
ൠԽʹ͍ͭͯղઆ͢ΔɽҰൠԽͷݤ͸ɼ͋ΔҙຯͰͷࣸ૾ۭؒͷʮ༗ݩ࣍ݶ
ੑʯͰ͋ΓɼҟͳΔ؍఺ʹண໨͢Δ͜ͱͰೋछྨͷʮϒϨʔϯ༨ੵʯΛߏ੒
͢Δɽ·ͨɼͦΕΒΛࣸ૾ۭؒͷίϗϞϩδʔʹ͓͚ΔΧοϓੵͷ͋Δछͷ
ফ໓ʹԠ༻͢Δɽ

1. ܠͷഎڀݚ
Chas-Sullivan[CS99]͸ɼM ͕mݩ࣍༗޲࿈݁ดଟ༷ମͷ৔߹ʹͦͷࣗ༝ϧʔϓۭؒ
LM = Map(S1 ,M) ͷϗϞϩδʔ্܈ʹϧʔϓੵH∗(LM × LM) → H∗−m(LM) Λఆ
ٛͨ͠ɽϧʔϓੵ͸ɼʮج఺෇͖ϧʔϓۭؒͷੵߏ଄͔Βఆٛ͞ΕΔPontrjaginੵʯͱ
ʮଟ༷ମͷϗϞϩδʔ܈ʹ͓͚ΔަࠥੵʯΛ૊Έ߹Θͤͨ΋ͷͰ͋ΔɽPontrjaginੵ͸
M͕ͲͷΑ͏ͳҐ૬ۭؒͰ͋ͬͯ΋ଘ͢ࡏΔ͕ɼަࠥੵ͸M͕ଟ༷ମͰ͋Δ͜ͱɼಛ
ʹ༗ੑݩ࣍ݶΛͯͬ࢖ఆٛ͞ΕΔ΋ͷͰ͋Δɽ͞ΒʹCohen-Godin[CG04]͸ϧʔϓੵ
ΛҰൠԽͯ͠ɼϧʔϓ༨ੵH∗(LM) → H∗−m(LM × LM) ͳͲͷετϦϯά࡞༻ૉΛ
੒͠ɼ͜ΕΒ͕ߏ (1 + ৔ͷཧ࿦ࢠͷҐ૬తྔݩ࣍(1 (TQFT)Λͳ͢͜ͱΛূ໌ͨ͠ɽ
͜ΕΒͷ࡞༻ૉ͕ࣗ༝ϧʔϓۭؒͷϗϞϩδʔʹ๛෋ͳ୅਺తߏ଄Λ༩͑Δ͜ͱ͕ظ
଴͞Ε͍ͯͨɽͱ͜Ζ͕ۄ೫Ҫ [Tam10] ʹΑΓɼϧʔϓ༨ੵ͕΄ͱΜͲࣗ໌Ͱ͋Δ͜
ͱ΍ɼϧʔϓ༨ੵͱϧʔϓੵͷ߹੒͕ৗʹࣗ໌Ͱ͋Δ͜ͱ͕ূ໌͞Εͨɽͭ·Γɼε
τϦϯά࡞༻ૉ͸๛෋ͳ୅਺తߏ଄Ͱ͸ͳ͍͜ͱ͕෼͔ͬͨͷͰ͋Δɽ
ͦ͜Ͱɼ2ͭͷํ޲΁ͷҰൠԽ͕ߦΘΕͨɽ1ͭ͸ɼ Félix-Thomas[FT09]ʹΑΔɼM

͕Gorensteinۭؒͷ৔߹΁ͷҰൠԽͰ͋Δɽ͜͜ͰۭؒMͷͭ࣋Gorensteinੑͱ͸ɼ
ଟ༷ମ͕͍ͨͯͬ࣋༗ੑݩ࣍ݶΛ֦ு͢Δੑ࣭Ͱ͋ΓɼMͷಛҟίνΣΠϯ୅਺͕͋
Δ୅਺తͳ৚݅Λຬͨ͢͜ͱͰఆٛ͞ΕΔɽ͜Ε͸༗޲࿈݁ดଟ༷ମɼίϯύΫτ࿈
݁Ϧʔ܈ͷ෼ྨۭؒɼ͞Βʹ͸͋ΔछͷBorelߏ੒ͳͲΛؚΜͰ͓Γɼۭؒͷ͍޿Ϋϥ
εΛ༩͑ΔɽFélix-Thomas ͷํ๏ʹΑΔϧʔϓ༨ੵͷఆٛͷݤ͸ɼfibration ʹԊͬͯ
ࣸ૾ۭؒ΁ͱަࠥੵΛ্͛ͪ࣋Δ͜ͱͰ͋Δɽ͜͜Ͱ͸ʮަࠥੵʯ͸ɼ͋Δछͷ Ext

Ճ܈ͷݩͰ͋Γɼର֯ຒΊࠐΈ ∆ : M → M ×M ͕Gorenstein ۭؒͷҙຯͰ༗ݶ༨
Ͱ͋Δ͜ͱ͔Βఆ·Δݩ࣍ shriek map Ͱ͋Δɽ
΋͏ҰํͷҰൠԽͱͯ͠ɼSullivan-Voronov[CHV06, Section 5]ʹΑΔϒϨʔϯੵ͕

໘͔Βͷࣸ૾ۭؒSkMٿͷݩ࣍ΒΕΔɽ൴Β͸Ұൠͷ͛ڍ = Map(Sk,M) ʹରͯ͠ɼ
ͦͷϗϞϩδʔͷ্ʹϒϨʔϯੵͱݺ͹ΕΔੵΛఆٛͨ͠ɽ͜Ε͸ɼϧʔϓੵͷͱ͖ͱ
ಉ༷ʹަࠥੵͱPontrjaginੵΛ૊Έ߹Θͤͨ΋ͷͱͯ͠ߏ੒Ͱ͖Δɽͱ͜Ζ͕ɼSkM

্ͷ୅਺తߏ଄͸ϧʔϓۭؒͷ৔߹ͱൺ΂ͯ๡͘͠ɼಛʹʮϒϨʔϯ༨ੵʯͱݺͿ΂
͖༨ੵ͸SkM্ʹ͸ߏ੒͞Ε͍ͯͳ͔ͬͨɽ
ຊߘͰ͸ Félix-Thomas ͷख๏Λ֦ு͢Δ͜ͱͰೋछྨͷʮϒϨʔϯ༨ੵʯΛߏ੒

͠ɼͦͷԠ༻ͱͯ͠ H∗(SkM) ʹ͓͚ΔΧοϓੵͷ͋Δछͷফ໓Λূ໌͢Δɽ
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2. DGA্ͷExtՃ܈
·ͣ४උͱͯ͠ɼDGA (differential graded algebra) ্ͷ ExtՃ܈ͷఆٛͱجຊతͳੑ
࣭Λઆ໌͢ΔɽҎԼ KΛମͱ͠ɼ(A, d) Λ K্ͷ DGA ͱ͢Δɽ

ఆٛ 1 (c.f. [FHT01, Section 6]). (A, d)Ճ܈ (P, d) ͕ (A, d)-semifreeՃ܈Ͱ͋Δͱ
͸ɼ(P, d)ͷ෦෼ (A, d)Ճ܈ͷྻ

0 = P (−1) ⊂ P (0) ⊂ P (1) ⊂ · · · ⊂ P (n− 1) ⊂ P (n) ⊂ · · · ⊂ P

͕ଘͯ͠ࡏɼ࣍Λຬͨ͢͜ͱΛ͍͏ɽ

• P =
⋃

n P (n)

• ֤nʹ͍ͭͯ (P (n)/P (n− 1), d) ͸ࣗ༝ (A, d)Ճ܈Ͱ͋Δɽ

͜Ε͸ɼ(௨ৗͷ)؀্ͷՃ܈ͷཧ࿦ʹ͓͚Δɼࣗ༝Ճ͔܈ΒͳΔෳମͷҰൠԽͰ͋
Γɼ͜ͷ৔߹ʹ΋ҎԼͷΑ͏ͳಉ༷ͷํ๏Ͱ ExtՃ͕܈ఆٛͰ͖Δɽ

ఆٛ 2. (L, d), (N, d) Λ (A, d)Ճ܈ͱ͢Δɽ

• ٖಉܕ η : (P, d)
≃−→ (L, d) Ͱ͋ͬͯ (P, d) ͕ (A, d)-semifree Ͱ͋Δ΋ͷΛ (L, d)

ͷ (A, d)-semifree ෼ղͱ͍͏ɽ

• (A, d)-semifree ෼ղ η : (P, d)
≃−→ (L, d) Λ༻͍ͯɼ

ExtA(L,N) = H∗(HomA(P,N))

ͱఆٛ͢Δɽ͜ͷͱ͖ࣗવͳઢ૾ࣸܕExtA(L,N) → HomH∗(A)(H∗(L), H∗(N))

Λ H∗(−) ͱॻ͘ɽ

ଓ͍ͯɼpullback ਤࣜͱ ExtՃ܈ͷؔ܎ʹ͍ͭͯड़΂ΔɽҎԼຊߘͰ͸ɼશͯͷۭ
ؒͷίϗϞϩδʔ͸༗ܕݶͰ͋ΔͱԾఆ͢Δɽ p : E → B ͕ (Serre) fibration ͰɼB

͕୯࿈݁Ͱ͋ΔΑ͏ͳpullback ਤࣜ

D E

A B

p

Λ͑ߟΔɽ͜ͷͱ͖ಛҟίνΣΠϯ୅਺ C∗(−)ʹ͍ͭͯઢ૾ࣸܗ

p⋆ : ExtlC∗(B)(C
∗(A), C∗(B)) → ExtlC∗(E)(C

∗(D), C∗(E))

͕ҎԼͷΑ͏ʹͯ͠ఆٛ͞ΕΔɽ·ͣɼC∗(A) ͷ C∗(B)-semifree ෼ղ (P, d) ΛͱΔɽ
͜ͷͱ͖ɼ idC∗(E) ͱͷςϯιϧੵΛͱΔ͜ͱͰઢ૾ࣸܗ

HomC∗(B)(P,C
∗(B)) → HomC∗(E)(C

∗(E)⊗C∗(B) P,C
∗(E)⊗C∗(B) C

∗(B)) (3)

͕ಘΒΕΔ͕ɼEilenberg-Moore ͷఆཧ [Smi67, Theorem 3.2] ΑΓC∗(E)⊗C∗(B) P ͸
C∗(D) ͷC∗(E)-semifree ෼ղͰ͋Δɽैͬͯɼ(3) ͷίϗϞϩδʔΛͱΔ͜ͱͰɼp⋆

͕ఆٛ͞ΕΔɽ
ɼʹޙ࠷ Poincaré ૒ରੑͱ Ext Ճ܈ͷؔ܎ʹ͍ͭͯड़΂Δɽ
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໋୊ 4 ([FT09, Lemma 1]). N Λ nݩ࣍ͷ Poincaré ૒ରۭؒɼXΛހঢ়࿈݁ͳۭؒ
ͱ͠ɼ࿈ଓࣸ૾ f : X → N Λ͑ߟΔɽ͜ͷͱ͖ɼࣗવʹఆٛ͞ΕΔ࣍ͷࣸ૾͸ಉܕͰ
͋Δɽ

ExtlC∗(N) (C
∗(X), C∗(N))

∼=−−→ HomK
(
Hn−l(X), Hn(N)

)

3. ରশϒϨʔϯ༨ੵ
3.1. Gorensteinۭؒ

Gorenstein ۭؒͱ͸ɼPoincaré૒ରۭؒͷҰൠԽͱͯ͠ҎԼͷΑ͏ʹఆٛ͞ΕΔɽ

ఆٛ 5 ([FHT88]). ୯࿈݁ͳۭؒ M ͕

ExtkC∗(M)(K, C∗(M)) ∼=

{
K k = m

0 k ̸= m

Λຬͨ͢ͱ͖ɼMΛݩ࣍mͷ (K)-Gorensteinۭؒͱ͍͏ɽ

ʹΒΕΔɽಛ͛ڍຊతͳ۩ମྫͱͯ͠ɼҎԼͷ2͕ͭج (b)ΑΓɼGorensteinۭؒͷ
͸ෛͷ੔਺ʹ΋੒ΓಘΔ͜ͱ͕෼͔Δɽݩ࣍

ྫ 6. (a) ໋୊ 4ΑΓɼPoincaré ૒ରۭؒ (ಛʹ༗޲࿈݁ดଟ༷ମ)͸ Gorenstein ۭ
ؒͰ͋Δɽ͞Βʹ Gorenstein ۭؒͱͯ͠ͷݩ࣍͸ɼPoincaré ૒ରۭؒͱͯ͠ͷ
ͱҰக͢Δɽݩ࣍

(b) ίϯύΫτ࿈݁Lie܈ G ͷ෼ྨۭؒ BG ͸ Gorenstein ۭؒͰ͋Γɼͦͷݩ࣍͸
− dimG Ͱ͋Δɽ

ຊߘɼಛʹରশϒϨʔϯ༨ੵͷఆٛʹ͓͍ͯॏཁͳ໾ׂΛՌͨ͢ Gorenstein ۭؒͷ
Ϋϥε͕ɼҎԼͷఆཧʹΑΓ༩͑ΒΕΔɽ

ఆཧ 7 ([FHT88, Proposition 3.4, Proposition 5.2]). chK = 0ͱ͠ɼM Λ୯࿈ۭ݁ؒ
Ͱɼ

⊕
n πn(M)⊗K͕༗ݩ࣍ݶͳ΋ͷͱ͢Δɽ͜ͷͱ͖ M ͸ Gorenstein ۭؒͰ͋Γɼ

ͦͷݩ࣍͸
∑

j|yj| +
∑

i(1− |xi|) Ͱ༩͑ΒΕΔɽ͜͜Ͱɼ{xi}pi=1 ͸ πeven(M)⊗Kͷ
ఈɼ{yj}qj=1ج ͸ πodd ⊗KͷجఈͰ͋Γɼ|xi|΍ |yj| ͸ͦΕΒͷ࣍਺Λද͢ɽ

·ͨɼ͜Εͱ [FHT88, Proposition 1.7] ΑΓɼ࣍ͷಉ஋ੑ͕੒Γཱͭ͜ͱΛ஫ҙͯ͠
͓͘ɽ

໋୊ 8. k ≥ 2ͱ͠ɼMΛk࿈ۭ݁ؒͱ͢Δɽ͜ͷͱ͖ɼΩk−1M͕ Gorenstein ۭؒͰ
͋Δ͜ͱͱɼ

⊕
n πn(M)⊗K͕༗ݩ࣍ݶͰ͋Δ͜ͱ͸ಉ஋Ͱ͋Δɽ

3.2. ରশϒϨʔϯ༨ੵͷఆٛ

͜ͷઅͰ͸ɼҰͭ໨ͷϒϨʔϯ༨ੵɼ͢ͳΘͪରশϒϨʔϯ༨ੵ (ͷ૒ର)ͷఆٛΛ༩
͑Δɽͳ͓͜ͷઅͷ಺༰͸ɼk = 1 ͷ৔߹͸ Félix-Thomas [FT09] ʹΑΔ΋ͷͰ͋Γɼ
k ≥ 2 ͷ৔߹͕ߨԋऀʹΑͬͯಘΒΕͨҰൠԽͰ͋Δɽ
ҎԼM Λ k࿈݁ͳۭؒͱ͢ΔɽϒϨʔϯ༨ੵͷߏ੒͸ɼ࣍ͷਤࣜΛ༻͍ͯߦΘΕΔɽ

SkM SkM ×M SkM SkM × SkM

Sk−1M M

res0

comp incl

c

(9)
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͜͜Ͱɼres0 ͸੺ಓ Sk−1 ⊂ Sk ΁ͷ੍૾ࣸݶɼc : M → Sk−1M ͸ఆ஋ࣸ૾ͱͯ͠ͷ
ຒΊࠐΈͰ͋Γɼࠨͷܗ࢛֯͸ pullback ਤࣜͰ͋Δɽ

ఆٛ 10. ೚ҙͷݩ
γ ∈ ExtlC∗(Sk− 1 M)

(
C∗(M), C∗(Sk−1M)

)

Λݻఆ͢Δɽ͜ͷͱ͖γʹ෇ਵ͢ΔରশϒϨʔϯ༨ੵ (ͷ૒ର) δ∨γ ΛҎԼͷ߹੒ͱͯ͠
ఆٛ͢Δɽ

δ∨γ : H
∗(SkM × SkM)

incl∗−−→ H∗(SkM ×M SkM)
H∗(res0 ⋆γ)−−−−−−→ H∗+l(SkM)

ରশϒϨʔϯ༨ੵ͸ɼ࣍ͷҙຯͰରশతͰ͋Δɽ

໋୊ 11 ([Wak19a, Proposition 6.4]). ೚ҙͷ α, β ∈ H∗(SkM) ʹରͯ͠ɼ

δ∨γ (α× β) = (−1)|α||β|δ∨τ∗γ(β × α)

͕੒ཱ͢Δɽ͜͜Ͱɼτ : Sk−1M → Sk−1M ͸Sk−1 ͷ͖޲Λ൓సͤ͞Δࣸ૾͔Βఆ·
Δࣸ૾Ͱ͋Γɼτ ∗ ͸ͦΕ͕ Ext Ճ܈ʹ༠ಋ͢Δઢ૾ࣸܗͰ͋Δɽ

ͯ͞ɼϒϨʔϯ༨ੵΛMͷ৘ใͷΈ͔ΒఆΊΔͨΊʹ͸ɼExtՃ܈ͷੑ࣭Λௐ΂ͯ
lͱ γ Λʮ͏·͘ʯࢦఆ͢Δඞཁ͕͋Δɽ·ͣ؆୯ͳ৔߹ͱͯ͠ɼҎԼͷྫ͕͛ڍΒ
ΕΔɽ

ྫ 12. k = 1ͰɼM ͕ mݩ࣍ Poincaré ૒ରۭؒͷ৔߹ʹ͸ɼ໋୊ 4 ΑΓ

ExtmC∗(M×M) (C
∗(M), C∗(M ×M)) ∼= HomK

(
H2m−m(M), H2m(M ×M)

) ∼= K

ͱͳΔͷͰɼγ ͸͜ͷ1ݩ࣍ϕΫτϧۭؒͷੜ੒ݩͱͯ͠ఆΊΕ͹ྑ͍ɽ

ΑΓҰൠͷ৔߹ʹ͸ɼ࣍ͷఆཧΛ༻͍Δɽ

ఆཧ 13 ( [FT09, Theorem 12] (k = 1), [Wak, Theorem 3.1] (k ≥ 2) ).

ҎԼͷ͍ͣΕ͔ΛԾఆ͢Δɽ

(a) k = 1Ͱɼ M ͸ Gorenstein ۭؒͰ͋Δɽ

(b) k ≥ 1, chK = 0ͰɼΩk−1M ͸ Gorenstein ۭؒͰ͋Δɽ

͜ͷͱ͖ɼGorensteinۭؒͱͯ͠ͷݩ࣍Λ m̄ = dimΩk−1M ͱ͓͘ͱɼҎԼͷಉ͕ܕ
੒ཱ͢Δɽ

ExtlC∗(Sk− 1 M)(C
∗(M), C∗(Sk−1M)) ∼= H l−m̄(M)

্ͷఆཧʹ͓͍ͯಛʹ l = m̄ ͱ͢Δ͜ͱͰɼੜ੒ݩ

c! ∈ Extm̄C∗(Sk− 1 M)(C
∗(M), C∗(Sk−1M)) ∼= K

ΛಘΔɽ͜ΕΛ༻͍ͯ γ = c! ͱͱΔ͜ͱͰɼରশϒϨʔϯ༨ੵΛ δ∨ = δ∨c! ͱఆٛ͢Δɽ
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3.3. ϒϨʔϯੵͷఆٛ

M Λk࿈݁ͳۭؒͱ͢Δɽ͜ͷͱ͖ϒϨʔϯੵ͸ɼਤࣜ

SkM × SkM SkM ×M SkM SkM

M ×M M

ev0 ×ev0

incl comp

∆

Λ༻͍ͯ߹੒

µ∨ : H∗(SkM)
comp∗−−−→ H∗(SkM ×M SkM)

H∗((ev0 ×ev0 )
⋆∆!)−−−−−−−−−−→ H∗+m(SkM × SkM)

ͱͯ͠ఆٛ͞ΕΔɽ͜͜Ͱɼ∆! ∈ ExtmC∗(M×M) (C
∗(M), C∗(M ×M)) ∼= K ͸ɼఆཧ 13

ͷ k = 1 ͷ৔߹͔Βఆ·Δੜ੒ݩͰ͋ΔɽϒϨʔϯੵ͸ (ϒϨʔϯ༨ੵͱҧͬͯ) k ≥ 2

Ͱ͋Δ͜ͱʹ༝དྷ͢Δࠔ೉͸ͳ͘ɼϧʔϓੵͱಉ༷ͷํ๏ʹΑͬͯఆٛ͞Ε͍ͯΔ͜
ͱΛ஫ҙ͓ͯ͘͠ɽ

3.4. ϒϨʔϯ (༨)ੵͷੑ࣭ͱ۩ମྫ

ҎԼ chK = 0 ɼM Λ k࿈ۭ݁ؒͱ͠ɼΩk−1M ͸ Gorenstein ۭؒͰ͋ΔͱԾఆ͢Δɽ
͜ͷͱ͖

µ : H∗(S
kM × SkM) → H∗−m(S

kM) (ϒϨʔϯੵ)

δ : H∗(S
kM) → H∗−m̄(S

kM × SkM) (ରশϒϨʔϯ༨ੵ)

͕ఆٛ͞ΕΔͷͰ͋ͬͨɽϧʔϓੵ΍ϧʔϓ༨ੵͷ֦ுͱͯ͠ɼ͜ΕΒ͸࣍ͷੑ࣭Λ
ຬͨ͢ɽ

ఆཧ 14 ([Wak, Theorem 1.5]). ϒϨʔϯੵͱରশϒϨʔϯ༨ੵ͸ɼ࣍਺ΛͣΒͨ͠
ϗϞϩδʔ H∗(SkM) = H∗+m(SkM) ʹ Frobenius ୅਺ͷߏ଄Λ༩͑Δɽ͢ͳΘͪɼ
ϒϨʔϯੵͱରশϒϨʔϯ༨ੵ͸ (༨)݁߹త͔ͭ (༨)Մ׵Ͱ͋ΓɼFrobenius߃౳ࣜ
δ ◦ µ = ± (1⊗µ) ◦ (δ ⊗1) = ± (µ⊗1) ◦ (1⊗δ) Λຬͨ͢ɽ

·ͨɼϒϨʔϯ (༨)ੵͷඇࣗ໌ੑΛࣔ݁͢Ռͱͯ࣍͠ͷྫࢉܭΛಘͨɽ

ఆཧ 15 ([Wak, Theorem 1.6]). M = S2n+1ʹରͯ͠ɼϒϨʔϯੵʹΑΔ୅਺H∗(S2M)

͸ɼ࣍਺ |y| = −2n− 1, |z| = 2n− 1ͷݩʹΑΓੜ੒͞ΕΔ֎ੵ୅਺∧(y, z) ͱಉܕͰ
͋Δɽ͞Βʹɼ͜ͷಉܕͷԼͰରশϒϨʔϯ༨ੵ͸ҎԼͷΑ͏ʹ͞ࢉܭΕΔɽ

δ(1) = 1⊗yz − y ⊗z + z ⊗y + yz ⊗1

δ(y) = y ⊗yz + yz ⊗y

δ(z) = z ⊗yz + yz ⊗z

δ(yz) = −yz ⊗yz

͜ͷྫ͸ɼM͕ଟ༷ମͷ৔߹Ͱ΋ϒϨʔϯੵɼରশϒϨʔϯ༨ੵͷ྆ऀ͕ඇࣗ໌Ͱ
͋Δ͜ͱΛ͓ࣔͯ͠Γɼϧʔϓ (༨)ੵͷ৔߹ͱରরతͰ͋Δɽ͜ͷ͜ͱ͔ΒɼϒϨʔ
ϯ࡞༻ૉ͸ετϦϯά࡞༻ૉΑΓ΋๛෋ͳ୅਺తߏ଄Λ༩͍͑ͯΔͱ͑ߟΒΕΔɽ
·ͨɼϒϨʔϯੵͱରশϒϨʔϯ༨ੵΛ͞ΒʹҰൠԽ͢Δ͜ͱʹΑͬͯɼͦΕΒͷ

߹੒͕ඇࣗ໌Ͱ͋ΔΑ͏ͳྫΛߏ੒ͨ͠ɽ͜ͷΑ͏ͳݱ৅͸ετϦϯά࡞༻ૉ (k = 1)

ͷ৔߹ʹ͸͓͔ͯͬͭݟΒͣɼ͜ͷ݁Ռ΋ϒϨʔϯ࡞༻ૉ͕๛෋ͳߏ଄Λ༩͍͑ͯΔ
͜ͱΛࣔ݁͢ՌͰ͋Δͱ͑ݴΔɽৄࡉʹ͍ͭͯ͸ [Wak19b] Λࢀর͞Ε͍ͨɽ
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4. ඇରশϒϨʔϯ༨ੵ
͜ͷઅͰ͸ɼ΋͏ҰͭͷϒϨʔϯ༨ੵͰ͋ΔඇରশϒϨʔϯ༨ੵ (ͷ૒ର)ͷఆٛΛ༩
͑Δɽ
ҎԼɼM Λ୯࿈݁ͳmݩ࣍ Poincaré ૒ରۭؒͱ͢Δɽ͜͜Ͱਤࣜ (9)ͷ୅ΘΓʹ

Δɽ͑ߟͷਤࣜΛ࣍

Sk
f+gM Sk

fM ×M Sk
gM Sk

fM × Sk
gM

DkM Sk
fM

res1

comp incl

pr1

ι

(16)

͜͜ͰɼSk
fM ͸ f ∈ SkM ΛؚΉSkMͷހঢ়࿈݁੒෼ɼDkM = Map(Dk,M)Ͱ͋

Δɽ·ͨɼres1 ͸্൒ٿ໘΁ͷ੍૾ࣸݶɼι ͸঎ࣸ૾ Dk ! Dk/∂Dk = Sk ͔Β༠ಋ͞
ΕΔࣸ૾Ͱ͋Δɽ
͜ͷͱ͖ DkM (≃ M) ͸ Poincaré ૒ରੑΛຬͨ͢ͷͰɼ໋୊ 4 ΑΓੜ੒ݩ

ι! ∈ ExtmC∗(DkM)

(
C∗(Sk

fM), C∗(DkM)
) ∼= K

͕ఆ·Δɽ͜ΕΛ༻͍ͯɼඇରশϒϨʔϯ༨ੵ͸ҎԼͷ߹੒ͱͯ͠ఆٛ͞ΕΔɽ

δ∨ns : H
∗(Sk

fM × Sk
gM)

incl∗−−→ H∗(Sk
fM ×M Sk

gM)
H∗(res1 ⋆ι!)−−−−−−→ H∗+m(Sk

f+gM)

ͷ໋୊͸ɼ(fʹ͍ͭͯͷԾఆΛ՝্ͨ͠Ͱͷ)࣍ ඇରশϒϨʔϯ༨ੵͷ۩ମతͳܭ
Λ༩͍͑ͯΔɽࣜࢉ

໋୊ 17. f ͕ ఆ஋ࣸ૾ 0: Sk → M ʹϗϞτϐοΫͳͱ͖ɼඇରশϒϨʔϯ༨ੵ δ∨ns
͸ u, v ∈ H∗(SkM) ʹରͯ͠

δ∨ns(u× v) = ev∗0 (ω · c∗(u)) · v

ʹΑΓࢉܭͰ͖Δɽ͜͜Ͱɼω ∈ Hm(M) ͸ M ͷ͖޲෇͚ྨͰ͋Γɼev0 : SkM → M

͸ج఺ͰͷධՁࣸ૾ɼc : M → SkM ͸ఆ஋ࣸ૾ͱͯ͠ͷຒΊࠐΈͰ͋Δɽ

5. ೋछྨͷϒϨʔϯ༨ੵͷൺֱ
ɼରশϒϨʔϯ༨ੵͱඇରশϒϨʔϯ༨ੵΛൺֱ͢Δ͜ͱͰɼH∗(SkM)ʹޙ࠷ ʹ͓͚
ΔΧοϓੵͷ͋Δछͷফ໓Λূ໌͢Δɽ
ҎԼͰ͸M Λ k࿈݁ͳmݩ࣍ Poincaré ૒ରۭؒͱ͢Δɽ͜ͷͱ͖࣍ͷਤࣜʹΑΓ

ೋछྨͷϒϨʔϯ༨ੵ͕ؔ࿈෇͚ΒΕΔɽ

SkM SkM ×M SkM SkM × SkM

DkM SkM

Sk−1M M,

res1

comp

pr1

incl

res2

ι

ev

c
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ɼ͜ͷਤࣜͷ֎ଆ͸ඇରশϒϨʔϯ༨ੵͷఆٛʹ༻͍ͨਤࣜࡍ࣮ (9)ʹɼ্൒෼͸ରশ
ϒϨʔϯ༨ੵͷఆٛʹ༻͍ͨਤࣜ(16)ʹͦΕͧΕҰக͍ͯ͠Δɽ·ͨɼres2 ◦res1 = res0
Ͱ͋Δ͜ͱΛ஫ҙ͓ͯ͘͠ɽͯ͞ɼ೚ҙͷݩγ ∈ ExtmC∗(Sk− 1 M)

(
C∗(M), C∗(Sk−1M)

)
Λ

Α͏͑ߟఆ͠ɼͦΕʹ෇ਵ͢ΔରশϒϨʔϯ༨ੵΛݻ 1ɽ͜ͷͱ͖ೋछྨͷϒϨʔϯ༨
ੵ͸ҎԼͷΑ͏ʹఆٛ͞ΕΔͷͰ͋ͬͨɽ

δ∨γ = H∗(res1
⋆ ◦ res2 ⋆(γ)) ◦ incl∗ (18)

δ∨ns = H∗(res1
⋆(ι!)) ◦ incl∗

͜ΕΒΛൺֱ͢ΔͨΊʹɼλγ ∈ KΛࣸ૾ͷ߹੒H0 (M)
H∗(γ)−−−→ Hm(Sk−1M)

c∗−→ Hm(M)

Λ༻͍ͯ c∗ ◦ (H∗(γ))(1) = λγ · ω ʹΑΓఆΊΔɽ

໋୊ 19 ([Wak19a, Proposition 6.2]). ্ͷԾఆͷԼͰɼres2 ⋆γ = λγ · ι! ͕੒ཱ͢Δɽ
Αͬͯ (18)ΑΓ͕࣍੒ཱ͢Δɽ

δ∨γ = λγ · δ∨ns
͜ͷؔࣜ܎Λ༻͍ͯೋछྨͷϒϨʔϯ༨ੵΛൺֱ͢Δ͜ͱͰɼΧοϓੵͷফ໓ʹؔ

͢Δ࣍ͷఆཧΛಘΔɽ

ఆཧ 20 ([Wak19a, Theorem 1.4]). ೚ҙͷݩγ ∈ ExtmC∗(Sk− 1 M)(C
∗(M), C∗(Sk−1M)) Λ

ఆ͢Δɽ͜ͷͱ͖ɼ೚ҙͷݻ α ∈ H>0 (SkM) ʹରͯ͠ɼ͕࣍੒ཱ͢Δɽ

λγev
∗
0ω · α = 0 ∈ H |α|+m(SkM)

Proof. ࣸ૾ ev0 : SkM → M ͸੾அ c : M → SkM Λͭ࣋ͷͰɼ௚࿨෼ղH>0 (SkM) ∼=
H>0 (M) ⊕ Ker(c∗) ΛಘΔɽα ∈ H>0 (M) ͷͱ͖͸ɼ࣍਺ͷཧ༝͔Β໌Β͔ʹ αω =

0 ∈ H |α|+m(M) = 0 Ͱ͋Δɽ࣍ʹ α ∈ Ker(c∗) ͷ৔߹Λ͑ߟΔɽ͜ͷͱ໋͖୊ 17ΑΓɼ
Ͱ͖ΔɽࢉܭʹͷΑ͏࣍

δ∨ns(1× α) = ev∗0 (ω · c∗(1)) · α = ev∗0ω · α
δ∨ns(α× 1) = ev∗0 (ω · c∗(α)) · 1 = 0

͞Βʹ໋୊ 11 ͱ໋୊ 19 ΑΓɼ

λγδ
∨
ns(1× α) = δ∨γ (1× α) = δ∨τ∗γ(α× 1) = λτ∗γδ

∨
ns(α× 1)

ΛಘΔɽ͜ΕΒͷ౳͔ࣜΒɼλγev∗0ω · α = 0 ∈ H |α|+m(SkM) ΛಘΔɽ

͔͠͠ɼ΋͠λγ = 0Ͱ͋Ε͹ɼఆཧ 20͸ࣗ໌ͳओுͱͳͬͯ͠·͏ɽैͬͯλγ ͕
ඇࣗ໌Ͱ͋ΔΑ͏ͳ γ ͷߏ੒͕ඞཁͰ͋Δɽ

໋୊ 21 ([Wak19a, Proposition 6.7, Proposition 6.11]). ҎԼͷ͍ͣΕ͔ΛԾఆ͢Δɽ

(a) k = 1

(b) k ≥ 1 ͸ح਺ɼchK = 0Ͱ͋ΓɼΩk−1M ͸ Gorenstein ۭؒͰ͋Δɽ

͜ͷͱ͖ɼ͋Δ γ ͕ଘ͠ࡏɼλγ ͸ Euler ඪ਺ χ(M) ʹҰக͢Δɽ
਺͕࣍1 Section 3ͱҟͳΔ͜ͱʹ஫ҙ
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Αͬͯɼఆཧ 20ͱ໋୊ 21ΑΓɼ࣍ͷఆཧΛಘΔɽ

ఆཧ 22 ([Wak19a, Theorem 1.4]). ໋୊ 21 ͱಉ͡ԾఆͷԼͰɼ೚ҙͷ α ∈ H>0 (SkM)

ʹରͯ͠ɼ͕࣍੒ཱ͢Δɽ

χ(M)ev∗0ω · α = 0 ∈ H |α|+m(SkM)

ͳ͓ɼk = 1 ͔ͭ M ͕ଟ༷ମͷ৔߹͸ Menichi [Men13] ͷఆཧͰ͋Γɼఆཧ 22͸
ͦͷҰൠԽͱͳ͍ͬͯΔɽ
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ͱଟ໘ମ༺࡞܈ ɹʖ τʔϦοΫτϙϩδʔͷ؍఺͔Β ʖ

ᐩా େֶʣཱࢢࡕ໵ʢେװ

ং

1970 ೥ࠒʹ Demazure, Mumford, ཧ࿦͕ૅجԿͷز୐ʖখాΒʹΑΓτʔϦοΫࡾ
΋ଞ෼໺ͱؔΘΓͳ͕Βɼ·ͨҰൠ࿦͕ςετͰ͖ΔࠓԿ͸زங͞ΕɼτʔϦοΫߏ
৔ͱͯ͠ൃల͍ͯ͠ΔɽτʔϦοΫزԿͷૅجͱͳΔͷ͸ʮτʔϦοΫଟ༷ମͱ͍͏୅
਺زԿͷର৅ͱઔͱ͍͏૊߹ͤ࿦ͷର৅ͷؒʹҰରҰͷରԠ͕͋Δʯͱ͍͏࣮ࣄͰ͋
Δ ([9], [15] ݴͱڮՍ͚͙ܨԿͱ૊߹ͤ࿦ΛزԿ͸ɼ୅਺زɼτʔϦοΫނর)ɽ͜Εࢀ
͑Δɽ

͜ͷτʔϦοΫزԿΛτϙϩδʔͷ؍఺͔Βల։͢ΔࢼΈ͕͋ͬͨɽ࠷ॳͷࢼΈ͸ɼ
1991 ೥ͷ Davis-Januszkiewicz ʹΑΔ࿦จͰ͋Δ ([8])ɽ͜ͷ࿦จ͸͘࢑೔ͷ໨Λݟͳ
͔͕ͬͨɼ2000 ೥ࠒʹ Buchstaber-Panov ʹΑΓऔΓ্͛ΒΕҰൠԽ͕ͳ͞Εͨ ([5])ɽ
Ұํɼ͜ͷಈ͖Λ஌Βͣʹɼචऀ͸ʢ෰෦থ෉ઌੜͷྗڠ΋ಘͯʣτʔϦοΫزԿΛτ
ϙϩδʔͷ؍఺͔Βల։͢ΔࢼΈΛ͍ͨͯͬߦ ([13], [10])ɽͦͷ͜ޙΕΒͷಈ͖͕߹ྲྀ
ͯ͠ɼτʔϦοΫτϙϩδʔͱ͍͏෼໺͕ੜ·Εͨ ([6])ɽ͜ͷܦҢ͔Βͯ͠ɼτʔϦο
Ϋτϙϩδʔ΋૊߹ͤ࿦ͱີ઀ʹ͍ؔͯ͠܎Δɽ

ຊߨԋͰ͸ɼτʔϦοΫτϙϩδʔʹ͓͍ͯචऀ͕ૺ۰ͨ͠ଟ໘ମʹؔ࿈͢Δ࿩୊ͷ
಺ɼ࣍ͷ 3 ͭΛ঺հ͢Δɽ

(1) τʔϥε࡞܈༻ͱيಓۭؒ
(2) ತଟ໘ମ͔ΒಘΒΕΔฏୱϦʔϚϯଟ༷ମͱ 3 ଟ༷ମۂ૒ݩ࣍
(3) ཭ڑͷ্܈׵ଟ໘ମɼஔ׵ಓͷดแɼஔيଟ༷ମ಺ͷෳૉτʔϥεض

(1) ͸τʔϦοΫزԿͰ஌ΒΕ͍࣮ͯͨࣄͷτϙϩδʔͷ؍఺͔Βͷ֦ுɼ(2) ͸τʔ
ϦοΫزԿͷ࣮਺൛ʹରԠ͢Δ࿩୊ɼ(3) ͸τʔϦοΫزԿͷൣᙝʹ͓͚Δ࿩୊Ͱ͋Δ
͕ɼ͜Ε·Ͱͷ؍఺ʹ͸ͳ͔ͬͨͱࢥΘΕΔۙ࠷ͷ݁ՌͰ͋Δɽ

1. τʔϥε࡞܈༻ͱيಓۭؒ

؆୯ͳྫ͔Β࢝ΊΔɽS1 Λ௕̍͞ͷෳૉ਺͔ΒͳΔ܈

S1 = {g ∈ C | |g| = 1},

S2 Λۭؒ C × R = R3 ಺ͷݪ఺Λத৺ͱͨ͠୯Ґٿ໘

S2 = {(z, x) ∈ C × R | |z|2 + x2 = 1}

ͱ͢Δɽ͜ͷͱ͖ɼS1 ͷ S2 ΁ͷࣗવͳ࡞༻ʢ࣠ͷपΓͷճసʣ

S1 × S2 → S2, (g, (z, x)) → (gz, x)

ͷيಓۭؒ S2/S1 ͸ɼ(z, x)ͷيಓΛ xʹࣸ͢ରԠʹΑΓɼ۠ؒ I = [−1, 1]ͱಉҰࢹͰ
͖ΔɽS2 ্ͷ S1 ߹ͷෆಈ఺ू༺࡞ Fix(S1, S2) ͸๺ۃ (0, 1) ͱೆۃ (0,−1) ͷ 2 ఺͔Β

ຊڀݚ͸Պݚඅ (՝୊൪߸:19K03472) ͷॿ੒Λड͚ͨ΋ͷͰ͋Δɻ.
1
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2 ᐩా େֶʣཱࢢࡕ໵ʢେװ

ͳΓɼ͜ΕΒ͸۠ؒ I ͷ௖఺ू߹ V (I)ʢ·ͨ͸ɼڥքʣͷ 2 ఺ {± 1} ʹରԠ͍ͯ͠Δɽ
ಛʹ

|Fix(S1, S2)| = |V (I)| = 2

Ͱ͋ΔɽҰํɼS2 ͷΦΠϥʔඪ਺ χ(S2) ΋ 2 Ͱ͋Δ͕ɼ͜ΕΒͷҰக͸ۮવͰ͸ͳ͍ɽ
Խͱͯ͠ɼnݩ࣍ߴͷྫͷه্ ͷ௚ੵݸ (S2)n Λ͑ߟΔɽ͜͜ʹ͸ɼ(S1)n ͕ࣗવʹ

ಓۭؒيΓɼ͓ͯ͠༺࡞ (S2)n/(S1)n ͸ nํཱݩ࣍ମ In ʹͳΔɽ͜ͷͱ͖ɼෆಈ఺ू߹
Fix((S1)n, (S2)n) ͱ In ͷ௖఺ू߹ V (In) ʹ̍ର̍ͷରԠ͕͋Γɼ

|Fix((S1)n, (S2)n)| = |V (In)| = χ((S2)n) = 2n

͕੒ཱ͍ͯ͠Δɽ
্ͷྫ͕ࣔ͢Α͏ʹɼيಓۭؒͷ௖఺ू߹͸࡞༻Λ΋ۭͭؒͷΦΠϥʔඪ਺ͱؔ࿈͠

͍ͯΔ͕ɼʮ͋Δ৚݅ԼʯͰ͸ɼيಓۭؒ͸΋ͬͱ୔ࢁͷ৘ใΛ͍ͯͬ࣋Δɽ·ͣʮ͋Δ
৚݅Լʯʹ͍ͭͯड़΂ΔɽCn ্ͷඪ४తͳ (S1)n ༺࡞

(1.1) (z1, . . . , zn) ∈ Cn → (g1z1, . . . , gnzn) ∈ Cn (g1, . . . , gn) ∈ (S1)n

ͷيಓۭؒ͸ɼ(z1, . . . , zn)ͷيಓʹ (|z1|, . . . , |zn|)ΛରԠͤ͞Δ͜ͱʹΑΓɼRn ͷୈ̍
৅ݶ (R≥0 )n ͱಉҰࢹͰ͖Δɽ(S1)n ͷࣗݾಉ܈ܕ Aut((S1)n) ͷݩͰ࡞༻Λᎇͬͯ͡΋
ಓۭؒ͸มΘΒͳ͍ɽي

ఆٛɽ2nݩ࣍ดଟ༷ମM ͷ (S1)n ʹॴతہ͸ɼ༺࡞ (1.1)ͷ࡞༻ͱಉ͡Ͱ͋Δͱ͖ʢਖ਼
֬ʹ͸ɼAut((S1)n)ͷݩͰᎇͬͨ͡࡞༻ͱಉ͡Ͱ͋Δͱ͖ʣɼlocally standard ͱ͍͏ɽ

2n ดଟ༷ମݩ࣍ M ͕ɼlocally standard ͳ (S1)n Λ΋͍ͬͯΔͱ͢Δɽ͜ͷͱ༺࡞
͖ɼ্ͷ࡯ߟΑΓɼيಓۭؒM/(S1)n ͸ہॴతʹୈ̍৅ݶ (R≥0 )n Ͱ͋Δ͔Βɼn ݩ࣍
ͷ֯෇ଟ༷ମͱͳΔɽ֯෇ଟ༷ମͷయྫܕͱͯ͠୯७ತଟ໘ମ͕͋Δɽ͜͜Ͱɼnݩ࣍
ತଟ໘ମ͕୯७ͱ͸ɼ֤௖఺ʹ͓͍ͯɼͦͷ௖఺ΛؚΉ༨̍ݩ࣍ͷ໘͕ஸ౓ nݸͰ͋Δ
͜ͱɼ·ͨ͸ɼ֤௖఺͔Βஸ౓ n ΋Α͍ɽͯͬݴͷล͕ग़͍ͯΔͱݸ

Q Λ n ෇ଟ༷ମͱ͢Δͱɼತଟ໘ମͷ৔߹ͱಉ༷ʹɼ֤֯ݩ࣍ 0 ≤ i ≤ n ʹରͯ͠ i
໘͕ఆٛͰ͖ɼQͷݩ࣍ iݩ࣍໘ͷ਺Λ fi(Q)ͱॻ͘ɽ͜͜ͰɼQࣗ਎͸Qͷ nݩ࣍໘
ͱ͍ࢥ fn(Q) = 1ͱྃղ͢Δɽ0ݩ࣍໘Λ௖఺ɼ̍ݩ࣍໘Λลɼn− ໘ΛϑΝηοݩ࣍1
τͱ΋͍͏ɽfi(Q) ΛΛ܎਺ͱͨ͠ଟ߲ࣜ

fQ(t) :=
n∑

i=0

fi(Q)ti

Λ Q ͷ f -ଟ߲ࣜͱ͍͍ɼ͜ͷଟ߲ࣜͷม਺ΛͣΒͯ͠ಘΒΕΔଟ߲ࣜ

hQ(t) := fQ(t− 1)

Λ Q ͷ h-ଟ߲ࣜͱ͍͏ɽf -ଟ߲ࣜͱ h-ଟ߲ࣜ͸ಉ͡৘ใΛ͍ͯͬ࣋Δ͕ɼҎԼͰ͸ h-
ଟ߲͕ࣜࣗવʹݱΕΔɽ

ྫɽfi(I
n) = 2n−i

(
n

i

)
ΑΓɼfIn(t) = (t+ 2)nɽ͕ͨͬͯ͠ hIn(t) = (t+ 1)nɽ

In ͸ (S2)n ͷ (S1)n ಓۭؒͰ͕͋ͬͨɼ্ͷྫΑΓɼhIn(t)يΑΔʹ༺࡞ ͸ (S2)n ͷ
ϙΞϯΧϨଟ߲ࣜ

∑n
j=0 rankZ H2j((S2)n)tj ͱҰக͍ͯ͠Δɽ͜ͷ࣮ࣄ͸ɼIn ͷ௖఺Ҏ

֎ͷ໘΋਺͑Δ͜ͱʹΑΓɼ(S2)n ͷϕον਺͕෼͔Δ͜ͱΛ͍ࣔͯ͠Δɽ(S2)n ͸τʔ
ϦοΫଟ༷ମͷҰྫͰɼ͜ͷΑ͏ͳ͕࣮ࣄτʔϦοΫଟ༷ମͷ৔߹ʹ੒ཱ͢Δ͜ͱ͸஌
ΒΕ͍͕ͯͨɼ࣍ͷఆཧ͸ɼ͜ͷݱ৅͕τʔϦοΫଟ༷ମʹݶΒͣɼτϙϩδʔͷൣᙝ
Ͱ੒ཱ͢Δ͜ͱΛड़΂ͨ΋ͷͰ͋Δɽ
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ఆཧ 1.1 ([14]). M Λɼح਺࣍ͷίϗϞϩδʔ͕ফ͍͑ͯΔ 2n ดඍ෼Մೳଟ༷ମݩ࣍
ͱ͢Δɽ͜ͷͱ͖ɼM ্ͷෆಈ఺Λ΋ͭ (S1)n ͸༺࡞ locally standard ʹͳΓɼيಓۭ
ؒ Q = M/(S1)n ͷ֤໘͸ʢQ ࣗ਎΋ʣඇྠঢ়ɽ͞Βʹ

hQ(t) =
m∑

j=0

rankZ H2j(M)tj

͕੒ཱ͢Δɽ

M ͷ෮ݩɽM ͷϕον਺͸্هͷΑ͏ʹيಓۭ͔ؒΒܾ·Δ͕ɼM ͷίϗϞϩδʔ
؀ͷߏ؀଄͸يಓۭؒQ͚ͩͰ͸ܾ·Βͳ͍ɽM ͷίϗϞϩδʔ؀Λهड़͢Δʹ͸ɼQ
ͷϑΝηοτʹରԠ͢ΔM ͷ༨ݩ࣍ 2ͷ෦෼ଟ༷ମΛݻఆ͢ΔS1 ෦෼܈ͷ৘ใ͕ඞཁ
Ͱ͋Δɽ΋͏গ͠ৄ͘͠ड़΂ΔͱɼQͷϑΝηοτΛQ1, . . . , Qm ͱ͠ɼࣹӨπ : M → Q
ʹΑΔQi ͷҾ͖໭͠ π−1(Qi)ΛMi ͱॻ͘ͱɼMi ͸༨ݩ࣍ 2ͷด෦෼ଟ༷ମͰɼ(S1)n

ͷ͋Δ S1 ෦෼܈ Si ͷෆಈ఺ू߹ʹͳ͍ͬͯΔɽ͜ͷ Si ΛɼఆΊΔ४ಉ૾ࣸܕΛ

vi : S
1 → (S1)n, (vi(S

1) = Si)

ͱ͢ΔɽHom(S1, (S1)n) Λ Zn ΛಉҰ͢ࢹΔͱ vi ͸ Zn ͷݩͱ͑ࢥɼ͞Βʹ vi ͸ ± 1 Ҏ
֎ͷ੔਺ͰׂΕͳ͍ͱԾఆͯ͠Α͍ʢ͜ͷͱ͖ɼvi ͸ූ߸Λআ͍ͯ།Ұͭʹܾ·Δʣɽ
͜ΕΒ {vi}mi=1 ͨͪ͸࣍ͷ৚݅ (1.2) ΛΈͨ͢ɽI Λ {1, 2, . . . ,m} ͷ෦෼ू߹Ͱ |I| = n
ͱ͢Δɽ

(1.2)
⋂

i∈I

Qi ͕ Q ͷ௖఺ͳΒ͹ɼ{vi | i ∈ I} ͸ Hom(S1, (S1)n) = Zn ͷجఈͰ͋Δɽ

ಓۭؒQͱσʔλي {vi}mi=1 ͕M ͷίϗϞϩδʔ؀H∗(M)ͷߏ؀଄ΛܾΊΔɽ࣮͸
΋ͬͱ͘ڧɼM ͸ Q ͱ {vi}mi=1 ͔Β Q × (S1)n ͷ঎ۭؒ

(1.3) M = (Q × (S1)n)/ ∼
ͱͯ͠෮ݩͰ͖Δɽ͜͜Ͱ (x, t) ∼ (y, s) ͸ɼx = y Ͱɼx ͕ QI =

⋂
i∈I Qi ͷ಺఺ͳΒ

͹ʢI ͸ {1, 2, . . . ,m} ͷ͋Δ෦෼ू߹Ͱ |I| = n ͱ͸ݶΒͳ͍ʣɼt−1s ͸ vi(S1) = Si

(i ∈ I) Ͱੜ੒͞ΕΔ (S1)n ͷ෦෼܈ʹؚ·ΕΔͱ͍͏৚݅Ͱ͋Δɽͭ·ΓɼQ × (S1)n

ʹ͓͍ͯɼQ ͷ k ໘ݩ࣍ QI ্ʢk = n− |I|ʣʹ͋Δ (S1)n Λɼ{vi(S1) | i ∈ I} Ͱੜ੒
͞ΕΔ k τʔϥεݩ࣍ TI Ͱ௵͢ʢͭ·Γ T/TI Λ͑ߟΔʣͱ M ͕෮ݩͰ͖ΔɽγϦϯ
μʔ [−1, 1] × S1 ʹ͓͍ͯɼ̎ͭͷڥքͷ S1 Λ̍఺ʹ௵͢ͱ S2 ͕ಘΒΕΔ͕ɼ͜Εͷ
ҰൠԽͰ͋Δɽ

2. ଟ໘ମ͔ΒಘΒΕΔฏୱϦʔϚϯଟ༷ମͱ 3 ଟ༷ମۂ૒ݩ࣍

લઅʹ͓͚Δෳૉ਺ମCΛ࣮਺ମRʹஔ͖͑׵Ε͹ɼ͋ Δఔ౓ಉ༷ͷٞ࿦͕੒ཱ͢Δɽ
Ұͭେ͖ͳҧ͍͸ɼલઅͰऔΓѻͬͨଟ༷ମ͸ɼجຊతʹ୯࿈݁ͳ΋ͷͰ͋Δ͕ɼຊઅ
ͰऔΓѻ͏ (S0 )n Λ΋ͭ༺࡞ n ߹ଟ༷ମ͸ɼ୯࿈݁Ͱ͸ͳ͘ɼଟ͘ͷ৔ݩ࣍ aspherical
ଟ༷ମͰ͋Δɽ
S1 ͷ୅ΘΓʹ S0 = {± 1} Λ͑ߟɼn ดଟ༷ମݩ࣍ N ্ͷ (S0 )n ʹॴతہɼ͕༺࡞

(2.1) (x1, . . . , xn) ∈ Rn → (g1x1, . . . , gnxn) ∈ Rn (g1, . . . , gn) ∈ (S0 )n

ͱಉ͡Ͱ͋Δͱ͖ɼlocally standard ͱ͍͏ʢ(1.1) ಓۭؒيরʣɽ͜ͷͱ͖ɼࢀ Q =
N/(S0 )n ͸ n ෇ଟ༷ମʹͳΓɼ(1.3)֯ݩ࣍ ͱಉ༷ʹɼN ͸ Q × (S0 )n ͷ঎ۭؒ

(2.2) N = (Q × (S0 )n)/ ∼
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ͱද͞ΕΔɽࠓͷ৔߹ɼ(1.2), (1.3) ʹ͓͚Δ vi ͸ Hom(S0 , (S0 )n)) = (Z/2)n ͷݩͱࢥ
͏ɽ(1.3)͸ɼ2n ͷQΛɼviݸ ͨͪͷσʔλΛجʹQͷڥքʹԊͬͯషΓ߹ͤͯN ͕෮
Ͱ͖Δ͜ͱΛҙຯ͢ΔɽQݩ ͕୯७ತଟ໘ମͰ͋Δͱ͖ N Λ small cover ͱ͍͏ ([8])ɽ

ྫɽ (2.1)ͷ (S0 )n ʢฏୱʣτʔϥεRn/(2Z)nݩ࣍͸ɼn༺࡞ ্ͷ࡞༻Λಋ͘ɽ͜ͷ࡞
༻͸ locally standard Ͱɼيಓۭؒ͸ n ମͱͳΔɽํཱݩ࣍

্ͷྫ͸ɼ2n ͷݸ n քʹԊͬͯషΓ߹ͤͯฏୱτʔϥε͕ಘΒΕΔڥମΛํཱݩ࣍
͜ͱΛ͍ࣔͯ͠Δ͕ɼషΓ߹ͤํΛม͑Δͱʢ͑׵͍ݴΕ͹ɼvi ͨͪΛऔΓ͑׵Δͱʣɼ
τʔϥεͱ͸ҟͳΔίϯύΫτฏୱϦʔϚϯଟ༷ମ͕ಘΒΕΔɽ࣮͸ɼ͜ͷΑ͏ʹͯ͠
ಘΒΕΔฏୱϦʔϚϯଟ༷ମ͸ɼ࣮ Bott ౝͱݺ͹ΕΔ RP 1 ଋͷྻ

Bn → Bn−1 → · · · → B1 → B0 = {1 ఺ }
ͷτοϓʹ͋Δଟ༷ମ Bn ͱͯ͠ಘΒΕΔɽ͜͜Ͱɼ֤ RP 1 ଋ Bi → Bi−1 ͸ɼBi−1 ্
ͷ 2ͭͷ௚ઢଋͷWhitney࿨ͷࣹӨԽͰ͋Δʢ2ͭͷ௚ઢଋͷ಺ɼҰํ͸ࣗ໌ଋͱͯ͠
΋Ұൠੑ͸ࣦΘΕͳ͍ʣɽBn Λ࣮ Bott ଟ༷ମͱΑͿɽ

ίϯύΫτฏୱϦʔϚϯଟ༷ମ͸֤ݩ࣍༗ݸݶͰجຊ܈Ͱ۠ผͰ͖Δ͕ʢBieberbach
ͷఆཧʣɼ࣮ Bott ଟ༷ମʹݶΕ͹͕࣍੒ཱ͢Δɽ

ఆཧ 2.1 ([11], [7]). ࣮ Bott ଟ༷ମ͸ Z/2 ਺ͷίϗϞϩδʔ؀Ͱ۠ผग़དྷΔɽ܎

࣮Bottଟ༷ମBn ͸ɼϗϩϊϛʔ͕܈ (S0 )n ͷ෦෼܈ͱ͍͏ಛผͳ΋ͷͰ͋Δ͕ɼί
ϯύΫτฏୱϦʔϚϯଟ༷ମͷྫΛ۩ମతʹ๛෋ʹఏ͢ڙΔʢԼͷ Table 1 রʣɽࢀ

n 1 2 3 4 5 6 7 8 9 10
Diff n 1 2 4 12 54 472 8,512 328,416 ? ?
Orin 1 1 2 3 8 29 222 3,607 131,373 ?

Sympn 0 1 0 2 0 6 0 31 0 416

Table 1. Diff n, Orin, Sympn ͸ɼͦΕͧΕɼn ݩ࣍ Bott ଟ༷ମͷඍ
෼ಉ૬ྨɼͦͷ಺͖޲෇Մೳͳ΋ͷɼ͞ΒʹγϯϓϨΫςΟοΫߏ଄͕ೖ
Δ΋ͷͷ਺Λද͢.

(2.2)ʹ͓͍ͯɼQ͕֯෇ଟ༷ମͰ͋Ε͹ඍ෼Մೳଟ༷ମN ͕ಘΒΕΔ͕ɼ্هͷΑ
͏ʹϦʔϚϯྔܭΛ͑ߟΔͳΒ͹ɼ໘͕֯௚֯Ͱ͋Δඞཁ͕͋Δɽ্هͰ͸ฏୱྔܭΛ
ʹ࣍ɼ͕ͨ͑ߟ ໘͕֯௚֯ͱͳΔ֤ͯؔ͠ʹྔܭۂ૒ݩ࣍Δɽ3͑ߟΛྔܭۂ૒ݩ࣍3
ತଟ໘ମ͸ Pogorelov ଟ໘ମͱݺ͹Εɼ࣍ͷ૊߹ͤ࿦తಛ௃෇͚͕஌ΒΕ͍ͯΔɽ

ఆཧ 2.2 ([1], [16]). 3 ୯७ತଟ໘ମ͕ݩ࣍ Pogorelov ଟ໘ମͰ͋Δඞཁे෼৚݅͸ɼ4
໘ମͰͳ͘ɼ3 ϕϧτͱ 4 ϕϧτΛͨ࣋ͳ͍͜ͱͰ͋Δʢಛʹɼ3 ͱܗ֯ 4 ͷ໘͸ܗ֯
ͳ͍ʣɽ

ತଟ໘ମPݩ࣍3 ͷ k ϕϧτͱ͸ (k ≥ 3)ɼP ͷ k ͷ໘ͷ८ճྻݸ (P1, P2, . . . , Pk)Ͱɼ
ྡಉ࢜͸̍ลΛڞ༗͠ɼྡಉ࢜Ҏ֎͸ަΘΓ͕ͳ͘ɼ͞Βʹ 3ͭͷ໘͸௖఺Λڞ༗ͯ͠
͍ͳ͍͜ͱͰ͋ΔɽPogorelovଟ໘ମ͸ແݶʹ୔͋ࢁΔɽྫ͑͹ਖ਼ 12໘ମɼҰൠʹ໘͕
5 ͔ܗ֯ 6 Ͱ͋Δ͚ͩܗ֯ 3 ತଟ໘ମݩ࣍ (combinatorial fulleren ͱݺ͹Ε͍ͯΔʣ͸
Pogorelov ଟ໘ମͰ͋Δ ([3])ɽ
Pogorelovଟ໘ମQΛ༻͍ͯ (2.2)ͷߏ੒Λ͏ߦɼͭ·ΓɼQΛ 8(= 23 ҙ͠ɼͦ༺ݸ(

ΕΒΛ໘ʹԊͬͯషΓ߹ͤΔɽ૒ۭؒۂͷதͰQͷ֤໘͕֯௚֯Ώ͑ɼ͜ͷߏ੒Ͱ ࣍3
ดଟ༷ମ͕ಘΒΕΔ͕ɼ͜Ε͸ۂ૒ݩ Löbellܕͱݺ͹Ε͍ͯΔɽMostowͷ߶ੑఆཧʹ
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ΑΕ͹ɼ3ݩ࣍Ҏ্ͷ૒ۂดଟ༷ମ͸جຊ܈Ͱ۠ผͰ͖Δ͕ɼLöbell ͷܕ ดۂ૒ݩ࣍3
ଟ༷ମʹݶΕ͹ɼఆཧ 2.1 ͱྨࣅͷ͕࣍੒ཱ͢Δɽ

ఆཧ 2.3 ([4]). Löbellܕͷ ਺ͷίϗϞϩδʔ؀Ͱ۠ผग़དྷΔɽ܎ଟ༷ମ͸Z/2ۂ૒ݩ࣍3

͜ͷఆཧͷূ໌ʹ͸ɼmoment-angle ଟ༷ମͱ͍͏τʔϦοΫτϙϩδʔͰ͞ڀݚΕ
͍ͯΔର৅Λ༻͍Δʢ͕ɼ΍΍ӌճ͕ͨ͋͠ײΔʣɽ

ɽNikulinߟࢀ ͷ໘ͷ਺ʹؔ͢Δෆ౳͔ࣜΒɼ֤໘͕֯௚֯ͱͳΔ 5 Ҏ্ͷತଟ໘ݩ࣍
ମ͸ଘ͠ࡏͳ͍͜ͱ͕෼͔Δ͕ɼ4ݩ࣍Ͱ͸ͦͷΑ͏ͳತଟ໘ମQ͕ଘ͢ࡏΔʢྫ͑͹
120 ͷਖ਼ݸ 12 ໘ମΛ 3 ໘ʹ΋ͭݩ࣍ 120 ๔ମʣɽ͜ͷΑ͏ͳ΋ͷʹରͯ͠ (2.2) ͷߏ੒
Λ͏ߦͱʢͭ·ΓɼQΛ 16(= 24 ดଟ༷ମۂͷ૒ݩ࣍քͰషΓ߹ͤͯʣ4ڥҙͯ͠༺ݸ(
͕ಘΒΕΔ͕ɼ͜ΕΒʹର্ͯ͠هͷఆཧ͕੒ཱ͢Δ͔Ͳ͏͔͸෼͔͍ͬͯͳ͍ɽ

3. ཭ڑͷ্܈׵ଟ໘ମɼஔ׵ಓͷดแɼஔيଟ༷ମʹ͓͚Δෳૉτʔϥεض

ΔྫΛ΋͏͢܎ͱଟ໘ମ͕ؔ༺࡞܈ Δɽຊઅͷ࿩͸ɼલઅ̎ͭͱ͸΍΍झ͕͛ڍ1ͭ
ҟͳΔɽضଟ༷ମ Fl(Cn) ͱͦΕʹؔ࿈͢Δجຊతͳ࣮ࣄΛ͍ࢥग़͢ɽ·ͣ

Fl(Cn) = {V1 ⊂ V2 ⊂ · · · ⊂ Vn = Cn | Vi ͸ Cn ͷෳૉ i ෦෼ۭؒݩ࣍ }.
T = (C∗)n ͷ֤੒෼ΛCn ͷ֤੒෼ʹֻ͚Δ࡞༻͸Fl(Cn)্ͷ T ༺࡞Λಋ͘ɽ͜ͷ༺࡞
ͷෆಈ఺ू߹͸ஔ܈׵ Sn ͱಉҰࢹͰ͖Δɽ࣮ࡍɼw ∈ Sn ʹରͯ͠ɼض

⟨ew(1)⟩ ⊂ ⟨ew(1), ew(2)⟩ ⊂ · · · ⊂ ⟨ew(1), . . . , ew(n)⟩
ΛରԠͤ͞ΔରԠ͕ಉҰࢹΛ༩͑Δɽ͜͜Ͱɼe1, . . . , en ͸Cn ͷඪ४جఈͰɼ⟨ ⟩͸த
ʹ͋ΔݩͰੜ੒͞ΕΔ෦෼ϕΫτϧۭؒΛද͢ɽ

Fl(Cn) ʹ͸ɼPlücker ඪΛ༻͍ͯϞʔϝϯτࣸ૾࠲

µ : Fl(Cn) → Rn

͕ఆٛͰ͖ɼ૾ µ(Fl(Cn)) ͸ (n− 1) ଟ໘ମ׵ஔݩ࣍

Permn := {(v(1), . . . , v(n)) ∈ Rn | v ∈ Sn} ͷತแ

ͱҰக͢Δɽ͜Εʹؔͯ࣍͠ͷ͜ͱ͕஌ΒΕ͍ͯΔɽ

ิ୊ 3.1. µ(w) = (w−1(1), . . . , w−1(n))ɽ͞Βʹɼ2 ௖఺ µ(w) ͱ µ(v) ͕ Permn ͷลͰ
݁͹ΕΔඞཁे෼৚݅͸ɼw = vsi ͱͳΔ׵ޓ si = (i, i+ 1) ͕ଘ͢ࡏΔ͜ͱͰ͋Δɽ

͜ͷิ୊ʹؔ࿈ͯ͠ɼSn ཭ڑͷ࣍ʹ্ d Λ͑ߟΔɽ

d(u, v) = ℓ(u−1v).

͜͜Ͱɼℓ(w) ͸ஔ׵ w ͷ௕͞Ͱɼw ͷసҐ਺ͱͯͬࢥ΋Α͍͠ɼw Λ׵ޓ s1, . . . , sn−1

ͷੵͰ࠷୹දࣔͨ͠ͱ͖ͷ si ͨͪͷݸ਺ͱͯͬࢥ΋Α͍ɽ্ͷิ୊ΑΓɼd(u, v)͸ɼu
ͱ v Λ Permn ͷ௖఺ µ(u) ͱ µ(v) ͱ͏ࢥͱɼͦΕΒΛ݁Ϳ Permn ͷʢล͔ΒͳΔʣಓ
Ͱ࠷୹ͷ΋ͷͷ௕͞ͱ͑ࢥΔɽ

u ∈ Sn ʹରͯ͠

C(u) := {(x1, . . . , xn) ∈ Zn = Hom(C∗, T ) | xu(1) < xu(2) < · · · < xu(n)}
Λ͑ߟΔʢຊ࣭తʹ Weyl chamberʣɽC(u) ͷݩ λ ͸ T ͷ̍ύϥϝʔλ෦෼܈ΛఆΊɼ

Fl(Cn)λ(C
∗) = Fl(Cn)T = Sn

Ͱ͋Δɽ͜͜Ͱ XG = Fix(G,X)ɽ
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ͯ͞ɼFl(Cn) ͔Β೚ҙʹ 1 ఺ y ΛऔΓɼͦͷ T ಓͷดแي Y Λ͑ߟΔɽ·ͣɼ

Y T ⊂ Fl(Cn)T = Sn

ʹ஫ҙ͢ΔɽAtiyah-Gullemin-Sternberg ͷఆཧΑΓɼµ(Y )͸µ(Y T )Λ௖఺ͱ͢Δತଟ
໘ମͰ͋Δɽu ∈ Sn ʹରͯ͠ λ ∈ C(u) Λ೚ҙʹͱΓɼ

lim
t→0

λ(t)y ∈ Y T ⊂ Sn

Λ͑ߟΔɽ্هͷݶۃ఺͸ λ ͷऔΓํʹ͸ґΒͣ u ͷΈʹΑΔɽ͕ͨͬͯ͠ɼࣸ૾

RetY : Sn → Y T ⊂ Sn

ΛಘΔ͕ɼ͜ͷࣸ૾͸࣍ͷҙຯΛ΋ͭɽ

ఆཧ 3.2 ([12]). RetY ͸ϨτϥΫτʢͭ·Γ Y T ౳ࣸ૾ʣɽ·ͨɼ֤߃্ u ∈ Sn ʹର͠
ͯ d(u, v) = d(u, Y T ) ͱͳΔ v ∈ Y T ͸།Ұ͚ͭͩ͋ΓɼͦΕ͸ RetY (u) Ͱ༩͑ΒΕΔɽ

൒͸ɼSnޙͷఆཧͷه্ ͷ೚ҙͷ෦෼ू߹ʹରͯ͠੒ΓཱͭΘ͚Ͱ͸ͳ͘ɼY T ͸
Sn ͷ Coxeter matroid ͱݺ͹Ε͍ͯΔ΋ͷʹͳ͍ͬͯΔ ([2])ɽͳ͓ɼY T ͕۩ମతʹ
෼͔Δͱ͖ɼRetY Λ۩ମతʹٻΊΔํ๏͕͋Δɽ·ͨɼҎ্ͷ࿩͸Ұൠ Lie ଟضͷܕ
༷ମʹରͯ͠੒ཱ͢Δɽ
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͍ͯͭʹදࣔݶͷແ܈໘ͷࣸ૾ྨۂ෇͚ෆՄೳ͖޲

େ৿ɹݯ৓ (౦ژཧՊେֶɾཧֶ޻෦)∗

֓ ཁ

ຊߘͰ͸ɼ͖޲෇͚ෆՄೳۂ໘ͷࣸ૾ྨ܈ͷ͕ؔࣜ܎؆໌ͳແݶදࣔʹ͍ͭ
ͯղઆ͢Δɽ

1. ಋೖɾഎܠ
ɹίϯύΫτۂ໘Sʹର͠ɼDiff(S)ΛSͷڥք ∂S্߃౳తͳSͷࣗݾඍ෼ಉ૬ࣸ૾
શମ͔ΒͳΔ܈ͱ͢Δɽͨͩ͠ɼS͕༗ۂ޲໘ͷ৔߹͸ɼ͖޲Λอͭࣗݾඍ෼ಉ૬ࣸ૾
ͷΈΛ͑ߟΔ͜ͱʹ͢Δɽ͜ͷ࣌ɼM(S)Λɼڥքͷ֤఺Λݻఆ͢ΔΞΠιτϐʔʹ
ΑΔDiff(S)ͷ঎܈ͱ͠ɼSͷࣸ૾ྨ܈ͱݺͿɽ

1.1. ༗ۂ޲໘ͷ৔߹

ɹΣg,nΛछ਺ g ≥ 0Ͱ n ≥ ໘ͱ͢Δɽۂ޲࿈݁ͳίϯύΫτ༗ͭ࣋ք੒෼Λڥͷݸ0
1938೥ʹɼDehn [3]ʹΑͬͯɼΣg,nͷࣸ૾ྨ܈M(Σg,n)͕Dehn twistʢୈ 2.1ষࢀ
রʣͨͪͰੜ੒͞ΕΔ͕ࣔ͞ࣄΕͨɽͦͷޙɼLickorish [15, 17]΍Humphries [10]ʹ
ΑͬͯM(Σg,0 )ͷDehn twistʹΑΔ༗ݶੜ੒͕ܥ༩͑ΒΕͨɽಛʹɼ͜ͷHumphries

ͷ༗ݶੜ੒ܥ͸ɼDehn twistʹΑΔੜ੒ܥͷதͰ࠷΋খ͍͞΋ͷͰ͋Δࣄ΋࿦จ [10]

ͷதͰূ໌͞Ε͍ͯΔɽ
M(Σg,n)ͷ༗ݶදࣔ͸ɼ·ͣ 1980೥ʹHatcher-Thurston [8]ʹΑͬͯn = 0ͷ৔߹

ʹ༩͑ΒΕͨɽͦͷޙɼڥք͕ۭͰͳ͍৔߹ʹHarer [7]ʹΑͬͯM(Σg,n)ͷ༗ݶදࣔ
͕༩͑ΒΕɼWajnryb [25]ʹΑͬͯn ∈ {0, 1}ͷ৔߹ʹΑΓ؆໌ͳM(Σg,n)ͷ༗ݶද
͕ࣔ༩͑ΒΕͨɽ͜ͷWajnrybͷදࣔ͸ɼੜ੒ܥΛHumphries [10]ͷੜ੒ܥʢΛn = 1

ͷ৔߹ʹ΋ࣗવʹҰൠԽͨ͠΋ͷʣͱ͠ɼؔࣜ܎΋طଘͷදࣔͱൺ΂ɼ؆໌Ͱ͋Δ্ʹ
ͦͷ਺͕গͳ͍΋ͷͱͳ͍ͬͯΔɽn ∈ {0, 1}ͷ৔߹ʹ͸͜ͷΑ͏ʹ؆໌ͳද͕ࣔ༩͑
ΒΕ͍͕ͯͨɼͦΕ·Ͱʹ஌ΒΕ͍ͯͨn ≥ 2ͷ৔߹ͷM(Σg,n)ͷ༗ݶදࣔ͸ɼෳࡶ
ͳؔࣜ܎Λଟؚ͘ΜͰ͍ͨɽGervais [5]͸ɼ͜ΕΒͷ༗ݶදࣔΛ༻͍ͯɼ೚ҙͷg ≥ 0

ͱn ≥ 0ʹର͠M(Σg,n)ͷ؆໌ͳؔࣜ܎ͷΈΛͭ࣋ແݶදࣔΛߏ੒ͨ͠ɽ͜ͷGervais

ͷ݁Ռ͸ແݶදࣔʹؔ͢Δ΋ͷͰ͋Δ͕ɼແݶදࣔΛߏ੒ͨ͠ࣄͰɼM(Σg,n)ͷDehn

twistΛੜ੒ݩͱ͢Δදࣔͷؔࣜ܎ͱͯ͠ɼͲͷ༷ͳ΋ͷ͕ຊ࣭తʹඞཁͰ͋Δ͔͕੔
ཧ͞ΕͨɽͦͷޙɼLuo [18]ʹΑΓɼ͜ͷGervaisͷແݶදࣔΛΑΓ୯७Խͨ͠ແݶද
ࣔΛ༩͑ΒΕ͍ͯΔʢఆཧ 2.6ʣɽߋʹͦͷޙɼGervais [6]͸ɼ(g, n) = (1, 0)ͷ৔߹
Λআ͘೚ҙͷ g ≥ 1ͱn ≥ 0ʹର͠ɼ͕ؔࣜ܎؆໌ͳM(Σg,n)ͷ༗ݶදࣔΛߏ੒ͯ͠
͍Δɽ

1.2. ߹໘ͷ৔ۂ෇͚ෆՄೳ͖޲

ɹNg,nΛछ਺g ≥ 1Ͱn ≥ ໘ͱۂ෇͚ՄೳίϯύΫτ͖޲࿈݁ͳͭ࣋ք੒෼Λڥͷݸ0
͢Δɽ͢ͳΘͪɼNg,n͸ɼgݸͷ࣮ࣹӨฏ໘RP 2ͷ࿈݁࿨͔Βnݸͷ։ԁ൘ͷඇަ࿨Λ
औΓআ͍ͨ΋ͷͰ͋Δɽ͖޲෇͚ෆՄೳۂ໘ͷ৔߹ʹ͸ɼ·ͣɼ1963೥ʹLickorish [14]

∗˟ 278-8510 ઍ༿ݝ໺ా࡚ࢁࢢ 2641ɹ౦ژཧՊେֶཧֶ޻෦਺ֶՊ
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ʹΑͬͯɼg ≥ 2ͷ৔߹ʹࣸ૾ྨ܈M(Ng,n)͕Dehn twistͷΈͰ͸ੜ੒͞Εͳ͍͕ࣄ
ࣔ͞Εͨɽߋʹಉ࿦จͰɼg ≥ 2ͷ࣌ɼM(Ng,n)͕Dehn twistͱʞʞ crosscap slide ʟʟ
ͱݺ͹ΕΔݩʢୈ 2.2ষࢀরʣʹΑͬͯੜ੒͞ΕΔࣄΛࣔͨ͠ɽM(Ng,n)ͷ༗ݶੜ੒
͸ɼnܥ = 0ͷ৔߹ʹɼChillingworth [2]ʹΑͬͯ 1969೥ʹॳΊͯ༩͑ΒΕͨɽ͜
ͷ Chillingworthͷੜ੒ܥ͸ɼDehn twistͱ crosscap slideʹΑͬͯߏ੒͞Ε͍ͯΔɽ
Szepietowski [24]͸ɼ͜ͷChillingworthͷੜ੒ݩΛݮΒ͢ࣄͰɼDehn twistͱcrosscap

slideʹΑΔΑΓখ͍͞M(Ng,0 )ͷ༗ݶੜ੒ܥΛ༩͍͑ͯΔɽ࣮ࡍʹɼኍ੉ࢯ [9]ʹΑͬ
ͯɼ͜ͷSzepietowskiͷੜ੒͕ܥɼDehn twistͱ crosscap slideʹΑΔM(Ng,0 )ͷੜ੒
Ε͍ͯΔɽ͞໌ূ͕ࣄ΋খ͍͞΋ͷͰ͋Δ࠷ͷதͰܥ
M(Ng,n)ͷ༗ݶදࣔ͸ɼ(g, n) = (2, 0)ͷ৔߹ʹLickorish [14], (g, n) = (2, 1)ͷ৔߹

ʹStukow [21]ɼ(g, n) = (3, 0)ͷ৔߹ʹBirman-Chillingworth [1], ͦͷଞͷn ∈ {0, 1}
ͷ৔߹ʹParis-Szepietowski [20]ʹΑͬͯॳΊͯ༩͑ΒΕͨɽͦͷޙɼStukow [22]͕
͜ͷParis-SzepietowskiͷදࣔΛॻ͖͑׵ɼੜ੒ܥΛʢຊ࣭తʹ͸ʣSzepietowski [24]

ͷੜ੒ܥͱ͢ΔM(Ng,n)ͷ༗ݶදࣔΛ༩͍͑ͯΔʢఆཧ 2.14ʣɽ͜ΕΒͷ༗ݶදࣔ
͸ɼੜ੒ܥ͸؆໌ͳ΋ͷͰ͋Δ͕ɼे෼छ਺͕େ͖͍৔߹ʹෳࡶͳؔࣜ܎Λଟؚ͘Ήɽ
ͦͷ্ɼn ≥ 2ͷ৔߹ʹ͸ɼະͩM(Ng,n)ͷදࣔ͸ߏ੒͞Ε͍ͯͳ͔ͬͨɽஶऀ͸ɼ
M(Ng,n)ͷؔࣜ܎ͱͯ͠Ͳͷ༷ͳ΋ͷ͕ඞཁͰ͋Δ͔Λ੔ཧ͢Δҝɼ೚ҙͷ g ≥ 1ͱ
n ≥ 0ʹର͠ɼ͕ؔࣜ܎؆໌ͳM(Ng,n)ͷແݶදࣔͷߏ੒Λͨͬߦʢఆཧ 3.1ʣɽ͜ͷ
݁Ռ͸ɼn ∈ {0, 1}ͷ৔߹͸ஶऀͷ࿦จ [19]಺Ͱ༩͑ΒΕɼn ≥ 2ͷ৔߹͸ੴ઒ߴۀ޻
౳ઐ໳ֶߍͷখྛཽഅࢯͱͷڞಉڀݚʢ࿦จ [12]ʣʹΑͬͯ༩͑ΒΕͨɽ͜ΕΒͷূ
໌Λࡍ͏ߦʹɼGervais [5]ͷٞ࿦Λߟࢀʹ͠ɼطଘͷM(Ng,n)ͷ༗ݶදࣔΛ༻͍ͯূ
໌Λ͕͏ߦɼn ≥ 2ͷ৔߹͸·ͩ༗ݶද͕ࣔ஌ΒΕ͍ͯͳ͔ͬͨҝɼ࿦จ [12]಺Ͱ۩ମ
తͳ༗ݶදࣔʢ໋୊ 2.15ʣΛߏ੒͠ɼͦͷදࣔʹରͯٞ͠࿦Λͨͬߦɽ

2. ४උ
2.1. Dehn twistͷؒͷؔࣜ܎ͱM(Σg,n)ͷແݶදࣔ

ɹ SΛNg,n΋͘͠͸Σg,nͱ͢ΔɽS্ͷ୯७ดۂઢ cʹର͠ɼcͷ S಺Ͱͷਖ਼ଇۙ๣
NS(c)͕ΞχϡϥεΣ0 ,2ͱඍ෼ಉ૬Ͱ͋Δ࣌ c͸૒ଆͰ͋Δͱ͍ݴɼNS(c)͕ϝϏ΢ε
ͷଳN1,1ͱඍ෼ಉ૬Ͱ͋Δ࣌ c͸୯ଆͰ͋Δͱ͏ݴɽ
S্ͷ૒ଆͳ୯७ดۂઢ cʹର͠ɼNS(c)ͷҟͳΔ2ͭͷ͖޲ΛऔΓɼͦΕΛ+cͱ−c

ͱ͓͘ɽNS(c)ͷ͖޲ θ ∈ {+c,−c}ʹର͠ɼtc;θͰ cʹԊ͖ͬͨ޲ θʹؔ͢ΔӈखDehn

twistΛఆٛ͢Δʢਤ রʣɽࢀ1

஫ҙ 2.1. NS(c)ͷ͖޲ θ ∈ {+c,−c}Λ༩͑Δࣄͱਤ 1ͷΑ͏ͳۂઢ cͷ࿬ʹ໼ҹΛ༩
͑Δࣄʢ͜ͷ໼ҹ͕೧Δํ޲Λ͍ͯࣔ͠ࢦΔʣ͸ಉ஋Ͱ͋ΔɽͦͷҝɼҎԼɼ۩ମత
ʹ༩͑ΒΕͨ૒ଆͳ୯७ดۂઢʹରͯ͠͸ɼۂઢͷ࿬ʹ໼ҹΛ༩͑ΔࣄͰNS(c)ͷ޲
͖Λද͢ࣄͱ͢Δʢਤ 6౳ࢀরʣɽ·ͨɼ۩ମతʹ୯७ดۂઢ cͱNS(c)ͷ͖޲ θ͕༩
͑ΒΕ͍ͯΔ࣌ɼtc;θ = tcͱॻ͘͜ͱʹ͢Δɽ

ҎԼɼิ୊ʹΑΓDehn twistͷؒͷؔࣜ܎Λ͍͔ͭ͘঺հ͢Δɽ

ิ୊ 2.2. (i) S্ͷ୯७ดۂઢc͕S಺Ͱԁ൘͔ϝϏ΢εͷଳͷڥքͱͳΔ࣌ɼtc;θ =
1 ∈ M(S)ͱͳΔɼ

(ii) ੒Γཱͭɿtc;+c͕࣍ = tc−1;+c = t− 1
c;− c
ɽ
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ਤ 1: S্ͷ૒ଆͳ୯७ดۂઢ cʹԊ͖ͬͨ޲ θʹؔ͢ΔӈखDehn twist tc;θ.

ิ୊ 2.3 (ϒϨΠυؔࣜ܎ (i)). f ∈ M(S)ʹର͠ɼҎԼ͕੒Γཱͭɿ

ftc;θf
− 1 = tf(c);f∗(θ),

ୠ͠ɼf∗ : {+c,−c} → {+f(c),−f(c)}͸f͕༠ಋ͢Δۂઢͷۙ๣ͷ͖޲ͷؒͷࣸ૾ɽ

ิ୊ 2.3ʹ͓͍ͯɼf = td;θ′Ͱ͔ͭ cͱdͷزԿֶతަ఺਺͕mͷ࣌ͷϒϨΠυؔ܎
ࣜ (i)ΛϒϨΠυؔࣜ܎ TmͱݺͿɽ

ิ୊ 2.4 (2-νΣΠϯؔࣜ܎). c1ͱ c2ΛS্ͷԣஅతʹ1఺ͰަΘΔ૒ଆͳ୯७ดۂઢ
ͱ͢Δɽc1ͱ c2ͷਖ਼ଇۙ๣NS(c1 ∪ c2)ͷڥքΛ δͱ͓͖ɼNS(c1 ∪ c2)ʹ͖޲ΛҰͭ༩
͑Δʢਤ ͖޲রʣɽNS(ci)ͷࢀ2 θi (i = 1, 2)ͱNS(δ)ͷ͖޲ θΛNS(c1 ∪ c2)ͷ͔͖޲
Β༠ಋ͞ΕΔ͖޲ͱͨ࣌͠ɼ͕࣍੒Γཱͭɿ

(tc1;θ1tc2;θ2)
6 = tδ;θ.

ิ୊ 2.5 (ϥϯλϯؔࣜ܎). ΣΛΣ0 ,4 ͱඍ෼ಉ૬ͳ Sͷ෦෼ۂ໘ͱ͠ɼδ1, δ2, δ3 , δ4 ,

δ12, δ13 , δ23Λਤ 3ͷΑ͏ͳΣ্ͷ୯७ดۂઢͱ͢ΔɽΣʹ͖޲Λ༩͑ɼNS(δi)ͷ͖޲
θi (i = 1, 2, 3, 4)ͱNS(δi,j)ͷ͖޲ θi,j ((i, j) = (1, 2), (1, 3), (2, 3))ΛΣͷ͔͖޲Β༠ಋ
͞ΕΔ͖޲ͱͨ࣌͠ɼ͕࣍੒Γཱͭɿ

tδ23;θ23tδ13;θ13tδ12;θ12 = tδ1;θ1tδ2;θ2tδ3;θ3tδ4;θ4 .

ਤ 2: ୯७ดۂઢ c1, c2ͱNS(c1∪ c2)ͷڥք
δɽ ਤ 3: Σ0 ,4 ͱඍ෼ಉ૬ͳ Sͷ෦෼ۂ໘Σ্

ͷ୯७ดۂઢ δ1, δ2, δ3 , δ4 , δ12, δ13 , δ23ɽ

Luo [18]͸ɼGervais ΊͨM(Σg,n)ͷදࣔΛվྑ͠ɼҎԼͷදࣔΛಘͨɽٻ͕[5]

ఆཧ 2.6 ([18]). g ≥ 0͔ͭn ≥ 0ʹର͠ɼM(Σg,n)ͷදࣔ͸ҎԼͰ༩͑ΒΕΔɽ
ੜ੒ܥɿ{tc;θ | cɿΣg,n্ͷ୯७ดۂઢ, θ ∈ {+c,−c}}
ɿࣜ܎ؔ

(0) (i) tc;θ = 1 ∈ M(S) (S্ͷ୯७ดۂઢ c͕S಺Ͱԁ൘ͷڥքͱͳΔ࣌),
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(ii) tc;+c = tc−1;+c = t− 1
c;− c

,

(I) ϒϨΠυؔࣜ܎ T0 , T1, ɹ

(II) 2-νΣΠϯؔࣜ܎ɼ

(III) ϥϯλϯؔࣜ܎.

2.2. Crosscap pushing mapͱDehn twistͷؒͷؔࣜ܎

ɹ͜ͷষͰ͸ɼcrosscap pushing mapΛఆٛ͠ɼcrosscap pushing mapͱDehn twistͷ
ؒͷؔࣜ܎ʹ͍ͭͯ঺հ͢Δɽcrosscap pushing map͸ɼୈ1.2ষͰ঺հͨ͠ crosscap

slideͷ͋ΔҙຯͰͷҰൠԽͱͳ͍ͬͯΔɽ
Ng,n্ͷ 1఺ͰԣஅతʹަΘΔ୯ଆͳ୯७ดۂઢ µͱ୯७ดۂઢ αʹର͠ɼYµ,α ∈

M(Ng,n)ΛɼMöbiusͷଳNNg,n(µ)ʢNg,n಺ͷMöbiusͷଳΛ crosscapͱݺͿʣΛ α

ʹԊͬͯ̍पͤ͞ΔࣄͰಘΒΕΔNg,nͷඍ෼ಉ૬ࣸ૾ͷΠιτϐʔྨͱ͢Δʢਤ ࢀ4
রʣɽ͜ͷYµ,αΛɼcrosscap pushing mapͱݺͿɽ

ਤ 4: Ng,n্ͷۂઢµͱαʹؔ͢Δ crosscap pushing mapɽ্ஈ͕α͕૒ଆͳ৔߹Ͱɼ
Լஈ͕α͕୯ଆͳ৔߹Ͱ͋Δɽ

஫ҙ 2.7. α͕૒ଆͳ࣌ɼYµ,αΛcrosscap slideͱݺͿɽLickorish [14]ʹΑΓɼcrosscap
slide͸Dehn twistͷੵͰද͕͢ࣄग़དྷͳ͍͕ࣔ͞ࣄΕ͍ͯΔɽα͕૒ଆͰ͋Δ࣌ɼਖ਼
ଇۙ๣NNg,n(µ∪α)͸N2,1ͱඍ෼ಉ૬ͱͳΔҝɼcrosscap slide͸g ≥ 2ͷ৔߹ʹఆٛग़
དྷΔɽ͜ͷ͕ࣄg ≥ 2ͷ৔߹ʹM(Ng,n)͕Dehn twistͨͪͰੜ੒͞Εͳ͍ݪҼͱͳΔɽ

ҎԼɼิ୊ʹΑΓ crosscap pushing mapͱDehn twistͷؒͷؔࣜ܎Λ͍͔ͭ͘঺հ
͢Δɽ

ิ୊ 2.8. ੒ΓཱͭɿYµ,α͕࣍ = Y − 1
µ,α−1 = Yµ−1,αɽ
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ิ୊ 2.9 (ϒϨΠυؔࣜ܎ (ii)). f ∈ M(Ng,n)ʹରͯ͠ɼҎԼ͕੒Γཱͭɽ

fYµ,αf
− 1 = Yf(µ),f(α).

ิ୊ 2.10 ([13]ͷLemma 2.2). αͱµΛԣஅతʹ 1఺ͰަΘΔNg,n্ͷ୯ଆͳ୯७ด
ઢͱ͠ɼδ1ͱۂ δ2ΛͦΕͧΕਖ਼ଇۙ๣NNg,n(µ ∪ α) ≈ N1,2ͷڥք੒෼ͱͳΔ୯७ดۂ
ઢͱ͢ΔɽNS(δi) (i = 1, 2)ͷ͖޲ θi (i = 1, 2)Λਤ 5ͷ༷ͳ͖޲ͱͨ࣌͠ɼҎԼ͕੒
Γཱͭɿ

Yµ,α = tδ1;θ1t
− 1
δ2;θ2

.

ਤ 5: α͕୯ଆͳ৔߹ͷਖ਼ଇۙ๣NNg,n(µ ∪ α) ≈ N1,2ͱNNg,n(µ ∪ α)ͷڥքͱͳΔ δi
(i = 1, 2)ɽ͜͜Ͱɼਤதͷ⊗ҹ͸ crosscapΛද͍ͯ͠Δɽ

ҎԼͰ crosscap pushing mapͷҟͳΔํݟΛ༩͑Δɽۂ໘Sͱ୯Ґԁ൘D ⊂ Cͷຒ
ΊࠐΈ e : D ↪→ int(S)ʹର͠ɼD := e(D)ͱ͓͘ɽ͜ͷ࣌ɼS − int(D)Λ∂Dͷ֤ରᪧ
఺ΛಉҰ͢ࢹΔ͜ͱʹΑͬͯಘΒΕΔۂ໘ΛS ′ͱ͢Δɽ͜ͷΑ͏ʹͯ͠S͔ΒS ′Λಘ
Δૢ࡞ΛSͷDʹؔ͢ΔblowupͱݺͿɽ∂DͷS − int(D)಺Ͱͷਖ਼ଇۙ๣͸blowup

Sʹޙ ′಺ͷ crosscapͱͳΔʹ஫ҙ͢Δɽ·ͨɼblowupͷ࡞ૢٯɼ͢ͳΘͪۂ໘S ′Λ
ͦͷ಺෦ͷ୯ଆͳ୯७ดۂઢµͰ੾Γ։͖ɼͦͷಘΒΕͨڥքʹԁ൘DµΛషΓ߹ͤͯ
ΛS࡞໘SΛಘΔૢۂ ′ͷµʹؔ͢ΔblowdownͱݺͿɽ
Ng,n্ͷ୯ଆͳ୯७ดۂઢµΛऔΔɽ͜ͷ࣌ɼNg,nͷµʹؔ͢ΔblowdownʹΑͬͯ

ಘΒΕΔۂ໘Λ S̄ͱ͠ɼblowdownͷաఔͰݱΕΔԁ൘DµͱͷಉҰࢹ eµ : D → DµΛ
༩͑ΔɽDµͷத৺఺ xµ ∈ Dµʹର͠ɼM(S̄, xµ)Λ ∂S̄ͷ֤఺ͱ xµΛݻఆ͢Δࣗݾඍ
෼ಉ૬ࣸ૾ͷΞΠιτϐʔྨ͔ΒͳΔ܈ͱ͢Δɽ͜ͷ࣌ɼblowup homomorphism

ϕµ : M(S̄, xµ) → M(Ng,n)

ͱ͸ҎԼͷΑ͏ʹఆٛ͞ΕΔ४ಉ૾ࣸܕͰ͋Δɽ֤h ∈ M(S̄, xµ)ʹର͠ɼhͷ୅දݩ
h′ ∈ Diff(S̄)ͱͯ࣍͠ͷ৚݅ (a)ए͘͠͸ (b)Λຬͨ͢΋ͷΛͱΔɿ

(a) h′|Dµ = idDµɼ

(b) h′(x) = eµ(e− 1
µ (x)) (x ∈ Dµ)ɼ

ୠ͠z ∈ Cʹର͠z ∈ CΛzͷෳૉڞ໾ͱ͢Δ. ͜ͷΑ͏ͳh′͸Dµʹؔ͢Δblowupͱ
ద߹͢ΔͨΊ ([23, Subsection র)ɼϕµ(h)ࢀ[2.3 ∈ M(Ng,n)͸well-definedʹఆ·Δɽ
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·ͨɼpoint pushing map

jµ : π1(S̄, xµ) → M(S̄, xµ)

ͱ͸ɼxµΛج఺ͱ͢Δ S্̄ͷ֤ϧʔϓ γʹରͯ͠ɼxµΛ γʹԊͬͯ 1पͤ͞Δ͜ͱͰ
ಘΒΕΔ S̄ͷࣗݾඍ෼ಉ૬ࣸ૾ͷΞΠιτϐʔྨ jµ(γ) ∈ M(S̄, xµ)ΛରԠͤ͞ΔࣄͰ
ಘΒΕΔ४ಉ૾ࣸܕͰ͋Δɽ

஫ҙ 2.11. ຊߘͰ͸ɼjµΛ४ಉ૾ࣸܕʹ͢Δҝʹɼπ1(S̄, xµ)ͷੵͷॱ൪΋ӈ͔ΒಡΉ͜
ͱʹ͢Δɽ͢ͳΘͪɼγ1, γ2 ∈ π1(S̄, xµ)ʹର͠ɼγ2γ1 ∈ π1(S̄, xµ)ͱ͸ɼγ2γ1(t) = γ1(2t)

(0 ≤ t ≤ 1
2)͔ͭγ2γ1(t) = γ2(2t− 1) (12 ≤ t ≤ 1)ͱͳΔ΋ͷͰ͋Δɽ

͜ͷ࣌ɼpoint pushing mapͱblowup homomorphismͷ߹੒

ψµ := ϕµ ◦ jµ : π1(Ng− 1,n, xµ) → M(Ng,n)

΋·ͨcrosscap pushing mapͱݺͼɼψµ(γ)ΛγʹԊͬͨ crosscap pushing mapͱ
Ϳɽݺ
ԣஅతʹ 1఺ͰަΘΔ Ng,n্ͷดۂઢ αͱ୯ଆͳ୯७ดۂઢ µʹର͠ɼαΛ S̄ ্

ͷ xµΛى఺ͱ͢ΔϧʔϓͰα͔Β blowdownʹΑͬͯಘΒΕΔ΋ͷͱ͢Δɽα͕୯७
Ͱ͋Δ࣌͸ɼαΛ S্̄ͷ୯७ϧʔϓͱͯ͠औ͓ͬͯ͘ɽ͜ͷ࣌ɼҎԼ͕੒Γཱͭʢ[13,

Lemma 2.2, Lemma রʣɽࢀ[2.3

ิ୊ 2.12. ԣஅతʹ1఺ͰަΘΔNg,n্ͷ୯७ดۂઢαͱ୯ଆͳ୯७ดۂઢµʹର͠ɼ
੒Γཱͭɽ͕࣍

ψµ(α) = Yµ,α.

͸ɼcrosscapࣜ܎ͷؔ࣍ pushing map ψµ : π1(S̄, xµ) → M(Ng,n)͔ΒಘΒΕΔɽ

ิ୊ 2.13. µΛNg,n্ͷ୯ଆͳ୯७ดۂઢͱ͠ɼαͱβΛNg,n্ͷ୯७ดۂઢͰͦΕ
ͧΕµͱ1఺ͰԣஅతʹަΘΔ΋ͷͱ͢Δɽੵαβ ∈ π1(S̄, xµ)͕ S্̄ͷ୯७ϧʔϓͰ୅
ද͞ΕΔͱԾఆ͢ΔɽαβΛNg,n্ͷ୯७ดۂઢͰαβ = αβ ∈ π1(S̄, xµ)ͱͳΔ΋ͷͱ
͢Δɽ͜ͷ࣌ɼҎԼͷؔࣜ܎ΛಘΔɿ

Yµ,αYµ,β = Yµ,αβ.

2.3. M(Ng,n)ͷ༗ݶදࣔ

ɹຊষͰ͸ɼओ݁Ռͷূ໌ʹ༻͍ΔM(Ng,n)ͷ༗ݶදࣔʹ͍ͭͯ঺հ͢Δɽ୯Ґԁ൘D
ͷ ΈࠐΘΒͳ͍ຒΊަʹ͍ޓ໘Σ0΁ͷٿݩ࣍2 ei : D ↪→ Σ0 (i = 1, . . . , g + n)ΛͱΓɼ
Di := ei(D)ͱ͓͘ɽ͜ͷ࣌Ng,nͷϞσϧͱͯ͠ɼΣ0 − int(+g+n

i=g+1Di)ͷD1 + · · · +Dg

ʹؔ͢ΔblowupʹΑͬͯಘΒΕΔۂ໘ΛͱΔʢਤ রʣɽࢀ6
Ng,n্ͷ୯७ดۂઢαi (i = 1, . . . , g − 1), β, µ1Λਤ 6ͷΑ͏ʹऔΔɽ͜ͷ࣌ɼͦΕ

Βͷۂઢʹؔ͢ΔDehn twist΍ crosscap slideΛҎԼͰఆٛ͢Δɽ

ai := tαi (i = 1, . . . , g − 1),

b := tβ,

y := Yµ1,α1 .
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Epstein [4]ʹΑͬͯɼM(N1,n) (n ∈ {0, 1})͕ࣗ໌ʹͳΔ͜ͱΛ͕஌ΒΕ͍ͯΔɽҎ
Լͷ༗ݶදࣔ͸ (g, n) = (2, 0)ͷ࣌ʹLickorish [14]ɼ(g, n) = (2, 1)ͷ࣌ʹStukow [21]ɼ
(g, n) = (3, 0)ͷ࣌ʹBirman-Chillingworth [1]ɼͦͯͦ͠ͷଞͷ (g, n)ͷ࣌ (n ∈ {0, 1})
ʹStukow [22]͕༩͑ͨ΋ͷͰ͋Δ.

ਤ 6: Ng,nͷϞσϧͱNg,n্ͷ୯७ดۂઢα1, . . . , αg− 1, β, µ1, δ, δ1, . . . , δn− 1.

ఆཧ 2.14 ([14], [1], [21], [22]). (g, n) = (2, 0), (2, 1), (3, 0)ʹର͠ɼM(Ng,n)͸ҎԼͷ
දࣔΛͭ࣋:

M(N2) =
〈
a1, y | a21 = y2 = (a1y)

2 = 1
〉 ∼= Z2 ⊕ Z2,

M(N2,1) =
〈
a1, y | ya1y− 1 = a− 1

1

〉
,

M(N3 ) =
〈
a1, a2, y | a1a2a1 = a2a1a2, y

2 = (a1y)
2 = (a2y)

2 = (a1a2)
6 = 1

〉
.

g ≥ 4͔ͭn ∈ {0, 1}ɼए͘͠͸ (g, n) = (3, 1)ͷ࣌ɼM(Ng,n)͸ҎԼͷΑ͏ͳදࣔΛ
͸ݩɽੜ੒ͭ࣋ (g, n) = (3, 1)ͷ࣌a1, a2, yͰɼg ≥ 4ͷ࣌a1, . . . , ag− 1, y, bɽؔࣜ܎͸
ҎԼͷ΋ͷͰ͋Δ:

(A1) [ai, aj] = 1 (g ≥ 4, |i− j| > 1),

(A2) aiai+1ai = ai+1aiai+1 (i = 1, . . . , g − 2),

(A3) [ai, b] = 1 (g ≥ 4, i ̸= 4),

(A4) a4ba4 = ba4b (g ≥ 5),

(A5) (a2a3a4b)10 = (a1a2a3a4b)6 (g ≥ 5),

(A6) (a2a3a4a5a6b)12 = (a1a2a3a4a5a6b)9 (g ≥ 7),

(A9a) [b2, b] = 1 (g = 6),

(A9b) [ag− 5 , b g−2
2
] = 1 (g ≥ 8 even),

ୠ͠ɼb0 = a1, b1 = b,

bi+1 = (bi− 1a2ia2i+1a2i+2a2i+3bi)5 (bi− 1a2ia2i+1a2i+2a2i+3 )− 6 (1 ≤ i ≤ g− 4
2 ),

(B1) y(a2a3a1a2ya
− 1
2 a− 1

1 a− 1
3 a− 1

2 ) = (a2a3a1a2ya
− 1
2 a− 1

1 a− 1
3 a− 1

2 )y (g ≥ 4),

(B2) y(a2a1y− 1a− 1
2 ya1a2)y = a1(a2a1y− 1a− 1

2 ya1a2)a1,

(B3) [ai, y] = 1 (g ≥ 4, i = 3, . . . , g − 1),

(B4) a2(ya2y− 1) = (ya2y− 1)a2,

(B5) ya1 = a− 1
1 y,
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(B6) byby− 1 = {a1a2a3 (y− 1a2y)a
− 1
3 a− 1

2 a− 1
1 }{a− 1

2 a− 1
3 (ya2y− 1)a3a2} (g ≥ 4),

(B7) [(a4a5a3a4a2a3a1a2ya
− 1
2 a− 1

1 a− 1
3 a− 1

2 a− 1
4 a− 1

3 a− 1
5 a− 1

4 ), b] = 1 (g ≥ 6),

(B8) {(ya− 1
1 a− 1

2 a− 1
3 a− 1

4 )b(a4a3a2a1y− 1)}{(a− 1
1 a− 1

2 a− 1
3 a− 1

4 )b− 1(a4a3a2a1)}
= {(a− 1

4 a− 1
3 a− 1

2 )y(a2a3a4 )}{a− 1
3 a− 1

2 y− 1a2a3}{a− 1
2 ya2}y− 1 (g ≥ 5),

(C1) (a1a2 · · · ag− 1)g = 1 (g ≥ 4 even, n = 0),

(C2) [a1, ρ] = 1 (g ≥ 4, n = 0),

ୠ͠ɼρ = (a1a2 · · · ag− 1)g (g odd),

ρ = (y− 1a2a3 · · · ag− 1ya2a3 · · · ag− 1)
g−2
2 y− 1a2a3 · · · ag− 1 (g even),

(C3) ρ2 = 1 (g ≥ 4, n = 0),

(C4) (y− 1a2a3 · · · ag− 1ya2a3 · · · ag− 1)
g−1
2 = 1 (g ≥ 4 odd, n = 0),

ୠ͠ɼ[x1, x2] = x1x2x
− 1
1 x− 1

2 .

n ≥ 2ͷ৔߹ͷM(Ng,n)ͷ༗ݶදࣔ͸ɼখྛࢯͱஶऀʹΑΔڞಉڀݚʹΑͬͯ۩ମ
తʹߏ੒͞Εͨʢ[12]ࢀরʣɽ͔͠͠ɼͦͷ༗ݶදࣔͷ͕ؔࣜ܎ଟ͗͢ΔҝɼຊߘͰ͸ɼ
ͦͷ༗ݶදࣔͷੜ੒ܥͷΈ঺հ͢Δࣄͱ͢Δɽ
ਤ 6, ਤ 7ͷNg,n্ͷ୯७ดۂઢδi, αi;j, ρi;j, σi,j, σ̄i,jʹର͠ɼҎԼͷ༷ʹఆٛ͢Δɽ

di := tδi (1 ≤ i ≤ n− 1),

ai;j := tαi;j (1 ≤ i ≤ g − 1, 1 ≤ j ≤ n− 1),

ri;j := tρi;j (1 ≤ i ≤ g, 1 ≤ j ≤ n− 1),

si,j := tσi,j (1 ≤ i < j ≤ n− 1),

s̄i,j := tσ̄i,j (1 ≤ i < j ≤ n− 1),

ਤ 7: Ng,n্ͷ୯७ดۂઢαi;j, ρi;j , σi,j, σ̄i,j.

খྛࢯͱஶऀ͕ಘͨn ≥ 2ͷ৔߹ͷM(Ng,n)ͷ༗ݶදࣔ͸ҎԼͷΑ͏ͳ΋ͷͰ͋Δɽ

໋୊ 2.15 (Kobayashi-O. ([12])). g ≥ 1ͱ n ≥ 2ʹର͠ɼM(Ng,n)ͷ༗ݶදࣔ͸ɼఆ
ཧ 2.14ͷM(Ng,1)ͷ༗ݶදࣔʹҎԼͷੜ੒ݩͱؔࣜ܎ΛՃ͑ΔࣄͰಘΒΕΔɽ

Ճ͑Δੜ੒ݩɿdi (i = 1, . . . , n − 1), ai;j (1 ≤ i ≤ g − 1, 1 ≤ j ≤ n − 1), ri,j
(1 ≤ i ≤ g, 1 ≤ j ≤ n− 1), si,j (1 ≤ i < j ≤ n− 1), s̄i,j (1 ≤ i < j ≤ n− 1).

Ճ͑Δؔࣜ܎ɿ ͋Δ༗ݸݶͷؔࣜ܎ɽ
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3. ओ݁Ռ
ҎԼ͕ຊߘͷओ݁ՌͰ͋Δɽ

ఆཧ 3.1 (Kobayashi-O.). g ≥ 1͔ͭn ≥ 0ʹର͠ɼM(Ng,n)ͷදࣔ͸ҎԼͰ༩͑ΒΕ
Δɽ
ੜ੒ܥɿ{tc;θ | cɿNg,n্ͷ૒ଆͳ୯७ดۂઢ, θ ∈ {+c,−c}}

∪{Yµ,α | µɿNg,n্ͷ୯ଆͳ୯७ดۂઢɼαɿNg,n্ͷ୯७ดۂઢ}
XΛ্ͷੜ੒͔ݩΒͳΔू߹ͱ͢Δɽ
ɿࣜ܎ؔ

(0) (i) tc;θ = 1 (c͕Ng,n্Ͱԁ൘ए͘͠͸Möbius ͷଳΛுΔ࣌ ),

(ii) tc;+c = tc−1;+c = t− 1
c;− c

,

(iii) Yµ,α = Y − 1
µ,α−1 = Yµ−1,α,

(I) ϒϨΠυؔࣜ܎
{

(i) ftc;θf − 1 = tf(c);f∗(θ) (f ∈ X),

(ii) fYµ,αf − 1 = Yf(µ),f(α) (f ∈ X),

(II) 2-νΣΠϯؔࣜ܎,

(III) ϥϯλϯؔࣜ܎,

(IV) ิ୊ 2.13ͷؔࣜ܎ (i.e. Yµ,αβ = Yµ,αYµ,β),

(V) ิ୊ 2.10ͷؔࣜ܎ (i.e. Yµ,α = tδ1;θ1t
− 1
δ2;θ2

).

஫ҙ 3.2. ఆཧ 3.1ͷؔࣜ܎ (0)͸ɼNg,n಺ͷԁ൘ए͘͠͸Möbius ͷଳͷڥքͱͳΔ
Α͏ͳۂઢʹԊͬͨDehn twist͸ੜ੒ݩͱͯ͠ෆཁͱ͍͏ҙຯΛͪ࣋ɼؔࣜ܎ (V)͸ɼ
α͕୯ଆͰ͋ΔΑ͏ͳ crosscap pushing map Yµ,α͸Dehn twistͷੵͰද͞ΕΔͨΊੜ
੒ݩͱͯ͠ෆཁͱ͍͏ҙຯΛͭ࣋ɽͭ·Γɼఆཧ 3.1ͷM(Ng,n)ͷදࣔ͸ɼຊ࣭తʹ
͸ɼੜ੒ݩΛશͯͷඇࣗ໌ͳDehn twistͱ crosscap slideͱ͠ɼ(I), (II), (III), (IV)ͷ
දࣔͱͳ͍ͬͯΔɽͭ࣋Λࣜ܎ؔ

ఆཧ 3.1ͷূ໌ͷུ֓. GΛఆཧ 3.1ͷද͔ࣔΒಘΒΕΔ܈ͱ͢ΔɽҎ߱ɼM(Ng,n)Λ
ఆཧ 2.14·ͨ͸໋୊ 2.15ͷ༗ݶද͔ࣔΒಘΒΕΔ܈ͱಉҰ͢ࢹΔɽM(Ng,n)ͱGͷ
ؒͷಉ૾ࣸܕΛҎԼͷ༷ʹߏ੒͢ΔࣄͰఆཧ 3.1Λࣔ͢ɽ
X0Λɼఆཧ 2.14·ͨ͸໋୊ 2.15ͷM(Ng,n)ͷ༗ݶදࣔͷੜ੒ूݩ߹ͱ͢ΔɽF (X0 )

ΛX0ʹΑͬͯࣗ༝ʹੜ੒͞ΕΔࣗ༝܈ͱ͠ɼπ : F (X0 ) → M(Ng,n)Λఆཧ 2.14·ͨ
͸໋୊ 2.15ͷද͔ࣔΒಘΒΕΔࣗવͳશࣹ४ಉ૾ࣸܕͱ͢Δɽߋʹɼ४ಉ૾ࣸܕ ν :

F (X0 ) → GΛ֤x ∈ X0ʹର͠ν(x) := xͰఆٛ͢Δɽ͜ͷ࣌ɼࣸ૾ψ : M(Ng,n) → G

Λɼ֤ x ∈ X0ʹରͯ͠͸ψ(x±1) := x±1ʢූ߸ಉॱʣɼͦͷଞͷ f ∈ M(Ng,n)ʹର͠
ͯ͸ψ(f) := ν(f̃)Ͱఆٛ͢Δɽ͜͜Ͱɼf̃ ∈ F (X0 )͸ f ∈ M(Ng,n)ͷπʹؔ͢Δউख
ͳϦϑτͰ͋ΔʢԼਤࢀরʣɽ
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F (X0 )

π
!!!!

ν

""●
●●

●●
●●

●●
●

M(Ng,n) ψ
##❴❴❴ G

XΛఆཧ 3.1ͷදࣔͷੜ੒ܥͱͨ࣌͠ʹɼࣗવͳࣸ૾ϕ : X → M(Ng,n)͸શࣹ४ಉ
ϕ૾ࣸܕ : G → M(Ng,n)Λ༠ಋ͢Δ. ϕͱψͷఆٛΑΓɼ΋͠ψ͕४ಉ૾ࣸܕͳΒ͹,

ϕ ◦ ψ = idM(Ng,n)ͱͳΓɼಛʹɼψ͸୯ࣹͰ͋Δ͕ࣄ෼͔Δɽैͬͯɼψ͕४ಉ૾ࣸܕ
Ͱ͔ͭશࣹͰ͋Δ͜ͱΛࣔ͢ࣄͰψ͕ಉ૾ࣸܕͰ͋Δ͕ࣄ෼͔Γɼఆཧ 3.1͕ಘΒΕ
Δɽ͜ͷূ໌ͷຊ࣭తͳ෦෼͸ψ͕४ಉ૾ࣸܕͰ͋ΔࣄΛূ໌͢Δ෦෼ʹ͋Γɼ͜Ε
͸ఆཧ 2.14ͱ໋୊ 2.15ͷM(Ng,n)ͷ༗ݶදࣔͷશͯͷ͕ؔࣜ܎ఆཧ 3.1ͷදࣔͷؔ܎
͔ࣜΒಘΒΕΔࣄͰূ໌Ͱ͖Δɽ

ँࣙ: ͜ͷ౓ୈ66ճτϙϩδʔγϯϙδ΢Ϝʹ͓ট͖Լͬͨ͞ੈ࿩ਓͷখྛਅਓࢯ
ʢळాେཧ޻ʣɼத߁ߐ੖ࢯʢळాେཧ޻ʣɼޱࢁ঵ࢯ࢘ʢळాେڭҭจԽʣɼେຊࢯږ
ʢ๺େཧʣɼࠤഢमࢯʢ۝େ IMIʣʹ৺͔Βँײਃ্͛͠·͢ɽ
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man), Acta Math. 69 (1938), no. 1, 135–206.

[4] D. B. A. Epstein, Curves on 2-manifolds and isotopies, Acta Math. 115 (1966), 83-107.

[5] S. Gervais, Presentation and central extensions of mapping class groups, Trans. Amer.
Math. Soc. 348 (1996), 3097–3132.

[6] S. Gervais, A finite presentation of the mapping class group of a punctured surface,
Topology 40 (2001), no. 4, 703–725.

[7] L. Harer, The second homology group of the mapping class groups of orientable surfaces,
Invent. Math. 72, 221–239 (1983)

[8] A. Hatcher, W. Thurston, A presentation for the mapping class group of a closed ori-
entable surface, Top. 19 (1980), 221–237.

[9] S. Hirose, Generators for the mapping class group of the nonorientable surface, Kodai
Math. J. 41 (2018), no. 1, 154–159.

[10] S. P. Humphries, Generators for the mapping class group, Lecture Notes in Math., 722,
Springer, (1979), 44–47.

[11] D. L. Johnson, Presentations of Groups, London Math. Soc. Stud. Texts 15 (1990).

[12] R. Kobayashi, G. Omori, An infinite presentation for the mapping class group of a
non-orientable surface with boundary, arXiv:1610.04999.

[13] M. Korkmaz, Mapping class groups of nonorientable surfaces, Geom. Dedicata. 89
(2002), 109–133.

[14] W. B. R. Lickorish, Homeomorphisms of non-orientable two-manifolds, Proc. Camb.
Philos. Soc. 59 (1963), 307–317.

[15] W. B. R. Lickorish, A finite set of generators for the homeotopy group of a 2-manifold,
Proc. Cambridge Philos. Soc. 60 (1964), 769–778.

大森源城（東京理科大）80



[16] W. B. R. Lickorish, On the homeomorphisms of a non-orientable surface, Proc. Camb.
Philos. Soc. 61 (1965), 61–64.

[17] W. B. R. Lickorish, On the homeotopy group of a 2-manifold, Proc. Cambridge Philos.
Soc. 62 (1966), 679–681.

[18] F. Luo, A presentation of the mapping class groups, Math. Res. Lett. 4 (1997), 735–739.

[19] G. Omori, An infinite presentation for the mapping class group of a non-orientable
surface, Algebr. Geom. Topol. 17 (2017), 419–437.

[20] L. Paris and B. Szepietowski, A presentation for the mapping class group of a nonori-
entable surface, Bull. Soc. Math. France 143 (2015), no. 3, 503–566.

[21] M. Stukow, Dehn twists on nonorientable surfaces, Fund. Math. 189 (2006), 117–147.

[22] M. Stukow, A finite presentation for the mapping class group of a nonorientable surface
with Dehn twists and one crosscap slide as generators, J. Pure Appl. Algebra 218 (2014),
no. 12, 2226–2239.

[23] B. Szepietowski. Crosscap slides and the level 2 mapping class group of a nonorientable
surface, Geom. Dedicata 160 (2012), 169–183.

[24] B. Szepietowski. A finite generating set for the level 2 mapping class group of a nonori-
entable surface. Kodai Math. J. 36 (2013), 1–14.

[25] B. Wajnryb, A simple presentation for the mapping class group of an orientable surface,
Israel J. Math. 45 (1989), 157–174.

第66回トポロジーシンポジウム講演集（2019年8月・秋田市） 81



82



ϑΝΠόʔ݁ͼ໨ʹର͢Δݩ࣍2 Gluck twist ʹͭ
͍ͯ

෱ాɹਸ਼ق (౦ֶܳژେֶɹ೔ຊֶज़ৼڵձಛผڀݚһPD)∗

1. ͸͡Ίʹ
ʹ໘ͷ͜ͱΛ͍͏ɽಛٿݩ࣍Εͨ̎·ࠐΒ͔ʹຒΊ׈ʹ໘ٿݩ࣍ͼ໨ͱ͸̐݁ݩ࣍̎
ͦͷิۭ͕ؒ S1 ্ͷϑΝΠόʔߏ଄Λ༗͢Δͱ͖ɼͦͷ݁ͼ໨ΛϑΝΠόʔ݁ͼ໨ͱ
͍͏ɽ۩ମతͳ̎݁ݩ࣍ͼ໨ͷߏ੒ʹ͍ͭͯ͸ Artin ʹΑͬͯ۩ମతͳ̎ݩ࣍ϑΝΠ
όʔ݁ͼ໨ͷߏ੒ʹ͍ͭͯ͸ Zeeman ʹΑΔπΠετεύϯ݁ͼ໨ [15]΍ Litherland

ʹΑΔπΠετϩʔϧεύϯ݁ͼ໨ [9]ͳͲ͕஌ΒΕ͍ͯΔ͕ɼຊߘͰ͸ Pao ʹΑΓ
੒͞Εͨߏ branched twist spin Λѻ͏ɽ͜͜ͰɼBranched twist spin ͷఆٛΛ؆୯ʹ
ड़΂Δ (ৄ͍͠ఆٛ͸ র)ɽS4ࢀ2.2§ ্ͷہॴ׈Β͔ͰޮՌతͳS1 Δɽ͑͜ߟΛ༺࡞-
ͷ࡞༻ʹΑΔيಓۭ͕ؒ S3 Ͱ͋Δͱ͖ɼݻఆ఺͸̎఺Ͱ͋Γɼྫ֎يಓ͸ߴʑ̎छྨ
ଘ͢ࡏΔ͕ɼ̍छྨͷྫ֎يಓͱݻఆ఺શମͷ࿨ू߹͸̎ٿݩ࣍໘ͱඍ෼ಉ૬ʹͳΔɽ
͜ͷ̎ٿݩ࣍໘Λ branched twist spin ͱ͍͏ɽ
ϑΝΠόʔ݁ͼ໨ɼͭ·Γݩ࣍̍ S3 Εͨ·ࠐΒ͔ʹຒΊ׈ʹ S1 ͰϑΝΠόʔͰ
͋Δ΋ͷɼʹ͍ͭͯ͸ Nielsen-Thurston ʹΑͬͯͦͷϑΝΠόʔଋͷϞϊυϩϛʔ͕
irreducible, pseudo-Anosov, reducible ͷ̏छྨʹ෼ྨͰ͖Δ͜ͱ͕஌ΒΕ͍ͯΔ [14]ɽ
ಛʹ irreducble ʹରԠ͢Δ΋ͷ͸τʔϥε݁ͼ໨ɼpseudo-Anosov ʹରԠ͢Δ΋ͷ͸
૒݁ۂͼ໨ɼ reducible ʹରԠ͢Δ΋ͷ͸αςϥΠτ݁ͼ໨ͱݺ͹ΕΔΫϥεʹଐͯ͠
͓ΓɼͦΕͧΕͷΫϥε͕̍݁ݩ࣍ͼ໨ͷ୅දతͳΫϥεͱͱͯ͠஌ΒΕ͍ͯΔɽҰํ
Ͱ̎ݩ࣍ϑΝΠόʔ݁ͼ໨ʹؔͯ͠ɼperiodic ʹରԠ͢Δ΋ͷ͸ branched twist spin

ͱݺ͹ΕΔ̎݁ݩ࣍ͼ໨Ͱ͋Δ͜ͱ͕ Plotnick ʹΑΓ஌ΒΕ͍ͯΔ [11]͕ɼͦΕҎ֎
ͷϞϊυϩϛʔ͸ఆࣜԽ͞Ε͓ͯΒͣɼ·ͨଐ͢Δ̎݁ݩ࣍ͼ໨ͷΫϥε΋஌ΒΕͯ
͍ͳ͍ɽ
ҰํͰ Gluck twist ͱ͸ S4 ͔Β̎݁ݩ࣍ͼ໨ͷ։ۙ๣ΛऔΓআ͖ɼ͋Δࣸ૾ γ ʹ
ΑͬͯషΓ໭͢ૢ࡞ͷ͜ͱΛ͍͏ɽGluck͸ S2 ×S1 ্ͷ͖޲Λอͭඍ෼ಉ૬ࣸ૾ͷ͏
ͪɼΞΠιτϐʔͰҠΓ߹͏΋ͷٴͼ S2 ×D2 ΁֦ுͰ͖Δ΋ͷΛಉҰͨ͠ࢹಉ஋ྨશ
ମ͕ͳ͢܈͸ Z2 ͱಉܕͰ͋Γɼಛʹͦͷੜ੒͕ݩ γ Ͱ͋Δ͜ͱΛࣔͨ͠ [7]ɽ͜Εʹ
ΑΓɼ̎݁ݩ࣍ͼ໨ʹԊͬͨखज़Ͱຊ࣭తͳ΋ͷ͸ߴʑ̎छྨ͔͠ͳ͍͜ͱ͕Θ͔Δɽ
Gluck twist ʹΑͬͯ̐ٿݩ࣍໘ͱ̎݁ݩ࣍ͼ໨ͷ૊͔Β৽ͨͳ̐ٿݩ࣍໘ͱ̎݁ݩ࣍
ͼ໨ͷ૊͕ಘΒΕΔ͕ɼ৽ͨͳ̐ݩ࣍ଟ༷ମ͸ด͔ͭ୯࿈݁Ͱ͋ΔͷͰɼFreedman ʹ
ΑΔҐ૬త̐ݩ࣍ϙΞϯΧϨ༧૝ͷ݁Ռ͔Β̐ٿݩ࣍໘ͱಉ૬ͳ΋ͷͰ͋Δ͜ͱ͕Θ
͔Δ͕ɼ͜ͷ̐ݩ࣍ଟ༷ମ͕ S4 ͱඍ෼ಉ૬Ͱ͋Δ͔Ͳ͏͔͸ະղܾ໰୊Ͱ͋Δɽ࣮
ɼࡍ Gluck twist ͸̐ݩ࣍ϙΞϯΧϨ༧૝ͷ൓ྫͷީิͱͯ͠͞ڀݚΕ͍ͯΔɽ
ͦ͜ͰຊߘͰ͸࣍ͷఆཧʹ͍ͯͮج Gluck twist ʹΑΔ branched twist spin ͷมԽ

Λ͢࡯ߟΔɽ

ຊڀݚ͸Պݚඅ (՝୊൪߸:18J11484)ͷॿ੒Λड͚ͨ΋ͷͰ͋Δɻ
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ఆཧ 1.1 (Pao[10]). Branched twist spin ʹԊͬͨ Gluck twist ͰಘΒΕΔ̐ݩ࣍ଟ༷
ମ͸ S4 ͱඍ෼ಉ૬Ͱ͋Δɽ

͜ͷఆཧʹΑΓɼbranched twist spin ʹରͯ͠ Gluck twist Λ͏ߦલޙͷ̎݁ݩ࣍
ͼ໨ͷൺֱ͕ՄೳͱͳΓɼ࣮ࡍʹͲͷΑ͏ͳ݁ͼ໨ʹͳΔ͔ΛܾఆͰ͖ͨͷͰɼͦͷ
݁Ռʹ͍ͭͯઆ໌͢Δɽ

2. Branched twist spins
2.1. S1 ༺࡞-

Β͔͔ͭޮՌతͳ׈ॴہ໘্ͷٿݩ࣍̐ S1 ͸༺࡞- Fintushel ͱ Pao ʹΑΓ࣍ͷఆཧ
͕஌ΒΕ͍ͯΔɽ

ఆཧ 2.1 (Fintushel [2], Pao [10]). S4 ্ͷہॴ׈Β͔͔ͭޮՌతͳS1 ͷऑಉ஋ྨ༺࡞-
શମͷू߹ͱ orbit data ͱݺ͹ΕΔ࣍ͷ̐ͭͷλΠϓશମͷू߹ʹ͸1 : 1ରԠ͕ଘࡏ
͢Δɽ

{D3}, {S3}, {S3 ,m}, {(S3 , K),m, n} (m,n͸͍ޓʹૉͳਖ਼੔਺).

͜͜Ͱɼ̎ͭͷ࡞༻ τ ͱ τ ′͕ऑಉ஋Ͱ͋Δͱ͸ɼ͋Δ S4 ্ͷඍ෼ಉ૬ࣸ૾ H ͱ S1

্ͷࣗݾಉ૾ࣸܕ α ͕ଘͯ͠ࡏɼ࣍ͷਤ͕ࣜՄ׵ʹͳΔ͜ͱΛ͍͏ɽ

S1 × S4 α× id−−−→ S1 × S4

τ

⏐⏐" τ ′

⏐⏐"

S4 H−−−→ S4

Orbit data ͸࣍ͷ৘ใΛͭ࣋ʀ

{D3} · · ಓۭؒ͸D3ي· ఆ఺ू߹͸S2ݻ, ಓͳ͠ɽي֎ྫ,

{S3} · · ಓۭؒ͸S3ي· ಓͳ͠ɽي֎ྫ,߹ఆ఺ू߹͸̎఺ूݻ,

{S3 ,m} · · ಓۭؒ͸S3ي· ,߹ఆ఺ू߹͸̎఺ूݻ, Zm-λΠϓͷྫ֎يಓ͕ଘࡏɽ

{(S3 , K),m, n} · · ಓۭؒ͸S3ي· ,߹ఆ఺ू߹͸̎఺ूݻ, Zm-λΠϓͱZn-λΠϓͷྫ֎

ઢKΛͳ͢ɽۂಓۭؒ΁ͷ૾͸୯७ดيಓҎ֎ͷيɼࣗ༝͠ࡏಓ͕ଘي

஫ҙ 2.2. ఆཧ 2.1 ͸̏ݩ࣍ϙΞϯΧϨ༧૝͕ղܾ͢Δલʹࣔ͞ΕͨओுͰ͋Δɽ࣮
ɼFintushelࡍ ͷ࿦จ [2] Ͱ͸ ఆཧ 2.1಺ͷ S4 ͸ϗϞτϐʔ̐ٿݩ࣍໘ɼ D3 ͸ϗϞ
τϐʔ3ٿݩ࣍ମɼS3 ͸ϗϞτϐʔ̏ٿݩ࣍໘ͱ͍ͯࣔͯ͠͠Δɽͦͷޙ Pao ʹΑΓɼ
S4 , D3 , S3 ͱඍ෼ಉ૬Ͱ͋Δ͜ͱ͕ࣔ͞Εɼఆཧ 2.1ͷओு͕੒ཱ͢Δɽ

ͦΕͧΕͷ orbit data ʹରԠ͢Δ୅දతͳ S1 ൒্ۭؒݩ࣍Λ঺հ͢Δɽ3༺࡞- R3
+

Λڥքͷ R2 Λ࣠ʹ̍ճసͤͨ͞΋ͷΛίϯύΫτԽ͢Δ͜ͱʹΑΓS4 ͕ಘΒΕΔɽ
͜ͷճస͸ S1 ఆ఺͕ݻͰ͋Γ༺࡞- S2 Ͱ͋ΔͷͰɼorbit data {D3} ʹରԠ͢ΔS1 ࡞-
༻ʹͳ͍ͬͯΔɽͦΕҎ֎ͷ orbit data ʹରԠ͢ΔS1 ͸ɼS3༺࡞- ্ͷ S1 ༺Λ༺࡞-
੒͢Δɽ·ͣɼS3ߏʹͷΑ͏͍࣍ͯ ⊂C2 ΛC2 ಺ͷ୯Ґٿ໘ͱ͠ɼ͜ͷ S3 ্ͷݻఆ
఺ͷͳ͍ S1 ΔɽJacoby͑ߟΛ༺࡞ ͱSeifert ʹΑͬͯ S3 ্ͷݻఆ఺ͷͳ͍೚ҙͷ S1

ૉͳਖ਼ͷ੔਺ʹ͍ޓ͸༺࡞ m,n Λ༻͍ͯɼ

eiφ(r1e
iθ1 , r2e

iθ2) = (r1e
i(θ1+mφ), r2e

i(θ2+nφ)) (2.1)
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ͳΔ S1 ͱಉ஋Ͱ͋Δ͜ͱ͕஌ΒΕ͍ͯΔ༺࡞ [5, 13]ɽ஫ҙͱͯ͠ɼm = n = 1 Ͱ͋Ε
͹ɼϗοϓϑΝΠϒϨʔγϣϯͰ͋Δɽ͜ͷ࡞༻ͷيಓۭؒ͸ S2 Ͱ͋Γɼ΋͠ m ̸= 1

Ͱ͋Ε͹ɼZm-λΠϓͷྫ֎يಓ͕ଘ͢ࡏΔɽ͜͜ͰɼZm-λΠϓͷྫ֎يಓͱ͸ɼݻ
ఆ෦෼͕܈ Zm ͱಉܕʹͳΔيಓͷ͜ͱͰ͋Δɽྫ֎يಓ͕ଘ͢ࡏΔ৔߹ʹ͸ɼͦΕ
ͧΕ Zm-λΠϓͱZn-λΠϓͷྫ֎يಓશମͷू߹ΛEm, En ͱॻ͘͜ͱʹ͢Δɽ·ͨɼ
Em ͱ En ͷ࡞༻ʹΑΔ૾ΛͦΕͧΕ E∗

m, E
∗
n ͱ͢Δɽ্ͷS1 Λ΋ͭS3༺࡞- ʹର͠ɼ

Δ͜ͱͰ͑ߟਨΛݒ S4 ্ͷ S1 ͰɼZm༺࡞ΛಘΔɽ΋্͠ͷ༺࡞- -λΠϓͷΈͷྫ֎
ͱ͖ɼS4ͭ࣋ಓΛي ্Ͱ͸ྫ֎يಓͱݻఆ఺ͷ࿨ू߹ Em ∪ F ͸ ໘Ͱ͋Γɼٿݩ࣍2
E∗

m ∪ F ∗ ͸يಓۭؒ S3 ಺ͷހʹͳΔɽ΋͠Zm -λΠϓͱ Zn -λΠϓͷ 2छྨΛྫ֎
ͱ͖ɼEm∪Fͭ࣋ಓͱͯ͠ي ͱ En∪F ͸ͦΕͧΕ2ٿݩ࣍໘Ͱ͋Γɼ2఺ͷݻఆ఺ F

ͰͷΈԣஅతʹަΘ͍ͬͯΔɽ·ͨɼE∗
m ∪E∗

n ∪ F ∗ ͸يಓۭؒ S3 ಺ͷࣗ໌ͳ݁ͼ໨
O ʹͳ͍ͬͯΔɽ্ͷm,nʹରͯ͠ɼҰൠͷ݁ͼ໨ K Λߏ੒͢Δ৔߹ʹ͸ɼO ͷด
ۙ๣ N(O) ͔Β K ͷดۙ๣ N(K) ΁ͷಉ૬ࣸ૾Λ༻͍ͯ orbit data ಺ͷ m,n Λม
͑ͣʹ K Λߏ੒͢Δ͜ͱ͕Ͱ͖Δɽ͜ͷK ʹରͯ͠ɼFintushel ͸షΓ߹Θͤͷ৘ใ
͔Βશۭؒͷجຊ໌͕ࣗ܈ʹͳΔ͜ͱΛࣔ͠ɼ{(S3 , K),m, n} ͷશۭ͕ؒϗϞτϐʔ
໘Ͱ͋Δɽ·ͨɼٿݩ࣍̐ Pao ͸ؼೲ๏ʹΑͬͯɼ{S3}, {S3 ,m}, {(S3 , K),m, n} ͷ
શۭؒ͸શͯඍ෼ಉ૬Ͱ͋Δ͜ͱΛࣔͨ͠ɽಛʹɼ{S3} ͷશۭؒ͸্هʹड़΂ͨ௨Γ
S4 ͱඍ෼ಉ૬ʹͳΔͷͰɼશͯͷ orbit data ʹରԠ͢Δ S4 ্ͷ S1 ੒͞Εߏ͕༺࡞-
ͨ͜ͱʹͳΔɽ

2.2. Branched twist spins

Branched twist spin ͷఆٛʹ͸ orbit data {(S3 , K)m,n} Λ༻͍Δɽ

ఆٛ 2.3. K = E∗
m ∪E∗

n ∪F ∗ Λ S3 ಺ͷ̍݁ݩ࣍ͼ໨ͱ͢Δɽ͜ͷͱ͖ɼK ͷ (m,n)-

branched twist spin Λ Km,n := En ∪ F ͰఆΊΔɽ

஫ҙͱͯ͠ɼFintushel ͱ Pao ͷఆཧʹΑͬͯ K ͸೚ҙͷ̍݁ݩ࣍ͼ໨ΛऔΔ͜ͱ
͕Ͱ͖ΔͷͰɼbranched twist spin ͸ K ͱ͍ޓʹૉͳਖ਼ͷ੔਺ m,n ʹΑΓܾఆ͞Ε
Δɽ·ͨɼn = 1 ͷͱ͖ɼ(m, 1)-brandched twist spin ͸ Zeeman ʹΑͬͯߏ੒͞Εͨ
m-πΠετεύϯ݁ͼ໨ͱͳΔɽ
S4ʹ࣍ Λ branched twist spin ʹԊͬͯ෼ղ͢Δɽͦͷҝʹ·ͣيಓۭؒ S3 ͷ෼

ղΛ༩͑ɼS1 ͱͯ͠૾ٯͷ༺࡞- S4 ͷ෼ղΛ͑ߟΔɽྫ֎يಓͷ૾ E∗
m ͱ E∗

n ͷ಺෦
ʹͦΕͧΕਤ 1 ͷΑ͏ͳਅด෦෼ू߹ Ec∗

m , Ec∗
n ΛऔΔ͜ͱͰɼيಓۭؒ S3 ͸࣍ͷΑ

͏ʹ෼ղͰ͖Δɽ

ਤ 1: N(K)ͷ෼ղ
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S3 = N(F ∗) ∪N(E∗
m) ∪N(E∗

n) ∪ (S3 \ intN(K)).

͜͜ͰɼN(−)͸ׅހ಺ͷดۙ๣Λද͢ɽࠓɼݻఆ఺̎఺ͷ͏ͪɼ̍఺ͷۙ๣Λ D3∗ ͱ
ॻ͘͜ͱʹ͢Δɽ͜ͷۙ๣ͷڥք ∂D3∗ ͷ S1 ͸૾ٯΑΔʹ༺࡞- S3 Ͱ͋ΓɼS1 ༺࡞-
͸ (2.1) Ͱද͞ΕΔ΋ͷͰ͋ΔɽࠓɼD2

m Λ ԁ൫ D2 ͷத৺Λ෼ذ఺ʹ΋ͭ m ॏ෼ذ
ඃ෴ͱ͢ΔͱɼS3 ͸ྫ֎يಓΛ̎छྨͭ࣋ͷͰɼͦͷྫ֎يಓʹԊͬͯ S3 Λ̎ͭͷ
ιϦουτʔϥε∂D2

m ×D2
n ͱ D2

m × ∂D2
n ʹ෼͚Δ͜ͱ͕Ͱ͖Δɽ͜ͷ S3 ͷਲ਼Λऔ

Δ͜ͱʹΑΓ̐ٿݩ࣍ B4 ্ͷ S1 ಓۭ͕ؒيͰɼ༺࡞- D3∗ Ͱ͋Δ΋ͷ͕ߏ੒Ͱ͖Δɽ
΋͏Ұํͷݻఆ఺Ͱ΋ಉ༷ͷٞ࿦Λ͜͏ߦͱʹΑΓɼ

N(F ) ∼= D2
m × F ∗ ×D2

n

͕ಘΒΕΔɽ·ͨɼ∂D2
m ×D2

n ͸ E∗
m্ͷ֤఺Λத৺ͱ͢Δ KͷϝϦσΟΞϯԁ൘ͷ

S1 Ͱ͋Δ͜ͱʹ஫ҙ͢Δͱɼ૾ٯΑΔʹ༺࡞-

N(Ec
m) ∼= ∂D2

m × Ec∗
m ×D2

n

͕ಘΒΕΔɽಉ༷ʹɼ
N(Ec

n) ∼= D2
m × Ec∗

n × ∂D2
n

͕ಘΒΕΔɽޙ࠷ʹɼS3 \ intN(K) ͷ S1 ͸ओ૾ٯΑΔʹ༺࡞- S1 -ଋͷߏ଄Λ΋ͪɼ
H2 (S3 \ intN(K),Z) = 0 Ͱ͋Δ͜ͱ͔Βɼ(S3 \ intN(K))×S1 Ͱ͋Δ͜ͱ͕ै͏ɽҎ
্ͷ࡯ߟΛ·ͱΊΔͱɼS4 ͸࣍ͷ෼ղΛ΋ͭɽ

S4 = (D2
m×F ∗×D2

n)∪ (∂D2
m×Ec∗

n ×D2
n)∪ (D2

m×Ec∗
n ×∂D2

n)∪ ((S3 \ intN(K))×S1 ).

(2.2)

3. Branched twist spin ʹԊͬͨ Gluck twist
લষͰɼbranched twist spinʹԊͬͨ S1 ΑΔʹ༺࡞- S4 ͷ෼ղ (2.2)Λ༩͑ͨɽ͜ͷষ
Ͱ͸ɼ෼ղͨ͠ϐʔεʹ࠲ඪΛೖΕΔ͜ͱͰɼషΓ߹Θͤࣸ૾Λ۩ମతʹ༩͑ɼGluck

twist ʹΑͬͯಘΒΕΔ̐ݩ࣍ଟ༷ମΛ۩ମతʹ͢࡯ߟΔɽ
ʹॳ࠷ S4 ͷ͖޲ͱ S1 ಓۭؒͷ෦෼ू߹Ͱ͋Δيఆ͢ΔɽݻΛ༺࡞- S3 \ intN(K)

ͷ࠲ඪ (θ, x, h)Λ࣍ͷΑ͏ʹఆΊΔɽڥք ∂(S3 \ intN(K)) ͷ࠲ඪͱͯ͠ preferred

meridian-longitude ର (θ, x) ΛͱΔɽ͜ͷڥք ∂(S3 \ intN(K)) ͷ S3 \ intN(K) ಺ͷ
ۙ๣ͱͯ͠ ∂(S3 \ intN(K)) × [0, 1] Λ͑ߟɼͦͷ࠲ඪΛ (θ, x, y) ͱ͢Δɽ஫ҙͱͯ͠
∂(S3 \ intN(K)) ͸ ∂(S3 \ intN(K)) × {0} ʹҐஔ͢Δ΋ͷͱ͢Δɽ࠲ඪ (θ, x, y) ͱ
S1 ඪͰ͋Δ࠲ͷ༺࡞- h Λ༻͍ͯ (S3 \ intN(K))× S1 ͷ࠲ඪ (θ, x, y, h) ͕ S4 ͷ͖޲
ͱҰக͢ΔΑ͏ʹఆΊΔɽ͜ΕʹΑΓ∂(S3 \ intN(K))× S1 ͷ࠲ඪ (θ, x, h) ͕ఆ·Δɽ
ఆ఺ͷۙ๣Ͱ͋Δݻ D2

m × F ∗ ×D2
n ͷ࠲ඪ͸࣍ͷΑ͏ʹఆΊΔɽ̎ͭͷ̐ٿݩ࣍Λ

ͦΕͧΕ B4
1 , B

4
2 ͱ͠ɼ (r1 , θ1 ) ͱ (r2 , θ2 ) ΛͦΕͧΕ B4

1 ಺ͷ D2
m ͱ D2

n ͷ࠲ۃඪͱ
͢Δɽඞཁ͕͋Ε͹ɼr1 , r2 , θ1 , θ2 ͷ͖޲Λద੾ʹऔΓ௚͢͜ͱͰɼ࠲ඪ (r1 , θ1 , r2 , θ2 )

͕ S4 ͷ͖޲ͱҰக͢ΔΑ͏ʹऔΔ͜ͱ͕Ͱ͖Δɽ·ͨɼඞཁͰ͋Ε͹B1 ͱ B2 ͷఴ
ඪ࠲ΛೖΕସ͑Δ͜ͱͰɼ্ͰఆΊͨࣈ͑ x ͸ B1 ͷݪ఺͔Βग़ൃ͠ɼEc∗m Λ௨Γ
B2 ͷݪ఺΁޲ํ͏͔޲ͱͯ͠Α͍ (ਤ 2ΛݟΑ)ɽಉ༷ʹɼ (r

′
1 , θ

′
1 ) ͱ (r

′
2 , θ

′
2 ) ΛͦΕ

ͧΕ B4
2 ಺ͷ D2

m ͱ D2
n ͷ࠲ۃඪͱ͢Δɽඞཁ͕͋Ε͹ɼr

′
1 , r

′
2 , θ

′
1 , θ

′
2 ͷ͖޲Λద੾ʹ

औΓ௚͢͜ͱͰɼ࠲ඪ (r
′
1 , θ

′
1 , r

′
2 , θ

′
2 ) ͕ S4 ͷ͖޲ͱҰக͢ΔΑ͏ʹऔΔ͜ͱ͕Ͱ͖Δɽ
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ਤ 2: Vm × Ec∗
m ͱ Vn × Ec∗

n ্ͷ࠲ඪx

ਤ 3: ඪ࠲ r1 , r2 , r′1 , r
′
2 , x

͜ͷͱ͖ɼr1 = r
′
1 , θ1 = θ

′
1 , r2 = −r

′
2 , θ2 = θ

′
2 ͱͳΔ͜ͱΛ஫ҙ͓ͯ͘͠ (ਤ 3 ΛݟΑ)ɽ

ʹޙ࠷ ∂D2
m ×Ec∗

n ×D2
n ͱ D2

m ×Ec∗
n × ∂D2

n ্ͷ࠲ඪΛఆΊΔɽ͜ΕΒͷ࠲ඪ͸্
ͰఆΊͨ B4

1 , B
4
2 ͔Β༠ಋ͞ΕΔ΋ͷͰ͋ΓɼͲͪΒ΋ (θ1 , x, θ2 ) Ͱද͞ΕΔɽ

Ҏ্ʹΑΓఆΊͨ࠲ඪΛ༻͍ͯషΓ߹Θͤࣸ૾Λ͑ߟΔɽBranched twist spinͷ݁ͼ
໨ิۭؒΛߏ੒͢Δҝʹɼ∂D2

m×Ec∗
m×D2

nͱ (S3 \intN(K))×S1 ͷషΓ߹ΘͤΛ͑ߟΔɽ
ͦΕͧΕͷϐʔεʹ͸ࣗ༝يಓ͕ଘ͓ͯ͠ࡏΓɼ֤ ࣗ༝يಓ͸∂D2

m×Ec∗
m×D2

n಺Ͱ͸ θ1
mपɼθ2ʹ޲ํ ʹ޲ํ nप͢ΔΑ͏ͳ୯७ดۂઢͰ͋Γɼ(S3 \intN(K))×S1಺Ͱ͸ h

ઢͰ͋Δɽ͜ۂप͢Δ୯७ด̍ʹ޲ํ ͷ͜ͱ͔ΒషΓ߹Θͤࣸ૾ g : ∂D2
m×Ec∗

m×∂D2
n →

∂((S3 \ intN(K))× S1 )͸࣍ͷΑ͏ʹఆٛ͞ΕΔɽ

(θ, x, h) = g(αθ + nh, x,−βθ +mh)ɽ

͜͜Ͱɼ α, β͸ mα+ nβ = 1 Λຬͨ͢੔਺Ͱ͋Δɽ࠲ඪ (θ1 , x, θ2 ) Λ༻͍Ε͹ɼg͸
ͷΑ͏ʹॻ͚Δɽ࣍

g(θ1 , x, θ2 ) = (mθ1 − nθ2 , x, βθ1 + αθ2 ).

͜ͷࣸ૾Λ༻͍ͯ Km,n ͷ݁ͼ໨ิۭؒ S4 \ int(N(Km,n) ͸࣍ͷ෼ղΛ΋ͭɽ

S4 \ int(N(Km,n) = (∂D2
m × Ec∗

m ×D2
n) ∪g ((S

3 \ intN(K))× S1 )

ಉ༷ʹɼD2
m×Ec∗

n ×∂D2
nͱ (S3\intN(K))×S1 ͷషΓ߹Θͤࣸ૾ e : ∂D2

m×Ec∗
n ×∂D2

n →
∂((S3 \ intN(K))× S1 )͸࣍ͷΑ͏ʹఆٛ͞ΕΔɽ

e(θ1 , x, θ2 ) = (mθ1 − nθ2 , x, βθ1 + αθ2 ).

ɼD2ʹޙ࠷
m × F ∗ ×D2

n ͕ (∂D2
m × ∂Ec∗

m ×D2
n)∪ (D2

m × ∂Ec∗
n × ∂D2

n) ͷਲ਼ͰಘΒΕ
Δ͜ͱʹ஫ҙΛ͢ΔͱɼS3 \ intN(K))× S1 ͷషΓ߹Θͤ͸ g ͱ e ͷࣗવͳ֦ுͰಘ
ΒΕΔ͜ͱ͕Θ͔Δɽ

第66回トポロジーシンポジウム講演集（2019年8月・秋田市） 87



͜ΕΒͷషΓ߹Θͤࣸ૾Λ༻͍ͯ S4 ͷ෼ղ (2.2) ͸࣍ͷΑ͏ʹͳΔɽ

S4 = ((D2
m×F ∗×D2

n)∪id(∂D
2
m×Ec∗

n ×D2
n))∪e′′ ((D

2
m×Ec∗

m×∂D2
n)∪g((S

3\intN(K))×S1 )).

(3.1)

͜͜Ͱɼe
′′
͸ e Λ (D2

m × F ∗ ×D2
n) ∪id (∂D2

m × Ec∗
n ×D2

n) ΁ͱ֦ுͨࣸ͠૾Ͱ͋Δɽ
͜͜·Ͱͷ࡯ߟͰS4 ͷ෼ղΛ༩͑Δ͜ͱ͕Ͱ͖ͨͷͰɼҎԼͰ͸Gluck twistʹΑͬ

ͯಘΒΕΔ̐ݩ࣍ଟ༷ମͷ෼ղʹ͍ͭͯઆ໌͢Δɽઌʹ Gluck twist ͷ۩ମతͳදࣔ
Λ༩͓͑ͯ͘ɽ̎݁ݩ࣍ͼ໨ͷۙ๣ͷڥքͱඍ෼ಉ૬Ͱ͋Δ S2 × ∂B2 Λ࣍ͷ̏ͭͷ
࿈݁੒෼ʹ෼͚Δ 1ɽ

S2 × ∂B2 = (D2 × ∂I × ∂B2 ) ∪ (S1 × I × ∂B2 ).

͜͜Ͱ D2 × ∂I × ∂B2 ʹؔͯ͠ɼD2 ͷ࠲ۃඪΛ (r, θ)ɼ∂B2 ͷ࠲ඪΛಉ͘͡࠲ۃඪͰ
φ ͱ͢ΔͱɼS1 × I × ∂B2 ʹؔͯ͠ɼ ୈҰ੒෼ͷ S1 ͷ࠲ඪ͸ θ, ୈࡾ੒෼ͷ ∂D2 ࠲
ඪ͸ φ Λ༻͍ͯද͢͜ͱ͕Ͱ͖Δɽ·ͨɼI ͷ࠲ඪΛ x Ͱॻ͘͜ͱʹ͢Δɽ஫ҙͱ͠
ͯɼθ ͸ S2্ͷҢઢʹฏߦͳ࠲ඪɼx ͸ S2 ্ͷܦઢʹฏߦͳ࠲ඪͰ͋Δɽ͜ͷ࠲ඪ
Λ༻͍ͯ Gluck twist γ = ν ∪ ν ′ ͸࣍ͷΑ͏ʹॻ͚Δɽ

ν((r, θ), x,φ) = ((r, θ − φ), x,φ), ((r, θ), x,φ) ∈ D2 × ∂I × ∂D2 ,

ν(θ, x,φ) = (θ − φ, x,φ), (θ, x,φ) ∈ S1 × I × ∂D2 .

Branched twist spin Km,n ʹԊͬͨ Gluck twistͰಘΒΕΔ̐ݩ࣍ଟ༷ମΛ Σ(Km,n)

Ͱද͢͜ͱͱ͠ɼKm,n ͕ Gluck twist ʹΑͬͯมԽͨ̎݁͠ݩ࣍ͼ໨Λ Km,n
Σ Ͱද͜

ͱʹ͢ΔͱɼΣ(Km,n) ͱ Km,n
Σ ͸࣍ͷΑ͏ʹ༩͑ΒΕΔɽ

Σ(Km,n) =((D2 × ∂I × B2 ) ∪id (∂D
2 × I × B2 ))∪γ◦e′′

((D2
m × E∗

m × ∂D2
n) ∪g ((S

3 \ intN(K))× S1 )),
(3.2)

Km,n
Σ = (D2 × ∂I × {0}) ∪ (∂D2 × I × {0}) ⊂Σ(Km,n).

Branched twist spin Km,n ͸ఆ͔ٛΒରͱͳΔ Kn,m ͕ଘ͠ࡏɼ Km,n ʹԊͬͨ
Gluck twistʹΑͬͯ Kn,m ΋৽ͨͳ̎݁ݩ࣍ͼ໨΁ͱมԽ͢Δɽ͜ͷ݁ͼ໨Λ Kn,m

Σ :=

({0} × ∂I × B2 ) ∪ ({0} × E∗
m × ∂D2

n) ⊂Σ(Km,n) ͱॻ͘͜ͱʹ͢Δɽ͜ͷ͜ͱ͔Β
Σ(Km,n) ͸৘ใͱͯ͠શۭؒͱ̎ͭͷ݁ͼ໨ͷ૊ (Σ(Km,n), Km,n

Σ , Kn,m)Λͭ࣋ɽ͜ͷ
̏ͭ૊ʹରͯ࣍͠ͷఆཧ͕੒Γཱͭɽ

ఆཧ 3.1 (F.[4]). ̏ͭ૊ (Σ(Km,n), Km,n
Σ , Kn,m

Σ )ͱ (Σ(Km+n,n), Km,m+n
Σ , Km+n,n

Σ )͸૊
ͱͯ͠ඍ෼ಉ૬Ͱ͋Δɽ

ূ໌ͷ֓આɿ
Gordon ͸ Σ(Km,1 ) ͷ෼ղΛ༩͑ɼͦͷϐʔεͷ࠲ඪΛ͏·͘औΓସ͑Δ͜ͱͰɼ
Σ(Km,1 ) ͱ Σ(Km+1 ,1 ) ͕ඍ෼ಉ૬Ͱ͋Δ͜ͱΛࣔͨ͠ [8]ɽఆཧ 3.1 ͸ S4 ͷ෼ղ
(3.2) ʹରͯ͠ Gordon ͷΞΠσΞΛҰൠԽ͢Δ͜ͱʹΑͬͯಘΒΕΔɽҎԼͰ͸ɼࡉ
͔͍ٞ࿦͸ඈ͹ͯ͠ҰൠԽͨ͠ Gordon ͷΞΠσΞΛઆ໌͠ɼূ໌Λ༩͑Δɽఆཧ3.1

1ҎԼʹग़ͯ͘Δ ԁ൘ݩ࣍2 D2 ͱ۠ผ͢ΔͨΊ B2 Λ༻͍͍ͯΔɽ
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ͷओு௚લͰड़΂ͨΑ͏ʹɼbranched twist spin Km,n ͸ରͱͯ͠ Kn,m Λͭ࣋ɽ͜Ε
Βͷۙ๣ N(Km,n) ͱ N(Kn,m) ͸ (3.1) ಺ͷه߸Λ༻͍ͯ

Km,n = ((D2
m × F ∗ ×D2

n) ∪id (∂D
2
m × Ec∗

n ×D2
n))ɼ

Kn,m = ((D2
m × F ∗ ×D2

n) ∪id (D
2
m × Ec∗

m × ∂D2
n)),

ͱද͞ΕΔɽҰํͰɼΣ(Km,n) ಺Ͱ͸ N(Km,n
Σ ) ͱ N(Kn,m

Σ ) ͸࣍ͷΑ͏ʹද͞ΕΔɽ

Km,n
Σ = (D2 × ∂I × B2 ) ∪id (∂D

2 × I × B2 )ɼ

Kn,m
Σ = (D2 × ∂I × B2 ) ∪ν (D

2
m × Ec∗

m × ∂D2
n).

ࣜ (3.2) ͷӈลͷ࠲ඪΛऔΓସ͑Δ͜ͱʹΑΓɼ࣍ͷΑ͏ʹ Km,n
Σ , Kn,m

Σ Λද͢͜ͱ͕
Ͱ͖Δɽ

Km,n
Σ = (D2 × ∂I × B2 ) ∪ν−1 (D2 × I × ∂B2 )ɼ

Kn,m
Σ = (D2 × ∂I × B2 ) ∪id (∂D

2
m × Ec∗

m ×D2
n).

͜ͷ࠲ඪͷऔΓସ͑ʹΑͬͯ Σ(Km,n)͸ਤ4ͷӈਤͷΑ͏ͳ෼ղΛͭ࣋ɽ͜͜Ͱɼࠨਤ

ਤ 4: Decompositions of Σ(Km,n) and Σ(Km+n,n)

ͷ λͱ λ
′
͸D2×∂I×B2 ͱ ∂D2×I×B2 ͷషΓ߹Θͤࣸ૾ e

′′
ͱ Gluck twist γ = ν∪ν ′

ͷ߹੒ࣸ૾ͰಘΒΕΔ΋ͷͰ͋Γɼӈਤͷ µ ͱ µ′ ͸࣍Ͱද͞ΕΔ D2 × ∂I × B2 ͱ
∂D2

m ×Ec∗
m ×D2

n ͷషΓ߹Θͤࣸ૾ ẽ
′′
ͱ Gluck twist ͷ૾ࣸٯ γ− 1 = ν− 1 ∪ ν

′− 1
ͷ߹

੒ࣸ૾Ͱ͋Δɽ
ẽ
′′
(θ1 , x, θ2 ) = (mθ1 − (m+ n)θ2 , x, βθ1 + αθ2 ).

͜ͷೖΕସ͕͑ GordonʹΑΔΞΠσΞͰ͋ΓɼຊདྷͰ͋Ε͹΋ͬͱஈ֊Λ౿ΜͰϐʔ
εͷऔΓସ͑Λ͏ߦͷ͕ͩɼࠓճ͸్தΛׂѪͯ͠ɼ࠷ॳͱޙ࠷ͷ෼ղͷ༷ࢠͷΈΛ
આ໌͍ͯ͠Δ ͸ࡉৄ) [4] ΛݟΑ)ɽ
ͯ͞ɼGluck twist͸ର߹ (involution)Ͱ͋Δ͜ͱ͔Βɼγͱ γ− 1 ͸ΞΠιτϐοΫͰ
͋Γɼ͞Βʹ্ͷϐʔεͷऔΓସ͑͸ K ͷҐ૬ܕΛม͑ͳ͍͜ͱʹ஫ҙ͢Δͱɼਤ3.2

ͷӈ͸ ẽ
′′
ͷఆ͔ٛΒ Σ(Km+n,n) ͷ෼ղΛ༩͍͑ͯΔɽҎ্ʹΑΓશۭؒ Σ(Km,n) ͱ

Σ(Km+n,n) ͷඍ෼ಉ૬͕ै͏ɽ͞Βʹɼઌ΄ͲͷϐʔεͷೖΕସ͑ʹΑͬͯΣ(Km,n)

಺Ͱ Km,n
Σ ͱ Km,n

Σ ͱද͞Ε͍ͯͨ݁ͼ໨͸ɼ ΣKm+n,n ಺Ͱ͸ Km,m+n
Σ ͱ Km+n,n

Σ Ͱ
ද͞ΕΔ݁ͼ໨ʹҠΔ͜ͱ͕Θ͔ΔɽΑͬͯओு͕੒Γཱͭɽ

஫ҙ 3.2. ఆཧ1.1 Ͱड़΂ͨΑ͏ʹ Σ(Km,n) ͸ S4 ͱඍ෼ಉ૬ʹͳΔ͜ͱ͸͢Ͱʹ஌Β
Ε͍ͯΔ͕ɼఆཧ 3.1 ͸ͦͷผূ໌Λ༩͑ΔɽԿނͳΒ͹ɼఆཧ3.1 ͷओுΛ܁Γฦ͠
ద༻͢Δ͜ͱͰɼΣ(Km,n) ͸ Σ(K0 ,1 ) ΋͘͠͸ Σ(K1 ,1 ) ͱඍ෼ಉ૬ʹͳΔ͜ͱ͕Θ͔
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ΔɽͲͪΒͷ৔߹ʹ΋ Gordon ͷ৔߹ʹؼண͞ΕɼS4 ͱඍ෼ಉ૬Ͱ͋Δ͜ͱ͕ࣔ͞Ε
ΔɽҰ͢ݟΔͱɼఆཧ3.1Ͱ͸Km,n ͷ m ͔͠มԽͰ͖ͳ͍Α͏ʹ͑ࢥΔ͕ɼΣ(Km,n)

Β͔ͰޮՌతͳS1׈ॴہ͕ ༰͢Δ͜ͱ͔ΒɼΣ(Km,n)ڐΛ༺࡞- ͸ {(S3 , K),m, n} λ
Πϓͷ orbit data Λͭ࣋ɽOrbit data ͷm,n ʹॱং͸ͳ͘ɼ͜ͷ orbita data ͔Β෮
ଟ༷ମ͸ඍ෼ಉ૬Λআ͍ͯҰҙͰ͋ΔͷͰɼGluckݩ࣍ΕΔ̐͞ݩ twist Λ݁͢ࢪͼ໨
ΛೖΕସ͑Δ͜ͱʹΑΓɼn ʹ͍ͭͯ΋มԽΛͤ͞Δ͜ͱ͕Ͱ͖Δɽ

ࣜ (3.2) Λ༻͍ͯΣ(Km,n) Β͔ͰޮՌతͳS1׈ॴہ͕ ͷ࣍͜༰͢Δ͜ͱ͸ڐΛ༺࡞-
ͱ͔Βै͏ɽBranched twist spin ͷఆ͔ٛΒ S4 ͷ෦෼ू߹Ͱ͋Δ Km,n ͷ݁ͼ໨ิ
ۭؒͰ͋Δ (D2

m×E∗
m× ∂D2

n)∪g ((S3 \ intN(K))×S1 ) ্ʹ͸ S1 ఆٛ͞Ε͍͕ͯ༺࡞-
Δɽ͜ͷ࡞༻͸ Σ(Km,n) ΁ͱ֦ு͢Δ͜ͱ͕Ͱ͖ɼorbit data ͸ {(S3 , K),m,m+ n}
Ͱ͋ΔɽΑΓৄ͘͠͸ɼGluck twist ʹΑΓيಓۭؒ͸ਤ 5ͷΑ͏ʹ݁ͼ໨Λม͑ͣɼ
ಓͷλΠϓͷΈΛม͑Δɽఆཧ3.1ي֎ྫ ͔Β Km,n ͷ݁ͼ໨ิۭؒ͸ಉ࣌ʹ Kn,m+n

Σ

ਤ 5: Kn,mʹԊͬͨ Gluck twist ʹΑΔيಓۭؒͷมԽ

ͷ݁ͼ໨ิۭؒͰ͋Δ͜ͱ͕Θ͔Δɽيಓۭؒ಺Ͱ͸ಛʹ Kn,m+n
Σ ͸ྫ֎يಓ Zm+n-

λΠϓͱݻఆ఺ͷ࿨ू߹ͱͯ͠ߏ੒͞Ε͍ͯΔ͜ͱ͕Θ͔Δɽ
͜ͷ͜ͱ͔Β࣍ͷఆཧ͕ै͏ɽ

ఆཧ 3.3 (F.). Km,n
Σ = Km,m+n.

ϑΝΠόʔ݁ͼ໨ʹؔͯ͠͸࣍ͷఆཧ͕ Plotnick ʹΑͬͯ஌ΒΕ͍ͯΔɽ

ఆཧ 3.4. ඇࣗ໌ͳ̎ݩ࣍ϑΝΠόʔ݁ͼ໨ K ʹରͯ͠ɼͦͷϞϊυϩϛʔͷҐ਺͕
਺Ͱ͋Ε͹ɼKح ͱKΣ ͸ҟͳΔɽ

Branched twist spin Km,n͸ϑΝΠόʔ݁ͼ໨Ͱ͋ΓɼಛʹͦͷϞϊυϩϛʔͷҐ਺
͸ m Ͱ͋ΔɽΑͬͯ࣍ͷ͜ͱ͕ै͏ɽ

ܥ 3.5. ඇࣗ໌ͳ branched twist spin Km,n ʹରͯ͠ɼm ਺Ͱ͋Ε͹ح͕ Km,n ͱ
Km,m+n ͸ҟͳΔɽ

͜Ε·Ͱͷ branched twist spin ͷ෼ྨʹؔ͢ΔઌڀݚߦͰ͸ɼHillman ͱ Plotnick

ʹΑΔK Λઃ͚ͨݶ੍ʹ branched twist spin ͷඇࣗ໌ੑ [6]΍ɼm ߹਺Ͱ͋Δ৔ۮ͕
ͷ൑ผΛे͏ߦ෼৚݅ [3]͔͠஌ΒΕ͍ͯͳ͔͕ͬͨɼࠓճ͸ m ਺Ͱ͋Δ৔߹ͷح͕
൑ผ৚݅Λ༩͓͑ͯΓɼචऀͷ஌ΔݶΓॳΊͯͷ݁ՌͰ͋Δɽ

ݙจߟࢀ
[1] E. Artin, Zur Isotopie zweidimensionalen Flachen im R4 , Abh. Math. Sem. Univ. Ham-

burg 4 (1926), 47–72.
No.57 Springer-Verlag, 1977.

福田瑞季（東京学芸大）90



[2] R. Fintushel, Locally smooth circle actions on homotopy 4-spheres, Duke Math. J. 43
(1976), 63–70.

[3] M. Fukuda, Irreducible SL(2,C)-metabelian representations of branched twist spins, Jour-
nal of Knot Theory and Its Ramifications, Vol. 28, No. 2, (2019), 1950007.

[4] M. Fukuda, The Gluck twist on branched twist spins, arxiv:1811.05109.

[5] R. Jacoby, One-parameter transformation groups of the three-sphere, Proc. Amer. Math.
Soc. 7 (1956), 131–140.

[6] J. A. Hillman and S. P. Plotnick, Geometrically fiberd two-knots, Math. Ann. 287 (1990)
259–273.

[7] H. Gluck, The embedding of two-spheres in the four-sphere, Trans. Amer. Math. Soc. 104
(1962) 308–333.

[8] C. McA. Gordon, Knots in the 4-sphere, Comment. Math. Helv. 51 (1976), 585–596.

[9] R. A. Litherland, Deforming twist-spun knots, Trans. Amer. math. Soc. 250 (1979), 311–
331.

[10] P. S. Pao, Non-linear circle actions on the 4-sphere and twisting spun knots, Topology
17 (1978), 291–296.

[11] S. Plotnick, The homotopy type of four-dimensional knot complements, Math. Z. 183
(1983), 447–471.

[12] D. Rolfsen, Knots and Links, Math. Lec. Series, 7, Publish or Perish, Inc., Berkeley,
1976.

[13] H. Seifert, Topologie dreideminsionaler gefaserter Raume, Acta Math. 60 (1932), 147–
238.

[14] W. P. Thurston, On the geometry and dynamics of diffeomorphisms of surfaces,
Bull.Amer. Math. Soc.19 (1988), 417–431.

[15] E. C. Zeeman, Twisting spun knots, Trans. Am. math. Soc. 115 (1965), 471–495.

第66回トポロジーシンポジウム講演集（2019年8月・秋田市） 91



92



INTERSECTION SPACE COHOMOLOGY SHEAVES

J. TIMO ESSIG

Abstract. This talk is meant to give an overview on the sheaf theoretic
approach to intersection space cohomology and discusses its advantages
and disadvantages. It gives a hint on the construction of certain inter-
section space complexes on toric varieties with Poincaré duality for their
hypercohomology groups.

1. Introduction

Poincaré duality is one of the most important topological properties of
closed oriented manifolds and does in general not hold for singular spaces.
The initial question of this talk is: Can we change the singular space (locally
near the singular set) to produce a space that has Poincaré duality?

This is done by the theory of intersection spaces: It assigns to cer-
tain types of stratified pseudomanifolds by a local spatial procedure CW-
complexes that have Poincaré duality for their reduced singular (co)homology
groups with rational coefficients. The construction is explained for spaces
with isolated singularities in [8, 2] and for general depth one spaces in [6].
For these types of spaces, the construction was modified in [12, 14] to yield
actual rational Poincaré duality spaces in the sense of Browder. For spaces
of greater stratification depth, intersection spaces were defined in [3, 1].

The resulting (co)homology theory (reduced singular cohomology of in-
tersection spaces) was studied independently using differential forms on the
nonsingular part or blowup in [4, 9, 13], using L2 -cohomology in [7] and a
algebraic approach in [10].

In this talk, the focus is on another approach to the intersection space co-
homology theory: Via sheaf theory. This was studied first in [5] for complex
projective varieties with only isolated singularities. The authors proved the
existence of a perverse sheaf that describes intersection space cohomology
and carries a natural mixed Hodge structure. They give precise conditions on
the self duality of this sheaf complex and the existence of a pure Hodge struc-
ture satisfying the Hard Lefschetz Theorem. For general pseudomanifolds

Date: June, 2019.
2010 Mathematics Subject Classification. Primary: 55N33, 14J17, 58A10, 58A12; sec-

ondary: 57P10, 57R22, 81T30, 14J33.
Key words and phrases. Singularities, Stratified Spaces, Pseudomanifolds, Poincaré Du-

ality, Intersection Cohomology, Intersection Spaces, de Rham Theory, Differential Forms,
Deformation of Singularities, Mirror Symmetry, Scattering Metric.
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2 J. TIMO ESSIG

there cannot exist a perverse sheaf describing intersection space cohomology
because of the stalk vanishing conditions such a sheaf has to satisfy.

In the second part of [1], Agust́ın and Bobadilla explain the construction
of a cohomologically bounded complex of constructible sheaves to describe
intersection space cohomology. They give conditions on the existence of such
a intersection space complex and characterize it by a set of properties. In
general, there is not a unique intersection space complex. We provide an
overview of these constructions and results in Section 2. It is not clear if or
which intersection space complexes are self dual. The non-uniqueness makes
it impossible to use the techniques for proving self duality one uses for the
intersection homology sheaves. Agust́ın and Bobadilla give a partial solu-
tion to this problem for spaces with one singular stratum. They introduce
the notion of general intersection spaces and show that general intersection
spaces of complementary perversities are dual to each other.

In Section 3, we explain a construction of so called Künneth intersection
space complexes for toric varieties (or other singular spaces with compatible
triangulisations for their link bundles) that respect the trivializations on the
link bundles of the singular strata. Those intersection space complexes are
then the candidates to give a positive answer to the self duality question.
This is work in progress and joint with M. Agust́ın and J. Bobadilla.
Conventions and Notation: Throughout the paper, the terms “singular
space” and “pseudomanifold” denote a Thom-Mather stratified pseudoman-
ifold, e.g. a Whitney-stratified complex projective variety.

Following [11], the cohomology sheaf of a complex of sheaves A• on a
space X will be denotes by H•(A•), while the hypercohomology groups will
be Hi(X;A•). We work in the derived category of cohomologically bounded
constructible complexes of sheaves, which is denoted by Db

cc.

2. Intersection space sheaf complexes

Intersection homology by Goresky and MacPherson was one of the first
approaches to re-establish Poincaré duality for singular spaces. Initially
invented to define characteristic classes for singular spaces, it became fa-
mous for its impact on singular topology and singular alegbraic variety. A
sheaf theoretic approach to intersection cohomology, motivated by Deligne
and introduced by Goresky and MacPherson in [11] has been used to prove
Poincaré duality and topological invariance of intersection cohomology for
topological pseudomanifolds. It also led to a proof of the Kazhdan-Lusztig
conjecture via D-modules, relating representation theory and intersection
cohomology. The axiomatic definition has another advantage: It makes it
easy to check, whether a new approach computes intersection cohomology
or not.

With these promising results in the back of one’s mind, an analogous sheaf
theoretical description for intersection space cohomology is desirable. Here,
I want to highlight the approach of Agust́ın-Bobadilla in [1]. Based on their
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INTERSECTION SPACE COHOMOLOGY VIA SHEAF COHOMOLOGY 3

iterative construction of intersection space pairs, they derive a constructible
complex of sheaves IS•

p̄ and show that its global hypercohomology is the
cohomology of the intersection space pair, see Section 2.1. Moreover, in [1,
Section 6], they introduce a set of properties, called the IS•

p̄-properties in the
following, mimicking the axioms for intersection cohomology of [11, Section
3.3]. A sheaf complex satisfying these properties will be called an IS•

p̄-
complex. There are three main differences from intersection cohomology:

(1) Except for the case of isolated singularities, an IS•
p̄-complex cannot

be a perverse sheaf complex.
(2) The IS•

p̄-properties do not fix an IS•
p̄-complex of sheaves up to quasi-

isomorphism.
(3) In unison with the other approaches to intersection space cohomol-

ogy, there does not always have to be an IS•
p̄-complex.

In the following, we use the notation of Agust́ın-Bobadilla : Let Xd be a
Thom-Mather stratified pseudomanifold (e.g. a complex projective variety)
of dimension d with filtration

X = Xd ⊃ Xd−2 ⊃ . . . ⊃ X0 ⊃ X−1 = ∅

Let Uk := X \Xd−k with open inclusion ik : Uk ↪→ Uk+1 and jk : Xd−k \
Xd−k−1 ↪→ Uk+1. Let further p̄ denote a perversity function in the sense of
Goresky and MacPherson and q̄ its dual perversity.

2.1. From spaces to sheaf complexes. Agust́ın-Bobadilla construct in-
tersection space pairs (I p̄X, I p̄Xd−2 ), where Xd−2 is the singular set, by
iteratively replacing link bundles by their fiberwise homology cotruncations.
The existence of such an intersection space pair is obstructed in general and
each choice in the iterative construction of the pair might affect the follow-
ing steps (in the spirit of obstruction theory). An intersection space pair
always exists for toric varieties or other pseudomanifolds with compatibly
trivializable link bundles, see [1, Theorem 3.30].

To assign to an intersection space pair a cohomologically bounded con-
structible complex of sheaves on X, with hypercohomology the cohomology
of the pair, Agust́ın-Bobadilla define an increasing sequence (I p̄,nX, I p̄,nXd−2 )
of modified intersection space pairs which are all contained in a certain ho-
motopy model π : X ′ ≃ X of X. Loosely speaking, for increasing n, the re-
placement of link bundles by their homology cotruncations is done on smaller
tubular neighbourhoods of the singular strata. One then defines the sheaf
complex Kn,• as the kernel of the induced map of νn : I p̄,nXd−2 ↪→ I p̄,nX
on cubical singular cochains with rationals coefficients. Since the sequence
of modified intersection spaces is increasing, there are canonical morphisms
in1,n2 : Kn2,• → Kn1,• for n1 < n2 . This gives and inverse system and one
sets

IS•
p̄ := π∗ lim←−

n∈N
Kn,•.

第66回トポロジーシンポジウム講演集（2019年8月・秋田市） 95



4 J. TIMO ESSIG

Agust́ın-Bobadilla prove in [1, Theorem 5.16], that the hypercohomology
groups of this complex are the cohomology groups of the intersection space
pair. For the whole constructing and proofs of the statements, [1, Section
5] can be consulted.

2.2. An axiomatic approach to intersection space complexes. The
cohomologically bounded, constructible intersection space complex IS•

p̄ of
the previous section satisfies the following set of properties:

(1) IS•
p̄|U2

∼= QU2 ,
(2) Hi(IS•

p̄) = 0 for i ̸∈ {0, 1, . . . , n} ,
(3) Hi

(
j∗kIS

•
p̄|Uk+1

)
= 0 for i ≤ q̄(k),

(4) the natural morphism Hi
(
j∗kIS

•
p̄|Uk+1

)
→ Hi

(
j∗kik∗IS

•
p̄|Uk

)
is an iso-

morphism for i > q̄(k).

From now on, any complex B• ∈ Db
cc that satisfies these properties will be

called an IS•
p̄-complex. These properties look similar to the axioms for the

intersection homology sheaf of Goresky and MacPherson, see [11, 3.3], but
there are two major differences: The intersection homology sheaf always
exists and is (up to quasi-isomorphism) uniquely determined by the axioms,
while this is not true for IS•

p̄-complexes.
Agust́ın-Bobadilla also give a construction of IS•

p̄-complexes that is inde-
pendent from intersection space pairs (and their existence). That approach
is more general (see e.g. [1, Section 9.1]). Their construction is inductive,
starting on the regular stratum. In the k-th step, an IS•

p̄-complex (IS•
p̄)k−1

on Uk can be extended to a complex satisfying the axioms on Uk+1 if and
only if the following distinguished triangle in the derived category splits.

τ≤ q̄(k)j
∗
kik∗(IS

•
p̄)k−1 j∗kik∗(IS

•
p̄)k−1 τ>q̄(k)j

∗
kik∗(IS

•
p̄)k−1

[+1]

If this triangle splits, one has to choose such a splitting to proceed. The
obstruction at each step might, as for the construction of the intersection
space pairs, depend on all the previous choices. If X is an algebraic variety,
Agust́ın-Bobadilla show that the construction can be lifted to the category
of mixed Hodge modules on X: If an IS•

p̄-complex exists, it is a mixed
Hodge module, i.e. its global hypercohomology groups have a mixed Hodge
structure (see [1, Theorem 8.3]).

Agust́ın-Bobadilla give necessary and sufficient conditions on the exis-
tence and uniqueness of an IS•

p̄-sheaf complex, living in certain Ext1 and
Hom sheaves respectively, see [1, Corollary 7.6]. It follows from [1, Theorem
9.10], that spaces with isolated singularities have a unique intersection space
complex.

Concerning Poincaré duality, Agust́ın-Bobadilla only have a partial an-
swer. Although the Verdier dual of an IS•

p̄-complex is an IS•
q̄-complex ([1,

Theorem 10.1]), this does not imply global Poincaré duality. If an inter-
section space of a two strata space Xd of dimension d with singular set
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Xd−k exists for a given perversity p̄, the intersection space complexes IS•
p̄

are parametrized by the vector space

Ep̄ := hom
(
τ>q̄(k)jk∗j

∗
kik∗Q|Uk , τ≤ q̄(k)jk∗j

∗
kik∗QUk

)

(see [1, Corollary 7.6]). An element IS•
p̄ ∈ Ep̄ is called a GISp̄ or general

intersection space complex of X with perversity p̄, if the hypercohomology
groups of IS•

p̄ are minimal compared to the hypercohomology groups of all

complexes in Ep̄, that is dim
(
Hi(X, IS•

p̄

)
= minS•∈Ep̄ Hi(X,S•). Provided

the existence of such a GISp̄ IS•
p̄, Agust́ın-Bobadilla prove that the Verdier

dual IS•
q̄ := DIS•

p̄[−d] is a GISq̄, with q̄ the dual perversity of p̄, and that
there is an isomorphism

Hi(X, IS•
p̄) ∼= hom

(
Hd−i(X, IS•

q̄),R
)

of Q-vector spaces for all i, see [1, Theorem 10.6]. It is not clear, what the
conditions are that determine the existence of such a GISp̄-complex and
how it can be constructed. It is interesting to know, whether the intersec-
tion space of Banagl-Chriestenson in the setting of [6] or the intersection
form complex ΩI•p̄ of [4] give rise to GISp̄-complexes. In the following, the
Poincaré duality question is discussed for toric varieties.

3. Künneth intersection space complexes for toric varieties

The purpose of this section is to introduce special IS•
p̄-complexes for toric

varieties and other pseudomanifolds with compatible trivializations for the
link bundles, that respect these trivializations.

3.1. Künneth intersection space complexes in depth one. We outline
the idea of a Künneth intersection space complex for a two strata pseudo-
manifold first.

The setup in this section is the following: Let Xd be a d-dimensional
stratified pseudomanifold with filtration X = Xd ⊃ Xd−r = Y , closed in-
clusion j : Y ↪→ X, and let U = X \Y with open inclusion i : U ↪→ X,
such that there is an open (tubular) neighbourhood Y ⊂ TY ⊂ X that is

trivializable. That is there is a stratified isomorphism Φ : TY
∼=−→ Y × Z,

with Z = cone(L) = Z̊ ∪ {v} and inclusions iZ̊ : Z̊ ↪→ Z and jv : {v} ↪→ Z.

Let Y
π1←− Y ×Z

π2−→ Z be the factor projections. Let further T̊ Y = TY \Y
denote the tubular neigbourhood of Y with the singular part removed.

The idea is: By [1, Corollary 7.6 and Theorem 9.10], there is a unique
intersection space complex IS•

p̄(Z) on the cone Z for any perversity p̄, that
is there is only one splitting of the map τ≤ q̄(r)jv∗j

∗
v iZ̊∗QZ̊ → jv∗j

∗
v iZ̊∗QZ̊ .

We use that fact to construct a unique intersection space complex IS•
p̄(TY )

on TY and hence for X (since it must be the constant sheaf on X \Y ) for
perversity p̄, which is compatible with the trivialization Φ. Its Verdier dual
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6 J. TIMO ESSIG

(which is an IS•
q̄ complex) will then also be compatible with the trivializa-

tion, implying the duality IS•
p̄
∼= IS•

q̄ [−d]. Compatibility with the trivializa-
tion means that the complex fits into a certain Künneth structure.

Definition 3.1.1 (Künneth property and structures). A sheaf complex K• ∈
Db

cc(X) satisfies the Künneth property with respect to the trivialization

Φ : TY
∼=−→ Y × Z if there is exists a sheaf complex L• ∈ Db

cc(Z) and an

isomorphism β : K•|TY
∼=−→ Φ∗π∗

2L
•. A triple (K•,L•,β) is called a Künneth

structure for K•.

For example, the constant sheaf QX onX has a Künneth structure. There
is a unique complex that satisfies the properties of an IS•

p̄-complex and has a
Künneth structure (IS•

p̄, IS
•
p̄(Z),β), where IS•

p̄(Z) is the unique IS•
p̄-complex

on the cone Z, which is compatible with the Künneth structure of the con-
stant sheaf on T̊ Y . We want to elaborate the construction of such a complex:
By [1, Theorem 9.10], the cone Z, which has only one isolated singularitiy v,
has a unique splitting λ : jv∗j

∗
v iZ̊∗QZ̊ → τ≤ q̄(r)jv∗j

∗
v iZ̊∗QZ̊ . Together with

the canonical adjunction morphisms related to j and jv and the natural
Künneth structures of i∗QU and j∗j∗i∗QU , this morphism fits into the fol-
lowing commutative diagram, where the dashed arrows are induced by the
other morphisms.

(1)

i∗QU Φ∗π∗
2 iZ̊∗QZ̊

j∗j∗i∗QU Φ∗π∗
2 jv∗j

∗
v iZ̊∗QZ̊ Φ∗π∗

2 τ≤ q̄(r)jv∗j
∗
v iZ̊∗QZ̊

∼=

ϕΦ

∼= Φ∗π∗
2λ

We set IS•
p̄ := cone(ϕΦ)[−1]. By the same arguments as in the proof of

[1, Theorem 7.3] (see p.39 therein), IS•
p̄ satisfies the properties of an IS•

p̄-
complex. By construction, it has a Künneth structure with

IS•
p̄|TY = Φ∗π∗

2 cone(λ) = Φ∗π∗
2 IS

•
p̄(Z).

We do not provide the arguments that IS•
p̄ is unique up to quasi-isomorphism.

To prove Poincaré duality for the rational hypercohomology groups of IS•
p̄,

one shows that DIS•
p̄[−d], where D denotes the Verdier dual, is the Künneth

intersection space complex of the dual perversity q̄.

3.2. Compatible systems of trivializations in depth two. In general-
ity, compatible systems of trivializations for Thom-Mather stratified pseu-
domanifolds are explained in [1, Section 3]. Since the notation in the general
case is rather involved, we focus on the special case of a depth 2 pseuod-
manifold X with filtration

X = Xd ⊃ Xd−m ⊃ Xd−l

J. Timo Essig (Hokkaido Univ.)98



INTERSECTION SPACE COHOMOLOGY VIA SHEAF COHOMOLOGY 7

and three strata U = X \Xd−m, Sd−m := Xd−m \Xd−l and Sd−l = Xd−l.
The Thom-Mather control data provide tubular neighbourhoods Td−m, Td−l

of the singular strata that have a fiber bundle structure

σd−m : Td−m → Sd−m, σd−l : Td−l → Sd−l

with fibers cone(Ld−m) and cone(Ld−l) (and suitable transition functions),
such that on Td−m ∩ Td−l it holds that σd−l ◦σd−m = σd−l. A system of
trivializations for such a space is a tuple of fiber bundle isomorphisms

Ψd−m : ∂Td−m
∼=−→ Ld−m × Sd−m,

Ψd−l : ∂Td−l
∼=−→ Ld−l × Sd−l,

where the bundle projections on the right hand sides are the second factor
projections. Note that the link Ld−l of the bottom singular stratum is a
singular space itself with singular stratum SL and link Ld−m. The system
of trivializations is then called compatible, if there is a tubular neigbour-
hood TL

d−l of the singular set in Ld−l (defined by Ψd−l|Td− m) that has a
trivialization

ΨL : ∂TL
d−l

∼=−→ Ld−m × SL

such that the following diagram commutes:

∂Td−l ∩ ∂Td−m ∂TL
d−l × Sd−l

Ld−m × (Sd−m ∩ ∂Td−l) Ld−m × SL × Sd−l

Ψd− m|∼=

Ψd− l|
∼=

ΨL× id∼=
id×Ψd− l|

∼=

As an example, the torus action in toric varieties always induces a compatible
trivialization for the link bundles.

3.3. Künneth intersection space complexes in depth two. We use the
notation of the previous section. To generalize the construction of Künneth
intersection space complexes of Section 3.1, one uses an induction on strata.
Starting with the constant sheaf QU on U , one first shows that there is
a unique Künneth intersection space complex d−lIS

•
p̄ on X \Xd−l with a

Künneth structure as in the depth one setting. Then, one proves that there
is a unique IS•

p̄-complex on X extendending d−lIS
•
p̄ that has a Künneth

structure (IS•
p̄, IS

•
p̄(Ld−l),β), with IS•

p̄(Ld−l) the unique Künneth intersec-
tion space complex on the link Ld−l. Note, that the two Künneth structures
can be chosen compatibly since the trivializations are compatible. After-
wards, one proves that the shifted Verdier dual DIS•

p̄[−n] is the unique
IS•

q̄-complex with the above Künneth properties.
At the end, the uniqueness of the Künneth intersection space complexes

and the Verdier duality theorem imply Poincaré duality for the hyperco-
homology groups of the Künneth intersection space complexes of comple-
mentary perversities. These ideas will be explained in more detail in an
upcoming article.
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sheaves and type IIB string theory. Adv. Theor. Math. Phys., 18(2):363–399, 2014.

[6] Markus Banagl and Bryce Chriestenson. Intersection spaces, equivariant Moore ap-
proximation and the signature. J. Singul., 16:141–179, 2017.

[7] Markus Banagl and Eugenie Hunsicker. Hodge Theory for Intersection Space Coho-
mology. arXiv e-prints, page arXiv:1502.03960, Feb 2015. to appear in Geom. Topol.

[8] Markus Banagl and Laurentiu Maxim. Intersection spaces and hypersurface singular-
ities. J. Singul., 5:48–56, 2012.

[9] J. Timo Essig. Intersection Space Cohomology of Three-Strata Pseudomanifolds.
arXiv e-prints, page arXiv:1804.06690, Apr 2018. to appear in J. Topol. Anal.

[10] Christian Geske. Algebraic intersection spaces. arXiv e-prints, page arXiv:1802.03871,
Feb 2018. to appear in Geom. Topol.

[11] M. Goresky and R.D. MacPherson. Intersection homology ii. Invent. Math., 72(1):77–
129, 1983.
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[13] Franz Wilhelm Schlöder and J. Timo Essig. Multiplicative de Rham Theorems for
Relative and Intersection Space Cohomology. arXiv e-prints, page arXiv:1904.00482,
Mar 2019. submitted to Journal of Singularities.

[14] Dominik Wrazidlo. A fundamental class for intersection spaces of depth one Witt
spaces. arXiv e-prints, page arXiv:1904.03605, Apr 2019.

Department of Mathematics, Faculty of Science, Hokkaido University, Sap-
poro 060-0810, Japan

Email address: essig@math.sci.hokudai.ac.jp

J. Timo Essig (Hokkaido Univ.)100



Topological invariants and corner states for some
Hamiltonians on a lattice

ྛ ৾ һڀݚಛผݚ૯࢈ॴɾڀݚ߹ज़૯ٕۀ࢈) PD)∗

֓ ཁ

෺ੑ෺ཧֶʹ͓͚ΔτϙϩδΧϧ෺࣭ͷڀݚ΁ͷԠ༻Λ೦಄ʹ, ͋Δछͷࣗ
.Δ͢࡯ߟૉʹର͢ΔτϙϩδʔΛ༺࡞໾ڞݾ τϙϩδΧϧઈԑମͷ(࣍ߴ)
,ͱؔ࿈ͯ͠ڀݚ ಛʹ༨2ݩ࣍ͷ֯ͷ͋Δܥಛ༗ͷτϙϩδʔΛఆٛ͠, ͦͷ
ੑ࣭౳Λٞ࿦͢Δ.

1. എܠ
෺ੑ෺ཧֶʹ͓͍ͯ, τϙϩδʔ͕ॏཁͳ໾ׂΛՌ͍ͨͯ͠Δ. ͍ΘΏΔ τϙ(ͷٛ޿)
ϩδΧϧઈԑମ෺࣭ʹ͸, ͱରশੑͰ෼ྨ͞ΕΔτϙϩδʔݩ࣍ͷܥ (Ґ૬ෆมྔ)͕
಺͢ࡏΔ. ͜ΕΒͷ෺࣭͸όϧΫ 1͸ઈԑମͰ͋Δ͕, ͜ͷτϙϩδʔΛ൓өͯ͠ݱΕ
Δද໘ʹͨ͠ࡏہ೾ಈؔ਺ (Τοδঢ়ଶ)ʹΑΓද໘͕͋ΔछۚଐతʹৼΔ෣͏ͱ͍͏
.෺ੑΛཱࣔͨͬ͢ࡍ Ґ૬ෆมྔ͕͋Δछͷ࿈ଓมܗʹରͯ͠ෆมͳ͜ͱʹରԠͯ͠,

ۚଐతͳৼΔ෣͍Λهड़͢ΔΤοδঢ়ଶ͸ܥͷઁಈʹରͯ͠ڧؤͰ͋Δ. τϙϩδΧ
ϧઈԑମͷઌ͚ۦͱͯ͠͸KlitzingΒʹΑΔྔࢠϗʔϧޮՌͷൃ͕͋ݟΔ. Thouless–

Kohmoto–Nightingale–den Nijs͸ྔࢠϗʔϧޮՌͷഎޙʹ͋ΔτϙϩδʔͷଘࡏΛ໌
Β͔ʹͨ͠ [18]. ͸HatsugaiʹΑͬ܎ͷόϧΫͷτϙϩδʔͱΤοδঢ়ଶͷରԠؔه্
ͯূ໌͞Ε [6], όϧΫɾΤοδରԠͱݺ͹Ε͍ͯΔ. ͦͷޙKane–MeleΒʹΑΔྔࢠ
εϐϯϗʔϧޮՌͷఏএ౳Λͯܦ, τϙϩδΧϧ෺࣭ͱݺ͹ΕΔ෺࣭͕܈੝Μʹ͞ڀݚ
Ε͍ͯΔ 2.

਺ֶͷଆͰ͸BellissardΒΛத৺ͱͯ͠ྔࢠϗʔϧޮՌʹରͯ͠ඇՄز׵Կͷख๏Λ
ਐΊΒΕ͕ڀݚ͍ͨ༺ [1], ಛʹܥͷฒਐରশੑ͕ഁΕͨ disorderͷ͋ΔܥͷऔΓѻ͍
͕Մೳͱͳ͍ͬͯΔ. Kellendonk–Richter–Schultz-Baldes͸͜ͷख๏Λ͞Βʹల։͠,

disorderͷ͋Δܥʹରͯ͠΋όϧΫɾΤοδରԠͷূ໌Λ༩͑ͨ [10]. ͜͜ͰͷΞΠσΟ
Ξ͸Toeplitz࡞༻ૉʹର͢Δࢦ਺ཧ࿦ʹண໨͢Δ͜ͱͰ͋Δ (͜ΕΒʹؔ͢Δ·ͱ·ͬ
ͨจݙͱͯ͠ [14]Λ͓ͯ͛͘ڍ).

ຊߨԋͰ͸࣮ࡍͷ෺࣭͕ଟ༷ͳܗঢ়Λͭ࣋͜ͱʹண໨ͯ͠, ਤ2ͷΑ͏ʹ, ೋͭͷΤο
δͷަࠩͱͯ͠ͷ (༨2ݩ࣍ͷ)ίʔφʔͷ͋ΔܥΛ͑ߟΔ. όϧΫͱೋͭͷΤοδ͕ઈ
ԑମͰ͋ΔΑ͏ͳϞσϧʹ͓͍ͯ, ίʔφʔͷ͋Δܥಛ༗ͷҐ૬ෆมྔΛఆٛͦ͠ͷੑ
࣭Λௐ΂Δ. ͦͷࡍͷΞΠσΟΞ͸࢛൒໘Toeplitz࡞༻ૉͱݺ͹ΕΔ͋Δ࡞༻ૉͷࢦ਺
ཧ࿦ʹண໨͢Δ͜ͱͰ͋Δ. ͱରশੑͰ෼ྨ͞ΕΔͱ͍͏ैདྷͷτϙϩδΧϧ૬ݩ࣍

ຊڀݚ͸Պݚඅ (՝୊൪߸:JP17H06461, JP19K14545)ͷॿ੒Λड͚ͨ΋ͷͰ͋Δɻ
2010 Mathematics Subject Classification: 19K56, 47B35, 81V99
ΩʔϫʔυɿTopologically protected corner states, Bulk-edge and corner correspondence, K-theory
and index theory
∗˟ 980-8577 ੨༿۠ยฏࢢઋ୆ݝ৓ٶ 2-1-1 ౦๺େֶࢠݪ෼ࡐࢠྉՊֶߴ౳ߏػڀݚ಺
e-mail: shin-hayashi@aist.go.jp
web: https://staff.aist.go.jp/shin-hayashi/

1෺࣭͕͋Δͱͯ͠, ୺ͷํΛΤοδ, ಺ଆΛόϧΫͱ͍͏ (ਤ 1).
2τϙϩδΧϧઈԑମͱٛڱʹ͸ྔࢠεϐϯϗʔϧܥΛ͢ࢦ. ͦͷ͘޿ʹޙ༻͍ΒΕΔΑ͏ʹͳͬͨ.
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ਤ 1: όϧΫͱΤοδ ਤ 2: όϧΫͱΤοδͱίʔφʔ

ͷύϥμΠϜ 3ʹର͠, ఺ΛऔΓೖΕͨٞ࿦Λల։͢Δ͜ͱ͕ͻͱͭͷେ͖ͳ؍ঢ়ͷܗ
໨తͰ͋Δ.

ຊߘͰ͸·ͣToeplitz࡞༻ૉͱͦͷมछʹ͍ͭͯ,ఆٛͱ͍͔ͭ͘ͷ݁ՌΛड़΂Δ. ࣍
͍ͰैདྷͷτϙϩδΧϧ૬ʹର͢ΔόϧΫɾΤοδରԠͷఆࣜԽͱূ໌ΛKellendonk–

Richter–Schultz-BaldesͷΞΠσΟΞʹ͍ͯͮج঺հ͢Δ 4 . ଓ͘ষͰ [7, 8]Λ΋ͱʹ
ίʔφʔͷ͋ΔܥΛٞ࿦͢Δ. ίʔφʔʹؔ࿈ͨ͠τϙϩδʔͷఆٛͱͦͷجຊతͳ
ੑ࣭, ۩ମྫͷߏ੒๏Λड़΂ͨޙʹ, ैདྷͷτϙϩδΧϧ૬ͱͷؔ࿈΍, ۙ೥ఏএ͞Ε
.τϙϩδΧϧઈԑମ΁ͷԠ༻ྫͳͲΛ঺հ͢Δ࣍ߴΕ͍ͯΔ͞ڀݚʹൃ׆

2. Toeplitz࡞༻ૉͱͦͷมछ
ຊߘͰ͸TͰෳૉฏ໘ͷ୯ҐԁΛද͠, ൓ܭ࣌ճΓͷ͖޲Λݻఆ͢Δ. ຊߘͰ༻͍ΔC∗

؀΍ͦͷKཧ࿦ʹ͍ͭͯ͸ [12]ͳͲΛࢀর͞Ε͍ͨ.

2.1. Toeplitz࡞༻ૉ

Ճ๏܈ͱͯ͠ͷZͱͦͷ෦෼൒܈Z≥ 0 := {0, 1, 2, · · · }Λ͑ߟΔ. T্ͷෳૉ਺஋࿈ଓؔ
਺f ∈ C(T)͸֤఺ t ∈ TͰf(t)Λֻ͚Δૢ࡞ʹΑͬͯ, L2(T)্ͷ༗քઢ࡞ܕ༻ૉΛఆ
ΊΔ. ͔͜͜ΒFourierม׵ʹΑΔHilbertۭؒͷಉܕL2(T) ∼= l2(Z)Λܦ༝ͯ͠ಘΒΕ
Δ l2(Z)্ͷ࡞༻ૉΛMfͰද͢. l2(Z≥ 0 )্ͷ༗քઢ࡞ܕ༻ૉTfΛҎԼͰఆٛ͢Δ 5 .

Tfϕ = (P≥ 0MfP≥ 0 )ϕ = P≥ 0Mfϕ, ϕ ∈ l2(Z≥ 0 ).

͜͜ͰP≥ 0͸ l2(Z)ͷด෦෼ۭؒ l2(Z≥ 0 )্΁ͷ௚ަࣹӨͰ͋Δ. Tf͸Toeplitz࡞༻ૉ
ͱݺ͹ΕΔ. Toeplitz࡞༻ૉͷFredholmੑͱͦͷࢦ਺ʹ͍ͭͯҎԼ͕੒Γཱͭ (ྫ͑͹
[12]Λࢀরͷ͜ͱ).

ఆཧ 2.1. (1) f͕C \ {0}ʹ஋Λͭ࣋ͱ͖, Tf͸Fredholm࡞༻ૉ 6 .

(2) (Noether) ͜ͷͱ͖ index(Tf ) = −Wind(f). ͨͩ͠Wind(f)͸࿈ଓؔ਺f : T →
C \ {0}ͷ0ͷ·ΘΓͷճస਺.

3 KitaevʹΑͬͯ෼ྨʹKཧ࿦͕༻͍ΒΕͨ [11, 5]
ʹͰड़΂ΔΑ͏ޙ4 ΫϥεAͱݩ࣍2 .Δ͍ͯͬݶʹܥ͹ΕΔ͋ΔΫϥεͷݺΫϥεAIIIͱݩ࣍1 ·ͨ
ฒਐରশੑΛอͭൺֱత؆୯ͳܥͷΈΛѻ͍, ͦͷجຊతͳΞΠσΟΞΛ঺հ͢Δ.

5௚ަࣹӨ P≥ 0 ʹΑΔMf ͷ compressionͰ l2(Z≥ 0 )্ͷ࡞༻ૉ Tf Λ͑ߟΔࡍ, P≥ 0MfP≥ 0 ͱද͢ه
Δ͜ͱ͕ଟ͍. ຊߘͰ΋͜ͷදه๏Λ࠾༻͢Δ.

6͢ͳΘͪKerTf ͱCokerTf .Ͱ͋Δݩ࣍ݶ༗ʹڞ͕ ͜ͷͱ͖Fredholmࢦ਺͕࣍Ͱఆٛ͞ΕΔ.

index(Tf ) := rankCKerTf − rankCCokerTf
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͜ΕΒ͸C∗؀ͷKཧ࿦Λ༻͍ͯҎԼͷΑ͏ʹཧղͰ͖Δ. T ΛToeplitz࡞༻ૉͨͪ
{Tf | f ∈ C(T)}͕ੜ੒͢ΔC∗؀ͱ͢Δ. ͜ͷͱ͖࣍ͷC∗؀ͷ୹׬શྻ͕ଘ͢ࡏΔ.

0 → K(l2(Z≥ 0 )) → T γ→ C(T) → 0. (1)

͜͜ͰK(l2(Z≥ 0 ))͸ l2(Z≥ 0 )্ͷίϯύΫτ࡞༻ૉͷͳ͢C∗؀ͰT ΁ͷࣹ͸แؚࣸ૾,

γ͸Toeplitz࡞༻ૉTfΛͦͷγϯϘϧ fʹࣸ͢ ∗-४ಉܕͰ͋Δ. ఆཧ 2.1(1)ͷԾఆͷ
ԼͰ͸, γ(Tf ) = f ʹண໨͢Δͱ, Tf ͸ίϯύΫτ࡞༻ૉΛ๏ͱͯ͠ՄٯͰ͋Δ͔Β,

Atkinsonͷఆཧ͔ΒFredholmͰ͋Δ͜ͱ͕Θ͔Γ, ఆཧ 2.1(1)͸௚ͪʹै͏. ·ͨ, ୹
શྻ׬ (1)ʹಉ൐ͯ͠ҎԼͷC∗؀ͷKཧ࿦ͷ6߲׬શ͕͋ྻܥΔ.

K1(K(l2(Z≥ 0 )) !! K1(T ) !! K1(C(T))
∂1
""

K0 (C(T))

∂0

##

K0 (T )$$ K0 (K(l2(Z≥ 0 ))$$

͜͜Ͱ ∂0 ͱ ∂1͸ڥք४ಉܕ. ·ͨK0 (K(l2(Z≥ 0 ))͸ඪ४తͳτϨʔε͕༠ಋ͢Δࣹ
K0 (Tr) : K0 (K(l2(Z≥ 0 )) → ZʹΑΓZͱಉܕͰ͋Δ. ఆཧ 2.1(2)͸࣍ͷೋͭͷ (४)ಉ
.ͷҰகͱͯ͠ཧղͰ͖Δܕ

• K0 (Tr) ◦ ∂1 : K1(C(T)) → Z. ͜ͷࣸ૾͸γ(Tf )ͷΫϥεΛ index(Tf )ʹࣸ͢.

• −Wind: K1(C(T)) → Z. ͜͜ͰK1(C(T)) ∼= K1(T) ∼= [T,U(∞)]Ͱ, Wind͸T
͔ΒU(∞)΁ͷ࿈ଓࣸ૾fʹର͠, det(f)ͷճస਺ΛରԠͤ͞Δ.

2.2. Toeplitz࡞༻ૉͷมछ

αͱβΛα < βͳΔೋͭͷ࣮਺ͱ͢Δ 7. ਖ਼ํ֨ࢠZ2Λೋͭͷ௚ઢy = αxͱy = βxͰ
“੾Δ” ͜ͱͰΤοδ·ͨ͸ίʔφʔͷϞσϧΛಋೖ͢Δ. ۩ମతʹ, ҎԼͷZ2ͷ෦෼
ू߹Ai (i = 1, 2, 3)Λ͑ߟΔ.

A1 := {(m,n) ∈ Z2 | −αm+ n ≥0}, A2 := {(m,n) ∈ Z2 | −βm+ n ≤0}
A3 := {(m,n) ∈ Z2 | −αm+ n ≥0 and − βm+ n ≤0}

l2(Z2)ͷด෦෼ۭؒ l2(Ai)ͷ্΁ͷ௚ަࣹӨΛPAiͰද͢. ֤ i = 1, 2, 3ʹରͯ͠, l2(Ai)

ΛͦΕͧΕHα, Hβ, Ĥα,βͱॻ͖, PAiΛͦΕͧΕPα, P β, P̂α,βͱॻ͘ (ਤ3Λࢀর).

ೋݩ࣍τʔϥε্ͷෳૉ਺஋࿈ଓؔ਺ f ∈ C(T2)͸֤఺ (ξ, t) ∈ T2Ͱ f(ξ, t)Λֻ
͚Δૢ࡞ʹΑͬͯ, L2(T2)্ͷ༗քઢ࡞ܕ༻ૉΛఆΊΔ. ͔͜͜ΒFourierม׵ʹΑΔ
ಉܕ L2(T2) ∼= l2(Z2)Λܦ༝ͯ͠ಘΒΕΔ l2(Z2)্ͷ࡞༻ૉΛMf Ͱද͢. ͜ͷͱ͖
֤ i = 1, 2, 3ʹରͯ͠ l2(Ai)্ͷ࡞༻ૉ TAi

f := PAiMfPAi Λ͑ߟΔ. ֤ i = 1, 2, 3ʹ
ର͢Δ TAi

f ΛͦΕͧΕ T α
f , T

β
f , T̂

α,β
f ͱॻ͘. ૉ༺࡞ T α

f , T
β
f ͸൒ฏ໘Toeplitz࡞༻ૉ

, T̂ α,β
f ͸࢛൒໘Toeplitz࡞༻ૉͱݺ͹ΕΔ. ຊߘͰண໨͢Δ࢛൒໘Toeplitz࡞༻ૉ͸

Simonenko[17], Douglas–Howe[4]ΒΛத৺ʹ͕ڀݚਐΊΒΕͨ.

T αΛ൒ฏ໘Toeplitz࡞༻ૉͨͪ {T α
f | f ∈ C(T2)}͕ੜ੒͢ΔC∗؀ͱ͢Δ. ಉ༷ʹ

C∗؀T β, T̂ α,βΛͦΕͧΕT β
f , T̂

α,β
f Λ༻͍ͯఆٛ͢Δ. ͜ͷͱ͖T α, T β͔ΒC(T2)΁,

൒ฏ໘Toeplitz࡞༻ૉ T α
f , T

β
f ʹରͯ͠ fΛରԠͤ͞Δ ∗-४ಉܕ σα, σβ͕͋Δ. C∗؀

Sα,βΛ͜ͷೋͭͷ∗-४ಉܕʹΑΔҾ͖໭͠ͱͯ͠ఆٛ͢Δ.

Sα,β =
{
(T α, T β) ∈ T α ⊕ T β | σα(T α) = σβ(T β)

}
.

͜ͷͱ͖ҎԼͷC∗؀ͷ୹׬શྻ͕஌ΒΕ͍ͯΔ.
7 α = −∞·ͨ͸ β = +∞΋͢ڐ. .੒Γཱͭ͜ͱ͸ͳ͍΋ͷͱ͢Δʹڞͩͨ͠
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Ĥα,β Ȟα,β

ਤ 3: ൒໘࢛ (ತܕͷ֯, ֯ܕͱԜ(ࠨ (ӈ)

ఆཧ 2.2 (Park[13]).

0 → K(Ĥα,β) → T̂ α,β γ̂→ Sα,β → 0. (2)

͜͜ͰK(Ĥα,β)͔Β T̂ α,β΁ͷࣹ͸แؚࣸ૾, γ̂͸ T̂ α,β
f ΛϖΞ (T α

f , T
β
f )ʹ͏ͭ͢ ∗-४

ಉܕͰ͋Δ.

3. όϧΫɾΤοδରԠ
͜͜Ͱ͸Kellendonk–Richter–Schultz-Baldes[10]ʹ͖ͮج, όϧΫɾΤοδରԠͷఆࣜ
Խͱূ໌ͷུ֓Λड़΂Δ. 5ষͷ౎߹Ͱ, ΫϥεAͱݩ࣍2 ͹ΕݺΫϥεAIIIͱݩ࣍1
Δ͋ΔΫϥεͷτϙϩδΧϧ૬ΛऔΓ্͛Δ (3ষશମͷߟࢀจݙͱͯ͠ [14]Λͯ͛ڍ
͓͘). ҎԼ, V Λ༗ݩ࣍ݶͷෳૉ಺ੵۭؒͱ͠, NͰͦͷϥϯΫΛද͢.

3.1. ΫϥεAݩ࣍2

࿈ଓࣸ૾T2 → Herm(V ), (ξ, t) +→ HA(ξ, t)Λ͑ߟΔ 8 . T2ͷ֤఺ͰHA(ξ, t)Λ࡞༻͞
ͤΔL2(T2;V )্ͷ࡞༻ૉ͸, Fourierม׵Λܦ༝ͯ͠ l2(Z2;V )্ͷ༗քઢڞݾࣗܗ໾
.ૉHAΛఆΊΔ༺࡞ ,ͳ͠ݟͱͯ͠Z2ΛόϧΫͷϞσϧͱܥݶքͷແ͍ແڥ ͜͜Ͱ͸
HAΛόϧΫϋϛϧτχΞϯͱ͍͏ 9 . όϧΫ͕͋ΔछͷઈԑମͰ͋ΔΑ͏ͳܥͷϋϛ
ϧτχΞϯΛ೦಄ʹஔ͖, .ͷԾఆΛஔ࣍͘

Ծఆ 3.1. HA͸Մٯ.

͜ͷԾఆͷ΋ͱʹ, ֤఺ (ξ, t) ∈ T2ʹର͠, Τϧϛʔτ࡞༻ૉHA(ξ, t)ͷεϖΫτϧ
sp(HA(ξ, t))͸ 0Λؚ·ͳ͍. ैͬͯ, ֤఺ͰHA(ξ, t)ͷෛͷݻ༗஋શͯʹର͢Δݻ༗
ۭؒͷ௚࿨ϕΫτϧۭؒEB(ξ, t)ΛऔΓ, ύϥϝʔλۭؒT2্ͰϕΫτϧۭؒEB(ξ, t)

ͷ଒Λ͑ߟΔͱ, ༗ݶϥϯΫͷෳૉϕΫτϧଋEB → T2͕ಘΒΕΔ. EB͸Blochଋͱ
.͹ΕΔݺ BlochଋEBͷୈҰChern਺ 10Λ͋ΔछઈԑମతͳόϧΫͷෆมྔͱΈͳ͠,

8͜͜ͰHerm(V )͸V ্ͷΤϧϛʔτม׵શମͷͳۭؒ͢.
9ྫ͑͹ҎԼͷܗͷ l2(Z2;V )্ͷ༗քࣗڞݾ໾࡞༻ૉΛ͑ߟΔ (͜͜Ͱ l2(Z2;V )ͷݩϕ = {ϕx,y}(x,y)∈Z2

͸V ͷݩϕx,yͷྻͰ
∑

x,y ||ϕx,y||2V < ∞Λຬͨ͢΋ͷͱΈͳ͍ͯ͠Δ).

(Hϕ)x,y =
∑

finite

Ap,qϕx−p,y−q, (Ap,q ∈ EndC(V ))

ͨͩ͠ (؆୯ͷͨΊʹ)༗ݸݶͷ (p, q) ∈ Z2Λআ͍ͯAp,q = 0ͱ͢Δ. ͜ͷͱ͖H͸ xͱ yํ޲ͷฒ
ਐ࡞༻ૉͱՄ׵Ͱ͋Γ, Fourierม׵ʹΑͬͯ࿈ଓࣸ૾T2 → Herm(V )Λ༩͑, զʑͷϞσϧʹؚ·Ε
Δ. ྫͱͯ͠͸ ϑΣϧϛΦϯͷࢠ1ཻ tight-bindingϋϛϧτχΞϯ͕͋Δ.

10 T2ͷ͖޲͸ೋͭͷTͷ͖޲ͷੵͰఆΊΔ.
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όϧΫࢦ਺ͱݺͿ. ͜ͷྔ͸TKNN਺ͱ΋ݺ͹Ε͍ͯΔ [18].

ఆٛ 3.2 (όϧΫࢦ਺, TKNN਺). I2D,A
Bulk (H

A) := ⟨c1(EB), [T2]⟩ ∈ Z.

όϧΫϋϛϧτχΞϯΛ࿈ଓࣸ૾T2 → Herm(V )ͷൣғ಺Ͱ࿈ଓม͢ܗΔͱ͖, Ծ
ఆ 3.1͕อͨΕΔݶΓ͸ରԠ͢ΔBlochଋ͸ಉܕͰ, ैͬͯόϧΫࢦ਺͸ෆมͰ͋Δ.

.Δ͑ߟΤοδΛʹ࣍ ෦෼ Fourierม׵ʹΑͬͯHAΛ TͰύϥϝʔλ෇͚͞Εͨ
l2(Z, V )্ͷ༗քࣗڞݾ໾ઢ࡞ܗ༻ૉͷ଒{HA(t)}t∈Tʹ෼ղ͢Δ. ͜͜ͰToeplitz࡞༻
ૉͷ଒ {HA

Edge(t) := P≥ 0HA(t)P≥ 0}t∈T Λ͑ߟΔ 11. ͜ΕΛΤοδϋϛϧτχΞϯͱݺ
Ϳ 12. Ծఆ͔Β, ͜ͷ଒͸TͰύϥϝʔλ෇͚͞Εͨࣗڞݾ໾Fredholm࡞༻ૉͷ࡞༻
ૉϊϧϜʹؔ͢Δ࿈ଓ଒Ͱ͋Δ. ͜ͷ଒ͷεϖΫτϧྲྀ, ͢ͳΘͪ଒{HA

Edge(t)}t∈Tͷε
ϖΫτϧͱ 0ͷަࠥΛ, ॏෳ౓ͱަࠥͷ͖޲΋ࠐΊͯූ߸෇͖Ͱ਺͑ͨ΋ͷ (Tͷ͖޲
ʹର͠, 0ͱෛ͔Βਖ਼ʹަΘΔަࠥΛ+, ਖ਼͔ΒෛʹަΘΔަࠥΛ−Ͱ਺͑Δ), ΛΤο
δࢦ਺ͱݺͿ.

ఆٛ 3.3 (Τοδࢦ਺). I2D,A
Edge (H

A) := sf{HA
Edge(t)}t∈T ∈ Z

֤ަ఺ʹ͸, ͋Δ t ∈ Tʹ͍ͭͯHA
Edge(t)ͷݻ༗஋ 0ͷݻ༗ϕΫτϧ (Τοδঢ়ଶ)͕

ଘ͢ࡏΔͷͰ, Τοδࢦ਺͸Τοδঢ়ଶͷݸ਺Λූ߸෇͖Ͱ਺্͑͛ͨ΋ͷͱ͑ݴΔ.

Τοδࢦ਺͕0Ͱͳ͚Ε͹Τοδঢ়ଶ͕ଘ͢ࡏΔ͜ͱʹ஫ҙ͢Δ.Ҏ্ͷ४උͷ΋ͱʹ,

όϧΫɾΤοδରԠ (ͷτϙϩδʔతͳଆ໘)͸, ҎԼͷఆཧͰड़΂ΒΕΔ.

ఆཧ 3.4 (όϧΫɾΤοδରԠ). I2D,A
Bulk (H

A) = I2D,A
Edge (H

A).

ैͬͯόϧΫͷτϙϩδʔΛ൓өͯ͠τϙϩδΧϧͳΤοδঢ়ଶ͕ݱΕΔ. όϧΫɾ
ΤοδରԠͷ্هͷఆࣜԽͱূ໌͸HatsugaiʹΑΔ [6]. ͜͜Ͱ͸Kellendonk–Richter–

Schulz-Baldes[10]ʹΑΔToepliz࡞༻ૉͷࢦ਺ཧ࿦Λ༻͍ͨূ໌Λ঺հ͢Δ. ͷਤࣜ࣍
ʹண໨͢Δ.

K0 (C(T2))
∂0 !!

c1
%%❏

❏❏
❏❏

❏❏
❏❏

❏
K1(K(l2(Z≥ 0 )) ⊗ C(T))

sf
&&♠♠♠

♠♠♠
♠♠♠

♠♠♠
♠♠♠

Z
͜ͷͱ͖ঢ়گ͸ҎԼͰ͋Δ.

• K0 (C(T2))͸ τʔϥεͷҐ૬తKཧ࿦K0ݩ࣍2 (T2)ͱಉܕͰ͋Γ, T2্ͷ༗ݶ
ϥϯΫෳૉϕΫτϧଋͰ͋ΔBlochଋEB͸͜ͷK܈ͷݩ [EB]ΛఆΊΔ. c1͸T2

্ͷ༗ݶϥϯΫෳૉϕΫτϧଋʹͦͷୈҰChern਺ΛରԠͤ͞Δ܈४ಉܕ. ैͬ
ͯ [EB]ͷ c1ʹΑΔ૾͸όϧΫࢦ਺I2D,A

Bulk (H
A)Ͱ͋Δ.

• l2(Z≥ 0 )্ͷ༗քઢڞݾࣗܕ໾ Fredholm࡞༻ૉͷશମۭؒͷ, τϙϩδΧϧʹ
ඇࣗ໌ͳҰͭͷ࿈݁੒෼Λ Freds.a.

∗ (l2(Z≥ 0 ))ͱॻ͘ 13 . K1(K(l2(Z≥ 0 )) ⊗ C(T))
͸, T͔Β Freds.a.

∗ (l2(Z≥ 0 ))΁ͷ࿈ଓࣸ૾ͷϗϞτϐʔྨ [T,Freds.a.
∗ (l2(Z≥ 0 ))]ʹ

ಉܕͰ͋Γ, εϖΫτϧྲྀ͕༩͑ΔZ΁ͷࣸ૾ sf͕͋Δ. ΤοδϋϛϧτχΞϯ
{HA

Edge(t)}t∈T͸͜͜ͷݩΛఆΊ, ࣸ૾ sfʹΑͬͯΤοδࢦ਺I2D,A
Edge (H

A)ʹࣸΔ.

11͜͜Ͱه߸ͷ؆ུԽͷͨΊʹ l2(Z≥ 0 , V ) ∼= l2(Z≥ 0 ) ⊗ V ্ͷ࡞༻ૉP≥ 0 ⊗ 1V ΛP≥ 0 ͱॻ͘. ҎԼ, ௚
ަࣹӨʹ͍ͭͯ͸ಉ༷ͷུهΛ͢Δ.

12HAΛZ≥ 0 × Z্ʹDirichletڥք৚݅Λ༻੍͍ͯ͢ݶΔ. ΤοδʹԊ͏ y࣠ํ޲ʹ͸ฒਐෆมͳͷͰ,
ͦͷํ޲ʹ෦෼Fourierมͨ͠׵΋ͷ͕ {HA

Edge(t)}t∈TͰ͋Δ.
13ຊ࣭తεϖΫτϧ͕ (−∞, 0) ͱ (0,+∞) ͷͲͪΒʹ΋ؚ·ΕΔ͜ͱͷͳ͍ l2(Z≥ 0 ) ্ͷࣗڞݾ໾
Fredholm࡞༻ૉ͔ΒͳΔ΋ͷ. .ૉϊϧϜͰҐ૬ΛೖΕΔ༺࡞ Ґ૬తK1܈ͷ෼ྨۭؒΛͳ͢.
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• ∂0͸୹׬શྻ (1)ʹC(T)Λςϯιϧͯ͠ಘΒΕΔ୹׬શྻ 14ʹಉ൐͢ΔC∗؀ͷ
Kཧ࿦ͷڥք४ಉܕ.

͜͜Ͱ্هͷਤ͕ࣜՄ׵Ͱ͋Δ͜ͱ͔Βఆཧ 3.4͕ै͏.

3.2. ΫϥεAIIIݩ࣍1

ຊઅͰ͸ V ͕͞ΒʹZ2-࣍਺Λͭ࣋ͱ͢Δ. ͢ͳΘͪෳૉઢ૾ࣸܗΠ : V → V Ͱ͋ͬ
ͯΠ2 = 1ͳΔ΋ͷ͕༩͑ΒΕͨͱ͢Δ. ࿈ଓࣸ૾T → Herm(V ), (ξ, t) +→ HAIII(t)͕
Fourierม׵Λܦ༝ͯ͠ఆΊΔ l2(Z;V )্ͷࣗڞݾ໾ઢܗͳ࡞༻ૉΛHAIIIͱॻ͖, όϧ
ΫϋϛϧτχΞϯͱݺͿ. ΠΛ l2(Z;V )্ʹ֤ϑΝΠόʔ΁ͷ࡞༻ʹΑ֦ͬͯுͨ͠࡞
༻ૉΛ࠶ͼΠͰද͢΋ͷͱ͢Δ. ͜ͷͱ͖࣍ͷԾఆΛஔ͘,

Ծఆ 3.5. (1) HAIII͸Մٯ. (2) HAIIIͱΠ͸൓Մ׵.

.ରԠ͢Δʹ࡯ߟॳͷ৚݅͸όϧΫ͕͋ΔछͷઈԑମͳϞσϧͷ࠷ ͷ৚݅͸HAIIIऀޙ

͕ΧΠϥϧରশੑͱݺ͹ΕΔ͋ΔछͷྔֶྗࢠతͳରশੑΛอͭ৔߹Ͱ͋Γ 15 , ΠΛΧ
Πϥϧ࡞༻ૉͱݺͿ. ΧΠϥϧରশੑʹΑΓ, HAIII͸࣍ͷoff-diagonalͳܗʹද͞ΕΔ.

HAIII =

(
0 h∗

h 0

)
.

Ծఆ 3.5(1)ΑΓh΋ՄٯͰ͋Δ. ࿈ଓࣸ૾T → C \ {0}, t +→ det(h(t))ͷճస਺ͷ−1

ഒΛ͜ͷܥͷόϧΫࢦ਺ͱݺͿ 16 .

ఆٛ 3.6 (όϧΫࢦ਺). I1D,AIII
Bulk (HAIII) := −Wind(h).

,ʹ࣍ ΤοδͷϞσϧͱͯ͠Toeplitz࡞༻ૉHAIII
Edge := P≥ 0HAIIIP≥ 0Λ͑ߟ, Τοδϋ

ϛϧτχΞϯͱݺͿ. ΤοδϋϛϧτχΞϯ͸Πͱ൓Մ׵Ͱ͋Γ, Ծఆ͔ΒHAIII
Edge΍ͦ

ͷoff-diagonal੒෼P≥ 0hP≥ 0͸Fredholm࡞༻ૉͰ͋Δ. ͜ͷࢦ਺ΛΤοδࢦ਺ͱݺͿ.

ఆٛ 3.7 (Τοδࢦ਺). I1D,AIII
Edge (HAIII) := index(P≥ 0hP≥ 0 ).

Π͸HAIII
Edgeͱ൓Մ׵ͳͨΊ, ༗ݩ࣍ݶϕΫτϧۭؒKer(HAIII

Edge)ʹ࡞༻͠, ͦͷࣗ৐͸
1Ͱ͋Δ. Τοδࢦ਺͸Π|Ker(HAIII

Edge)
ͷ+1ݻ༗ۭؒͷ͔ݩ࣍Β−1ݻ༗ۭؒͷݩ࣍ΛҾ

͍ͨ΋ͷʹҰக͢Δ. ैͬͯΤοδࢦ਺͸HAIII
Edgeͷݻ༗஋ 0ͷݻ༗ϕΫτϧ (Τοδঢ়

ଶ)ͷݸ਺ΛΠͷ࡞༻ʹΑΔූ߸෇͖Ͱ਺͑ͨ΋ͷͰ͋Γ, ಛʹΤοδࢦ਺͕ 0Ͱͳ͚
Ε͹Τοδঢ়ଶ͕ଘ͢ࡏΔ. ͜ͷͱ͖͕࣍੒Γཱͭ.

ఆཧ 3.8 (όϧΫɾΤοδରԠ). I1D,AIII
Bulk (HAIII) = I1D,AIII

Edge (HAIII).

͜Ε͸ఆཧ 2.1 (2)ͷ 3.2અͰͷٞ࿦͔Β௚ͪʹै͏. ຊߘͰ͸όϧΫɾΤοδରԠ
(ఆཧ 3.4, 3.8)ʹΑΓ͍ޓʹ౳͍͠੔਺Λ, ͦΕͧΕI2D,A(HA)ͱI1D,AIII(HAIII)ͱද͢.

4. ίʔφʔͷ͋Δܥʹ͓͚ΔτϙϩδʔͱόϧΫΤοδɾίʔφʔରԠ
ҎԼͰਤ2ͷΑ͏ͳ༨2ݩ࣍ͷ֯Λܥͭ࣋Λٞ࿦͢Δ. 4, 5ষͷ಺༰͸ .ͮ͘جʹ[7]

14 C(T)͕Մ׵C∗؀ͳͷͰ׬શੑΛอͭ.
15ΧΠϥϧରশੑΛอͭܥ͸AIIIͱ͍͏Ϋϥεʹ෼ྨ͞ΕΔ. ಛʹରশੑΛཁ੥͠ͳ͍ 3.1અͷέʔε
͸ΫϥεAʹ෼ྨ͞ΕΔ [14].

16Ծఆ 3.5͔ΒV ͸ۮ਺ݩ࣍Ͱͳ͚Ε͹ͳΒͳ͍͜ͱʹ஫ҙ͢Δ.
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4.1. ઃఆ

࿈ଓࣸ૾T3 → Herm(V ), (ξ, η, t) +→ H(ξ, η, t)͔Β l2(Z3 ;V )ͷόϧΫϋϛϧτχΞϯ
HΛ͑ߟΔ. ༨ݩ࣍ 2ͷ֯Λܥͭ࣋ͱͯ͠ਤ 2ͷΑ͏ͳܥΛ͍ͨ͑ߟ. ෦෼Fourierม
Αͬͯʹ׵ l2(Z2;V )্ͷ࡞༻ૉͷ଒ {H(t)}t∈TΛ͑ߟΔ. Hα

V := Hα ⊗ V ͱॻ͖, ಉ༷
ʹHβ

V , Ĥ
α,β
V Λఆٛ͢Δ. ͜ΕΒͷ্΁ͷόϧΫϋϛϧτχΞϯH(t)ͷ compressionΛ

औΔ͜ͱͰΤοδͷϞσϧͱίʔφʔͷϞσϧΛಋೖ͢Δ. ·ͣΤοδͷϞσϧΛಋೖ
͢Δ:

Hα
Edge(t) := PαH(t)Pα : Hα

V → Hα
V , Hβ

Edge(t) := P βH(t)P β : Hβ
V → Hβ

V .

͜ΕΒͷ༗քࣗڞݾ໾࡞༻ૉΛΤοδϋϛϧτχΞϯͱݺͿ. ίʔφʔͷϞσϧʹ࣍
Λಋೖ͢Δ:

Ĥα,β
Corner(t) := P̂α,βH(t)P̂α,β : Ĥα,β

V → Ĥα,β
V

Ĥα,β
Corner(t)ΛίʔφʔϋϛϧτχΞϯͱݺͿ.

ຊߘͰ͸ҎԼͷԾఆΛஔ͖, ͦͷ݁ؼΛٞ࿦͢Δ.

Ծఆ 4.1. ೚ҙͷ t ∈ Tʹର͠, ೋͭͷΤοδϋϛϧτχΞϯHα
Edge(t), H

β
Edge(t)͸ڞʹ

ՄٯͰ͋Δͱ͢Δ.

͜ͷԾఆͷ΋ͱͰ͸όϧΫϋϛϧτχΞϯH΋ՄٯͰ͋Δ. ैͬͯզʑ͕͢࡯ߟΔ
ঢ়گ͸όϧΫ΋ೋͭͷΤοδ΋ઈԑମతͳܥΛϞσϧͱ͢Δ. ͜ͷԾఆͷ΋ͱʹ, ҎԼ
ͰೋͭͷҐ૬ෆมྔΛఆٛ͠, ͦͷੑ࣭΍ؔ܎Λٞ࿦͢Δ.

4.2. όϧΫΤοδෆมྔ

·ͣՄٯͳೋͭͷΤοδʢͱόϧΫʣϋϛϧτχΞϯΛ༻͍ͯҐ૬ෆมྔΛఆٛ͢Δ.

ೋͭͷΤοδϋϛϧτχΞϯHα
Edge(t)ͱHβ

Edge(t)͸όϧΫϋϛϧτχΞϯH(t)ͷ com-

pressionͱͯ͠ఆٛ͞ΕͨͷͰ͋ͬͨ. ैͬͯ σα(Hα
Edge(t)) = H(t) = σβ(Hβ

Edge(t))Ͱ
͋Γ, ϖΞ (Hα

Edge(t), H
β
Edge(t))͸MN(Sα,β)ͷݩͰ͋Δ. ࿈ଓؔ਺ g : R \ {0} → RΛ

(−∞, 0)ͷ্Ͱ͸1, (0,+∞)ͷ্Ͱ͸0ͳΔ΋ͷͱ͢Δ. ͜ͷͱ͖continuous functional

calculousʹΑͬͯҎԼͷࣹӨ͕ݩಘΒΕΔ.

p := g(Hα
Edge, H

β
Edge) ∈ MN(Sα,β ⊗ C(T)).

͔͜͜ΒҐ૬ෆมྔΛҎԼͷC∗؀ͷK܈ͷݩͱͯ͠ఆٛ͢Δ 17 18 .

ఆٛ 4.2 (όϧΫΤοδෆมྔ). I3D,A
BE (H) := [p] ∈ K0 (Sα,β ⊗ C(T)).

4.3. ίʔφʔࢦ਺

.ίʔφʔϋϛϧτχΞϯΛ༻͍ͯҐ૬ෆมྔΛఆٛ͢Δʹ࣍ ͜͜Ͱ, γ̂(Ĥα,β
Corner(t)) =

(Hα
Edge(t), H

β
Edge(t))͸Ծఆ͔ΒMN(Sα,β)ͷՄݩٯͰ͋Γ,ैͬͯఆཧ 2.2͔ΒĤα,β

Corner(t)

͸Fredholm࡞༻ૉͰ͋Δ͜ͱ͕Θ͔Δ. ૉͷ࿈ଓ଒{Ĥα,β༺࡞໾Fredholmڞݾࣗ
Corner(t)}t∈T

͔ΒεϖΫτϧྲྀʹΑͬͯ੔਺஋ͷҐ૬ෆมྔΛಘΔ. ͜ΕΛ͍·ͻͱͭͷෆมྔͱ
ఆٛ͢Δ.

17 C∗؀Aʹର͠, K܈K0 (A)͸, Aͷ؀ྻߦMn(A)ͷࣹӨݩ (͢ͳΘͪ q ∈ Mn(A)Ͱ q = q∗ = q2ͳ
Δݩ)ͨͪͷू߹ (n͸೚ҙͷࣗવ਺ΛͱΔ)ʹద੾ʹಉ஋ؔ܎ΛೖΕͯఆٛ͞ΕΔ [12].

18 3.1અͰόϧΫࢦ਺Λ༩͑ͨBlochଋEB͸࣍ͷΑ͏ʹཧղͰ͖Δ. g(HA)͸MN (C(T2))ͷࣹӨݩΛఆ
Ί,ैͬͯC∗؀ͷK܈K0 (C(T2))ͷݩΛఆΊΔ. ͜ͷݩ͸Ґ૬తK܈ͱͷಉܕK0 (C(T2)) ∼= K0 (T2)
ʹΑͬͯBlochଋͷΫϥε [EB]ʹରԠ͢Δ. ͜ͷҙຯͰόϧΫΤοδෆมྔͷఆٛ͸, Blochଋ͕ఆ
ΊΔK0 (T2)ͷݩͷߏ੒Λਅͨࣅ΋ͷͰ͋Δ.
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ఆٛ 4.3 (ίʔφʔࢦ਺). Î3D,A
Corner(H) := sf{Ĥα,β

Corner(t)}t∈T ∈ Z.
ఆ͔ٛΒ Î3D,A

Corner(H)͕θϩͰͳ͚Ε͹ίʔφʔϋϛϧτχΞϯͷݻ༗஋0ͷݻ༗ϕΫ
τϧ (ίʔφʔঢ়ଶ)͕ଘ͢ࡏΔ 19 . ैͬͯίʔφʔࢦ਺͸ίʔφʔঢ়ଶͷݸ਺Λූ߸
෇͖Ͱॏෳ౓΋ࠐΊͯ਺্͑͛ͨ΋ͷͰ͋Δ.

4.4. ੑ࣭

୹׬શྻ (2)ʹC(T)Λςϯιϧͯ͠ಘΒΕΔ୹׬શྻʹಉ൐͢ΔͷC∗؀ͷKཧ࿦ͷ
ܕք४ಉڥશྻͷ׬6߲ ∂̂0 : K0 (Sα,β ⊗ C(T)) → K1(K(Ĥα,β) ⊗ C(T))Λ͑ߟΔ. ه্
ͷೋͭͷҐ૬ෆมྔͷؒʹ͸ҎԼͷ͕ؔ͋܎Δ.

ఆཧ 4.4 (H. [7], όϧΫΤοδɾίʔφʔରԠ). sf ◦ ∂̂0 (I3D,A
BE (H)) = Î3D,A

Corner(H).

Proof. ίʔφʔϋϛϧτχΞϯ {Ĥα,β
Corner(t)}t∈T͸ [T,Freds.a .

∗ (Ĥα,β)] ∼= K1(K(Ĥα,β) ⊗
C(T))ͷݩΛఆΊΔ 20 . ܕք४ಉڥͯͬै ∂̂0ʹΑͬͯI3D,A

BE (H)͕͜ͷΫϥεʹࣸΔ͜
ͱΛ͔֬ΊΕ͹ྑ͍. ͜Ε͸ڥք४ಉܕ ∂̂0ͷఆ͔ٛΒ֬ೝͰ͖Δ.

ैͬͯ͋ΔछઈԑମతͳόϧΫͱΤοδͷτϙϩδʔΛ൓өͯ͠, ͷઁಈʹରͯ͠ܥ
,Εݱͳίʔφʔঢ়ଶ͕ڧؤ ίʔφʔ͕͋ΔछۚଐతʹৼΔ෣͏.

஫ҙ 4.5. ຊߘͷٞ࿦͸, όϧΫΤοδରԠʹ͓͚Δ [10]ͷٞ࿦ʹண໨͠, Toeplitz࡞༻
ૉͷ୅ΘΓʹ࢛൒໘Toeplitz࡞༻ૉΛ༻͍ͨٞ࿦Λల։͢Δ͜ͱͰಘΒΕͨ΋ͷͰ͋
Δ. ͞Βʹ༨͕ݩ࣍େ͖ͳ৔߹ͷऔΓѻ͍ΛՄೳʹ͢Δ͋ΔछͷToeplitz࡞༻ૉͷࢦ਺
ཧ࿦͸ [4, 3]ͳͲͰల։͞Ε͍ͯΔ 21.

஫ҙ 4.6. զʑͷઃఆͰ͸όϧΫϋϛϧτχΞϯ͸ՄٯͰ͋ΔͨΊ, 3.1અͱಉ༷ʹόϧ
ΫͷෆมྔΛ͑ߟΔ͜ͱ͕Ͱ͖Δ. ۩ମతʹ, T3্ͷBlochଋΛ3.1અͱಉ༷ʹఆٛ͠,

Blochଋ͕ఆΊΔK0 (T3 ) ∼= Z ⊕ Z ⊕ Z ⊕ ZͷݩΛ͑ߟΔ. ҰͭͷZ͸Blochଋͷϥϯ
ΫʹରԠ͠, ͷZʹରԠ͢ΔόϧΫͷෆมྔ͸ͭࡾΓͷ࢒ ऑෆ(ͷܥΫϥεAͷݩ࣍3)
มྔͱݺ͹ΕΔ. զʑͷԾఆͷԼͰ͸ͭࡾͷऑෆมྔ͸શͯ0Ͱ͋Δ͜ͱ͕ূ໌Ͱ͖Δ
[7]. ͜ͷҙຯͰ, ຊߘͷίʔφʔʹؔ࿈ͨ͠τϙϩδʔͷ࡯ߟ͸, ैདྷͷτϙϩδΧϧ
૬ͷτϙϩδʔʹରͯ͋͠Δछೋ࣍తͳτϙϩδʔͷ࡯ߟͱҐஔ෇͚ΒΕΔ.

5. ۩ମྫͷߏ੒๏
લઅͰఆٛͨ͠ίʔφʔʹؔ࿈ͨ͠Ґ૬ෆมྔͷඇࣗ໌ͳ۩ମྫͷߏ੒๏Λ༩͑Δ. ຊ
અͰ͸α = 0, β = ∞ͱ͢Δ.

l2(Z2, V1)্ͷ࡞༻ૉHAΛ ΫϥεAͷτϙϩδΧϧઈԑମͷόϧΫϋϛϧτݩ࣍2
χΞϯ (3.1અࢀর), l2(Z, V2)্ͷ࡞༻ૉHAIIIΛ1ݩ࣍ΫϥεAIIIͷτϙϩδΧϧઈԑ
ମͷόϧΫϋϛϧτχΞϯͰΧΠϥϧରশੑ͸ΠͰ༩͑ΒΕΔ΋ͷ (3.2અࢀর)ͱ͢
Δ. ͜͜ͰW = V1 ⊗ V2ͱ͓͘. ͜ΕΒΛ༻͍ͯҎԼͷ l2(Z3 ,W )্ͷ༗քࣗڞݾ໾࡞
༻ૉΛ͢࡯ߟΔ.

H := HA ⊗ Π+ 1 ⊗ HAIII.

Fourierม׵Ͱ l2(Z2;W )্ͷ࡞༻ૉͷ଒{H(t) = HA(t) ⊗ Π+1 ⊗ HAIII}t∈Tʹ෼ղ͢Δ.

ఆཧ 5.1 (H. [7]). ,ͷϋϛϧτχΞϯHʹର͠ه্ ҎԼ͕੒Γཱͭ.

19͜͜Ͱͷه߸͸ Δ͜ͱΛ൓ө͍ͯ͠Δ͍ͯ͠࡯ߟΛܥ͹ΕΔݺΫϥεAͱݩ࣍3
20͜͜Ͱ଒ {Ĥα,β

Corner(t)}t∈T ͕ Freds,a.∗ (Ĥα,β)ʹೖΒͳ͍৔߹͕͋ΓಘΔ͕, ͦͷ৔߹͸ I3D,A
BE (H)΋

Î3D,A
Corner(H)΋ 0Ͱ͋Δ. ͜͜Ͱ͸ࣗ໌ͳ৔߹Λআ͍ͯٞ࿦͢Δ.

21ͨͩ͠༨ݩ࣍ 2ͷ৔߹ͷ݁Ռ [13]ͱൺֱ͢Δͱ, ͜ͷ৔߹ͷ֯ͷܗঢ়͸ಛผͳܗঢ়ʹݶΒΕ͍ͯΔ.
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(1) ֤ t ∈ TೋͭͷΤοδϋϛϧτχΞϯH0
Edge(t), H

∞
Edge(t)͸ڞʹՄٯ.

(2) (1)ΑΓίʔφʔࢦ਺͕ఆٛ͞ΕΔ. ίʔφʔࢦ਺͸HAͱHAIIIͷτϙϩδΧϧ
਺Λ༻͍ͯ Î3D,A

Corner(H) = I2D,A(HA) · I1D,AIII(HAIII) Ͱ༩͑ΒΕΔ. ͜͜Ͱӈล͸
ೋͭͷ੔਺ͷੵ.

Proof. (1) ֤ t ∈ Tʹର͠H∞
Edge(t)͕ՄٯͰ͋Δ͜ͱΛࣔ͢. HilbertۭؒͷಉܕH∞

W
∼=

l2(Z≥ 0 ;V1) ⊗ l2(Z;V2)ʹΑΓ,

H∞
Edge(t) = P∞H(t)P∞ = HA

Edge(t) ⊗ Π+ 1 ⊗ HAIII.

Ͱ͋Δ. ͜ͷೋ৐ΛͱΔͱ, ΠͱHAIII͸൓Մ׵ͳͷͰ

(H∞
Edge(t))

2 = (HA
Edge(t))

2 ⊗ 1 + 1 ⊗ (HAIII)2.

(HA
Edge(t))

2 ≥0ͱ (HAIII)2 > 0ΑΓ (H∞
Edge(t))

2 > 0. ैͬͯH∞
Edge(t)͸Մٯ. H0

Edge(t)ͷ
Մੑٯ΋ಉ༷ͷٞ࿦ʹΑͬͯࣔ͞ΕΔ.

(2) HAͱHAIIIͦΕͧΕͷΤοδঢ়ଶϕ1 ∈ l2(Z≥ 0 ;V1)ͱϕ2 ∈ l2(Z≥ 0 ;V2)͕͋ͬͨͱ
͢Δ. ͢ͳΘͪ, ͋Δ t ∈ Tʹ͍ͭͯHA

Edge(t)ϕ1 = 0ͱHAIII
Edgeϕ2 = 0͕੒Γཱͭ. ͜ͷ

ͱ͖
H0 ,∞

Corner(t)(ϕ1 ⊗ ϕ2) = (HA
Edge(t) ⊗ Π+ 1 ⊗ HAIII

Edge)(ϕ1 ⊗ ϕ2) = 0

Ͱ͋Γ, HAͱHAIIIͦΕͧΕͷΤοδঢ়ଶͷςϯιϧੵ͸ίʔφʔঢ়ଶΛ༩͑Δ. Ұํ
Ͱ͜͜ͰͷϞσϧͰ͸ίʔφʔঢ়ଶ͸Τοδঢ়ଶͷςϯιϧੵͷઢܗ࿨ͱͯ͠ඞͣද
͞ΕΔ͜ͱ͕Θ͔Δ. Hͷίʔφʔঢ়ଶͷݸ਺ͱHA, HAIIIͷΤοδঢ়ଶͷݸ਺Λ (ූ
߸ʹ஫ҙͯ͠)ൺֱ͢Δ͜ͱͰ (2)͕ࣜಘΒΕΔ.

ఆཧ 5.1Λ༻͍Δ͜ͱͰ, ैདྷͷτϙϩδΧϧ૬ೋ͔ͭΒ۩ମྫΛߏ੒Ͱ͖Δ. ࡍ࣮
ͷ۩ମྫ͸ [7, 8]ͳͲΛࢀর͞Ε͍ͨ.

஫ҙ 5.2 (H. [8]). ͜͜·Ͱͷٞ࿦͸ίʔφʔͷ֯౓͕ 180౓ΑΓখ͍͞৔߹ʹͯͬݶ
͍Δ͕, ਤ3ӈਤͷΑ͏ͳ֯౓͕180౓ΑΓେ͖ͳԜ֯ܕͷ৔߹΋ಉ༷ʹ͑ߟΔ͜ͱ͕
Ͱ͖Δ. ͜ͷܗঢ়ͷ֯ʹର͢Δ͋ΔछͷToeplitz࡞༻ૉʹରͯ͠΋ఆཧ 2.2ͱಉ༷ͷ݁
Ռ͕੒Γཱͪ, Ծఆ 4.1ͷԼͰԜ֯ܕʹର͢Δίʔφʔࢦ਺͕ಉ༷ʹఆٛ͞ΕΔ. ͜͜
Ͱ࢛൒໘ (ತ֯ܕ)ͱԜ֯ܕͷίʔφʔࢦ਺ͷؒʹ͸−1ഒͷ͕ؔ܎੒Γཱͭ͜ͱ͕ࣔ
͞ΕΔ. ैͬͯόϧΫϋϛϧτχΞϯΛݻఆͯ֯͠ͷܗঢ়Λม͑Δ͜ͱΛ͑ߟΔͱ͖,

ίʔφʔࢦ਺͸ܗঢ়ʹԠͯ͡มԽ͢Δ.

6. Ԡ༻ྫɿ࣍ߴτϙϩδΧϧઈԑମ
τϙϩδΧϧͳίʔφʔঢ়ଶΛܥͭ࣋͸, ෺ੑ෺ཧֶͰ͸࣍ߴτϙϩδΧϧઈԑମͱ
͹Εݺ [15], ۙ೥੝Μʹ͕ڀݚͳ͞Ε͍ͯΔ [2]. ຊߘͰ͸ ݩ࣍ΫϥεAͰ༨ݩ࣍3 2ͷ
ίʔφʔΛܥͭ࣋Λѻ͕ͬͨ, ,ͪ࣋2ͷίʔφʔΛݩ࣍Ͱ༨ݩ࣍2 ͞Βʹ3.2અͷΑ͏
ʹΧΠϥϧରশੑΛอͭΫϥεAIIIͷܥΛ͑ߟΔͱ, ੔਺஋ͷίʔφʔࢦ਺͕ఆٛ͞
Ε, ίʔφʔʹؔ࿈ͨ͠τϙϩδʔʹ͍ͭͯಉ༷ͷཧ࿦Λల։͢Δ͜ͱ͕Ͱ͖Δ [8]. Ԡ
༻ྫͱͯ͠, Benalcazar–Bernevig–Hughesͷ Ϟσϧݩ࣍2 [2]͸ΧΠϥϧରশੑΛؚΉ
ෳ਺ͷରশੑΛอͪ, ,͕ͭ࣋ίʔφʔঢ়ଶΛʹࡍ࣮ ͜ͷ͜ͱΛզʑͷख๏Ͱઆ໌͢Δ
͜ͱ͕Ͱ͖Δ. ͢ͳΘͪఆཧ 5.1ͱྨࣅͷఆཧΛ༻͍ͯ, ίʔφʔࢦ਺Λ࣮͠ࢉܭʹࡍ,

ඇࣗ໌Ͱ͋Δ͜ͱ͕֬ೝͰ͖Δ. ͜ΕʹΑͬͯ [2]ͷϞσϧ͕ͭ࣋ίʔφʔঢ়ଶͷഎޙ
ʹ͋Δτϙϩδʔʹ͍ͭͯ, ΧΠϥϧରশੑͷ໾ׂ͕໌Β͔ͱͳͬͨ [8].
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On the topological regularity of spaces
with an upper curvature bound

Ӭ໺ Ұ޾ (ஜ೾େ਺ཧ෺࣭)∗

֓ ཁ

ຊߘͰ͸, Lytchakࢯ (έϧϯେֶ)ͱචऀʹΑΔۂ཰্͕ʹ༗քͳڑ཭ۭؒ
ʹର͢ΔҰ࿈ͷڞಉڀݚ [30, 31]ͷ͏ͪ, ಛʹزԿֶతτϙϩδʔͷ؍఺͔Β
ಘΒΕͨҐ૬ਖ਼ଇੑʹؔ͢Δ࿦จ [31]தͷओͳڀݚ੒Ռʹ͍ͭͯใ͢ࠂΔ.

1. ͸͡Ίʹ
A. D. Alexandrov͸ 1950೥୅ʹଌ஍ܗ֯ࡾͷൺֱ৚݅ʹΑͬͯۂ཰͕ยଆʹ༗ք

ͳڑ཭ۭؒͷ֓೦Λಋೖͨ͠. ൴ͷڀݚΛ૆ͱ͢ΔAlexandrovزԿֶ͸, 1980೥୅ͷ
GromovͷڀݚΛػܖͱͯ͠ޫ٭ΛཋͼΔ͜ͱʹͳΔ. ,཭ۭؒ͸ڑ཰͕Լʹ༗քͳۂ

୯ʹAlexandrovۭؒͱݺ͹Ε, ཭ۭؒ଒ʹର͢ΔGromovͷϓϨίϯύΫτੑఆཧڑ
ʹΑΓେҬRiemannزԿֶʹ͓͍ͯେࣄͳڀݚର৅ʹͳ͍ͬͯΔ. ҰํͰ, ʹ཰্͕ۂ
༗քͳڑ཭ۭؒ͸, ಛผͳର৅͕CAT(κ)ۭؒͱݺ͹Ε, Gromovͷ૒܈ۂʹؔ࿈͢Δ
.ຊతͳ໾ׂΛ୲͍ͬͯΔجʹ཭ۭؒͱͱ΋ڑۂ࿦ʹ͓͍ͯGromov૒܈Կֶతز

ҎԼͰ͸, nݩ࣍EuclidۭؒRn಺ͷ (n − ໘Λٿඪ४୯Ґݩ࣍(1 Sn− 1Ͱද͢. ཰ۂ
͕ยଆʹ༗քͳڑ཭ۭؒXʹରͯ͠, ఺x ∈ Xʹ͓͚Δํۭؒ޲ΛΣxXͰද͠, ͦͷ
Euclidਲ਼ͱͯ͠ఆٛ͞ΕΔ઀ۭؒΛTxXͰද͢. ·ͨ઀ۭؒTxXͷ௖఺Λ oxͰද͢.

΋͠X͕Riemannଟ༷ମͰ͋Ε͹, ,ʹ໘ٿΣxX͸୯Ґ઀ۭؒ޲ํ ઀ۭؒTxX͸௨ৗ
ͷ઀ۭؒʹ, ௖఺ ox͸௨ৗͷ઀ۭؒͷݪ఺ʹ૬౰͢Δ.

͸Lytchakͱචऀ࣍ [31]ͷۂ཰্͕ʹ༗քͳۭؒʹର͢ΔہॴҐ૬ਖ਼ଇੑఆཧͰ͋Δ.

ఆཧ 1.1. .཭ۭؒXʹର͠ҎԼ͸ಉ஋Ͱ͋ΔڑॴίϯύΫτہ཰্͕ʹ༗քͳۂ([31])

(1) X͸nݩ࣍Ґ૬ଟ༷ମͰ͋Δ.

(2) ೚ҙͷ఺x ∈ Xʹ͓͚Δํۭؒ޲ΣxX͸Sn− 1ʹϗϞτϐʔಉ஋Ͱ͋Δ.

(3) ೚ҙͷ఺x ∈ Xʹ͓͚Δ઀ۭؒTxX͸Rnʹಉ૬Ͱ͋Δ.

஫ҙ 1.1. ఆཧ1.1͸࣍ͷΑ͏ʹݴ׵Ͱ͖Δ ([31]). ڑॴίϯύΫτہ཰্͕ʹ༗քͳۂ
཭ۭؒXʹର͠ҎԼ͸ಉ஋Ͱ͋Δ. (1) X͸Ґ૬ଟ༷ମͰ͋Δ. (2) ඇՄॖͳҐ૬ۭؒ
Σ͕ଘͯ͠ࡏ, ֤఺x ∈ Xʹ͓͍ͯํۭؒ޲ΣxX͸ΣʹϗϞτϐʔಉ஋Ͱ͋Δ. (3) ༗
,ͯ͠ࡏҐ૬ۭؒT͕ଘݩ࣍ݶ ֤఺x ∈ Xʹ͓͍ͯ઀ۭؒTxX͸Tʹಉ૬Ͱ͋Δ.

ఆཧ1.1͸ະղܾͰ͋ͬͨA. D. Alexandrovͷ໰୊ ([1]Λࢀর)ʹ׬౴͢Δ. ఆཧ1.1

ʹ͓͍ͯ, X ͕ nݩ࣍Ґ૬ଟ༷ମͰ͋Δͱ͢Δ. ͜ͷͱ͖, ֤఺ʹ͓͚Δํۭؒ޲͸
Sn− 1ͱಉ͡ϗϞϩδʔ܈Λͭ࣋ (n− ϗϞϩδʔଟ༷ମͰ͋Δݩ࣍(1 (໋୊3.5Λࢀর).

΋͠n ≥ 5Ͱ͋Ε͹, ֤఺Ͱͷํ͕ۭؒ޲ (n− .Βͳ͍ݶҐ૬ଟ༷ମͰ͋Δͱ͸ݩ࣍(1

,ࡍ࣮ ͦͷΑ͏ͳੑ࣭Λຬͨ͢ྫ͸, Edwardsͷೋॏݒਨఆཧ ([17], [11])ʹΑΓ, (n−2)

੒͞ΕΔߏਨͱͯ͠ݒ໘ͷೋॏٿPoincaréϗϞϩδʔݩ࣍ ([1], [4], [21], ྫ3.1Λࢀর).

ଞํn ≤ 4Ͱ͋Ε͹, ֤఺ʹ͓͚Δํۭؒ޲͸Sn− 1ʹಉ૬Ͱ͋Δ (ఆཧ6.2Λࢀর).

෦෼తʹՊݚඅ (՝୊൪߸:26610012, 21740036, 18740023)ͱֶৼւ֎ಛผڀݚһ੍౓ͷॿ੒Λड͚ͨ.
∗˟ 305-8571 ҵ৓ͭ͘ݝ͹ࢢఱԦ୆ 1-1-1 ஜ೾େֶ਺ཧ෺࣭ܥ਺ֶҬ
e-mail: nagano@math.tsukuba.ac.jp
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.཰্͕ʹ༗քͳϗϞϩδʔଟ༷ମʹର͢ΔҐ૬ਖ਼ଇੑఆཧͰ͋Δۂ͸࣍

ఆཧ 1.2. ([31]) ,ϗϞϩδʔଟ༷ମXʹର͠ݩ࣍཰্͕ʹ༗քͳ೚ҙͷnۂ Xͷہॴ
༗ݶͳ෦෼ू߹E͕ଘͯ͠ࡏ, ࠩू߹X − E͸nݩ࣍Ґ૬ଟ༷ମͰ͋Δ.

ఆཧ1.2͸ະղܾͰ͋ͬͨQuinnͷ໰୊ .ఆతͳղ౴Λ༩͍͑ͯΔߠʹ[41]

ҎԼͰ͸, ཭ۭؒͷ఺ڑ pΛத৺ͱ͢Δ൒ܘ rͷ։ڑ཭ٿମΛ Ur(p), ดڑ཭ٿମΛ
Br(p), −໘Br(p)ٿ཭ڑ Ur(p)Λ∂Br(p)Ͱද͢͜ͱʹ͢Δ.

Alexandrovۭؒʹରͯ͠ఆཧݩ࣍ݶ཰͕Լʹ༗քͳ೚ҙͷ༗ۂ 1.1΍ఆཧ 1.2ͷओ
ு͕੒Γཱͭ͜ͱ͸, Wu ([50])͕ࣔͨ͠Α͏ʹ, Perelmanͷہॴਲ਼ੑఆཧ ([36], [37])

͔Βಋ͔ΕΔ. Perelmanͷہॴਲ਼ੑఆཧͷओு͸࣍ͷ௨ΓͰ͋Δ ([26]΋ࢀর). ཰ۂ
͕Լʹ༗քͳ༗ݩ࣍ݶAlexandrovۭؒXͷ఺ x ∈ XΛ༩͑Δͱ, े෼খ͞ͳ೚ҙͷ
r ∈ (0,∞)ʹରͯ͠, ಉ૬ࣸ૾h : Br(x) → B1(ox)͕ଘͯ͠ࡏ, h(∂Br(x)) = ΣxX͔ͭ
h(x) = oxΛຬͨ͠, h|∂Br(x)૾ࣸݶ੍ : ∂Br(x) → ΣxX΋ಉ૬Ͱ͋Δ. ͜͜Ͱ, ઀ۭؒ
TxX಺ͷڑ཭ٿ໘∂B1(ox)Λํۭؒ޲ΣxXͱಉҰ͍ͯ͠ࢹΔ.

,߹཰্͕ʹ༗քͳ৔ۂ ,උͰ͋Γ׬ॴଌ஍తہॴίϯύΫτͰہ཭ۭ͕ؒڑ Ͱݩ࣍2
͋ͬͯ΋, ,ॴਲ਼ੑఆཧ͕੒Γཱͨͳ͍͜ͱ͕ہ Kleiner [28]ʹΑͬͯࢦఠ͞Εͨ (൓ྫ
ͷ۩ମతͳߏ੒ํ๏͸ [33]Λࢀর). ఆཧ 1.1΍ఆཧ 1.2Λূ໌͢ΔͨΊʹ͸, Perelman

ͷ࿦จ [36], [37]ͱ͸ҟͳΔΞΠσΞ͕ඞཁͰ͋Δ.

,཰্͕ʹ༗քͳϗϞϩδʔଟ༷ମʹରͯ͠͸ۂ .ॴਲ਼ੑఆཧ͕੒Γཱͭہͷ࣍ ͳ͓,

n = 5ͷ৔߹ͷূ໌͸Steven Ferryࢯ (ϥτΨʔεେֶ)ͷԉॿΛड͚͍ͯΔ (஫ҙ6.1).

ఆཧ 1.3. ϗϞϩδʔଟ༷ମXʹ͍ͭͯ,೚ҙͷ఺xݩ࣍཰্͕ʹ༗քͳnۂ([31]) ∈ X

ʹରͯ͠, Xʹ͓͚Δxͷ։ۙ๣Uxͱ, Sn− 1ͱಉ͡ϗϞϩδʔ܈Λͭ࣋ίϯύΫτ(n−1)

,ͯ͠ࡏҐ૬ଟ༷ମMx͕ଘݩ࣍ Ux͸Mx্ͷ։ਲ਼C(Mx)ʹಉ૬Ͱ͋Δ.

஫ҙ 1.2. ࿦จ [31]Ͱ͸, .ͷओு΋ূ໌͍ͯ͠Δ࣍ ͢ͳΘͪ, ఆཧ 1.3ʹ͓͍ͯ, ΋͠
n ≤ 4Ͱ͋Ε͹, ೚ҙͷ఺ x ∈ Xʹ͍ͭͯ, े෼খ͞ͳ͢΂ͯͷ r ∈ (0, Dκ)ʹରͯ͠,

−໘∂Br(x)͸Snٿ཭ڑ 1ͱಉ͡ϗϞϩδʔ܈Λͭ࣋ίϯύΫτ (n− Ґ૬ଟ༷ମݩ࣍(1
Ͱ͋Γ, ։ڑ཭ٿମUr(x)͸∂Br(x)্ͷ։ਲ਼C(∂Br(x))ʹಉ૬Ͱ͋Δ.

,ॴҐ૬ਖ਼ଇੑఆཧ1.1͸ہ཰্͕ʹ༗քͳۭؒʹର͢Δۂ ཰͕ۂड़΂ΔΑ͏ͳʹ࣍
্ʹ༗քͳRiemannଟ༷ମྻͷඇ่յݶۃͷҐ૬ਖ਼ଇੑͱҐ૬҆ఆੑΛಋ͘.

ఆཧ 1.4. ([31]) CAT(κ)Ͱ͋Δ఺෇͖nݩ࣍Riemannଟ༷ମྻ (Mi, pi)͕఺෇͖ݻ༗
,ʹ཭ۭؒXڑ ఺෇͖Gromov–HausdorffҐ૬Ͱऩଋ͍ͯ͠Δͱ͢Δ. ͜ͷͱ͖, X͸
nݩ࣍Ґ૬ଟ༷ମͰ͋Γ, X಺ͷ೚ҙͷ൓෮ํۭؒ޲͸ٿ໘ʹಉ૬Ͱ͋Δ. ͢ͳΘͪ,

֤m ∈ {1, . . . , n}ʹ͍ͭͯ೚ҙͷx ∈ X, ξ1 ∈ ΣxX, . . . , ξm ∈ Σξm−1 · · ·Σξ1ΣxXʹର͠,

൓෮ํۭؒ޲Σξm · · ·Σξ1ΣxX ͸Sn− m− 1ʹಉ૬Ͱ͋Δ. Ճ͑ͯ, ΋͠X͕ίϯύΫτͰ
͋Ε͹, े෼େͷ೚ҙͷ iʹରͯ͠Mi͸Xʹಉ૬Ͱ͋Δ.

அ໘ۂ཰͕Լʹ༗քͳඇ่յRiemannଟ༷ମྻʹର͠, ఆཧ1.4ͷલ൒ͷҐ૬ਖ਼ଇੑ
͸V. Kapopvitch [25]ʹΑͬͯࣔ͞Ε͍ͯΔ. ఆཧ1.4ͷޙ൒ͷҐ૬҆ఆੑ͸Perelman

ͷҐ૬҆ఆੑఆཧ ([37])ͷ݁ؼͰ͋Δ. PerelmanͷҐ૬҆ఆੑఆཧͷओு͸࣍ͷ௨ΓͰ
͋Δ([26]΋ࢀর). AlexandrovۭؒXʹରͯ͠,͋Δϵݩ࣍཰͕κҎ্ͷnۂ ∈ (0,∞)͕
ଘͯ͠ࡏ,΋͠ۂ཰͕κҎ্ͷnݩ࣍AlexandrovۭؒY ͱX ͷؒͷGromov–Hausdorff

཭͕ڑ ϵະຬͰ͋Ε͹, XͱY ͸ಉ૬Ͱ͋Δ.
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Ұൠʹ,ۂ཰্͕ʹ༗քͳڑ཭ۭؒͷํۭؒ޲͸CAT(1)ۭؒͰ͋Δ. Αͬͯ, CAT(1)

ۭؒʹର͢Δٿ໘ఆཧͱఆཧ1.1Λ૊Έ߹ΘͤΔͱ, ༷ʑͳҐ૬ଟ༷ମೝࣝ໰୊ͷղܾ
.Δ͕ܨʹ Lytchakͱචऀ [31]͸ఆཧ 1.1Λ༻͍ͯCAT(1)ۭؒʹର͢Δ༰ྔٿ໘ఆཧ
΍ମੵٿ໘ఆཧΛ͍ࣔͯ͠Δ. ͞Βʹ, චऀࣗ਎ [34]ʹΑΓޙଓߦ͕ڀݚΘΕ͍ͯΔ.

ຊߘͰ͸, ఆཧ1.1–1.4ͷূ໌ͷུ֓ʹ͍ͭͯղઆ͢Δ. ೚ҙͷ༗ݶ୯ମతෳମͷزԿ
ֶత࣮ݱ͸CAT(1)ڑ཭Λ༗͢Δ ([3]). քڥҎ্ͷՄॖͳ೚ҙͷίϯύΫτݩ࣍5ͨ·
෇͖PLଟ༷ମͷ಺෦͸CAT(−1)ڑ཭Λ༗͢Δ ([2]). ͜Ε͸Kirby–Siebenmannͷఆ
ཧ ([27])ΑΓ6ݩ࣍Ҏ্Ͱ͋Ε͹Ґ૬ଟ༷ମʹରͯ͠΋ਖ਼͍͠. Կֶతτϙϩδʔͷز
.ຯਂ͍ͱ͍͑Α͏ڵΔ͜ͱ͸͢ڀݚ଄Λߏ཭ۭؒͷҐ૬ڑ཰্͕ʹ༗քͳۂ఺͔Β؍

2. ຊੑ࣭ج཭ۭؒͷڑ཰্͕ʹ༗քͳۂ
ͱͯ͠ݙจߟࢀ཭ۭؒʹؔ͢Δڑ཰্͕ʹ༗քͳۂ [6], [8], [10]Λ͓ͯ͛͘ڍ.

2.1. ཭ۭؒڑ཰্͕ʹ༗քͳۂ

,ઢͷ͜ͱͰ͋ΓۂΈࠐ୹ଌ஍ઢͱ͸͔۠ؒΒͷ౳௕తຒΊ࠷཭ۭؒ಺ͷڑ ଌ஍ઢͱ
͸ہॴ࠷୹ଌ஍ઢͷ͜ͱͰ͋Δ. ਖ਼ͷ֦ு࣮਺ r ∈ (0,∞]ʹରͯ͠, ཭ۭ͕ؒڑ r-ଌ஍
తͰ͋Δͱ͸, ཭͕ڑ rະຬͷ೚ҙͷ 2఺͕࠷୹ଌ஍ઢͰ݁͹ΕΔͱ͖ʹ͍͏. ཭ۭڑ
͕ؒଌ஍తͰ͋Δͱ͸∞-ଌ஍తͰ͋Δͱ͖ʹ͍͏. ॴଌ஍తہ཭ۭ͕ؒڑॴଌ஍తہ
,උͰ͋Δͱ͸׬ ୺఺Λͭ࣋͢΂ͯͷଌ஍ઢ͕ͦͷ୺఺Λ௒͑ͯԆ௕Ͱ͖Δͱ͖ʹ͍
͏. .͏͍ʹମ͕ίϯύΫτͰ͋Δͱ͖ٿ཭ڑ༗Ͱ͋Δͱ͸೚ҙͷดݻ཭ۭ͕ؒڑ ॴہ
ଌ஍తڑ཭ۭ͕ؒہॴίϯύΫτͰہॴ׬උͰ͋Ε͹ہॴݻ༗Ͱ͋Δ.

࣮਺κ ∈ Rʹର͠, ఆۂ཰κͷ୯࿈݁׬උۂ໘ΛM 2
κͰද͠, ͦͷ௚ܘΛDκͱ͓͘.

,཭ۭ͕ؒCAT(κ)Ͱ͋Δͱ͸ڑඋ׬ Dκ-ଌ஍తͰ͋Γ, ͔ͭप௕͕ 2Dκະຬͷ೚ҙͷ
ଌ஍͕ܗ֯ࡾM 2

κ಺ͷಉ͡ล௕Λͭ࣋ൺֱܗ֯ࡾͱൺ΂ͯް͘ͳ͍ͱ͖ʹ͍͏.

,཰্͕ʹ༗քͰ͋Δͱ͸ۂ཭ۭؒX͕ڑ ͋Δκ ∈ R͕ଘͯ͠ࡏ, ೚ҙͷ఺x ∈ Xʹ
ରͯ͋͠Δ r ∈ (0, Dκ/2)͕ଘͯ͠ࡏ෦෼ڑ཭ۭؒBr(x)͕CAT(κ)Ͱ͋Δͱ͖ʹ͍͏.

͜ͷ৔߹, Xͷۂ཰͸κҎԼͰ͋Δͱ͍͏.

཭ۭؒ͸ANRڑ཰্͕ʹ༗քͰ͋Δۂ (ઈରۙ๣ϨτϥΫτ)Ͱ͋Δ ([35], [29]). ࣮
,ࡍ .ॴՄॖͰ͋Δہॴತ͔ͭہ཭ۭؒ͸ڑ཰্͕ʹ༗քͰ͋Δۂ ͢ͳΘͪ, ೚ҙͷ
CAT(κ)ۭؒͷ఺xʹ͍ͭͯ, ֤r ∈ (0, Dκ/2]ʹରͯ͠Br(x)͸ತͰ͋Δ. ֤r ∈ [0, Dκ)

ʹରͯ͠, ఺xͱ೚ҙͷ఺ y ∈ Br(x)͸།Ұతʹ࠷୹ଌ஍ઢͰ݁Ϳ͜ͱ͕Ͱ͖Δ. ಛʹ,

Br(x)͸఺x͔Βൃਐ͢Δ࠷୹ଌ஍ઢʹԊͬͯBr(x)ͷதͰ఺xʹՄॖͰ͋Δ.

ྫ 2.1. அ໘ۂ཰͕Ұ༷ʹκҎԼͰ͋Δ೚ҙͷ׬උRiemannଟ༷ମ͸, ཰͕κҎԼͷۂ
.཭ۭؒͰ͋Δڑ ,උRiemannଟ༷ମ͕CAT(κ)Ͱ͋Δ͜ͱͱ׬ அ໘ۂ཰͕Ұ༷ʹκҎ
ԼͰ͋Γ, ͔ͭ୯ࣹ൒͕ܘҰ༷ʹDκҎ্Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ.

ྫ 2.2. ཭Λඋ͑ͨ։ਲ਼ڑ཭ۭؒX্ͷEuclidਲ਼C(X)͸Euclidڑ [0,∞)×X/{0}×X

ͱͯ͠ఆ·Δ. ,཭ۭؒX্ͷEuclidਲ਼C(X)͕CAT(0)Ͱ͋Δ͜ͱͱڑ X͕CAT(1)

Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ.

ྫ 2.3. ,཭ۭؒXڑ Y ͷٿ໘త݁X ∗ Y ͸ٿ໘తڑ཭Λඋ͑ͨ݁ [0, π/2]×X ×Y/ ∼
ͱͯ͠ఆ·Δ. ,཭ۭؒXڑ Y ͷٿ໘త݁X ∗Y ͕CAT(1)Ͱ͋Δ͜ͱͱ, XͱY ͕ͱ΋
ʹCAT(1)Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ. ͳ͓, Sm− 1 ∗ Sn− 1͸ Sm+n− 1ʹ౳௕తͰ͋Δ. ڑ
཭ۭؒZʹର͢Δٿ໘త݁S0 ∗Z͸Z্ͷٿ໘తݒਨʹଞͳΒͳ͍.
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2.2. ,ۭؒ޲཭ۭؒʹ͓͚Δํڑ཰্͕ʹ༗քͳۂ ઀ۭؒ

཭ۭؒXͷ఺xڑ཰্͕ʹ༗քͰ͋Δۂ ∈ Xʹରͯ͠, ఺x͔Βൃਐ͢Δඇࣗ໌ͳ
′୹ଌ஍ઢશମͷू߹ΛΣ࠷

xXͰද͢. ఺xʹ͓͚Δ֯౓∠x͸Σ′
xX্ͷٖڑ཭ͱͳΔ.

͜͜Ͱ, Σ′
xXͷ2ͭͷݩγi : [0, ai] → X, i ∈ {1, 2}ͷؒͷ֯౓∠x(γ1, γ2 )͸,

∠x(γ1, γ2 ) = lim
t→0

2 sin− 1 d(γ1(t), γ2 (t))

2t
= lim

t1,t2→0
cos− 1 t

2
1 + t22 − d(γ1(t1), γ2 (t2 ))2

2t1t2

Λຬͨ͢. ͨͩ͠, d͸X্ͷڑ཭Ͱ͋Δ. ఺ xʹ͓͚Δํۭؒ޲ΣxX͸঎ڑ཭ۭؒ
Σ′

xX/∠x = 0ͷ׬උԽͱͯ͠ఆٛ͞ΕΔ. ઀ۭؒ TxX͸ํۭؒ޲ΣxX্ͷEuclidਲ਼
C(ΣxX)ͱͯ͠ఆٛ͞ΕΔ. ೚ҙͷํۭؒ޲͸CAT(1)Ͱ͋Γ,઀ۭؒ͸CAT(0)Ͱ͋Δ.

,͍͓ͯʹ཭ۭؒڑ཰্͕ʹ༗քͳۂ े෼খ͞ͳ͖݀͋ڑ཭ٿମ͸ํۭؒ޲ʹϗϞ
τϐʔಉ஋Ͱ͋Δ. ,ࡍ࣮ CAT(κ)ۭؒͷ఺xʹ͓͍ͯ, ͢΂ͯͷ r ∈ (0, Dκ)ʹରͯ͠,

Ur(x)− {x}΍Br(x)− {x}͸ΣxXʹϗϞτϐʔಉ஋Ͱ͋Δ ([29]).

ຊߘΛ௨ͯ͠, ݩ࣍dim͸Ґ૬ݩ࣍཭ۭؒͷڑ (ඃ෴ݩ࣍)Λද͢. ཰্͕ʹ༗քͳۂ
Մ෼ڑ཭ۭؒXʹରͯ͠, dimX = 1 + supx∈X dimΣxX ͕੒Γཱͭ ([28]). ͞Βʹ, ΋
͠dimX = nͰ͋Ε͹, ͋Δ఺x ∈ X͕ଘ͠ࡏHn− 1(ΣxX)͕ࣗ໌ͳ܈Ͱ͸ͳ͍ ([28]).

2.3. ཭ۭؒڑඋ׬཰্͕ʹ༗քͳଌ஍తۂ

཭ۭؒͷ͜ͱΛڑඋͳՄ෼׬ॴଌ஍తہॴίϯύΫτͰہ཰্͕ʹ༗քͰ͋Γۂ
GCBAۭؒͱݺͿ. ͞Βʹ, ,཰͕κҎԼͰ͋Δͱ͖ۂ GCBA(κ)ۭؒͱݺͿ. ΋͠X͕
GCBAۭؒͰ͋Ε͹, ֤఺x ∈ Xʹ͓͚Δํۭؒ޲ΣxX΍઀ۭؒTxX͸GCBAۭؒ
Ͱ͋Δ. ·ͨ, ,ΣxX͸ίϯύΫτͰ͋Γۭؒ޲ํ ఺෇͖઀ۭؒ (TxX, ox)͸఺෇͖֦
େۭؒ (rX, x)Λ r → ∞ͱͨ͠ͱ͖ͷ఺෇͖Gromov–Hausdorffݶۃʹ౳௕తͰ͋Δ.

Ґ૬ۭؒXͷ఺x ∈ X͕ଟ༷ମ఺Ͱ͋Δͱ͸, ͋Δnʹ͍ͭͯ఺x͕Xʹ͓͍ͯRn

ͱಉ૬ͳ։ۙ๣Λͭ࣋ͱ͖ʹ͍͏. ͜ͷ৔߹xΛnݩ࣍ଟ༷ମ఺ͱݺͿ. Ґ૬ۭؒX಺
ͷඇଟ༷ମ఺શମ͔ΒͳΔू߹ΛS(X)Ͱද͠Ґ૬తಛҟ఺ू߹ͱݺͿ.

Lytchakͱචऀ͸࿦จ [31]ʹઌ͢ߦΔ࿦จ [30]ʹ͓͍ͯGCBAۭؒͷزԿߏ଄ͷج
൫తͳڀݚΛͨͬߦ. ࿦จ [30]಺ͷҐ૬తͳڀݚ੒ՌΛ͔ͭزड़΂Δ. ೚ҙͷGCBA

ۭؒXʹରͯ͠, ҎԼ͕੒Γཱͭ. (1) dimX͸ہॴతʹ༗ݶͰ͋Δ. (2) X − S(X) ͸
᜚ີͳ։෦෼ू߹Ͱ͋Δ. (3) Xʹ͓͍ͯ, ઀ۭ͕ؒEulclidۭؒͱ౳௕తͳ఺શମ͔Β
ͳΔू߹͸᜚ີͰ͋Δ. (4) X͕nݩ࣍Ͱ͋Ε͹, dimS(X) ≤ n− 1Ͱ͋Δ.

͸Lytchakͱචऀ࣍ [30]ʹΑΔہॴϗϞτϐʔ҆ఆੑఆཧͰ͋Δ.

ఆཧ 2.1. ([30]) ೚ҙͷGCBA(κ)ۭؒX ͷ఺ x ∈ X ʹରͯ͠, ͋Δ rx ∈ (0, Dκ/2)

͕ଘͯ͠ࡏ, ͢΂ͯͷ r ∈ (0, rx)ʹ͍ͭͯ, Br(x)͸ίϯύΫτ͔ͭ CAT(κ)Ͱ͋Γ,

∂Br(x)͸ΣxXʹϗϞτϐʔಉ஋Ͱ͋Δ. ͞Βʹ, GCBA(κ)ۭؒྻ (Xi)ͷ֤ཁૉXiͷ
఺xi ∈ Xiʹରͯ͠Br(xi)͕ίϯύΫτ͔ͭCAT(κ)Ͱ͋Γ, (Br(xi), xi)͕(Br(x), x)ʹ
఺෇͖Gromov–HausdorffҐ૬Ͱऩଋ͍ͯ͠Δͱ͢Δͱ, े෼େ͖ͳ iʹରͯ͠∂Br(xi)

͸∂Br(x)ʹϗϞτϐʔಉ஋Ͱ͋Δ.

3. ཰্͕ʹ༗քͳϗϞϩδʔଟ༷ମۂ
ຊߘͰ͸, H∗ͰZ܎਺ಛҟϗϞϩδʔ܈Λද͢.

3.1. ϗϞϩδʔଟ༷ମʹର͢Δଟ༷ମೝࣝఆཧ

ϗϞϩδʔଟ༷ମʹؔ͢Δଟ༷ମ෼ղཧ࿦ͷ࿩୊ʹ͍ͭͯख୹ʹड़΂Δ ([14]Λࢀর).
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཭ۭؒMڑॴίϯύΫτՄ෼ہ ͕ nݩ࣍ϗϞϩδʔଟ༷ମͰ͋Δͱ͸, ೚ҙͷ఺
p ∈ Mʹ͓͚ΔہॴϗϞϩδʔ܈H∗(M,M − {p})͕H∗(Rn,Rn −{0}) ʹಉܕͰ͋Δ
ͱ͖ʹ͍͏. ༗ݩ࣍ݶANRͰ͋Δnݩ࣍ϗϞϩδʔଟ༷ମΛnݩ࣍Ұൠଟ༷ମͱݺͿ.

೚ҙͷ nݩ࣍Ұൠଟ༷ମͷݩ࣍͸ nʹ౳͍͠. ΋͠ n ≤ 2Ͱ͋Ε͹, Mooreͷఆཧʹ
Αͬͯ, ೚ҙͷnݩ࣍Ұൠଟ༷ମ͸Ґ૬ଟ༷ମͰ͋Δ ([49]Λࢀর).

Ґ૬ۭؒͷؒͷશࣹݻ༗࿈ଓࣸ૾ϕ : X → Y ͕๔ମతͰ͋Δͱ͸, ೚ҙͷ఺y ∈ Y ͷ
ϑΝΠόʔϕ− 1({y})͕Xʹ͓͚Δ͢΂ͯͷ։ۙ๣ͷதͰՄॖͰ͋Δͱ͖ʹ͍͏. ·ͨ,

nݩ࣍Ұൠଟ༷ମM,Nͷؒͷ๔ମతࣸ૾ϕ : N → M͕ϨκϦϡʔγϣϯͰ͋Δͱ͸,

N ͕ nݩ࣍Ґ૬ଟ༷ମͰ͋Δͱ͖ʹ͍͏. Ճ͑ͯ, nݩ࣍Ұൠଟ༷ମM ͕ϨκϦϡʔ
γϣϯΛͭ࣋ͱ͸, ͋Δnݩ࣍Ґ૬ଟ༷ମN͔ΒM΁ͷϨκϦϡʔγϣϯ͕ଘ͢ࡏΔ
ͱ͖ʹ͍͏. QuinnͷϨκϦϡʔγϣϯଘࡏఆཧ ([39], [40])ʹΑΓ͕࣍੒Γཱͭ.

ఆཧ 3.1. ([39], [40]) n ≥ 5ͱ͢Δ. ࿈݁ͳnݩ࣍ҰൠԽଟ༷ମM͸, nݩ࣍ଟ༷ମ఺
Λڐ༰͢Ε͹, ϨκϦϡʔγϣϯΛͭ࣋.

Ҏ߱, B2 ͰR2 ಺ͷ .ඪ४୯Ґดԁ൘Λද͢ݩ࣍2 ཭ۭؒX͕DDP(ԁ൘෼཭ੑ)ڑ

Λຬͨ͢ͱ͸, ೚ҙͷ࿈ଓࣸ૾ϕ1 : B2 → X, ϕ2 : B2 → Xͱ೚ҙͷ ϵ ∈ (0,∞)ʹର͠,

࿈ଓࣸ૾ ϕ̃1 : B2 → X, ϕ̃2 : B2 → X͕ଘͯ͠ࡏ, ֤ i ∈ {1, 2}ʹ͍ͭͯd(ϕi, ϕ̃i) < ϵͰ
͋Γ, ϕ̃1(B2 ) ∩ ϕ̃2 (B2 )͕ۭू߹Ͱ͋Δͱ͖ʹ͍͏. ͜͜Ͱ, d͸Ұ༷ڑ཭Ͱ͋Δ.

EdwardsͷDDPϨκϦϡʔγϣϯۙࣅఆཧ ([16])ͱQuinnͷϨκϦϡʔγϣϯଘࡏ
ఆཧ ([39], [40])Λ߹ΘͤΔͱ, .ͷEdwards–QuinnͷDDPଟ༷ମೝࣝఆཧ͕ಘΒΕΔ࣍

ఆཧ 3.2. ([16], [39], [40]) n ≥ 5ͱ͢Δ. ࿈݁ͳnݩ࣍Ұൠଟ༷ମM͕nݩ࣍Ґ૬ଟ༷
ମͰ͋Δ͜ͱͱ, M͕nݩ࣍ଟ༷ମ఺Λڐ༰͠, ͔ͭDDPΛຬͨ͢͜ͱ͸ಉ஋Ͱ͋Δ.

Ґ૬ۭؒXͷ෦෼ू߹K͕Xʹ͓͍ͯ1-LCC(ہॴ༨୯࿈݁)Ͱ͋Δͱ͸, ੒Γ͕࣍
ཱͭͱ͖ʹ͍͏. ͢ͳΘͪ, ೚ҙͷ఺ p ∈ Kͱ, Xʹ͓͚Δ pͷ೚ҙͷ։ۙ๣Uʹର͠
ͯ, pͷ͋Δ։ۙ๣V ͕ଘͯ͠ࡏɼ͢΂ͯͷ࿈ଓࣸ૾σ : S1 → V −Kʹରͯ͠, ͋Δ࿈
ଓࣸ૾ϕ : B2 → U −K͕ଘͯ͠ࡏϕ| S1 = σΛຬͨ͢.

͸Cannon–Bryant–Lacher࣍ ʹΑΔ1-LCCऩॖఆཧ ([12])Ͱ͋Δ.

ఆཧ 3.3. ([12]) MΛnݩ࣍Ұൠଟ༷ମͱ͢Δ. ΋͠S(M)͕1-LCCͰ͋Γɼ2m+3 ≤ n

Λຬͨ͢mʹ͍ͭͯdimS(M) ≤ mͰ͋Ε͹, M͸nݩ࣍Ґ૬ଟ༷ମͰ͋Δ.

஫ҙ 3.1. Cannon–Bryant–Lacherͷ1-LCCऩॖఆཧ3.3͸, ʹ߹Ұൠଟ༷ମͷ৔ݩ࣍4
Bestvina–Daverman–Venema–Walsh ([5])ʹΑͬͯվྑ͞Ε͍ͯΔ.

3.2. ຊੑ࣭ج཰্͕ʹ༗քͳϗϞϩδʔଟ༷ମͷۂ

Ұൠʹ, ཭ۭؒX͸ANRͰ͋Γڑ཰্͕ʹ༗քͳۂ ([35], [29]), X͕ہॴίϯύΫτ
Ͱہॴଌ஍త׬උͰ͋Ε͹X͸ہॴతʹ༗ݩ࣍ݶͰ͋Δ ([30]). ·ͨ, X͕ϗϞϩδʔ
ଟ༷ମͰ͋Ε͹, X͸ہॴଌ஍త׬උͰ͋Δ (Ұൠଟ༷ମͷ৔߹ [47], Ґ૬ଟ༷ମͷ৔߹
[6]Λࢀর). Αͬͯ, .཰্͕ʹ༗քͳϗϞϩδʔଟ༷ମ͸GCBAҰൠଟ༷ମͰ͋Δۂ

P. Thurston ([47])͸௿زݩ࣍Կֶతτϙϩδʔͷཧ࿦Λ༻͍ͯ࣍Λࣔͨ͠.

ఆཧ 3.4. ([47]) .Ґ૬ଟ༷ମͰ͋Δݩ࣍Ұൠଟ༷ମ͸3ݩ࣍཰্͕ʹ༗քͳ3ۂ

,ͷ໋୊͸࣍ Lytchakͱචऀ [31]ʹΑΓࣔ͞Εͨۂ཰্͕ʹ༗քͳڑ཭ۭؒʹର͢Δ
ϗϞϩδʔଟ༷ମೝ໋ࣝ୊Ͱ͋Δ.
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໋୊ 3.5. .཭ۭؒXʹର͠ҎԼ͸ಉ஋Ͱ͋ΔڑॴίϯύΫτہ཰্͕ʹ༗քͳۂ([31])

(1) X͸nݩ࣍ϗϞϩδʔଟ༷ମͰ͋Δ.

(2) ֤఺x ∈ Xʹରͯ͠H∗(ΣxX) = H∗(Sn− 1)Λຬͨ͢.

͜ͷ৔߹, ֤఺x ∈ Xʹ͓͚Δํۭؒ޲ΣxX͸ (n − ,ϗϞϩδʔଟ༷ମͰ͋Γݩ࣍(1

઀ۭؒTxX͸nݩ࣍ϗϞϩδʔଟ༷ମͰ͋Δ.

Edwardsͷೋॏݒਨఆཧ ([17], [11])ʹΑΓ, n ≥ 5ͱ͢Δͱ͖, ೚ҙͷ (n− ϙݩ࣍(2
ΞϯΧϨϗϞϩδʔٿ໘Σn− 2ͷೋॏݒਨ (S0 ∗(S0 ∗Σn− 2 ))͸, nݩ࣍Ґ૬ଟ༷ମͰ͋Δ.

ྫ 3.1. ([1], [4], [21]) n ≥ 5ͱ͢Δ. ඇ୯࿈݁(n−2)ݩ࣍ίϯύΫτਖ਼ఆۂ཰ϗϞϩδʔ
(໘ٿPoincaréϗϞϩδʔ)໘Riemannଟ༷ମٿ Σn− 2Λ༩͑Δ. ద੾ʹ֦େͯ͠Σn− 2͸
CAT(1)Ͱ͋Δͱͯ͠ྑ͍. ਨS0ݒ໘తٿ ∗Σn− 2͸CAT(1)Ͱ͋Γ(n−1)ݩ࣍ϗϞϩδʔ
ଟ༷ମͰ͋Δ. ਨ఺ݒ ξ± ∈ S0 ∗Σn− 2ʹ͓͚Δํۭؒ޲Σξ±(S0 ∗Σn− 2 )͸Σn− 2ʹ౳௕త
Ͱ͋Δ. ਨ఺ݒ ξ±͸ଟ༷ମ఺Ͱ͸ͳ͍. ਨS0ݒ໘తೋॏٿ ∗(S0 ∗Σn− 2 )͸CAT(1)ۭؒ
Ͱ͋Δ. ±ਨ఺xݒ ∈ S0 ∗(S0 ∗Σn− 2 )ʹ͓͚Δํۭؒ޲Σx±(S0 ∗(S0 ∗Σn− 2 ))͸S0 ∗Σn− 2

ʹ౳௕తͰ͋Δ. ಛʹ, Sn− 1ͱಉ૬Ͱ͸ͳ͍͕ϗϞτϐʔಉ஋Ͱ͋Δ. Edwardsͷೋॏ
ਨఆཧݒ ([17], [11])ΑΓ, S0 ∗(S0 ∗Σn− 2 )͸nݩ࣍Ґ૬ଟ༷ମͰ͋Δ.

4. ϗϞτϐʔ҆ఆੑͱϑΝΠϒϨʔγϣϯ
4.1. ϗϞτϐʔ҆ఆੑͱಉ૬ࣸ૾ۙࣅఆཧ

ਖ਼ͷ࣮਺ ϵ ∈ (0,∞)ʹର͠, ཭ۭؒͷؒͷ࿈ଓࣸ૾fڑ : X → Y ͕ ϵ-ϗϞτϐʔಉ஋
Ͱ͋Δͱ͸, ͋Δ࿈ଓࣸ૾ g : Y → X͕ଘͯ͠ࡏҎԼ͕੒Γཱͭͱ͖ʹ͍͏. ࿈ଓࣸ૾
g ◦ fͱ߃౳ࣸ૾ idXΛ݁ͿϗϞτϐʔΦ : X ×[0, 1] → Xͱ, f ◦ gͱ idY Λ݁ͿϗϞτ
ϐʔΨ : Y ×[0, 1] → Y ͕ଘͯ͠ࡏ, ͷ࣍ (1), (2)Λຬͨ͢. (1) ֤x ∈ Xʹରͯ͠, ઢۂ
[0, 1] ∋ t -→ (f ◦ Φt)(x) ∈ Y ͷ૾ͷ௚͕ܘY ͷதͰ ϵະຬͰ͋Δ. (2) ֤ y ∈ Y ʹର͠
ͯ, ઢۂ [0, 1] ∋ t -→ Ψt(x) ∈ Y ͷ૾ͷ௚͕ܘY ͷதͰ ϵະຬͰ͋Δ. ,཭ۭؒXڑ Y ͕
ϵ-ϗϞτϐʔಉ஋Ͱ͋Δͱ͸ ϵ-ϗϞτϐʔಉ஋ࣸ૾f : X → Y ͕ଘ͢ࡏΔͱ͖ʹ͍͏.

ؔ਺ρ : [0, r0 ) → [0,∞)͕Մॖؔ਺Ͱ͋Δͱ͸, ρ(0) = 0͔ͭρ ≥ id[0 ,r0)Λຬͨ͠, ఺
0ʹ͓͍ͯ࿈ଓͰ͋Δͱ͖ʹ͍͏. Մॖؔ਺ ρʹରͯ͠, ཭ۭؒX͕LGC(ρ)Ͱ͋Δڑ
,ͱ͸(ԿֶతՄॖͰ͋Δزॴہ) ೚ҙͷ఺x ∈ Xͱਖ਼ͷ࣮਺ r ∈ (0,∞)ʹରͯ͠։ڑ཭
.͏͍ʹମUρ(r)(x)ͷதͰՄॖͰ͋Δͱ͖ٿମUr(x)͕ಉ৺ٿ

͸Petersen࣍ ([38])ʹΑΔLGC(ρ)ۭؒʹର͢ΔϗϞτϐʔ҆ఆੑఆཧͰ͋Δ.

ఆཧ 4.1. Մॖؔ਺ρͱඇෛ੔਺nΛ༩͑Δ. ೚ҙͷϵ ∈ (0,∞)ʹରͯ͠,͋Δδ ∈ (0,∞)

͕ଘͯ͠ࡏ, nݩ࣍ҎԼͰ͋Δ 2ͭͷLGC(ρ)ۭؒX, Y ͕ dGH(X, Y ) < δΛຬͨͤ͹,

ͦΕΒ͸ ϵ-ϗϞτϐʔಉ஋Ͱ͋Δ. ͨͩ͠, dGH͸Gromov–Hausdorffڑ཭Ͱ͋Δ.

,ͷఆཧ͸࣍ .Ͱ͋Δ݁ؼఆཧͷࣅۙ-Δα͢ࣅϗϞτϐʔΛಉ૬ࣸ૾Ͱۙޚ੍ ͳ͓,

α-ۙࣅఆཧ͸, n ≥ 5ͷ৔߹ʹChapman–Ferry ([13]), n = 4ͷ৔߹ʹFerry–Weinberger

([19]), n = 2, 3ͷ৔߹ʹ Jakobsche ([23, 24]) ʹΑཱͬͯ֬͞Ε͍ͯΔ. ͨͩ͠, n = 3

ͷ৔߹ͷJakobsche ([24])ͷओு͸Poincaré༧૝ͷղܾ (Perelman)Λඞཁͱ͍ͯͨ͠.

ఆཧ 4.2. ίϯύΫτڑ཭ۭؒM͕nݩ࣍Ґ૬ଟ༷ମͰ͋Δͱ͖, ͢΂ͯͷα ∈ (0,∞)

ʹରͯ͠, ͋Δ ϵ ∈ (0,∞)͕ଘͯ͠ࡏ, ೚ҙͷίϯύΫτ nݩ࣍Ґ૬ଟ༷ମ N ͔Β
ͷ ϵ-ϗϞτϐʔಉ஋ࣸ૾ f : N → M ʹରͯ͠, ͋Δಉ૬ࣸ૾ f̃ : N → M ͕ଘͯ͠ࡏ
d(f, f̃) < α͕੒Γཱͭ. ͨͩ͠, d͸Ұ༷ڑ཭Ͱ͋Δ.
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4.2. ϑΝΠϒϨʔγϣϯͱϑΝΠόʔଋ

Ґ૬ۭؒͷؒͷ࿈ଓࣸ૾f : X → Y ͕ (Hurewicz) ϑΝΠϒϨʔγϣϯͰ͋Δͱ͸, f

͕೚ҙͷҐ૬ۭؒʹରͯ͠ϗϞτϐʔ࣭ੑ্͛ͪ࣋Λຬͨ͢ͱ͖ʹ͍͏.

Ґ૬ۭؒͷؒͷ࿈ଓࣸ૾f : X → Y ,ͱ͸ͭ࣋ॴతʹҰ༷ՄॖͳϑΝΠόʔΛہ͕ ೚
ҙͷ఺ x ∈ Xͱ, X಺ͷ xͷ೚ҙͷ։ۙ๣Uʹରͯ͠, X಺ͷ xͷ։ۙ๣ V ͕ଘ͠ࡏ
ͯ, V ⊂ UͰ͋Γ, .͏͍ʹͷੑ࣭Λຬͨ͢ͱ͖࣍ ͢ͳΘͪ, ΋͠఺y ∈ Y ͷϑΝΠόʔ
f − 1({y})͕V ͱަΘΕ͹, ௨෦෼fڞ − 1({y}) ∩ V ͸f − 1({y}) ∩ UͷதͰՄॖͰ͋Δ.

ͷϑΝΠϒϨʔγϣϯఆཧ͸Michael࣍ ([32]) ͱUnger ([48])ͷ͔ڀݚΒಋ͔ΕΔ.

ఆཧ 4.3. ,཭ۭؒXڑݩ࣍ݶॴίϯύΫτͳ༗ہ Y ʹ͍ͭͯ,શࣹ࿈ଓ։ࣸ૾f : X → Y

,ͪ࣋ॴతʹҰ༷ՄॖͳϑΝΠόʔΛہ͕ ೚ҙͷ఺ y ∈ Y ʹରͯ͠ϑΝΠόʔ f − 1(y)

͕ͦΕࣗ਎ͷதͰՄॖͰ͋Δͱ͢Δ. ͜ͷͱ͖f͸ϑΝΠϒϨʔγϣϯͰ͋Δ.

ϑΝΠϒϨʔγϣϯ͸ϑΝΠόʔଋʹͳΓಘΔ. ઌʹड़΂ͨα-ۙࣅఆཧ 4.2ͱDyer-

Hamstrom ([15])ͷϑΝΠόʔଋೝࣝཧ࿦Λ߹ΘͤΔͱ, ΛಘΔ࣍ ([18], [42]Λࢀর).

ఆཧ 4.4. ݩ࣍ݶॴίϯύΫτ༗ہ ANRڑ཭ۭؒ X, Y ͷؒͷϑΝΠϒϨʔγϣϯ
f : X → Y ʹ͍ͭͯ, ೚ҙͷ఺y ∈ Y ʹ͓͚ΔϑΝΠόʔf − 1({y})͕ίϯύΫτͳn࣍
,Ґ૬ଟ༷ମͰ͋Ε͹ݩ f͸ہॴతʹࣗ໌ͳϑΝΠόʔଋͰ͋Δ.

ࣄ࢓͸Ferryͷ࣍ ([18])ͷมछ൛Ͱ͋Γ, PerelmanʹΑΔPoincaré༧૝ͷղܾΛऔΓ
ೖΕͨओுͰ͋Δ.

ఆཧ 4.5. ཭ۭؒXڑANRݩ࣍ݶॴίϯύΫτ༗ہ ͔Β։۠ؒ I ΁ͷϑΝΠϒϨʔ
γϣϯ f : X → Iʹ͍ͭͯ, ೚ҙͷ఺ t ∈ Iʹ͓͚ΔϑΝΠόʔ f − 1({t})͕nݩ࣍Ґ૬
ଟ༷ମͰ͋Ε͹, X͸ (n+ .Ґ૬ଟ༷ମͰ͋Δݩ࣍(1

5. ͱ৳௕ࣸ૾ث཭ۭؒʹ͓͚Δ৳௕ڑ཰্͕ʹ༗քͳۂ
Lytchakͱචऀ͸࿦จ [30]ʹ͓͍ͯGCBAۭؒʹର͢Δ৳௕ثͱ৳௕ࣸ૾ͷ֓೦Λ

ಋೖͨ͠. ,ʑ͜ΕΒʹରԠ͢Δಉ༷ͷ֓೦͸ݩ ཰͕Լʹ༗քͳAlexandrovۭؒͷۂ
ຊతͳ໾ׂΛՌ͍ͨͯ͠Δج͍͓ͯʹԿֶز ([9]). ,ࡍ࣮ Perelman ([36], [37])͸ۂ཰͕
Լʹ༗քͳ༗ݩ࣍ݶAlexandrovۭؒʹ͓͚Δ৳௕ࣸ૾͕ہॴతʹࣗ໌ͳϑΝΠόʔଋ
Ͱ͋Δ͜ͱΛࣔ͠, ઌʹड़΂ͨہॴਲ਼ੑఆཧΛূ໌ͨ͠.

GCBA(κ)ۭؒX಺ͷ։ڑ཭ٿମUr(x)͕ඍখͰ͋Δͱ͸, r < Dκ/100Λຬͨ͠, ด
ମٿ཭ڑ B10r(x)͕ίϯύΫτ CAT(κ)ۭؒͰ͋Δͱ͖ʹ͍͏. ఺ xͱ͸ҟͳΔ 2఺
y, z ∈ B10r(x)ʹରͯ͠, ఺xͱ఺ yΛ݁Ϳ࠷୹ଌ஍ઢͱ, ఺xͱ఺ zΛ݁Ϳ࠷୹ଌ஍ઢ
ͷؒͷ఺ xʹ͓͚Δ֯౓Λ∠x(y, z)Ͱද͢. ͳ͓, ೚ҙͷGCBA(κ)ۭؒ಺ͷ೚ҙͷ఺
͸ඍখ։ڑ཭ٿମΛͭ࣋͜ͱʹ஫ҙ͢Δ.

ਖ਼ͷ࣮਺ δ ∈ (0,∞)Λ༩͑Δ. GCBA(κ)ۭؒX ಺ͷඍখ։ڑ཭ٿମ Ur0(x0 )ͷ఺
x ∈ Ur0(x0 )ʹରͯ͠, B10r0(x0 ) − {x}಺ͷ kݸͷ఺ͷ૊ (p1, . . . , pk)͕఺ xʹ͓͚Δ
(k, δ)-৳௕ثͰ͋Δͱ͸, B10r0(x0 )− {x}಺ʹผͷkݸͷ఺ͷ૊ (q1, . . . , qk)͕ଘͯ͠ࡏ
ҎԼ͕੒Γཱͭͱ͖ʹ͍͏. (1) ֤ i ∈ {1, . . . , k}ʹ͍ͭͯ, ೚ҙͷ y ∈ B10r0(x0 )− {x}
ʹରͯ͠∠x(pi, y)+∠x(y, qi) < π+ δΛຬͨ͢. (2) ૬ҟͳΔ i, j ∈ {1, . . . , k}ʹ͍ͭͯ,

∠x(pi, pj) < π/2+ δ, ∠x(pi, qj) < π/2+ δ, ∠x(qi, qj) < π/2+ δ Λຬͨ͢. ·ͨ, Ur0(x0 )

ͷ෦෼ू߹Wʹରͯ͠, B10r0(x0 )಺ͷkݸͷ఺ͷ૊ (p1, . . . , pk)͕Wʹ͓͚Δ (k, δ)-৳
௕ثͰ͋Δͱ͸, ૊ (p1, . . . , pk)͕֤఺x ∈ Wʹ͓͚Δ (k, δ)-৳௕ثͰ͋Δͱ͖ʹ͍͏.
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ඍখ։ڑ཭ٿମUr0(x0 )಺ͷ։ू߹UΛఆٛҬͱ͢Δࣸ૾ f : U → Rk͕ (k, δ)-৳௕
ࣸ૾Ͱ͋Δͱ͸, Uʹ͓͚Δ (k, δ)-৳௕ث (p1, . . . , pk)͕ଘͯ͠ࡏ f = (dp1 , . . . , dpk)Λ
ຬͨ͢ͱ͖ʹ͍͏. ͜͜Ͱ, dp1 , . . . , dpk͸ͦΕͧΕp1, . . . , pk͔Βͷڑ཭ؔ਺Λද͢.

GCBA(κ)ۭؒX಺ͷ (k, δ)-৳௕ࣸ૾ f : U → Rkʹ͍ͭͯ, ఆٛҬUͷ఺ x ∈ Uͷ
.ͷੑ࣭Λຬͨ͢఺શମͷू߹ΛUk+1,12δͰද࣍ͪ͢͏ ͢ͳΘͪ, ͋Δ఺ p ∈ XͱU಺
ͷ xͷ։ۙ๣Ux͕ଘͯ͠ࡏ f+ = (f, dp) : Ux → Rk+1͕ (k + 1, 12δ)-৳௕ࣸ૾Ͱ͋Δ.

·ͨ, fͷϑΝΠόʔΠʹରͯ͠, E(Π) = Π− Uk+1,12δͱ͓͖, Πͷྫ֎఺ू߹ͱݺͿ.

GCBA(κ)ۭؒX಺ͷ (k, δ)-৳௕ࣸ૾ͷҐ૬తͳੑ࣭͸࣍ͷ௨ΓͰ͋Δ ([30]).

(1) ೚ҙͷ δ ∈ (0,∞)ͱ೚ҙͷ఺x ∈ Xʹରͯ͠, ͋Δे෼খ͞ͳ r ∈ (0,∞)͕ଘࡏ
ͯ͠, dx : Ur(x)− {x} → (0, r)͸ (1, δ)-৳௕ࣸ૾Ͱ͋Δ.

(2) (k, δ)-৳௕ࣸ૾ f : U → Rk ʹ͍ͭͯ, ೚ҙͷ఺ x ∈ U ʹରͯ͠, े෼খ͞ͳ
r ∈ (0,∞)ͱ, U ʹؚ·ΕΔ (Ur(x) − {x}) ∩ f − 1(f(x)) ͷ։ۙ๣ V ͕ଘͯ͠ࡏ,

f+ = (f, dx) : V → Rk+1͸ (k+1, 12δ)-৳௕ࣸ૾Ͱ͋Γ,ಛʹV ⊂ Uk+1,12δͰ͋Δ.

(3) (k, δ)-৳௕ࣸ૾f : U → Rk ͷ೚ҙͷϑΝΠόʔΠʹରͯ͠E(Π)͸༗ݶͰ͋Δ.

(4) 20kδ < 1Λຬͨ͢ͱ͖,೚ҙͷ (k, δ)-৳௕ࣸ૾f : U → Rk͸։ࣸ૾Ͱ͋Γ, Uͷ೚
ҙͷίϯύΫτ෦෼ू߹Kʹର͠,͋Δr0 ∈ (0,∞)͕ଘ͠ࡏ,͢΂ͯͷr ∈ (0, r0 )

ͱx ∈ Kʹର͠, ௨෦෼Ur(x)ڞ ∩ f − 1(f(x))͸ͦΕࣗ਎ͷதͰxʹՄॖͰ͋Δ.

(5) ΋͠ dimX = nͰ͋Γ, δ͕े෼খ͚͞Ε͹, ೚ҙͷ (n, δ)-৳௕ࣸ૾ f : U → Rn

͸૒LipschitzຒΊࠐΈͰ͋Δ. ͞Βʹ, X͸ (n+ 1, δ)-৳௕ࣸ૾Λڐ༰͠ͳ͍.

ศ্ٓ, ೚ҙͷ δ ∈ (0,∞)ʹରͯ͠, GCBA(κ)ۭؒX ͷ։ू߹ U ͔Βͷఆ஋ࣸ૾
f : U → R0Λ (0, δ)-৳௕ࣸ૾ͱݺͿ. ҎԼͰ͸, ඇෛ੔਺શମͷू߹ΛN0Ͱද͢.

্ड़ͷGCBA(κ)ۭؒX಺ͷ (k, δ)-৳௕ࣸ૾ͷҐ૬తͳੑ࣭ ([30])ͱ, ϑΝΠϒϨʔ
γϣϯఆཧ4.3ͳͲͷزԿֶతτϙϩδʔͷཧ࿦Λ༻͍Δͱ࣍Λಋ͘͜ͱ͕Ͱ͖Δ.

ఆཧ 5.1. ([31]) ͢΂ͯͷk ∈ N0͓Αͼ δ ∈ (0, 1/20k)ʹରͯ͠, ೚ҙͷGCBA(κ)ۭؒ
ͷ։ू߹UΛఆٛҬͱ͢Δ (k, δ)-৳௕ࣸ૾ f : U → Rk͸ہॴతʹϑΝΠϒϨʔγϣϯ
Ͱ͋Δ. ΑΓৄ͘͠͸, ೚ҙͷx ∈ Uʹରͯ͠, ͋Δ rx ∈ (0,∞)͕ଘͯ͠ࡏBrx(x) ⊂ U

Λຬͨ͠, ͢΂ͯͷ r ∈ (0, rx)ʹ੍͍ͭͯ૾ࣸݶ f |Br(x) : Br(x) → f(Br(x))͸֤ʑͷ
ϑΝΠόʔ͕ՄॖͳϑΝΠϒϨʔγϣϯͰ͋Δ.

Ճ͑ͯ, Raymond ([42])ͷҰൠଟ༷ମ্ͷϑΝΠϒϨʔγϣϯͷڀݚʹΑΓ࣍ΛಘΔ.

ఆཧ 5.2. ([31]) ͢΂ͯͷ n ∈ N0 ͓Αͼ δ ∈ (0, 1/20n) ͱ k ∈ {0, 1, . . . , n}ʹରͯ͠,

཰্͕ʹ༗քͳۂ nݩ࣍ϗϞϩδʔଟ༷ମͷ։ू߹UΛఆٛҬͱ͢Δ (k, δ)-৳௕ࣸ૾
f : U → RkͷۭͰͳ͍೚ҙͷϑΝΠόʔ͸ (n− k)ݩ࣍Ұൠଟ༷ମͰ͋Δ.

6. ཭ۭؒͷҐ૬ਖ਼ଇੑڑ཰্͕ʹ༗քͳۂ
6.1. ϗϞϩδʔଟ༷ମʹର͢ΔҐ૬ਖ਼ଇੑ

,ʹ཰্͕ʹ༗քͳϗϞϩδʔଟ༷ମʹର͢ΔҐ૬ਖ਼ଇੑఆཧ1.2ΛಘΔͨΊۂ ʹ࣍
ड़΂Δ৳௕ࣸ૾ͷϑΝΠόʔʹର͢ΔҐ૬ਖ਼ଇੑఆཧΛࣔ͢.

ఆཧ 6.1. ([31]) ೚ҙͷ n ∈ N0 ʹରͯ͠, ͋Δ δ ∈ (0,∞)͕ଘͯ͠ࡏҎԼ͕੒Γཱ
ͭ. ཰্͕ʹ༗քͳۂ nݩ࣍ϗϞϩδʔଟ༷ମͷ։ू߹U ΛఆٛҬͱ͢Δ (k, δ)-৳௕
ࣸ૾ f : U → Rk ͷ೚ҙͷϑΝΠόʔΠʹରͯ͠, Πͷྫ֎఺ू߹E(Π)͸༗ݶͰ͋Γ,

Π−E(Π)͸ (n− k)ݩ࣍Ґ૬ଟ༷ମͰ͋Δ. Ճ͑ͯ, ΋͠n− k ≤ 3Ͱ͋ΔͳΒ͹, Π͸
(n− k)ݩ࣍Ґ૬ଟ༷ମͰ͋Δ.
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ূ໌ͷུ֓. (n− kʹؔ͢Δؼೲ๏) ೚ҙͷn ∈ N0ʹରͯ͠, े෼খ͘͞ δ ∈ (0,∞)Λ
ͱΓ, ϗϞϩδʔଟ༷ମͷ։ू߹UΛఆٛҬͱ͢Δݩ࣍཰্͕ʹ༗քͳnۂ (k, δ)-৳௕
ࣸ૾ f : U → RkΛ༩͑Δ. ৳௕ࣸ૾ͷੑ࣭ΑΓ, ۭͰͳ͍೚ҙͷ fͷϑΝΠόʔΠͷ
ྫ֎఺ू߹E(Π)͸༗ݶͰ͋Δ. ఆཧ5.2ΑΓΠ͸ (n− k)ݩ࣍Ұൠଟ༷ମͰ͋Δ.

(I) n− k ≤ 2ͱ͢Δ. ͜ͷͱ͖, MooreͷఆཧΑΓΠ͸2ݩ࣍Ґ૬ଟ༷ମͰ͋Δ.

(II) n−k = 3ͱ͢Δ. ೚ҙͷp ∈ ΠΛ༩͑Δ. ͜ͷͱ͖,े෼খ͞ͳ೚ҙͷr ∈ (0,∞)

ʹରͯ͠ (k + 1, 12δ)-৳௕ࣸ૾ f+ = (f, dp) : Ur(p)− {p} → Rk+1͕ଘ͢ࡏΔ. ఆཧ 5.1

ͱ (I)ΑΓ, f+͸֤ϑΝΠόʔ͕Մॖͳ2ݩ࣍Ґ૬ଟ༷ମͰ͋ΔϑΝΠϒϨʔγϣϯͰ
͋Δ. Αͬͯ, ࣸ૾dp : (Ur(p)− {p})∩Π → (0, r)͸֤ϑΝΠόʔ͕ίϯύΫτͳ2ݩ࣍
Ґ૬ଟ༷ମͰ͋ΔϑΝΠϒϨʔγϣϯͰ͋Γ, ఆཧ4.4ΑΓہॴతʹࣗ໌ͳϑΝΠόʔ
ଋͰ͋Δ. ಛʹ, (Ur(p)− {p}) ∩ Π͸ .Ґ૬ଟ༷ମͰ͋Δݩ࣍3 ͜ͷ৔߹, Ur(p) ∩ Π͕
R3ʹಉ૬Ͱ͋Δ͜ͱ͕Θ͔Δ. ͕ͨͬͯ͠, Π͸3ݩ࣍Ґ૬ଟ༷ମͰ͋Δ.

(III) n− k = 4ͱ͢Δ. ೚ҙͷx ∈ Π− E(Π)ʹରͯ͠, xͷ͋Δ։ۙ๣Ux্Ͱఆٛ
͞Εͨ (k + 1, 12δ)-৳௕ࣸ૾f+ = (f, dp) : Ux → Rk+1͕ଘ͢ࡏΔ. ఆཧ5.1ͱ (II)ΑΓ,

f+͸֤ϑΝΠόʔ͕Մॖͳ .Ґ૬ଟ༷ମͰ͋ΔϑΝΠϒϨʔγϣϯͰ͋Δݩ࣍3 ࣸ૾
dp : Ux ∩ Π → dp(Ux ∩ Π)͸֤ϑΝΠόʔ͕ίϯύΫτͳ Ґ૬ଟ༷ମͰ͋ΔϑΝݩ࣍2
ΠϒϨʔγϣϯͰ͋Γ, ఆཧ4.4ΑΓہॴతʹࣗ໌ͳϑΝΠόʔଋͰ͋Δ. ಛʹ, Ux ∩Π

͸4ݩ࣍Ґ૬ଟ༷ମͰ͋Δ. Αͬͯ, Π− E(Π)͸4ݩ࣍Ґ૬ଟ༷ମͰ͋Δ.

(IV) n− k ≥ 5ͱ͢Δ. ೚ҙͷx ∈ Π− E(Π)ʹରͯ͠, xͷ͋Δ։ۙ๣Ux্Ͱఆٛ
͞Εͨ (k + 1, 12δ)-৳௕ࣸ૾ f+ = (f, dp) : Ux → Rk+1͕ଘ͢ࡏΔ. ͜ͷ৔߹ʹ͓͍ͯ,

Ux ∩ Π͕ (n − k)ݩ࣍Ґ૬ଟ༷ମͰ͋Δ͜ͱΛEdwards–QuinnͷDDPଟ༷ମೝࣝఆ
ཧ 3.2 ([16], [39], [40])Λ༻͍ͯূ໌͢Δ. ূ໌ͷ్தͰԁ൘Λ෼཭͢Δࡍʹఆཧ 4.5ͳ
ͲΛ༻͍Δ͕, ͦͷաఔ͸ෳࡶͰٕज़తͰ͋Δ ͸࿦จࡉৄ) [31]Λࢀর). ͍ͣΕʹͤΑ,

Π− E(Π)͕ (n− k)ݩ࣍Ґ૬ଟ༷ମͰ͋Δ͜ͱ͕Θ͔Δ.

ఆཧ1.2ͷূ໌. ཰্͕ʹ༗քͳ೚ҙͷۂ nݩ࣍ϗϞϩδʔଟ༷ମX ʹରͯ͠, X ͸
GCBAۭؒͰ͋Δ. ͜ͷͱ͖, XΛඍখ։ڑ཭ٿମͰඃ෴ͯ͠, ֤ඍখ։ڑ཭ٿମUr(x)

͔Βͷఆ஋ࣸ૾f : Ur(x) → R0 ʹఆཧ6.1Λద༻͢Δͱ, .ऴతʹఆཧ1.2ΛಘΔ࠷

6.2. ॴҐ૬ਖ਼ଇੑہ

.ॴҐ૬ਖ਼ଇੑఆཧ1.1ͷূ໌ͷུ֓Λड़΂Δہͣ· ్தͰఆཧ1.2Λ༻͍Δ.

ఆཧ1.1ͷূ໌ͷུ֓. (1) ⇒ (2). ཭ۭؒX͕ڑ཰্͕ʹ༗քͳۂ nݩ࣍Ґ૬ଟ༷ମ
Ͱ͋Δͱ͢Δͱ͢Δ. ೚ҙͷ఺ x ∈ XΛ༩͑Δ. ໋୊ 3.5ΑΓํۭؒ޲ΣxX͸ίϯύ
Ϋτ (n− Ұൠଟ༷ମͰ͋ΓH∗(ΣxX)ݩ࣍(1 = H∗(Sn− 1)Λຬͨ͢. ಛʹ, ΣxX͸ހঢ়
࿈݁Ͱ͋Δ. ΋͠n ≤ 3Ͱ͋Ε͹, ΣxX͸Sn− 1ʹಉ૬Ͱ͋Δ. ҎԼn ≥ 4ͱ͠, ΣxX͕
Sn− 1ʹϗϞτϐʔಉ஋Ͱ͋Δ͜ͱΛࣔ͢. ͜ͷͨΊʹ͸WhiteheadͷఆཧΑΓΣxX͕
୯࿈݁Ͱ͋Δ͜ͱΛࣔͤ͹ྑ͍. े෼খ͞ͳ೚ҙͷ r ∈ (0, Dκ)ʹରͯ͠, Ur(x) − {x}
͸୯࿈݁Ͱ͋Γ, ͔ͭΣxXʹϗϞτϐʔಉ஋Ͱ͋Δ. Αͬͯ, ΣxX͸୯࿈݁Ͱ͋Δ.

(2) ⇒ (1). ,͍ͯͭʹ཭ۭؒXڑॴίϯύΫτہ཰্͕ʹ༗քͳۂ ֤఺x ∈ Xʹ͓
͍ͯΣxX͕Sn− 1ʹϗϞτϐʔಉ஋Ͱ͋Δͱ͢Δ. ໋୊3.5ΑΓX͸nݩ࣍Ұൠଟ༷ମ
Ͱ͋Δ. ΋͠n ≤ 2Ͱ͋Ε͹, X͸nݩ࣍Ґ૬ଟ༷ମͰ͋Δ. ҎԼn ≥ 3ͱ͢Δ. ఆཧ
1.2ΑΓہॴ༗ݶͳXͷ෦෼ू߹E͕ଘͯ͠ࡏX −E͸nݩ࣍Ґ૬ଟ༷ମͰ͋Δ. ͜͜
Ͱ, ֤఺x ∈ Xʹ͓͍ͯ, े෼খ͞ͳ೚ҙͷ r ∈ (0, Dκ)ʹରͯ͠, Ur(x) − {x}͸ΣxX
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ʹϗϞτϐʔಉ஋Ͱ͋Γ, ୯࿈݁Ͱ͋Δ͜ͱʹ஫ҙ͢Δ. Αͬͯ, E͸X಺Ͱ1-LCCͰ
͋Γ, ͞ΒʹdimE = 0Λຬͨ͢. Cannon–Bryant–Lacherͷ1-LCCऩॖఆཧ3.3 ([12])

ΑΓ, X͸nݩ࣍Ґ૬ଟ༷ମͰ͋Δ.

(2) ⇔ (3). ௚લʹड़΂ͨ (1) ⇔ (2)ͷূ໌ͱಉ༷ʹ (2) ⇔ (3)Λࣔ͢͜ͱ͕Ͱ͖Δ.

ͨͩ͠, (2) ⇒ (3)ͷূ໌Ͱ͸࣍ͷ࣮ࣄΛ༻͍Δ. ͢ͳΘͪ, Մॖͳnݩ࣍Ґ૬ଟ༷ମ͕
Rnͱಉ૬Ͱ͋Δ͜ͱͱແݶԕ୯࿈݁Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ (n = 3ͷͱ͖ [7]ͱ [43],

n = 4ͷͱ͖ [20], n ≥ 5ͷͱ͖ [46]). ,ࡍ࣮ Մॖͳ઀ۭؒTxX͕nݩ࣍Ґ૬ଟ༷ମͰ͋
Δ͜ͱΛࣔͨ͠ޙͰ, ͦΕ͕Rnʹಉ૬Ͱ͋Δ͜ͱΛূ໌͢Δࡍʹ༻͍Δ.

ͷఆཧͷओு࣍ (1)ͷূ໌͸, P. Thurstonͷఆཧ3.4 ([47]) ʹผূ໌Λ༩͍͑ͯΔ.

ఆཧ 6.2. ([31], [47]) .཭ۭؒXʹରͯ͠ҎԼ͕੒Γཱͭڑ཰্͕ʹ༗քͳۂ

(1) X͕nݩ࣍ϗϞϩδʔଟ༷ମͰ͋Γ, n ≤ 3Ͱ͋Ε͹, X͸Ґ૬ଟ༷ମͰ͋Δ.

(2) X͕nݩ࣍Ґ૬ଟ༷ମͰ, n ≤ 4Ͱ͋Ε͹, ೚ҙͷx ∈ Xʹରͯ͠ํۭؒ޲ΣxX

͸Sn− 1ʹಉ૬Ͱ͋Δ.

ূ໌. ओு (1)͸ఆཧ6.1ʹؚ·Ε͍ͯΔ. ओு (2)Λࣔͨ͢Ί, n ≤ 4ͱ͠, ʹ཰্͕ۂ
༗քͳڑ཭ۭؒX͕ nݩ࣍Ґ૬ଟ༷ମͰ͋Δͱ͢Δ. ͜ͷͱ͖, ॴҐ૬ਖ਼ଇੑఆཧہ
1.1ͱ໋୊3.5ΑΓ, ֤఺x ∈ Xʹ͓͚Δํۭؒ޲ΣxX͸ίϯύΫτͳ (n− Ұൠݩ࣍(1
ଟ༷ମͰ͋Γ, Sn− 1ͱϗϞτϐʔಉ஋Ͱ͋Δ. ΋͠n ≤ 3Ͱ͋Ε͹, MooreͷఆཧΑΓ
ΣxX͸nݩ࣍Ґ૬ଟ༷ମͰ͋Γ, Sn− 1ʹಉ૬Ͱ͋Δ. ΋͠n = 4Ͱ͋Ε͹, ओு (1)Α
ΓΣxX͸3ݩ࣍Ґ૬ଟ༷ମͰ͋Γ, PerelmanʹΑΔPoincaré༧૝ͷղܾʹΑΓS3ʹಉ
૬Ͱ͋Δ. ͜͏ͯ͠ओு (2)ΛಘΔ.

6.3. ϗϞϩδʔଟ༷ମʹର͢Δہॴਲ਼ੑ

ϗϞϩδʔଟ༷ମʹର͢Δہॴਲ਼ੑఆཧ1.3ΛಘΔͨΊʹ࣍Λࣔ͢.

ఆཧ 6.3. ([31]) ೚ҙͷ n ∈ N0 ʹରͯ͠, ͋Δ δ ∈ (0,∞)͕ଘͯ͠ࡏҎԼ͕੒Γཱͭ.

཰্͕ʹ༗քͳۂ nݩ࣍ϗϞϩδʔଟ༷ମͷ։ू߹UΛఆٛҬͱ͢Δ (k, δ)-৳௕ࣸ૾
f : U → Rk ͷ೚ҙͷϑΝΠόʔΠʹରͯ͠, .੒Γཱ͕ͭ࣍ ೚ҙͷ఺x ∈ Πʹରͯ͠,

Πʹ͓͚Δxͷ։ۙ๣Uxͱ, Sn− k− 1ͱಉ͡ϗϞϩδʔ܈Λͭ࣋ίϯύΫτ (n− k − 1)

,ͯ͠ࡏҐ૬ଟ༷ମMx͕ଘݩ࣍ Ux͸Mxͷ։ਲ਼C(Mx)ʹಉ૬Ͱ͋Δ.

ূ໌ͷུ֓. (n− kʹؔ͢Δؼೲ๏) ೚ҙͷn ∈ N0ʹରͯ͠, े෼খ͘͞ δ ∈ (0,∞)Λ
ͱΓ, ϗϞϩδʔଟ༷ମͷ։ू߹UΛఆٛҬͱ͢Δݩ࣍཰্͕ʹ༗քͳnۂ (k, δ)-৳௕
ࣸ૾ f : U → RkͷϑΝΠόʔΠΛ༩͑Δ. ೚ҙͷ x ∈ Πʹରͯ͠, े෼খ͞ͳ೚ҙͷ
r ∈ (0,∞)ʹ͍ͭͯ (k+1, 12δ)-৳௕ࣸ૾f+ = (f, dx) : Ur(x)−{x} → Rk+1͕ଘ͢ࡏΔ.

ఆཧ5.1ΑΓ, f+͸֤ϑΝΠόʔ͕ՄॖͰ͋ΔΑ͏ͳϑΝΠϒϨʔγϣϯͰ͋Γ, ࣸ૾
dx : (Ur(x)−{x})∩Π → (0, r)͸ϑΝΠϒϨʔγϣϯͰ͋Δ. ҎԼN := (Ur(x)−{x})∩Π
ͱ͓͘. ఆཧ6.1ΑΓN͸ (n− k)ݩ࣍Ґ૬ଟ༷ମͰ͋Δ.

(I) n−k ≤ 3ͱ͢Δ. ఆཧ6.1ΑΓΠ͕ (n−k)ݩ࣍Ґ૬ଟ༷ମͰ͋Γओு͕੒Γཱͭ.

(II) n− k = 4ͱ͢Δ. ͜ͷͱ͖ (I)ΑΓ f+͸֤ϑΝΠόʔ͕Մॖͳ Ґ૬ଟ༷ݩ࣍3
ମͰ͋ΔϑΝΠϒϨʔγϣϯͰ͋Δ. Αͬͯ, ࣸ૾dx : N → (0, r)͸֤ϑΝΠόʔ͕ί
ϯύΫτͳ ,Ґ૬ଟ༷ମͰ͋ΔϑΝΠϒϨʔγϣϯͰ͋Γݩ࣍3 ఆཧ 4.4ΑΓہॴతʹ
ࣗ໌ͳϑΝΠόʔଋͰ͋Δ. ͜ͷͱ͖, ίϯύΫτͳ3ݩ࣍Ґ૬ଟ༷ମM͕ଘͯ͠ࡏN

͸ (0, r)×Mʹಉ૬Ͱ͋Δ. ͕ͨͬͯ͠, ओு͕੒Γཱͭ͜ͱ͕Θ͔Δ.
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(III) n− k ≥ 5ͱ͢Δ. ओுΛࣔͨ͢Ίʹ͸, (n− k)ݩ࣍Ґ૬ଟ༷ମNʹ͓͚Δ఺x

ʹରԠ͢Δ୺͕, (n− k− ίϯύΫτҐ૬ଟ༷ମMʹΑͬͯݩ࣍(1 [0,∞)×Mͱۗ෇
͚͞ΕΔ͜ͱΛࣔͤ͹ྑ͍. ΋͠n − k ≥ 6Ͱ͋Ε͹, Siebenmannͷ୺ఆཧ ([44], [22]

Λࢀর) ͔Βओு͕͕ͨ͠͏. −Γ͸n࢒ k = 5ͷͱ͖Ͱ͋Δ. ͜ͷͱ͖, ೲ๏ͷԾఆؼ
(II)ͷ΋ͱ, QuinnͷϨκϦϡʔγϣϯଘࡏఆཧ ([39], [40])ͷ݁ؼͰ͋Δఆཧ 3.1Λ༻
͍ͯ ,͍ߦҐ૬ଟ༷ମNͷखज़Λݩ࣍5 खज़ޙͷ ʹ+Ґ૬ଟ༷ମNݩ࣍5 Siebenmann

ͷۗ෇͚ఆཧ ([45]) Λద༻͢Δ͜ͱʹΑͬͯ, ओுΛূ໌͢Δ͜ͱ͕Ͱ͖Δ.

஫ҙ 6.1. ఆཧ6.3ͷn− k = 5ͷ৔߹ͷূ໌͸Steven FerryࢯͷԉॿΛड͚͍ͯΔ.

ఆཧ1.3ͷূ໌. ମٿ཭ڑϗϞϩδʔଟ༷ମXΛඍখ։ݩ࣍཰্͕ʹ༗քͳ೚ҙͷnۂ
Ͱඃ෴ͯ͠, ֤ඍখ։ڑ཭ٿମ͔Βͷఆ஋ࣸ૾ʹఆཧ6.3Λద༻͢Δͱྑ͍.

6.4. ͷਖ਼ଇੑͱ҆ఆੑݶۃ཰্͕ʹ༗քͳϦʔϚϯଟ༷ମͷඇ่յۂ

ຊߘͰ͸, .ड़΂Δఆཧ1.4ͷ؆ུ൛ʹ͍ͭͯͷΈࣔ͢ʹ࣍ ఆཧ1.4ͷ൓෮ํۭؒ޲ʹ
ؔ͢Δओுͷূ໌͸ෳࡶͰٕज़తͰ͋Δ ͸࿦จࡉৄ) [31]Λࢀর).

ఆཧ 6.4. ([31]) CAT(κ)Ͱ͋Δ఺෇͖nݩ࣍Riemannଟ༷ମྻ (Mi, pi)͕఺෇͖ݻ༗
,ʹ཭ۭؒXڑ ఺෇͖Gromov–HausdorffҐ૬Ͱऩଋ͍ͯ͠Δͱ͢Δ. ͜ͷͱ͖, X͸
nݩ࣍Ґ૬ଟ༷ମͰ͋Δ. Ճ͑ͯ, ΋͠X͕ίϯύΫτͰ͋Ε͹, े෼େͷ೚ҙͷ iʹର
ͯ͠Mi͸Xʹಉ૬Ͱ͋Δ.

ূ໌. .X͸CAT(κ)Ͱ͋ΔGCBA(κ)ۭؒͰ͋Δۭؒݶۃ ఆཧ2.1ΑΓ, ೚ҙͷx ∈ X

ʹରͯ͠, ͋Δ rx ∈ (0, Dκ/2)͕ଘͯ͠ࡏ, ͢΂ͯͷ r ∈ (0, rx)ʹ͍ͭͯ, ดڑ཭ٿମ
Br(x)͕ίϯύΫτ͔ͭCAT(κ)Ͱ͋Γ, ໘ٿ཭ڑ ∂Br(x)͸ΣxXʹϗϞτϐʔಉ஋Ͱ
͋Δ. ͞Βʹ, ఺x ∈ Xʹऩଋ͢Δ֤Miͷ఺xi ∈ MiΛબͿͱ, ֤ดڑ཭ٿମBr(xi)͕
ίϯύΫτ͔ͭCAT(κ)Ͱ͋Γ, (Br(xi), xi)͸ (Br(x), x)ʹ఺෇͖Gromov–Hausdorff

Ґ૬Ͱऩଋ͍ͯ͠Δ. ͼఆཧ࠶ 2.1ΑΓ, े෼େ͖ͳ iʹରͯ͠ ∂Br(xi)͸ ∂Br(x)ʹϗ
Ϟτϐʔಉ஋Ͱ͋Δ. ಛʹ, ∂Br(xi)͸ΣxXʹϗϞτϐʔಉ஋Ͱ͋Δ. ֤Mi͸CAT(κ)

Ͱ͋Δnݩ࣍Riemannଟ༷ମͰ͋ΔͷͰ, ఺xi ∈ Miʹ͓͚Δ୯ࣹ൒ܘ͸Ұ༷ʹDκҎ
্Ͱ͋Γ, ∂Br(xi)͸Sn− 1ʹ (ඍ෼)ಉ૬Ͱ͋Δ. Αͬͯ, ΣxX͸Sn− 1ʹϗϞτϐʔಉ஋
Ͱ͋Δ. ,ॴҐ૬ਖ਼ଇੑఆཧ1.1ΑΓہ .Ґ૬ଟ༷ମͰ͋Δݩ࣍X͸nۭؒݶۃ

ҎԼX͕ίϯύΫτͰ͋Δͱ͢Δ. े෼େ͖ͳ೚ҙͷ iʹର͠Mi΋ίϯύΫτͰ͋
Δ. Ұൠʹ, CAT(κ)ۭؒ͸LGC(id[0 ,Dκ))Ͱ͋Δ. PetersenͷϗϞτϐʔ҆ఆੑఆཧ4.1

([38])ΑΓ, ೚ҙͷ ϵ ∈ (0,∞)ʹ͍ͭͯ, े෼େ͖ͳ iʹର͠MiͱX͸ ϵ-ϗϞτϐʔಉ
஋Ͱ͋Δ. Αͬͯ, α-ۙࣅఆཧ4.2ΑΓ, े෼େ͖ͳ iʹର͠MiͱX͸ಉ૬Ͱ͋Δ.
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Heegaard Floer ϗϞϩδʔʹ༝དྷ͢Δ݁ͼ໨ͷίϯ
ίʔμϯεෆมྔ

ɹޫथ౻ࠤ (౦ژେֶɾJSPSಛผڀݚһPD)∗

1. ং
݁ͼ໨ͷίϯίʔμϯεͱ͸ɼ݁ͼ໨ͷؒͷʮίϘϧσΟζϜʯʹ͋ͨΔಉ஋ؔ܎Ͱ͋
Γɼ·ͨ݁ͼ໨ͷΞΠιτϐʔͷҰൠԽʹ΋ͳ͍ͬͯΔɽ͜ͷಉ஋ྨશମ͸݁ͼ໨ίϯ
ίʔμϯε܈ͱΑ͹ΕΔΞʔϕϧ܈Λ੒͕͢ɼͦͷߏ܈଄ʹ͍ͭͯ͸ɼະͩʹ೧͡Εݩ
ுʹ͍ͭͯ͸Levine֦ݩ࣍ߴಘΔҐ਺͢Βܾఆ͞Ε͍ͯͳ͍ɽҰํͰɼͦͷ͕ͪ࣋ [8]

ʹΑͬͯߏ܈଄͕׬શʹܾఆ͞Ε͍ͯΔɽ͜ͷ͜ͱ͔Βɼ݁ͼ໨ίϯίʔμϯε܈ͷ
ղ໌͸ɺ௿ݩ࣍τϙϩδʔಛ༗ͷ՝୊ͱͯ͠஌ΒΕ͍ͯΔɻ
ҰํɼHeegaard Floer ϗϞϩδʔཧ࿦ͱ͸ɼ༗޲ด ଟ༷ମͱݩ࣍3 ίϘϧݩ࣍4

σΟζϜͷ੒͔͢ݍΒZϑΟϧλʔ෇͖࠯ෳମͷݍ΁ͷؔखΛ༩͑Δཧ࿦Ͱ͋Δɽ͞
Βʹɼ݁ͼ໨Kʹରͯ͠͸Z2ϑΟϧλʔ෇͖࠯ෳମCFK∞(K)͕ରԠ෇͚ΒΕɼͦ
ͷνΣΠϯϗϞτϐʔಉ஋ྨ͕݁ͼ໨ͷΞΠιτϐʔෆมྔʹͳΔɽಛʹ,ͦͷ͋Δ෦
෼঎ෳମͷϗϞϩδʔ܈ ĤFK(K)͸݁ͼ໨ Floer ϗϞϩδʔͱͯ͠஌ΒΕ͍ͯΔɽ
ĤFK(K)͸༗ݶੜ੒Ξʔϕϧ܈Ͱɼ͔ͭίϯϐϡʔλࢉܭ΋ՄೳͳෆมྔͰ͋Γͳ͕
Βɼ݁ͼ໨ͷछ਺ʢ݁ͼ໨ͷβΠϑΣϧτۂ໘ͷ࠷খछ਺ʣ΍ϑΝΠόʔੑʢ݁ͼ໨
ͷิۭ͕ؒS1্ͷۂ໘ଋͷߏ଄Λ΋͔ͭ൱͔ʣͳͲͷزԿతੑ࣭Λ׬શʹܾఆͰ͖Δ
ෆมྔͱͯ͠༗໊ʹͳͬͨɽ
ෳମCFK∞(K)͸࠯ ĤFK(K)ͱൺֱͯ͠ࠔ͕ࢉܭ೉Ͱ͋ΔҰํɼKʹԊͬͨखज़

΍ϋϯυϧ઀ணΛհͯ͠ɼ3ݩ࣍ଟ༷ମʹ෇ਵ͢Δ࠯ෳମ΍ɼ4ݩ࣍ίϘϧσΟζϜʹ
෇ਵ͢ΔνΣΠϯࣸ૾ͱີ઀ʹؔΘ͍ͬͯΔɽͦͷؔੑ܎ʹண໨͢Δ͜ͱͰɼ͜Ε·Ͱ
CFK∞(K)͔Β༷ʑͳίϯίʔμϯεෆมྔ͕ఆٛ͞Ε͖͕ͯͨɼͦΕΒ͸Hom [6]

ʹΑͬͯಋೖ͞Εͨ݁ͼ໨ίϯίʔμϯε܈ͷ঎܈ Cν+Λհͯ͠แׅతʹཧղ͞ΕΔ
Α͏ʹͳͬͨɽஶऀͷڀݚ՝୊͸,͜ͷ঎܈Cν+ͷߏ܈଄ͷղ໌Ͱ͋Γɼྫ͑͹ࡏݱ·
Ͱʹ (1) Cν+্ͷ෦෼ॱংͷಋೖ, (2) छ਺ 1ͷ݁ͼ໨͕ Cν+಺Ͱੜ੒͢Δ෦෼܈ͷܾ
ఆ, ͳͲͷ੒Ռ͕ಘΒΕ͍ͯΔɽຊߘͰ͸ɼ͜ΕΒͷஶऀͷڀݚΛɼͦͷྺ࢙తഎܠΛ
౿·͑ͯղઆ͢Δɽ

2. ݁ͼ໨ͷίϯίʔμϯεཧ࿦
ຊઅͰ͸ɼ݁ͼ໨ͷίϯίʔμϯεཧ࿦ʹ͓͚Δॾ֓೦΍ྺ࢙ΛৼΓฦΔɽ

2.1. ݁ͼ໨ίϯίʔμϯε܈ C
݁ͼ໨K0, K1͕ίϯίʔμϯτͰ͋Δͱ͸ɼΞχϡϥεͷ׈Β͔ͳຒΊࠐΈA : S1 ×
[0, 1] → S3 × [0, 1]͕ଘͯ͠ࡏɼA|S1×{i} = Ki × {i} (i = 0, 1) Λຬͨ͢͜ͱͰ͋Δɽ
K0, K1͕ΞΠιτϐοΫͰ͋Δͱ͖͸໌Β͔ʹίϯίʔμϯτ͕ͩɼΞΠιτϐʔ͔
Β༠ಋ͞ΕΔ༗޲ΞχϡϥεͷຒΊࠐΈAʹ͸೚ҙͷ t ∈ [0, 1]ʹ͍ͭͯA|S1×{t}͕݁

ຊڀݚ͸ JSPSՊݚඅ 18J00808 ͷॿ੒Λड͚ͨ΋ͷͰ͋Δɻ
Ωʔϫʔυɿ݁ͼ໨ίϯίʔμϯε, Heegaard Floer ϗϞϩδʔ
∗˟ 153-8914 ౦ژ౎໨ۨ۠ࠇ৔ 3-8-1 ౦ژେֶେֶӃ਺ཧՊֶڀݚՊ
e-mail: sato.kouki@mail.u-tokyo.ac.jp
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ͼ໨ʹͳΔͱ͍͏੍໿͕͋ΔɽҰൠʹ͸ɼਤ 1ͷΑ͏ͳม͕ܗ༗޲ΞχϡϥεͷຒΊ
΋ίϯίʔμϯτʹͳΓಘ࢜ΕΔͨΊɼΞΠιτϐοΫͰͳ͍݁ͼ໨ಉ͞ݱΈͰ࣮ࠐ
Δɽ·ͨɼʮࣗ໌ͳ݁ͼ໨ͱίϯίʔμϯτͰ͋Δ͜ͱʯ͸ʮ݁ͼ໨͕B4΁ͷԁ൘ͷຒ
ΊࠐΈʹ֦ு͢Δ͜ͱʯͱಉ஋Ͱ͋Γɼো֐ཧ࿦ͷΑ͏ͳझ͖΋͋Δɽ͞Βʹɼ݁ͼ
໨ͷίϯίʔμϯεྨશମC͸ɼ࿈݁࿨ΛՃ๏ͱͯ͠Ξʔϕϧ܈Λ੒͢ɽ

ਤ 1: ӈ୺ͷʮεΫΤΞ݁ͼ໨ʯͱݺ͹ΕΔ݁ͼ໨͸ӈखܥ trefoilͱࠨखܥ trefoilͷ࿈
݁࿨ͷߏ଄Λͪ࣋ɼಛʹղ͚ͳ͍݁ͼ໨Ͱ͋ΔɽҰํɼਤͷม͔ܗΒɼεΫΤΞ݁ͼ
໨͸ࣗ໌ͳ݁ͼ໨ͱίϯίʔμϯτͰ͋Δ͜ͱ͕Θ͔Δɽ

2.2. ܈ͼ໨ίϯίʔμϯε݁ݩ࣍ߴ Cn

ίϯίʔμϯεͷ֓೦͸݁ݩ࣍ߴͼ໨ʢSnͷSn+2΁ͷ׈Β͔ͳຒΊࠐΈʣʹରͯ͠΋
ࣗવʹ֦ு͞Εɼಛʹ݁ݩ࣍ߴͼ໨ίϯίʔμϯε܈Cn͕ಘΒΕΔɽLevine ͸nݩ࣍
݁ͼ໨ͷβΠϑΣϧτۂ໘ΛBn+3಺ʹຒΊࠐ·ΕͨϋϯυϧʹΑͬͯखज़͢Δ͜ͱΛ
શମͷྻߦ਺ਖ਼ํ܎ΛରԠ෇͚ͨɽ͞Βʹɼ੔ྻߦ਺ਖ਼ํ܎ͱͯ͠੔֐ɼͦͷো͑ߟ
ू߹্ʹɼίϯίʔμϯεͱ࿈݁࿨ʹରԠ͢Δಉ஋ؔ܎ͱՃ๏Λಋೖ͠ɼ୅਺తίϯ
ίʔμϯε܈ CAlgͱΑ͹ΕΔΞʔϕϧ܈Λߏ੒ͨ͠ɽ݁ݩ࣍ߴͼ໨ίϯίʔμϯε܈
͸͢΂ͯ͜ͷCAlgΛ༻͍ͯهड़͞Εɼ͞ΒʹCAlgͷߏ܈଄΋ཧղ͞Ε͍ͯΔɽ

ఆཧ 2.1 (Levine [8]) ੔਺n ≥ 2ʹରͯ͠ɼ

Cn ∼=

{
{0} (nɿۮ਺)

CAlg (nɿح਺)
.

·ͨɼC1 = Cʹରͯ͠ɼશࣹ४ಉܕ

πAlg : C ! CAlg

͕ଘ͢ࡏΔɽ͜͜ͰɼCAlg
∼= Z∞ ⊕ Z∞

2 ⊕ Z∞
4 Ͱ͋Δɽ

ͦͷޙɼCasson-Gordon [2] ʹΑͬͯπAlg͕୯ࣹͰͳ͍͜ͱ͕ࣔ͞Εɼݩͷ݁ͼ໨ίϯ
ίʔμϯε܈C = C1ͷΈ͕ಛ༗ͷৼΔ෣͍Λ͢Δ͜ͱ͕ೝࣝ͞Εͨɽ
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2.3. Ґ૬త݁ͼ໨ίϯίʔμϯε܈ CTop

Casson-Gordonͷ݁ՌҎ߱ɼKer πAlgͷ͕ڀݚ੝Μʹͳ͕ͬͨɼFreedmanͱDonaldson

ͷཧ࿦ʹΑͬͯɼҐ૬తίϯίʔμϯεͱैདྷͷίϯίʔμϯεͷ۠ผ͕͘ڧҙࣝ͞
ΕΔΑ͏ʹͳΔɽ͜͜ͰɼҐ૬తίϯίʔμϯε͸ɼίϯίʔμϯεͷఆٛʹ͓͚Δ
ΞχϡϥεͷຒΊࠐΈΛʮہॴฏୱͳҐ૬తຒΊࠐΈʯʹ·Ͱ֦ு͢Δ͜ͱͰఆٛ͞
ΕΔɽ͜ͷͱ͖ɼݩͷ৔߹ͱಉ༷ʹҐ૬త݁ͼ໨ίϯίʔμϯε܈CTop ͕ಘΒΕɼ४
ಉܕπAlg͸

C
πTop !! CTop

πAlg:Top!! CAlg

ͱ෼ղ͞ΕΔɽ͜ͷ෼ղʹؔͯ͠ɼFreedman ͱ Donaldson ͷཧ࿦͸࣍ͷ͜ͱΛ໌Β
͔ʹͨ͠ɽ͜͜Ͱɼ[K]͸݁ͼ໨KͷίϯίʔμϯεྨΛද͢ɽ

ఆཧ 2.2 (Freedman [4]) ݁ͼ໨KͷAlexanderଟ߲͕ࣜ1ͱͳΔͳΒ͹ɼK͸ࣗ໌
ͳ݁ͼ໨ͱҐ૬తίϯίʔμϯτͰ͋Δɽ͢ͳΘͪɼ[K] ∈ Ker πTopɽ

ఆཧ 2.3 (Donaldson [3]) Alexanderଟ߲͕ࣜ 1ͱͳΔ݁ͼ໨ͰɼCͷݩͱͯ͠ແݶ
Ґ਺Λ΋ͭ΋ͷ͕ଘ͢ࡏΔɽ

্ͷೋͭͷఆཧͷܥͱͯ͠ɼʮKer πTop͸Zͱಉܕͳ෦෼܈Λ΋ͪɼಛʹແݶҐ਺Ͱ͋
Δʯͱ͍͏͜ͱ͕໌Β͔ʹ͞Εͨɽͳ͓ɼ͜Ε·Ͱͷओཁͳಓ۩Ͱ͋ͬͨLevineͷ४ಉ
πAlg΍Casson-GordonʹΑͬͯ༩͑ΒΕͨίϯίʔμϯεෆมྔ͸ɼKerܕ πTop্Ͱ
͸ࣗ໌ͳ஋Λͱͬͯ͠·͏ɽ͕ͨͬͯ͠ɼ͜ͷKer πTopͷཧղΛ͞ΒʹਂΊΔͨΊʹɼ
ήʔδཧ࿦ͷΑ͏ͳඍ෼ߏ଄Λ͘ڧ൓ө͢Δཧ࿦͕ίϯίʔμϯεཧ࿦ʹ͓͍ͯ஫໨
͞ΕɼΑΓॏཁ͞ࢹΕΔΑ͏ʹͳͬͨɽͦͯ͠ɼ͜ͷಈ͖͕Heegaard FloerϗϞϩδʔ
ཧ࿦ͷొ৔ͱ݁ͼ͖ͭɼ૒ํͷൃలΛଅ͢େ͖ͳݪಈྗͱͳͬͨɽࡏݱͰ͸ɼKer πTop

͸Z∞ͱಉܕͳ௚࿨Ҽࢠ [12]΍ɼZ∞
2 ͱಉܕͳ෦෼܈ [5] Λ΋ͭ͜ͱ͕, Heegaard Floer

ϗϞϩδʔཧ࿦Λհͯ͠ূ໌͞Ε͍ͯΔɽ

3. Heegaard Floer ϗϞϩδʔཧ࿦
ຊઅͰ͸ɼOzsváth-Szabó ʹΑͬͯಋೖ͞Εͨ Heegaard Floer ϗϞϩδʔཧ࿦ʹ͍ͭ
ͯ֓આ͢Δɽ͜͜Ͱ͸ಛʹɼ3ݩ࣍ଟ༷ମͷ࠯ෳମ CF∞ ͱ݁ͼ໨ͷ࠯ෳମCFK∞ ͷ
ॏ͖Λஔ͍ͯ࿩ΛਐΊΔɽʹੑ܎ؔ

3.1. Z ϑΟϧλʔ෇͖࠯ෳମ CF∞

Y Λ༗޲ด3ݩ࣍ଟ༷ମͱ͢Δɽ͜ͷͱ͖ɼHeegaard ͹ΕΔYݺ໘ͱۂ ಺ͷछ਺g༗
ɼYͯ͠ࡏ໘Σg͕ଘۂด޲ ͸ 2ͭͷϋϯυϧମHα, Hβʹ෼ղ͞ΕΔɽ͞ΒʹɼΣg্
ͷඇަ࿨ͳ୯७ดۂઢͷ૊{αi}gi=1 (resp. {βi}gi=1) ΛHα (resp. Hβ) ಺ͰͦΕͧΕඇަ
࿨ͳԁ൘ΛுΔΑ͏ͳ΋ͷͱͯ͠ͱΔ͜ͱ͕Ͱ͖ɼͭࡾ૊ H := (Σg;{αi}gi=1, {βi}gi=1)

͔ΒY ͷඍ෼ಉ૬ྨ͸෮͢ݩΔ͜ͱ͕Ͱ͖Δɽ͜ͷ H Λ Y ͷछ਺gͷHeegaard ਤ
ࣜ ͱΑͿɽ
ͱ͢Δɽ͜ͷͱ͖ɼSymn(Σg)܈ରশ࣍ɼSnΛnʹ࣍ := (Σgͷnݸ௚ੵ)/Snʹ͸n࣍
଄͕ೖΔ͜ͱ͕஌ΒΕ͍ͯΔɽಛʹɼSymg(Σg)͸ߏෳૉଟ༷ମͷݩ gݩ࣍ෳૉଟ༷ମ
Ͱ͋Γɼͦͷதʹ͸2ͭͷ࣮ gݩ࣍τʔϥε

Tα := (α1 × · · ·× αg)/Sg ͓Αͼ Tβ := (β1 × · · ·× βg)/Sg
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͕ຒΊࠐ·Ε͍ͯΔͱݟͳͤΔɽHeegaard Floer ෳମ࠯ CF∞(H)͸ɼେࡶ೺ʹ͑ݴ
͹ɼSymg(Σg)ͱ Tα,Tβ ΛͦΕͧΕγϯϓϨΫςΟοΫଟ༷ମͱ̎ͭͷϥάϥϯδΞ
ϯ෦෼ଟ༷ମʹཱͯݟɼ“ϥάϥϯδΞϯަࠥ Floer ϗϞϩδʔ” ͷߏ੒Λద༻͢Δ
͜ͱͰಘΒΕΔɽͨͩ͠ɼZ ϑΟϧτϨʔγϣϯΛಋೖ͢ΔͨΊʹɼ࣮ࡍʹ͸ิۭؒ
Σg \ (

⋃
i αi ∪

⋃
i βi)্ͷج఺wΛؚΊͯ࠯ෳମCF∞(H, w)ΛఆΊΔɽ·ͨCF∞(H, w)

ͷੜ੒ܥʹ͸ɼ“ϥάϥϯδΞϯಉ࢜ͷަࠥ”ͷ Z ίϐʔʹ͋ͨΔ (Tα ∩ Tβ) × Z ͕
Ε͍ͯΔɽ͜ͷͱ͖ɼϑΟϧτϨʔγϣϯϨϕϧ͞༺࠾ mͷ෦෼ෳମʹ͸ͪΐ͏Ͳ
(Tα ∩ Tβ)× {i ≤ m} Ͱੜ੒͞ΕΔ෦෼͕܈ରԠ͢Δɽ
ྫ͑͹ɼਤ 2ͷࠨਤH͸S3ͷ Heegaard ਤࣜͷҰͭͰ͋Γɼӈਤ͸ͦΕʹରԠ͢Δ
ෳମ࠯ CF∞(H, w) Ͱ͋Δɽಛʹɼͦͷ࣍਺nͷϗϞϩδʔ܈Λ HF∞

n (H, w) ͱॻ͘
ͱ͢Δͱ,

HF∞
n (H, w) ∼=

{
Z (n:ۮ਺)

0 (n:ح਺)

ͱͳΔɽ

ਤ 2: ਤ͸S3ͷछ਺ࠨ 1ͷ Heegaard ਤࣜͷྫɽα1, β1͸ͦΕͧΕΣ1ͷ಺ଆͱ֎ଆͰ
ԁ൘Λு͍ͬͯΔɽӈਤ͸ࠨਤʹରԠ͢Δ࠯ෳମɽ໼ҹ͸࢝఺ͷඍ෼͕ऴ఺ͷઢܗ࿨
ʹͳ͍ͬͯΔ͜ͱΛҙຯ͢Δɽ·ͨɼνΣΠϯ (a, i) ͷ࣍਺͸2iͰɼಛʹ (a, n2 ) (͓Α
ͼ͜Εͱ homologous ͳ (c, n2 + 1))͕HF∞

n (H, w)ͷϗϞϩδʔͷੜ੒ݩΛ༩͑ΔαΠ
Ϋϧͱͳ͍ͬͯΔɽ

্ड़ͨ͠CF∞(H, w)͸ɼ࣍ͷҙຯͰY ʹؔ͢ΔҐ૬ෆมੑΛ͍ͯͬ࣋Δɽ

ఆཧ 3.1 (Ozsváth-Szabó [11]) H,H′Λ Y ͷ Heegaard ਤࣜͱ͢Δɽ͜ͷͱ͖ɼͦ
ΕͧΕͷ೚ҙͷج఺w,w′ʹ͍ͭͯɼZϑΟϧλʔ෇͖࠯ෳମͱͯ͠ͷνΣΠϯϗϞτ
ϐʔಉ஋

CF∞(H, w) ≃ CF∞(H′, w′)

͕੒ཱ͢Δɽ
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ಛʹɼϑΟϧτϨʔγϣϯϨϕϧ−1ͷ෦෼ෳମ CF − (H, w) ͱͦͷ঎ෳମ CF+(H, w)

ʹ͍ͭͯɼ༠ಋ͞ΕΔ୹׬શྻ

0 → CF − (H, w) → CF∞(H, w) → CF+(H, w) → 0

ͷνΣΠϯϗϞτϐʔಉ஋ྨ΍ɼϗϞϩδʔ׬શྻ

· · · → HF − (H, w) → HF∞(H, w) → HF+(H, w) → · · ·

ͷಉྨܕ͸ɼY ͷҐ૬ෆมྔͱͳΔɽ·ͨɼϑΟϧτϨʔγϣϯϨϕϧ 0Λ CF − (H, w)

Ͱׂͬͨ෦෼঎ෳମ ĈF (H, w)͸ɼTα ∩ TβΛੜ੒ܥʹ΋ͭ༗ࣗݩ࣍ݶ༝Ξʔϕϧ܈
ͱͳΔɽ͞ΒʹɼͦͷϗϞϩδʔ܈ ĤF (H, w) ͸ Lۭؒ༧૝ [1]ͷ༝དྷͱͳΔର৅Ͱɼ
ఆٛͷ֦ு΍ੑ࣭ͷղ໌ͳͲɼࠓͰ΋͔͞Μʹߦ͕ڀݚΘΕ͍ͯΔɽ

3.2. Z2ϑΟϧλʔ෇͖࠯ෳମCFK∞

ɼKΛS3಺ͷ݁ͼ໨ͱ͢Δɽ1͜ͷͱ͖ɼS3ͷ͋ΔHeegaardਤࣜʹ࣍ H ͱͦͷ্ͷೋ
ͭͷج఺ w, z Λ༻͍ͯ݁ͼ໨KΛද͢͜ͱ͕Ͱ͖Δɽʢ࣮ࡍɼϋϯυϧମHα, Hβͷத
Ͱɼαi΍βiͷுΔԁ൘Λආ͚ͳ͕Βwͱ zΛ݁Ϳઢ෼ͷຒΊࠐΈ͸ɼΞΠιτϐʔͷ
ࠩΛআ͍ͯͦΕͧΕҰҙʹఆ·Δɽਤ 3ͷࠨਤ΋ซͤͯࢀর͞Ε͍ͨɽʣΑͬͯɼ݁ͼ
໨ʹ͸ CF∞(H, w) ͱ CF∞(H, z) ͷೋͭͷ࠯ෳମ͕ಉ࣌ʹରԠ͢Δ͜ͱʹͳΔɽ͞Β
ʹɼ͜ͷೋͭͷ࠯ෳମ͸ඪ४తʹνΣΠϯಉܕʹͳ͓ͬͯΓɼ྆ऀͷҧ͍͸Z ϑΟϧ
τϨʔγϣϯͷೖΓํͷΈͱͳΔɽ
ͦ͜Ͱɼඪ४తͳνΣΠϯಉܕΛհͯ͠ʮCF∞(H, w)্ʹج఺zʹ༝དྷ͢ΔZϑΟϧ

τϨʔγϣϯΛ͞Βʹ෇Ճ͢Δʯ͜ ͱͰɼZ2ϑΟϧλʔ෇͖࠯ෳମCFK∞(H, w, z)Λಘ
Δɽಛʹɼ͜ ͷߏ੒͔ΒɼCFK∞(H, w, z)͸ZϑΟϧλʔ෇͖࠯ෳମͱͯ͠CF∞(H, w)

͓Αͼ CF∞(H, z) ͱඪ४తʹνΣΠϯಉܕͰ͋Δ͜ͱ͕Θ͔Δɽ
ྫ͑͹ɼ࣮ࡍʹ͜ͷखଓ͖Ͱਤ 2ͷ CF∞(H, w)Λ CFK∞(H, w, z)ʹม͢׵Δͱɼ
ਤ 3ͷӈਤͷΑ͏ʹͳΔɽ
͜ͷͱ͖ɼCFK∞(H, w, z)ͷ K ʹؔ͢ΔΞΠιτϐʔෆมੑ͸࣍ͷΑ͏ʹड़΂Β

ΕΔɽ

ఆཧ 3.2 (Ozsváth-Szabó [10]) (H, w, z), (H′, w′, z′)Λ K Λද͢ S3 ͷೋॏج఺෇
͖ Heegaard ਤࣜͱ͢Δɽ͜ͷͱ͖ɼZ2ϑΟϧλʔ෇͖࠯ෳମͱͯ͠ͷνΣΠϯϗϞ
τϐʔಉ஋

CFK∞(H, w, z) ≃ CFK∞(H′, w′, z′)

͕੒ཱ͢Δɽ

ಛʹɼCF∞(H, w)ͷ෦෼঎ෳମ ĈF (H, w)ͷ্ʹ΋ج఺ zʹ༝དྷ͢Δ Z ϑΟϧτ
Ϩʔγϣϯ͕ೖΓɼͦͷνΣΠϯϗϞτϐʔಉ஋ྨ͕KͷΞΠιτϐʔෆมྔͱͳΔɽ
͜ͷ Z ϑΟϧλʔ෇͖࠯ෳମʹ෇ਵ͢ΔεϖΫτϧྻܥͷ E1 ϖʔδ͕݁ͼ໨ Floer

ϗϞϩδʔ ĤFK(K) ʹ͋ͨΔɽʢಛʹɼĤFK(K) ͸CFK∞(H, w, z) ͔ΒࢉܭՄೳ
Ͱ͋Δɽʣͦͷଞʹ΋ɼCFK∞(H, w, z) ͔Βશͯͷ Dehn खज़ͷ 4छͷϗϞϩδʔ܈
HF∞, HF − , HF+, ĤF ,ՄೳͰ͋Δ͜ͱͳͲ͕஌ΒΕ͍ͯΔɽ[13ࢉܭ͕ 14]

͸ɼΑΓҰൠʹɼ೚ҙͷดࡍ1࣮ ଟ༷ମ಺ͷݩ࣍3 null-homologous ͳ݁ͼ໨ʹରͯ͠ ಉ༷ͷߏ੒΍ෆ
มੑ͕੒ཱ͢Δɽ
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ਤ 3: Σ1 ͷ಺ଆͰ͸ α1 ͷுΔԁ൘Λɼ֎ଆͰ͸ β1 ͷுΔԁ൘Λආ͚ͯ̎ͭͷج఺
w, zΛ݁Ϳͱɼ2ॏج఺෇͖ Heegaardਤ͕ࣜද݁͢ͼ໨͕෮ݩͰ͖Δ.ʢ͜ͷྫͰ͸
ӈखܥ trefoil͕ݱΕ͍ͯΔɽʣӈਤ͸ ෳମ࠯ਤʹରԠ͢Δࠨ CFK∞(H, w, z). i࣠͸
CF∞(H, w) དྷͷݩ Z ϑΟϧτϨʔγϣϯͰ͋Γɼj࣠͸zʹ༝དྷ͢ΔZ ϑΟϧτϨʔ
γϣϯͰ͋Δɽ

4. CFK∞ʹ༝དྷ͢Δίϯίʔμϯεෆมྔ
4.1. ༷ʑͳίϯίʔμϯεෆมྔͱɼHomʹΑΔղऍ

2.3અͰड़΂ͨΑ͏ʹɼ݁ͼ໨ίϯίʔμϯεͷऀڀݚͷؒͰ͸ɼ݁ͼ໨ίϯίʔμϯ
ε܈ͷ෦෼܈Ker πTopΛৄ͘͠ௐ΂ΒΕΔΑ͏ͳཧ࿦ʹ஫໨͕ू·͍ͬͯͨɽͦͯ͠
Heegaard Floer ϗϞϩδʔཧ࿦ͷొ৔Ҏ߱ɼ༷ʑͳίϯίʔμϯεෆมྔ͕ఆٛ͞Εɼ
ͱؔΘΓ͕ਂ͍΋ͷΛ঺հ͢ΔɽڀݚΕͨɽҎԼͰ͸ɼͦͷҰ෦Ͱɼಛʹຊ͞ڀݚ

• Ozsváth-Szabó [9] ຊਓΒʹΑͬͯ༩͑ΒΕͨ४ಉ૾ࣸܕ τ : C → Zɽ͜ͷෆมྔ
͸ɼCFK∞ ͔Β༠ಋ͞ΕΔ ĈF ্ͷ ZϑΟϧτϨʔγϣϯΛ༻͍ͯఆٛ͞ΕΔɽ

• Hom-Wu [7] ʹΑͬͯ༩͑ΒΕͨࣸ૾ ν+ : C → Z≥ 0. ͜ͷෆมྔ͸ɼCFK∞ ͔
Β༠ಋ͞ΕΔ CF+ ্ͷ Z ϑΟϧτϨʔγϣϯΛ༻͍ͯఆٛ͞ΕΔɽν+ ͸४ಉ
Ͱ͸ͳ͍͕ɼྼՃ๏ੑɿν+(K#J)ܕ ≤ ν+(K) + ν+(J) Λ΋ͪɼಛʹ ν+(K) =

ν+(−K) = 0ͳΔݩશମ 2͸C಺Ͱ෦෼܈Hν+Λ੒͢ɽ

• Ozsváth-Stipsicz-Szabó [12]ʹΑͬͯ༩͑ΒΕͨ४ಉ૾ࣸܕΥ : C → PL([0, 2],R).
ͨͩ͠ɼPL([0, 2],R) ͸ด۠ؒ [0, 2] ্ͷ۠෼తઢؔܗ਺શମͷू߹Ͱ͋Δɽ͜
ͷෆมྔ͸ɼ֤ t ∈ [0, 2]͝ͱʹCFK∞্ͷZ2ϑΟϧτϨʔγϣϯΛ “ઢܗԽ”

ͨ͠R ϑΟϧτϨʔγϣϯ 3Λ༻͍ͯఆٛ͞ΕΔɽಛʹɼ͜ͷෆมྔΥͷ“ඍ෼”

2͜͜Ͱ−K͸ɼKͷίϯίʔμϯε܈ͷݩͱͯ͠ͷݩٯΛද͢ɽ
3 t ∈ [0, 2]Λݻఆͨ͠ͱ͖ɼϑΟϧτϨʔγϣϯϨϕϧ s(∈ R)ͷ෦෼ෳମ͸ (t/2)i(c)+(1− t/2)j(c) ≤ s
Λຬͨ͢νΣΠϯ cʹΑͬͯੜ੒͞ΕΔɽʢͨͩ͠ɼi(c), j(c)͸ɼج఺w, zͦΕͧΕʹ༝དྷ͢ΔZϑΟ
ϧτϨʔγϣϯʹؔͯ͠ɼcΛؚΉ࠷খͷϑΟϧτϨʔγϣϯϨϕϧɽʣ
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Λ͑ߟΔͱɼશࣹ४ಉܕΥ′ : C → Z∞ ͕ಘΒΕΔɽ͜ΕʹΑͬͯɼKer πTop͕Z∞

ͱಉܕͳ௚࿨ҼࢠΛͭ࣋͜ͱ͕ॳΊͯূ໌͞Εͨɽ

͜ͷଞʹ΋ɼϵ : C → {± 1, 0}ɼ{Vk : C → Z≥ 0}k∈Z≥0
ͳͲ༷ʑͳෆมྔ͕ఆٛ͞Εͯ

͍Δ͕ɼ্ड़ͷෆมྔ͸͢΂ͯCFK∞ Λ༻͍ͯఆٛ͞Ε͍ͯΔɽ͕ͨͬͯ͠ɼ͜ΕΒ
શͯͷෆมྔʹରͯ͠ීวੑΛ΋ͭෆมྔͷଘࡏΛ໰୊ʹ͢Δͷ͸ࣗવͰ͋Δɽ͜ͷ
໰͍ʹରͯ͠ɼHom͸࣍ͷΑ͏ͳղ౴Λ༩͑ͨɽ

ఆཧ 4.1 (Hom [6]) Cν+ΛɼCͷHν+ʹΑΔ঎܈ͱఆΊΔɽ͜ͷ࣌ɼίϯίʔμϯε
ෆมྔ τ, ν+,Υ, ϵ, Vk ͸શͯɼࣹӨπν+ : C ! Cν+ͱCν+Λ࢝Ҭͱ͢Δࣸ૾ͷ߹੒ʹ෼ղ
͢Δɿ

C

πν+

""""

τ,ν+,Υ,ϵ,Vk !!ऴҬ

Cν+

∃

##!!!!!!!!!!!!!!!!!!!!!

͜͜Ͱɼೋͭͷ݁ͼ໨͕ [K] − [J ] ∈ Hν+Λຬͨ͢͜ͱ͸ɼ

ν+([K] − [J ]) = ν+([J ] − [K]) = 0

͕੒Γཱͭ͜ͱͱಉ஋Ͱ͋Δɽ͜ΕʹΑͬͯఆ·Δ݁ͼ໨ͷؒͷಉ஋ؔ܎Λ ν+ಉ஋
ͱ͍͏ɽ্ड़ͷΑ͏ʹɼν+ಉ஋͸ʮCFK∞͔Βఆ·ΔίϯίʔμϯεෆมྔΛ౷੍͢
Δಉ஋ؔ܎ʯͱ͍͏ҙຯΛ͍ͯͬ࣋ʹطΔΘ͚͕ͩɼHom ͸͞Βʹν+ಉ஋͕CFK∞

ͷ“҆ఆϗϞτϐʔಉ஋”ʹ͋ͨΔ֓೦Ͱ͋Δ͜ͱ΋໌Β͔ʹͨ͠ɽ

ఆཧ 4.2 (Hom [6]) ݁ͼ໨K, J ͕ ν+ಉ஋Ͱ͋Δ͜ͱ͸࣍ͷ໋୊ͱಉ஋Ͱ͋ΔɿZ2

ϑΟϧλʔ෇͖ඇྠঢ়ෳମA1, A2͕ଘͯ͠ࡏɼZ2ϑΟϧλʔ෇͖࠯ෳମͱͯ͠ͷνΣ
ΠϯϗϞτϐʔಉ஋

CFK∞(K)⊕ A1 ≃ CFK∞(J)⊕ A2

͕੒ཱ͢Δɽ

ैདྷ͸ɼʮίϯίʔμϯεཧ࿦ͷ໰୊Λղ໌͢ΔͨΊʯʹʮHeegaard FloerϗϞϩδʔ
ཧ࿦ΛԠ༻͢Δʯͱ͍͏ߏਤͰ͕͋ͬͨɼHomͷఆཧʹΑͬͯ

݁ͼ໨ͷΞΠιτϐʔ෼ྨ -→ CFK∞ͷνΣΠϯϗϞτϐʔಉ஋෼ྨ
݁ͼ໨ͷίϯίʔμϯε෼ྨ -→ CFK∞ͷ҆ఆϗϞτϐʔಉ஋෼ྨ

ͱ͍͏ؔ໌͕܎Β͔ʹͳΓɼʮ࠯ෳମCFK∞ͷੑ࣭Λղ໌͢ΔͨΊʯʹʮίϯίʔμϯ
εཧ࿦ΛԠ༻͢Δʯͱ͍͏ڀݚ΋৽ͨʹՄೳʹͳͬͨɽஶऀ͸͜ͷ؍఺͔Βڀݚࡏݱ
ΛਐΊ͍ͯΔɽ

4.2. ஶऀʹΑΔڀݚ੒Ռ (1)ɿCν+্΁ͷ෦෼ॱংͷಋೖ
ν+ಉ஋ͷఆٛ͸ɼೋͭͷ౳ࣜ

ν+([K] − [J ]) = ν+([J ] − [K]) = 0
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͕ಉ࣌ʹ੒ཱ͢Δͱ͍͏΋ͷͰ͕͋ͬͨɼ͜ͷ͏ͪͷҰͭΛ༻͍Ε͹C+
ν ্ʹ෦෼ॱং

Λಋೖ͢Δ͜ͱ͕Ͱ͖Δɽ͢ͳΘͪɼCν+ͷ2ݩx, yʹର͠ɼؔ܎x ≤ yΛ

ν+(x − y) = 0

ͰఆΊΔͱɼؔ܎≤͸ Cν+্ͷ෦෼ॱংͱͳΔɽ͞Βʹɼ͜ͷ෦෼ॱং͸࣍ͷΑ͏ͳ
Α͍ੑ࣭Λ΋ͭɽ

ఆཧ 4.3 ౻ࠤ) [15]) Cν+্ͷ෦෼ॱংʹ͍ͭͯɼҎԼͷ͜ͱ͕੒Γཱͭɽ

• ೚ҙͷx, y, z ∈ Cν+ʹ͍ͭͯɼx ≤ y ͳΒ͹ x+ z ≤ y + z.

• ೚ҙͷx, y ∈ Cν+ʹ͍ͭͯɼx ≤ y ͳΒ͹ −y ≤ −x.

• ෆมྔ τ, ν+,−Υ, Vk Λ Cν+Λ࢝Ҭͱ͢Δࣸ૾ͱΈͳ͢ͱ͖ɼ͜ΕΒ͸෦෼ॱং
Λอଘ͢Δɽ

• τʔϥεମV = S1 ×D2಺ͷ೚ҙͷ݁ͼ໨Pʹ͍ͭͯɼͦΕʹ෇ਵ͢Δࣸ૾

P : Cν+ → Cν+ , [K]ν+ -→ [P (K)]ν+

͸well-definedͰɼ͔ͭ෦෼ॱংΛอଘ͢Δɽͨͩ͠ɼP (K) ͸ PΛύλʔϯͱ
͢ΔKͷαςϥΠτ݁ͼ໨ 4Ͱ͋Δɽ

͞Βʹɼ࠷৽ͷ੒Ռͱͯ͠ɼ෦෼ॱং≤͸࣍ͷҙຯΛͭ࣋͜ͱ΋෼͔ͬͨɽ͜͜Ͱɼ
νΣΠϯࣸ૾ f : C1 → C2 ͕ٙಉܕͰ͋Δͱ͸ɼϗϞϩδʔ্ʹ༠ಋ͞ΕΔ४ಉܕ
f∗ : H∗(C1) → H∗(C2)͕ಉ૾ࣸܕʹͳ͍ͬͯΔ͜ͱͰ͋Δɽ

ఆཧ 4.4 (౻ࠤ) ܎ؔ [K]ν+ ≤ [J ]ν+͕੒ཱ͢Δ͜ͱ͸࣍ͷ໋୊ͱಉ஋Ͱ͋ΔɿZ2ϑΟ
ϧτϨʔγϣϯΛՃຯͨٙ͠ಉ૾ࣸܕ

f : CFK∞(J) → CFK∞(K)

͕ଘ͢ࡏΔɽ

ಛʹɼ̎ͭͷZ2ϑΟϧλʔ͖ͭ࠯ෳମͷ૒ํ޲ʹٙಉ͕૾ࣸܕଘ͢ࡏΔ͜ͱΛ૒ٙಉ
Ճ͑ͯʹ࡯ߟͿ͜ͱʹ͢ΔͱɼHomͷݺͱܕ

݁ͼ໨ͷίϯίʔμϯε෼ྨ -→ CFK∞ͷ҆ఆϗϞτϐʔಉ஋෼ྨ
⇔ CFK∞ͷ૒ٙಉܕ෼ྨ

ͱ͍͏ରԠ͕ಘΒΕͨ͜ͱʹͳΔɽ͞Βʹɼ҆ఆϗϞτϐʔಉ஋ࣸ૾ͱൺֱͯ͠ɼ૒
੒͢Δ͜ͱ͕Ͱ͖Δͱ͍͏ɼѻ͍΍͢͞ͷར఺ߏʹ͸ͦΕͧΕಠཱ૾ࣸܕͷٙಉ޲ํ
΋͋Δɽ

4τʔϥεମV ͷத৺ઢS1 × {O}͕KʹҠΔΑ͏ʹV ΛS3ʹຒΊࠐΜͩࡍͷɼP ͷ૾ͱͯ͠ఆ·Δ
݁ͼ໨ͷ͜ͱɽ
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4.3. ஶऀʹΑΔڀݚ੒Ռ (2)ɿछ਺̍ͷ݁ͼ໨ͷν+ಉ஋ྨͷ෼ྨ

ஶऀ͸͞Βʹɼ4.2અͷ෦෼ॱংͷزԿతͳੑ࣭Λৄ͘͠͠ڀݚɼ೚ҙͷ݁ͼ໨ͷ ν+

ಉ஋ྨʹରͯ͠ɼ࣍ͷෆ౳ࣜΛূ໌ͨ͠ɽ͜͜Ͱɼg4(K)͸ʮK͕B4಺ͰுΔ༗ۂ޲
໘ͷ࠷খछ਺ʯͰ͋ΓɼKͷ4ݩ࣍छ਺ͱݺ͹Ε͍ͯΔɽ

ఆཧ 4.5 (౻ࠤ) ೚ҙͷ݁ͼ໨Kʹରͯ͠ɼෆ౳ࣜ

−g4(K)[T2,3]ν+ ≤ [K]ν+ ≤ g4(K)[T2,3]ν+

͕੒Γཱͭɽͨͩ͠ɼT2,3͸ӈखܥ trefoilΛද͢ɽ

͜ͷෆ౳ࣜͷԠ༻ͱͯ͠ɼ͢΂ͯͷछ਺̍ͷ݁ͼ໨ͷ ν+ಉ஋ྨΛɼτෆมྔΛ༻͍ͯ
શʹ෼ྨ͢Δ͜ͱʹ੒ޭͨ͠ɽ׬

ఆཧ 4.6 (౻ࠤ) ೚ҙͷछ਺̍ͷ݁ͼ໨Kʹ͍ͭͯɼ

[K]ν+ =

⎧
⎪⎪⎨

⎪⎪⎩

[T2,3]ν+ (τ(K) = 1)

0 (τ(K) = 0)

− [T2,3]ν+ (τ(K) = −1)

͕੒ཱ͢Δɽ

͜ͷ݁Ռʹ͍ͭͯ͸ɼݹయతͳ୅਺తίϯίʔμϯε܈ CAlgͱൺֱͯ͠΋໘ന͍ɽͦ
ͷͨΊʹɼ·ͣ CͷϑΟϧτϨʔγϣϯͱͯ͠ɼʮछ਺nҎԼͷ݁ͼ໨શମʯͰੜ੒͞
ΕΔCͷ෦෼܈Fn ʢn ∈ Z≥ 0ʣΛ͑ߟΔɽ͜ͷ࣌ɼLevineͷෆมྔͱఆཧ 4.6ΑΓ

• ૾πAlg(F1)͸Z∞ ⊕ Z∞
2 Λ௚࿨Ҽࢠʹ΋ͭɽ

• ૾πν+(F1)͸ [T2,3]ν+ʹΑͬͯੜ੒͞ΕΔແݶ८ճ܈Ͱɼಛʹπν+(F1) ∼= ZͰ͋Δɽ

ͱ͍͏ରൺ͕ಘΒΕΔɽ͜͜Ͱɼ

• πAlg(Ker πTop) = 0ɽ

• πν+(Ker πTop)͸Z∞Λ௚࿨Ҽࢠʹ΋ͭɽ

ͱ͍͏ରൺ΋͋Δ͜ͱ͔ΒɼʮCν+͸ඍ෼ߏ଄Λ൓ө͢ΔҰํͰɼछ਺ʹΑͬͯ;Δ·͍
ಘΒΕͨ͜ͱʹͳΔɽ͜Ε͸ɼCν+ʹΑΔCͷղ໌ͷ͕࡯ߟΕΔʯͱ͍͏͞ݶ੍͘ڧ͕
քΛࣔ͢ҰํͰɼCν+্ͷϑΟϧτϨʔγϣϯݶ

0 ⊂ πν+(F1) ⊂ πν+(F2) ⊂ · · · ⊂ Cν+

͕ѻ͍΍͍͢ର৅Ͱ͋ΔՄೳੑ΋͍ࣔࠦͯ͠Δɽಛʹɼ࣍ͷ໰୊͸ະղܾͰɼஶऀ͕
Δ΋ͷͰ͋Δɽ͍ͯ͠ࢹͷ՝୊ͱͯ͠ॏཁޙࠓ

໰୊ 4.7 ೚ҙͷn ∈ Z≥ 0ʹ͍ͭͯɼCν+ͷ෦෼܈πν+(F2)͸༗ݶੜ੒͔ʁ
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Levineͷ୅਺తίϯίʔμϯε܈CAlg͸ɼݩ࣍ߴίϯίʔμϯε܈CnΛղ໌͚ͨͩ͠
Ͱͳ͘ɼC1 = Cʹ͓͍ͯ΋ɼͦͷେ·͔ͳߏ଄΍۩ମతͳ݁ͼ໨ؒͷίϯίʔμϯε
Λཧղ͢Δ্Ͱେม༗༻Ͱ͋ΓɼࡏݱͰ΋ඇৗʹॏๅ͞Ε͍ͯΔɽޙࠓͷஶऀͷҰͭ
ͷ໨ඪ͸ɼCν+ͷߏ଄Λৄ͘͠ղ໌͠ɼඍ෼ߏ଄Λ൓өͨ͠ίϯίʔμϯε͓Αͼ௿࣍
τϙϩδʔʹ͓͚ΔFloerཧ࿦తෆมྔͷ૒ํͷཧղͷͨΊʹॏๅ͞ΕΔཧ࿦ͱͯ͠ݩ
੒ͤ͞Δ͜ͱͰ͋Δɽ׬

ँࣙ τϙϩδʔγϯϙδ΢Ϝʹ͓ট͖ͩͬͨ͘͞ɼओऀ࠵ͷօ༷ʹ৺ΑΓँײΛਃ
্͛͠·͢ɽ
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Conway-Gordonͷఆཧͷਫ਼ີԽͱҰൠԽ

৽ᅳ ྄ (౦ࢠঁژେֶݱ୅ڭཆֶ෦)∗

֓ ཁ

ۭؒ6௖఺׬શάϥϑ಺ͷ2੒෼བྷΈ໨ͷབྷΈ਺ͷ૯࿨͸ඞͣح਺Ͱ, ·ۭͨ
ؒ 7௖఺׬શάϥϑ಺ͷ݁ͼ໨ͷ Conway ଟ߲ࣜͷ ਺ͷ૯࿨͸ඞͣ܎ͷ࣍2
,͸࣮ࣄ਺Ͱ͋Δͱ͍͏ح Conway-Gordonͷఆཧͱͯ͠Α͘஌ΒΕ͍ͯΔ.
ຊߘͰ͸, Conway-Gordon ͷఆཧͷ੔਺্͛ͪ࣋ʹΑΔਫ਼ີԽ, ͼ௖఺਺ٴ
8Ҏ্ͷ׬શάϥϑ΁ͷҰൠԽʹ͍ͭͯ, .Δ͢ࠂͷ݁ՌΛத৺ʹใۙ࠷

1. Conway-Gordonͷఆཧ
ຊߘͰ͸, ݶ༗ݩ࣍1 CW ෳମͷଟ໘ମΛάϥϑͱݺͼ, ͦͷ0๔ମΛ௖఺, 1๔ମΛล
ͱݺͿ͜ͱʹ͢Δ. άϥϑ G ͷR3΁ͷຒΊࠐΈ f :G → R3Λ G ͷۭؒຒΊࠐΈͱ
͍͍, ͦͷ૾ f(G) Λ G ͷۭؒάϥϑͱ͍͏ (ਤ1.1). G ͷ෦෼άϥϑ (෦෼ෳମ)Ͱԁ
पʹಉ૬ͳ΋ͷΛαΠΫϧͱ͍͍, G ͷۭؒຒΊࠐΈ f ͼαΠΫϧٴ (ͷඇަ࿨) λ ʹ
ର͠, f(λ) ͸ f(G) ಺ͷ݁ͼ໨ (བྷΈ໨)ʹ΄͔ͳΒͳ͍.

x

y

z

f

G

ਤ 1.1: ۭؒάϥϑ ਤ 1.2: थԼͷ θ ઢۂ

άϥϑ G ͷ 2ͭͷۭؒάϥϑ f(G), g(G) ͕ಉ஋Ͱ͋Δͱ͸, R3ͷࣗݾಉ૬ࣸ૾ Φ

͕ଘͯ͠ࡏ Φ(f(G)) = g(G) ͱͳΔͱ͖ͱ͢Δ. ۭؒάϥϑ f(G) ͕ࣗ໌Ͱ͋Δͱ͸,

f(G) ͕ R3಺ͷฏ໘ʹؚ·ΕΔ͋Δۭؒάϥϑ h(G) ʹಉ஋Ͱ͋Δͱ͖Λ͍͏. ݁ͼ
໨ཧ࿦ͱಉ༷, ۭؒάϥϑͷ෼ྨ͸جຊత໰୊Ͱ͋Γ, ݁ͼ໨ཧ࿦ʹ͓͍ͯ͑ߟΒΕͯ
͍Δ֓೦΍ෆมྔͷଟ͕ۭؒ͘άϥϑʹҰൠԽ͞ΕΔ. ਤ 1.2ͷथԼͷ θ ઢͷΑ͏ۂ
ʹ, ؚ·ΕΔ݁ͼ໨΍བྷΈ໨͕Έͳࣗ໌Ͱ΋, ࣗ਎͸ඇࣗ໌ͳۭؒάϥϑ͕ଘ͢ࡏΔ͜
ͱ͕, ෼ྨ໰୊Λ͢ڀݚΔ1ͭͷಈػͰ͋Δ. ·ͨ, ۭؒάϥϑͷਖ਼ଇۙ๣ͷ෼ྨΛ͑ߟ
Δ͜ͱͰ, R3಺ͷϋϯυϧମ (ϋϯυϧମ݁ͼ໨)΍ดۂ໘ͷڀݚʹ΋Ԡ༻͞ΕΔ. ͜
ΕΒ͸ۭؒάϥϑͷ֎ࡏతੑ࣭ͷڀݚͱ͍͑Δ. Ұํ, άϥϑ͕े෼ʮେ͖͍ʯͳΒ͹,

ͦͷ೚ҙͷۭؒάϥϑ͸͋Δಛ༗ͷੑ࣭Λͪ࣋, ͦΕΛάϥϑࣗମͷߏ଄͔Βಛ௃෇͚
Α͏ͱ͍͏͕ڀݚ 1980೥୅த൫Ҏ߱, ੝ΜʹߦΘΕ͍ͯΔ. ͜ΕΒ͸͍Θ͹ۭؒάϥ
ϑͷ಺ࡏతੑ࣭ͷڀݚͰ͋Γ, ͦͷᅘ໼ͱͳͬͨͷ͕ Conway-Gordon ͷఆཧͰ͋Δ.

ҎԼ, άϥϑ G ͷͪΐ͏Ͳkݸͷ௖఺ΛؚΉαΠΫϧΛ kαΠΫϧͱݺͼ, kαΠΫϧ
શମͷू߹Λ Γk(G) Ͱ, ·ͨ, kαΠΫϧͱ lαΠΫϧͱͷඇަ࿨શମͷू߹Λ Γk,l(G)

ຊڀݚ͸ JSPSՊݚඅ JP15K04881, JP19K03500 ͷॿ੒Λड͚ͨ΋ͷͰ͢.
∗౦ژ౎ਿฒ۠ળ෱ࣉ 2-6-1 ౦ࢠঁژେֶݱ୅ڭཆֶ෦਺ཧՊֶՊ
e-mail: nick@lab.twcu.ac.jp
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Ͱද͢. ·ͨ, (n−1)୯ମͷ ,શάϥϑͱ͍͍׬ͱͯ͠ಘΒΕΔάϥϑΛn௖఺֨ࠎ1

Kn Ͱද͢.1 ಛʹ n = 6, 7 ͷͱ͖, Conway-Gordon ͸࣍ͷఆཧΛࣔͨ͠.

ఆཧ 1.1. (Conway-Gordon ͷఆཧ [6])

( 1 ) K6ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,
∑

λ∈Γ3,3(K6)
lk(f(λ)) ≡ 1 (mod 2). ͜͜

Ͱ lk ͸ R3ʹ͓͚ΔབྷΈ਺ 2Λද͢.

( 2 ) K7ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,
∑

γ∈Γ7(K7)
a2(f(γ)) ≡ 1 (mod 2). ͜͜Ͱ

a2 ͸Conway ଟ߲ࣜ3ͷ z2 ͷ܎਺Λද͢.

1

2

3 4

5

6

7

12

3 4

56

ਤ 1.3: K6 , K7 ͷۭؒάϥϑ. ଠઢ෦͸͕ࠨ Hopf བྷΈ໨, ӈ͕ࡾ༿݁ͼ໨ʹಉ஋.

ఆཧ1.1͔Β, K6ͷۭؒάϥϑ͸ඞͣඇ෼཭ͳ2੒෼བྷΈ໨ΛؚΉ͜ͱ,·ͨ K7ͷۭ
ؒάϥϑ͸ඞͣඇࣗ໌݁ͼ໨ΛؚΉ͜ͱ͕ಋ͔Ε (ਤ1.3), ͜ͷ࣮ࣄΛͯ͠ࢦ Conway-

Gordon ͷఆཧͱ͍ΘΕΔ͜ͱ΋ଟ͍.4 Ұൠʹલऀ/ऀޙͷੑ࣭Λͭ࣋άϥϑ͸ བྷΈ໨
಺ࡏ/݁ͼ໨಺ࡏͰ͋Δͱ͍͍, ͜ΕΒͷੑ࣭Λͭ࣋άϥϑͷಛ௃෇͚͸ۭؒάϥϑͷ
ཧ࿦ʹ͓͚ΔॏཁͳڀݚςʔϚͰ͋Δ. ಛʹ Robertson-Seymour-Thomas ʹΑΔ, བྷ
Έ໨಺ࡏάϥϑͷάϥϑϚΠφʔཧ࿦ʹΑΔಛ௃෇͚͸େ͖ͳ੒Ռͷ 1ͭͰ͋Γ [34],

ҰํͰ݁ͼ໨಺ࡏάϥϑͷಛ௃෇͚͸ະͩ੒͞Ε͍ͯͳ͍ (ྫ͑͹ [9, §§2-6] Λࢀর).

͔͠͠զʑͷຊߘͰͷڵຯ͸ผͷํ޲ʹ͋Δ. ͍·, ۭؒάϥϑ f(G) ಺ͷ݁ͼ໨/བྷ
Έ໨Ͱશͯͷ௖఺ΛؚΉ΋ͷΛ, άϥϑཧ࿦ͷ༻ޠʹ฿ͬͯ Hamilton ݁ͼ໨/བྷΈ໨
ͱݺͿ͜ͱʹ͢Δ. զʑͷ໨త͸, ఆཧ1.1Λ, ۭؒάϥϑ಺ͷ݁ͼ໨ ·བྷΈ໨Λ୅਺త
ෆมྔͰറΔͱ͍͏ཱ৔͔Β௖఺਺ n ≥8 ͷ Kn ʹҰൠԽ͠, Hamilton ݁ͼ໨/བྷΈ
໨ͷৼΔ෣͍Λௐ΂Δ͜ͱͰ͋Δ. ͦͷΑ͏ͳڀݚ͸͜Ε·Ͱ΄ͱΜͲͳ͔ͬͨΑ͏
,ΘΕࢥʹ গͳ͘ͱ΋චऀ͸ҎԼͷ݁Ռ͔͠஌Βͳ͔ͬͨ.

ఆཧ 1.2. ( 1 ) (Foisy [11], ฏ໺ [13])5K8ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,∑
γ∈Γ8(K8)

a2 (f(γ)) ≡ 3 (mod 6).

( 2 ) (ฏ໺ [13]) n ≥9 ͷͱ͖, Kn ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,∑
γ∈Γn(Kn)

a2 (f(γ)) ≡ 0 (mod 2).

1Kn ͸, n௖఺ͷ͏ͪͲͷҟͳΔ 2௖఺΋, ͪΐ͏Ͳ 1ຊͷลͰ݁͹ΕͨάϥϑͰ͋Δ.
2༗޲བྷΈ໨ L = J ∪K ʹର͠, H1(R3 −K) ∼= Z ͷੜ੒ݩΛ Σ ͱͯ͠, [J ] = lk(L)Σ ͱͳΔ lk(L)
Λ L ͷབྷΈ਺ͱ͍͍, L ͷਤ͔ࣜΒࢉܭͰ͖Δ. L ͕෼཭བྷΈ໨ (ಛʹࣗ໌)ͳΒ lk(L) = 0 Ͱ͋Δ.

3༗޲བྷΈ໨ L ͷ Alexander ଟ߲ࣜ ∆L(t) ∈ Z[t± 1
2 ] Λద౰ʹਖ਼نԽ͠, ม਺ม׵ z = t

1
2 −t−

1
2 Λ

਺ଟ߲ࣜ܎ಘΒΕΔ੔ͯ͠ࢪ ∇L(z). ಛʹ༗݁޲ͼ໨ K ͷ Conway ଟ߲ࣜ͸͖޲ʹґΒͣ, ·ͨඞ
ͣ 1 +

∑
i≥ 1 a2 i(K)z2 i ͷܗʹද͞ΕΔ. K ͕ࣗ໌ͳΒ ∇K(z) = 1, ಛʹ a2 (K) = 0 Ͱ͋Δ.

4 K6 ʹؔͯ͠͸ Sachs ΋ಠཱʹ͍ࣔͯͯ͠ [36], Conway-Gordon-Sachs ͷఆཧͱ͍ΘΕΔ͜ͱ΋͋Δ.
5 Foisy ͸

∑
γ∈Γ8(K8)

a2 (f(γ)) ≡ 0 (mod 3) Λࣔ͠ [11], ฏ໺͸
∑

γ∈Γ8(K8)
a2 (f(γ)) ≡ 1 (mod 2) Λ

ࣔͨ͠ [13].

新國亮（東京女子大）136



( 3 ) (Kazakov-Korablev [19]) n ≥7 ͷͱ͖, Kn ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,∑
p+q=n

∑
λ∈Γp,q(Kn)

lk(f(λ)) ≡ 0 (mod 2).

ఆཧ 1.1ͷΦϦδφϧͷূ໌͸ҎԼͷΑ͏ʹ੒͞Εͨ. K7ͷۭؒຒΊࠐΈ f ʹର
͠, ·ͣ α(f) ≡

∑
γ∈Γ7(K7)

a2(f(γ)) (mod 2) ͕ลͷؒͷަࠩަ׵ͰෆมͰ͋Δ͜ͱΛ
ࣔ͢. ैͬͯ α(f) ͸ຒΊࠐΈ f ʹґΒͣ, ʹମత۩ʹ࣍ α(h) = 1 ͱͳΔຒΊࠐΈ
h Λ༩͑, α(f) = α(h) = 1 ΛಘΔ ,ࡍ࣮) ਤ 1.3 ͷ K7ͷۭؒάϥϑ͸, શ ͷݸ360
Hamilton݁ͼ໨ͷ͏ͪ།1͚ͭͩඇࣗ໌Ͱ a2 = 1). K6ͷۭؒຒΊࠐΈ f ʹରͯ͠΋,

σ(f) ≡
∑

λ∈Γ3,3(K6)
lk(f(λ)) (mod 2) ʹର͠શ͘ಉ͡ϓϩηεΛ౿ΜͰ σ(f) = 1 ͕ࣔ

͞ΕΔ. ٞ࿦͸εϚʔτ͔ͭਤࣜΛ༻͍ͨॳ౳తͳ΋ͷͰۃΊͯΞΫηγϒϧͰ͋Δ
൓໘, ΑΓେ͖ͳ௖఺਺ͷ Kn ΁ͷҰൠԽ, ͋Δ͍͸߹ಉࣜͷਫ਼ີԽΛ҆௚ʹਤΔͱେ
ม൥ࡶͱͳΓ, ΈࠐମతͳຒΊ۩ʹߋ h ʹ͍ͭͯ α(h) Λ͢ࢉܭΔ͜ͱ΋Ұൠʹ͸༰қ
Ͱͳ͍. ͦΕ͕͜ͷํ޲ͷܟ͕ڀݚԕ͞ΕͨݪҼͷ1ͭͰ͋ΔΑ͏ʹࢥΘΕΔ. ͔͠͠
චऀ͸10೥લ, ΋ͱͷ௖఺਺ n = 6, 7 ʹ͓͍ͯ, ఆཧ1.1ͷ੔਺্͛ͪ࣋Λ༩͑ͯਫ਼ີ
Խ͢Δ͜ͱʹ੒ޭ͠, ,ۙ࠷ʹߋ ৿Լԝࢯࢠ (౦ࢠঁژେֶ)ͱͷڞಉڀݚʹΑΓ, ͦΕ
Λ௖఺਺ n ≥8 ͷ Kn ʹҰൠԽ͢Δ͜ͱʹ੒ޭͨ͠. ຊߘͰ͸, ͦͷ֓ཁΛใ͢ࠂΔ.

2. Conway-Gordonͷఆཧͷਫ਼ີԽ
ఆཧ1.1 (1), (2)͸, ͍ͣΕ΋ҎԼͷΑ͏ʹ੔਺্ͷ౳ࣜʹ্͕ͪ࣋Δ.

ఆཧ 2.1. (৽ᅳ [26])

( 1 ) K6ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,

2
∑

γ∈Γ6(K6)

a2(f(γ))−2
∑

γ∈Γ5(K6)

a2(f(γ)) =
∑

λ∈Γ3,3(K6)

lk(f(λ))2 −1. (2.1)

( 2 ) K7ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,

7
∑

γ∈Γ7(K7)

a2(f(γ))−14
∑

γ∈Γ5(K7)

a2(f(γ)) = 2
∑

λ∈Γ3,4(K7)

lk(f(λ))2 + 3
∑

λ∈Γ3,3(K7)

lk(f(λ))2 −42. (2.2)

,ࡍ࣮ (2.1) ͷ྆ลͷ mod 2 ΛऔΔͱఆཧ 1.1 (1)͕ಘΒΕΔ. ·ͨ, (2.2) ͷ྆ลͷ
mod 2 ΛऔΔͱ

∑
γ∈Γ7(K7)

a2(f(γ)) ≡
∑

λ∈Γ3,3(K7)
lk(f(λ)) Ͱ, ࣮͸ӈล͸ح਺ (ड़ޙ)

ͳͷͰఆཧ1.1 (2)͕ಘΒΕΔ.

ఆཧ2.1͸ҎԼͷΑ͏ʹͯ͠ূ໌͞Εͨ. ͍·, K6͔Β2ͭͷ3αΠΫϧͷඇަ࿨Λ
আ͍ͯಘΒΕΔάϥϑΛ K3,3Ͱද͢ͱ͖, G = K5·ͨ͸ K3,3ͷۭؒຒΊࠐΈ f ʹ
ର͠, Simon ෆมྔͱݺ͹ΕΔح਺஋ෆมྔ L(f) ͕ఆٛ͞ΕΔ.6·ͨ, Γ′ Λ G = K5

ͷͱ͖ Γ′ = Γ5(K5), G = K3,3ͷͱ͖ Γ′ = Γ6(K3,3) ͱ͢Δͱ͖, α ෆมྔ α(f) ͕

α(f) =
∑

γ∈Γ′

a2(f(γ))−
∑

γ∈Γ4(G)

a2(f(γ)) (2.3)

Ͱఆٛ͞ΕΔ.7 Simon ෆมྔͱ α ෆมྔͱͷؒʹ͸, ҎԼͷؔ܎:
6 X ͷ 2఺഑ஔۭؒ C2 (X) = {(x, y) ∈ X ×X | x1 ̸= x2} ߹ͼͦͷ্ͷରٴ ι(x1, x2 ) = (x2 , x1) ʹ
ର͠, νΣΠϯෳମ Ker(1 + ι#) ͷ੔܎਺ίϗϞϩδʔ܈Λ H∗(C2 (X), ι) ͱද͢. G = K5 ·ͨ͸
K3 ,3 ͷۭؒຒΊࠐΈ f ʹର͠, H2 (C2 (R3 ), ι) ∼= Z ͷੜ੒ݩ Σ ͷ (f × f)∗ ʹΑΔ૾ (f × f)∗(Σ) ∈
H2 (C2 (G), ι) ∼= Z Λ f ͷ Simon ෆมྔͱ͍͍, L(f) Ͱද͢. ͜Ε΋ f ͷਤ͔ࣜΒࢉܭͰ͖Δ [40].

7ఆཧ1.1 (2)ͷূ໌ʹ͓͚ΔK7 ͷຒΊࠐΈ f ʹґΒͳ͍ྔ α(f)ͷΞΠσΟΞΛଊ͑௚͠, G = K5 ,K3 ,3

,Βͣݶʹ ΑΓҰൠతͳઃఆͷԼͰ, ۭؒάϥϑͷϗϞτϐʔෆมྔͱͯ͠ಋೖ͞Εͨ [39].
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∑

γ∈Γ′

a2(f(γ))−
∑

γ∈Γ4(G)

a2(f(γ)) =
L(f)2 −1

8
(2.4)

͕੒Γཱͭ [28] (ຊ࣭తʹ͸ຊڮ-୩ࢁ [22]). վΊͯ K6ͷ೚ҙͷۭؒຒΊࠐΈ f ʹର
͠, K6͸ ͪΐ͏Ͳ ͷݸ6 K5ʹಉܕͳ෦෼άϥϑ Gi (i = 1, 2, . . . , 6), ͪΐ͏Ͳ ݸ10
ͷ K3,3ʹಉܕͳ෦෼άϥϑ Hj (j = 1, 2, . . . , 10) ΛؚΈ,

10∑

j=1

L(f |Hj)
2 −

6∑

i=1

L(f |Gi)
2 = 4

∑

λ∈Γ3,3(K6)

lk(f(λ))2

͕੒Γཱͭ͜ͱ͕, K6ͷۭؒάϥϑͷʮϗϞϩδʔ෼ྨʯ [40] ͷԠ༻ʹΑΓࣔ͞ΕΔ.

ͦ͜Ͱ֤ L(f |Hi), L(f |Gj) ʹ (2.4) Λద༻͠੔ཧ͢Δͱ (1)͕ಘΒΕΔ. (2)͸, K7ͷ
೚ҙͷۭؒຒΊࠐΈ f ʹର͠, K7ͷ෦෼άϥϑͰ K6ʹಉ૬ͳ΋ͷ F Λશͯ͑ߟ (ਤ
2.1), f |F ʹఆཧ2.1 (1)Λద༻͠, શͯͷ F ʹ͍ͭͯ଍͠߹Θͤ੔ཧͯ͠ಘΒΕΔ.

ਤ 2.1: K7 ͷ෦෼άϥϑͰ K6 ʹಉ૬ͳ΋ͷ

ఆཧ2.1 (1)ͷূ໌ͷ؊͸, ۭؒάϥϑͷϗϞϩδʔෆมྔΛ݁ͼ໨੒෼ͷ a2 Λ༻͍
,੒͠ߏͯ ͦ͜ʹϗϞϩδʔ׬શ෼ྨΛద༻ͯ͠Ұൠతͳؔࣜ܎ΛಘΔͱ͜ΖͰ͋Δ.8

͜Ε͸ؔࣜ܎ (2.4) ΛಘΔࡍʹ༻͍ΒΕͨΞΠσΟΞͰ΋͋ͬͨ.

3. Conway-GordonͷఆཧͷҰൠԽ
ఆཧ2.1 (2)ͷূ໌ͷख๏͸Ұൠͷ Kn (n = 8, 9, . . .) ,ʑͱద༻Ͱ͖࣍ʹ ʹࡍ࣮ f(Kn)

಺ͷ Hamilton ݁ͼ໨ͷ a2 ͷ૯࿨͕, 5αΠΫϧ݁ͼ໨ͷ a2, ͼٴ 2੒෼བྷΈ໨ͷ lk2

͔Βܾ·Δ͜ͱ͸ೝ͍͕ࣝͯͨ͠, kαΠΫϧ݁ͼ໨ͱ lαΠΫϧ݁ͼ໨͔ΒͳΔ 2੒
෼བྷΈ໨Λ (k, l) བྷΈ໨ͱݺͿͱ͖ (6 ≤ k + l ≤ n), ֤ (k, l) བྷΈ໨ͷ lk2 ͷ૯࿨ͷҰ
ൠతͳݱΕํ͕Θ͔Βͣ, ໌᏷ͳؔࣜ܎ʹදͤͳ͍Ͱ͍ͨ. ͔͠͠, K7ͷۭؒάϥϑ͕
ʹҎԼͷੑ࣭ͭ࣋ (Α͏΍͘)͕ؾ෇͍ͨ͜ͱ͕, ಥഁޱΛ։͘ݤͱͳͬͨ.

ఆཧ 3.1. (৿Լ-৽ᅳ [20]) K7ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,
∑

λ∈Γ3,4(K7)

lk(f(λ))2 = 2
∑

λ∈Γ3,3(K7)

lk(f(λ))2. (3.1)

ূ໌͸, ఆཧ 2.1 (1)ͱಉ༷ͷख๏Ͱ O’Donnol શ׬͕ͨࣔ͠ 3૊άϥϑ K3,3,1 ͷਫ਼
ີԽ Conway-Gordon ࣜެܕ [29] Λ, K7ؚ͕Ήશͯͷ K3,3,1 ʹಉܕͳ෦෼άϥϑʹద
༻͢Δ͜ͱʹΑΔ. ͦ͜Ͱఆཧ3.1ͱఆཧ2.1 (2)͔Β, K7ͷۭؒຒΊࠐΈ f ʹ͓͍ͯ

∑

γ∈Γ7(K7)

a2(f(γ))−2
∑

γ∈Γ5(K7)

a2(f(γ)) =
∑

λ∈Γ3,3(K7)

lk(f(λ))2 −6 (3.2)

8શͯͷ n ʹ͍ͭͯ, Kn ͷۭؒάϥϑͷશͯͷϗϞϩδʔྨ͕໌ࣔతʹΘ͔͍ͬͯΔ [38], [25].
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͕੒Γཱͪ, ʮHamilton ݁ͼ໨ͷ a2 ͷ૯࿨͸, 5αΠΫϧ݁ͼ໨ͷ a2 ͷ૯࿨ͱ (3, 3)

བྷΈ໨ͷ lk2 ͷ૯࿨ͰવΔ΂͘ද͞ΕΔʯͱ͍͏Ծఆͷؼೲ๏ʹ৐Δ. େࡶ೺ʹ͸͜ͷ
Α͏ʹͯ͠, զʑ͸ҎԼͷ݁ՌΛಘͨ.

ఆཧ 3.2. (৿Լ-৽ᅳ [20]) n ≥6 ͷͱ͖, Kn ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,

∑

γ∈Γn(Kn)

a2(f(γ))−(n−5)!
∑

γ∈Γ5(Kn)

a2(f(γ)) =
(n−5)!

2

⎛

⎝
∑

λ∈Γ3,3(Kn)

lk(f(λ))2 −
(
n−1

5

)⎞

⎠.

ఆཧ 3.2͔Β, f(Kn) ͷ Hamilton ݁ͼ໨ͷৼΔ෣͍͕͍Ζ͍Ζͯ͑͘ݟΔ. ·ͣ,

n ≥6 ͷͱ͖, Kn ͷ 2ͭͷ 3αΠΫϧͷඇަ࿨ λ ∈ Γ3,3(Kn) ΛؚΉ෦෼άϥϑͰ K6

ʹಉܕͳ΋ͷ͸།ҰͭͰ͋Δ͜ͱʹ஫ҙ͢Δ. ͜ͷ͜ͱͱఆཧ 1.1 (1)͔Β, f(Kn) ͷ
(3, 3) བྷΈ໨ͷ lk2 ͷ૯࿨͸, Kn ͷ K6ʹಉܕͳ෦෼άϥϑͷݸ਺

(
n
6

)
Ҏ্Ͱ͋Δ.

ैͬͯఆཧ3.2ΑΓ, ҎԼͷ͕ܥಘΒΕΔ.

ܥ 3.3. n ≥6 ͷͱ͖, Kn ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,

∑

γ∈Γn(Kn)

a2(f(γ))−(n−5)!
∑

γ∈Γ5(Kn)

a2(f(γ)) ≥
(n−5)(n−6)(n−1)!

2 · 6! .

஫ҙ 3.4. ԕ౻-େ௬͸, ඪ४తۭؒάϥϑͷڀݚͷҰ؀ͱͯ͠ Kn ͷਖ਼४ຊදݱͱݺ
͹ΕΔຒΊࠐΈ fb Λಋೖ͠ [7], ,େ௬͸ʹߋ fb (Kn) ͷશͯͷඇ෼཭ (3, 3) བྷΈ໨͸
ͪΐ͏Ͳ

(
n
6

)
ͷݸ Hopf བྷΈ໨Ͱ͋Δ͜ͱΛࣔͨ͠ [30]. ܥͯͬै 3.3ͷԼք͸ྑ࠷Ͱ

͋Δ. ʹߋ fb(Kn) ͷશͯͷ5αΠΫϧ݁ͼ໨͸ࣗ໌ͳͷͰ, ಛʹ

∑

γ∈Γn(Kn)

a2 (fb(γ)) =
(n−5)!

2

((
n

6

)
−
(
n−1

5

))
=

(n−5)(n−6)(n−1)!

2 · 6! (3.3)

͕ಘΒΕΔ. Hamilton ݁ͼ໨ͨͪͷ݁ͼ໨ܕͷ಺༁Λ஌Βͣͱ΋ a2 ͷ૯࿨͕Θ͔ͬ
ͨ͜ͱʹ஫໨ͯ͠ཉ͍͠. ͦͯ͜͠ͷ3.5ܥ͕ࢉܭͷূ໌Ͱॏཁͳ໾ׂΛՌͨ͢.

,ʹ࣍ n ≥7 ͷͱ͖, Kn ͷۭؒάϥϑ f(Kn), g(Kn) ʹ͓͍ͯ, ͦΕͧΕͷ Hamilton

݁ͼ໨ͷ a2 ͷ૯࿨ͷࠩͷ mod (n−5)! ΛऔͬͯΈΑ͏. ఆཧ3.2͔Β
∑

γ∈Γn(Kn)

a2(f(γ))−
∑

γ∈Γn(Kn)

a2(g(γ))

≡ (n−5)!

2

⎛

⎝
∑

λ∈Γ3,3(Kn)

lk(f(λ))2 −
∑

λ∈Γ3,3(Kn)

lk(g(λ))2

⎞

⎠ (mod (n−5)!) (3.4)

ͱͳΔ͕, f(Kn), g(Kn)ͷ (3, 3)བྷΈ໨ͷ lk2 ͷ૯࿨͸, ఆཧ1.1 (1)͔Β͍ͣΕ΋ mod

2 Ͱ
(
n
6

)
ʹ߹ಉͳͷͰ, ͦͷࠩ͸ۮ਺Ͱ͋Δ. ैͬͯ (3.4) ͔Β

∑

γ∈Γn(Kn)

a2(f(γ)) ≡
∑

γ∈Γn(Kn)

a2(g(γ)) (mod (n−5)!) (3.5)

ͱͳΔ. ଈͪ, Hamilton ݁ͼ໨ͷ a2 ͷ૯࿨͸ mod (n−5)! ͰຒΊࠐΈʹґΒͳ͍. ͦ
͜Ͱ g ͱͯ͠஫ҙ3.4Ͱड़΂ͨਖ਼४ຊදݱ fb Λબ΂͹, (3.3) ͱ (3.5) ͔Β

∑

γ∈Γn(Kn)

a2(f(γ)) ≡
(n−5)!

2

((
n

6

)
−
(
n−1

5

))
(mod (n−5)!) (3.6)
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͕೚ҙͷۭؒຒΊࠐΈ f ʹ͍ͭͯ੒Γཱͭ.
(
n
6

)
≡ 1 (mod 2) ͱ n ≡ 6, 7 (mod 8),(

n− 1
5

)
≡ 1 (mod 2) ͱ n ≡ 0, 6 (mod 8) ͕ͦΕͧΕಉ஋Ͱ͋Δ͜ͱʹ஫ҙͯ͠ ܎2߲)

਺ʹؔ͢Δ Lucas ͷఆཧΛ༻͍Ε͹ྑ͍), ҎԼͷ͕ܥಘΒΕΔ.

ܥ 3.5. n ≥7 ͷͱ͖, Kn ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ, ͷ࣍ mod (n−5)! ͷ߹
ಉ͕ࣜ੒Γཱͭ:

∑

γ∈Γn(Kn)

a2 (f(γ)) ≡

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−(n−5)!

2

(
n−1

5

)
(n ≡ 0 (mod 8))

0 (n ̸≡ 0, 7 (mod 8))
(n−5)!

2

(
n

6

)
(n ≡ 7 (mod 8)).

ྫ͑͹ n = 7 ͷͱ͖͸,
∑

γ∈Γ7(K7)
a2(f(γ)) ≡ 7 ≡ 1 (mod 2) ͱͳΓఆཧ 1.1 (2)͕,

·ͨ n = 8 ͷͱ͖͸,
∑

γ∈Γ8(K8)
a2(f(γ)) ≡ −63 ≡ 3 (mod 6) ͱͳΓఆཧ 1.2 (1)͕ಘ

ΒΕΔ. ʹߋ n ≥9 ͷͱ͖͸ఆཧ1.2 (2)ͷҰൠԽͰ, ΋ͪΖΜ৽݁ՌͰ͋Δ.

ͯ͞զʑ͸, 2੒෼ HamiltonབྷΈ໨ͷབྷΈ਺ͷৼΔ෣͍ͱ͍͏؍఺͔Β, ఆཧ 1.2 (3)

ΛҎԼͷΑ͏ʹਫ਼ີԽ͢Δ͜ͱ΋Ͱ͖ͨ.

ఆཧ 3.6. (৿Լ-৽ᅳ [21]) n ≥6 ͱ͠, p, q ≥3 Λ n = p+ q ͳΔ੔਺ͱ͢Δͱ͖, Kn

ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,

∑

λ∈Γp,q(Kn)

lk(f(λ))2 =

⎧
⎪⎪⎨

⎪⎪⎩

(n−6)!
∑

λ∈Γ3,3(Kn)

lk(f(λ))2 (p = q)

2(n−6)!
∑

λ∈Γ3,3(Kn)

lk(f(λ))2 (p ̸= q).

ಛʹ,
∑

p+q=n

∑

λ∈Γp,q(Kn)

lk(f(λ))2 = (n−5)!
∑

λ∈Γ3,3(Kn)

lk(f(λ))2.

ূ໌͸ ΐͬͪ(ͷͱ͜Ζࠓ) ͱ໘౗Ͱ, n = 7 ͷͱ͖ͷ (3.1) ʹՃ͑ͯ, n = 8 ͷͱ͖
∑

λ∈Γ3,5(K8)

lk(f(λ))2 = 4
∑

λ∈Γ3,3(K8)

lk(f(λ))2,
∑

λ∈Γ4,4(K8)

lk(f(λ))2 = 2
∑

λ∈Γ3,3(K8)

lk(f(λ))2

͕੒Γཱͭ͜ͱΛ͔ࣔͯ͠Βؼೲ๏ʹ৐ͤΔ. ఆཧ 3.6͔Β, Kn ͷ೚ҙͷۭؒάϥϑ
ʹ͓͍ͯ, Hamilton ݁ͼ໨ͷ a2 ͷ৔߹ͱಉ͘͡, 2੒෼ Hamilton བྷΈ໨ͷ lk2 ͷ૯
࿨΋ mod (n −5)! ͰຒΊࠐΈʹґΒͳ͍ͷ͸ڵຯਂ͍͜ͱͰ͋Δ. ∑ʹΑ͏ͨݟʹط

λ∈Γ3,3(Kn)
lk(f(λ))2 ≥

(
n
6

)
Ͱ͔͋ͬͨΒ, .΋௚ͪʹಘΒΕΔܥͷ࣍

ܥ 3.7. n ≥6 ͱ͠, p, q ≥3 Λ n = p+ q ͳΔ੔਺ͱ͢Δͱ͖, Kn ͷ೚ҙͷۭؒຒΊ
Έࠐ f ʹ͓͍ͯ,

∑

λ∈Γp,q(Kn)

lk(f(λ))2 ≥

⎧
⎪⎨

⎪⎩

n!

6!
(p = q)

2 · n!
6!

(p ̸= q).

ಛʹ,
∑

p+q=n

∑

λ∈Γp,q(Kn)

lk(f(λ))2 ≥(n−5) · n!
6!
.
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஫ҙ3.4Ͱड़΂ͨ௨Γ, Kn ͷਖ਼४ຊදݱ fb ʹΑͬͯ3.7ܥͷԼք΋࣮͞ݱΕ, ैͬͯ
.Ͱ͋Δྑ࠷ Kn ͷۭؒάϥϑ಺ͷඇ෼཭བྷΈ໨ͷ࠷খݸ਺ͷڀݚ͸, ྫ͑͹ Fleming-

Mellor [10] ,ΒΕݟʹ .3.3͸ͦͷ୅਺తͳԼ͔ΒͷධՁΛ༩͑ͨ΋ͷͱ͍͑Α͏ܥ

4. ઢۭؒܗάϥϑ΁ͷԠ༻
ఆཧ3.2ͷԠ༻͕࠷΋௚઀తʹݟग़ͤΔۭؒάϥϑͷΫϥεͱͯ͠, ઢۭؒܗάϥϑ͕
.ΒΕΔ͛ڍ ͍·, ୯७άϥϑ (= (୯ମతෳମͷଟ໘ମݩ࣍1 G ͷۭؒຒΊࠐΈ fr ͕
ઢܗͰ͋Δ 9ͱ͸, G ͷ೚ҙͷล e ʹର͠, ͦͷ૾ fr(e) ͕ R3ͷ (·͙ͬ͢ͳ)ઢ෼Ͱ
͋Δͱ͖Λ͍͏. n௖఺ͷ୯७άϥϑ͸ Kn ͷ෦෼άϥϑͰ͋Γ, Kn ͷ֤௖఺Λ R3಺
ͷۂઢ (t, t2, t3) ্ʹஔ͖, ҟͳΔͲͷ2௖఺΋1ຊͷઢ෼Ͱ݁Ϳ͜ͱͰ1ͭͷઢܗͳۭ
ؒຒΊࠐΈ͕ಘΒΕΔ (ਤ4.1). ͜ΕΛ Kn ͷඪ४తͳઢۭؒܗຒΊࠐΈͱݺͿ͜ͱʹ
͢Δ.10ैͬͯ೚ҙͷ୯७άϥϑ͸ઢۭؒܗຒΊࠐΈΛͭ࣋.

1

2

3
4

5

6

f K 6(    )r

7

1

2

3

4 5

6

f K 7(    )r

ਤ 4.1: Kn ͷඪ४ઢۭؒܗάϥϑ (n = 6, 7)

ઢۭؒܗάϥϑ͸, ෼ࢠτϙϩδʔʹ͓͍ͯ෼ࢠԽ߹෺ͷ਺ֶతϞσϧͱͯࣗ͠વʹ
ΕΔର৅Ͱݱ (ྫ͑͹ [1, §7] Λࢀর), ۭؒάϥϑͷಉ஋ྨʹ੍͍ڧ໿͕͔͔Δ. ಛʹ
զʑ͸, ઢۭؒܗάϥϑͷ݁ͼ໨/བྷΈ໨಺ੑࡏ΍ Hamilton ݁ͼ໨/བྷΈ໨ͷڍಈʹؔ
৺͕͋Δ. Kn ͷઢۭؒܗάϥϑ಺ͷ Hamilton ݁ͼ໨/བྷΈ໨͸๮ࢦ਺͕nҎԼͰ͋Δ
͜ͱʹ஫ҙ͠Α͏. ͜͜ͰབྷΈ໨ L ͷ๮ࢦ਺ s(L) ͱ͸, L ͷ R3಺Ͱͷ୯ମ෼ׂʹ͓
͚Δ1୯ମͷ࠷খ਺ͷ͜ͱͰ͋Γ, ௿͍๮ࢦ਺ʹ͍ͭͯ͸ҎԼͷ͕࣮ࣄ஌ΒΕ͍ͯΔ.

໋୊ 4.1. ([1], [24], [2], [5]) བྷΈ໨ L ͷ๮ࢦ਺ s(L) ʹ͍ͭͯ, ੒Γཱͭ.11͕࣍

( 1 ) L ͕ඇࣗ໌݁ͼ໨ͳΒ, s(L) ≥6.

( 2 ) s(L) = 6 ⇐⇒ L ͸ 31, 021, 2
2
1 ͷ͍ͣΕ͔ͱಉ஋.

( 3 ) s(L) = 7 ⇐⇒ L ͸ 41, 421 ͷ͍ͣΕ͔ͱಉ஋.

( 4 ) s(L) = 8 ⇐⇒ L ͸ 51, 52, 61, 62, 63, 31#31, 31#3∗1, 819, 820·ͨ͸ 521 ͷ͍ͣΕ
͔ͱಉ஋. ͜͜Ͱ # ͸࿈݁࿨, ∗ ͸૾ڸΛද͢.

໋୊4.1 (1)ʹΑΓ, 5ຊͷ1୯ମ͔ΒͳΔ݁ͼ໨͸ࣗ໌Ͱ͋Δ. ैͬͯ, ઢۭؒܗάϥ
ϑ಺ͷ5αΠΫϧ݁ͼ໨͸શͯࣗ໌ͱͳΓ, ఆཧ3.2͔ΒҎԼͷఆཧ͕௚ͪʹಘΒΕΔ.

9͜͜Ͱ͸ઢܗͱ͕ͨ͠, linear, rectilinear, straight edge ͳͲͷ༻࢖͕ޠΘΕ, ౷Ұ͞Ε͍ͯͳ͍.
10ਤ 4.1ͷ K7 ͷඪ४తͳઢۭؒܗຒΊࠐΈ͸, ࣮͸ਤ 1.3 ͷ K7 ͷۭؒຒΊࠐΈͱಉ஋Ͱ͋Δ.
11֤݁ͼ໨ ·བྷΈ໨ͷϥϕϧ͸, ͍ΘΏΔ Rolfsen ςʔϒϧ [35] ʹैͬͨ.
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ఆཧ 4.2. (৿Լ-৽ᅳ [20]) n ≥6 ͷͱ͖, Kn ͷ೚ҙͷઢۭؒܗຒΊࠐΈ fr ʹ͓͍ͯ,

∑

γ∈Γn(Kn)

a2 (fr(γ)) =
(n−5)!

2

( ∑

λ∈Γ3,3(Kn)

lk (fr(λ))
2 −

(
n−1

5

))
.

໋୊ 4.1 (2)ʹΑΓ, 6ຊͷ 1୯ମ͔ΒͳΔ 2੒෼བྷΈ໨͸, ࣗ໌ͳབྷΈ໨ 021 ͔ Hopf

བྷΈ໨ 221 ͷ͍ͣΕ͔ʹಉ஋Ͱ͋Γ, lk(021) = 0, lk(221) = ± 1 Ͱ͋Δ. ैͬͯ (3, 3) བྷΈ
໨ͷ lk2 ͷ࿨͸ (3, 3) Hopf བྷΈ໨ͷݸ਺ʹ౳͘͠, ఆཧ 4.2ʹΑΓ, Kn ͷઢۭؒܗά
ϥϑ಺ͷ Hamilton ݁ͼ໨ͷ a2 ͷ૯࿨͸, ͍͔ͳΔ n ≥6 ʹ͍ͭͯ΋, བྷΜͩτϥΠ

ΞϯάϧͷϖΞ ͷݸ਺Ͱ໌ࣔతʹܾ·Δ. චऀ͸͜ͷ݁Ռ͕େมؾʹೖ͍ͬͯΔ.

ఆཧ 4.2͔Β, ܥ 3.3ͱશ͘ಉ༷ʹͯ͠
∑

γ∈Γn(Kn)
a2 (fr(γ)) ͷԼք͕ಘΒΕΔ. Ұൠ

ͷۭؒຒΊࠐΈʹ͍ͭͯ͸্ʹ༗քͰͳ͍͕, ಛʹઢۭؒܗຒΊࠐΈ fr ʹ͍ͭͯ͸্
ʹ΋༗քͰ͋Δ͜ͱ͕, ҎԼʹड़΂Δ K6ͷઢۭؒܗάϥϑ಺ͷ (3, 3) Hopf བྷΈ໨ͷ
.໿͔ΒΘ͔Δ੍͍ڧ਺ʹ͔͔Δݸ

໋୊ 4.3. (Hughes [15], Huh-Jeon [16], ৽ᅳ [26]) K6ͷ೚ҙͷઢۭؒܗຒΊࠐΈ fr ʹ
͓͍ͯ, fr(K6) ؚ͕Ή Hopf བྷΈ໨ͷݸ਺͸1ݸ·ͨ͸3ݸͰ͋Δ.

໋୊ 4.3͔Β
(
n
6

)
≤

∑
λ∈Γ3,3(Kn)

lk(fr(λ))2 ≤ 3
(
n
6

)
ͱͳΓ, ैͬͯఆཧ 4.2͔Β࣍ͷ݁

Ռ͕ಘΒΕΔ.

ܥ 4.4. n ≥6 ͷͱ͖, Kn ͷ೚ҙͷઢۭؒܗຒΊࠐΈ fr ʹ͓͍ͯ,

(n−5)(n−6)(n−1)!

2 · 6! ≤
∑

γ∈Γn(Kn)

a2 (fr(γ)) ≤
3(n−2)(n−5)(n−1)!

2 · 6! .

ྫ 4.5. ( 1 ) ܥ 4.4Ͱ n = 6 ͱ͢Δͱ
∑

γ∈Γ6(K6)
a2 (fr(γ)) = 0, 1 ͱͳΔ. ໋୊ 4.1 (2)

ΑΓ fr(γ)͸ࣗ໌ͳ݁ͼ໨ 01 ·ͨ͸ࡾ༿݁ͼ໨ 31 Ͱ͋Γ, a2(01) = 0, a2(31) = 1

͔Β, fr(K6) ؚ͕Ήࡾ༿݁ͼ໨ͷݸ਺͸, ͸ͨ·ݸ0 Ͱ͋Δݸ1 ([16] Ͱ૊߹ͤ࿦
తख๏ʹΑΓࣔ͞Ε͍࣮ͯͨࣄͷผূ໌).

( 2 ) n = 7 ͷͱ͖, 4.4ͱఆཧ1.1ܥ (2)͔Βɹ

1 ≤
∑

γ∈Γ7(K7)

a2 (fr(γ)) ≤ 15,
∑

γ∈Γ7(K7)

a2 (fr(γ)) ≡ 1 (mod 2)

Ͱ͋Δ. ໋୊4.1 (2), (3)͔Β, fr(γ) ͸ 01, 31 ·ͨ͸ 8ͷ݁ࣈͼ໨ 41 ͷ͍ͣΕ͔
Ͱ͋Γ, a2(41) = −1 ͔Β, fr(K7) ͸ඞͣࡾ༿݁ͼ໨ΛؚΉ (Brown [4], Ramı́rez

Alfonśın [32] Ͱ૊߹ͤతతख๏ʹΑΓࣔ͞Ε͍࣮ͯͨࣄͷผূ໌).

( 3 ) n = 8 ͷͱ͖, 4.4ͱఆཧ1.2ܥ (1)͔Β

21 ≤
∑

γ∈Γ8(K8)

a2 (fr(γ)) ≤ 189,
∑

γ∈Γ8(K8)

a2 (fr(γ)) ≡ 3 (mod 6)

Ͱ͋Δ. ໋୊ 4.1ʹΑͬͯ 8ຊͷ 1୯ମ͔ΒͳΔ݁ͼ໨͸શͯΘ͔͍ͬͯͯ, ͏ͪ
31, 51, 52, 63, 31#31, 31#3∗1, 819, 820ʹ͍ͭͯ a2 > 0 Ͱ͋Δ. ैͬͯ fr(K8) ͸ඞ
ͣ͜ΕΒͷ͍ͣΕ͔ΛؚΉ. ಛʹ͜ΕΒ݁ͼ໨ͷ a2 ͷ஋ͷ࠷େ஋͕ a2(819) = 5

Ͱ͋Δ͜ͱ͔Β, fr(K8)͸, a2 > 0ͳΔ Hamilton݁ͼ໨Λগͳ͘ͱ΋ ⌈21/5⌉ = 5

Ήؚݸ (஫ҙ5.2΋ࢀরͤΑ).
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஫ҙ 4.6. ܥ 4.4ͷԼք͸ඪ४తͳઢۭؒܗຒΊࠐΈʹΑΓ࣮͞ݱΕ, .Ͱ͋Δྑ࠷ Ұ
ํ, ্քʹ͍ͭͯ, ྫ͑͹ n = 7 ͷͱ͖, զʑ͕ಘ্ͨք͸ 15 Ͱ͋Δ͕, Jeon et al.

[18] ʹ͓͚Δ༗޲ϚτϩΠυཧ࿦ͷԠ༻ʹΑΔػࢉܭ୳ࡧʹΑΕ͹, K7ͷઢۭؒܗຒ
ΊࠐΈ fr Ͱ

∑
γ∈Γ7(K7)

a2 (fr(γ)) = 13, 15 ͱͳΔ΋ͷ͸ଘ͠ࡏͳ͍Β͍͠. ͜Ε͸ఆ
ཧ4.2͔Β, (3, 3) Hopf བྷΈ໨ͷݸ਺͕ 19, 21 Ͱ͋Δ΋ͷ͕ଘ͠ࡏͳ͍͜ͱͱಉ஋Ͱ͋
Δ. Ұൠʹ n ≥7 ʹ͍ͭͯ, .ͷ্ք͸஌ΒΕ͍ͯͳ͍ྑ࠷4.4ͷܥ

໰୊ 4.7. n ≥7 ͷͱ͖, Kn ͷઢۭؒܗάϥϑશମʹ͓͍ͯ, Hamilton ݁ͼ໨ͷ a2 ͷ
૯࿨ͷ࠷େ஋ΛܾఆͤΑ. ·ͨ͸, (3, 3) Hopf བྷΈ໨ͷݸ਺ͷ࠷େ஋ΛܾఆͤΑ.

ྫ 4.8. ਤ4.2ͷ2ͭͷ K8ͷۭؒάϥϑΛ͑ߟΔ. ͸ࠨ [3] Ͱ༩͑ΒΕͨ΋ͷ, ӈ͸ K8

ͷඪ४తͳઢۭؒܗάϥϑͰ͍ޓʹಉ஋Ͱͳ͍͕,12 ͍ͣΕͷۭؒάϥϑ΋, શͯͷඇ
ࣗ໌ͳ Hamilton ݁ͼ໨ͱͯ͠, ͪΐ͏Ͳ ༿݁ͼ໨ΛؚΉࡾͷݸ21 [3], [33] (ͦΕΒΛ
୳ͯ͠ΈΑ). චऀ͸͜ͷʮ21ʯͱ͍͏਺ʹԿ͔ҙຯ͕͋Δͱͭͭ͡ײ΋, 10೥Ҏ্Θ
͔Βͣʹ͍ͨ. ,ճࠓ͔͠͠ ಛʹ3.3ܥͰ n = 8 ͷͱ͖, ΋͠શͯͷ5αΠΫϧ݁ͼ໨͕
ࣗ໌ͳΒ, Hamilton ݁ͼ໨ͷ a2 ͷ૯࿨͸21Ҏ্Ͱ, શͯͷඇࣗ໌ͳʹߋ Hamilton ݁
ͼ໨͕ࡾ༿݁ͼ໨ͳΒ͹, ඞͣ21ݸҎ্ͱͳΔ. ͜Ε͕ʮ21ʯͷ1ͭͷҙຯͰ͋ͬͨ.

7

12

3 4

56

8

1

2

3

4

5 6

7

8

ਤ 4.2: K8 ͷ 2ͭͷۭؒάϥϑ

5. ͳΔԠ༻ͳͲߋ
ఆཧ 4.2ͷԠ༻ʹ͍ͭͯ΋͏গ͠͏͜ߦͯݟ. 1ͭ໨͸, Kn ͷઢۭؒܗάϥϑͷඇࣗ
໌ͳ Hamilton ݁ͼ໨ͷ࠷খݸ਺Ͱ͋Δ. c(K) Ͱ݁ͼ໨ K ͷ࠷খަࠩ਺Λද͢ͱ͖,

c(K) ≤ (s(K)−3) (s(K)−4) /2 ͕੒Γཱͭ͜ͱ (Calvo [5]), ·ͨ a2(K) ≤ c(K)2/8

͕੒Γཱͭ͜ͱ͔Β (Polyak-Viro [31]), nຊͷ1୯ମ͔ΒͳΔ݁ͼ໨ K ʹ͍ͭͯ

a2(K) ≤
⌊
(n−3)2(n−4)2

32

⌋
(5.1)

͕ಘΒΕΔ (⌊·⌋ ͸চؔ਺). ͦ͜Ͱܥ 4.4ͷԼքͱ (5.1) Λ༻͍ͯ, Kn ͷઢۭؒܗάϥ
ϑͷඇࣗ໌ͳ Hamilton ݁ͼ໨ͷ࠷খݸ਺ͷԼ͔ΒͷධՁΛ༩͑Δ͜ͱ͕Ͱ͖Δ.

ఆཧ 5.1. (৿Լ-৽ᅳ [20]) n ≥7 ͷͱ͖, Kn ͷઢۭؒܗάϥϑͷඇࣗ໌ͳ Hamilton

݁ͼ໨Ͱ a2 > 0 ͳΔ΋ͷͷ࠷খݸ਺͸, ͷ࣍ rn Ҏ্Ͱ͋Δ (⌈·⌉ ͸ఱҪؔ਺):

rn =

⌈
(n−5)(n−6)(n−1)!/(2 · 6!)

⌊(n−3)2(n−4)2/32⌋

⌉
.

ͷۭؒάϥϑ͸ࠨ12 3αΠΫϧͱ 5αΠΫϧ͕ͳ͢ lk = 2 ͷབྷΈ໨ [257] ∪ [13846] ΛؚΉ͕, ӈͷۭ
ؒάϥϑͰ͸, ೚ҙͷ λ ∈ Γ3 ,5 (K8 ) ʹର͠, ͦͷ૾͸࣮͸ࣗ໌བྷΈ໨͔ Hopf བྷΈ໨Ͱ͋Δ.

第66回トポロジーシンポジウム講演集（2019年8月・秋田市） 143



rn ͷ 7 ≤ n ≤ 16 ʹ͓͚Δ۩ମతͳ஋͸ҎԼͷ௨ΓͰ͋Δ.

n 7 8 9 10 11 12 13 14 15 16 · · ·
rn 1 2 12 92 772 7187 73628 823680 10015889 131436569 · · ·

஫ҙ 5.2. Kn ͷઢܗͱ͸ݶΒͳ͍Ұൠͷۭؒάϥϑʹ͍ͭͯ, n = 8 ͷͱ͖͸ a2 ح͕
਺ͷ Hamilton ݁ͼ໨͕গͳ͘ͱ΋ ͠ࡏଘݸ3 (ฏ໺ [14]), n ≥9 ͷͱ͖͸ a2 ਺ح͕
ͷ Hamilton ݁ͼ໨͕গͳ͘ͱ΋ (n−1)(n−2) · · · 9 · 8 Δ͜ͱ͕஌ΒΕ͍ͯ͢ࡏଘݸ
Δ (Foisy [3]). զʑ͸ઢۭؒܗάϥϑͷ a2 ͕ਖ਼ͷ Hamilton ݁ͼ໨Λ͍ͯ͑ߟΔͷͰ
ཱ৔͸ҟͳΔ͕, n = 9, 10, 11 ͷͱ͖ rn ͸ Foisy ͷԼքΑΓ΋େ͖͍. Ұํ n = 8 ͷ
ͱ͖, ྫ4.5 (3)Ͱͨݟ௨Γ, r2 = 2 ΑΓ΋ྑ͍ධՁʮ5ʯ͕ಘΒΕΔ.13͍ͣΕʹͯ͠΋,

ఆཧ5.1ͷධՁ͸ n ≥8 ʹ͍ͭͯ͸ྑ࠷ʹ͸ఔԕ͍ͱࢥΘΕΔ.

໰୊ 5.3. n ≥8 ͷͱ͖, Kn ͷઢۭؒܗάϥϑશମʹ͓͍ͯ, ඇࣗ໌ͳ Hamilton ݁ͼ
໨ (Ͱ a2 > 0 ͳΔ΋ͷ)ͷ࠷খݸ਺ΛܾఆͤΑ.

2ͭ໨ͷԠ༻͸, Kn ͷઢۭؒܗάϥϑͷ Hamilton ݁ͼ໨ͷ a2 ͷ஋ͷ࠷େ஋Ͱ͋Δ.

,4.4͔Βܥ·͍ Kn ͷઢۭؒܗຒΊࠐΈ fr ʹ͓͍ͯ

max
γ∈Γn(Kn)

{a2(fr(γ))} · ♯Γn(Kn) ≥
∑

γ∈Γn(Kn)

a2(fr(γ)) ≥
(n−5)(n−6)(n−1)!

2 · 6!

Ͱ͋Γ, ྆ลΛ ♯Γn(Kn) = (n−1)!/2 ͰׂͬͯҎԼ͕ಘΒΕΔ.14

ఆཧ 5.4. (৿Լ-৽ᅳ [21]) n ≥6 ͷͱ͖, Kn ͷ೚ҙͷઢۭؒܗຒΊࠐΈ fr ʹ͓͍ͯ,

max
γ∈Γn(Kn)

{a2(fr(γ))} ≥ (n−5)(n−6)

6!
.

ఆཧ 5.4͸, Kn ͷઢۭؒܗάϥϑ͸, n ͕े෼େ͖͚Ε͹, ೚ҙʹେ͖ͳ a2 ͷ஋Λ
ͭ࣋ Hamilton ݁ͼ໨ΛඞؚͣΉͱ͍ͯͬݴΔ. ͜ΕΑΓ, ಛʹ࣍ͷ݁Ռ͕ಘΒΕΔ.

ܥ 5.5. ਖ਼ͷ੔਺ m ʹର͠, n >
(
11 +

√
2880m−2879

)
/2 ͳΒ, Kn ͷ೚ҙͷઢۭܗ

ؒάϥϑ fr(Kn) ͸, a2 ≥m ͳΔ Hamilton ݁ͼ໨ΛؚΉ.

஫ҙ 5.6. നҪ-୩ࢁ͸, Kn ͷઢܗͱ͸ݶΒͳ͍ۭؒάϥϑʹ͍ͭͯ, K48·2k ͷ೚ҙͷ
ۭؒάϥϑ͸ |a2| ≥22k ͳΔ݁ͼ໨ΛؚΉ͜ͱ, ·ͨਖ਼ͷ੔਺ m ʹର͠, n ≥96

√
m

ͳΒ, Kn ͷ೚ҙͷۭؒάϥϑ f(Kn) ͸ |a2| ≥m ͳΔ݁ͼ໨ΛؚΉ͜ͱΛࣔͨ͠ [37].

ಛʹઢۭؒܗάϥϑʹݶΕ͹, զʑͷ݁Ռͷํ͕ΑΓྑ͍ (ҎԼͷςʔϒϧΛࢀর).

m 1 2 3 4 5 6 7 8 9 10 · · ·
n (നҪ-୩ࢁ [37]) 48 136 167 96 215 236 254 272 288 304 · · ·
n (৿Լ-৽ᅳ [21]) 7 33 44 52 60 66 72 77 82 87 · · ·

࣮͸, ΑΓ݁͘ڧͼ໨/བྷΈ໨ L ʹ͍ͭͯ, n ͕े෼େ͖͚Ε͹, Kn ͷ೚ҙͷઢܗ
ۭؒάϥϑ͸ L ʹಉ஋ͳ݁ͼ໨/བྷΈ໨ΛؚΉ͜ͱ͕طʹ஌ΒΕ͓ͯΓ (্ࠜ [24]), ͦ
ͷΑ͏ͳ n ͷ࠷খ஋Λ L ͷ Ramsey਺ ͱ͍ͬͯ R(L) Ͱද͢. ྫ͑͹ R(221) = 6,

ʹߋ13 K3 ,3 ,1,1 ͱද͞ΕΔ௖఺਺ 8ͷ׬શ 4૊άϥϑͷઢۭؒܗάϥϑ͸ඞͣ a2 > 0 ͳΔ Hamilton
݁ͼ໨ΛؚΈ ຊ-৽ᅳڮ) [12]), ͜ΕΛ K8 ͷ K3 ,3 ,1,1 ʹಉܕͳ ෦෼άϥϑʹద༻͢Δ͜ͱ(ͷݸ280)
Ͱ, ΋ͬͱྑ͍ධՁʮ8ʯ΋ಘΒΕΔ͕, .Ͱ͸ͳ͍ྑ࠷Β͘͜Ε΋ڪ

14 Hamilton བྷΈ໨ͷ lk2 ͷ஋ͷ࠷େ஋ʹ͍ͭͯ΋ಉ༷ͷ݁Ռ͕ಘΒΕΔ.
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R(31) = 7 Ͱ͋Δ. ਖ਼ͷ੔਺ m ʹର͠, Kn ͷ೚ҙͷઢۭؒܗάϥϑ͕ a2 ≥m ͳΔ݁
ͼ໨ΛؚΉΑ͏ͳ n ͷ࠷খ஋Λ R(m) Ͱද͢͜ͱʹ͢Δͱ, a2(K) > 0 ͳΔ݁ͼ໨ K

ʹର͠ R(a2(K)) ͸ R(K) ΛԼ͔ΒධՁ͢Δ͕, R(m) ͷܾఆࣗମ͕ඇৗʹ೉͍͠.

໰୊ 5.7. m ≥2 ʹର͠, R(m) ΛٻΊΑ.

.͓ͯ͛͘ڍͷల๬Λޙࠓʹޙ࠷ Conway-Gordon ͷఆཧͷਫ਼ີԽ ·ҰൠԽʹ͍ͭͯ,

lk, a2 ʹؔ͢Δؔࣜ܎ͱͯ͠͸ఆཧ 3.2, ఆཧ 3.6͕ܾఆ൛Ͱ͋ΔΑ͏ʹ͏ࢥ. Ұํ, lk,

a2 ͸ͦΕͧΕ࣍਺1, 2ͷ༗ܕݶෆมྔ (Vassiliev ෆมྔ)Ͱ͋Δ͕, Hamilton ݁ͼ໨/

བྷΈ໨ͷৼΔ෣͍ΛറΔෆมྔͱͯ͠͸, n ͕େ͖͘ͳΔͱ͜ΕΒͰ͸ෆे෼Ͱ, ΑΓ
.ෆมྔʹΑΔറΓ͕༧૝͞ΕΔܕݶͷ༗࣍ߴ ͦͷΑ͏ͳʮ࣍ߴͷ Conway-Gordon ܕ
ެࣜʯΛݟग़͢ͷ͕1ͭͷ՝୊Ͱ͋Δ.15ྫ͑͹ Naimi-Pavelescu ͸, K9ͷҰൠͷۭؒ
άϥϑ͸3੒෼ඇ෼཭བྷΈ໨ΛؚΉͱ͸ݶΒͳ͍͕, ઢۭؒܗάϥϑ͸ඞؚͣΉ͜ͱΛ
Ͱ͍ࣔͯͯ͠ࡧ୳ػࢉܭ [23], ҰൠͷۭؒάϥϑͱઢۭؒܗάϥϑͱͰ݁ͼ໨/བྷΈ໨
಺͕ੑࡏҟͳΔ. ͦͷҧ্͍͕ʹड़΂ͨΑ͏ͳʮ࣍ߴʯͷެࣜʹΑͬͯநग़Ͱ͖Δͱ໘
ന͍. ·ͨ, §4Ͱ৮ΕͨΑ͏ʹ, ઢۭؒܗάϥϑ͸෼ࢠτϙϩδʔʹ͓͚Δ෼ࢠԽ߹෺
ͷϞσϧͷ 1ͭͰ͋Δ͕, Flapan-Kozai [8] Ͱ͸, Խ߹෺ͷབྷΈ߹͍ͷϞσϧԽࢠ෼ߴ
ͷ1ͭͱͯ͠, ཱํମ಺ͷϥϯμϜͳn఺Λ௖఺ͱ͢Δ Kn ͷϥϯμϜઢۭؒܗάϥϑ
,Ε͓ͯΓ͞ڀݚ͕ ͦͷํ໘΁ͷզʑͷ݁ՌͷવΔ΂͖Ԡ༻΋ظ଴͞ΕΔ.
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