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THE SPACE OF SHORT ROPES AND THE CLASSIFYING SPACE OF THE
SPACE OF LONG KNOTS

KEIICHI SAKAI

ABSTRACT. An overview on recent progress in the study of the spaces of long embeddings is
given. Main focus is put on joint work with Syunji Moriya (Osaka prefecture University); the
classifying space of the topological monoid of long knots is shown to be weakly equivalent
to the space of short (or reducible) ropes.

1. AN OVERVIEW

An embedding f: R/ < R" is said to be a long j-embedding in R" if f coincides with the
standard inclusion R/ < R/ x {0} c R" outside [0, 1]*/. Let Emb(R/, R") denote the space of
long j-embeddings in R” endowed with C*-topology. The main Theorem 1.5 describes the
classifying space of BEmb(R!,R?). The author would like to firstly review recent trends in
the study of such embedding spaces that motivate us to consider the classifying spaces. The
author also hopes that this survey might get any young researchers interested in this topic.

The set mo(Emb(R/, R™)) can be seen as the set of isotopy classes of embeddings. In fact
the knot theory, the study of isotopy classes of embeddings S' < S?, is equivalent to the
study of mo(Emb(R', R?)) :

Fact 1.1. The 1-point compactification R" — S gives an isomorphism

o(Emb(R/, R")) 5 7(Emb(S, $™))
of monoids, where the monoid structure is given by the connected sum.

The connected sum on Emb(R/, R") is defined as a concatenation of two embeddings in
the x,-direction. This makes Emb(R/, R") a topological monoid, whereas the monoid struc-
ture for S/ < S" is defined only on 7. This monoid is commutative, and in particular
no(Emb(R!, R?)) is freely generated by the isotopy classes of prime (long) knots.

1.1. Cohomology of Emb(R/, R"). It is straightforward to see that H*(Emb(R/,R"); A) is
the space of isotopy invariants of long j-embeddings in R” (or equivalently S/ < S" by
Fact 1.1) with values in A. Among them are the Vassiliev type invariants. From the knot-
theoretic viewpoint it might be interesting what the positive-degree cohomology classes of
Emb(R/,R") mean. Computation of cohomology of such mapping spaces (or H-spaces) as
Emb(R/,R") has also been one of the central problems in algebraic topology. We review
some approaches to H*(Emb(R/, R")), with relations to Vassiliev invariants in mind.

1.1.1. Vassiliev’s approach to H*(Emb(R', R")) [35]. Regard Emb(R!, R") as a subspace of
the contractible space Map(R!, R") of “long maps”. By the “infinite dimensional Alexan-
der duality” we may alternatively compute H.(Z,), where X, (called the discriminant) is the
complement of Emb(R', R") in Map(R!, R"). The information of multipoints and singular-
ities of maps induces a natural filtration on X, ;. Roughly speaking the Alexander duals of
strata of maps with k transverse double points are the Vassiliev invariants of order exactly

Date: June 22, 2018.
The speaker is partially supported by JSPS KAKENHI Grant Numbers JP25800038 and JP16K05144.



E65E MROY— VIRV U LEEE (201848A - BMKE)

k (a combinatorial characterization is given in [5]), and they appear as elements of the di-
agonal part El_k’k of the induced spectral sequence. When n > 4, this spectral sequence in
fact converges to H*(Emb(R!, R")) and moreover collapses at E; over rationals (see §1.1.3
below). This also collapses at E; over rationals even if n = 3; see [23, 33].

1.1.2. Chern-Simons perturbative theoretic approach. One way to produce all the Vassiliev
invariants of (long) knots is the integration over configuration spaces associated with graphs.

Example 1.2 (see [7, 20, 34, 37]). The order two invariant is essentially unique (up to con-
stant multiplications) and is given by

e | goﬁqvol;f - f . ga;fvolﬁ‘,
Cx(f) Cy(f)
where
Cx(f) :={(x1,..., xs) € R | x; < -+ < x4} = Confy(R"),
Cy(f) := {(x1, %2, X35 44) € Conf3(R") X R* | f(x;) # ya fori = 1,2,3} c Conf3(R") x R’

are configuration spaces associated with (the vertices of) the graphs

a4
1 2 3 4 1 2 3

and gy s: Cx(f) — (S?)** and ¢y: Cy(f) = (S?)* are defined by
f(x3) = f(x1)  flxg) = f(x2)

e 2\X2
enslat o) = (S0 i — ) € €7
Oy (X1, X2, X3, Ya) = (%)iﬂ,zs € (52)><3.

In general, for any weight system W of order & (see [3]), a formal sum of trivalent graphs
2o viny= WII (added by some “correction terms”) gives an order k invariant via the sim-
ilar integrations over configuration spaces Cr as above.

Generalizing the above construction, we have a linear map /: g;;’j - QER(Emb(R-’ ,R™),
where G, ; is the cochain complex consisting of (not necessarily trivalent) graphs and Q7 , is
the de Rham complex functor. Moreover the map [ restricted to particular graphs is a cochain

map in some nice dimensions;

en>3,j=1[14],

e both n, jare odd and nn > j > 1; I|i_100p graphs 18 @ cochain map [15, 27, 30, 38],

e bothn, jeven and n > j > 2; I|ee graphs 18 @ cochain map [27].
In other cases, the map I gives an element of H'(Emb(R!, R?)) [28] and a nontrivial element
of Hy >~ (Emb(R/,R")) for 2n — 3j — 3 > 0 with j > 1, n — j odd [27]. In particular if
2n—-3j—-3 = 0 (then n = 6k, n = 4k—1 for some k > 1), the latter coincides with the Haefliger
invariant [19]. These cohomology classes generalize the Vassiliev invariants in some sense.

1.1.3. Embedding calculus. As we have seen in the above, configuration spaces often play
important roles in the study of embedding spaces. One of the reason is that there exist
evaluation maps

ev: Confi(RY) x Emb(R’,R") — Conf,(R"), evi(xi,... X f) = (f(x), .., f(xp).

These maps approximate embeddings by a finite number of points, and the adjoint map
Emb(R/,R") — Map(Conf(R/), Conf;(R")) may be expected to become highly connected
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as k increases. This may be thought of as a motivative idea of manifold calculus [39, 18]. In
fact there exists a (homotopy) commutative diagram

T.Emb(R/,R") — ... — T,Emb(R/,R") — T,Emb(R/, R")

|

Emb(R/, R")

where the horizontal arrows form a tower of fibrations (called the Taylor tower since it has
some similarities to the Taylor expansion of functions), and the connectivity of the map
Emb(R/,R") — T;Emb(R/,R") is approximately k(n — j — 2). The space T Emb(R/, R") is
given by the homotopy limit of the diagram consisting of the spaces of punctured embeddings
with at most k holes (with some tangential data). The tower enables us to describe (a variant
of) Emb(R/, R") as a derived mapping space of operads [2]. Such descriptions provide certain
graph complexes that compute H*(Emb(R/, R")) for n > 2 + 2 and that prove the collapse
of the Vassiliev spectral sequence. They look very similar to that appeared in §1.1.2.

When (n, j) = (3, 1), it is not known whether T..Emb(R!, R?) recovers Emb(R', R?) or
not. But the diagram of spaces that is used to define T}.;Emb(R/, R") consists of 2¢*! spaces,
each of which is the space of embeddings with / holes, 0 < [ < k + 1. This looks similar to
the combinatorial characterization of Vassiliev invariants of order < k. Indeed it is known
that the order two invariant factors through 73Emb(R', R?) [13], and for general k > 2 the
k + 1-st stage produces order k invariants (see [12, 26, 29, 36]).

1.2. Embedding spaces as D-algebras. The little m-disks operad is the collection D" :=
{D}"h0 of spaces, where D/ is the space of configurations of k disjoint m-disks in the unit
m-disk. Compositions of embeddings give maps D' X (D) X --- x D)) — Dy, that
encode higher commutativity of m-fold loop spaces [6, 21]. The little j-disks operad acts on
Emb(R/, R"), namely we have maps Z)i x (Emb(R/, R"))** — Emb(R/, R") that encodes all
the possible ways to take connected sums of k long embeddings. Considering the space of
“framed” long embeddings, this action is extended to that of D/*! [8]. If n — j > 3, then
mo(Emb™(R/, R")) is a group and hence the loop space recognition theorem [21] deduces that
Emb™(R/,R") is a ( j + 1)-fold loop space. Although Emb™(R!,R%) is not a two-fold loop
space because mo(Emb™(R!, R?)) is not a group, it is a “free D*-space” and the homotopy
type of each path component of Emb™(R', R?) can be computed in principle [10, 11].

1.3. The group completion of the long knot space; the main theorem. As we have seen
in §1.1, in the (meta)stable range of dimensions (n—j > 3,n>2j+2,0or2n—-3j—-3 > 0 and
j>2), n.(Emb(R/,R")) ® Q and H*(Emb(R/, R"); Q) can in principle be computed by using
algebraic models. On the other hand,in particular the codimension two cases, these spaces
are interesting (from knot theoretic viewpoint) but we can obtain only the information of
mo(Emb(R"2, R")) via homotopy-theoretic methods. For example Emb™(R"~2, R") admits an
action of little 2-disks operad, but it is not homotopy equivalent to any two-fold loop space
since mo(Emb(R"2, R")) can never be a group [9]. The group completion QBEmb(R"~2, R")
would be better from the homotopy-theoretic viewpoint (in fact QBEmb™(R”2, R”) is homo-
topy equivalent to a two-fold loop space).
The following result and the conjecture of Mostovoy [25] are thus quite curious;

Theorem 1.3 ([25]). The fundamental group of the space B, of “short ropes” (see Defini-
tion 1.10 below) is isomorphic to 77y(Emb(R!, R?)), the group completion of mo(Emb(R!, R?)).

Conjecture 1.4 ([25]). B, would be the classifying space BEmb(R!, R?) of Emb(R!, R?).

The conjecture 1.4 has been solved affirmatively in joint work [24] with Moriya. In fact it
can be proved in a slightly generalized form. Outline of the proof is given in §2.
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Ficure 1.1. Tying the tight rope to get a (part of) long knot

Theorem 1.5 ([24]). For n > 3, the space B, of short ropes in R" is weakly homotopy

equivalent to BEmb(R', R").

1.4. Questions. If n > 3, then mo(Emb(R', R")) is the trivial group and hence B, is a de-
looping of Emb(R', R") (see [22]):
Emb(R', R") ~ QBEmb(R',R") ~ QB,.
In fact P. Salvatore [31] proved that Emb(R', R") (n > 3) is weakly equivalent to a double
loop space, and we can expect that B, has a further delooping.
As mentioned in §1.2, Emb™(R', R") is acted on by the little 2-disks operad. Theorem 1.5

is valid for framed cases, and thus the space of framed short ropes in R"” (n > 3) is expected
to have a delooping.

Question 1.6. What are deloopings of the spaces of (framed) short ropes in R"?

For n = 3, Theorem 1.5 gives a partial information of H,(Emb(R!,R?)) :
Theorem 1.7 ([4]). Let M be a topological monoid. If 7y(M) is included in the center of the
Pontrjagin ring H,(M), then there exists a ring isomorphism H,(M)[ro(M)™!] 5 H.(QBM).
Question 1.8. Compute H.(2B,). Which Vassiliev invariants come from short ropes?
Question 1.9. What is BEmb(R/, R") for j > 2?

1.5. Mostovoy’s map Emb(R', R*) — QB,. Mostovoy’s Theorem 1.3 implies that the clas-
sification of 1-parameter families of short ropes generalizes knot theory, and it would be
worth describing the isomorphism 7;(B,) — 7o(Emb(R!, R?)) explicitly.

Definition 1.10 ([25]). A rope is an embedding r: [0, 1] < R? such that r(i) = (i, 0, 0) for
i =0,1. A rope is said to be short if its arc-length is not greater than 3. The space of short
ropes equipped with the C*-topology is denoted by B;.

The tight rope is the short rope ry defined by ry(¢) := (¢,0,0) for 0 < ¢ < 1.

Clearly the length of any rope is not less than 1. The subscript “2” indicates that B, is the
space of ropes whose lengths are < 1 + 2.

After reducing the size of f € Emb(R',R?) enough, flo.1) gives a short rope. This rope
can be joined to the tight rope in B; in the following two ways (see Figure 1.1):
(1) “tying rope around (0, 0, 0)” to get flo.13,
(2) “tying rope around (1, 0,0)” to get flo.1-
Gluing the isotopy (1) and the inverse of (2), we obtain a loop in B, based at ry. Therefore
we get a map Emb(R', R*) — QB,. In other words, a natural map Emb(R', R*) — B, given
by f = fljo.1; 1s null-homotopic and there exist two null-homotopies, and hence we have
a map SEmb(R!,R?) — B,. Mostovoy has proved that this map induces an isomorphism
on ;. Because mo(Emb(R!, R?)) is a free commutative monoid, we have an injective homo-
morphism mo(Emb(R!, R?)) < 75(Emb(R!, R?)) = 7,(B,) of monoids. Thus for example an
invariant of the homotopy classes of loops of short ropes restricts to a knot invariant.
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FiGure 2.1. An element of ¢ (the long component is drawn with a thick curve)

2. OUTLINE OF THE PROOF OF THEOREM 1.5

Below let D™ denote the open unit m-disk. The proof of Theorem 1.5 goes as follows;

(1) Define a space ¥ of certain 1-manifolds in R! x D? (Definition 2.2) and a topological
category K of long knots (Definition 2.4), and prove that BK ~ ¢ (Theorem 2.8).

(2) Introduce the notion of reducible ropes (Definition 2.9) and show that B, is weakly equiv-
alent to the space R of reducible ropes (Theorem 2.10; the proof will be omitted).

(3) Define the cutting-off map c: R —  and prove that this is a weak equivalence (§2.3).

Step (1) looks similar to the argument of [16]; the homotopy types of the classifying spaces
of some cobordism categories have been studied in [16], and the methods in [16] work well
for long knots because long knots can be considered as a kind of cobordisms. We need step
(2) because reducible ropes fit better into the framework of step (1) and perhaps R might be
easier to deal with than B,. The map c defined in step (3) is geometric and hence might be
useful in applying the “rope theory” to the knot theory.

Below we only consider the case of Emb(R!, R*). For details see [24].

2.1. The space of reducible 1-manifolds. For a submanifold M c R! x D? and a subset
A c R!, we denote M|, := M N (A x D?). If A = {T} then we abbreviate it as M|; and think
of M|y C D? in a natural way.

Definition 2.1. A 1-manifold M c R'xD? is said to be reducible' at T if it intersects {T}x D?
transversely at exactly one point. If moreover M|7_cr+e) = (T — €, T + €) X {M|7} for some
€ > 0, then we say M is strongly reducible at T. See Figure 2.1.

Definition 2.2. Define the set ¢ as consisting of 1-manifolds M c R! x D? such that
(1) oM =0,
(ii) each path component of M is a closed, non-compact subset of R?, and

(iii) there exists 7" such that M is reducible at 7" (see Figure 2.1).

By the above conditions (i)-(iii), we see that for any M € ¢ has exactly one path com-
ponent M, satisfying M|y # (0 for any T € R!. We say such a component is long. Other
components are (if they exist) long on exactly one side; we say M, is long in the left (resp.
right) if there exists T € R' such that M|, # 0 for any s < T but Mi|i7.0) =0 (resp. My|; # 0
forany s > T but M|—c1) = 0).

We topologize ¢ as in [16, §2.1]. Roughly speaking M, N € y are “close to each other if
they are close in a compact set”. This topology looks very similar to the “weak C*-topology”
[1, §1-4 D].

Example 2.3. Let a: [0,1) — [0, c0) be a monotonically increasing function with a(f) i)
co. Let M(t) € ¢ (0 < t < 1) be a family of 1-manifolds satisfying M(®)|—aq).e() =
[—a(t), a(t)] x {0}. This family converges to the trivial long knot R! x {0} € y as t — 1.
See also [16, Example 2.2].

'This word comes from the knot theory; if M is reducible at 7', then M can be decomposed into a “connected

sum” of M|—e,7) and M|i7,.). But the author does not think it is the best terminology, because M| r; and
M7,y are not necessarily “non-trivial”. The author would like to ask readers to suggest any better terminology.
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2.2. The category of long knots.

Definition 2.4. Define the topological category K of long knots as follows. Define Ob(K) =
D? equipped with the usual topology. For p, g € D?, non-identity morphisms from p to g are
“long knots from p to g,” namely pairs (T, M) € Rio X Y such that

(a) M is connected (and hence long by the conditions in Definition 2.2),
(b) there exists € > 0 such that M| _w.¢ = (=00, €) X {p} and M|r_c) = (T — €, ) X {g}.

We define the identity morphism id: p — p to be (0,R' x {p}). We topologize the set of
all morphisms | J, , Mapg(p, q) as a subspace of ({0} U R.o) X ¢, where U stands for the
disjoint union. The composition o: Mapy(q, r) X Mapy(p, q) — Mapy(p, r) is given by the
connected sum

(T",M") o (T, M) := (T +T', M|—o;r1 U (M|0,00) + Te1)),
where e; = (1,0,0) € R* and +Te, is the parallel translation by 7 in the R!-direction.

The category K has a contractible object space and its morphism space is homotopy equiv-
alent to Emb(R!, R?) LI {id}. One of the reasons why we topologize the morphism space so
that the identity maps are separated is that it makes a proof of “goodness” of the nerve N, K
of K (see [17, 32]) easier; see below.

The nerve of K is by definition a simplicial space N.K = {N;K};»o where N,K is the space
of composable / morphisms in K. Thus N/X is the space of long knots that are connected
sums of at least / long knots;

NK = (T < < T M) € R <y |
M is a long knot that is strongly reducible at each T3}.

The classifying space BK of K is by definition the geometric realization of N,K. To show
BK ~ ¢, we introduce two intermediate posets D and D+ and find a sequence of (weak)

homotopy equivalences BK & BD* S5 BD S v.
Definition 2.5. Define spaces D+ ¢ D c R! x i by respectively
DY = (T, M) e R x W | M is (strongly) reducible at T}

and define a partial order <on D so that (T, M) < (T’',M’')if M = M"and T < T’. We regard
DY as a topological category in a natural way; Ob(D™) = D and Map ) (x, y) = {(x, y)}
if x < y and 0 otherwise. We topologize | J, ,p Map,(x, y) as a subspace of (A LI (R x R \
A)) X ¢, where A := {(x, x) € R x R} is the diagonal set.

Remark 2.6. For (T, M) € D, M is not necessarily connected, but any path components of
M that are “one-sided long” are separated, namely all the left-sided (resp. right-sided) long
components are contained in (—oo, T) X D? (resp. (T, c0) X D?).

Remark that the [-th space of the nerve of D™ is
NDW = {(Ty <--- < T;; M) | M €y is (strongly) reducible at each T}.

By the definition of the topologies of K and D™, the identity morphisms form disjoint path
components, thus their nerves are good simplicial spaces (see [32, Appendix A]).

Proposition 2.7. There exists a sequence of simplicial maps N, K « N.D*+ — N,D each
of which is a degreewise homotopy equivalence. Since they are good simplicial spaces, this

induces a sequence of homotopy equivalences BK & BD S BD (see [32, Appendix A]).
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Ficure 2.2. Cutting-off and long-extension
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FiGure 2.3. The homotopy from G o F to id in the proof of Proposition 2.7

Proof. Firstly the natural inclusion induces a simplicial map N.D*+ — N, D. It is a degree-
wise homotopy equivalent because, for any (7y < --- < T;; M) € N;D, we can canonically
transform M so that M becomes strongly reducible at each 7; [16, Lemma 3.4].

Define a functor F: D+ — K on objects by (T, M) — M|y and on morphisms by

F(T() <-.-< TI;M) = (0 < T] - T() <-.-< Tl - TO;Ml[To,T[] — Toel),
where
(2.1) Mz, := (=00, To] X Mlz,) U Mi7,17 Y ([T}, 00) X Mlz,)

(see Figure 2.2) is obtained by cutting M|_« 7,] Ll M|[7,) Off and adding two half-lines. We
call it the long-extension of (Ty < --- < T;; M). Remark 2.6 confirms that M|z, 7, is a
morphism in K. This induces a simplicial map F: N.D+ — N.K.

The “inverse” G: N,K — N,D" is defined by G(p) := (0,R' x {p}) on level zero and by
the natural inclusion on positive levels. It is not induced by any functor, but is a degreewise
homotopy inverse to F. Indeed F' o G is the identity, and

GOF(T()S"‘STI;M):(OSTl—TQS"' STI—TO;Mol[TO,TI])

is a result of a homotopy that “throws M| _« 7,; and M|z, «) away to +oo” (see Figure 2.3),
and is homotopic to the identity by the definition of the topology of ¢; see Example 2.3. O

Theorem 2.8. The forgetful map N;D — ¢ given by (T} < --- < T;; M) — M induces a
weak equivalence u: BD — .

Outline of proof. This is proved by showing the relative homotopy group 7,,,(¥;, BD) (where
Y’ 1s the mapping cone of u) vanishes for all m. This holds essentially because the fiber of
N;K —  is a union of [-simplices. See also [16, Theorem 3.10]. O

2.3. The space of reducible ropes. We first extend the meaning of ropes (compare the
following Definition 2.9 with Definition 1.10).

Definition 2.9 ([25]). A rope is a compact connected 1-submanifold r ¢ R!' x D? with
nonempty boundary 0r = {ry, r;} satisfying r; € {i} x D*. A reducible rope is a rope that is
reducible at some ¢ € (0, 1) in the sense of Definition 2.1. Denote by R the space of reducible
ropes equipped with the same topology as .
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FiGure 2.4. The maps @ and I

By inspection we see that Mostovoy’s short rope (Definition 1.10) must be reducible at
some ¢t € (0,1). Thus there exists an injective map B,/Diff,[0, 1] — R, where Diff, [0, 1]
acts on B, as parameter changes. Composing the natural projection B, — B,/Diff,[0, 1]
(this is a homotopy equivalence because Diff, [0, 1] is contractible), we have a map B, — R.

Theorem 2.10. The above map B, — R is a weak homotopy equivalence.

The proof is not difficult but technical. See [24, §3].
Choose and fix an orientation preserving diffeomorphism f: (0,1) — R, and define the
cutting-off map c: R — ¢ by
c(r) := (f x1dp2)(rlo,1))-

See also Figure 2.4 below. Notice the similarity between ¢ and the “long-extension” (2.1).
The rest of this article is devoted to showing that ¢ is a weak equivalence. As we have
done in §2.2, we introduce posets & that intermediate R and .

Definition 2.11. Define the spaces & and & by respectively
EW = {(t,r) € (0,1) xR | ris strongly reducible at t},

and define partial order < on & and &* so that (¢,r) < (¢, r)if r = r and t < . We equip &
and & with a structure of topological categories in the same way as D; (J,, Mapg.,(x, y) is
topologized as subspaces of (A LI ((0, 1) X (0,1) \ A)) x R.

Notice that the nerve of & is the space of “connected sums of ropes”;

NEY ={(ty < - < t;;r) € (0, 1)V x R | ris (strongly) reducible at each t;}.

The nerves N.EY are good simplicial spaces; the reason is the same as for N, K.

Proposition 2.12. There exists a sequence of simplicial maps N.& & N.& S N.D* each
of which is a degreewise homotopy equivalence. Since they are good simplicial spaces, this

induces a sequence of homotopy equivalences BE «— BE — BD (= BK).

Proof. The inclusion functor && — & induces a levelwise homotopy equivalence N.&E* >
N.E. The reason is the same as for D+ < D (compare this with Proposition 2.7).

Recalling f: (0, 1) 5 R and ¢ from the above, define a functor @: &+ — D+ by
O(t; 1) == (f(1);c(r)),
and for any / > 0 define amap I': N;D*+ — N,E* by
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T(To<- <TpM):=(tg < <t (f " Xidp2)(Mliry.r)s

(recall M|z, r, from (2.1)), where ¢, := FU(T;) € (0,1). See Figure 2.4.

Notice that, if N is “knotted” outside any compact set, then possibly 7 := (f~! X id2)(N)
might not be a regular (or tame) submanifold of R! X D>. But if N = M|y, ) then it is a
union of straight lines outside [T, 7;] X D* and r is indeed a regular submanifold.

The functor @ induces a simplicial map ®: N.&- — D~. Itis in fact a levelwise homotopy
equivalence with homotopy inverse I'. Indeed ® o I" is given by

Qol(To<---<T;M)=(Ty<--- <Ti; Mlizy1)

and it is homotopic to the identity by the similar argument to G o F' ~ id in the proof of
Proposition 2.7. Next I" o @ is given by

Fo®(ty <---<t3r):=(tg <+ <15 pu)s

where L

Vl(to,t,) = ([0, 7] X rlto) U rl(to,t,) U ([, 1] X rlt,) e R
is the “long-extension” of r|y, ), namely we replace 7w U Flj1,.00) With straight segments
(see Figure 2.4). Thus to show I' o @ ~ id, we have to show that r|_c 4 U rlj,.) can be
unknotted in a canonical way.

One way to do this has been given in [25, Lemma 10]. The outline is as follows. Notice
that r|_« ) can be seen as a rope that is strongly reducible at the endpoint r{,,. Parametrize
(e by some p: [0, 1] = R? and consider a family of “truncated ropes” p|js.1; (0 < s < 1).
Using some rotation-like homotopy centered at r|,,, the truncated rope p|,,;; can be trans-
formed to a rope whose endpoints are (0, 0, 0) and r|,,. This homotopy gives a way to unknot
Il(—0,] ke€ping r strongly reducible at each #;. Similarly r[;, ., can be unknotted and hence
I' o @ is homotopic to the identity. O

Theorem 2.13. The forgetful map V& — R given by (¢y < --- < f;;r)  r induces a weak
equivalence v: BE — R.

The proof is almost the same as that of Theorem 2.8. Thus we have R ~ BK:

Corollary 2.14. There exists a homotopy commutative diagram consisting of (weak) homo-
topy equivalences, where u’, v" are the composite of u, v with the inclusions:

B 2. ppt L. BxK
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Chain level string topology, pseudo-holomorphic disks,
and Lagrangian submanifolds

AL B (KPR EGEER AR

1. Lagrange B9 %#kAED RO Y —
UTVIT 4y I ERRR (M, w) & 2nIOTDERRE M & M LD DRI 2
FArweDMTHD. oL EHHANRDIX

Wy, 1= z”: dx; A dy;)
i=1

T, RO YTV I T4 7 SREZRANCIEZIDORIZHE TS Z LMo nT VD
(Darboux DEEL) . M D niRGER MK L ThHho>Tw|, =0L7%55D% (M,w)D
Lagrange 72 Z#IR &\ 5. Lagrange H73 ZRKIZ S > TV o T 1w 7 8% F DFEAR
IR/ R THBEDT, XN TV I T 19 7 %KD Lagrange #4732k
KE [0 B WO DIZHARLMETH S, & ZADIROMET SR » 5
IRIFEE W

BRE 1.1 52 o0z niRcAZRAE LIZH LT, MiAe: L - C* Te*w, =0 27z
THD (Lagrange HiA) DEET 2 0 HIER K.

{(z1,...,2,) €EC" | |21 = -+ = |2,| = 1} 1T w, ITDWT Lagrange il ZHRIATH 5
DTnikit b —7 A& (C", w,) ~ND Lagrange A Z KD, —J, L7 6 (C*w,) ~D
Lagrange HIADMFIET 5726 L O Euler BUIMBETH 0, 72 LA ES T ATHER S
Euler BUZ 0 TH 5 Z EDWIENLERD S50 5E. TDXD BYIENLEREZBA S
(B2 56<) BHDOFHERIZGromovIZ K BIRDEM1.2TH 5.

PR {: e C||z| <1} 2 D & 8BL.

EHE 1.2 (Gromov [9]) (C",w,) DIEEDH Lagrange i3 Z IR L IZDWT, EAIE
u:(D,0D) = (C", L) T [ u*w, >0 Ziili/z 5 & DHRFET 5.

Stokes DRI S (37 | widyi| 1, ulop) = [ u*w, THHDTH (L :R) #0, FZL
FHEAE TR W Z LS

Fukaya [6] 1%, Gromov 23 EH 1.2 ZFEHS 2 DIZHWHERIMNBOEY 2 F 1 %
MM L, Chas-Sullivan 2]ICk2A MY V7 - bFRBY— Ob— 72/ LD R X
DHE) &Z2HDLE TV OPOEELKEREZR, K2 (C ws) ~ND Lagrange HA %
RIDRBR=ZUOTA MBS A ZRE U (EH2.3) .

UL2U [6] DFkiIEANY V27 - hARBY—IZBI52RXXEEF o1V - LRIVTE
ZULEDbD2M5BENDHY, TDOLIREDZEEIZED KD PEHIZSIFIZEZ 5
NTWro 7z, §EHF#EIE, Chas-Sullivan [2] BFR U 7-HHV— 7 EFOFRER Y —
.o Batalin-Vilkovisky (BV) REMEEE F =1 > - LVIZR S EIF 2P % [12] ©

AR ZE NG H A Al e B 2 i AR AT 72 BTGB Il BE D S P % 32 1 7.
*e-mail: iriek@ms.u-tokyo.ac.jp

VAR CTIEZRIRIZ 2T O HhedT 5.
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HAL, ThefER RO (R, Fukaya-Oh-Ohta-Ono [8] 12 & % #EiE A P %
DEY 274 EH EOBFEREDHK L T OEH) 2&65bET, [13]ICBWVWT ETHRA
T & BB EIT U, TNEMRHT 2OBAROHNTSH 5.
AREDRERIZIRD L > Th 5. T2 CEMEE (EH 2.1) 2B, Lagrange #i4
ZRRARD F RO Y —ADInH%E 52 5. 3HiCANY) VT - bR Y —, KV — T
A DWW CHHI L, 4HiT Fukaya [6] 12D & EREROUMHOT 1 T 7 25T 5.
S5HICIE[12) CEALZHELV— TEEOHERE T VEFHHAL, 6HiTlk, 5HiDN
HEBEAMBOEY 2 7 2l 0OHEGRE HOE T, EHROMEHZMITS.

2. FEREFDILH
AKEITIX21HTEHETOMfZ U-ZIZ228CEME (€H2.1) 2 ZDnHE2RRS,

2.1. #fi

2.1.1. L R
SEITHHT S X512, HEHAEOABEL—T2REOREDT Y —0O EIZidL— TR
ﬁkxéLm&ﬁ®%L#mié AR CEHER&ZEHZRZTDX, ZOHEEEZF oA

cLRIVTERT DI THELSNDEERDINL— THEE (Massey D72 <\W) TH

%.:@i5&%®%ﬁ5ﬂﬁ3b1Lwﬁﬁ(ﬁ%b@—Lk&ﬁt%iﬁ%%)@
WAPMERTH D, ZZITREVDATERLITSHHT S.

V % LIRS R MVZER T2 (RBURKIZEER0, ARMTIEEIIROGEHGEEZE R
%) . (lp)ps) CIROEMZTE 72T EDEV ED L BEL O, V& (l)s DHLZE L,
REE NS

o EEDL>1IZDWVWT, (IZANV RSV ADRE L — 2 DRI EAR.

o TEDE>1&ay,...,0, € VIZDWNWT

(=D
Z —lgkg(gkl(xa'(l)w"7x0(k1))7x0'(k1+1)7"'7x0(k)> =0 (1)

k1+ko=k+1
oESE

WAL T 5 (FFg« 2 RTRNIAMT D) .

(NIFk=10LEFR=02FD (V,())PHEAERTHEIL2RT. k=20t &
1$ 0y 75 Leibniz Al 277232 &, k=30 & 30, D Jacobi Hl 2 KE MY — /(3 BIEL
LT3 Z2&2RLTWS, FRZEEBDE > 31220WTl, =0 2757 51X Jacobi
AN NI L, D & 57 Lo %% dg LiefRE & W5, ARTIE, dg Lie VoD

Bl ED L', EL.

2.1.2. Maslov %8

L% (C", w,) D Lagrange T3 Z kAL 5. £9, MaslovFiu, € HY(L : Z) 2 €%
L& REDOEBENDZRWE Eidpu, 2 HIZ p2EL) .

C* DEnIXTCEBD R T MVERV Tw,|ly = 027235 D2RDRTES%E Glag,
EBE, MODLIBRERDINEZFEZS

pr: L — GLag, = U(n)/O(n) — U(1).
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—DHDOEM/EE » € LIZT,L Cc C*%25Z25Z&7T, Z2HIZUMN)/OMN) —
GLag,; [U] = UR") TEZHZN, ZDOHIEZdet? THB. ZDEE pp = pi[U(1)]
YEHETD. ZDOAT TNV u(Hi(L - 7)) & ERT 2258 % L DF/N Maslov &
WS, LA E T aEEZ & E 13 H/N Maslov BUIMERTH 2 Z L BB BTN 5.
2.1.3. L—TEBDES

PRIV — T BN T 2552 WS DDEAT L. LL:=C®(R/Z,L) £ B E C> i
HEANS. ac H(L:Z)IZHUTLL:={ycLL|[y]=a}BE

H.(L°L) = Hoppip@—1(L°L:R),  H.(LL):= € H.(LL)

a€Hy (L:7)

LEL. EEDae H(L:Z)IZXNUTae HyC"L:Z)% da=aTEEL, HEED
FEHE > 01zx LT
FPH.(LL) = € H(L°L
wn(a)>E
EBITIXHL(LL) LD HSRZ Filtration (Action Filtration) 23%& £ 5. &2 Action
Filtration {2 & 5 7éfifb 2 €& 5 :
HL.(LL) := lim H,(LL)/FPH,(LL).

E—oo

2.2. FEREZ DA
IRDEM21IPAFDERERTH 5.

EIE 2.1 LiF(C"w,) DM Lagrange {3 ZHRAKT, ME LAY UG 2RKD LT 5.
IO E, H(LL) LD Lo fiE (04 (b =08F3) X e H ((LL),Y € Hy(LL)
TIROZM %729 H DDFET S ¢

(): EEDE>2%ay,...,a € H(L:Z)IZH LT
Ce(H(LPLY A -+ AH(L%L)) C H(LYH 4 L)
MY D 3D, BEIT £, 13 Action Filtration Z £ 2D T, H(LL) D LIZDV 3.
(ii): HBe>0DMFELTX € FFH_ (LL) AL D 7.
(iii): X €e H.{(LL) Y € Hy(LL) 1E

0 (X,..., X) S 0V, X, ..., X)
k=
Zmi7z 3 (FHZ X 1 Lo FEIE (01)k>2 D Maurer-Cartan Jt) .
(2) DD DRDELITERAITH B3, Stk (i) & 0 56k Ho(LL) 1B WT
RRZFHOZILIIER., £ 2HOKRDOHLD (L)X, &p e LIZHFLTp
NDEBN— TGS EREMH/L — LLPSEFDHED Y — EOMILESL
H,(L) = H,(LL)IZ& 2 LOERFEOHRTH 5.

22V UGN, LICEREROBEAMNBOEY 251 EHOME2ROD1IH5. LT L5
WHEETH DA U HEE T/ TH 5. [7] Chapter 8 S .

[\

k=2
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T 21 M58 NLNS, Lagrange ShZ R AD Mo v — It 2 EERGERZ =
DTS (Wb Fukaya [6] 12k %) . GEBHDFEHIC O WTIX[6] £721k [14] 25
IRX 7w,

FT QDO _DHDODANS, HDay,...,a51 € Hi(L: Z)PFEL T

X(—al), . ,X(—ak_l),Y(al + -4 ak_1> 7£ 0

B, Ik, —MRITEZRRE X Aaspherical (DE D m59(X) =0) RoIXTEED
i>dimXIZDOWTH;(LX 1 Z) =025 2 %NS LIRIRING @

EIE 2.2 LHWEM2.1 DM %72 U aspherical 72 51X L D /)N Maslov £l 2.

FHZ LA kot b —J A L FAMZR S BN Maslov 2 TH 2 Z 03050, Zhid
Audin [1] IZ& 2 FETH 572, 2D Audin PREIZDWTIFL K DADIHGED B - 7273,
Bl il & 717z Cieliebak-Mohnke [3] THRAKHNIZIHR SN LS THB. 5 —DDHE
LRAERIFIRDEHTH 5
EIE 2.3 LA E DAl DFRRZMoeHS bR §5 & RO = DIX[FHE :

(i): L5 (C3w3) ~D Lagrange HUADFIET 5.

(ii): LIER/Z & B & DER & [FH.

(i) = (i) IIWERICHERTES. HLLVODOIEK () = (i) THbH, ThiFEH 2.1
EIV—TEMD MRB Y =2 DOWTOFERNLRELR, B IO HENLR ZIROCE KGR
ZHDOLETIHINS. 748 Lagrange MR ZRRAKDIHIA & WS MWMEKED S & Tl
(LOBETHZDZ 2 E LR TH) FAROFEGNAKILT 5 Z & A Damian [4] B LT
Evans-Kedra [5] 12 & D /REN Tz,

3. AU VS - MROY—, $ICI—TEINE
ARV hRBY— 21, Chas-Sullivan 2 & 0 [2] TABAE Nz, (BRHED) EH
V— TR EORNEDOMRTH 5. AR TIERIZ, BHV—-7EMOFRERY — L
IZ Lie RE D& % €D 5 ) — THEFE (Loop Bracket) AYEEE & #| % 723, AHi
T, ToxEHEE (EMZIF0PREEICLT) BT 5.

M % niIRJTGEAZRRIK E U HBV — T2/ LM = C*(R/Z, M) ~D C™ $kEH o -
A s LM, 1A' - LM %FZ25. M~NDER

eo : A" — My pa(p)(0), & A" x[0,1] = M; (q,0) — (q)(0)
BEZ, TDT7AN—FEDS LM ~DEH

ox1: AP, xo (A"x[0,1]) = LM (3)

7(q)(2t) (0<t<0/2)
(0x7)(p,q,0)(t) == {o(p)(2t —0) (0/2 <t <(1+0)/2)
()2t —1) ((1+0)/2<t<1)
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TRE#ET B 3.

7(q)(0) = (o *7)(p, ¢,0)(0)  o(p)(0) = 7(q)(0)

ee & M ETHWIIZRboTWE LT BE, ZOT7 7 A N—FiZk+(+1—n
Wt DAV MM ELIRIZRD, ZOHEKRSE 2L NEE Ko7 I1X LM ED
k+/0+1—nocORREE2ED S L. BBEOEATINE ox7 & EL,

ZZT—TFEE, Y H(LM)®? — H, o (LM) %

{ [Zam} {;bﬂy}} = {;aibj(gi * 7+ (—1)'7; % 09)

TEHET D F5XIFEM) . TITa &b 3R, o & 7 IZHREDPSDEHERT.
o; %7 & 7 x o (FHEWTERIMESRAEDEGLL TO A HEEIZUAERI N WD, 5055
X, GRONZFERY IR LT, ENEHZTEISBRY I 702 NIEL VD
THEZW. £z, HAOY A 7 NVIE«MEERT DEOBMEDEI O D JFITHKET
50, FEOY—HIE—-RITIRE 2D T EOERK I well-defined TH 5.

Chas-Sullivan [2] 1, TD XS IZUTERS N2V — THEIREDY Hoypo 1 (LM) IZIR
B LieREDOMEZED S Z & 2R U7z, Z1id Batalin-Vilkovisky (BV) R & W\
SEDREVRBMED —ITH DD, TOY YTV IT4v 2 - bARBY—ADEH
FELZOFVRVWERDNS. (BVIHEEDMODED & LT, MEaNLRENEZED 5
V— TN D 5 D%, [10] TIZZ O Hamilton 132D FMRADISH % 5 % 72.)

4. V—THEIIBEEBRERMABOEY 251 ZHF
AEiTIX, TH2.1DFFHOERNRT A 77 (Fukaya [6]12& %) 2#iHT 5. £7
LIZER 2RO EAIMNBER2ARORTEY 2 714 BMEZEZ 5. ac Hi(L:Z)ITR/LT

M(a) == {u: (D,dD) — (C*,L) | du =0, [u] = a}/Aut(D,1)
LEE (DIZHAEEZEME) , LDV — T2 L0L ~NDEM
v, : M(a) — LOL; [u] — ulap

EHEZD. A0 [u)ld Aut(D, 1) 3 DAEWED D 5 72 Z 3id well-defined TIXZRW
M, L0HATHMEED S, M(a) ZFERRMHIZDONT I VY MRSV,
LEGHREMITIMAS Z e TRONDEENZL T VN MEPFEL, T1%E M(a)
L#EL. Fzev, ZDIX U Tev, : M(a) = LOLZEHKRT 5.

3EFUALIZ—BIZIZCCHTITERNDT, ZOEHRITEYIZEETAIRELRH L. TOBEDMLS
IZREHER 72 DX VDT, B F oA Y - LRIV TEHEREL L SIEZ0ATy FIXEEIZERT S
RBERH B, T2 TIRIOEITIZEAD LR,

155 A ABMKSEIOED FlZ—EFTRWVWOTINIE well-defined THRWAS, FOEEE O HZITIEA
DLW,

S5ZDEIIZDIFEDDITIE, v, ZEHET DL EIIIN—TDNRIA =X R2EEIZEHLZHEDN
H5.
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LRE BB DEZRIIARE TIEFIIL Z2\0DY ([7] Chapter 32), WEEHEZR DI M(a)
DARIRTE 1 DBEFL O, M (a) DNEB (0. M) (a) B — I ThI D o7z DO EHIFEDOEY 2
TAEMEA—-HTEHILTHE. Iz

(OM)(@) = {(ur,us) | Ouy = Aus = 0, [ug], [us) #0, [w] + [us] = a,
ui(—1) = us(1)}/(Aut(D, {~1,1}) x Aut(D, 1)) (4)

u1(1)

ur(—1) = uz(1)
T
z(a) := (eve)u[M(a)] € Cryp(a)—2(LL) (5)
EBITS. ZITM@)IBFEY 2T M2 M(a) D (BEfzike Uk) HAEARRE
OY—HHERT (8] THYO, HEDC(LOL)IFIV—TEMLLD 18] 2RO T
HRZRT. I NIZEBNLEHTH D, (5) NTEEZ NI TREIOK D DR
ZIEYMLT 2 2 e REIIEDHEEL 2250, L0 HATHAETTOS. [6)| DEE

ZS(HEASEN
> {z(w) o(a)} (6)
a1+taz=a
MDD ENWS 2 ThHd. ZITHAD{, }EFoA Y LNV TERI NIV —
FEMMTH S, (6)1%, EBWIZIE, 0M(@) Dk (4) b — FHEIMOF =1 > -
LAOLDGLE (3Hi) 235 & S ERIET BT LItk DTN D,
STx =3 @z t(a) TIERFITH 528, Gromov I8 MEXD

C.(LL): EW( B Corniniw- ) ( P Coiniua ﬁ“L))

acH(L:7Z) n(@)>E

Drte UTEKZ RS, Maurer-Cartan HFER 0r — {z,z} =0 &7z 9. T 5I12Cn
Eo (22827 bA) Hamilton 2 FEHEG o To(L)NL =0 23 dDIFMET
% Z &M 5, Cauchy-Riemann GO Hamilton BEID 1 NT A —XEEFAZ T LEE
kR E T DL T, ye C(LL) Ty — {z,y})|aco DL DEALEREST B Y
LINERDBEIBRBDNEND.

DL IS8R Co(LL) ED#HHRTH 572D, L REUZ X9 % Homotopy Transfer
Theorem ([15] Section 10.3 Zif) Z 5 &, H,(LL) LD Ly ﬁﬁ%ﬁam@fG@
Lleﬁﬁ( LLL),{, D) EAREPE—FAMEREDVERIN, T SIT#H, yITHIHLT,

H,(LL) DG X, Y TEM2.1 D542 THONENS (ZDORAT v TOEHMIE [14]
EZRI NV .

DLEDER 2.1 DFEHOMETH 528, Tz B4 2123 Ed, Bl — 7% M
EL@ﬁ@&ﬁ@%%Tw&wm%%O75%%#%5.;Miﬁ%$m/~mﬁmi
“CZ@V) SHITH U 5. IIZHr, y ZEHT 5121F, HIEAEFR (B K % D Hamilton

HH) OEVa T (% ﬁ®ﬁ$%%%zéﬁ%#%5# ZDIDIZEY 2T A %2
DIREEBO T 7=y 72 wsd. Tz 6HfitmU 5.
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5. BRI —TEEOHEEERET I
AREITIE 12 1ITE DWW THBI — TEMOBEERET V2 EAT 5. AHONEIE
ﬂﬂHMHQ%tﬂbf%éﬂ,ﬁ%@ﬁkim%m%ﬂ#w@mﬁﬁébk%ﬁﬁb
TEL. AEHONAIIM N KoY —WReDTH LD T, LED n Ruh ML
(M E»<) OETHL 5.

FTMEREDL € Zog lTHLT

£k+1M = {(T777t17"'7tk) ’ T e]R>07 v E COOGR/TZ?M)a
O<ti < - <t <T, 8;”7(15])20 (szl,OSngk)}

EBL. ITNEk+ LIEDORE S to = 0,t1,....t, 2RO M EOHBELV—T2KD
BRIZEMTHD. HEORMEE, SEHADO ELTmBEOMAMMEZEDm > 11220
THATWVWS W 5 HEDT, TN C®HE WD RMELR ST X FIV— T D concate-
nation 2 £ 572DITHEEL LS. K5 € {0,...,k}ITHLT, ev; : LM — M %
evi(T,v,t1,...,tx) :=(t;) CEET 5.

BE Loy MO EIZIIMMHZEZZT, 2oz 7ay bW EDE2FEZX 5. LED
HABn IZOWT R DR EREREORTESGZ U, EBESU =], U &
B U eU B U — LM OHL(U, ) TIROSEM: (a), (b) 2lE=THD%
LM EDTray b kO, oy beROESEE P(L, M) &EL.

(a): PIEC®FEB. DD o = (T?, 47,15, ... 1)) EBFET?, 15, ... 1] € C(U,Rx)
T, 2 {(u,t) |uelU 0<t<T?u)} — M; (u,t) — v°(u)(t) I& O HKE 4.

(b): evgop : U — M IZILDIAH

EED (U, 0) € P(LiM), (V,0) € P(LipaM) & je{l,....kHZDWT, & (b)
K0T 7 AN=TU cyj0p Xevgop V. FECUDITIZRY (ME2RDZBERD D),
)L — 7D concatenation & & 5 Z & THRGLEBR ¢ ;¢ : U evjop Xevgoy V = LiyeM 0
EZRTE 5.

k+0—1

(p*j ) (u,v) = g

ev; o p(u) =evgo(v)
ZIT7uy bDT 7 AN—FEED DG

0! P(£k+1M) X P(;Cg_t,_lM) — P(£k+gM)

(U, )05 (V1) :== (U evjop Xevoop V, P *; V)
TRE#T D.
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wiz7ay NEHAWTIL— 7o FrEnY — %2384 5-0lz, Tayv oy
NI b EWRTEAZHAEDEZde Rham$HiE WS HDE2EZ 5. FEDON € ZITx
LTRARZ hLZEf

Cjc\lfR(ﬁkHM) = ( @ AgimU—N<U)) /ZN
(U,p)EP (L1 M)
REZD. ELAU) U EO3 VR0 MABATERLERD LT RS M LZE-T
HY, ZylE
(U, o, mw) — (V,pomw)

DIEDILTERINEWHEMTHE (ZZTWU, ) € P(LppM),VeU,n:V = U
O BDILDIAATH Y, miE7 7 A N—IZh oD EHRT) . CR(Lp M) LD
BESMERZ 0 1%
O[(U, p,w)] :== (1) [(U, ¢, dw)]

TEHETS. 77 AN =AM D . (2L T) o TIh
I¥ well-defined TH D, BHSDIZ 02 = 0 23729, ZDXSIZLTHES NS HEENR
CIR(L1 M) % L1 M @ de Rham $4#EK, Z D% de Rham$HE W5 Z 2129 5.
FEORERY —% HR(Lpq M) £ EL. ZOFRET Y —IZIXROFHE» SEHAE S
ns :

5.1 (i) EEDEk € Zs T2V T, N ZEND I L TERINDEH
Ly 1M — LiM; (T, v, t1,. .., tx) = (T,7)
DEE T BB HIR (L M) — HIR(L, M) XA TH 5.
(il): FE HIR(L,M) = HS(LM - R) AR D 2D, 7272 UABIZ LM = C®(R/Z, M)
IZC® MM E ANTZH DD RBHFIRKER Y —.

5.1 (ii) 1%, M OBEHNV—TZEM % M E® broken geodesics DZEM D HTUTLL L
T, ARKITEZHRIRIZN T S de Rham DEHIZIRET 2 Z & TitHI 5.

S Tde Rham D 7 7 A N—RIIAEZITERTES. $hbb, Bl1<j<k&
(>0 ULT, $#HEBo; : CI®(Lp M) @ CR(Lp M) — CIR (Ly M) %

n

(U, o, w)] 05 [(Voh, )] == (=1)"[(U ev;0p Xevoow Vs 0 % ¥, w X 1)]
THETD FH 2 . 22 T2 O® (Lo M) E® dg Lie REDHEES
MOXNTEERTES

(8$)k = 8(a:k),
(I * y)k = Z (_1)*37161 Oj Yka,

ki1+ko=k+1
1<j<k1

{z,y} =x*xy— (—1)|m”y|y % T.

INZEHAWT, HHV— 72 LM OFEERETLEZRO LS IZED LS -
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EHE 5.2 ([12]) 1= (r)iz0 € [Lheo Oy o (L1 M) PR DGAM 275295
(i): p % Maurer-Cartan 76, 2 &Y O — 5{p, pu} = 0AVK Y 3L D.

(ii): [ HIR(L5M) = HE"8(LM : R) %58 LT, [uo] € HIR(L3M) X [M] € HE(LM
R) IZH T 5.

ZD L E[EE

([T (10,0, ) = HE2E L (201 (7
k=0

ML B, 72720 0,0 = 0z — {u, x}.

Pz 5D UEMAEEMNTZ & (1) D LieRBORETHZ I L E 250, EH21 D
IEZILER VDO TEKT 5.
6. €I 2.1 DEEAA
ARETIXEM 2.1 DFEHZMEH TS, 6. 1HITEM21%2ZD [Fa1 Uik THEE
H6.1I12EEL, 6.2/ CIXEM 6.1 DFFOEE R —i T % Maurer-Cartan 7t DAL
(ZZTCIEAMABOEY a1 EME2HWS) 2ilHT 5.
PABE L 1% (C™, w,,) DB Lagrange i 3 AT E E AV UG 2R DB DL 5.
6.1. F A VIR~NDIZE
FIREICEALZHEV— TEHOHERET NV EDUEET Z2RHENRHLDT, £
NEBHT 5. LTEDac H(L:Z)ITRLT

£Z+1L = {(T7 e tl; S th) € ‘Ck—l-lL | [f}/] = CL},

C(CL)* = H Cf-lf-{n-&-k—l-i-u(a) (‘Cz-i-lL)
k=0

&L,

P Cl )(wné‘iEC(a)*)

E—>oo (aEHl L:7Z)

<. O ORI X0 dg Lie REDOREE 2 H D

(0z)(a, k) == 0(z(a, k)),
(@ y)(a, k)= Y (=1)z(ar, k1) o; ylaz, ks),
k1+ko=k+1

1<j<k
a1+taz=a

{z,y} = wxy— (D) Wy sz,
ZDdg LiefRED ETEH 21D [F oA V] 2BRBZZENTES @
TE 6.1 2€C 1, ycCy zC, CTIRDEMAETEDIFET S -
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Or — 3{x,2} =0, 0y — {z,y} = =

r(a, k) #0 = wy(@a) >0ora=0,k>2 (ZT7h502(0,2)=024%>.)

[ HIR(L3L) =2 H™8(LL) %@ U T [2(0,2)] i& (1)L IZxf e d 5.

2(a,k) #0 = wyp(@) >0ora=0. (ZTNH592(0,0)=00%ED.)

o [AF HIR(L,L) = HSMS(LL) %58 LT [2(0,0)] 1 (—1)" L] ST 5.

21 261068 DIFS LV, E = > ko2 (0, k) %020 —3{a0,2°} = 0
R7- U H,(C,0,,) = H,(LL) ASE D 32D (Oi @ O AVEHLS 21251 B D% E & R
729). Toilat = -2 BXPylx

1
8x0$+ - §{I+7$+} =0, axoy - {‘T+7y} =z

729, £IZT Homotopy Transfer Theorem % T (C,0p0,{,}) £ HFEPY—H
fli7e Do (REUEE % H,(CL) D FIZEHEL, oF, g ICIET 550% X, YV & BIHEEH
2.1 DEA 2725
STCEM61ZRTIZIEH, v, 2 ZEERTILEDNDH L. ENEARERIZFUTH S
T, WNEITI, LIZERZRDERMBOE Y 2 J A 2 5 Maurer-Cartan Jt =
EERT D HIEZHIT 5.
6.2. Maurer-Cartan JT DK
EH6.1 D5 EWT e O 2EHTHIT1, EEDac H(L:Z) &k e Lyl
U Ta(a k) € CIR (Ly L) &ZEHLT

n+p(a)+k—2

Ox(a, k) = Z (—=1)*z(ai, k1) o; x(ag, k2)
a1+az=a

ki1+ko=k+1
1<j<k:

ﬁfﬁjzb VDOEDIZTEMBENDD. PEOHERTIEw,(a) >0H D50 da=0,k>2D
BDAEZZ, TOMDEGEIFx(a,k) =0&BL. Y a T 1 % H]

-/\D/lk-‘rl(a) = {<u76i017 . 'aeiek) | U (D7aD) - ((Cn7L)7 5“ = 07
[ul =a,0<0; < -+ <0p <2m}/Aut(D,1)

EEZAEDj {0, kML Tev; : My(@) —» L%
ev; : [(u, e, ... e )] s u(e)

TEH#RITD (I272L60,:=0&8K). Mkﬂ(d) WCZEBBEMNITMATHEONS T
N MEE Ma(a) EEFEL L, ev; ZIER U Tev; : Myq(a) > LBPEREINS.

My (@) 1B Y) R AIZ K D 3 2382 b Hausdorft ZE[EIZ 72 2 DY, x(a, k) ZEFRT
BIIINAMREE 2V CEA DT, £TEY 2 71 EM My (a) EOBTEREED BB
ThH5H. Myy(a)id, % Banach ZFr{K ED Banach X7+ IVEH D Fredholm ] D
BERELTRINBO DT, EEDIFETIX, BRIRTEHAELEDOERIR TR MIVE

CEY 2T EHOBERDOES TIEZDFERIIAEHTH 5.
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DYIWOFEFRE L TRTIENTE S, LOPRMITIE, &pe My (a) LT
TOTF—R%25 252 W TE57:

o HRKTEANZIIAU,

o U, LOARKITAMNZ FIVIKE,

o X7 MIVHKE, = U, D C= LI s,

o BHHEA 1, : (5,)71(0) = Myy1(@) Tp € Imeh, 7T H D

A EDWDH# (U, Ep, sp,thy) Z p BT EHAMBET v—hE WS 8. £V a T 1 22
My (a) EOBRE kG & 13

o ERDp e Myyi(a) IZBF2HMABVET v — bU, = (Uy, Ep, Sps V)
o TREDp e Myyi(a), ¢ € Imp, \ZXT 2 U, 2> 5 U, ™D HEREZ i

TH > THEEBI D DHNVEDBEWEDNR O 2B D2 WS, (T & B4
Ml DEFZIIEMT 5. [8] Section 3% L K.)

I Ca(a, k) ZEETDITIE, THICEpeMpq(a)iZRH LT (BEF v — hDED
JERREHLE BENTH B L D) UTNDT— R 25X 5MBENRH 5 :

o C*iEKev,: U, — L, L Ob— TZEHAD evaluation map)
e s, D CF (continuous family) fE)

BEO CFEIHNZOVTAUHHL &S, s, &7 MLIRE, — U, D C* YK TH
50, ~MHIZELHEBNTHD LIRSS, I EVa I EMOEAHEERT
LEICIIMEICR S, T I THAREVHRED, 2 & > THP pry, R x U, = U,
#H A, (pry,) & D O kEIMr DK (s))cc0) TR TORMEZIE-TEDEL D -

o I b CHMIZDWTlim, 0 85 = (pry, )" sp-

o [EED e > 02DV T s IFFHICHMITHD D, evoorh,opry : (s5)7'(0) = Lk
DA,

ESITw, € AP (RP) T [y, w, = 1 BT EDE L B, BULEDHL(D,, (55)-c0,1 wp)
Ms, DCFEHTH 5.

UEDF=ENEZ N5, ¢ € (0, BTN NVE Ea (o, k) € CR(LE, L) &K
D& ITEHTBZENTED. Mipy(a) DRI (p)1<icy TUY, Tm o, = My (a)
iz doDE T1ODEN (xp, : Up, = [0,1])1<icy 2 E D

N
ze(a, k) = Z(_D*((S;) 1(0), evp, 0 Pry,.» (Prgoy, ) wp, A (prUpi)*Xpi)
=1
TREHERIZIZ I E S 7.
SIEH DELHTIX U, iForbifold, &, orbibundle &3 225, 5 ORI TIIFHEHZE A TLHIE LD
R MVEEZEZNETHTHS.
IPLFIZHE CFEEBOHRMIET 1 T 7 23T 572D ICHM{bINnTH D, EEOEH ([8] Section
7,9) LI E A B,
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EBTEENO, 2 ZTAIA ()i R ()i DL DA & SR e AF AR
WREND B.

UEDOFERTIEEY 2 714 B M 1(a) ZEEL TWED, (a,k) 280 L7255,
BEOEY 271251k

OMiia(a) = |_| My 11(1) ev; Xevg My 11(a2) (8)

ki1+ko=k+1
a1+taz=a
1<j<ky

WEOEBMITFONTVWS, REY 2T ZEMIZHLT, V— T22HAD evaluation
map & CFEBZ (8) L BAMIZT b L5 I2eniX, ) »b

Ox(a.k) = Y (=1)z(ar, k1) oj z.(az, ky)

k1+ko=k+1
a1+tazx=a
1<j<ks

WEPNS., TITHERETEIRNEI LI, c2RDBIZE—EICARBEOEY 25 %
U RZARNZ & THDB. LEd>THA/NT Ve > 0512 Maurer-Cartan /2
Or — H{x,x} = 0 DIEL#E z. ZHER L, ¢ — 0 DR & U T Maurer-Cartan 7t % #
THEWVWIEMABEIZR S, TN FEEMIZEHE Ui Lagrangian Floer Theory @
BREIZBWT[7] Section 7.2.3 T L 5N TWBH, 5 DIRPLTIL [13] Section 6 THEAM
IZEm L 6N T W\ 5.
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N2 TDDEBRDOUEE
MR RFERFGHEAER SFA £I6°

(Department of Mathematics, Kobe University, Keisuke Teramoto)

1 (EL®IC

Y C R? 2L L, f: Y - R 2 C° HEHKeT5. ZoeE 2709
(frontal) TH2 L, f TR EH v: Y — S? DFEEL MERED g€ ¥, X € T,X IZX L,
(dfy(X),v(q)) =0 ROV ILDEEZ WD, 5T, 7V X)L fHNEE (7B b, wave
front) TH 3 &%, GEOM (f,v): L - TIR3 = R x §2 BEDIAAIIRD L E %R VD,
B v % f OBAIEERR (unit normal map) % WEH Y XE% (Gauss map) &IF
B HpEN A f OBERTHB LI, f 2 p TROAALAESANEDT LS. W
DY)y 7 RRRLE AR T D (cuspldal edge) &Y\ XDE (swallowtall) TH
ZENHIONTEY, ZN5l, (u,v) = (u,v2,03) RO (u,v) — (u, 30t +uv?, 403 4 2uv)
ZENTN A FMERGMHRTH S, UTE, 70 2 ZOVRWHENIZR U T, % < D87
WEE D 0 BRA RAEEPEAINTETWS ([0,8,14-21, 23 -“m]) AFEEHTIL, AT
DAL R E T AGH v FOTERRERIT Iﬁﬂ%ﬁfﬁﬁ’?%ﬁ%ﬁ’]f 7 ([29,80]) IZDWTHREAN
5.

2 Hfm

(S;u,v) CR? 28, f: X > R3 %2 70 &L e$5. &/, v:% - 5% % f O#f
EEHR (T AGH) 2L, S(fI(CE) T fOREMESEZRT. BN > R %

/\(U,U) = det(fu,fv,l/)(u,v) (f’u = 8f/8u, f’U = 8f/8v)

TEDD. ZORKEZ 7B V2L f OFS(FZEBEEERBE (signed area density func-
tion) &IERN. RS EHEEEEBOER”S A7H0) = S(f) Pbohb. K pe S
N f OEBRIEFERTHDEE, d\p) # 0 <= (A\u(p), \(p) # (0,0) DEEZEWN
5. FEBRAKRM p € S(f) TR UT, BEBEHN S, p O U(C X) & iERfi#
vi(—g,e) 2t A({t) €U (e >0) T, Ay(t) =0 27T HDNRFEETE. 61T,
S()NU ETdf(n) =0 2= THD U EDORZ MU o BMFAET 5. ZOHfifge X2 b
W% ZNENRFREMAR (singular curve), JB{EXZ MLIG (null vector field) &S,
oI, A(t) = for(t) ZRE BT — A R (singular locus) &IEZ. ATV N A DRI
3'31&1'[3%%)51%5 E7z, W ATLORET — A 2 4 (ZIERIZ2 AR, Y N A DR D5
0= AUE e (12,43, %) 12 A [FRIE 2R B AN & 22 iR (R S il [O]) & 7225, 2hb
DRFE IS B HEEPH S NT VWS,

EE 2.1 ([5,25). f:X — R® 230, pc S(f) 2IBBLRR L, \ 254 & HEEE
B, v & p i@ DR RIKE, n ZB/IERZ MUVIGE TS, 72, 5(t) = det(v,n)(t) £ T 5.
72720,y =dy/dt THDH. ZDLE,
(1) f 2 p THATE < nA\(p) #0 <= §(0) # 0.
(2) f 2 p TYNADRE <= nA(p) =0, nmmA(p) #0 < 6(0) =0, &§'(0) # 0.
e 78 v ZOVIZEN S F OMORF R SIZN T 2 HEENH S T W5 ([B, 00, 12,25]).
AT L, HAE MR R sE A2 GRERS 17J02151) Ok %EZ T TWET.

*e-mail:teramoto@math.kobe-u.ac.jp
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2.1 HRTLDAZEE

ZITI, Y o R AWK, pe S(f) ENATLET D, Hp DEHEU 2L, 4 %
v(0) =p 27 TR E T5. PATUOLREEZBNT B72DIT, IO SIVEGD
FEEANT 25 ([11).

EFE 2.2. U LOXRZ MVIBOM (&, 1) HEFEM (adapted) TH 5 & I3,
(1) X S(f)NU E + IZ¥4T,
(2) n & S(f)NU L f OBIERZ B VE,
(3) (&n) FWEDMEZE5Z5
EEEWVD.

TR SVEGOM (E,n) ZHAVWT, S(f)NU ETEHRINDIRD A TLDOARE
BEEDD:

det(&f, E6f.v) (&f,v) EF13/2 det(Ef, mmf,mmn f)
R =N T e T T T e g2
., — det@fommfomne ) det(€f mmf, 6F) (&, mf) (2.1)
£f x mf|? [EFI21Ef < mm f|? ’
o det(&f,mf, E6F)  (&f mmf) det(€f, mnf,EEF)
C O EfPIES x mf] [EFIPIES > mn f] '

ks IZFFEME (singular curvature) ([24]), k, I3BREHZE (limiting normal cur-
vature) ([IR,24]), k. (73X T (cuspidal curvature) ([18]), r; 1$5 X THIIRER
(cuspidal torsion) ([I7]), x; |TZEBIZE (edge inflectional curvature) ([I7]) &:X
NOEAREBTHD. BT, ks BNERNBRALRETH Y, AATLAOMMIZEHRL TS (X
m) ([R,2d]). £77, ke #0 TH 5B LIZHFET % ([IR, Proposition 3.11]).

1 kg >0 DHATE () & kg <0 DH AT (£).

SC, K, H#%ZU\S(f) TERIN [ OHY MK FHMEL 75, Fodh®k
H 3 AATLOuEL CTHEERBZBARIZRD Z M oNnTWS., ZhozHWT, B
ki :U\S(f) = R(j=1,2) %

ki=H+VH>—K, ry=H-\VH?—K (2.2)

LEDDL. INOIFEMRLIFINSGMERTH L. EHRO—HIX, U EOFRL O H#HE
BUZHERTE, £ 5 —HR A AT ADEL THAEHFIZH S ([19,02,08]). FHRaEHEL k,
EERE L TEMEE R A= e £TD8, vy ETC, k=K, THY, i 1T ke DETHEVE
A28, KR R(p) A0 & B 2 LIHERET . U EOETHEWARZ MU V T,

(II — k)V =0
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=T HD% v T EZELAMENWD. 27ZL,

. <<fu,fu> (fu,fu>> _ <E F) . ((fw,w <fm,,u>> _ (L M)
(fur fo)  (fos o) F G)’ (fuo, V) (fous V) M N
THEZONE 2x2{7HTHB. 51T,
(MI — &IV =0
B9 ETROWU EORY MVIGE R ICBETEEAMEND.

T 2.3. WATU p HIgA (ridge point) THZ L%, Vk(p) =0 THH L E2 WS, &
7z, p D k JRDIEH (k-th order ridge point) TH 5 1%, VMk(p) =0 (1 < m < k),
VEtDg(p) £0 THE L E%2\WS. 72, p PRIRYAR (sub-parabolic point) TH 5% &
3, Ve(p) =0 2R3 EE20NS.

TEHIHHTEN I B9 2 I8 R B RO PRI D W T, [B,6,10,22] % 2.
A AT HLDARZE R LR, BB RITIZIRDOBERDYH 5.

i 2.4 ([22,29). f: X — R? 2, p % f OWATLLT 5.

(1) p DR <= 4ri(p)® + Ki(p)re(p)® = 0.
(2) p BEIBHIR < 4k(p)? + rs(p)kic(p)? = 0.

2: M EFFOH AT (F), B S 2ROA AT (hik), E5 5 THRWA R T
(£). BIBWIARTIE ks <0 2RDBDTHMNBRI AT AL RS,

AT LD T — 71 AN FEAR (line of curvature) 12785 & \W 5 Z & % & FH=
BB A VO R ¢ DR ML Ay Ly IR THETTHIEEDS. T
DL IRDED L.

R 2.5 ([13,28). Wl X > R DB pe X THATWRFEODL TS, £/-, v %2ikip %
WARRMRTH B TEH. ZOLE RRO—-HA 4D f OHIRE — v Lk =0.

2.2 [ERTED Morin B EREDIFES

TERR S DRF I % T3 5 72 D 12 AR T D Morin $5F 52 5 & IR D Re 2 i D BER % fH AT
3 5. Ap-Morin 28 &1,

f(xlv s ’xn) = (:’Ula sy Tp—1,T1 T+ F xk_ll‘];i_l + 1"];24_1) (k < ’I’l)
ST A FETH 554 f: (RY,p) — (R", f(p)) DT & TH5 ([24]). Ap-Morin
RS, FHSTH B Z L IZHEET 5. Ap-Morin BRI U T, IROMIEEDF S T
W35,

26
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EZE 2.6 ([29, Theorem A.l]). k<n &RKETS. Q & R” O, f: Q— R" & C> ik
B, p & f OREE 1 ORERA (rankdf, =n—1) £$5. TDLZE, f 2’ p T Ap-Morin
RERZFO-ODOMBEAIFMI,

(1) A=A =--.=AFD =0 2D AK) L0 D p THRILT 3,
(2) (AN, AR DY 0 RF X p THEFRTH S,

21U, A =det(fors s fo,), (X1, 20) 1 Q ORFFEBEER, A = A, AD = A=) ©
HY,n & df,(n) =0 (Vg€ S(f)NQ) 2T Q ETEZRINAEZFETRVARZ b (f
DB T b V).

— 5, BRIz B W T

k k
Xk%(%+1ﬁ“2+§julﬁ%ﬁ%+2ﬁml§:ﬂj%ﬁXJ

j=2 j=2

TERINDEH/RIEEZ Ay -front FEKE VWS, 72U, X = (toa,..., 1), X1 =

(22, .., 2p) ([0,28).

FR 2.7.n=2 & U7z& &, A-front R OBIZIERI, Ao-front FER OB ITAH AT
i, As-front FERFOBKITY NADETH 5 ([1,25] & &% 2H).

Ap-front KL Ap-Morin R A DOMIZ IROBEBEAM SN TN S.

EE 2.8 (|25, Corollary 2.11]). Q % R OfEE, f: Q — R % C®° MEHL T 5.
HpeQX fORELTHY, f OV ALHTHRNOIMETH p THABLWEIRET S, T
DEE WEFAMTH 5.

(1) pl& f @ Ap-Morin FHERTH 5.
(2) flspy FRETH D, p & flgy P Ap-front MRS THDB .

2.3 THEHEOBGOFES

HATLOEGE DR EFHET 572017 FHEOGHRORRLESZZS. f: (R, p) —
(R?, f(p)) % FHEMD C™ EMZEL T 5. Whitney [31] 1%, 37 B ES (fold) & AR
HREA (cusp) WV RV I RRHRASRTH S Z L 2R U7z, 10 BREESUE, (u,v) = (u,v?)
2 A-FRME R BRI %2 D0\, A TRE L, (u,v) = (u,v® + ww) 18 A-[FHEZR GERIEZ2 0
5. £z, Ac RIXTTH 1 DB DI, E (lips), & (beaks), V/AXDE (swallowtail) TH
2RO NTVS. TNSIEFIEIZ, (u,v) = (u,v3 +u?v), (u,v3 —u?v) & (u,v? + uv)
IZZENETN A FERGEF L LU TERSINDS.

BEBC(EE) A (R%p) — R % A(u,v) =det(fu, f,) £T2L, fipec R2D f ORRAT
HHILE Ap)=0ThHdZLIFAMETHD. ZOBK A (DETRVEEM) 2HESX
# B F (singularity identifier) & FE.3. & 7z, i & [FRRIZREE A p AIERIETH S &1,
dA(p) £0 DEEF RS,

Rop DWIERLFRATHD L E, HDEHEU LHift v: (—e,e) > U H->T, U ET
A(y(t) =0 DAL T 5. £/, flp DV (R) B 1 ORERTHDL &, U LOFILRLR
WARZ MV T, dfy,(n) =0 Z72 9 DDFEET 5. 2O MIVGERIENS ML
CIER.
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BE 2.9 (25,381]). f: R2 - R % C° 5K e L, pec R? % f OFREILTSH. 2D
rE,

(1) f 2 p THYOHRREKR < nA(p) #

(2) f 2 p THATHREKR < dA(p );éo nA(p) = 0, nmmA(p) # 0.

(3) f A p TYNADRE <= dA(p) # 0, nA(p) = mA(p) = 0, mmA(p) # 0.
(4) f 2 p T < dA(p) =0, det Hess(A(p)) > 0.

(5) f 73 p THE — dA(p) =0, mA(p) # 0, det Hess(A(p)) < 0.

3 HRATDLDDEIRE

f:Y >R ZHHEEL, peEXN %2 fONATLETB. £/, v: ¥ — §? 2 HNIEEL
e ;0)3’.% pODﬁfﬁU CHRF MR v, BT MV p B D, (u,v) & U DAY
JEfER LT B, ZZ T, RDEHEEZS.

F:UxR— R F(u,v,w)=f(u,v)+wv(u,v). (3.1)

DG FIEAATA f OERRE (normal congruence) THd. I T,k &% U L TE
BINDARGLEMET k(p) #0,k 2 p DI CIHARZEHME f= s T5. ZTho
ERAWS &, F ORREES S(F) &, S(F) ={(u,v,w) |w=1/c(u,v)} U {(u,v,w) |w =
Mu,v)/R(u,v)} £725. £, F OFEMEES T

FS(F)) = {f(w)

) 0)
(3.2)
,v) (u,v)
U{f(u v)+ 2 ( Sy 0) | (w,0) € U,w = %(u,m}
WE, Bk FCy, FCy:U — R? 2 hZh,
FCf(u,v) = f(u,v) + ! v(u,v), faf(u, v) = f(u,v) + )\(u’v)u(u,v) (3.3)

(u,v)
E3BE, TN AATA f OEME (focal surfaces)(cf. [13]) 252 TW5. L,
Mp T, e(p) =0 %5, FC; BEZRTERVH, 4(p) £0 THEDT, FCy 1¥, TDE 5%
WTBEHTED. i, FRMHIR LT, A(y(1) =0 DT, FCpoy=foy=4 &k
D, A TUORED —H 2%, FC; EOEMMRE 5. Tk, 72 TUEOWETH
%. Lo FCp, FCrix, Y ARADRBARLICH U THERTES I LICHET 5.

9, AR EMRICBT 2 EME FOr ORREMIOWT, HE D L HEDR 2HVD
ZLIZED, ROFEREES.

EH 3.1 (29, Theorem 3.6]). f: ¥ — R® ZIKHE L, pe S 2ANAT LTS, kHip D
LT O® BOEMETHY, 5(p) A0 £ T 5. ZDLE, s IZBTBEME FCr 12D
TIRHRALS 5.

(1) FC; ' p THRR — pid f DERTRL.

(2) FCy M p THATL > pld f D 1IRDIER

(3) FC; ' p TYNADRE <= pld f D 2RDIEHTHY p 2iB2 R OERT (B
AR ) IERIERAR & 72 5.

Z ORERIE, IERIHITH 0% 6 L ARG RTH 5 ([8,00,22)).
WIZ, FCp IZDWTEET S, 3T, MO ENFR 5.

x>

k(u,v)
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8 3.2 ([29, Proposition 3.7]). f: ¥ — R3 %M, v &% f ORMEGH, pe X % f O
AAT WS D, ZOLE fEllE FCy 1, p TEMERS. X512, f O f(p) 2Bl
BRREEEE & FCp(p) 128 B HVHIZEZLT 5. 72720, f O f(p) (2B B MIREEE
Mfi&iE, vip) ICERTSFEMDI L THD.

IOz s, BHE FOp 07 Y AR Fi% & 7 A TUOREROBIHE 5 p O
WML TERDIENTES. EBIRDILENEZRD.

FI 3.3 ([29, Theorem 3.8]). FC; O H v Afh% Kpp, ©VIIMR Hypy 1, RS
2> T,

Lo 9 2 L o
7o, = —1(4/@ + RsKZ), Hfaf = :lzg(mc — 4ky)

THASND. £E, Hyy OFF + 13, FO; ORMIEGEOMNE KIS 5.
M B3 LA I S, RASF A,

% 3.4 ([29, Corollary 3.9]). Kﬁ,-(p) =0 < p T [ OEIBHI.

|l FC; 23 LT, M p 28 FC; © #8MAMA (elliptic point), BAMIA (parabolic
point) X 7-1% WM R (hyperbolic point) &%, TN Eh KFE‘f >0,=00r <0 &7
L EE\VD (cf [I0]). EHBD 25, ROMEE.2155.

% 3.5 ([29, Corollary 3.10]). f % R3 NOWI, p % f OHATU, FCy % f O &
I 5.

(1) FC; O p 1, RO & S 2pHEns:

o p X FC; DIEMIKIA < p T 4k? + rer2 <0,
e p I FCr OBWINN < p T 4k? + ksk? =0,
e pld FC; ORI < p T 4k} + kskZ > 0.

EHUT, HYAMK K W p THEAL = 5y B p THRIE,
Kz, Kzg, My > THEIZIER S, ks I XHEIZAIZRS.
(2) Pl Hie, Dy N> TERS, ke Xy TR THEIZIEE RS,

4 ARTBDOHAIABEOFEREN D AMEDIRS FE W

ZOHITIE, W ATADH I AEHEORERIIOVWTEZS. f: 8 - R 2, v: X —
S2% fOHIAREM, f DR pe X THATWLRFEFDL TS, /2, k Zrip DEMHE U ET
ERZYHE V 2 k ICET2EHEARZ MLEL, & Tp OEL CHRERZEHEREZE
T ZDLE AVAEL v ORESGEH T A X, VAV ANTYORREH NS &,

A = det(vy, v, V) = KR

ERED. L, A= R THY, NI f OFSN SHBERERKTHS. = p T, k(p) #0
THEDT, v DRBEEHINTELT A=k L3, LdoT, v ORRAESI,
SWNU={qeU |kr(q =0} THALNE. 1% f OBRYREALITSR. £, k1(0)
TEHINDG U Loilifiz B =E#R (parabolic curve) LIER. D& & RADH5S.

S 4.1 ([I8,80)). BPIAEED p 2585 < r,(p) = 0 AR,
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DR, oD ORNEEZS. 2E0, Mpd f e rvlifORRREL>TVWE LT 5.
ZDLE HEDPSIRMEY LD,

EH 4.2 ([30, Theorem 3.3]). EDIRED T, IR

(1) p P xk ODIERIRE T 5.

e p 'y DV HFERA < pld f DIERTR.
o p Wy DAATHERN — plF f O 1 ROIEA.
e p M v DIYNADEREN < pld f D 2 RO
(2) p ¥k DEFISFtRET S,
o p v DEREN <= detHess(k(p)) > 0.
o p v DHERFE A <= detHess(k(p)) <0 TH O, plk f D 1 IXRDIEAL.

EHIHHTE DA AR O RO 23K 0 32D ([2)).
ST, p BWWIST, k ODFEHIETH 256252 5. ZOLE BYAdhikiE p DL T
IERIHRR 22 5. W siiiR & f DR RAROEMEE 2 5.

EFE 4.3 ([10). a: 1>t~ aft) € R? ZERPEHEKR, 8 2B F: R? - R OFERES
TREHINDBOEANFHERE T2, 2O E a B ERtgc] T (k+1) REM%
oLk, BB g(t) = Fat)) 73,

g(to) = g'(to) = - = g®(tg) =0, g* D (ty) £ 0

iz E xR0, 21U, g0 = dig/dt (
< ed (k+1) mBEhz > e, B g(¢

1). S5, aB B ity T
F(a(t)) %%,

Eii7-g e EE 0.

HATIIZRUT, IRDZ DD LD,
%8 4.4 (0, Lemma 3.5]). f: X — R3 2, v 2T DA I AEH, pe X 2N ATU
95 k% p DIES TCHERBREMEL TS, Z0LE, k=0ICLoTEDSND W)

HIARDY p CIERI L 72 272D D BB R5AME, M p TBWT k), £ 0 £721% 46?2 + ker2 # 0
MELTHILTHD.

EHREI L /I LV, IROZ b5,

%78 4.5 ([30, Proposition 3.6]). f: ¥ — R3 2, v % f ODH VARG, pe X 2Hh AT
BETDH k% p DELSTAHFRZREMBREEL U, k(p) =0, (Ous(p), dur(p)) # (0,0) % i
3D ZOLE fp RS f ORRMKR 4 A p lZBWVWT k1H0) TEZRSINDHBWY)
rERRRE (K + 1) Rl (k> 1) 2R2 720D RBEF DM, 4ki(p)? + ks(p)re(p)? # 0,

K (p) = K, (p) = - = kP (p) = 0 B2 kFFD(p) £ 0
MFEOEDZ & THB.

ST, HHEDAY AR K I, —RICRHREATHEERLE R ZEVHMONT WS, UL,
NATUDGE, T DH I AGHENH A TLIZEWVTRRS 2RO & RO Z RSN T
W5,
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EE 4.6 (I8, Corollary 3.12]). f: ¥ — R3 2 M, v % f OV AEHL L, peX T f
WHAT W eFHEOLTEH. 2D, RIKFEME:

(1) Ku(p) =0 (vesp. Ky (p) = £, (p) = 0).
(2) f DAY AHHE K & plZii O & & HFREDEDEHEZRNZTRTDEDE HIT
AL CTHS (resp. Eifit).

HE OB OFER [2) &, AV AMEKR K BAZTT p 2BWT, BEMAER (rationally
bounded) (resp. ﬁfﬂﬁﬁ‘i%ﬂu (rationally continuous)) TH2Z & ZEHKLTW5.
B DA BRI FUME A B M O IEfE 72 € #1318, Definition 3.4] & 2.

i I8 L HE DD 25, KD L’bh b

% 4.7 (B0, Corollary 3.7)). f: ¥ — R3 ZHl, pe X 2NATANLTZ. ZOLE, fD
A AR K S p THENAERTH 27200 BB+ 5, B sdhiiRds p 285 2 &
ThHD. 5607, KRR v SRR p TR e 2 iz O>L & K 2 p
B WTHEWEL L 5.

W IRDZENEZS.

#78 4.8 ([30, Proposition 3.8]). f: X — R3 2, v: X — S? % f DTV AE, p %
NATHET S, fOHIAME K MR p ZBWTHEHNERETHLETE. 20L& vl
p CHAATHRE[MER DO DBETREMIZL, ki(p) =0 2D ks(p)ri(p) #0 ERBZ &
Thb.

HAAT AR B 2 OB &I O>WTEXS. £7, 7717;_03%51:1: 7 A DI
MTHLIGEEEZD. Jm: mEEE L0, BRI ET k PWEHERIZELRBZET
Holz. TOLE RNE R

i 4.9 ([30, Proposition 3.9])). f: X — R 2K, v 2Z DAV AEH pe L 2N AT
W5, v % p 2@DREMIRE TS, k2 p OEL THERBREMETH v, Wi

“H0) A p BB EAERE 5. X512, RO —DA 4 PliREchs2T5. 20
t%,

(1) p v OV BREM <~ &, (p) 7é 0 AV,

(2) p W v DAATRREK < k,(p) =0, 6l(p) #0 D ks(p) # 0 DAL,
3) p v DYNADERREN — K/V(p) = kl(p) =0, KV (p) # 0 D ks(p) # 0 N
RS

ME IR, 09 & REANSIRDI RS,

% 4.10 ([30, Corollary 3.10]). @@ B9 LR UIRILT, & p ¥ v DI A TR (vesp.
NADERRE) THEI-ODBEFDEMIE, v 23 p iZBWT k7 1(0) & 2 fifEfl (resp.
3 2RO THB. XHIT

(1) p v O Y EHRRN = f OA7 AWK K 1% p CHEMA R 722G HER T
NS
(2) p v DHATRREEELIZYNADRRR N — K 1 p I2BWTHEMR

W, f DA AME K BH AT U p O TEREBDG55E2F2 5. ZDk
&, p ZIEDRFREIAR v W0 o THIRIERNER K, AMEEMNIZEIZR S (IR, Theorem 3.9],
[24, Theorem 3.1]). X512, p DIEL T f DAV ALH v ODRFRSES L f ORFRNES
N—ET 5. ThbLL, v P sdhiife 2 >Tn5.
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3 RRRO —H ADHNRRE B A AT (fE) LT DH T ARG (4). KRR R
HFRDBGETH b, I A TILOF R & 2 B Z Fo.

%98 4.11 ([30, Proposition 3.12]). f: ¥ — R3 2, peX % f OW AT L, v: 8 — 52
fOHIABEHET L. fOHIAMR K 2 p O+ 205 ETERTH S LNE
T5. . ZDLE,

(1) p ¥ v OV HEER <= ri(p) # 0 23D 4k (p)? + ks(p)ke(p)? # 0 DIKAL.
(2) p v DAATRER < ki(p) =0, K(p) # 0 1D kg(p) # 0 DKL

I EHBIDORED T A, 3 oL AUZER] H3 X 3 ¥Rt de Sitter 22[] S3 N (22[HH)
S B O, H3 INO Bryant RIS Weingarten 26 LTS T W5 ([16,23)).
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Shadow complexity of 3- and 4-manifolds
SR S (L)

&

AKFDEHRTH S shadow & 1%, KHEHUZIB AR B &0 4 IRTEEBRIRD J& A F-H 72
-5 D Z & TH 5. Shadow 1k 1990 FAHTH:IZ Turaev [34, 35] 1IZ2& D, 3, 4 IRoe%
MAZHAGHOERIZRRTHEELE U TEREIN, TOWMRITILEEIZ 2 DDHM
WWEFENTE 7. 1 DiF Turaev BEVWHB LU ZETAZEOMHETHD, £S5 1D
1% shadow complexity D58 TH 5. AFETIHEEICEREZY TS 22T, 3,41
TLERRIR D shadow complexity & 1&F DZERIED shadow DIHFBDE/NMED Z & T
H5. EHEMNO shadow complexity 1FZFRIRD b 5 FEDH AE D LB HEE 2 137
8 TdH M, Costantino-Thurston [11] 1ZZ DB E 3 IRTLLARARD RefaFEiE & DEHE
BIftRz Rik\\W7z. 2D Z &% shadow @D polyhedron & L TD [FEAKZLZE—ZA | AD
SIREDY 3 IRTTDKATREE & IEE ML R WZ SICERT 5. X612, ZOFHEIZAK
73 4 L RRIRDIRZEIZ B W T EHARN LB E 2 R7-3. AfETEINS DHIEEZH
TMT 3, 4 IRTEERRIRD shadow complexity (2B BHF5E DB Z2HET 5.

1. Shadow & ZD—fi&kiw

AETIE shadow DREFE & FEAFIHIZ DO WTHEE 5. Shadow D—&EIZBEIL T & D
#F U < (% Turaev [35], Costantino [4, 5] 22D Z &. LT, Ak z il U TRIZE S 748
WER D 3, 4 IROTERRIRIEERE, 3 287 b A o EMIT o TS LT 5.

1.1. Simple polyhedron

2 WITDAEMR CW HIK P DRENK 1 owWT b AR EANEL2EE>E & P
% simple polyhedron & & .. 1 (iil) &FMHZREAREFEZR DR %Z P DIARE

——
/' /' !
S
, ,
. .
. %
,
,

(i) (i) (ii) (iv)

1: Simple polyhedron D JEFFE T L.

LU, P OJHMEROEAZ V(P) &7, X 1 (i), (ili) OWTNh & [FHEZERT
BrROROEAEZ P OREEEL LU S(P) &£7. X 1 (iv) & IEREHE
EROSNOREEAEZ P OBRE LT, 0P L RT. DUF, ¢(P) .= |V(P)| £BXK.
S(P)\ V(P) DEHFER D Z DL X, P\ S(P) DEMEFER D 2B L2 P D&
WIFFXES U IEHETSH 5. P OBEFUHEAT U 20 a2 BRI & & &

AHFZ2 1L JSPS BHMF 2 GREFE S 17K05254) OB 2 %1726 DTH 5.
* T 739-8526 [ B HL B HBEIL 1-3-1 [A B KPR EHHE 2R
e-mail: ykoda@hiroshima-u.ac. jp
!Shadow % A\ 7z & A EE DI DWTIX [34, 35, 2, 32, 15, 33, 8, 9, 3] mEEZS|I N\,
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Simple polyhedron P @ V(P) C S(P) C P %2 5WE» P ® CW &% 525 &
&, P % special polyhedron & X.&. Special polyhedron OFEEIZ T R THETH %
DT, P OAMELE S(P) OEFHEDATHRES Z LIZTHET 5.

Simple polyhedron P DEFEIKIZ, IRDFAF %723 M Z (branching) 352 517z
£ O % branched polyhedron & X3\

o PDHZHMIZBWVWT, WUEHALTWS 3 MOMEBROMEHNFET Z2UDHEED S
L, HWMIHEEDE DDFEHET 5.

Branching 7352 5172 polyhedron P &KX 2 D & S RFATE TN TRT Z L2k
5. —M&IZ simple polyhedron DFEIEIL M E T AIRETH 5 L 1B 5 72\ A3, branched

(o7 S e

(i) (ii) (iii)
2: Branched polyhedron @ JEFFE T V.

polyhedron @D &MEIFIIFFIZ A S IFARETH 5. Simple polyhedron D #5FHIE A A &
T A EETH > TH, branching BED LN B LIZE S 7\,

1.2. Shadow
E&E. X 2SI oA 3 IREhkike 35, ON =X BaMmEffiTonzayv

XD NEITGY 4 IRTTEERRKR N 123D IA £ 177 simple polyhedron P ASYR D 5% §ifi 7=
TEE, P& N (HD5WVWE X) D shadow & K35

o N IZHARZ PLH#EZ ANS &, N IE P T collapse I 5;
o PIXEFFH, $74bb P DERDLEMHFZEONRR CN IZEEND; D
e PNON = 0P.

X NO#EAE L2 L COP %2723 &, Pi% (X,L) ® shadow THBLHLWVWS. F
72, N OBERD #k(S' x S?) (k>0) THBHELE2 P& NIZT3NYRILBXO 410
YRV EEAELUTHEONDEH 4 IRTGEHRIE M O shadow &6 K53,

BERUT & 4 IROEE MR N @D shadow P OWNERFEIRIZ AT U, gleam & K IX3 5 5
D coloring gl : {P DRI} — LZ RO X S5IZLTEES. R & P ONEHE
e, i:R— P 2A85HeT 5. WNHH» R EHEMZRI V(T Mz R £ B8<.
ZZTIXMEER R M EMHITAIRETH D, i OARKBIIE i R — P BWHEFTHI L &
DAREHS 5. HED=D, i(R) & R ZH—T 5. N IZ Riemann &% A, R O
FENY RIVu(R) DAL Pu(R) 2% 2 %. Prv(R) 1 R ED RP! =2 S XU RILTH
5. EFELD OR DERp TN L, ZDiEME Nbd(p; P) &L O 27 R C N WEE
T5. ZOR AT pIZHBITS ROEHFANITIGT 2 Pr(R) DRA—EIZEE DD
T, 0% s(p) £BL. ZHTEDY,0R EDv I v ay s:0R - Pr(R) B"EX5S. Z

240(S' x $%) = 55 L IIRT B
3 Laudenbach-Poénaru [19] DEHIZ LD, 2D M 1 N »SMaRMEZEE UT—RERIZHRE 5.
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DI aysE RERIZHRT 5720 OEE (Euler $8) (X H2(R,0R; 71 (SY)) = Z
DIETHAONG. ZhE 2 TEl-725DH R @ gleam gl(R) THB. N DAEZ LD
A2 RS 22, R OMEZFIZLTE PU(R) D7 7 A N—DHEELHITHRDED
T, gl(R) DIEIXFE % Z 172\, —IZ Nbd(OR; P) — R IZWL 2D 7 =aF Ak
Mébius /X R 5725, Z D Mobius /N ROEE mr LB &, gl(R) DfEIX

gl(R) — %mR €L (1)

2. ZDERMIT P OMAGDEREDAITKEST 5 Z L ITIERT 5.

Simple polyhedron P (2 L@ %M (1) %729 coloring gl : {P DRI } — 1Z
MED HN72H D% shadowed polyhedron & KU, (P,gl) &£ . Turaev [35] I,
(Pgl) 25 4 IRTTERRIR N DN —EICEILIND Z L 2R U7z, DB LRDED
275,

EIE 1.1 (Turaev [35]). 1. [MEfHF o723 827 MAMG 4 IRGEERRIAD shadow
PIZHU, P ® gleam DWHRRAET-HNIZEEL 5.
2. Shadowed polyhedron (P,gl) IZX U, [\l & ) o =BT & a o827 b afigsy
LRI SRR N & P D N ~® shadow & UTOHDIAAT, ZDHDIA
AMOEED P D gleam D gl & —HT 2EDR—EWIZGFHET 5.

RAHEDPD 5NDE X DI, AEED 4 IR 2-NY RIVIRIE shadow ZFFD. [AFRIZ,
EED 3 MTERRE X L ZDOHOKAE L (ZETHLWV) OX (X, L), B 4 kot%
BAK M 1% shadow ZFFH, 72 215 1% shadowed polyhedron (2 & © —EIZE T
I 5. Polyhedron % branched polyhedron, special polyhedron, & & (2% branched
special polyhedron (ZHIBR L CTH, FROFEEIAH D IO Z EAH SN T WS,

Bl 1. S? 12 gleam n % 5-Z 7z shadowed polyhedron (253 5 3> /37 & 4 ¥Rt
ZRK N X, Buler 0 ¥ n TH 3 5?2 ED D2 XU RV THS. ZTDEERIT Euler
B nThHs S? EO ST ANURL, TiRbE LV VY X%E/M Lin,1) THD (72720,
L(0,1) = S* x S2, L(£1,1) = S3, L(£2,1) = RP® £ A%T). n=0 Thd& I,
ON =2 S'xS2ThHO, NIZ3INVYRLVBEED 4NV RVE 1 DFTDOHEETHILT
St HBL. n=1THdLEF, INZS? THY, NIZANYFRLE 1 DEETSEZ
YT CP? %255, M, n=—1ThorE CP %32 . n£0,£1 DL XL, 2D
shadowed polyhedron (&P 4 ¥XIEZ AR D shadow (ZIZ7R N7\,

Bl 2. P':= (RP* x {1}) U (RP' x S*) Cc RP® x S* &< &, P’ % simple polyhedron
TIER W, P 22 EE) 5 Z & CHE 1 DDIEHA % H D simple polyhedron P %
B%. 20O Pl RP? x S' @ shadow TH Y, P DKFEHD gleam (£ 0 THB. (P D
BAMEE DB #2(St x S?) THEDT, P % #2(S* x S?) O shadow THH 5. )

6 U Al 2 BkiK % £ 9~ shadowed polyhedron (& —fRIZHEEIFET S, Tho %
BT 1) B L — 712 DWW T Turaev [35], Costantino [4] TFELUKfE@I TS, X
7=, KR TIEHD 2RV AY, branching M E D 5 7z shadow 12 & B 4 IRTTERRMRD A Y
v oo Wit EFENGE, Stein & DAFFEIZ DWW TIE Costantino [4, 5, 7, 10] DIZELH 5.

1.3. Shadow complexity

4 IRI6 2-NY RIVIE N @ shadow DTEMEDHR/IMEZ N @ shadow complexity &
KW se(N) &R, FRRIZ, B 3 RuE ik X & Z2D0HDIAHL (ZTHIW) D
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B (X, L), 8L 4 IRTLE K M 12X LT, shadow complexity sc(X, L), sc(M)
DEFE I NS, Shadow % branched polyhedron, special polyhedron (Z#illFR U T [FlkkiZ
EFHIND complexity % scPr(), scP(-) &K T

Martelli [21] {2 & D, FEHARE n XU T seP(M) = n L7225 5 4 IRGT% Bk
& M OIZEBRME (D% 0 AP 4 IRGGERRIRIZH U T, sc® 13 finite-to-one A2 &)
THdHIZENPRINTWAS. Shadow (2D K Z DD complexity 14 finite-to-one T
X7,

B 3. Bl 1 &Y, sc(Lip,1))=0TdHoI L, BXUMH 4 RKTEHKEIZDONTsc(S?) =
sc(CP?) =sc(CP?) =0 THEZ e hbohd. 72, #l2 £V sc(RPP x S <1 TH5
Z DN D. (FiFEH-Martelli-IEIL [17) & D FEiL sc(RP? x SY) =1 TH 3.)

2. 3 RITZFkAD shadow complexity
2.1. MH{ATE & shadow complxity

X % 3 IRTLEHRIR, P C N % X D shadow & U, S(P) D& IR L 12D
Tﬁﬁ%@ﬁtj’%. 7m: N — P % collapsing 2 O8I ND5 %L 95, P DIHM p D

ZBIBEEREE C LBE a7 (C )%04 an W5, 00 1FATHRDOBRYTS 7
K4 @%ﬁw |Ky| Td 5. 0C D OD* = BUISHIEE2 V 2B &V XK 3
DNV RIVER (3 IRIE 1-27 ¥ RIVR) fa%. ;@a%, W=a4C)NX =S°—IntV
LI 3 DNV RIVRTH L Z e DRBZITHEND GNBE L KoT W X2 DOYIHIE
SHIEKZK 3 DLIITHED HHES L THRSNS. Minsky [23] IZBRAT, 2 DDY]
THIE S HRIZE D 2D LS IR I NFEH 3 DY FIVEKIZUIX UK Minsky 7
Ay sekidnsg. X' =7'(Nbd(S(P);P))NX &BL. X IFHRTEMT L IR

3: Minsky 70 v 2 DR,

N7z Minsky 70y 7 (DI 6 ﬁaﬂ%@ﬁ) 2:“5 Lz, X OfAaHhEMEIZ UL
DoTHED EbELZLIZE-oTHEONS. 2O, X' ORNERIZE Z NS UITHEIE 8 MK
DELDFE D TIEH &5 L 4 DOYITHIE 8 EWPE&; DES. LIW->T, X ORERNIZIE
HARIZ (SEfiaARRARED) MG E2 AND Z e TE, ZOMEDE & T X DN
1Z 2¢(P) ME OBAHIE 8 mRIZEI X5 5. KHZ X ONERO MHHAKRFL 1L 2¢( P)voes
THbD. 72720, Vo ~ 3.66 [ ZHAENAGIE 8 HAADIKFE Z K. Costantino-Thurston
[11] Bk Z DEdz Rl e Z & TRz G-

42%h VUW X 0D* = S OFEE 3 O Heegaard 7% 52T\ 5.
5¢(P) = [V(P|) Ttz
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EH 2.1 (Costantino-Thurston [11]). X Z [ ST SN 3 kouE ik $5. X
IZE S RWERARER C > 0 BFEEL, X @ Gromov / IV A || X|] 1EBAF OARERX
VA

et | X < se(X) < C)|X.

2Uoct

f:f:‘\b, Viet ~ 1.01 CiIEZEE\XXHEHIE 4 E'fz'go)'fz':%ﬁ%%%j_

F#1Z P A special shadow TH 5 & &, FHEEIIHBTHLDT, X T X' 6
Dehn filling IZ& D F51%. Agol [1], Lackenby [18] IZ &% 6-Theorem & Perelman
27, 28, 29] (T & B (ML EHIZ X b, BEEHRTD Z D Dehn filling D AT —TDEX
26 L0 BETNIE X TG Z D, X OX RS IXEA R E 8 mARDEL D
AHLEDOBRIZ L D IHRMIZEZ 5N T WS D5, Dehn filling D AT —7DEX L P
DFAGOEMNE & Z D gleam DIFHMNSGZ 6N I LITR5.

(P,gl) % shadowed special polyhedron &3 5. P O R IZX L, sl(R) =
Va-gl(R2+k2 B 22 TEIE ROMIOERN P OIHFZ @RS 5 HH%
£7. sl(R) X X' 5 X #7135 Dehn filling ZETED, G T 28R N—F 2 LD
AU =T DEIIMAE S5\, R & P OHBEEKIZE S L EDsI(R) DR/ME%
sl(P) & <. Futer-Kalfagianni-Purcell [13] OFERZ H WS & IRD X 5 WA D
o DOFHHEAEOND.

EIR 2.2 (A)I-HFH [16]). X ZA ST o7z 3 IRuE kK, P % X @ branched
special shadow &3 5. sl(P) > 21 TH D& &, X FMHZERIKTH D IRV D 2D,

2 ¢(P) et (1 - (Si;))jw < vol(X).

EH 21,22 Ol EL LT, IkDBEINS:
% 2.3 (A)I-EHSEH [16]). X 2R ST SN 3 IRouE kK, P 2 X O special
shadow &9 5. sl(P) > 2m\/2¢(P) TH 5 & &, sc(X) =scP(X) = ¢(P) HE D LD,
DE D, % gleam DFEXHED 143K Z W special shadow 22515615 3 IRTTEHRIK
X D sc(X), scP(X) IFBRIPRET S ENTES.

2.2. ZEEH & shadow complxity
LG 1Z, Morse BED —fRILIZH =282 TH 5. 20D ZHE X, Y @
RICDN RPN D REHPIZH D & &, BURZER] C(X,Y) IZIXZEGH{RNPY =2 v
DIZHEHET B0 FIZIER =Ty bDOZRIKDIRTTN 2 D& & BEGHRIEY =12V v
TIAET 5.

X ZRESMNIIARERE 3 RGeS hk e T56. f: X - R?2 WLEEGHRTHS & &,
i pe X LZDG f(p) DIEEET, fIXRRMIZROWT AL Tiid I N b:

(1) (uwz,y) = (u,2% + y?);
(2) (U’7 Z, y) = (U, x2 - yZ);
(3) (ua I’,y) = (U, y2 + uxr — 1:3)-

60°(X,Y) 2k Whitney C* fiti%z AN 5. ZEGHO—Mim<B L T L <1k Golubitsky-
Guillemin [14] %2 SO Z L.
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(1), (2), B) D& &, p zZTNETNEMETY BRFRESR, TEETY BRER, AR THE
RELR [fORELDOERIT X NOKKAEHZIRT.

X ZAEMITATRERE 3 IR EHFERE L, f: X - R? 2 ZEEHBELTE. X ED2
RpL,p D fOT7AN—DREIUERERKAICEENT VWL L EZRETHD L EET D.
ZOFRMERERIZESZ X © EEfE W, &KL f O Stein 9L K87, Stein 73
Wi iZ2 LA CW HIRTH S, X 4 FAEMHET L HRFEEEEL 7 74 =0
EAEZ RS B Stein 3 W, ORFTETVEZFNTWVWS. ZD55H, K4 (1) DU

S ’g/ Vv
@) (ii) (iid)
4 AEfES D B RIS % Stein 2RO FFTE T V.

NIET S f D7 74 N—I3M 1 DOREMYT ) HIFRMEEA TS, K 4 (i), (iii)
DEWCHIRT D fOT 7 A N—2ZhZTNI? B 1P BORET 74 N—L L Z
holEzhEns 58 2 DOREMIT Y BREME2EGD. KEGH f O 117 B 11°
MORFRT 7 4 N—DEEETNTNIP(f), IP(f) &&RT S

X NO#AE LA [ O 0 ARBEEEGIAENE L X, [ 2% (X, L) Lo
BEGHE S IR AFEON (X, L) 13h A THR S 2 K WkEE564%2HET 5
(Levine [20] 218). AT, EGHIIH A TRBEEEZRHEZR VNS DDAER D, ZEE
B f:(X,L) > R2IZN LT, ZOEMEE c(f) = |I12(f)| + 2MP(f)| TEHT 3. f
ELREGH (X, L) » R 2IKIESEZL EDo(f) DE/MEE sme(X, L) &KT.

T8 2.4 (GH)I-HFH [16]). X 2RSS SN 3 IRTZ K, L 2 X ADFEA
H(ZETHEEW) T, 2D E sc™(X, L) =sme(X, L) DD LD,

sc(X, L) < sme(X, L) TH5 Z i, Costantino-Thurston [11] DFEFMIZ & 5. EEE,
B2 6o N2 LEFHD Stein 73l THE4al (X, L) @ branched shadow & A2E 5.
Stein FREDRBATET VDS B, IP-FLOKRT 7 4 N—1Z5 G L TWS A (K 4 (iii))
2 IP-HIORHR T v A N— 2 DORFETVICEZEMZA S Z2I2LD, sc™(X,L) <
sme(X, L) THBZ D00 5. FDOANEXDIEH IR TH b, BRI 208
IR ET 5.

A [30] I2BWT, sme(X, L) =0 THBHBE+3EMIE L ONBZERDT F 7%
BRAR (Gromov J WAD 0 THBEMIKY) THBH I eARINTWS. EH 2.1, 24
EEDLETHRLNDIEIXZ OMERO DR L Azd 5. A)ll-EFH [16] T,
smc(S3, L) =175 S° NOMEAH L OREBREMATIVREZSNTWS. #HilX
X, 8 DFFEVHD sme 1& 1 THB.

EHL 24 LR 2306, IRAENINDS:

THER X o> Wy & qf LRTE f=foq B2EH f: W, - R2DP—EIMZEES. A foqy

¥ qr & f D Stein PREEIZEHH 5.

8 Z N5 DRIBIREM [31]) Ik 3.
Ok, BUILLS T T HRALIZ S x D2 X S x Q (727U, Q & 3 Db XERE) OAMMED 3 ¥ —

AR T D ALETHRONDIZHMAL LTEHRIND. Gromov / VAL LD Z DS\ Z 8]
{bEH#  (Perelman [27, 28, 29]) DR TH 5.
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?25@ﬂHE$Eu@)X%ﬁ%ﬁﬁ%ht%3ﬁﬁy%¢J%@X@bMMMd
special shadow &9 5. sl(P) > 2m/2¢(P) TH 5 & &, sc(X) = sme(X) = c(P) DK
URVASR

DF Y, % gleam DFGMEA T K Z W branched special shadow 2255 5415 3 X
LR X D sme(X) BT RICRET DI ENTE 2.

3. 4 RTTZ KD shadow complexity
3.1. IERAFE 4 RITLHRIAED shadow complexity
BT & 4 IRGEE KD shadow complexity (2 DWW T, EILKIZ X BIRDFERDL D 5.

EE 3.1. 1. (IEJL [24]) Shadow complexity 2% 0 Td % acyclic 72 4 IRILZRRKIZ
D* YR EMETH 5.
2. (EJL [25]) Shadow complexity 7% 0 T&H % cork (F/74E L 72\, Shadow complex-
ity 21 TH 5 cork (FIEBUFHET 5.
3. (HEJL [26]) EREIZT K Z W shadow complexity Z£iD cork DMFIET 5.

EH 3.1 D 3 DOFEH, TRLBERNMNE 4 IRGLEHRIAD shadow complexity D >
S DFHINZ IXBER D 3 IRTTLRRIRD shadow complexity 2B %% 2.3 BIAREIZfH
bihT\wb

3.2. B 4 RITZRkKRD shadow complexity

TEUZEET D & 512, B 4 ROt RRE M @ shadow P C N 121X, 3 IRt hkik X = ON
PEIFRA E 4 IRTTE A N @ shadow & AR U728 EICH U TREHIZHEWED D 5.

5 1 X TOD shadowed polyhedron P A3 4 IRTZ kiK% R T DI TlEARW.

23 2 Shadowed polyhedron P % HAIEAMARIZIN > T [HARKZRE — A ) 10T
LHEIL, IG5 3 IRILERRIK X RERTE 4 REZHRIE N 22T h
Slx 8 S x D2 Tk 0 3ffd 52 L IZxIa L TWh, T O RIE—MITIE M
D St x S?2 T KB A RITIFIE TR\,

Polyhedron % special 726 DIZR 5 &, & X 5 X Z polyhedron (& EEHIZIFD , A7
Ked ED ¥ 2] ZEHET S5 I &N TE%. Costantino [6] (& special shadow % i
W72 B 4 IRTEE AR D complexity 1ZDWTIRZ157=.

EH 3.2 (Costantino [6]). B 4 IRTTERIK M B3 scP(M) < 1 272§ B2 A0 5
IX M A S4, CP?, CP?, S? x S2, CP%4CP2, CP24CP2, CP24CP2 O\ 3 s & 4 [H]
HTHdILTHD.

Simple polyhedron P OFFEES S(P) DKHEFEH D IZE £ 5 THN DD B KIE
ZcoH(P) &RTZEITTD. B4 ROTERIE M IZHL, P &% M O shadow &1k
WZESETLEED (P) DEUMEZ M @ connected shadow complexity & & O
sc* (M) &ERT. ERDPOEDBIZ sc* (M) <sc(M) THY, FiZsc*(M)=0ThsZ &
& sc(M)=0TdhsdZLIFFAMETH 5. Shadow complexity 2% n LLFDE 4 Ioc%Hk
ROEEZ M L RT. AEROI LB n 1T L, M IEREAIZOWTEHL TV 5.

EE 3.3 (dFH-Martelli-lE{L [17]). fEEIZKE W connected shadow complexity
sc*(M) 2R DM 4 RouZhbkik M FET 5.
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Z DEMOZEIZIE Freedman [12] 12 & B HED width & KIXN B A L@ H DN S,
BADPINL DD St x S DI LR BMEAToN=a LN b 4 RTuEHR
hz27Av I LR S 27UV IDERESLTS. Show 20Ty I DH
gD av—%2 &b, £hoDEER%Z (A& 22T 5 FAMEEHT) i 5HET
BoNBMEHMIT SN 4 RTGEHRIEE S TERSND T T T7E/KiEE L

EE 3.4 (Martelli [22]). M € M TdH2MHE 5T M = M'#hCP? (72720
heZ THHO M 182070y I noiRdbH5H S ICEVEKRINET T 7%
BRIK) e RSINBZLTHS.

So DIH,2D1F8?xD? S?2xQ (1=72L,Q £ 3 DRHEIKM) THB. kb D6
flix St x S2 ol 5 I TS S x S2C St x S2NDT T THABDF 2 —
TfEERS Z &b ESsNS.  Shadow complexity 23 0 DE 4 IRGTEEHRIAD 5

5: St x 82 AD 6 fHDFEAH D Kirby KIAUZ & 5 R,

b, WHEFETH D E DL #R(S? x S?), #hCP*#ECP? (272U, h, k > 0) TR XhT
W5 (Martelli [22] ZH8).

T 3.5 (diFH-Martelli- E{L [17]). M € M} TH 2 HEHHEME M = M'#hCP?
(722U heZ THYH, M 1Z 20D Tay 706k H 55 SoUS, (& EHIH
577 7K LRINDEZETHS.

S IZEEND 12 HDZIARD S H ) 11 fJlld #2(ST x S%) 6K 6 iIZfihrnTn
% #2(8T x S?) C #2(St x S3) NOAHDF 2 —TiEFEEZRSZLICLDFEONS.
Mo fgEI N5 L5112, 2o DA HIE simple polyhedron DIHRZ 1 D& T
RELSDRENP SR INTWS. Bz, 2.1 fiThRRAZFEIZLD ZS5hDOEAEHD
#2(S x S?) 12 B BRI OMEAFE L 200 THD. FD D 1 DIXRP? x ST 225
RP' x {1} OF a—TiEFER 22k v BEons L EH 3.5 OFEHIE, X 6 (24
DTV B & A EHOHFISE Dehn FAi (DD B #k(S x S?) 2HELE D) OPE ( TH#
A1) OB &, shadow DL —7 % AWz B 7w ( THERK 20 OFF) 1tk 5.

R 3.5 DG L UT, M ITIERXIEAD mEgs®nH (m #0) 725 ZHRIK, FF58
0 THHXTIVTIERNEHRIR, aspherical R EFRIKIZE TN N 300 5. K
12, K3 Hi @ connected shadow complexity (& 2 A E T 5. —F Costantino [6] IZ
£D,scP(K3) <14 THDIZEMWRINT WA, Connected shadow complexity % [
FTWwoze E 2 K3 HiEA WO EHNZ O MoNTE ST, BIREWIEE U T’
INTWVS.

EH 34,35 12BWTT7 v 70EE S, S BERESTH D Z LI3D TIEHMH
BREETHD. O n>212/ L, ®FH 34, 35DL54 S, BERESGLLTEN

0L0CP? = §4 L MINT 5. h < 0 D& X% #hCP? = #|h|CP? LT 5.
W@ TSR 70y 2 DSBRBIZ73 5 S ER 3.5 OFFIHOH L X BEHN I hT W5,
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6: #2(S' x S?) WD 11 fHDFEAH D Kirby MRIZ & 5 KR

L0 5 MDFFSNTWIRN.

HEE AR THD 28T 72 EH DWW O0TEH L A BIRK (BERFAKRY), Bruno Martelli K
(Pisa K%%), BVLAFIK (RALKRT) & OEFEMEICEIE XS, ANIIERK, EILRERIZIX
FRIZHZBL TWEZE, WSOBDBEREZ ZHMWA7ZEE L. DX BLH L LT
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Gauge theory for families of 4-manifolds

SIS (B - R DC)

1.
ARTIE, ARTCERADEGBIZR LT —Vmz2ERT 5 ROy — VSR O
A %17,

—RIZ PR Y — - AT BWT, HENROERFIROWZIIIAKTH S, i
DWFEE, < DHBE, DL DODONROERDOHHEDMSE, 5 WIkH RO
MEIZEVBIoNG. HIZIE, T4V =T 20DNEBERENELE2EZD
LA OHHEDOHEDOMIGITH D, WRERQTHESNE NV NILORMEHHE
OWFEIE, BCRBMBEOMEERO aIFER Y —ORICME SR n. Zhasidng
NH bARO Y —O MR ERDO RN RTH 5.

— 7, 198243 Donaldson D 7L A 27 Z)0L—DI, 77— V%, Sz b Ro
V—DFEEEIZHEZ BN REEN TR ARGE N R Y =1l LT ER. £
D7 —VHGE, ARTTERRORIZETIET 58, EDXSRBRVBEZSNZD
THAIM. TUTC, BIIRTEr =V ED XS RN 2655
DTHAIM. TNVRAFEDT—ITH5.

RIS 57 — D MER D RADFE 4 m5EIE, 1998 1285 £ % Ruberman [23-25] (2
X25HEDTHS. Ruberman i, 1IRTZERIZNT A N T4 ZAE N2 4IRTEE AR D
R UTT = VHEwREERL, W OLOBIREWEHEZS X2, YR/ INDIX
DATY TN, BIRITEDIINT A —=REFTNRIT AN TA RSN RIIFT B —IM
SO TH 5. ULH L, Ruberman DfEERCeEEwDIOHICET 2R IXZ DHENWL D
DRINZHEDOD, —MHiwDAREEZERT L2 AMIIES S KB LA o7, AT
i, O — VRO — GO L O ICBE T 2 O [11-14], £ D bITE
D — VBN & B 4TS RRAA R ORI OBIZ [14] 2 TN T 5. 20HH%
A9 L, Mumford—#f FH-Miller B2 AR X 1 2 Rt O HlGR D RGO T/L TH 5.

2. F—VERmE MROY—  REE & HIK

RO — VBGRO#ERICA DI, FTEHD (FADENTAL T RINTH
) - VA P RR Y IS T 2O AERDBED LS B DROH Y]
T5. TORANLRTFIE, RBRBEMDESICELDLNE.

27w 7 1: Yang-Mills X H @A HFEA D 5 1% Seiberg-Witten HfER%Z, 525
N7 ARTERRIED LT RT 5. (ZD72H121E, Riemann =2 DI NHnA
VANWEBNIMT — R EEET DHENRDH D)

27w 7 2 INSITIERIERMS HRERTH 205, Z D24 1L generic 12 1ZEBRIX
TLERIRIZ B, 2 22T — VMR L XN 2 ERIGTEFVME-H L TWnWa. 2
DVEFH CRAZERI D 2 5. ZORIEEY 2T 1 LM L EIEN, (genericity D F
T) ARIRTTERRIK L 72 5.

ARHFFEIE ISPS BT 16J05569 B L M7 a v 547 - UV —F 14 VI RERDBERZ2 %1725 DTH

5.

*e-mail: hkonno@ms.u-tokyo.ac. jp
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ATY T 3: BV a7 EHORMPIMNEEL S, TA M FRERZ LRI 285
TH o7z AIRTTERRIERDEHR Z 5] E HI T

ATFw T 3% L 0ELLRRBE, EVa5AEUWNSDBERDOFEH L HIZ
BT BERD2DODDRA THH 5.

o JHikl: ®EV a7 A ZRDNHREHWTALRZEEL, SHEROXANIHNS .

o Siih2: BV AT A EMOWENS, 4IRITGERKD LK AZE & (HRIH)IZ
RXIEAR) 1o ofilify e 52 5.

FEL - TTE2ITHED AL R - ARTE AR D FlF DSBS 2 F D RIZEIT 5 2,

kL AEE itk 2 il
Donaldson A2 & [7], Donaldson O X} f{b &8l [5],
Seiberg-Witten A28 & [26], BEfEARTER [16],
Bauer-Furuta A28 & [4], HHD 10/8 A5F [10],

HE1ITERINTWA IS BAZEEZH WS &, HWIFEMETH % BMaFRMET
X7\, TV F v 7R ARITEERRKRD 25 % detect TEBDTH - 7=.

R 1 25N AMGTERRAIRF LT, AELITRRTWS XS AL ZE&rIEHH
Thi, < DGEE (HFE2THRRTWE LHR) [MornflzHd e TE
5. TOHEFRO@EY THB, — /@;m7ﬁ5®ﬁﬁ®%<i EVaT A%
MDA EFIZL2ED0THY, FIZAZEEMVNIEHHTHONI, CARMINT—XIZ
WHLUTHEY 2T A 2E[Hize T&bpt#%#éM5 ZDZEEENE L DR
PGSR 2R > TE D, ARTERKICHIEZEZ 5. LI, AELENRHZTWS (b
HZVEIZETHEBZTERN) BETH->TH, HE28HT S, Ihbb4kons
FRARIZHIR 2 5 2 2383w D AT HETH 5565 LIXLIXDH 5. Donaldson DXt A1k
EMITZFOHITH 5.

3. Fﬁ@/f—viiéﬁt ROy —
WIZ, BEOTF—VHE@RIZBWT, 2HI TR 20D, Thbb ARTEHIKEDA
ﬁ5®%&a4mmyﬁw 252 5FMIEDLDIHRIND D ZRAR LS.

3.1. A%l : AZEE
RS THIONTWS, HiE1DEKR, TRbOBbEDT — VRO AL &I DE
DTH5:

1. 4IRTCE AR D B Sl FMHEBITN T 5 BEEAZE (Ruberman [23-25])

VHIE1 2 W2 561E, BEMICBONEAELED, EOFIEOAT v 71 Tl T — 2 D
Ul fi?b&b\ éi@uEHHﬁ’f LD,

Z DFRIZBIT 5 Baver-Furuta AL R EHHD 10/8 AERIZBEHL T, Y2 I ZEMTIERL, W
W HRERITHIGT 2 BRI TEM ORI O GHRZDEDE WS, £/, ROLEFIZHLT U EEIC
SIELUTWB DI TldZw., #il 21X Seiberg-Witten #3& % F T % Donaldson D xf (b & B 13 FlHA
TE5.
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2. spin® 4 IRTCE AR DEIZ N § B BEUEAZL R (Li-Liu [17))
3. AIRTLEMARR ORMERE (K. [14])

I ZT3DARTCERARRDEMIIZ DWW T IEHEIZRRTH L. AFEOELENRIT4
IRTCEFIRDIETH B H, SRERDRE LTHRE Y —XF TN 5 ADV0EDIET 7
AN=—HTHA 5. TUTTI7AN—FRIZHT B bRV NV aRfEme L TN
Kb DIXEMETHS., T2y VB2 HOTRERL -2\, FEOr — M
ZHWTARTGEHEEROEMHEOHE N TE 20 TR VWAL WS Z 21X, 1990 4
Z 575 Donaldson [6,8] BREBL T\, 2 Z TilkR 2 5EEHE O [14] 132D —D
DEBEEZZ2HDTHA. F£72, 201540 M ARO Y=Y ViRY T LAIZEWTHHK
DR U7z, IROMEIZNT 20 DDMEE5256 W52k, #HEDO &
DDEFR—=23VTho7z:

M 1 (ZREXZ [19]) Euler #% BB R 2 RMEEIIGFAT 2725 5 0 2 BRIV &
LTI, BOARERBAZHME M 27 7 A RXN—=2 357 74 N—12 KL “HEEEREM
¥ (HHPRBEES CIESH T E W) 2T 57138 kY L.

Z ZCHIAT 2RO 72 2 BIE T Euler 2 B X TWE 0%k —F T RNIE,
7 — VHERIZHD R BEuler HO MRV /L ZZEZ 2 Z L ITE D EHRIND, &
WHZeThb. 94bbH, KD Mumford-#&H-Miller 25D & 5 7, Euler 812
HEOVWTERSI NDERREFR O IHDOFER ORIt b 2175 Z L IT K D EHRN R
IND. SO(3)-Yang-Mills HRERIZEED < FME#H & Seiberg-Witten SR RUITHE D < Ky
MO 2N EBZETEE2DTH SN, HEAMIITTFITLTWE 2D, EHEBIDZ W
Seiberg-Witten FFERIZFHE DK FHEHOAZ Z Tk S, X 2 EMIT 57241k
TLHZ kAL 35, Diff T(X) 2 X EORE 2R OH A RMEERDOLITHL T 5.
s% X EDOE DD spin G DRTEHE L,

Diff(X,s) := { f € Diff *(X) | f*s =5 }
L. F2, O XDV EDDOFERY—MFAE (homology orientation), F7RHDHN
2 MV HY (X R)GH (X;R) DV EDODAE LTS, 2 2TH(X;R) & H*(X;R)
DXL AU U TIERME AR RIRTT DI AR TH O, AN DRz b (X) & &
<. Diff(X,s) D¥IHEDIff(X,s,0) 2
Diff(X,s,O) := { f € Diff(X,s) | f*O =0}

TEDD. T, spin®fE (OFRIBHE) s L TiE, BARRITd(s) LIFIEN 5%
BHREE -7z, THIE X ORMEEZ AW TERRIZETEEDT, (ci(s)? —2X(X) —
3sign(X))/4THZ6NS. (d(s) D7 —VHRNLERIT4FCTHAT 5. )

EE 1 (K. [14]) nZI AL L, bHX)>n+2012d(s) = —n&KETD. ZD
L&, aREORY—H

SW(X,s) € H"(BDiff(X,s); Z/2)
BLU
SW(X,s,0) € H"(BDiff(X,s, 0); Z)
%, Seiberg-Witten HFFERD n Tt OEE W THEKTE 5.
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EH 1 DARZEIL Seinerg Witten REEDEIKNTH 5. Thbb, THI1IIZEWT
n=0&92&, SW(X,s 0), SW(X,s)EZNZIEHED Seinerg-Witten FZEE S K
O D mod 21Z—HT 5.

Bl 1 EE1OaFEO —EPEAWHICR S L 5% X OFIIFEET 5. HlZIE, XH
HEALE T s WA U HEED 63K 5 spin HEE D54 Diff (X, s) = Diff " (X) Td 5 77,

SW(K3#n(S? x S?), 54pin) # 0 in H"(BDiff T (K3#n(S? x S?));Z/2)

MIRALT 5 T EDMEND 5N D, T Z T s 1 K3#n(S? x S?) DAY U HEED 5K 5
spin fEETH D, ZIZT, n> 061, K3#n(S? x S ITxd 246kD 7 — UG
MAZ R, § 7245 Donaldson A& & X Seiberg- Witten A2 =ILTHIK L TW5. LA
URIZX T B AZEEIFHATWRVWDTH 5.

1 DR, ThbLbLRMEHEOEERO T A T 7IX5HTHHT L. 22 TIEET,
DT — VHEROAEED O DOISAFZFIHL 72\, 28 TRz & 512, @ED
F=VMIOAREEEREAND L, TXVF v IRERE detect TELDTHo7-. Z
D& BHEDOBERDO L DDEME LT, IROESREDNREZOSNS. 4IRTERE
KXETTAN—LTEDDT7AN—R_RX 5 E, — B(i=12)0"5x6hizk
5. 72U, E OWEREGIZX O FEHEREDIE(X) (H25\WM3Z DY R0 #)
L35, ZorE, Sl EEIMMAIZI,

Ey & B, PMUMBRICIERRIEAE S M AEETIXEER T AW

WA D B, KD IEREICI, B, OMEREE X ORAIEE Homeo(X) (CHLD & X 72 &
EMF XA RNV FVED, G-REUTIERABTRWATEEELH 5. £ U TEE,
Ruberman [23] X #H{# [14] DED 7' — VHHOARLEREH NS &, TD L5 hHL%
detect THZENTES. (ZDLEEXTWVWDS E, OFERT, W72 spin i (0
FRH) 512009 2 Diff(X,5) TH5.) BOTr—YHGEmIE, WhiRE LTIFYFy
JTHBDLVWIBHRZRZADILENTELDTH 5.

V& DDARTERREREZ Z T\ & i, EENZBOHE] 2WSHDiE—
BRI IZFELR V. LAL, 774 N— R E2ZEZTWAL XX, HIFKE WS EHER
KIEDH 5. 22T, LTRAEILORHAEEL LT, MOL SRS X S
TN, BEOT— VRO SGIE 1 X B RHOHEBRKE 2 5 b

B2 ARTLEHKEZ T 7 A N— T BT 7 A N—KHTH->T, MHEKIZIZEIAED G
SPREIETIZHHATRWE DA TELEITLE L ADIT L.

B R{TIE, Ruberman [23] Vel DAL E [14] Z H W T detect TETWSH ZD &K
SIREDHNE, ST EDORIZIRS 3. UL, BOT —VMR%E S SICHET 2 Z &I
£oT, BIRIX N =T AT? EOWETD > TRAHKIIZEIZZ A3 5 272 HilE TIRIEH

SEEMMPMEBEDIRTDHZE I, 5 X 5N 4 IRTERERPIMMMNZHHTH 5 & {FiE 7 5 FED
RS TRARELTWS, 2, EEMIZE 21, Freedman RO BEO RINNZ L 5. EETIE
Freedman Hifi % 372 252 HEH & L CTW0W A NIADRWE S IZRZIT 5 NE DY, 4IRGTAHZRMAD IR
128U T Freedman /D 7 70 Y =28 N<K S WKL T 2 M BIRIEWRIWTH 5 & Bbh b, [k
D Freedman | EFERRE LD L HED T — VRO APFETNIE, 4IRICEFARDOEMRE L
WO FMREOZDHEMENR L b —BHED L fFTE 5.
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b DERDOITBZ L EHARETH S, ZHIZid Baver Furuta REEDERZ W 5
DD 5.

Bauer-Furuta A& &%, Seiberg-Witten AR DIEE(LTdH 5. Bauer-Furuta A2
E2xHA\W5 &, Seiberg Witten REETIXTF V' F v ZEEDE LD HE L REER 4
RTCERRIRIZH L, ZDLOIXF Y F v IEE% detect T2 ZENTE2HEDDH 5.
T? EDETH > THIKENE D % Bauer-Furuta A& & DfERK T detect TE 5 DI, K
HMHIZARDS & ZDOBEDBEIRICHY T 5.

AR 2 2O KD RBERE W Z detect T 5 72 DI B EL IR IZ B 1 B ED Bauer—
Furuta AE RO ENLZ T THNIK, FEEE ORMESE [14) L EDO K & 2 W72 <
MR ED. UL, L E2HEFECTHRERB Y —MMicEXMtbzirE 5 &
5&, gerbe EIFEND ARy 7 D—FAHRIZEHNS., ZNIFEFED (T720b5bT5
ARNTAZXINTVWARY) F=YVHERIZEFENVWEDTH O, Himiek B3RS Bk
RV E 70 5.

3.2. FiE2: #HIK
WIZSFE 2D EE 2 5. BEFETHONT WS, HiE20ER, ThbbiEDY —
VHEIZ X > TARTEHRE DRI 252 2 E2ZF T2 L FO@ED TH 5 -

1. AeS kR EOHEWMAFEMDO T 1V b € —I12 X 2Z DY (Ruberman [23])
2. AIRTTE AR D B S R GHR D 2 XEARANDIEHAOHIFY (i [20])
3. ARTCAHZ AR D B CRHEEGHEO AT M (A [21], Baraglia [3])

4. ARTCERRARD EDIEA D T — KGR DRI Z2EM D b A1 Y —~DiHl# (Ru-
berman [25], K. [13])

5. AIRTCERRARIZ IR DA F N7z i EAL A O FIFY (K. [11,12])

DN, 2, 3%, 4IRITEHRIED H WA RMEEGRIZNT 21 TH S, W FEHE
BB/ L, BHN—FA2RHLT, BEHETDL, ZniES EoETHB N, Lh—
FRIZ, ZRRICEHERIDIG 2 55 &, Borel EERIZ & © BED D FEZEM O _EDEDE S
N5, En1,2 3%, ZORIIHUTT—V8RmZ#EML TE SN L BfET 5
ZEMMTED. 413D 2 W RMNRIGHZDTI 2 TIREIET S, 51k, 45t bR
0y =283 HMHAREDVOE DTH S, R/INEHOMED R T BT 7
D—F%25225DTH5. TNIEFRRLBRERIZHHAIETCWZZWEZOTI Z T
BT 5. (FIZIL[15] 2 ZE W22 E2\0.)

4. NOA—HIRFEETD 151 EMF

ZZTCHEDT = VHERORE FIANR T AT 7 2iiAT 5. £9, €YVa 74 ZEHOK
REPRTE WIERZEHE L2\, 7= VHRIZBEWTHLN SRS HFER (Yang-
Mills ;& H 280 AFER D 5 W\ X Seiberg Witten HFER) (X, 7 — VHOIEFIAATE
Z5E, HAHEBIRTCEHRIKB ED, &5 Hilbert ZMH % 7 71 3= & 3 2 HRIRIC
DR MVRH — E — BOYJKr

s:B—& (1)
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ERZTIENTE S, ZOYMOELES s 1(0) 7, HRAOMZERZ T — VT
EoZebD, THROLLEVaATIAEMTHS. TIT, &FRres H0)ITBIT2sD
W5y dsy, - TuB — H DG & 725> TWAIRIZ generic £ \WH Z & IZT 54, ZDEE,
(ERRoTD) BEREBGER D S s71(0) X2 RRIRIZ7 53, Fredholm MDY, s1(0) 35
FAEBRRTTH DI L 2 HEET 5. (EFNVE LT, ARRITEREE EOABRBE DN
7 MVHRIZYIE S5 2 S N2 SICB W THIA TWZZ E72\0,)

generic ZWRMMIZHEWNWT, EVa T M EBD 2 € s71(0)ITH 1T HHZER T, (s71(0)) 1%
Ker ds, \Z[F# T, Cokerds, =072m56

dim s7*(0) = Ker ds, — Coker ds, (2)

Thbd. EFX(2) DLEBIIALE T s710) D2z DIEHIZBITBIRTEEHEIRETH B,
WEZBZTVBRMTIHEIEX Q) DALIE 2 KSRV DTZIDFFELI I LIZT 5.
HFX (2) DAILIE, Fredholm fEHZFE ds, D (f#THY) FEBUTMIZR 57200, DU (2) D4
A% inds & HEL Z 2123 5. inds BIRIK, s generic THENENIZH S TERT
5. ZDindsZEY a7 A EHOEABNRIT LR, s W generic THNIK, X
FIRTTIZEDIRTETH 5. BRRGEIE, F—YVHmDO AR Z2ELZ L TW5 KRR
VAWVIRIZ IS EE D, Riemann g &R EDMINT —XIZTiFk S v, 2L T
Atiyah-Singer DFRBUEHIZ L 0, KB EZHWTEAEKMIZES Z LN TE 5.

Bl 2 X Zzm &) o400t LRk 5.

1. P X%2X EOESUQR)ERELTS. (PIZBIT ) Yang-Mills K H X0 HFER
2%, X E®RiemannftEZFEELZL &, P EOBRAZRABEKE T2

xFy = —F,
EWVWSSRERTHS. ZOHBADEY 27 1 DILAIRITIZ
8co(P) — 3(1 — by (X) + b (X))
THZLN5.

2. 5% X LD spinhiie 5. (5129 %) SeibergWitten AREA & 1E, X LD
Riemann gl & Z [EE L7z & &, THIRNEMMROBHE A L IEOAE /)L ¢ %2 KAl
3 @ S

(D) = o(0),
Dy® =0
EWVWHHREATHS. ZOSHBEADEY 271 DRAMIRITIE
108 = 2X(X) ~ 3sign(X))

THZoNS.
AR I TR % BV B 72 D genericity & B EZH, TNIEI ZTIEEKT 5.
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ZZTCHRIZinds < 0DBEEFATHALD. MRE YNV RMEANDISHEZE 2
5256101F, AREXOBEH TALRNEE2EZL5DPE@ETH L5720, genericity 13
72EINTVWEELTH—MMEIZEDLRW. UL, BRAIRITHATH B51E, s
generic TH AL, s7H0)IF%ETHB. (ET)NVE LT, HRIRTEHRE EOARREED
R MVEEZZNE, EEBOMRTTL D E 7 74 8= DIRITTD 5 D3585 WIRBLZAH Y
T5.) HIREY 2T A ZMP S ITMSIERIAE SN, Lo T, BAIRITEH
HTHHEGHITE, BHEOT—VHGmIIEITHS. ZITHEEEZDBENELS.

BEARIRITDW S DBk 355 BT/HNRIRA NS RSN ARTEEX
DG, TRbbT77AN—RX - F = BX5Exo6Nze L&D, =770, r—v
Hina BERTH-OOXRET LKL LTHA N EKET 5. (FIAIE, SU(2)-Yang-
Mills iR %2 ELT 575, SUQ)HKP — X D%, Seiberg-Witten HFERN % ZF 5T
5706, spinfiEs DENG 2 6Nz 9 5.) ZZTHIMT—4% (XX Riemann &t
) OfFEEOEDEETLE, F—VHEROARANB LTI A NI X3k
WBEoN5. DFD, MRIKGERZ MVREZDOYIW (1) B ETRIA R T4 XX

NI, bbb
5§ = |_|sb: |_|Bb—> |_|5b
beB  beB beB

WFIZAD. NTA ST ZINTYBOERES s0) = pep s, (0) EEZ LS.
INENFA—FHEED 254 %[ (parameterized moduli space) &\ 5. (JEE
L) generic kM TlE, dim(s71(0)) =inds+dim B TH 5. (ARIRTDE T IVIZ
RoT, ARRGTEERKE D EOFRBEBMO NI MVEBPZER BTNRIARTAX
SNTVBRMEZEGEL T 272 E720.) FlZIXdim B = —inds THIUE, s71(0) 1
generic IZIZ 0IRICEHRIATH 0, 20185, ARRGTTPA DRI TINT A — X
NEEVaIMEMEMND, LW DOWREDOT — VEGEDEANZTATT TH5.

5. EDT —VEIRICE D K LRTERERDFEEDER

T T, ABICHIIAL -2 & 250z, A [14) 1T K 2 4TS RRRR DR SE D RERL
ZHHT 5. BRIZidR7Z L5112, ZORMEHOERD T 1 7 7 1%, #ifE RO Mumford-
FRHE-Miller ZHD X 5 R LMK RO R OER ORItk 2175 2 & THB. Zh
% @il % 7212 Mumford-#&H-Miller FHDEHEZ R D IR 5. DL BEWNTH 5D, %
DR Z LT D 2B T CHET 5. ¥ - F — BZiiERE L&D,

ATy T 1: EQSIRAL 2EZ 5. Tbb, 774 N2> RR? = Thpe B —
E%2EZ5%.

27y 7 2 FALD Euler H e(Thve F) € HX(E) ZHL5.

ZD2ATY 7D, e(ThpaE) DAY THEID 7 7 A N—FR %17 LITLKD
Mumford—FxH-Miller JEIXE€HE I Nz, T2 T, EO2ATv TOLTD X 5 MR
bz FE A 5.

ATy 71 BN R (BIZITEHE) O LEDH5EBEMEEX 5. GEER
SROWENG 2 5055121, BREMOKE2EZ5.)

St ZDIREIIANT. NT AN T4 XX N7z Fredholm Bih 25 2 BT, NT A —REMOMH S H
S IERRANETH B Z &A%, Atiyah-Singer DEDIEHDOHGR 2] DHA S L A TH 5.
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ATy T IL: SERIRTGERRIRD EDIERIRICR Y MVIRH — € — B (& 5 IEE
RRHRO EOBBERE LT) Gaonized5b. X512 OEERITRY b
WD Fredholm YJlrs : B —» ENGA 6N/ T5H. ZDeE, FRESs(0)
EERD.

BRZEfi 2 5 Z ik, B2 RODH2EOMEATH DS, LR >TATY
T HIHENMZAT Y 7 1 ORI bTH 5. ATy T NIZBIT2FEREAsH0) 1,
“UERRIRITE R 2 RV D Poincaré BON” 2 AL, € D Euler AN 5. LT
“HEFRIRIT D Poincaréd B IZAHY 4 A& % 2419 572812, Fredholm PEA W 5
N5 eizmd. ZOEFAKE, F—YHROEBE LN SHILEDTHDH, @
HOTr—VHwmEZEATVWARY, ZOFZSZ2RHICHUEI R LELDGE
BERBRVTETCLES. UL, FY—YHmzHWEREEOEHE2HEE Uk
L&, LoLS5%n7ruy—3ERICEALERER T 52 5.

DR OEBR O 2 3HT 2. FTERTIREE2ERRD. X 2 ST
SNz ARTEEAZ R, s % 2D ED spin® GO R L T 5. n ZIEEEHKE L,
bH(X) > 22Dd(s) = —neikETS. BECWHEHAKEL, X - F - B %
DD (X,s) THEEI BT 7AN—HRET L, ZOLEBEOIREDY 3
SW(E) € H"(B;Z/2) % (BAFMIZ) MkdT s Z eWEHETHS. RIZE - B&L
TEi&EHR EDiff(X,s) — BDiff(X,s) ZH> T, SW(X,s) := SW(EDiff(X,s)) £ B\
HDONEM 1 ThD. (FE ORERED DIff (X5, O) IZE T L TWVWD & TR
BOSW(E) € H'(B;Z) #2825 2 e hHEL 250, @il dIZIFEBICED
DTLUFZR2BETERS. ) BEOTA T 7208l TikR2 &, [EEMGHOHE
AiEE BT 52 L TH L. FEEMHRTIE, RERESUGLORMKIZ, kLo 7 7
AN—% B THONIEHREZNEIEEIETCaF oA YRR L. ZOEHE
DRHYIZ, RTA—RMNEEV 2T EHOBA EF 2R EEs20THET. A
RINIZR AR B D E 51285, n-aF =1 ¥ SW(E, o) € C(B), T 7bb U
SW(E,0) : Co(B) = Z/2%EHE LT\, TIZTCO,(B)IXZ/2RBORKTF = 1 7
TH Y, olkSeiberg-Witten FFEAZEE NI ZDITBBERIEN AR I IV RT —X
(E#HoE) Ths. AW (LHEALIDEETEAREME) 2714 TF 71, ET
e€ Cy(B)IZXLT

SW(E,o)(e) := #(the parameterized moduli space on e with respect to o)  (3)

EREFETD, LWHEDTHS. d(s) = —nhDdime=nRZ &5, (3)DHLAD
hETRhbbe EONRTA=ZEEY 2T EMIE, YOOk, Tabb 0
KMDRIZIR>TWBH eI N5, 51T, Seiberg—Witten DEY 254 D I VN
7 MERS, ZNIFERMBEORTHY, A LTI eNTELMFTES. &I
PEERGR & FARIZ, SW(E,0) D3V 7Vl oTWnWD I L 2FEHL, ZLTIKE
0y —8SW(E) == [SW(E, o) M3 INT — X o DELD HITHRS 20 &R &,
L2, 3)DAEBIFIDEEFTEESE®RZRZQV., MERIITOZO>TH 5.
BT, Bk OREEREDIff(X, ) IXspin® 4 IRTTEFKRDO B AR TIEAWE WS Z
SPIZIE, ZRERANOREHFEES 2 Bz EAOERYOTEBI, b L O RIEHOH 5
DAL R Ens.

TEMEIT Euler HEHWTEBINEZ LD TH o7, TUTEV 2T 1 EBOZ BT BTN
7 MVRO Euler e UTERSI Nz, ZOHUPEZEEROEMLS EFLWBHTH S,
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EThD. mERSIE, Diff(X,s)1dd < £ Tspin® il ORI s % £ DM FIFH 2K
I ET, spin® BEHEIZXIENT B E Spinc(4) HIZEF L TWRWLWHRSTHS. Lizh-o
T, EQK7 74 3—121%, spin“ MG DFRBIHIIMNGINTWVWASD, spin“h&izDH
DIFFEINTWARW, ZUTIZIE, spin® MEDEEED SR F L% B _LAIKM
IGERNZ LIEAHRETH B, (HHRLEEHGRTO M0 5.) Seiberg-Witten /ife X2 FE &
NI IZIE spin® MHED R TR spin WEZ DEDHBBETH S, LD > T,
Seiberg-Witten A2 DEZ nfifke ETEZX, FINONTA—XNEEY 2T 1%
MAEEHRT DI LIET VAV ICIETERY., FORMBELE, BIEZHRERZIERS
RN D CW K (B 2 (X0 FEZEM BDiff (X,s)) TH o7 Z LIZERT % 8. BHE
BRIR TR WGE, NIA—XNEEY 2571 ZENPLRIRORE 2 D & R4 5B
HIEME 720, Lo TR EF 2 ESERT 2DIEALDHTH 5 0.

DLEOREMIZUA RO LS ICHEI NG, 0 D2bDOMBEMEMNT 2121%, did
BHR0|D Ny 7 2HVS. sZsDVEDDORFKTLE L, Aut(X,s) % (X,s) DHC
FRIEEE U7 &,

1 -9 — Aut(X,s) - Diff(X,s) — 1

EWVWIERRINERS. TITYETr—VHTHS. BRAOMEIL, E OB
Aut(X, s) T7 < Diff(X,8) IfHE IS TWB Z L ote. 22T, B EOFAMAL
BN ATLD, EOEBBEE Aut(X, s) I £ TS LS. 85 LIRS0 5 E%
aY A INEMEZEFZLUTWRWD, 20 TWaRWESEE2RTEAIIT - VG
BE2FK>D. £IZIT, TYaIAEMOLSIITr—VBTEH>THONE NS % B LT
EETLHRY, TOMRETZT —VHTEH L L ZIZRINENDE. LD T, NI A—
AfFEEYa2TM4EMIEB ETRIBWIZERNLTE S,

T2 DD DR % P9 5121, RAEEE (virtual neighborhood) DGR DK %
Wi L, Tz H\Wa. Al virtual technique (&, Y > 7V 27 T4y 78 MZ2IZHEWT
Z L DARDRFEL CTED, 7= VBEmDOXRICENZEFEBIAAZ DI Ruan [22) T
Hb. FINTA-ZNETRANGEI, BKEEFEOT AT T 2FAL LS. Seiberg—
Witten HRERIZX 0T 5 Fredholm Ul s : B — 1L, TV a4 DIy o M
MO ERIRICERZITS 2N TE, HHKRDOUIM S : U - U xRN (N < 00) D55
N5, ZZTU (TN LIFENS) IFERIRTERMAT, 571(0) ks 1(0) &
“ER B LS BREDTHB. DL E, 5IZEAT AN EulerfEH, $bb 5L
% Thom #HDHF| Z R L

e(U,5) :=57(U xRN = U) e HN(U)

EZDLH, INE, “ERIRGTAR T MIVEE — BO Euler " OHRGGIEMUIZ & 5 FEB

8 BDIff(X, 5) IXWRIRTCEZHAEDE T VA2 FFOOT, ZOMEEZMAWTHEMEITY, DNV KL
2SRRI A EBRICL BB ERUTERT DL VHMbHBE0E Lknd, MR
TLERRBIZE DD D AMBEIZT ) F— Mg B B R b L PHINE. 22 ThRZEANMI,
BDiff(X,s) DREDET IV E WD MHEIFRL, EDBIZHLTE—RRIZHEMRMITAD R THARTD
%.

IB) DEUTELELTNDEDIde EONRTA—RAEEY 2T A EHLDT, e DFMEEHTI ERYE
En Ot DY EONRT A =R EEY 2 T EMAEZATVS I LIZ05. D™ X AHEIRZRRIK
MOT, BIERI NNV N EFEEHAF LT NEE ORI ARG EEY 2T 1 Efl%2 R
B2ZENTED. ULPLIDEIBFROIFVHEEZLTLES &, RIA-XEEY 2T %MD
WA ETHREPLOED FITKS RN L2 RIET DN TET, IHITSW(E, o) Bayo 7L
2o TWB I L DFFHE TER.
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ThH5. 510) s H0) WAV NRT NRZENDS, eU,s5)xa VX7 NEDIRED
Ve D, BENERIMESHER S N E(0) 2 s7H0) DERRMAD & ETHIIE, HAK
¥ [571(0)] @ Poincaré MAHZ 72 % £ D Z OFX Euler Fe(ld,5) TH D, €EVa 74
DEZ LT #s7H0) MY TBHDNRT Y VT (e(U,3),[Ulpu) € Z/2 or ZTH 5.
U E—fIZI1ZIET > 7 DT, Borel Moore DEIKTOHEARHEIM->TH5. ) Z
CTCEHER I LI, EAFH[E0)] 2ERT L0 ITHEEAMELABRETH BH,
FETY—He(ld,5) DERIITHEW ERIMEIXT S BBERNEVWS 2L THD. £IT,
INT A —REM BOBWESPEEEEZRH > TWRWEATSE, eU,5) DNNTA—XAHE
fREZEZBZLIETEL. TNEHVTAIA=RNEEY 271 2O X EITIiC
MY T 2820 L, 3)DHUEEZOBIZESHZAS. TNRSW(E, o) DIEL W
EBTHY, ZOXICT5LHAELTOWIHGRBEA 2T EFRED Z & AT
5. DLEDSW(E) DR DEFTH 5.

6. BRE

7= VHERD 4G b RO Y —~DIs %, BEIZ30FE RICESERERD. 11/8F
R [18] X1 S H 7 HilE T D 41Xt Poincaré PR Y, 7 — VHEIZHEDB BRI NS
B RIS > T B D, [, FIEOH7- 2 &M% ni e 3 2 R
ZLUHPoTWD L BN, AIRTERRIKDIEDZ Dkl & 72 D152 D TR
EWS Z e fIfFL, ARTIXZ ORI ZiAAT.

Wk Dy — VHERIZ B 2 RRA IR HNT, BRADHERMAfRF S NS DIF £ 72% <
BoTWwb, Diped, KXHFTHERZLDIZ, BEIZHT 5 Bauer Furuta A2 & D
RERR &G ITBRE CIIEZ ML L, UabEEAEEOEVWEDEEbhs. L
LS <, HamiIcd ol L3 RBBEBELZMVIZIROEDTH A S

B 3 77— VHEmIZEED < 3+ 1RGN ARG O ER %Z RDOGE IZHE TE 50?3 74b
HIRIZN 3 5 Floer HiGm 2 3% L.

T UDIEHARTERRIZN U TR SN T W7 — VS, BERA & Aot &k
KRB KO 3MITLRRIRIZ, Floer HiGae UTHIEI NS Z L IZ X DL LB H 5.
CDHEREMNGETEZDIZEARTHAS. ZO LS RGP EZINBEZIX, 3RTE
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FEVER D A RTTEEAFIRANDIRIZN T 5 EEL AR TE L TH A 5.
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NH D, HEFHROEGE(EEZ LR IR SN, B Z < OREEREL 3 &
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The Language of Surfaces

J. Scott Carter (University of South Alabama)*

1. Introduction

A system of fonts that describes properly embedded surfaces in 3-space will be in-
troduced via categorical considerations. The iconography considers dots along a line
as l-morphisms, Temperley-Lieb like diagrams as 2-morphisms, and transformations
between these as 3-morphisms. The transformations will be described via icons that
depict a simple closed curve that is being created or annihilated, two types of sad-
dle transformations that occur, four possible types of cusps, and exchanges of critical
events. As the iconography is developed, it will be easy to describe the 4-isomorphisms
that generate isotopy.

Theorem 1.1. The naturally monoidal, strictly 2-pivotal, weakly 3-pivotal, rotationally
commutative, strictly 3-tortile 3-category with one object that is freely generated by a
weakly self-invertible non-identity 1-morphism is equivalent to the 3-category of isotopy
classes of properly embedded surfaces in R* x [0, 1].

The result is known among experts. It is folklore, and this is the first printed version
of which I know. The statement is one of the early cases of the cobordism hypothesis
as formulated by Baez and Dolan [BD95|, but there, the category is described as a
2-category. In that case, the non-trivial generating 1-morphism is considered to be a
generating object, and the corresponding higher morphisms are also collapsed by one
degree. An analogue is found in the difference between the classifying space for a group
BG and its universal cover EG. Here EG is the analogue of the 3-category. There
are two sources of inspiration: one is my desire to be more fluent in Asian languages
and to develop a corresponding intuition about Hiragona and Kanji; the second is the
web-based program GLOBULAR (See [BKV16] for some details). Meanwhile, much of
the content here is a distillation of specific aspects that were presented in [CS98].

Here is an outline. We briefly describe categories and higher categories. Then
we develop each descriptive term in the statement of the theorem. At the successive
stages, we have 1-morphisms composed in a 1-dimensional manner, higher morphisms
compose as rectangles, cubes, etc. that are stacked vertically. Horizontal juxtaposition
is only allowed when one of the morphisms is an identity.

Two guiding principles govern this work: (1) different things may be naturally
isomorphic, but they are not equal; (2) critical events occur at distinct instances. Let
us proceed.

2. Categories and n-categories (n < 4)
A really small category' has a set of objects, and given objects a and b, the collection
of arrows b <1— a from the source a = s(f) to the target b = t(f) is a set. If ¢ <~ b

Supported by Simons Foundation collaborative grant: 318381, JSPS L18511
2010 Mathematics Subject Classification: 18D10,19D23,18A40,57M20.
Keywords: 3-categories, embedded surfaces, TQFTs.
*e-mail: carter@southalabama.edu
web: http://www.southalabama.edu/mathstat/personal_pages/carter/
! The standard terminology is small and locally small. Since the higher morphisms are also categories,
here we want every collection of morphisms to form a set.
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and b +— @ are arrows so that s(g) = t(f), then their composition is an arrow ¢ &g

with source s(go f) = a and target t(go f) = b. Compositions of arrows is associative:
[d#c(ﬂ a} = [d<ﬂ b@a}.
For any object a there is an arrow a—a that behaves as an identity under compositions:
<b—b<La> = <b£a) = (b(La—a).

An overly simplistic definition of a really small n-category is that it is a category in
which the set of morphisms between (n — 1)-morphisms is a category. All n-categories
that are defined here will be really small. The collection of objects is a set, and the
category of k-morphisms between any pair of (k — 1)-morphisms also forms a set, for
1 <k <4. A O-morphism is called an object. A 1-morphism between a pair of objects
is called a (single) arrow. In general, a k-morphism will be also called a double, triple,
or quadruple arrow, for the obvious values of k. Composition of n-morphisms should
be unital and associative.

In order to put an inductively defined category structure upon the set of n-morphism
(or multiple arrows) between a pair of (n — 1)-morphisms, we write

b <~ a

(V.

b <L g
for an n-morphism F' whose source is the (n — 1)-morphism f = s(F') and whose target
is the (n — 1)-morphism g = ¢(F'). Note that s(f) = s(g) = a while t(f) = t(g) = .
This figure is an accurate depiction when F'is a 2-morphism. The case of a 3-morphism
R with source F' and target G is depicted in Fig. 1. A 4-morphism with source R and
target S can be thought of as a symbol in the interior of a hypercube that connects two
opposing cubical faces. The rectangular depiction, then, is a 2-dimensional projection
of the double, triple, or quadruple arrow.

127/}
7

Figure 1: A 3-morphism or triple arrow

Since the sources and targets for f and g agree, it is customary to draw the 2-
morphism F' as on the left side of Fig. 2. The (vertical) composition of 2-morphisms
is illustrated on the right of the same figure. Often authors define an ambiguous
horizontal composition of 2-morphisms that resembles the central drawing in Fig. 3 and
which is interpreted via either the left or right drawing. Interpreting these as equal, or
allowing the 2-morphisms to occur at the same horizontal level, is to cheat our basic
principles. Instead, we suppose that there is a natural 3-isomorphism connecting the
two interpretations. We will return to the point later.
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2

f

f
()
b F b % a
\1}/ W
fo

Figure 2: Composition of 2-morphims

[E/M\TI" /ﬂ\G TI” p 5 P’ m’ M/%P
XX bt

Figure 3: Horizontal composition is not well-defined

3. The axioms of the 3-category

Suppose there is a unique object x in a category, and there is a non-identity morphism

2 <= x. Then define (—e—)" inductively as the k-fold composition of —e— with itself:
k k—1 0

(—o—)" = (—o) o —e—. Of course, (—e—)" = — = z—x. The set of powers of

—e— corresponds to the set of non-negative integers N = {0, 1,2,...}, given in unary

notation. This is the free monoid on a single generator.

The identity double arrow on — is [0 . The identity 2-morphism on —e— is

i . We define double arrows 0 and U~ . The inclusion of bullets (o)

will be slowly dropped from the notation.

Define I; = |, and more generally inductively define I; = (I,_1) ® | to be the identity
on (—e—)%. Explicitly,

)

Let U = U(4,j) =, ® U®|; and N;; = N(4,7) = |; ® N ® |; indicate the horizontal
juxtaposition of either cup or cap with the identity on (—e—)’ on its left and the identity
on (—e—)7 on its right. These are double arrows between non-negative integers with
s(U(i,7)) = t(N(i,75)) = i + j while t(U(4,7)) = s(N(i,7)) = i + 2+ j. The tensor ®
notation is dropped in favor of juxtaposition. The arrow —e— is weakly self invertible if
(not necessarily invertible) double arrows N and U exist.
i
Suppose that a pair of arbitrary double arrows and
Iy

are given with

SO
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1,7, k,0 € N. Then define

Bl

I’ 4 I 4

®:<® >02<|®): |

Ik |g Ik: j i Ié
koo,

The tensor product of any 2-morphism with the identity 2-morphism Iy is obtained by
juxtaposing the identity horizontally.
A natural family of 3-isomorphisms is defined as follows:

)= (%)

Any one of these is called an ezchanger. The notation is cumbersome when the source
and target of an exchanger is specified.

IV ¥ |’
(1)) (8
i l k J k

Exchanger

o
i N Y
X kK /project 1
k U k 17
(& |
, € double arrows X

4 J

S} (- [S]r

t\:

<)

Figure 4: The invertible exchanger and naturality condition

The exchanger is indicated towards the upper left of Fig. 4, as a triple arrow that
points leftward. A schematic diagram that indicates the exchanger as a kinematic
process is drawn on the right. The translucent sheets that are labeled i, j, k and ¢
indicate parallel disks that may be folded along the tubes. via identities on U and N.
The exchanger X(+) is schematized as the positive crossing throughout the illustration.

The exchanger is invertible so that the equalities X(—) o3 X(+) = lg ® lp = X(+) o3
X(—) hold for any pair of double arrows F" and G. The final condition for the exchanger
is that it is natural with respect to any other triple arrow. This implies, in particular,
that the Yang-Baxter type relation holds. The naturality condition also implies that
the exchanger commutes with any other triple arrows. The 3-category is naturally
monoidal if a natural family (Fig. 5) of exchangers X exist.

Since the collection of triple arrows is also meant to be a category, the identity
upon the identity double arrow | and the two non-trivial double arrows U, and N are
defined as follows:
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o

- c
m ot [T, and || f
_ o c

When necessary, folds which are the identities upon U/ and N;; can be adorned with
double indices (7, 5) to indicate the location (i sheets to to left [behind] and j sheets
to the right [in front]) of them.

The following generating triple arrows are proposed.

&m¢¢mpﬂw%<m>,
Death[o]:(D)«—(ﬂ)OQ(U),

Saddle [U]: (U) oy (N)«—(I®1),
Crotch? [A]: (1@ 1)« (U) oy (N),

and 3-isomorphisms

Left cusp [Yr]: (N® 1) o (I®U) 5 (1),

Right cusp [Yg]: (I®@N)ox (U 1) & (1).

The names birth, death, saddle, crotch, left cusp, and right cusp are the names of
the represented triple arrows, and one should also pronounce the associated icons in
the same way. On the other hand, in the cases of the cusps, the leftward pointing triple
arrows are called left cusp down: Y and right cusp down: Y r. We define left cusp up:
AL =y and right cusp up: AR = Y. To say that AL = v ' and A% = y;' is to
assert that the compositions

AL

< (N®1) oy (10 U) <1,

YL L

N@Nos(IoVU) <Ll (N®1)oy(1® V),

AR

< (I®n) oy (Ul <1,

and
.

(@M o (Ul 1L (1on) e Ual)

are the identity 3-morphisms on their (coincident) sources and targets. These relations
are easier to imagine when written vertically:

P =
P AL o s =
= :[ W ]; = h
YL T 1; =
—

2This mildly naughty term is meant to be used in the same way that a seamstress or tailor would
use the word: as if it were the junction of the legs in a pair of pants.
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— )

R —
iﬁ . ?YR E:)
= |=| ®m |: - i

=] 5|4
TYr o fA =
- f—

The triple arrow Tl indicates the identity triple arrow on the zig-zagged compositions
(N1)og (1U) and (I N) oy (U ).

In addition, these identities can be represented as quadruple arrows that are, in
turn, invertible as are all the higher order arrows derived therefrom.

A 3-category that has a weakly self-invertible arrow —e— is strictly 2-pivotal if there
are 2-isomorphism, Y p and AP, for D = L, R in the sense that is defined above.

Y1l

1—>
o>
| @
—x
—Ja}
=

1=l

=
(<]

Figure 5: The naturality of the exchanger X

Fig. 5, depicts the naturality of the exchanger with respect to any triple arrow R.
For example, when R is one of X,—, —~ U, A Yp, or AP (for D = R, L), then half of
the naturality identities are of the form

(Rle) e (1oxe) o (x) 1) = (I ).

the others are of the form:

O®x&0030¢m®0%<5®R>Z(R®b)

In a naturally monoidal category, (1) the exchanger is invertible in the sense that
X(+) o3 X(=) = lggr = X(—) o3 X(+), and (2) the exchanger satisfies the naturality
relations expressed in Fig. 5.

The adjoint relations that involve .= and A (or —~ and U) read as follows:

(o) os (wad)=d=(Ho~)o (ved).

and

(~eH) o (Fev)=k=(Fon)o(-at).
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Figure 6: The adjoint relations

A 3-category which has a weakly self-invertible non-identity arrow is weakly 3-pivotal
in case the non-invertible 3-morphisms -, —~, U, and A satisfy these adjoint relations.

There are four commutation relations between cusps and saddles or crotches. These
are expressed in the following four equations. Here, in order to demonstrate the sym-
metries among these relations we denote A% = A*, AX =°A, Yp = Y., YL = oA, and
03 = oO.

(Foa)o(reek)=(rak)o(kay)

(1o)e(ko2) - (For) (ro)
(Hex)o (Ve d) = (A 4)o (o)
(red)o(Her) =(Hew)o (Ve )

For the sake of brevity we only illustrate two of these relations in Fig. 7. The other
two can be obtained by turning the page upside down.

o ‘ ‘ A A

Lq 1 ‘ N (128
ut ‘ N M al tq ‘ v
| A/ A . (
A= =y
(F)oy (V) = (A) o) (M) o 1)=(x)ey (9)
(10)oy(V@1)=(ABi)of1®Y)  (A8)o; (18%)=(FO A" )o5(V&H)

Figure 7: Commutations A, ¥ = U, A — part 1

Obeserve that equation (i) and (iv) are upside down versions of each other, as are
(i) and (iii). Furthermore, (ii) can be obtains from (i) by interchanging the left and
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right sides while also moving the indicators of the Y and the A to the other side of
the font. Equations (iii) and (iv) are similarly related. In an effort to obtain a concise
version, we write

[NoY = AoU]

to encapsulate all four relations. A naturally monoidal, strictly 2-pivotal 3-category
that has a weakly invertible non-identity 1-morphism is rotationally commutative if
equations (i) through (iv) hold.

If, in addition, the following identities hold, then the 3-category is strictly 3-tortile.

(AL®4)03<F®X(+)>O<YL®4) =,
4= (4@ ) o (Fox)) o (vred).
(I—@)\L) o (X(+)®—|>o<—| ®YL) “}
L= <|—®AL> o3 (X(—)®-|)O(-|®YL).

and

~
=

| [ o

%

DD
-

Sl
~ .LL. =<

>
[
—1
[
J/\_
—~
Ii
Il

Figure 8: Swallowtail identities

As a final axiom, assert that the exchangers between 3-morphisms are also a natural
family of isomorphisms.

4. Sketch of proof.

From a composition of triple arrows, a properly embedded surface in a 3-dimensional
box can be obtained since the composition of the icons trace the folds of the projection
of the surface onto a plane. In particular, the dots in the iconography for births, deaths,
saddles, and crotches indicates the portion of the plane upon which more surface is
projected. Similarly, the left /right distinction for cusps indicates which folds are closer
to the plane of projection. Also the short segment along a fold indicates the side of
the plane upon which a surface is folded. To finish creating the surface interpolate a
cusp, birth, death, saddle, or crotch where these have their traditional meaning from
singularity theory.

Given a properly embedded surface S C R? x [0, 1], consider the following version
of the fundamental groupoid as a higher category. There is a unique object that corre-
sponds to the complement of the surface. The identity morphism is any arc that does
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not intersect the surface. An arc that intersects the surface transversely whose end-
points are in the complement is a non-trivial 1-morphism. Any arc can be decomposed
as a path product of arcs each of which intersects the surface S exactly once. Such
1-morphisms are composable if the initial point of one and the terminal point of the
other are in the same component of the complement of S. In that case, connect the
end points by an embedded arc that does not intersect S. A 2-morphism between arcs
f and ¢ is an embedded disk F' whose boundary is decomposed as the union of the
arcs f and g. Furthermore, the disk F' should intersect the surface S transversely. A
3-morphism R is an embedded 3-ball whose top and bottom hemispheres are the disks
representing the 2-morphisms F' and G. In particular, the properly embedded surface
S C R?x[0,1] is a 3-morphism with source S, C R? x {0} and target 0.5; C R? x {1}.
By setting up parametrizations and height functions in each interval, disk, or ball, one
can then reconstruct the Us and Ns in the disk F', and the s, —~s, Us, As, Ys, and
As in the 3-ball R. In this way a functor between the topological 3-categories and the
iconographic 3-category is constructed. Finally, isotopy moves are generated by geo-
metric moves that correspond to the 4-isomorphisms defined above. These moves are
critical cancelation (weakly 3-pivotal), lips and beal-to-beak singularities (strongly 2-
pivotal), swallowtails (strictly 3-tortile), horizontal cusps (rotationally commutative),
and exchanges of distant critical events (naturally monoidal)?.
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3 IRILEZ AR & Klein B
Thurston DFHEE % 5 —EHx D K

KEEME—  (KIRA%E)

1. &

Z Z A0 FEREE DM, 3IRITERRMA L Klein FEOWISEIE, K& U T, Thurston
12 & B 1980 FERDOWFED HIfd i (BREIRIZI1E [24] 127 & 2 RAERRTED Y A b,
THIZDOWTIE[20, 30] 22REX) ITXVFWTELLE Vo THBEE TIIEDLNASS.
Thurston O FREED — 58 % BR\WC R AfEP N7 BIFE, Thurston PARTD 3 IR ITE BRAKG,
Klein BEER ORI SIBED T, 5 ~EIDHENEZIRVE->THAL I L ERENPLE
W, REHEO T —<IEA 72, BHRAD» S BEDOMEZ2IEVIREGE, SFR-oTWwW5S
HizBLU CTBEZATLUEY, ZORAEBEZONTWEZZ L Z2EBREBRTE RV E N
IDNBH VDL RMIFETHEH, DU THFROR G YO R G20 TEZTWL
ZHeE>S,

2. Thurston LA D 3 /R IT% kkikm

3IRITCEBRIR D 5T 19 HEALIZ Poincaré, Heegaard HIZ X DR 57z, Pincard I&
472 Poincaré R ER Y —BRE 2K L7 Z &, Wb Poincaré PRAZEH L Z
EDHWEHT, SPEDO N =T AROFAMEERET 2HHEEZL TSI LIZERTA
ETHD. ZORFRTRRIZ3RITE KD RIMHEZIRET D L WO BEIZE TR B
BRBPHFEATW DI TH S, DR MIATEIZNIT T, ZRREROTK, &
EOY—, FEME-—REOHMODEMPELDTH LA, 3IRILEHREKIZDONTI,
Dehn, Alexander, Kneser, Seifert &2 & 0 & DEIZEED 5 LKA 2 H5E 2T b vz,

SIRTCE RRAR D RUKR 72 o 72 AR 722 76 2 1F 1950 4R D Papakyriakopoulos [21] 12 &
% Dehn Offi, N — 7B, BRECHOFEHIZHES. ZN5DFERIZE D, 3T
ZiRRZE Z OO AEN-HEZELC TR T 50D HADPFEEL7-. Kneser
[12] 12 & % 3IRITEL MK DR RO G IL, HATOWZETH 5%, Milnor [15] 13 Z D4y
fRO—ZMZR U7z, 2T KD, 3IRGCEHRARDFRIEEOMIE L W S EIE T, R
EDDAEEZNVTERWE ED Z e bh o7z, X F 72 Poincaré DM T W
BWDT, FEAPERKE PE—EKE (HDWIEEE N E—RKIK) BEET S AREMED
HBEBDONTWIDIFTHEN, TNERIALLMEEZE Z S L WD EIKT, 31kG
SRARDH T, 2IRGTERE D0 6 TEHRIKDIEFUZ IR 2 L WO BEEFE R, TD LI R
EEIMITE R E BN TH 5 LIERT 21T U7z,

X 512 Haken, Waldhausen D152 & 0, FEEMEHIE O BEEMEARIRI NG LS (12
molz. TITHEMITAIBEZ 3IRTTERRIK M N D [\ & 11T T RERNTE S A3 FE A HH
HMTHD L, SHERETIERST (MRIXFHFT) , AEER»PSFEEI NS HERT
1 (S) = m(M)WHEHTHEZ L T3, ZOM&ITE D iz Gk, FHRUAD)
HHTE 2> 5 M D proper 7213 DIAAIZE WS, Haken D Z DRHHDLFIL, Poincaré
TFHEEMRZ S5 LT 5RERDBENDTHBH, [4 CHEMIEOEHMEIRINT VWD
Waldhausen [28] 1%, £ DD 3L HFam CTHIESTHDDHEE & 73\%){730)$H£EIE
MZERUZ.
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BBGREMKZETHEMNITTRZEDDAZEZXLILIZT S,

EH 2.1 (Waldhausen [28]). M, N % BEf70 3IRGTBAZ ARIA & U T, M IFIEEHem %
GLLETE. [ M5 NPWKREM—[AEERTHLZ LT DL, fEZAMHERIZKE
FEY I THS.

ZOEMOFEHTIX, FEEHMEHE %2 W T 3IRTTE IR Z U] 0 Bl T, JER B2

FIZUTWL Fik, BEMEEI Ao TWS., 2O FIEIFED Thurston D —EALE
HTHARENLRBEEHZ R U TWDS. 3IRTEREDES 2 K256 B RO FEAMHE
ZTC, EH2UIRDIBIZ—Biband. BERZRDGEIX, 3 IRTBEMUIMZ DWW T
&, BEHROHPIZHRE MYy 7 TRWIEEMINEIZEIZHFET 5 LD Rr5DT, £
DHFEICHET 2 IREFAETH L Z LITERT 5.
EH 2.2 (Waldhausen [28]). M, N 2/E#7% 3koua v N o MEFRNERIKE 95,
f:M — N%KEME—FMEGHET, OM DELEFEL D SIZDWT, ON DD 5 HikE
A3 THFAEL T, fum(S)Em(N)DHTr(T) Tk THsLT5. ZOLE, f
EHEHGHRIZRENEY 7 TH .

Jaco [5] &My, FEEMEHIE 2 & LB 3 >N T b Zhk{K % Haken ZBRAK & IT.50
ZrizT 5.

T ORBIEEMIHMED S H, b= AT =2 F AT &#E %22 Z LRI N
T &7z, HlZ X Papakyriakopoulos DEH & [ U X 512, FEEMAL N —F AT =2
TADIZORAN DB L EWMDIAATEEBHTE NN Z EIFMEE INTE -,
D & 5 BRED T RS & U TEINZ DAY Jaco-Shalen-Johannson DHEwTH
([6, 7)), EZEH222ET2ERED ORATHCEAT 25020 L MBEL E0nE
55 ZLDIHIZE Do 7z, £ TSRO EEIZ DWW T Jaco-Shalen-Johannson
Di Rz BN D .

L 2.3 (Jaco-Shalen-Johannson [6, 7]). M % BE# 72 3WRouBAZ A L 55, M O
WZHLDIA E N2 SIRTCH A E IR S TIROMEZF2H DA, 714V ME—OHIPHT
M —1FAET 5.

(i) X DI Seifert 7 7 A N—ZE[H]TH 5.
(ii) Fr¥ Q&S EIEEMN F—F A TH 5.

(iii) F—=F AT H» 6 M ~DEEDIFEMHLITDIAAZ, ©OFADEHIZEAE b
Yy o7 Thb.

FEHRP D0, FEMRIGEITITRO LS IT LI Nns.

M 2.4 (Jaco-Shalen-Johannson [6, 7]). M ZBEfI723 > N2 b 3IRIGERRIK T OM 1&
FEHEME & 95, M OHIZHGIA F N7z 3IRTGH D Z RS TIROWEZ R DB D3,
7Y b — ORI THE—AFET 5.

(i) TOEBA ROV T NN THS. WTNOHEED IEIXIEEMNTH D, oM
DOHIZARE FE Y 7 TR,

(a) ENOM WIHERR T 7 A N—DHEATHET a7 AN —FATHS &
3 74 Seifert 7 7 41 N—22[E]TH 5.
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(b) ENOM PBEL7Z0I- K ThH B LD [-HIZZ>T W5,
(c) ZEVIYYRI=FAT, ZNOIMIFBREDT =2 T AR >TWV5.

(i) N—=F AT 5 M ~OEREDOIFTEHIZRITOIAAIE, ¥ OMEKERLD T (ia) DX A
TOEDDOHANDEHIZIZFENEY I THS.

(iil) 7=2F A AN S M NDEZEDIEEMIH T proper 74 (T ARDLHEFIZHEIND D
FERTH D L S572) 13DIAAIE, DD B HEFEHK D D HFA DGR &
EREYITHD.

COERHMDE L ENOM Oxf & M OFFEXT & IEE. T (a) DB D % Seifert xf, (b)
DHED%E -], ()DBEDEY VY R = ANLIER. ZOEHREAWT, EH2.11%
RO KD ITREELS N,

EHL2.5. M, N %337 R CIEEMIEER 2 KD 31 ouehkik e 5. f: M — N
ZREME—FAMEERE LT, =22 M ORMENE TS, §5&, fIZIROFEME—
FEEGZ2 ARETRI DS G TEZ 212k b, FAHEBHIZKRE N Y 21285,

(i) IMIZDOVWTHEPERDGHEIZT =27 AZH>oTETFTZANZASFE MY —
[Fl .

i) VI RNF=FANTMZYOHHE, VIV FF—=FANANDT =25 AT
7D S hEDIEEEZEZ 5 HKE bV —FAEE4.

3. Thurston LA D Klein £+
Klein £ &\ 5 &1k, Poincaré 7% Klein D SEICEHN S EIZOWT@Hm&4 L7ZH DT,
19 AL SFIET B0, E DA L5 I Ahlfors, Bers 512 & D #adD 517z,
— 12 PSL,C DEEEE DY % Klein B L IERA, YHIFFZER R & 72> TWDIZC A
DIEA L LT, RSz 25D TH -7z, HlZ X Ahlfors i& [1] THRA K Klein
BEIZDOWT, Az Tz 5 &, AR Riemann HIZR5Z 2 Z R LTV
%. Bers [2] 1& Teichmiiller #GR D &ikoufb & U T, i Fuchs FDZEMZ2# X, ThH
Teichmiiller ZZf 2 DDEFE TN I A —XfFFTE BT L 2R U T-.

FDFHELLBRBZERDES R THD. S 2B LD LT, p

m(S) — PSLyR % Fuchs BRI L 5. p% C OBSMRMEGTEEZ L 2 Z 22L&
D151 5 Klein % #E Fuchs i (B LW 5. m(S) O Fuchs BERBI2A % PSL,C
DHETHOAED DO EFE—FHL TH LN 2RI, RIEADIKDIES 2/ HFEX
NBNMHEZ AN O % Fuchs 25 & K F, QF(S) THKT. Bersld S D Teichmiiller
ZEf2 DD, T(S) x T(S) 2 ODDHEDFARLESAME 2 KT HDT %D
FTHB) 5 QF(S) ~NDRMEHEHZZ %2R LI-DOTHS. EZDESK%:
qf - T(S)x T(S) = QF(S) & &Z 5.

Bers (ZX H5IZB]I2BWVWT, qf({{mo} x T(S)) WO DU R 2F X, T DIEELER
HRCOEEZFEZ 5L, TOEFITIE T (S) 1T &K O AZE 7 A aH S O R k0 % 72
= — DD & S Klein B, b-HEANDOREDNBINS Z &L 2R U7z, Baire DEMD S, Z
DEFDIZE A ERTORIEMIVIER, 37405 553 5 B2 bRAR DS AN e i i
DEIZ L > TEINLE Vend ZFi>oTWb. ZNIERATHIEREEDO WO TDOREK T H
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B0, DB IR HERREE D RS 1X Thurston IZ X VEE LK AR SN B Z 21T
R5.

1970 FERIT 70 B & AR & D EHERRNE %2 B D Klein ££12 D W T OHFSEDY Maskit,
Marden 512 & > T 537z, Maskit 1F Klein-Maskit Dl AE HEEH L X5,
Klein 22 58t & U CREEFE° HNN JE KIZFETZ Klein BE 2 WK S 2 HiEE2 5 2 7-. (B
DO EMRGITEOF VA4 TR ONS.) Z Dkl Thurston O — A LE R DFEH
DEARZZLUTWS. —J Marden [13] % Bers D Fuchs B D /3T X — X 1) & — i
fEUT, BTHARBEINIST 2 SIRTCERRIROFRIAEE ., AR OO %
PR S FEMBETCREIND Z L BR LT

Klein BED AR ZEM L 13 HA > 72810 D, © U A FSEFEEE D 72\ & 5 72 Klein £
ZHFoTAEFHE 1910 FRETITW ONFHET S, £ D Lie HEANDORIDLH &
L T, Weil, Calabi, Mostow, Margulis 5 D K ERAFHAH 5D, ZIZTIRINSITIE
i3 3R AR D% 22087, T Riley iZ & DWW L D DB FE O H, #
AHOMHZEMIZNHHENAD Z L 2R UIZE DD L. (22 ITAANDRGRA D 5.)
¥ 7z Jorgensen lZcone {072 b —F A% T 7 A N—=F 5 S EDT 7 A N—=FITW
g% A, TOQEMEL LTSt EOilmKE IR R NHEE» A5 D% [
U7z, Z & Thurston ORI EIZ NS E 2 ANBDEHOKBOFETH L L H W
Z5.

4. Thurston D, MHA—=LEE

Thurston 1 1970 SR D#& D O EHA 5 1980 FARUT T T, 3 IRITTHHIZ RRIR DA FEIZ
FEmARESE S5 Uiz, AVYIREH L 72Whp b —Zbe ik, BATIZEELL
AR B & 512 Haken ZHRIRIZ DWT, FEEMEN b —F A% & £ 21T L, BMANERR
ENEEEEZ RO WS, L THE BN THEREMmZz B ELTE2EDTHSL. ZD
RO DFEFESR (23] # 5 &, HOKMOMAIMELR LS bRy, BHETEZIZ L
%L HBM, THRIPKE S ERITHET HI1I2E1 RV OF %2 ET 5. —FbEH
IZ DWW T DfEFE Morgan [16], /NG [29], Kapovich [8] , Otal [19] 72 &3 2 A%,
INEKESZ(124 5. Thurston HEDIEHIE, TEHIZEIMIXTE26NE FET
BHot=Dy, REICHIKE N 2D, 25| DA T, F288, HFH3Fizo>nTlE T L7 v

N DMETET B [26, 27).

Thurston DEM %2 F T HRAEO MG 2 FRO5EI12 88X K 5.

EH 4.1 (Thurston). M % Haken ZHRIKT, BRI ND, b—F AENSRD, 5
FUZBRE N Y 72 TRWIEEM N —F A2 EFRWVWET 5. ZD& E M OWNEPIZIEE
i R A ET = A S.

ZOFEHIIEHD 5 WIEEEHR D b — T ZiED 572 % Haken ZRRKIZ D \WT, §2THiAH
U 7= Jaco-Shalen-Johannson D 73 fi# % % X 1UX, Seifert 7 7 1 /N —22[1Z 72 5 8R4 DAL
21X, BRI BUHEFEDIA D Z 8 2R LT WA, Seifert 7 7 1 N —Z A IE 0 E
BLUAD WD) B EBATHEE DTN B DT, T DEMIE Haken ZARKITBTHEE DA B
E— ZZEEMA N — T ATHRTEDELEIILEFEoT VA5,

ZOEHOIHIE, M2 S' LOWHEEK TH 552K &, K LTIE§TEH N
7= Waldhausen O B g & OB G % {8 > ThRANIE Tirhb 7.

M HIMHTR D& OFEHIE [26] IZHEREE L S EhNT WD, £/5824EEH$ Otal
(18]I 2 Z N TE 5. FEHIFVDLY 2 2EMREM 2L LTWb., ZOEHEK
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INRZEBKE NS DT, 5D Z DEHDAD Klein FEAND— Al BE ALK Z £ D
(Kleineidam-Souto [11], Kim-Lecuire-Ohshika [10]) 2%, Z Z TIZBIHERLAANDIGEIZ

eihik & UCEEHT 2 DIXIRO— b SN DEHTH 5.

FEM 4.2 (Thurston). M % 2 2827 b TR SIRTGE IR CIEEMH b —F X2 &
FRVWbDETE. ZDEE IntM IFAREEZNHNZHREONEIZFETH 5. 4l
DEWSZET DL, BAMWERZKleinBEGHH Y, IntMIZH?/GIZFMHTH 5.

Z D& D MG 2 RMANEREGE L ERZ LIZ L &S, S TRMEDEBRET
I& Maskit DA GO TH 2l —B AT CHEET 5 & U2 RMNERMEZ A &
HOETWKDTHBD, —EDOATY TTIRELY &bt 21T BB DL KDL
BO—MWTH5., —HIRNEDORIKBEE T b LHEIZ (b—F 20 2R\
72) BREKIZRS, FiZFEHE LTI ORKEBEOGAVRAEN TN 2E2TE
ATBY, —ROBERTNIIL -2 LIZT k2T 5L TTE 5.

RAIE D BB TR DI FOMETH 5.

e 4.2.1. N Z2EfER DR 1 DFEAIF 2003087 MR SIRGTZREIAE LT, ON
WXIEEMER CHWIZFEAEZR 2 DDA S, Se D 6o TWA & T 5. NIZIZRMA R
HENRASTWBEIRET S, ¢:5, = S % (Mo 5Z6N0ZMEz2KIEESTS) [H
MEGE L, M% S, & S,% ¢ CRI—LTHEONDIZHIKETD. MPIETMER N —F
A EERNETBHE, NORMNAREGZ M ORMANAREGEDZ 25 5 Maskit
THAGOLETHEOND LDILBRI VN TE S,

Z DOEZEEIH S 5 A2 Thurston I3IRD K D 1ZE Z7-. Marden DEHIZ LD, ND
B BRMED RRIZ T (S1) X T (Sy) T/NT A= INRTES., —~/FND7(S;) (i =
L2 IZHISUEE &5 &, i Fuchs B, G, (i = 1,2) MFoNnsd. #i Fuchs #1Z
Bers DEMIZ X D, Teichmiiller ] 2 DDER TN T A —=XfFFXINEDT, G; DN
SA=RFIFET(S;) x T(S) £FEFS. 7L CHELESIEN OERIZHEAT
WA HDHEAMEEZR L TWVWE LTS, i =1,21220WTC, 2Nz 2i2&b,
o T(S1) x T(S2) = T(51) x T(Sy) ZEHT . oIz L BUNEHLINEEKLT
T&ED ¢.00: T(S1) X T(S3) = T(S1) x T(S9) MEE R ZFFTIX, Maskit DFlAGD
BHMFZ 5. Thurston IFIRDEMZRTZ LIZL D, BESEDEFLEZEL & FEEL -,
P 4.3 (Thurston). 5 ng € NBFIEL T, (¢ 00)™ X T(S1) x T(S,y) THFR
ZRiD.

Thurston DFEAFEHE E S ¢, 0 0 YN OMEHEE RARDLTLZERM AH(N) T3 VN
I M THBIEZAHL, RIZFEIFRMIERESOIMIFBIT N L 2RTEWN
SHLEDTHD. HREOHMITIX27ICHTWS AH(N)DH BFD a0 MEERT
EHLZ GV, B TR ERR Klein £ (Z DA # Fuchs BEOMIR & 72 5 DIZR
%) D end DEAED D2/ S Z 12 >TW 2, TS DWT N E AR 22 3%
MTHY, TOED Klein BERDFEIEIZ KR o 72, — HTREBRHHIZEINT
WRWDAR ST, ZTOBRDMEHOWTNTE ZOTHDFIFIZIED L Z N TET
WRW. 8, 19] TR —RALEH DG 2 8K S ET WD A, ZOHDTIEL D FHOIK
DEDOEZFEHL T WS,

FEFL 4.4 (GEREA.3DFINE). (my, my) € T(S1)xT(S2) ZAEREIZE B &, {(¢.00)™(m1, my)}
X T(S1) x T(Sy) TERTH 5.
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L A3EAD L M AIEERI h — 5 22 B2V E VS HED FTIE, Kent
9112 & BEHIN D B8, —HRIICIZE EEETE TWARL.

5. SiRYIRD &
Thurston @ 3IRTCERARD L & W\ 5 fTEIK, Perelman 2 & 0 &0 X 2, |
HETCHRAR 72— BRI S F DR GE L i3 2 £ TE 5. Perelman ® Ricci
Wz Wi, 22D T Thurston 2L ERR D AT % F\ T orbifold @ ¥ {k 744
REEBHU 723w D — M & FHML L T WA, £ U Thurston %° Haken ZHkIADIGE % H 4]
ICEATIT, WERDEEZAFLTW ARADHEHZ LT\ 5L, ZDOHED
Klein BED RIS > 72008 LT, 03 Haken 2K D —Z b %2 ZD X S5 B TH
AT NTDRIREBEVHNGETH DS, — DL DFEHIFHRRTH A5 e
bﬂét’%ﬁ%é FERRNOECHOERIIZOEETITEITHD ([17). =
GIEA! %mnio ZEHAIOFIIXEIETE TR, UL LARDS [27] DEHIC
DWTHE, —BALEHOFEIIZBER LD ITIFMEIET 2 I ENTE, FAEHA3BE
1ED @Et;“& Klemﬁ?ﬁﬁ’i’ﬁx FEFHHARE L b b, 2SI DWW TSR TR B
NN s.
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HERIZ DWW T
Bl HIES OB EKRT: | BUREAHREEERE < 2 2% )*

i3 =

AGEECIXHERICOWTCOEEZKS. KT, MRu YAV RFiEzHV
5Z0i2&koT, HERD S D UWRATEEZ L 2BNT 5. EEE, X
U Oz iz BeE 4~ 5 DARIR T IR D — G 2 i L, IRIZBAFD 4D
ORTE TRIE R AW DR #E Z K25 7) TWORERAERIERIZ L > T
KL N H7) TODOEEZER] (e, BB Z — RUTIE U 72221 7 & B IR
2T E 507 TwORiE O IEGEEEGVEHPEDOFESDAE & —2
I 507 IZEET 5 EAERZ ML, Poincafe-Bendixson xEHE D —fkAl & i
HR DD FRIZEE T 2 EAE R 2 U, BB ICTIKRBEKADIGHIZ DWW TiEim
5.

1.4 hkO% o3y

1.1. B

A. Denjoy IZ &> T, Cantor £E& DI DOMUNES Z KD LD CH ks A A4 D
Wl Nz (7. —H, HE LD C*His FAHEHRDOM/NES I Cantor FH & 70 672
WZ DRI N, ZORRIE, FMHEGOBELVWOIEEIZE->T, P—F A LD
CHRARRAZ KT 2 BB Cantor 24 TH BMUNESDHFHEL, b—F A LD C?
FRARRAZ N T B BEWTHIZ Cantor 2 A& TH A U/NES DIEFAEEREL . I 51T, A .
Schwartz (Z & > T, FEFFEDKERIMEED 3 >} 7 Ml EOFEERIZHLER X 1172 [26].
Thbb, ROV Y M ED C? #aimiE BEWrIZ Cantor 84T & 5 /)
HEERWZ RSN,

Poincafe-Bendixson EH & MEIXN B bk 4 2 B I S DI N TV B LR OFER 1R
Mo TWa (6, 20]: il EOMER LD CPBEOWMNITH LT, ETRWERRLRZ &%
ABRAEE © w-MBRE A IZEABED Y I v Y —F v b (ie. AREMDZ T 70 DMJE
DETHZHD)THD. ZOFRERIE, RABILENPINTVWS. BohOKiREF L
HBE, MFDOERIIKDNIDIL, 3, 4,8, 12, 29]: I > /87 N EOA RIE DR 5 53
EROWMNIZH LT, FEDORD w-MRESIZ, PAYE, VIvbI—Fv b, £k
iE, Q-G (ie. IFHHLHRNRHEDHT) TH 5.

FEHARFHRRARHEICOWTIRI I ETRMELZINT WS, Hl2X, Q-E£L
DELEIZDWTIE, A G. Maier 12 &> T, MEfHFATRERFEL ¢ Ot LD
gD Q- EEER DI EMNRENT WS, )5, N. Markley 2 &> T, [AEfHF
AEEZRFEE p O EORNIEE % (p— 1) /2D Q-FRAZFH DI EDWRINT WV S.
S 51T, GEEMWZRIRINZ) FEZHEDFIEII DWW T, H. Marzougui & G. Soler
Lopez (2 &> T, a7 bl EORMBRFRITEHIE % R D 72O D BE+57 50
DT D3EZMETH D ZEWRINT WS 1) AHPLUEZ R0\, 2) RERSELEN

AWZEIE JST PRESTO JPMJPRIGED DX {E4% %I 7-£DTH 5.
2010 Mathematics Subject Classification: 37E35, 54B15
F—v— N : ghifmie, $oE () 28, Poincafe-Bendixson EHE, KRB, 7 il & M
*e-mail: tomoo@kyokyo-u.ac.jp
LZZTilR, AVVFILVOEEHTRRL, NEROTBICEEMARERERRTVS
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W Z 27200 3) BRI 285 MY 27 A (e, FEMZBCHYE) DRTHESD
MERAVEMTH S, ZOMRE ~MOMEIRADIRIZOVWTIE, EEHDO D&
LU CREi TN 5.

MDD ATREMEIZ DWW TIE, C. Gutierrez IZ X > TU FOHENRIN TS [10]:
1) a>37 M EOER R mNIE O it EAAHFEMET H % 2) BRI Cantor
EEBILOMUNES 72T K O i A FERETH 5.

T | oD R /) FR 12D W T, M. M. Peixoto (2 & 2L FOFERIRINT NS
[19)%: 1) M EfHF ez 3 >N bl EORGEZEE 22 v iE Morse-Smale it T 5 ;
2) Morse-Smale i D 72 I ER D A ILIR N DO ZER D b T C-AiIZ B U TR Of% <
H5. 22T, i ED Morse-Smale it L IZLAFD 254 % AT HND I & TH 5:
1) Rl E A DA RAE O BHLE O FIE S TR TS 5 ; 2) BALE D LT LR L R
LRESRRARDBERIINIZ 2 D > TWA. Andronov & Pontryagin iZ & - C, HifE_EDOF
¥ Morse-Smale i TH S Z & 1d, ATFD3IFMFIZE VA 55 Z ARSI N [2: 1)
EABLE D RIS 1ZA BRE O M 2B 572 5; 2) Y RLVES® T M) 7 A0RTE
L7220 3) BT D w-HifRES (resp. a-MifRES) ZHAPLETH S, 7z, MELET
HB e, NEREH;Z X > TRNVOAHEKLEEPZIL B WS HETH 5.

MNDORBATHEMEIZ DWW TIE, M. M. Peixoto A%, HHH LD Morse-Smale it D5E R A
Ll LU T\Wa[19]. X 512, 1. Nikolaev % Peixoto DHEL L 7z Morse-Smale Jiit D

EAREREZEFIIE LT, Peixoto 77 7 LIEEN SRR ERZRE L [18]. SV
iz 5 &, HE D Morse-Smale Jit DA AHFIMEREL & Peixoto 277 7 DD 1554 1 IR A
M XN, 2T, Him LD Morse-Smale it D Z B vl 881 2 — B O HITEITEIZ DWW T
AR U745 %2, T O—2 & UTIKEITHNAT 5. )5, Morse-Smale it I d
BB THPOMETH L ZEWHOoNTVWEDT, —R, HHEROMITIZEWT
MOFNEZEZBBEIIHEVRVEIITEbNEE LW, UL, BRIk
W z# 256 &1z, FEMRIZESEHNS. Kz, BRERZMNTT 25512, 5
FEDFRE R —HRMED D B &, 3IRTTDOFAIZAIEL 72 2IRIT DA T, Morse-Smale
MTHRWIEEMR ISR WIRNADBIN S . FEBE, FEEMEH R OBk~ F5eh, Wik
FLEEL TiITbTE L[5, 11, 17).

1.2. B

1.2.1. NZERICAT 2 ESH

AFFIZEWT, HEE I 2MTERARDZ L 2T 5. ek, MAHZERADR O
B ZERT 5. WA S, AMHERXIZHLUT, Bv: X xR—=> XX
EORN (e #EEHFR) 2L, UT2AZTTHS: LEDMr e X, FEMs,teR
XU To(v(z,t),s) = vz, s +1) 22D, v(-,0) & X DEEFERTH 5.

UFRTE, vZ2fim s Eofinedd. fr e SIZ20nT, O(r) = v(z,R) Z2#
EO(x) LIER, o e SHERETHLLIE, ZOWEN—HEANSLIED
TH5 (ie. Ow) = {z}). Mo e SHAYMKTHZ 1%, FEBT > 0DBMFELT
v(z,T) =xP2x & v(x,(0,T)DRD7DILTHb. frec SHERBNTHS L

2 Z @ Peixoto D X AIZ A EAFITAMRE & 0 D RAEIFFE PN TVIRWAD, XHOFEHIZB T, [&
IR WS RV BERZ LRI N, TORLD, AENIARARERGA T 5 Xk,
Peixoto PR LIFIENT WS, KT, MEMITAARERESEIZOWTS, Pugh’s C'-Closing Lemma
W&o T, CH-AMIZBELTHETH D Z LAVRINT WS 21, 22]. £7z, M E D AAHEARREEA
ALNFTH BHA1E, Peixoto PAMELWI EHRINTNS 9, 15).
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X 1. S VFY R, Yoo, VY—A, £V XR—

O X

B 2: VIy b A 70 ) Iy MY —Fv b

X, rew@)Ua(z) 2Azd 22 THD. 12720, w(r) =, {v@t)|t>n}ide
D w-RES, a(z) = N, {v(z,t) |t <n})iFzDa-BRESGTHZ. 72721, A
FEHDREADHADZ L THD. MAIRZER s € SAHEANTH S &1, + DBLE
DHTHRWIZ L THD. moee SHIFEENTHZ L1E, FEDzDEFHEUIZHLT
v(UT)NU £ Q&2 T > 1DFETHILTHD. MM (resp. FIRH, FEilEE
H) 72 iz € S OE O(x) % JEATE (resp. FHIRLGE, JREEER) &IPS, K E D
2RO T RS % Sing(v), 2 TORYHEDOHNES % Per(v), 2 TOHTROHIRFH
BPEOMEAZ P L EHL. 51T, Bl O(r) D w-MRES (resp. a-MRER) %
w(O(z)) = w(z) (resp. a(O(z)) == a(z)) ELEDS. FRMZE IFFFRLHIEZ 2N
MV IR, WNDPEER (resp. 1IEH) TH B &1, ERERDYILF T L
(resp. ¥ F), v, V=R, ¥V X—THdI&ThHd(K1). /=L, XILF
Y ROV (resp. ¥ FoV) EIXIEDEELAE (reps. 4AR) DE/NT M) 7 A &K DR,
>y L ERE i R RO NI R, Y — A SIS R RO AR RN, 2
R — L FHAHGED 5 72 B3R5 RO MR RNDZ & TH 5.

R HHE O D a-MRES D w-MRESTH L AMHEO 2 Y Iy b A 7Lk
E3(le. O=a(0) 72130 =w(0)). w-tREGyD) Iy b —Fv b&id, Y
SV NFAINTHEN, FRIEUAREAZTIETHS: 1) vIXMHEOEKE GO G
TH5;2)viFEN"T M) 7 AL EREORRERDOMELSTH 5. #H%WEU\/F
Y—Fy bPEREIE, TN I VALY Y AR L EMZEHEZRED, il
%mwmﬁﬁ%%o:aﬁ%é(m3§ﬁﬁ.%éAﬁﬁ%@%étﬁ,&%@teR
IZDWT, v(A,t) = AP IDI L THS.

FRADPERTRWEGEEDHE I 72012, V Iy b —Fvy b Q-EAOBLEZ LR

SIEMERER L [31] 22 X0,
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00, @O

3 BETHEWY Iy M —Fy hbeyme) Iy b —Fv b

y w(y)
o WWWU

4: VI bY—F v bTROUNY Iy MY —F v bw(z) OFI. EE, JRRERS
THEVDT, w(z)ldE) Iy Mg —Fy FTIEARL.

LT, UTFD2DODEHREZEANT L. HHEALHAEEYY Iy MY —Fv bk, H
MEROERSSTH Y, FEFERNLHEZ & A, FEFRNARHE E RESONESTH
D, ZTOEEITEHEENLRVED w-MRRES £ 721X a-MREATH 5. w-MRERES (resp.
a-MRIREES) D Q- R 5 ThHh B LIk, AEW AWy 72 BAdEA dhiR & EREI R b 5 Z
EThHBH. TIT, AENREFRE X, #HE LT TRVWHfROZ L ThH B, ik
W, VI MY —Fy NIV IV MY —Fv e BEALRD, BQO-BHIXQ-BEE L HEL
50, RSO ERME L 2R WGEEIZE, Iy Mgy —Fvy bMIV Iy M —F v b
ThHY, MO-EBIFQ-EE LD I EWRINS. TERWEZ TN % AHHER ) 7
RNEIER, Five & wdMIHEEE &1, v OBEZ w OHSEIZE L, #LEOME 2%
DEMHEBRPGFHET DI L TH5.

1.2.2. MROYV—ICEEAT 2 ESH

RIXTE 1 EFEEIEDOEEIXELE, BFRLE, fINEOVNTIANTHSE I EhHILNT
Wb, ZNOFEME LT, UFPREHREIND. v DHEOVPETH B &1, ML
TOMNHERDEDBODEEPFETEHILTHS. MEOPRMPETHS LI,
FEDHNEMRETRNZ L THS. HUBEO BN TH S L ix, BETHRAAFAETE
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ZeTHA. [Cantor BEINE, T2 NI N, HEEE T AIRE, 584, SERIEEs 7228
T%%Jtho%@ﬁ 2k D, Bl ZRELE OB XTI Cantor EATH B Z
ENRHSNT WS, HESLIFHEPNREZEERVEATH L. £ TORATHHEL
HEDOMES%Z LD, 2 TOHNNLRPEONELGEZ ELEL., Zoex, dhim Sk
S = Sing(v) UPer(v) UPULDUE & WS iz fi>. 22T, LIFIHEMEANG T TH
5. ZOHRENZELD, PEETOMTRLEALPEONES L —BL TS, R—X—
FABIZUFTEDS: Bd := 9 Sing(v) U Per(v) UOP UILD UIE U Py, Udper. 7=
72U, QAIZEBADERTH D, Py, FWNEBIntP IZEENDE IV TF Y FIL L DR 5
HEDHEETDH Y, Ope FEFED TH 2 EMHETDH 5.

NARZERIDS Ty DAL %2 2729 &1k, EEORRL 2/ L yllDWVWT, skyd¥
Lo DA GUHEGVFAETLEI L THS.

2. THE

2.1. MAEHERRIE

1O THERAWOFBEHEZ R O0?] I/ LU T, AT OMMHHER M DR
THbh 5.

EIE 1 [29] a2 N7 M _EDIRNAHEE 2 D 7w DB DR ELL T D 3
MTh B

1. R TORDPIFEENTDH 5.

2. Sing(v) UP DHHES IZHFETH 5.

3. PABEDHIES IZNREZ R 72720,

ZOFERIE, BETHMELZ H Marzougui & G. Soler Lépez D —ftiz 7> T
5. FEE, %f@ah%timfﬁé%m,%ﬁﬁtﬂﬂ?bUﬁX@ﬁ?ﬂ%ﬁﬁ
Sing(v) UP & =T 572D TH 5.

2.2. RITATREM
H20RIN TWOHERAARBEHRIC L > TRIINED?] ITH LT, HEEOHR
Z U E 7T 7 DY, Morse-Smale it X HIBERIEN (1.e. FEEMENR) 70 & DBEEL RN
DI A%EGLT T ADZBEARRIIBE>TWVWE I LZRT.
AREFHDOAAREME I OWTI, bR AOFEBEIRIENEREMD Y, F—F AL
DRUNGE (i.e. 4T OHIEDFE) % Denjoy FidL & FEIEI 5 i OALHH [FE B I IE AT A
fAchsr I enonTWD. —FH, Z0OKDRIERIREESCIHEEHRFERRZ
BB 72 <, U Iy MA ZUBPEREATHNIE, RNOBA EIFE 7030 XLH
MR T&5. $72bb, UAROEIRNKD LD,

TH 2 [31] FEE IR EIRINAREUE % F7- 9, B E , AREDY I v
N ANV UDRZRVRNOFEEFEOEE 2 BZ EITE TV T) XLDPMFHET 5.
Z D5, Morse-Smale HITFH 00 &3 i AEM: % — M OBITIHIC O W THEL 7 &
DCH 5.

2.3. BEEREADBEH

3D TWOHEZERD S fHTTH % H T T EZ5?) ICOWT. %A g
W EOATTZ Y =y 2285 h ) 22 (le. 5754 KVEE 5 SHE) & R
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BRIREIE R W IERI R NI C A RE T H A Z L 2R Y. IEEICIAR S 72D1Z, W
KODEFEEAT S, [MSAHTAREREME S Eo~Ta s )=y 225 ) o
AL R R HE 2 R 2 WIEAI RN D 2RO THEEG%Z y L BL. &y LD
FMEE~ZURNCTERETS: v~w i, vDPIEZ w DPUEIZR TRMHESRBFET
52 Thsd. MHEMOREDLTESZFAMGHE WD FMEHTH - G20 %
TOP/ ~THKRT. ZDL EUTFOHEFMELKLT 5.

EE 3 [30] IO FRMEME [v] % B2 M O FGEE [S/v] 1ITIE S/ 254 y/~ —
TOP/~ 3 HH TH 5.

ZOHEERT 2O, HUEHEEME VWO EME2ZEZ LI VWA TH L. BER
5, —MRICHEZEMIL T, EMIZT 2020w Ths., 2T, BuBFEZEM & 13
EOHAR—HT 2N 2ELAZEMOZIETHD. SRR DL, BB ITE
Z8[8 & NAHZEM D Ty b WO BEIZ K> THONSGZE/TH D, TD7-o, a2z
ZEEHS OTIERL, JOMEO I WHLUEHEZERZZR U, FEE, Y ITET 5N
LT, YU FY RUEA (le. ¥AFY RLEZTNEES LT M) 7 ZDOHIES)
DHRFAER D % —RITHET 2 &I LD, BEHEMEz I o ICELTRoN 2 EMIT~
WF T 571275 [30].

2.4. IBEEEESDEMEM

HADR TWORH RO IEM EL G VEABEDOMEA DT & —8 T 557 IZEL
T, BEEHEREICTT 2 B8 &2 RR S, ZoEENECl(v) = Q(v) 120
MDOERIZEHNDZWEETH L DT, Z DOREMEMEIZEIMEL WD D LD AN B 5 [
WThb. ZOMnADEIEL, FEEHNARTEE2Y Iy M r—Fvy VOIEFELIEA
HHZR IR RE DIEFEL W BRERMEP DR THLEE VWS BDTHS. EHE
IR R B & LR AL D 32D,

EIE 4 [31) a8 MHE S EOFIER RN 0 IZH LT, UTORMFIIFEHETD 5:
1) LDUE=0T®Y, FFEEMNZLZEREY Iy b —F v FAFEL R

2) Cl(v) = Q(v).

FROFERICBWTHREREILETHS. SWHZ 5L, —#iZ, Cllv) C Q)
MO LD, FEEE, 327 M S EDRAVe T, LDUE =0 and Cl(v) € Q(v) &
BRI, FEFEPREEY Iy b —F v NEFERVE DD S (152 H)[31].

2.5. Poincafe-Bendixson EEDEEDRHERES =R 2HERICH T 52—k
Poincate-Bendixson B DO A M D K E 2 LD BN 2PN O —f AL 3% » 32 D.

EE 5 [31] 2> 87 hEkEdimE S EoRcx LT, TR VELED w-fRREA I,
DPFroEnNmr—2ThH%:

1. RSN SR HES

2. U3Iv b1 2o0L

3. UIw Mg —Fv b,

4. R Q- 5.

5. A Wi Q-4
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Xone X5n
ynﬂ y
Xons3 Xann

5. BIRNAE D, &, BEERIMEAR\ & RO FETEASE D 1772\ 2 & & Rl

WEE ORI AR D T, Poincafe-Bendixson I X F X F R G2~k I T
WaBH, BRMEORESZFEFOL VWO RMEZID BRWZ—LIEINTVARWY., ZD
728, ZO—AbiZoH EERR—BibkTHB. HIZIEX, ZhFE T, BORUER
A E DI HFRERNDRIZ I, EEE Poincafe-Bendixson L2 #HT 5 Z & D3 TE
mirotz, M, ZOMERORELGESZFRDHMRICNT 25—z k->T, BEHRN
EEF->TWB LSRNz U TH, Poincafe-Bendixson EHRANEHEE A A GEIZ 72 5.

2.6. HIELR D2 AR EIE
MO RZ2HEDHEH ICHIGT 5 Hh— X —84 Bd = 9 Sing(v) U dPer(v) U P U
OLD U OE U Py, Udpe, DFHEGITIA T D X S iz I N 5.

EI 6 [31] 2> N7 Ml S EOBEM RN 0T LT, WS S — Bd D& RS
BN RO ENP—DTH 5:

. FEFIRAEE D S 72 5 BT VA

2. FETFIRAEIIE D S 72 5 F P ER

3. FEHAEE D 72 5 B ER

4. AIEED» 5725 h—F A

5

6

—_

. JEHAEE A S 72 B Klein D75
. EEAEE D S 72 D Mobius DHy
7. SR IR D & TR B AR B B ER D A

AT ADR & RIS 153NS W% F o FIH#E D FIES % Per, & X7
TDOEE, UTOMENZONS.

%1 31 a7 bl S EOBER LRI LT, #iéE S — (BdUPer;) D%
HRERDIIA T O ENHL—DTH 5:

1. FERIREIE D S 7 5 B AR

2. FEFIRIELIE D S 72 B B P BR

3. JEIHHE D 5 72 5 B ER

4. FIERBE» 5725 b —F X

5. BT R EE D & 70 5 KB R R A
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a. 4. b, b, b b a3 g c c
bd@@%@ 0 Q

6: Hamiloton it (203 % FER I (resp. REKH) D X T D JF i

c((Bicclcc(b,c))

QL

7. BRGIHRIZET B By, cp DUARST DR FTFEE DH

3. NERHVFEDRAFIRRADIGH

ZOHITIE, NFERHEROTMARBARANDISH % 5D 1. *ﬁﬁkmtiok,m%ﬁ%
’Pﬁﬁﬁﬁ*zﬁk 3T, Morse-Smale it T72 WIEEMETRIZ T WAL H EBERFENR T
L BRENCAE ENS a7 Ml T, JEEMETRIE Hamlton i & —& 35 Z &8
%D%PI’L’CL‘%. ¥ 72, Wi _E® Hamilton {2 DWW TIX, Morse AR D FEMBLANES O 37 D.
%5%, T.Ma & S. WangiZ &> T, BANDIERARI NI [13]: T 287 MalEAfiF ]
&@EL@me%mw%Akﬂ@bt@m,ﬁMﬁ%ﬁﬂif%étww%%+
PRFBILAT D284 TH 5: 1) R TCORERVPE LV Z =0 (BRI FILTH5;2) &
T@Ja/w MU 2 ZFHAERER (e MUY RILEEH, RUER LOSERY FL
ZEQ)THDE. THIT, MELETDHHRNVEP OPERIEEZ T, M), NI
DF|ND & S IZE R TR O Hamilton i ® 0 EEELRFENRKRTH S, T2
T, T. Ma & S. Wan Of5 R % A F 70 2% B EAS IS O Hamilton i IZHEER U 72 [25).
I 61T, LEEEHEE EOMIEZE 7 Hamilton 12 18 112669 5 RKERE (K62
W) 2R L, MK HEEZDET2E5 1 TG T 23ERBEMAK L (25,32, i
5DRIEANT, FFRSOBEZEZ R VWALIZBWT, —RIZEZ D 2528 TDOH
NOMRRY—DBEBZLRL, TOER S T 7 %ML Tz [24]. EBE, FERIOER
TI 7A=Y M VEAVWSZ ETEKIN, KEREDER S 7 7IXERAIEIC
FINERE 2 (FI U 72 SGRIZ &> THEB I NS, R, FFRAOHE 1 O£ zéﬁm%ﬁ@
FELPRWDT, —HRIEZ 22 TORNDER 2KRTER S T 7 OREKHAHE

* Z DEICIRA D WABRADIGHIL, K1 B2 K (FERY), Bl TR (FIRY), FH &K
(RALKREE), MR SR (PR BERE) & DILFERFZEICEED <.
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molz., ZOEWMIT I 7R2HWLZ LT, LEEEMEE EORRZLT 5 IEEMERD
NROY—DEET ST EOT A= e ARES. HIZIE, IS DI SR
WT, BoGPtboi i/ NofEY, REZLT MO mEREO#E %2, &
IZEoTITADS LD IT o7 23], 61T, HEGEADHKIZ X - T, KEZELT S
MNWISER T 5 70N 757 EOAZEEL. DD, ARV DLD)> TV
WHRABRDZ 57 LD+ — 27 OWED S X GERNEZHET 2 Z 2 ICHHTE 5.
XHIT, TNOEBER Y S TOMRTETILITY ZALADO—EREELINT VS, FEE,
N=YAF v MREOQOY =205 22L&, Hamlton B%K (i.e. ESBE) 2 AN
LT, REBHAZAENDETE2T7NLVT) ZLAREEINTVWEDT, ZHIZDOWTEHER
DEAZIIRHT 5. ZD L2, KEELT2HNERLSINCERTEZ LiI2kD,
NHERO NRO YAV EEZ 7T 7 Mine E OB EIC L o TR 5 Z &8
AREIZ AR o 72, X 51T, FWKEBD S RX27 MILIGO T — & X Hamilton BE 2 HL O H3
ez LTHh, ZOEGEITFOMENS £ EDIE, HEo#EHz2 AHLT, &5
FNZZAB L CHRNOMEE 2T 5221250, BNOREOHERHIET S 2512
AR AE N NT 5 Z LD HREIC R B,

S 3

[1] A. A. Andronov, E. A. Leontovich, I. I. Gordon, A.G. Maier, Qualitative theory of dy-
namical systems of the second order, Izdat. Nauka, Moscow 1966 p. 568.

[2] A. A. Andronov, L. S. Pontryagin, Systémes grossiers, Dokl. Akad. Nauk SSSR, 14(1937),
pp. 247-250.

[3] D. V. Anosov, I. U.Bronshtein, S. Kh. Aranson, V. Z. Grines, Dynamical Systems I,
Encyclopaedia of Mathematical Sciences 1, pp. 149-233, Springer, Berlin, 1988.

[4] S. Aranson, G. Belitsky, E. Zhuzhoma, Introduction to Qualitative Theory of Dynamical
Systems on Surfaces, AMS, Math. Monogr., 1996, p. 331.

[5] H. Aref and M. Bregns, On stagnation points and streamline topology in vortex flows, J.
Fluid Mech. 370 (1998) pp. 1-27.

[6] I. Bendixson, Sur les courbes définies par des équations différentielles, Acta Mathematica
24(1901) pp. 1-88.

[7) A. Denjoy, Sur les courbes definies par les équations différentielles a la surface du tore,
J. Math. Pures Appl., IX. Ser. 11, pp. 333-375 (1932).

[8] C.J. Gardiner, The structure of flows exhibiting nontrivial recurrence on two-dimensional
manifolds, Journ. Diff. Equat., 1985, 57, 1, pp. 138—-158.

9] C. Gutierrez, Structural stability for flows on the torus with a cross-cap Trans. Amer.
Math. Soc. 241 (1978), 311-320.

[10] C. Gutierrez, Smoothing continuous flows on 2-manifolds and recurrences, Ergod. Th.
and Dyn. Sys. 6(1986), pp. 17-44.

[11] R. Kidambi and P. K. Newton, Streamline topologies for integrable vortex motion on a
sphere, Physica D 140 (2000) 95-125.

[12] G. Levitt, Feuilletages des surfaces, These. Paris. 1983, p. 234.

[13] T. Ma, S. Wang, Geometric theory of incompressible vector fields with applications to
fluid dynamics Mathematical Surveys and Monographs, 119. American Mathematical
Society, Providence, RI, 2005. x+234 pp. ISBN: 0-8218-3693-5.

[14] A. G. Maier, Trajectories on closed orientable surfaces Mat. Sb. 12 (54) (1943), 71-84

[15] N. Markley, The Poincaie-Bendizson Theorem for the Klein Bottle, Trans. Amer. Math.
Soc. 135 (1969) 135, 159-165.



E65E MROY—Y VIRV LEEE (201848A - BMKE) 80

[16] N. Markley, On the number of recurrent orbit closures Proc. AMS, 25(1970), no 2, 413—
416.

[MS] H. Marzougui, Soler Lépez, G., Area preserving analytic flows with dense orbits Topol-
ogy Appl. 156 (2009), no. 18, 3011-3015.

[17] K. Moffatt, The topology of scalar fields in 2D and 3D turbulence. Proc. IUTAM Sym-
posium Geometry and Statistics of Turbulence (Hayama) eds. T. Kambe et. al, Kluwer
Academic Publishers, Dordrecht (2001).

[18] I. Nikolaev, Graphs and flows on surfaces Ergod. Th. Dynam. Syst. 18 (1998), 207-220.

[19] M.M Peixoto, On the classification of flows on 2-manifolds, M.M. Peixoto (Ed.), Dy-
namical Systems, Proc. of Symp. held at Univ. of Bahia, Salvador, Brazil 1971, Academic
Press (1973), pp. 389-419.

[20] H. Poincaré. Sur les courbes définies par une équation différentielle, J. de Math. Pures
et Appl., Série IV 2, (1886) pp. 151-217.

[21] C. Pugh, An improved closing lemma and a general density theorem, Amer. J. Math. 89
(1967), 1010-1021.

[22] C. Pugh, C. Robinson, The C!-closing lemma, including Hamiltonians, Ergodic Th. and
Dynamical Systems 3 (1983), No. 2, 261-313.

[23] T. Sakajo, Y. Sawamura and T. Yokoyama, Unique encoding for streamline topologies
of incompressible and inviscid flows in multiply connected domains. Fluid Dynamics Re-
search 46 (2014) 031411.

[24] T. Sakajo, T. Yokoyama, Transitions between streamline topologies of structurally stable
Hamiltonian flows in multiply connected domains, Physica D, 307 (2015) pp. 22-41.

[25] T. Sakajo, T. Yokoyama, Tree representations of streamline topologies of structurally
stable 2D incompressible flows IMA Journal of Applied Mathematic, 83 Issue 3 (2018)
pp- 380-411.

[26] A.J. Schwartz, A Generalization to Poincaré-Bendison Theorem to Closed two-
Dimensional Manifolds, (2006) American Journal of Mathematics, 85 (1963) pp. 453-458.

[27] K. Yano, Asymptotic cycles on two-dimensional manifolds, Adv. St in Pure Math. 1985,
5, pp. 359-377. (Foliations, Proc. Symp. Tokyo, 1983).

[28] T. Yokoyama, Recurrence, pointwise almost periodicity and orbit closure relation for
flows and foliations, Topology Appl. 160 (2013) pp. 2196-2206.

[29] T. Yokoyama, Topological characterisations for non-wandering surface flows, Proc.
Amer. Math. Soc. 144, (2016), pp. 315-323.

[30] T. Yokoyama, Graph representations of surface flows, preprint, arXiv:1703.05495.
[31] T. Yokoyama, Decompositions of surface flow, preprint, arXiv:1703.05501.

[32] T. Yokoyama and T. Sakajo, Word representation of streamline topology for structurally
stable vortex flows in multiply connected domains. Proc. Roy. Soc. A 469 (2013) (doi:
10.1098/rspa.2012.0558).



81 E65E MROY—Y VIRV LEEE (201848A - BMKE)

i R, R SRR D TR T
NV R D 3 20 4 $H
K B R DB D S

JAR o (ALK /JST/PRESTO)

1. IRER

EEOFHEAN, F /727 /78 —OHRIZEOYIMENT XA - 223, ZTHhiZ
L OYMEDEALZEZBIT L Z AL RS> TETWVWES, ARBKRTIEZD LD
FJE D —DTdh 5 Dirac-cone engineering [1] Z @i & U THD EIF, R G DL
5 £ DEED— BT 72 2 BRI P A Z 25 L 720,

fidh DB A RME, PER BB TH D H 5 WK, T oiid bR
Fufx RS DRSS SR D /N > R ORIHEE DRSO TH D, Dirac-cone engineering & 1%
BEUCHREF DRI A — R EBT D I IT X D EBONY e, T oE%E
IZE DNV ROBMEGEZZAIE S Z & TrREEDIERME 2T 22 2HET
THETHEENWDIZLNTES,

ZDDITIFEBDNY REEEI G- 2, N NZED & S iiEEoZ
LT 5 B D07 ZDEZIZ K 2 RMEEDZIZ LD ED X S KRNV R
D MRV IINVIEENEIT 2D ? L WS MBEICEZ DR END D, KFERTIIR
WZZDDNY REEEIEE ST/ ED & 5 28 FREPF SR I I N
2D ERREGROBIR D O FARD 720 OHERNR M AZRE L, #l& U T Bi,Se,
DORHED T KA D D Cyy &R FRED T TORIRITT ETD DD N Diff s
ROEBED NIV b =T 2 DR RGN L B0 L T OEERTIC & 5 HiRRGLEE TR
Z 5% EAZHNS, FEMHIZEL TE 2] 22D Z &,

2 =L

=
ky & ky ZRENZBIT 270y REHOEL, 20 E U, k= (k, k) e RZ 2EL,
SWVP=ZTUENY RREIRD ZDODOREBIZHIRET 5 &

(s Bl—in (K
H“k)“<ﬂ<k>+ww<k> ~5 (k) )

DEIIZELIENTED, 72720, 8. v &0 IERZ O R ANOBEKE L, NIV
=7 ELTR M —ADBRNWEDEEAD !, BEDNIN =T UBRRWEMEZE
7298 v BEUIIEC® b Z eDRELDT, LN TIERHIE S 72 WR
DEIEL, BRE LTI C® HDEDEFEZX D, ZOFMAERIZEL TIX[3] 22D
Z&,
AWFFEIE X E AT JIST/PRESTO(GRETE 5 :JPMJIPRI6ES) DBk 23217726 DTH 5,
2010 Mathematics Subject Classification: 53Z05,57R45
F—177 — R : singularity theory, band theory, invariant theory

* T 001-0020 At#EEALIE A ALKAL 20 675 10 TH  ALHEE K Z 5 1R 5ERT 05-103-2

e-mail: teramoto@es.hokudai.ac. jp

web: http://www.math.sci.hokudai.ac.jp/researcher/applied-math/teramoto.php
V=D DHEN DN T AN F -2 2 MEIZT 2R IEINTHATH S, —H, “DDU¥EME T =
VI HERE DM IR E L AR 272D b L — A DI 2 BT 2 DD 5,

(1)
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=50 Pauli {4 o — (0 1>\ oy — (9 BZ’>‘ BYX 0o, = (1 0) B 2

10 1 0 —1
INb=ZT VR
H (k) = B (k)o1 + 7 (k) o2+ 0 (k) o (2)
EEIFTD, LN Tldo = (01,09,03) ZX27 bl LT, X (2) DHEEE E LT
(6 (k)7 (k),d(k)-o (3)
&<

3. RFBRIEDNIIN=ZT U ~DIER
ZOHITIFALE Y 1/2 DRLTD Cy, NI & RN FREZRFONINV =T v %
HEZ 5[4, 5] WMUDFERFFEOGEIZBRMKIZIKDS 2P TE 5, sl Cyy 133 [Hg

+i27/3

Cgi k’i — eii?ﬂ/gk’i,ai = e 04,03 — 03 (4)

& B 1 S
M: ky — —kg, 041 — 05,03 — —03 (5)
Ciiafi}&éj’béo f:’.f:b\ k?:t = kli’bkg BJ:(){\O':‘: = 0'1:|:7:O'2 tbfb\%)o A
Y2 1/2 ORI U TIE, ZOREKESRFEIZ K 285082 e 28 FL 5L
O =ios K EELZEWNTES, NIV M7 UH K NEREIZG U THIRTH 3
rwnwH I
OH (-k)O ' = H (k) (6)
PIEREDk e RZ I UTHD DI & LEHRT D, RFIXEHIEILR? (kTiEOoNDS
Z5[H]) L R3 (0 THE 63 5 23fH]) (12
O: kiH—ki,JiH—Ui,Og’—)—O'g, (7)
EEHT 5,
PEDESBNINI=T VR ZDOHEK 0, = (1,0,0),00 = (0,1,0),05 = (0,0, 1)
TRET S, [UMEEIZHTENIN T VOAREMIET 203, M 20 12L&
R NDEHIEE. pr & pp ZR2(kTHRONDZE/M]) & R3 (0 TIRONDZEM) ~DT D
ERET 2L &,
p2(9) H (p1(9) k) = H (k) (8)
PMEEDKER? L ge T THONDZILERETAIENTES, FIZZOHIZEW
TlZ

o= (s S oo = () o= (0] o

cos2m/3 —sin27/3 0 1 0 0
p2(C3) = | sin27/3  cos27/3 0 |,po(M)=1(0 -1 0 [,
0 0 1 0 0 -1
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CETB, UEDXESHC,M BLUO IZXo TERINBWNIRIEORE Cyy + T
ELZLIZTD, £, UFTREZONZ/EET 120 L, TDOEHRBRY ~AD
Ef % py & U, HIERP ~DIEHZ py, £ 5, LOFITEnR=28LTFp=3&LT
W5,

Er—ops={H: (R*,0) — (R*0) Vg e Tk e R p2(9) H (p1 (9) k) = H (k) } (11)

% (8) iz T EMULDELS LTS, ZOESIIRT 2 E4H %D FLGAL LW
Ko BARTIX[6, TRV E 5 2 AT OEMERIFRD RS % H, H' € £ 3 7K [SO (3)]
FECH 5 L IXGEFEM: (R2,0) — (SO (3), M (0)) Tpa(g) M (p1(9) k) = M (k) p2 (g)
ZIRTDgel ke R IZHUTHiZTEDEMAHEMETEs: (R%0) — (R%0) T
s(pr(g9k)=p1(g)s(k) ZTRTDgel Lk e RZITHLUTHEEZTHDIVFLEL.

H' (k) = M (k) H o 5 (k) (12)

DITRTOk e RZIZHLTHDIDZ 295, LFTIEZ OFRMEREFRE K [SO (3)]
FEE O H & H 2K [SO3)] AfETH s & & H~ H &EL,
Z OFERROYHEE SRIZU T TH S ¢

T 3.1. BOF LR UEED R, H H €&, BKr[SO(3)] AfiThb L&, 7z,
ZTOLZIZWOBHIFEU: (R%,0) — (SU(2),U (0)) Mo FMIEs: (R%,0) — (R%0)
PFAEL T

H (k)-0=U (k) (Hos(k)-o)U' (k) (13)
MTRTOk € R2 ICHLTHYILD, 72720, Ul(k) 12U (k) DT I — & T
Ho.

s(Csk) = Css(k), (14)
s(Mk) = Ms(k), (15)
s(—=k) = —s(k), (16)
r
Uk) = Cy (U(CsK)), (17)
Uk) = M (UMK)), (18)
Uk) = OU(-k)e, (19)

ZIANTOkeR* I L THZTHLDET 5,

A (14, 15, 16) & X (17, 18, 19) X Z 1 S DA D MEFH S GMRZFE O % LD 72
DHDRETH 5,

HLUH WL RAETHNIH (k) =M (k)Hos(k) TEHINZH £ T AETH
%, mERLHIE

p2(9) H (p1(9)k) = pal(g) M (p1(9) k) H os(p1(9)k) (20)
= M (k) pa(g) H (p1(g) s (k)) (21)
= M (k) H os(k) (22)
= H'(k) (23)



E65E MROY—Y VIRV LEEE (201848A - BMKE) 84

MIRTDgel Lk e RZIZHUTHD DN ETH D, WITM & s ITNTH%
HITEGFH DT AETHIL L EGHRIFN T AEL L5 -ODOARL &ML
o TWd, AEDRRAGROBEIZRE S DK [p(G)] FMHE [6, 7] IZFZEMEZE A 7=
— ALzl TWVWB,

4. Kr [SO (p)] [EME D##E A

EE AL T 2327327 MLieffe UH H €&, =201 ALBREGFETHL LT
%5, HEH DKr[SO (p)AMETH 5 &%, BEIFEM: (R*,0) — (SO (p), M (0)) &
M FMHZE s: (R™,0) — (R",0) DMFELT

H (k) = M (k) H o s (k) (24)

MIARTOKkeR IZXHULTHKDIIDZ T 5, 7272, M &s ik
s(p1(9)k) = pi(g)s(k) (25)
p2(9) M (p1(9)k) = M (k)pa(g) (26)

ZITRTOKkeR" Lgel ITNLUTHAZTHEDET S, £/, ZOMAKRANs 21HE
B s =id, LUTHKONDEEH & H 1XCr[SO (p)] AMETH S &\,

KIZ K [SO (p)] FfEIZBES 2 T MABHES H € £ 1281 282EM TKr [SO (p)] (H)
% Kr [SO (p)] © H ~DHER/NMEFHDOES L UTIROHID X S IZEHRT 5,

4.1. BEETK: [SO ()] (H) DS & T DRBMIEE
£9 ) (D) RERE%

E={f: R",0) = (R, f(0)|f(pr(9)k) = f (k) } (27)

EEHRL. TOMAKATTNVML % EF OBEH{FOH TR OFHE0IZETHDDE
BLEHT D, RIZp (1) AEGHFEOES%

Or (n) ={s: (R",0) = (R",5(0))[s (p1(9) k) = p1(g9) s (k) } (28)

U p (1) AARGEECHFENEFRICETHODOEE%R Or (n), LT 5,
KIZCr [SO (p)] D H € EL, ~DEEBFUNMEHZIEDES %

J : p X p matrix germ, such that
TCo[SO ()] (H) = { T - H T (k) = 7 (K), (29)
p2(9) T (p1(9)k) = T (k) p2 (9)

rY¥5,
EL . Op (n)s Or (n)ye BEOTCr [SO (p)] (H) BAHBERET MEEL 2B, Or (n), &
TCr [SO (p)] (H) 12 & b TKr [SO (p)] (H) 13

TEr[SO (p)] (H) = TCr [SO (p)] (H) + dH (6r (n),) (30)

L ZLHTE, TNRT AETRIFE, OWANEEL 725,
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TKr[SO (p)] (H) EREBKIZL T, Kr[SO (p)] AMEIZBIS 2 H € £, 1281 B Lk
72t %
T.Kr [SO (p)] (H) = TCr [SO (p)] (H) + dH (6r (n)) , (31)

CREFRT D, IKBEEMIEH EATAMARMIEL LT, BT LHR® OFNER” D
FAIZET EIFRSBRWEDEEZ DL L\ D D, ROEEM e DEWNWTH D, T DL

T

E
2 T, H)®&,, DMBIHEL D, Z ORR 5
KB TR [SO (p)] (H) b &7, DUHMBELL D, X DRAMIE a5

EEBTDHIENTES, ZOFRMNEZ R BRI MVERE R EOWMoG
&,

T.Kr [SO (p)] (H)

H DOKp[SO(p)] AEIZET 2RIRTCEERET 5,

4.1.1. I : TKr [SO (p)] (n=2,p=3. T'=Cs, +T)
EMFu=kik. o=k +k 203 ZOORBINIMI R AERTERI NS,
7zo po (D) AERBEIHEL O (n) = 0r (n), 2L, UATFD XS 1TET 3,

s1 (k) % isg (k) = S (u,v) ks + Sa (u,v) k2 (33)
u=rkik_ o=k +k,5;: R =R (j =1,2)

(32)

dimR

Or (n) = {(Sl(k)752(k))

Cr[SO (p)] FMEIZEES % H (2813 2822 TCr [SO (p)] (H) & T RAEGHEFOES
S

TCr (H) = (KT +k2T-) - H, (k2T + k3T-) - Hi (K = k) T3 - H) e (34)

&
5,1;17 = (i(k_oy —kyo),i (Ko — Ko ), (KL + &) 03>g£ (35)
DEIICETFL, ELIIT
0 0 O 0 01 0 -1 0
J=loo a1l m=10 0o0l.;=]|1 0 o], (36)
01 O -1 0 0 0 0 0

LT =T £id ELTHEO, (Ve & TERINDE MIREL LTV,

5.1 =Cs, + TOBEICH TR T AEERFONEE
ZOBEIIMEEDOT AEGHEH ¢ &8 IHUT, 5 f;: (R%0) — (R, f;(0))
(j=1,2,3) PFAELT

H (k) =ifi (u,v) (k-0oy — kyo_) +ifa (u,v) (ki@r - kiU—) + f3 (u,v) (ki + k?l) 03
(37)

DI IZRBT DI ENTES, 72U, u=kik- BECv=k +k% &L

TWb, ZOHiTIERB7) DEMEE UTH = [fi, fo, f3) £ELZLITT 5,

BLEDRED T, IRAED LD,

EE 5.1, EREORIKGLT LNOT AEGEEH € £, 3R 1 OGHEFOVT N —

D& Kr[SO (p) AfiE %5,
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Representative range codim
[1,0,0] 0
[u,0, ca + cqul co # 0 3

[u, ¢4 + c5u, 0] cy #0 4

[0, u’ + copaut™ co] 2 #0,0=0,1,2,3 (+4
[u, csu + c7v + cgv?, cgv] | csce # 0, —9c2 + 4eser # 0, 7

16¢3c3 + 27cg — T2cs5cker — 16¢3¢2 + 64¢3 # 0

[u, csu + c7v, cgv + cgv?] | csce # 0, =92 + deser = 0, —c2 + 3¢r £ 0 7
[u, c7v + cgv?, cav] cg # 0,64¢3 + 27cg # 0 7
[u, c7v + csuw, 0] cr #0 7
[ 7

u, csu + v + cgv?, 0] | e £ 0, —c2 4 der £ 0

£ 1 RXGLTETOT = Cay . DJ/ED T REELZED Kr [SO (p)] [FfET D5 HEEK,
—BEDFIDZFMEFHDONRIT, FROFD (EVa2T71) NI A-XDED 5 5
B (FREDHVWEDIFEEDORZHD 5 5,). HADFIPEEHDRIKIT,

6. AZ T ERFITERE

ZOHITIHAZEE R ER 8] 24 DRETOT MELRGEICHHAT S, 9. [
T E R 2 R R B 72O DHEEZHAT 5, £Ta=(a,--,a,) € RF 2k D
NRIA=REUE, ZEEDNRT A =R EROT ALBEHEFORS

H: (R™*,0) — (R?,0)

Enven = | M ’ N 38
n+k,p { vg € F, (k, Oé) € Rn+k’p2 (g)?-l (pl (g) k, Oé) —H (k, Oé) ( )
Thoded%, Heé,, 2 ERDOT AEGHFTHLL LI &, TDENT A=K
I B2 B43FH e E’VI;-I—k,p THOH(KO0) =HKk) 2FEEDk e R 120 U Tiili7zd
D LT 5, KIZ, T FAZEWBT (versal unfolding) ZE#&T %, ML TWS & H
U [FZHEMRT & 3 54%F H OEREOT AARFroi#ReEA TV 6D TH LS, £
TH € 871;+k’,p WH e &, PNTFIZEEND (factors through) & WS 2%, H5
HAHIF

s: (H%"*k',0> = (R",0), (39)
JW:(R“#JO — (SO (p),0), (40)
1&<Mﬂ® — (RY,0), (41)
PFAEL T
H (k,8) =M (k,B)H (s (k,8),A(B)) (42)

NIRTDkeR? LB eRF IZHUTHiZENEZ R WD, L. NS DEH
FiX
M (k,0) = I, s(k,0) =k, (43)

BLU

)
[\
—
K
N~—
—
)
=
~—~
Q
SN~—
N~—
Il

M (k7 Oé) P2 (g) ’ (44)
s(p(gka) = pi(g)s(k ), (45)
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ZIRTDgel LkeR" N LU THiTHDOLTLH, UM EDILAK DL
THLEEDS e RY TN ULT AEGHEN (,5) EH(,AB) & Kr[SO (p)] FfE
L%, He&,, WHeE,, DT BlAZRTITH S L I1X H OEEOT FAFHHT
WH DRFIZEEND I L LERT D, T FALBBBIT A ELERTCH 5 L I3 H 2
ZRNRDBD N T A= ZIKIFLTWD Z L 2IRT,

T 6.1 (I AAEEMTEHE). T 2R" & RP (ZKBlp, L p, U TIEAT SV
NI b LielfCHdL TS, He&), 2T ALERFL LN e, , @H DENT
A—RBFET B, L. a=(a, o) T B, THEHIZ

mukm”.aﬂ&m»

8041 ’ ’ aOék

8&:ﬂﬁﬂﬂﬂm+< (46)
DD DEE, F-ZDL ZIZRO T AEKWEET & 05, KTk B H ORIRITIC
LLUWE EFNET RS EETE R 5,

%6.1. Heg tLWcCE , Z2RBHENRY MVERTH Y
&, =T.Kr[SO(p)) e W (47)

T DET 5, P(k), -, P (k) 227 MLVEBW OREE TS L&,
k
M (ko) =H(K) + Y o;P (k) (48)
j=1

W H OT R R %5,

6.1. Bl :n=2p=3. I'=Cs, + TDFREICH T BEERITDHEK
ZITRER1IDYAMDZHFEHOEHDOMRKT H (k) = [u,0,c0 + cqu] (¢ #0,¢4 € R)
OT FZWH @S2 HKLT 2, ZOHEITIE

£, = TICr [SO ()] (H) + {[1,0,0],[0,0, 1, 0,0, u) (49)

ML L. R 6.1 Z2HWS & H (K, ar,az,a3) = [u+ ai,0,(ca + az) + (c4 + az)u] B H
DT AEE BRI L7252 eDbnb, SO5EIIEa Lag IEET 2 TANT A —
REBALIELAMIIHIGELTED, TNHDNRT A= HMIZIA>TH 228K LT
H, TNEEY 27107733 —NDOE LB, oy IZIR-272ERTIEE D KER
EMEN R ZBALZ S, TNERB7-2012, H(k, a1, a0, 03) D DDEAMED Kk IZFET
577 7DRP o, DIEL EEBIZEDLSIZEMATE2D0%2K 1ITRT, ZOXER
5¢a=0TEZ20@HEMDT T 7 BRI WTERML TWED, a=+1 Tl
7T 7 WEEAIZBWTH#RIZZRZLTWS, Z1lE Dirac cone LFEIENT W5, E
BX. adjacency diagram 2 &< T &2 KD a # 0 TIEEAIFIX[L,0,0] & Kr[SO (p)] FH
B2 Z e bhb, 77 73S CTHEERIIR AT 5,

7. fham & FRRE
T IV FREEFEDN IV =T V23T 57200 —fRIN7ZR Pl A % fe % U

EUTHEREBRID Cs, & R NIENFRED FTORIRITCTETDONIN DT VD5 FE
Bitolz, £, FOEEHFZFARDZ LT DNV REEEHETED X SNV
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02F

0.0+
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1: H(k,ap,an, a3) DEGEEOKIZHNTE7 T T ay=a3=0, ¢ =1,¢, =0 &
ELaZ -1 (k). 0(H), 1(F) BB EDLIITENTE2DN%ERT,

R OBAFNZAD G ERIINDEDPZiEim L7z, ZHUE K D RISy RO
IZERMEE OB & 2 D b AT Y HIVIEHEE 9 D2 ZTRD 72D DE—HTH 5,
Z 2T Cyy LI KEEIFRED FTONERTIZE EE o720, ED &K D BRER
(50 HOXNTMED RTEZ LD, YOBM () REUET 230 NEOEEEZZ
ZBDNTHZIEN) T—VarREZ 6D, TN56Z2 AN 72O FHEAREK
EHOCEZRESOHFNET VI XLEHBHTH O 2] THET S TETH 5.
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F71 > b — VIR EEZE ] O B HRAZ MRS
Pl =3k (R

B =
PHEEZCR O 5, —RARERENE, 2 U TRtk iirZEch s 2
EDHISNT WA, David-Semmes D —EA b IX, 3> /37 b EEEEZEE D
INS=D0MWEZ-T RO, =D Y b= VESGZENARTH 5
TR TWS., Ay b —VHEHZERA NS ZDDMETRTHRDO L &
WARYZ =R, ZITRVEZIZIFVF v I LEIERNZ LI2T 5. FH (3]
i, TXFVF v oKL ORIZ LT, BT — VKD 7 T ANE & 5 il
BURBEETH DI LRI LT, T 2T, EH OB 3] DRI % f#éi 3 5.

1. XU &HIC

PRz R O s PRI OBER I, I PEEEZE R BRIt (B 21X [2, 5] 2 S 1R) LB
UotEm (B AL 4] 2 S8 e k2 I B W, EERCHZREL TV, [HM
Bfn : [0,00) = [0,00) (26 U T, BHEEZERIORIOFRMES f: X — Y W3- CH
HLiE, EEDt € [0,00) EEED 2y, 2 € X ITH U Tdx(x,y) < tdx(z,2) TH D4
SiEdy (f(x), f(y) < nt)dy(f(z), f(2)) ZHi7=FTEEITED. T I T, dx iE X O
2RU, dy 13Y OFF#E% R, FHEEZHE ORI OFRMEGERD, B2 nll DWW T n-HFT
HBHLE BIZBNMTHELES. ZDOONMERORICENIREERPFET 2L E
NS OEFFEERNIENTFEETH 5 £ 5 5. #BNMEAROYGHREEATTH D,
ZODENIMEBROEBIIEN T H 5. K o THENFREAEM: 13 PR REZ= R o [ o [F
BIfRIZIR > T\ 5.,

AR TIEIRD=ZD DAL EIZIEH T 5. $72bb, TAWE, —HRAERME,
ZUT—RR7EEMETH 5. David & Semmes 1 [1] IZHEWT, 2 287 MEEREZER] (X, d)
DM, — AR, BRSO =D TR T 2T oIE, (X, d) IZ=&h Y
N VEAELENMAETH S VWS —ZbEMZ R Uz, — Iz, =Y b—ILE
G & FM R 2 7 > b —VEREEZEE & WS L EHRIE B ITBWT, =S v b —
WES EEOIFAME TR W v b — VR I3RS 2 DD, £ FHET DD TH
N, COREIZEZITHET 200, 205 —BIEH 2T 2SR %57

HFER R 2 R R B ETZFE S DO¥Ef % 9 5. FEEEZEME (X, d) WHE P 274 & 1
Tp(X,d)=1RUL, D TRVEETH(X,d) =0T 5. DE D Tp(X,d) & (X,d) W
MEPZM-INEIPOEMEZRL TWDS. =D (u,v,w) € {0,1}3 1T L T, I
Bz (X, d) D3 (u, v, w) BT H B & 1T,

TD(X,d) = u, TUD(X,d) =, TUP(X,d) = w

Zi-dEEIZED. 2T, DIFAMEMHE, UDIZ—RAERE, UPId—#R5Eetz
KT, AV N VEEEEBPAR Y X—=RTH B L&, T0A(1,1,1) MERFHOL i
BV, ZOTHRWVWEEIXFYF VI EED. HIZIE, IV P VESEIAR R —
RTh5.

H A AR B % B (DC1)

*e-mail: ishiki@math.tsukuba.ac. jp
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EmﬁFWX@@%ﬁﬂH@ﬁ%ﬂxmfﬁbE%ﬁFWX@@%%# v
3R, BEREZERIC N9 2 — Uk, B OGERICB T 5 EAMETH S, =DM
(u,v,w) € {0,1}31ZxF LT, LT — /73“97&57723\/[(%1),10)7&

M(u,v,w) ={G(X,d) | (X,d) & (u,v,w) DI > b —)VEEREEZERITH 5 }

TREDB. HEITiR N7z David-Semmes O —EALEH ([1]) (2 40X, M(1,1,1) F—ukk
ATHD. ZOZ L LRI, ERMFERREE LT, IROEH ZFE L 72

EIE 1.1 ([3]). (1,1,1) TRERABWVWTRTD (u,v,w) € {0,1}P IZH LT,
card (M(u, v, w)) = 2%

MDD, ZZTeard IFBEZRT.

EH 1.1, David-Semmes O —EALEM ([1]) 2T L THED, AR VX =Rl v
F—IVERIDRTH B I L2 FERT . T2bb, (1,1,1) BUADERIZDOWTIE,
ARV R — Rlaa LEW, SR DWW THIFREME T2 77 > b — )V RRREZE [ A e
RIREREFET 5.

HgfEze Nz B9 2 M P & BEEEZER (X, d) 123t LT, 7 DL DR EANEE P % i 7=
TRVEI R X DREEE Sp(X,d) TR, —fMiT, FHEEEFOME P 23S IRAZ
f%éti_o®ﬁﬁwﬁud)(Y@ﬁfﬁﬁﬁmf(xmﬁ%EP%ﬁtﬁ
o (Y,e) bMEP2HI-TLEICED. H LD POUERAMALZHEETH D451,
SplERAHAZIZ IR > TWDS, DF D, (X, d) & (Y, e) B FRFEE R 51X Sp(X, d) &
Sp(Y,e) bF5Th5b. Thbb, 20 Sp(X,d) XHHEZERIciz2 L 248EBTH 5.
EH 1.1 OFEHDOERD—DIk. ZOAREEIHEGAREMOR R 5% &5 K527
MOGEMHE TSI THS.

TOHDOMERREEBNT S, TXFVF v 7R (u,v,w) 2 LT, HEEZEM (X, d)
MELXVF v 7R (u,v,w) MERD LI, (X,d) 5 (u,v,w) ’W’E%% Tp(X,d) =0
2723 P e {D,UD,UP}IZxLTSp(X,d) = X THDLEIZZD. DFD, £
DIEREOLEENE P 273720 WS 22 Thd. 2TFVF v I7HICELTE
TOEMZ1G7-.

EE 1.2 (3). FREOTFVF v 7 RE (u,v,w) ITH LT, BZFXFYVF v I3 (u,0,w)
MEROH Y b — VRS 5.

FH 12111 L IZERERI TV Fy okl b= VM OB E X 21
BRLUTWS. EHL1.2 Z 39 2 72 DI HIFERERT 1 77 > b — ) VERREZE/] (4 BiS k) &
HFEEM (G HiZR) LW ZODMEEEEAL 7.

PHEEZERT (X, d) 123t LT, ZFDOANT ARV 7RIEE dimyg (X, d) TRU, 7V —R5%
dima(X,d) TRT (7Y —IRITDEHRIZDOVWTIZ6HIBR). iz, 7YV =t dimy
FINAT ARV TIERGdimg A ETH B Z L IZiHEET 5.

SEOMFETEAL R ZMAEDLDESZ LI2ED, 5260722 DDIEETLRSE
BaEZTNZTNNTARNVNTRT, 7YV —Rme U TR DR 2R ORI BRI U 7.

B 1.3 ([3]). EEDOM (a,b) € [0,00? a<bZEHi-TETH. ZOLEHhY -
PEREZERE] (X, d) DMFAEL Tdimg (X, d) = a B LT dimy (X, d) = b DY LD,
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2. ZfEME, — kA =S, — KT

TOITHE, M, ROREEN:, et T L, AN AME R WA T B,
ETE A EERL LS. ARABN € NIzowT, BBEEE (X, d) 7N 4T

BB LD r > 0 LILED 0 € X eV THRET a1, s, . ay BELEL,

B(a,r) C UB(ai,r/Q)

Ehi7zTEEICED. TI2TCB(a,r) ThiaZhbhed 2% r OFBRZRL, S5
ay,as,...,anN Iz &i%*ﬁ%%@j })5 N e N C:OL\T, EE%&%F@ (X, d) f\))‘N:'ﬁ%fi)é
EE(X,d) BRI G TH D, FLIEAEEERFOE VS,

I —RRAERE 2 B8R T 5. TS € (0,1) 126 U CTHEREZEM (X, d) WO E BRI
{2} WOBHTH B L1X, d(2, 2i41) < 0d(20,2,) &Iz & EITE D, £/, PHBEZEM
(X,d) 6 —HEAREFETH B L 1L, X NDEED JHVPHPIZRE L ZIZES. T74b
L XHNDOSHITFEIZHDOANSRDELE NI L THD. HDMFMELT, (X, d) W
§ —REAHAEIZ 725 & E1T (X, d) 2 B —RRAEEE 2 W S

“HEIC MR EET S, Elllc e (0,116 U T, BifEzEr] (X, d) AY e —kkoea
ThHhHLF, EEDr € X LEEDr € (0,diam(X)) XL T, 8&& B(z,r)\U(z, cr)
ZETHRWEEIZED. 22 CTU(a,7) TrlaZHbe 3 2% r DFIERE R L, diam(X)
TXDERERT. H5cIiZDVT(X,d)Dc—KRER2DL E (X, d) Z BIZ—HKERL
W,

ZODBu,v € {0,122V T uAv =min{u,v} &35, FFEHEMOENIZL>T
BRI E S BT EDZDNWTIRD Z & Do 5.
fRd 2.1. ASFEREEZER] (X, d) & (Y, e) BNZENZ I (uy, v, wr),(ug, vows) B2 FF D72 5
X, FOEMBEHEZERM (X UY,dUe) & (ug Aug, vy Avg,wy Awy) BlZFFD. Z 2 CER
HEdUe I XY DETIEZENETNdL elZ—HTEHEIIZED, e X EyecYIZ
DWTiE (dUe)(r,y) = max{diam(X), diam(Y)} L €O 7= FHEEREK L T 5.

ERIZOWTIET, AHEE L —HRAREFBEICOWTIRO Z e hh 5.

R 2.2. ilF PIEMAEME DB UK E—RAEERUD 2R T & T5. ZOL &
DORRBEZER (X, d) & (Y, e) IZDWTTp(X xY,d xe) =Tp(X,d) NTp(Y,e) TH 5.

—FRERMEIZ D VWTIKIRD Z 2 Db b,

R 2.3. —DDFFHEZEM (X, d) & (V,e) B —HR5ER7%2 51X, TDERZEM (X xY,dxe)
Lt —HEeETHS.

:fg“fﬁg’@—%X@%‘lﬁ@Ji 2 Ciﬁﬁﬁ/ﬁ'lﬁﬁi’)b\f, TUP<X X Y, d X 6) 72 TUP(X, d)
ETyp(Y,e) TEERT I LIF TSRV, EEE, —MEETIERWDOHEZEROE
B, —RRERIIRDGEIHDIL, ROV EELH 5.

3. EimIEZEM
ZOHITIE, iR OBEEZE AL, EH 1.1 OFEH OB 2 GEH 3 5. 7 D #Efi &
ULTATFOME&RZEAT 5.

EFE 3.1. HEEEHOME P2y U T, Ml (X, d) B P-RINTH S £ 13 Sp(X,d)
M—RIZRB L EIZED.
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EPAD,UDUP %KL TWS L T, P-RINZEMDIFIEZ R T 72010, Pzt
ZEfE &\ D T U DR IR AR 2 D 7z :@tﬁ i Bt 22 ] 1 P SR oD ZE TR & 72 A 72 A /N
SABBEDITAT =Y VI LT, HREENZLLZ LIZE>TROND.

T 3.2 (EEHZEM). =DM B = (B, dp, b) WEESEETH 5 13, (B, dp) DI EH
ERZEf D — a3 v Me & EMH 2 BT, X 5120 NU{oo} — B DI HEE
BT, b WBDE—DDEMRITHR>TWHEEIZED. £k,

Ry (B) = sup{r € (0,00) [ U(bn,7) = {bn} }

LS. ZUTX = {(X;,di) }ien ZHEMEZEM O EEE U, B = (B,dp,b) % £
HEKL3$5., 20L& P = (X,B) PlEVNTHL LI, EEDn € NIZTDWT
diam(X,) < R,(B) D K022 2 5. Wi P = (X, B)IZx LT

— (HX) L {oo}

€N
YEHL, T(P) Lol dy %

(di(z,y) BHBiIEOVTaye X, DEE,
dp(bi, b)) H5i#jITOVWTreX,yeX;, DEZE,
dg(boo,b;)) HBiITDVWT rx=00,ye X; D& X,
\dB(bi,boo) HBHIIZDONWTre X;,y=c0D & X

dp(l’, y) =

TEHRTD. 20L& ZHFEER (T(P),dp) %2 P DR RBIZER &\ D .

MNP EDEL L LD LICE o TRINEROHFIERMTHT Z2 DB TES. X
DoOOLFEBEEIEERES. £, R={0}U{2" | ne N} LED, dg TR 5 FH
END5 ROEHEKRT. £LTr:NU{oo} > R%Zr(c0) =0,7, =27 ”c‘ii%ﬁ‘%’)c‘_’.
R = (R, dg,r) FEEBIE TR >T WS, £72, V={0}U{l/n! | n e N} &ED, dy T
R2SFEINDV ORZRT. £LUTo:{oc}UN =V % v(c0) = 0,v(n )—1/n!
CEFETDHE, V= (V,dy,v) FEEBEIZR>T W5,

FTRMEEEDICOVWTEZ LS. I Y b= VES [, dp) L EEDn e NIZ
NUTZ, %22, =] TLEHTS. 20T OnfHOEMNTHS. 7z, Z, LOE
i 2, 2 BEMES D LTl dp 1233 2 X5 ITED, # 5 KBS 5 ot H L o Fj
F1EEDD. ZTUTZ={(Z,27" 2 hien EEET DL A= (Z,R) IFMWLIIZZR >
THED, RO LD LD.

R 3.1. (T(A),da) & D-RHT(0,1,1) B2 FOH > M — VEHEEZEMTH 5.

I —REAREREME UD I2DWTHE RS, F,CR%

n

F, = 22nn_11 (U(?i + r))

1=0

YEFZL, [LAERDPSHEEIND F, OFME U, F = {(F, f)lien £ T3, ZDEX
B=(F,R)ZlHTHE. 2L TRDI LMK L.
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8 3.2. (T(B),dp) lZUD-RWHT(1,0,1) B Z D H > b — VEFEEZERTH 5.
BNT, —RRTEEMUPIZOWTERS. £EG, CREG, = (1/(n+ )T L EH
U, gn ERDPSFEIND G, DI T35, DL EC=(G,V) XEINTHY, 1K
DD LD,

78 3.3. (T(C),de) T UP-RIT (1,1,0) B A KD H >~ b —)VEHZERITH 5.
PEzxeDTIROMHEEZRS.

8 3.4. (1) (0,1,1) B A& KD D-RINR I > b — VEREEZEFDEET 5.
(2) (1,0,1) B2 FFD UD-RN7ZF1 > b — VEEREZEIDMFAET 5.

(3) (1,1,0) %2 FD UP-RWN > b — VEREEZERIDFAET 5.
Tz, TOHBELME21D5MDI L Bbrb

& 3.1. [EED (u,v,w) € {0,1}PITDWVWT, (u,v,w)’_ﬂ’&%’)ﬁ v~ —IVEREEZE [ A
FHET 5.

(7\’0) FJUL’fJA*E F"j E@E?ﬁi%ﬁi@@ﬁﬁﬂ@%k@9“CL\5
W 3.2. S Y b —VIRE DM AR {Z (@) aes WFEL TUF &7 5

(1) card(l) = 2%
(2) x4y 5IEE(r) & E(y) IEAMTIRAR .
(3) & =(x) DN R

EH 1.1 OFEH ORI, D728 card(M(0,0,0)) = 2% DART. 1ENDEE® ARk
HEHTCE B, £ (F, dp) % D-RI972 (0,1, 1) B a2 > > b — Lz L 5. %
LT (X,dx) % (1,0,0) 8% £ D0 > b=Vl & 35, 20D & 5 R EMOFER

MRS LI Ko TRAEI NG, F72, Ko c IR U T, I D% =(x) (HIBR U 72 B
Bd, b ELZLIZTE. ZDOLEGHF T - M(0,0,0) %

[1]

() DR THETH 5.

F(2) = G((F x E(2)) U X, (dp x d,) Udx)

CREFRTD. HFrellZHUT, Sp(f(z) =Z(x) DL DDT, f(z) = fly) molX
rT=y &Ry,
2% < card(M(0,0,0))

PoN5. HAEDAERIED Y b —VEBOHE AFEEPSEBIZHKS . O

4. 5IEEEk{FITH Y b —)L IR 2

S 4fi L 5 HiCHIREBERT S 77> b —)UBEREZER] & DR 2 E AL DD, EM1.2
TR SN/ 2R L TITZ 5. £35S 7> b —)VIEREEM 28 AT 5.
22N TND S {0, 1} NDE{REEEET. Lue (0,1) L T2ME

d(x’ y) — umin{nEan#yn}
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TREHIND B d 25, ZOMEBEZERIE D > b — V2RI 5. David-
Semmes [1] DL EDRATT 2MFEITENT, (28,d) &\ PR IZ SR 2
A= VEBELUT, ZEA P VESRDBMHINDG Z &L\, RITHSE(1]
R ETIE RO & S IZFLBH {u")en VT AR EZ L TWED, X b —HOH
EHWAZ LI o T IO EILELZ.. 2%V F v 27 (0,1,1),(1,1,0),(0,1,0)
1B % £ D7 v b — VERBEZE I SRR 1T 7 > b — VR E U THEE T & 5.

T 4.1. 5o : N — (0,00) BEFITH 5 & 1%, a BEFAIERIMTH D, n — 00D
YEan)BOICERT 5 L 21225 . I o (2 LT 2N Lo %

0. (z.y) a(min{n e N |z, #y,}) x#£yDE&E,
al\T, =
/ 0 r=yDL X

LEHETD. ZoeE (N d) Ay = ETHD. Z0(2V,d,) R all ko TH
BERH D X 7 FURERERT I A > b — )V EREEZE [ & RS

FIBERERT U 7 > b — VEREEZE S EE 2 A 2R O TR AR ERS TH B A, 2D
ZEWE, RN IXEERET T B IHES o D 0 ANPGRS B & E DIRD H T
Lo THIHITE S, B, IRDZDDAED KD L D.
e 4.1. a ZHIFI &35, Z0 & SEHREZEE (2Y,d,) P ENEE R OO DB
+0&MFE, HB5N e NPFEL, FEDE e NIZTDWT

card{n € N| a(k)/2 <a(n) <a(k)}) <N

DD DZ L THS.
Bl 4.2. a ZGESI & 95, D& SEEEZEM 2V, d,) P —HRERTH 57O DBE
+a35&tE, 5 pe (0,1) PFEUTEREDn e NIZDWTE > n B FEEL T

pa(n) < a(k)

MO DZETHS.
F 72, FIEREEAS U A > N — VR R I, IRICIER B K 51T, HHFEDH LM%
FoTwW3.

R 4.3. IEdla & m e NIZ2WT, al™ % al™(n) = a(n+m — 1) EED SNz
WiEsl & 3%, Zoe & (2N d,) DB B(z, a(m)) 1% 2V, d o)) EERETH 5.

INSOmEEMH->TRTXYFvr7(0,1,1),(1,1,0),(0,1,0) BAE2FFOH Y b —)L
R 2R T 2 2 BN TEL. BERIITIXIRD & 512475 . Wiisla % a(n) = 1/n
TRED, Wi g% B(n) = 1/n! TEDSD. T LU TROFEHEA (B(2n—1)/2,3(2n—1))
BT B HNZRZR D nflDE 1,100, T BB, BE

BN) Ufrin |n€Nji€{1,2,...,n}}

ZREVIEHIZESNITLTRONI M Zy &35, TDE SR LD,

i 4.4. (2V,d.), (2V,dg), 2N, d,) FENEFhL2TF YV F v 7742 (0,1,1), (1,1,0),
(0,1,0) BB A FFDH > b —VIHEEZERTH 5.
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5. DEERZEE

I TG 2 AT 5. FEEGZER L I1X[0,1]) OF S mOELEOMHERT, B
B cEEI N ERE#MEzREOEOTH S, EH1.2DFEHIZEWT (1,0,1), (1,0,0)
MO F v o hy b —)VEEEZERIE T ERZEM e U TR I N5,

T 5.1 (TESZEM). HEneNIIH LT, ROBIESK, %
K,={k/n|kec{0,...,n}}

TEEL, d, ERPSHFUING K, DEMEL T 5. Fla: N — (0,00) IZLHED n 125
WTC 210, < Gnyy BET, E<n&25niZ20WTka < a, 273235, TLUT
K(a) = HneN Ky, & U, K(a) JZO)EE%EdK(a) 72

1
dK(a) (Iv y) = Sup _dn(xna yn)
neN Qp
LEHTH. ZIZTae=(2,),y=(y,) TH5B. TD&EHMERM (K(a),dr(a) % aD
JIHEGR 7R & 5.

JIEGZEENZ D WTIRD Z DK D 2.

A 5.1, WA o % a, = 2" -0l EEHEL, HFEBMA b Z b, = (2n) &E
#9 5. ZOL EHMEER (K(a),dr@) & (KO),dgp) FENTNEIF Y F v ok
(1,0,1),(1,0,0) & £ DH > b — VHfEZEMTH 5.

BIXVF v 27(0,0,0) DA v b —)VERREZERE, HHEREM ORI TN S E
B2 UEBEL, —fAMHEEZ2ETZETROND. HABN e NIZDWT (4,,¢,)
Zn R on MM TR LS T AHOEHN 1/2n 125D ET S £ L
T (Ln,Dy) = (Ay X Ky xdy) & U, L=[lienLli £9%. TUTL LOFd, %
z,y € LIZTX LT

ieN

1
Dy (0, Yn

CEHTDH. IITar=(x,),y=(y) THBH. ZDEZE

MR 5.2. (L, dp) Z2TFYF v 272(0,0,0) A2 KON N —)VHHHEZEMTH S,
UETRERRZZ2IZEDEHRI2TRR SN2 XY F v Ik b—) Va2

1Z(0,0, ) MO DERVTIRTHERINZI LIRS, FKoTWbEIXFYF v

72(0,0,1) Bl &2 KD > b —)UREEEZERTIE (0,1, D) Bl (1,0, ) BRI XV Fv I Y

N VEEBEER O EREME LTHES NS, ZNTEM1.21IZ8R SN EMBdT R T

RS N7z,

6. I§ERITTHEE
PAED > b= VEREEZEB OO E LT, 7Y —IRon e N7 A RV 7 IRT DM
BT A IRER T IR E 5 2 131DV TN S,

HRREZ2R (X, d) ISR LT, BAR N (0,2) > NU {oo} & e € (0,2) I LT, DS
a3 N e NO FRTEET 5. T74bb, (X, d) D r OFAEBERIEE < N
DHPer OMFEEEERCE S e N TED LW RMETHD. 7V — ki dima(X, d) 1E
WOKMEW7=T 5 € (0,00) DFRELTEES. ThbE, $5 K € (0,00) HHHE

dp(z,y) = sup
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LTIRTDec (0,2 I UTN(e) < Ke® 2iii7z3 WO RMTHS. 7Y —Ik5T
AR & &, ZEPEEE 22T 2 XEETH S, — BRI, 7Y =Rt dimy
FINT ARV T7RTGdimy L ETH S,

EBE5X LOWREd & FE8 e > 01T U T d DHEREIC A 5 & & BHEEZER (X, d) %
(X, d) DEFE#ZERE VD, FREHERIZDOWTdimg (X, d) = e dimy(X,d) &
L, dima (X, d) = e Ldima (X, d) 23D 2D, MEEEEZEM (X, d) 2 D20W T, RO
€ > 0ZXTUT,de DEIEREIC 722 Z LD DO oG, £72, ~DORREEEZEM (X, d) &
(Y, e) iZ8 U T, IRGG DA RZZENE & FEIEN 2 IR DEXD KD LD,

dimg ((X,d) U (Y, e)) = max{dimy (X, d),dimy(Y,e)},
dim4 (X, d) U (Y, e)) = max{dimy4 (X, d),dima(Y,e)}.

IRDAHRIL, & % TR CEEER 2R I EREERT 1 77 > b — VEREEZ2 R LT, =D Dk
TN —ET LI Z2BRTNS.

8 6.1. v e (0,1) &35, TUTHHEY [u] & [u](n) =u " EEETD. ZD&E
dima (2N, dpy)) = dimp (2Y, dpy)) =log2/logu TH 5.

FEFR 1.3 DFEH OB, FEHOHIE, £37 (a,b) = (0,1) DEEDOMEEAES ZLIZH 5.
IS o % a(n) = 277" LEHZ L, DU 0 2 HEE

aNyu{2%a(n) |neNk=1,...,n}

EREVIEIZRESMIIUEZIIE TS, 20k &, IE 012 & - THREEA I & 725
PREEAT 1 7 > N —VEREEZE (2V, dp) 1, dimpy (2V,dg) = 0 B K dimy (2N, dy) = 1 %
7z 9. 2D (a,b) = (0,1) DEGEZ LB D IZ—EDOGEZANT 5. HHEODIT
(a,b) € (0,00)? DFEDAHT 5. 1L DGE X HHEGZEME M- CifHTE %, F
3, dimg(2V, dy") = 0 T dima(2V,dy") = bIZHEEL &S, ZLTu=2"Y" 235,
6.1 &0, dimy(2Y,dpy) = dima(2V,dpy) = a THB. o TIRICOERLEN%
FIWT, 2V U2V,  Udy) T Y —IRTE, NI ARV TRERZENE N, b TH B Z
EWbhDE ZOXIIZUTERLINESND. O

S 3
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Smooth quandle D JFATFEE & £ D2
Al BB Gl R B R AT I 92 )

A1V RV OIS EE 2 N E L - L TERSIhARETHS, 7V N
1Z 1980 FERUZ [7], [9] 7w E THEHA I N TR, (HhH) #50O H X Lefshetz fibration 72 &
Bea 2 FENZIGHINTEZD, TNETOH Y RLOHFNE NS OIFHEL THEES
REDTHo7z, B U T LieENEZ 6N, ZTORAFEEDER & U TaFHENE
BINTHOBFAEEDOMENELER STV o2l e 2BWHLTAB L, HYV
RVIZHUTHU &SR I ENTERWESEI NPV DIZARZHETH A S,

Z AR T, SRRV FIVEREZ A7z smooth quandle £ W5 £ D% Z |
FRiZZ DREMEGE 2 AN e B2, TORREZRAS, TTHEIHTEIY LD
BB 722 NZ DWW THEE T 5, IRIZE 2 i Tld smooth quandle Z EFE L. £ DHEK
RHFIZDOWTHONMEREZHN T 5, KT smooth quandle DHFTHEELR T T A
DEDIZDOWTIE, ZDJ[FATREED LieBr, #847 LieEr, HAME & WS 3 Dz HW
TRk I N WS T 2N T 5, REEIHTIEZD 3 DHOFERELET S
ZeZERAAD, ZITIEHOLRO>TVAEREVWSEIDE, E¥50S Z &b rlim
HZmEWnWS T8 . ZhhoBZ TWREMEZIERL. SBOEDREE
EL7Z\, BB, i HEIMITHECER I ZEI > TVWEN, TOmMEHN - £
IR ANBRIIHN U725 DE R > TWABDT, TNTNHZIZHE Z ENE[RETH 5,

1. 1Y RILDELE

RHEX XD EOZIHER « OMTROFM 2T HODI &2 AV RLbe v ¢
(Ql) fFEDz e X ITHL, zxz =2,

(Q2) Dy e XIZH U, s, =exy: X >~ rxy e X ITRHE,

(Q3) ERED z,y,z € X ITH U, (zxy)x2z=(x*2)*(yxz).

Bl 1.1 (FH&EAVRIL) BELLIFZOREEEZ X & U, ZHER«Zoxy =y oy
CEDDELINEI Y NLed, TNEHERAV RILEWD,

1 1.2 (Alexander 1> KJU) Abel X & 2D LOHAHREE T2 L., ZIHHEHE «
Zrxy=Te+(1-TyEDDEINEA Y NNVIZKE, TOXILAV FV%E
Alexander 1Y RILE WS, BIZIXX =Z/nZ e U, zxy=2y— 1 LEDZHDIZE
“HEEAY RILEEIEN S Alexander 771> RILTH 5,

ARV XIZH L, ZOHCFRBEEZ Aut(X) & EHL, WY NLVOERICHTE
ZM(Q2), (Q3) &0, Bfgs, (ye X) I XDOHAARTHE I LW bhb, £ITZ
NHIZE > TEBI NS Aut(X) DA ZARMESRABEEE L W, Inn(X) & HL -

Inn(X) := (s, (y € X)) C Aut(X).
72, X D associated group As(X) ZIRD KX DIZED D :

As(X)i=(re X |y lay=axy (z,y € X)).

A2 TR GRER S 16J01183) D% Z - DTH 5,
* T 606-8502 HHRTH /& 5 X AL F1113E 43 BT

e-mail: katsumi@kurims.kyoto-u.ac. jp
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1.1. AV R EHETEDTREE
ZZTIEAY RN SEONIEORHOALREIZDWT, flHICHEE Lz,

K CR3C S =R3U{oo} ZMEDWAETH, N(K) 22D () BRiafse U,
E(K)=S\N(K) 8L, E(K)HDpath y TH>T, IN(K) D&M, oo € 53
ERERLTEEDE, yOIRERENE L, NK)DIEDQRA ) F4 T VT4 A7 DR
Lo TWA KD ON(K)NDHFMEARKRK C & Dl (v, C) % noose £ IF-5, Noose D
1Y E—HOESEQK) & L, 0 LIz “IHEE « %

(7) C) * (,y/a C/) = (’Y : ’}/_1 : Cl : ’7/7 C)

CEDIZEDITKDEXRAY RIVEFIENSE 7Y NV TH DB, HATY FLiE (550
HIkT) fUCHDRREAREETHS ([7], [9]) REFHFFEITHRNBAZETH DD, EH
L@%;#bﬁb#®ﬁflﬁ%ﬂ%&b1<%bﬁﬁﬁé QK) M SAMRA v KL
XA®%WW(X SBEIFENG) ORITHEHREMIENEGEHBAZETHD, H
ZAXN E n D AR S > KWz & B ¥ £a 1 Fox D n-coloring (2 M L CW\W5a, MIZEH ¥
BROREEAE LTHY FLad A ZIVAZERE ([3) REPHMSNTWED, ZIT
IFEIET W24,

—fRIZH Y RV X IZDOWT, ZOWHHE R Inn(X) 28 X ITHEBIIIZER LT
WHEE, XIIHERBHN2THL L VWD, [EREDA Y RV X IFHBHE S 77> KL
THRZEDEZHDIERHE LTRINDE FIZIL[1], 4F2BROZ L) . #HT
HOREAD VY NVIZHEBITH 2720, FOHD X-¢i #H@t’%%@ﬁﬁ%%
B> RvEnm» 1 DIk M0IZHR->TLE D, “Wwb% FEOHDARZE
EZ2 D ETREBNE T Y RVBARER LSRG ER5DTH 5,

1.2. BMGH Y RILDOEK

TSN Y FVOBEELERIEEZHEN TS

Galt. HEZDWAREL L, BGOHCHE pTH>Tply =idy 2B HDHE X
LNz dT5, 20L&y b H\G EIZIHEE « %

Hzx Hy=Hp(zy™)y  (v,y €G)

LEDD L, ZOHFIZwell-defined T, (H\G,*) B H Y KL ed Z L WBHEPD SN
%, AfTIEINnE 3D (G, H,p) DAY RILERD, Q(G,H,p)EKTZLIzT 5,
Z DFBGE IR O EIR TR RS DTH S -

TR 1.3 ([7]) EROHEBK LAY RLizd s 3 OMOh Y RILVEEBITH S,

fHELZEEH 2B L TH <, BRI Y RV XIZDO0WT, fE&IZs € X 2MoT
EELTHEL, G=Inn(X)& U, HZ GDxolZHT2EEMMEEL TS, p=ads,, €
Auty,(G) & 58, H\G3> Hg— - glZ&>TQ(G, H,p) =X &785,

1.4 ZZTCTRGE=Inn(X) EBWTEEHL 205, X IZHEBIIZ/EH L TWASHEG T,
YRR T ad s, DWEE > TWVD K D7D D THNIKFBRDAEHD K D 37D,

UEFI 2 LT Inn(X) ¥ As(X) D X NOEHIFAPS DL DEEZ 5,
ZEEIE (REIIZ) Bk WS 22D HEPRE W,
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1.3. #BMLRA Y RILORNERR?

I CIXHERBIZR A Y RAR3I DO Y FILE LTREIND Z L2 RN, 20K
RIE—ETRHRY, £2ZT, TNoDOHTROBHRLBDOTH LV FLVERRTLI L E
EZ LD,

717 RV X @ associated group As(X) DERIGx (v € X) 1T U s, ZXnIELH 2 &
X > TEHNERRp : As(X) — Inn(X) BEE 5, — . FRROERIT 1T L 124
JEZXED 2L THIORHHERB e : As(X) - Z%2ED D, DL EHp(Kere) C Inn(X)
ZInng(X) 2 ELZ2IZT 5, 2RO LS ICEDTERILI L TH S :

Inng(X) := (s;'s, (r,y € X)) C Inn(X)

Inng(X) I Inn(X) DD TH D060 X ITEHT 22, ZOEHAPHERHRIH
3 E Inn(X) DIEADHERBNE S D EAETH D, /o Tikld TRz XS
2. X%2RRTZ3DM(G,H,p) L LTGE =Inng(X) THBHLDHBENED, ZDK
RIFRDERTRINDEDTHEE VWD ZLINTES

i 1.5 X 2B AV RV, 202 FD 1 jiET5, G=Inng(X), H% GDxyll
BT aEE/MREE U, p=ads,, B, ZDEE(G H,p)lE X %2FKRT5 3T

(1) GOXANDEHIFEFETH Y,

(2) BHAHG CGTHoT X ITHBITAERLTE D, pTHREFEIND LS54
DIFFEL 72\

EWVWHEMEFZTEDOL LT (AEEZRVWT) —RIZKEOFoNh 5,

IDEIIZLTXZ3OMOAI Y RILVELTET I L2 I TR X ORNRREIER

Zelzy 5,

WeRH 72 7 > ROV ORIOHERTLIX, RO XS IZHoERZzHW TRk E b
B8 1.6 X = Q(G,H,p), X' =Q(G' H',p) #ZThT B >~ NIV R/NRR
bl pp=HeX,oh=H e X' 2B, ZOL EHFInn IFHELEHEDH > RILHE
[F T DES

{f € Homgaie(X, X') | f(z0) = 25}
&, 3 DOFDIER & compatible R HHEFR T DA
{fE Homgrp(GaG/) | f(H) C H’jfop: Plof}
EOMD 11X nEED S,
CITCIREERZGEON Y NVHEERZEZZ -0, ¢ HBHTH-72) Dxzihrs
BT NEETORRBINPFONE 2O, RENRFMETIERNZ LIZEEINZ,

Bl 1.7 Abel A ED Alexander 77> RV (#11.2) 1ZQ(A,{0},T) L RRIN5, T
DAY RV TH 572D DBBEA35M1Xidy — T € End(A) BWHCAMTH 3
Zktbf%i%h%ﬁ ZDLEIDRRIIRNTH D,

ZOHONBIZIKHOENTVWEEDELIZES DD, HRIIZE ZRIZE LN TSI NS &
L s, Wb B folklore D TlX R \WH L S,
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Bl 1.8 #UH K OEAN > FILQ(K)IZDWT, As(Q(K)) IZFEOH (HiZEdHA)
W LRBTH S0 5, Q(K) Ik peripheral subgroup P& A YT 17 ¥ me P %A
WTC Q(rk, Padm) ERREIN B0, THIFE/NTIER ., LB POEHSEEP %

P'=Pnrg,mx|={le P|[l|=0¢e H(E(K))}

EEDDE Q(rg, k], P adm) B Q(K) LA ATH Y, KU KW 1 Gk THD &
E. PV YFa—RFPERTHIMAHTHD, TH00Q(K) DER/INKRRTH D
ZEeDHENRDSENS,

e 1.6, Hl1.7 205 &, #EBIZ Alexander 77> RIVIZ L B3R ADEEIT

e~

Homz[tﬂ] (Hl (E(K)) s A) x A

k%ﬁé:aﬁb#é(d[po::fE()iﬂmﬁﬁwg AlZt-z =Tz (v € A)
IZ Ko TR - MBEE A7 LT W3,

2. Smooth quandle & % D FftEE

XZWAEHIKS LU, x: X x X 5 X %2 2D LOAWANEGL T D, ZOM (X, %)
WA RVOAHE(QL), (Q3) =L, X5

(Q2) EEDy e X IZTHU, Gfs, =exy: X >x— xxy € X IMWIFEE

ThbdrE, ZH%smooth quandle & FERZ &129 5,

Lie % W2 361% 77 > KL% Alexander 7 > RV (T X Lieff& L COHCFRM &
%), NFERICZO—LTH S generahzed symmetric space 7% & 1% smooth quandle
DR & 72> TWB, IROFNTRT L DIZ, EED (1IRILM ED) LSRR FITiE
JEHBAZ: smooth quandle DiHE 2 AN D Z LN TE 5,

Bl 2.1 X 2R ZHIR, AZZDHREELT D, 02 XD 1NT A —R—EWEHET
oila=1ida ("t) BB DE L, F/2. ALZEZEDOHEOVREKf X o RE2L 5,
ZDeEx,ye XITHUrxy=pp(z) LEDD L (X, ) 1 smooth quandle & 72 5,

Smooth quandle DEJDHEFRTL % E 2 HERTIE, ZTNHESNTHSHZ L Z2INET 5,
FRRIZ, BRI U TEMaFRMETHEZ L2 REL. ZOREKTOHCRREE
ZHIZAuw(X) &FHEL I &I2T 5, Inn(X) 2 Inng(X), HBMEIIEERN GG &2 <H
PRICEZ I N, X PSR E U TCGEHETHI L SRIZXWERTHDILEESZ LI
5 (HWE252HOZ L),

Smooth quandle Z#E - DFEE L L WS DIXEARLMETH B M, Hl2.1 THRAZES
WZH 6P BLRE EIZE TH 72K T ADsmooth quandle DFEIENRN A S 72, T o4
TERHEELI L VWS DEHEVRVWIEEIEIZE ARV, TORHAZEZEATATH, Z
DEH7% THEL BV fl72 SARDD>THEL < BV T, filS20HIZ)
ol MEEBLIEDNLEF LV, ZTITAMTIEETTE LD WNRIZHBMEZ2(E L
£9, LIHICREZIIIZHUVHDALZREEZZEZXSBIZZOREIAENTHL L, *

I ERIT K A ERGERE O H R HERS O H 05 & 125 2 < FRRIZE D 32,

d$%fi@f®%%¢ N HUN %*Tﬁ“@%ﬁm?é Bz, JETEMEREOEE KD 2o &S
b DIFLRHAE L TR N 22T 5,
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N R TH Z DIREIZZRIE RO L2 HFE T2 HRRBDTH D, £z, X
SICHFEMHIRET 22 8I12T 5, | DICididda E OBz TH D (LR
LREZDOREZFHOTHLLFNORERITKD ZD) . smooth quandle X 12X U mp(X)
DEEREN 72 71 > RIVIZ 5 WS DB D 1 DTH 5, ft> TN TIIHERMK T
fi& 78 smooth quandle® & EIZF 2, £ DREEK - P ZRAA S,

5l 2.2 PSL(2, R) D7z n RO R 4% 77 > ROV, generalized symmetric space
TRWs.teq D 1HITH S,

2.1. Smooth quandle DK
L2 Hi CIXBERI 2G5 1 2T OB > RUAI 3 D2 W TR SIS Z & %
Rz, T2 TlEEN% smooth category THELL TA X S,

G#%Lieffe U, HZZ DAL TS, GO (Lieff LTO) HAFREpTH-
Tolp =idy BBHDREE5NE L, 128iTRALSI1Z3DHOH > RILQ(G, H, p)
DEEDMN, ZOLE H\GIXFEZE/MTHY, ZOHBEIZL>TQ(G, H, p) iXsmooth
quandle 2 72 > TWAB Z Db b,

Tlk, TNTETDstecq XPEOENEDEAINT? Tibb, EH13IEKOID
DA 507 BN EMOHEHBETEZ DR HIEINIFEEAAELY, Aut(X)
iZa v MMM E AN, ZhE G T, B 1.3 ANEEH £ TAED L S R
KD, UL, Loz AT 2701013 Aut(X) £7213 DM TH 5
Inn(X) R EDVLie ETHB I EVNBETHH, TNIFELIFHHRI L TH S,

FRUIDOWTHERZRR B 720, DLHEMZET S, p=%: X xX > X &L,

Xaut(X) ={V € X(X) | 1u(V(2), V(y)) = V(@ *y) ("v,y € X)}

EBEL, Thbb, X EORXRZ MVEGTHO, RN X OBECHEBLZ AL T S LS
BHDERE X (X)) EBWIZDTHD, 72, 29€ X,v e T, X T U,

Vy(x) = (M*)(mixo,xo)(oﬂj)
ELTRT MGV, ZED,
X (X) =span{V, | v € TX}

LB, viF I HOBEEMEZ TIPSR ->TETWEIHITTIERWI IZEEI N,
V, (& informal 121X 5,04, 05, EELS ZENTED, §hbbr e X 2 LERLE
&, HAMM s, WESIZATENLEVIDERLEZHDTH S, Xau(X) X LieBRIZ
BoTBY, Xpn(X) EZT DD Lie BB TH D Z &h3bh 5,
BoNFERIZOVWTIHRRS,

EHE 2.3 X Zsteq &b, 2OLEZOHAMEEEAut(X) 23327 A Z
ANTzHDIF X, (X) Z LieFRE T2 Lieff TH O, LieZBHEEL LT X IZEFHLTW
%, T HICWEHEAHEBEE I (X) 1 Aut(X) D (BHEIEERS2\W) o LiefETH D,
Z D Lie Bl X0 (X), ALK Inng(X) TH 5,

65.t.c.q. = smooth transitive connected quandle ¥ B3 Z 129 5,
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> T, EH 1.3 D smooth category A EK D 32D :
% 2.4 F£EDsteq ld (LieftZzHWZ) 3O/ h Y RIVERBTH S,

G=Inny(X)ZMl>TLKBI LT, steq 2RRTHEEEVEFEREDERNS Z

CHEHEEEI NG, EH23DRNEN S, I FIVORNERIZET S md 1.5 1 smooth

category THE L FARRIZA D LD Z &30 5, MEHL6IZDOVWTERKRTH S,

2.2. Smooth quandle D448 & FBrTHEIE

EH23 RO%R2412&0, Hig Eldsteq ODOEVPARETH S, ThbE, B/NER

EHEZTWBE 503 2lznHThiEiwens 2 t&:ﬁé@f:“i)f‘ INzZD%
FETIIBTOENROE LV, 2 TlkLieBEDOGEITMN, F TN L HATEE

DI & BEEE R E DD % ?KJ:"C%O)P%’AL:%Z_%) EWVWD AEZRAK D,
9. PEHELREODOEEEZD L VWS 2R EMILTEI S,

8 2.5 X & #iE72 smooth quandle & U, 202D 1 &35, X % X OS24
E Fﬁ p: X — X’fw:%@?)ﬁ%%@t L. T cp (330) % 1 OHXZDO 7T1(X,[l?0) J‘Bﬁj\
ﬁp*ﬂ'l(X,Z‘o)b Szo* ’Cﬁ%tj’béﬁb i\ j—&b%

Sxo*(P*ﬂi(jzafo)):=<P*ﬂ1(j57fo)

72513, X E® smooth quandle DIFEE & TH > T p»Y (X, %) 55 (X, %) ~ND smooth
quandle D¥E[ETY 2 72 5 & 572 DHME 1 DF(ET 5,

1 smooth quandle D Y@M 1% smooth quandle TH B, X HHESIZR S X & HEBH
B EDDONBEDT, Hiitst.cqg DA/ERTENXZOHEE LTETDs t.cq.
NESNDEEWNWD Z LI D,

RT3 DRLDIERZ JHFTRSETESEZ S, LielRg & T D5 LieER b, p|y = idy
%5 LielRg DEHCAR® p 2 \W5 3Dl (g,h,p) DT EZERBNAY RILEIERZ &1
$ %, Smooth quandle ® 3 DHIZ KB RRVBEG R oN/zL &, ZTD LielZE 5 & i
BN Y RADMESND, BTN Y RV (g, b, p) BEGZ 6N/ L &, g% Lie R
LI R LieffG2F A HZHIINIET 5 G OEFEZ LiefBafte 95, L
H PERRAHECHNIE, HEE 7 smooth quandle Q(G, H, p) Mg o5 Z L7325,

st.c.q D3 DMIZLBERRIZ—ETIHARWA, 138, 21HTRAZESIZZFDHRT
BNRBDE—RIIEELDTH o7, WBMEPER/NERORED T &2 X Ied 2 iR
INAIY FVDEETEEZ T L, IROXSIT%5 :

(B) BEMW : pl3FEEHR gD TTIVEEE R,

(T) HeERBME : go % (1 — p)(g) THEBEIND gD TTILETEHLE, g+ h=g.
(M) fe/ME - gD Lie B g B p THR7ZNg +h =g 2= 3 451, ¢ =g.
Thbb, LEOHMPHTH S L WSRO TT, BiFist.c.q. &M (E), (T), (M)

i 7o SRR FOVIE T 1ITied %, s, &M (T), (M) 2wz d &
X, IROEM: (TM) L FETH 5 -

(TM) go% (1 —p)(g) TEEIND gDA TTIVETEHEE, ¢ =g
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MDD Y| steq Z2RETEE0ITIE, £ (E), (T), M) (LLIF(E) & (TM))
7 HERRNT VY RV &R B L, IRICHIST 2 ks t.cq 2Rk L (Z0&EH
DL RSB VWEDIZRAT B), MRIZZNSDED L S REVINS 1 E2E 2L
FV, TNTHBDRTTINGZFETTI2OEFHELVL, 1, 2IRTOHEX D
VX7 N BRTLDGZEITDWTIE[6| TRz To7c, TDEEITIFALINT bsiteq.
IZDOWTORDFERZRL, HWz

ST 2.6 X &322 Misteq 2T 5L E, Inng(X) E3 282 b,

mE, —BITIEI VNI P steq X IR UTAut(X) a7 R T, &5
WAW(X) BRIV P TH->THEInn(X) AT 87 b EIEFR S 280,

3. AV RILDEFEAMIFTT
Z DHiTIX, smooth quandle DfEFifEE % ZH U CHEUHAE B2 KT 24 % 7
N5,

CREHY ., RELIFIENZHERIA : H - He H, &2 IXN 5 KU R
S:H — H, REAFTEIFENDHER T e . H - COMTH > T, BOVDOEM %K
THDDI L% Hopf R XD TH o727, BB UTIIATRIZEITS L5k
DARHH, TITIEINLEZFZEANEZTAITHS -

fl 3.1 (B¥B) GaEEE L., TOBIEC[G)2E 2%, %ge G CClGITHL Ag) =
g®g, S(g) =g, elg) = 1L &ED B &, WHEDOH & Hi+T C[G] & Hopf (KB & 72 B,
ZHUFREIF—MRITIZIEMHATH 25, REIZR AL Hopf REDHITH %,

Bl 3.2 (BIREFDOEBIR) AIREEG 26 CADOGEHREEROTER (BIBER) 2 HE T 5,
HOH%ZGxGOREBEREF—M U7 BT, fe H g,g € GIZHUA(f)(g9,9) = flg9),
S(f)g) = flg™), e(f) = fe) (e € GIFHAIIL) LED D & HIFXHopf (RE &L 725,
ZAVUIRRIE #7208, RBEIE—MRITIZIER L Hopf REDHITH 5,

fl 3.3 (EEIIEIE) Lie Bl g DIEBAMHES U(g) LB, X € g C Ulg) AL
AX) = X®1+1®X, S(X) = —X, e(X) = 0 25ED5 & Ulg) 1& Hopf £ &
BB, ZHUE— R I3 I AT D R AT H Hopf RELDBITH 5,

Bl 3.4 (EFE¥) Drinfeld-fH{RIZ & > TIEw A DIEA #1272 Hopf RELDHIA, Bffiz
gINT2U(g) DEFRE LTHEZ N, HlAIXg=s5l(2) D& ZiTiX ¢e C\{0,+1}
XU U, (sl(2) 2. B, F, K*' TEEI NS ARG ZROBBRATE 725D L L
TEHT S :

_ —1
KE = ¢FK, KF=q*FK, EF—FE:%
q—q
I HIZ
MB)=BEeK+t1e8  SE)=-BKY,  «(5)=0
AF)=F1+K'®F, S(F) = —KF, (F) =0,

TEZRIZDOWTIX[S], [10], [11]FZ2 SO Z &, KBEEDOARDERIFEEZNTHO2 D PT VD, S
REIZH U TCERERTH D 2 WI LMD (D LHHRIIZIT) ErNTWRWT BIZHER,
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YI B YU, s12) 3 Hopt REE B, K% JERIWID) ¢T 2B, ¢ 512 LTHA
3L U(sI(2) BWETE NG Z L DHEDD SN B,

—fRIZ Lie BEGIZR U THERCIG| 22D £ FHE 252, ThiE Hopf RETldd 5
NETOERLKREL, HOFEDDRNVEDIZR>TUEDS, —~HTZDLieBiglIxt
LCU(g) #EABDL, TNIXGDRATHEG Z XKML 72 Hopf fREUTH 51E0 0 TR KL,
HLEERTCD THER] FeESZeNTE5, I40bb, REMIZX cglzid s
X eGrUQGDITELESTAS (HBAAEBIZIZDLSLTIRU(g) L& EN
TVWRWY) &, ZOEIREDIINT B U(g), C[G] ENENDHTOREPRIE R LD
Hopf REIDHBE T~ L TWB I Wb nd, ZOLIBBIETRS L OIX, &1
I LieD [FER] 228 LD VWS 22N TE LS,

ITC. AVRILX = (X, ) IZHLUTEDREREKE 57 MUV H = C[X] %
FZ, T BRRENTHR U CHE 2 AN S & I uidself-distributive 2 A% & 72 5
(BEDLIEXIINTEH Y NVERTHB), Thbb, FBROBELFEKIZA - H— HH
EAx)=z@x (ze X)TEHTSE, HY FILOAR(Q3) IZxtd 5k

(QD) %0 (x®idy) = %0 (x®@x) o Pyzo (idy @ A)

Zii728 (Pyy: H®' — H®YE2, 3FHDKRADANEZE2KT ), WIZR: HRH —
H®@H%ZR=Po(x®idy)o (idg ® A) LEHKT S &, RII Yang-Baxter FfER

(YB) (R®idy)o (idg ® R) o (R®idy) = (idy ® R) o (R®idy) o (idy ® R)

Zhi7- U, braid ORI ZELZENTE S8, BRIV FLVEZEZTWBAIEEITIL,
BOHZbraid B RUTBWTZORFIZELT ML —2Z2ENE, v RILOERaK
NELSNEDTH -7z,

Lie BEOBERIZX G T 5 HiE g ER & FELLDMERL Z . smooth quandle D 77 > RIVERIZ
HUTIT-oTAED, 228 TRZKSIZ, s.t.c.q DREFMHEE IZER/NT > FL (g, b, p)
Lo TR INEDTH -7z, ZITIEHEHRDZD, h=0DHEEZEZATHAD, T
DG, BZHZRBARITIH =U(g) 2Fi> T 200 HRTH A5, 3oMoH v R
IVOMERZBWHT ., 22RO LS REEEZ ANDS ZEIZEWES @

ESTES ZP(IS(%,I))%Q' (1)

AUA®WY) =Y 01 Q@yi2 & Ulzy EEE, ZOXIITERE Uz HR H — H D&M
(QD) jii7=3Z &, WoT(YB) WO IDZ Lhbh 5,

(BT Y RV EFEETEINEVSDIEATED (8] L TESIREHETH S
N, ZO ThHYRIVER] ZHEUNIERT2Z BN TENX, TNIEZ0 T2 1ITEX
ZHZIEE-oTIWTHAS, ZZTogiriifiLiclRE L, U(g) DAL LTU,(g)
WEHREINZZe2BOHT e, BFHU(9) B LI — B0 Hopf R H & 2D
FOAHCRBpIZR LT (D) IZL o THEx Z2ERZITNVX I VD TRV, 205D
EEM R DED, FZZNES L whkwn, T8bb, ~RIZZOEHRIZELD
# 1Z5AF (QD) 272wV L, ZEInH6/ 6N RIZOWVWTH (YB) 2/ TR0
THd, AT, TNIZHT22004HEEEGZ 5,

8 —ffiz, H MR TH X (QD) 225 (YB) 23S ([2)).
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3.1. 51 DAL
H % Hopf ¥, pZ2ZDHCHAE L T2, ETREE«  HoH - H%E#HULZET
R:H®H 5 HQH%ZERTDH LW HEE2E> TV, 22 TidxP&M(QD)
HIRIEE D, (YB) 25723 L5 RTH>T LD U(g) 1T T 5 ROtz -
TWBE2REDEBEHRL THS,

R:H®H - HH%ZRXDEIIZEHRT S :

Rz ®y) = Z Yi2 @ p(S (i) yis-

SR T RN

R=(idg ®p)o (idyg @ (pop)®@idy) o (idgey @ S ®@idy) o Plyo Pyso (idg @ A®)
Y35, HUA® = (idy @ A)o ATH B, ZDEE, WA IO,

8 3.6 R:H®H — H® HIZE HNFORRTH O, RIZ(YB) &7z,

ft > THEIZ braid BEDEBL B, — Auty(HE") BRSNS, HE. RHVE H IO R
2o TWBZ &3 (BR) AV L (BR) IZEHLTWAZ LIZHIRLTWS,
(YB) £S5 Did (Q3) £ U < I& Reidemeister £ RIIL I IHT2HDTH -7z L,
RIDHFEIX (Q2) R RIICHIGT 2HDTHLEN G, BERSADUBLEEZMATYN
IXHEOCEHAZEDRRSNDEDTIXRWRE WS IR TSP, HaRNrsZhnid>
LWV, B2 X HIFERRTTERE L., (G HINBEOHERRE 2155 728) quantum
trace # > 722 L TCH, EAD full twist (XTS5 H DILHH VD IEIZZ > TV
LIRSV DTH B, Quantum trace DELD F % TR T X Z ORTEIZMER I
005 LNBEWDR, BBFEOHIETIEI K VEZS TRV E WS OVERTH 5,
Il tax ERIERDH D, FTH 11T, WRIOTO&E THHIZDOWT
X Z NWVEAAD quantum trace 20D Z & D TE T, HIRRGCRELSEHRZ S F < HL
DT HEPBEE LS, PIZIE P 1 DFE R TH 5561213 U,(g) DR THBRIKILD
LEDEMBZENTE (DU, Uysl(2) ThiE

p(E)=AE, p(F)=X"F, p(K)=K

LEFET DL Hopf REDBHCHM pEBONEDTINEEZEZLZDIE1I DOFETH S
M, TENXRDODEFEHIDODWTERX WL IATHD, /-, ZH5LTELSNE
KEDPAREEIMARDD, EWSHEREIFSNS, LI OHIT ¢ EIE3EIBDGE
TT 5 U, (s1(2) X275 TH O, U, ORBUZEH U TREARIMED K D Lz v e v
SHEL X HMHE - T, BN (AFRHERR) TEIORHAVBE I VI HDRONP, 4
LbhoTWiRy, BFHEZHWTWVWS & W) ERTIIMI2IEHHAREREZ & A TV
TIELWEHRFT 2L ZATIEHZD, —HTEHERATHD &L 5755 DAFEKIZHN
TWVWRWIAE, BHZEDb>BERITETNTORVDOTIRRW,r L Ebns,

3.2. B2 DA%

£ 120RIX(1)E2HI5DULERTSEILT(YB) 27T L2ICLE520HHD

Thd, KOVEKWIZIZE R=3,0;08 € HRHTH>T, R:HoH - H®H%
Rz ®y) = Z Y30y ® p(xS(Yin))yi2b;

]
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CEDEEIND(YB) 2723 £ORBDERDIT LIS WS HEThE, TD &
3 BRBGAET BDONEONSRNA, H = U,(g) DEEICIEINE U(g)[[h] (¢=¢"
CEEMAT) OFTEZTEEY, R=1(modh) »SHBOTIHIZRZED TN &
WO DIk (BFERMIZIZ) 1 D2DOHAETH S,
IDEEFHPOELTE L2500 L n, ZohitHiEe AT RV, 5
EFLVKDRESIREDLRSRN, RIZDE Vo2 LTH, BH1DLEITEETT
ERITDH D06 ED K S ITEREZGI ST, LWV oHEIMMAARE-TW5, £
NZEDPPDLOLTIITIOHEMNA LD, pHHIARGS., Thbbp=idy
DGEITIEI NN R Hopf RED SAECHDO AL B %2/ S HIEZDEDTH - 72
LThbd, Wz, HELIDHEDI FLWITIE, ROBETFALERILE DI
HHBERIGEICRERD S TZEVWI T ENEZLDTH S,

BWIELTANE, EFALETqg= 10546, OHDOR M TIHTE 7272K#mT 5
EWVWD T ERTONSD, TN U(g) ITHWHA Y FLVOMHEEEZ ANTWS XS5 48ED
THH, BOEZOMSLZALEVWEDRDTH -T2, BFALE L HHMHRAZE
EDORIZEZ O BELC SNBBEHNPZ DUV IZHBDELTNIE, ZZTEXLD
mARIZE T/ N TRFAV NIV DZEZEZEOCMITTINEDTIE R W)L
WO IR RFCADTH B,
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A ARG O BB REIS O W T
T FRRLTAS)

1. [FU&IC
4o FER a,b,c,d Tad—be=1%AT=THDITR L,
az+b

RRAEYALHE LS, ZiU) —< VBRI C = CU {oco} LORHS T, #Amic
EMICEET 2 K2R SR Lz b D L RAET I ENTE, e CoMzMicd >
XNz, C% 3RICH iz

H? = {(2,t) | z € C,t € Rog}

DIFFLEELFR OH = {(2,0)] 2z € C} EA—HIL. MBI 2 KiE2 R NOBKICET 2
KEZICHRDHEZ 2 2 T, AEYAEMIE O Lo2H%252 %, Z1UiH? Lo
M EZROGHEZHUC G >TOT, MIZZDEIBDDIERAE T AN KL L
bHILNTWS, Thbb, XY AR X Z2HIZH Lom & %2 RO FZ
2RI X B lsom™t (H3) & —F L Tw 5,

I % Isom™ (H®) DEEBGHAREE T2 £ HP /T 1E 3XIDRhA -7 5 —L Fic# %
DT, Isom™ (H?) DEERR D HHIMEIOT E AR Y — It > THETH 5, TD K9 L
BRI 7 74 VEEED KIENT WS, W DDA AEMNREZ ozt &, 2
N o DVERRT 3 Isom™ (H?) O BEDEERIID &9 2 HE T 2 MEE L2 06
BI# 25 2 AR TIEE 2 %,

2. BERBF DRl & X ED AEBEDET
HERCHERE I % 5 2 2 H11C, som™ (HP) DBEBGEATET b b 7 7 4 Y HEOHI %
AT 5, UTFTE, AETAEHIC2 x 2{THIZMIES L 5

az+b a b
f(x):cz+d — (c d)

7270, EoEMITa, b, c,d® —a, —b, —c, —dIZDBEZTHRLERICR DT, A

TR % b Dk
a,b,c,dé@,ad—bc:l}/i <1 O)
01

PSL(2,C) = {(Z Z)

DEFETH LD, BHDOLD2x2{TFD X HICEHL Z LT3, LT, {THIFHIC
HPIC A 280 LTERLTWwWa LAY,

AWFZE L RHIFE RER S 17TK05250) DI ZZ 7 b D TH 5,
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¥—U—F: 774 VR
* T 630-8506 A3 RTALfRPEHT 53 B2 KRBT
e-mail: yamasita@ics.nara-wu.ac.jp
web: http://vivaldi.ics.nara-wu.ac.jp/ yamasita/
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6 € (0,7/4) IZR L, PSL(2,C) DHEFHE Ay, By # AP TEET 5,

1 1 1cosf 1 1 cos
A - B —_=
o7 sing (—icos@ 1 ) ’ 7 sinf (cos@ 1 )

EEVE EORAMIK T, MAMICER L, 2D 200K EDRABRZNE N o, 5 %>
“CL)%%)@%OM;E%(;& 9B E, Al IR T % X E Y A2 T@ic_w/g_g’_w/g_w
@ﬂ‘ng%cw/g gﬂ/2+g@|7\]n|§ IDL., BplTWIRT 3 Ay AEHIZC, 9ﬂ+9@71‘i|§
% C_gg DNTBIZ) DT T b5, %,Blﬁ%ﬂG@L HoTWAETRD
T, 0€(0,7/4) BS ADDHPHWVICEDL SRV I LICTHERET 5 &, Ay & By THIR
IND AT AR (Ag, Bg) DY — < VERHNICE T 2 HAFH L LTING 425D
MO RZBERZ E3TE S, (HTlEk, ZN6Z2REICHEO LI R4 oD k%D
DIMAITH 5.) 2 LT, (Ag, Be) IZBEIITH VBB 2 O HBEL BRI TH 5 2 LAY
b5,

M Dy, D_1,Dy,D_5,..., Dy, D_, Z H\IRD 5 I WIEFEFHINORFMR & L.
AT ALEWA; (i=1,2,...,n) D, DI Z D_, ODNFICELTWwB LTS, 2D
L) RERRERFO A C T ABHARE (A, Ay, ... A Bl 2y P X =B X 5,
EEMERIC, WYY ay b X —RREEEN > OB O AL FHRLTH 5,

D (Ag, By) DHNTIRS 5, Bl 72 A € AEBBEDEH S NDZDIZ0 < 0 < n/4

AIRS20, 0 =n/4DE ZIZMWDBEET 25D, (Ay, By) IZHEBIITH 1 FEEL

COHMBELFAMTH S, IHIC0ZDPLRESLTH, 42DMIZOVTEE) L
DL Y DHER /0 (7 Ln>3) BEKR->TWD E S, BEERZ6N0S 2
EDRRT U ALVOSHERER L Vb2, 2 LSEZARHEFEEICIE 2> TEWL
2T BIZIE AgBoAy ' By DNV ERE 2> T3, iz, MDD ) OFEH
o2 DIHEAED & Z1E, HERRHCIE R oW Ebba s

AT 2TERD A Y 2B - b %2525 2 & 129 %, FBAMIF ST A —
8 NI A RITCDITIN D7D HHEFE 8 KT L e 5, (BTRILBb->E T 61
52 xFB,) DT A=y HEEOFT, BRGNS 250 L 2 9 ThOLERY
MEDXIIEL TOBDDE TR,

3. EANLGHIESRMG

9. BEEEOHIEICH W S N A HAN R HIEICOVWTEEZ L TEL,
GHRAEDALHBEL T 5, HX OHICGORALIHARZR TS Z LB TERLG,
GIIHEECH 5, AL ZRER T 51 i1W®¢®15p%Eﬁ FEL. G

@ﬁﬁ@#ﬁ%&m;i%pwﬁibpwﬁ SURBY =YL=

{z € W | d(x,p) < d(z,9(p)) Vg € G\ {id}}

ThbbT 4 ) 7 VZEEZZODRERNLTETHD, T4V 7 LEEBOERIC
uﬁ@@w?%ﬁ#ﬁmé%m’@iifi&mﬁ%bmﬁ K7 v h L DLHEKRE
HZEHY) ZLickh, BRED GDItE%EZ %720 CHEBIMEZ SRIETE 285605 %,
2EHIDOBNZD X I bDTHoT, L, EHEHVEZDICED X ) HHRHA
DI BT L ORI TSN LS,

—H. BZoNT Ay AZIMEIHRIN W I 2R TAOICHe s s RFE
HH, IMicdRz anrsr ey oA-EXTh 5,
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T 3.1 A B e PSL(2,C) 2MEMKT 2 A © 7 A EHAREDIEMIE M 2 D BRI 72 513,
LUR2SRANE S %
|tr? A — 4| + |[tr ABA™'B™' —2| > 1

TIERIEER ) DEFRITAMT 203, BHLKH] (A=idDYakl) 28R 57
DOEMEER>TEBFIEE v, FOEBUIEERMED 720 D BEEEDIB %2 LT 553,
EE L 25 2L ORIk 7D+t L R B,

ANT vy DARERIC K 2 IEHEREOHE ZFIEE OB TwE I L%
FEELTEL, 2IERA Y AL G = (A, B) WIEMNTthd 5 2 L 2R L7
WELT, A BB LEOMAIEDOAREREZARLL TR TH, GO EEEIC X 21
C,DTLOWMEDAFERAZALLTVEHD% 1 DOTHHO2TFHIUT v, b5
5 A A(C, D) \ZIERIFINTH 280D 253, G2 ER L Tw 2053813740,

4. EES KR

I oETIE, ABOtZ AR T T 570, 204X €7 AZHEZ Fy 725 PSL(2, C)
NORBELTEZDLZLILT S, 2L RIIEH20HB#FT, 2R R = (X,Y)
ZEET 5, o, TORBAEDZEM%Z Hom(F,, PSL(2,C)) £E <,

FBLZE[E Hom(Fy, PSL(2,C)) 226 CP DB # DN CTED 5

t(p) = (tr p(X), trp(Y), tr p(XY))
¢’ € Hom(F,, PSL(2,C)) 2% 9 —D2DEBIE T 5, 5 M e PSL(2,C) BfAEL T
p(X) = Mp(X)M™, p(Y) = Mg (Y)M™!

EROT0BEZEpL P l3RLE VSN, ZDLEZHLDIZT(p) = 1(p) TH B, W
2, 220FKB p, p € Hom(Fy, PSL(2,C)) 23u(p) = 1(p) 2 H7=T 6, 1FLEALEDY
& (&) RIS irreducible D) 113 2 I3 HRITR> TV S, Z LT, p(F)
DIFELID £ D IF TR E 20T, 26 1E, Fi(z,y,2) € C PRI b
DICHIGLTVENREIPEZEZLIEICT S, bR, BRIFEHTHL L
. reducible 2 ZBUHIET % milZ

{(z,y, 2) E(C3|x2+y2+z2—:cyz:4}
THHZEDBHIGNT VWS,

5. BN
ZOfiTIE, BT 2 EARWN RGO W TRBICHAL TE L,
A%ZPSL(2,C) (FI3MIBT 2 AT AL 52, DL E

etrAcR T 2<trdA<2D: =, AZEMHEI LW,
e trA=42D L EZ, AZBPME LS,
o it &, AZRWIRLIE WS,
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AFPSL(2,C) DILHD Ttr ABFFSZROTL2RE S v, Lo L, Lo EIERT
AL Tk,
GRAEYAZHREL T2, MBHNOEBDORpIZANL T, pDGIZ Xk 281 {g(p)|g €
G} DERSEROEA%Z GORRES L XU, AG) E#HL, AG) 1ZC oMY HES
TH2, CIiBT 2 AG) DHELZ AR L LU, QG) LEL, F1 BB
F % AG) DME% Hull(A(G)) £EL 2 &2 %, 21T, HUI(AG))/G%. GOy
7R AP P

6. Riley slice

2O0DMYTRID X ) AP TCHEBINB AT AL R2E 2 5, I o LRIk
DU OREEHER TR T 2 LT E 5,

A:(l 1), Bw:(l 0) we
01 w 1

Z2 LT, Gy = (A, B,) DEERIND OB 2 DEMBEE R E 22 X ) hwzRd 0,
G DAEIGFEIH Q %2 G DIEFICTEl - 727522813 1 DD 4 fR D ZERIFIC K 50220
D 3 HANH EZERMIC 2 %, w Z2EHNICE) 8 3 DIFETH T,

R = {w € C| G, HERINTQ/G,, 03 4 ;S Z BRI }

% Riley slice & £ 5, Z LT, Keen & Series 1 G, D1ME%7D> 5 pleating ray &9 b D
ZE AL T, Riley slice Datb % 17> 72,

1: Riley slice

1235 5 1172 Riley slice TH %, HFE/XT7 A —F wll X 2EE T, FEEDHIFH
¥ 46, ORI L4 TH 2, IMIDBOIERIBRIHIGT 2, BERVBEHR (7
727 9NVMR) TR LTWws 2 EPEEINs, KAiTlk, Keen & Series 12 & % 51k
ZRODNFIRA—=FTHFEITL LI L LKL DA ZMHNT 2,

7. Diagonal slice

ETRZ X I 2TEK A B ABEMRED IR ARIAR D JER T tr A, tr B, tr AB T5-Z
55, %1 Caroline Series 5. Ser Peow Tanf & trA=trB=tr AB & 75> T\»
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)M%

AIZOWT, Z% diagonal slice E AT T, WOXIRT % 20ER A EY
G =

Rt g
A LR (A, B) DY HEBN D AHBEE 2o T 2% E 2 7, 7]

D ={r e C|(x,z,2) € C*HHEHINL D H HIZ X }

— I GO O HRE &, 2R HE /G IR 2 DNy vz 3, 22T,
RE (trA=1trB=trAB) XD ZORZEMIINE3ONHEZL>DT, TN TS
SICH B L BRIFTHEBIZANEL3 D cone axis B 220H D k) %A —E 7 +—)L N
5D, ZOXRMIL, E3 DRI RN Z 4 DR OIRETH 5, Z 13 Riley slice T
WITLTE 5 72 & 2 ADMB 3 DIEMTICE D - 72 LB A Riley slice & LD ER%
DB ENTEL,

pr + Fy = PSL(2,C) % (z,2,2) ICHIET 2RBLE T2, imDMLILTDEBD
Th 5,

1. 4 KR IR EOAREREMEAMIR D A€ b ©—BITHBE (2584 2 [FfEE
RTH->7bD) THA LToNns I E2RT,

2. v € Fy 34 KUK D SR EOARE N HFPHIIFR ICIET 5 & Z. trp,(y) 13z D
ZIHATH O v IS 2 HEE O BUER D o FRIICEHR I NG 2 & %
RY, U ZDEHAZ ¢, () £FEL,

3. LOFHREFEOIMIEN & 2 HHEL (0/1,1/1) 1WIET 3 HET TR |
A X T B o BAKINEIAT 2.,

4. G, DIMADEF G p/ /NG T ZPHIER CHraulind s 2 & &L 2 h3y,(2) €
RD®H 2R RLEILP, ) \CAD I ENFAMBTHS I EERT,

5. Lok ) £ CERD X)) I, v DIEREIRE { ot & ED Yy, (v) DIR S Bk
V (FHEADRERON) Zididhd 5,

6. Py e LWPHEIC > T2 2 ERRT,

Z DR, UT oKD EmINIE4S{L %2 T > 72,
B 7.1 (7)) ABLXVZDOHMDP,,7blid, 2D X HICh>Tw»35,
DUFTlE, ZOERDIGHIZ O W BN T 5

8. NI VEVHEOEIRRRE

C OEIFILESEN K CEEBEEEE) & OILFDIZE[8] Th 5,
JERERED &t LT, 2Ny v v ORERANH -7, ZDEAZ T,
A, B € PSL(2,C) I LT

J(A,B) = |tr* A— 4|+ [tr ABA™'B™' — 2|
LB, IBITPSL(2,C) D 2 e REG IR L

J(G) = inf{J(A, B) | G = (A, B)}
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2: Diagonal slice : 737 X = 3HFE Mz =trA=trB=tr AB € C, HLDHW
"H. DT OHlifEA D diagonal slice T, HIZIAZ ) MifR7- 603 P, % & EEPNT
W7z b D (pleating ray) TH 5,

EBEANVF VR UEELS, Gy OEE D GOIEWIER DO BERUT 25
5IXJ(G) > 1Thb, HEFDPHRLT 5 L) REZALT Ve VLTI, 58D
AMAVHRINTVS, TITERHE XOERIC K> TRESI NN ORME[6) 2%
25,
IfE 8.1 r 2 1 MLEDFERET S, EDLIhriciL T, J(G) =r & Ak T IEWE
(2> DBERLIA A E 7 A BHADFAET 5 D,

Kifi &EBE 6] 13, 1 A EDOMEEOREE L 4 D EOEREOERIZOWT, ZDfE%HE
Bl 2 BEOHEE FR L 725, GEHIEHERS L TouZzn,

ZAucx LT, IR E 9 LT o mIE 2157 9],
EHE 8.2 w % Riley slice DER E T2 L, MIET2HEG, DINT VL BT [w? T
H5, Bz, 92467 L EDEEDOFEE 12k L T, J(G) = r & A TIRWIE D8
U A © 7 ZABMDIFET B

L2 L. Riley slice TE TN FOMEZEBT 5 Z EHNARETH %, £ 2T diagonal
slice Z 2% Z 12 L 7z, FFIT diagonal slice NOH#E LB TREZR S DS TDH D

S
s (—3a/2 1/2 > 5o <@ 0‘>
~1/2 —1/2a 0 —i
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7R Lald 1 I EDREET S, T2 LEERICKDRXDP 0N !

(3a? —1)?
4a?

ZLUT. a% 1 2ol E Tl T 2 L2k D J(A, B) D31 55 4 £ TOffi%
MGHC L 22 Lo h D, E5I0, TOLE J(G,) = J(A, B) BT 5 2 L BRT
e, N RS,

EIE 8.3 ([8]) 1 ULDEEDEL ricx LT, J(G) =r & &7 §IFPEN D DRERL
A E T AEDHELET 5,

WRIRA—=Y a2 EBFERBOHHTHEILT I LICL D, b & D diagonal slice 2R THE
BEEDITo7%, T5L, BIZIXTIYEADTOINT v xR ORED diagonal
slice ik DL K HFEET 2 2 LRI L,

J(Aq,, B) = J(B,A4) =5

N W e Ot

3: diagonal slice \ICE 175 ANT v VBOFHIIFER : 2 =trA=trB=trAB €
C,—7<Rr <8, -5<Qr <5, tlxany vy Loif, hfkid pleating ray, H
DOBR TH | OSBRI TS 2 OXKMIEE & 175 3 DK [AEED [ i & [H7
A

9. BTN =1 V&
Afifil% Gaven Martin [ & OHFEHETH 5,

Martin 513 2N E T2 ODREHD X © 7 ABHIZ X > TERI N THliN, 2
74 VHOGEEHEL CTHEOMEZIToTE T3, (774 vEOREfiMIZo»
TIE B 22, ) EFITDOMNEVBREVWGEDTHITH 2TREHEA TV 5203, M
INEWVIGHIZOWTIEH EF D EA TR, REITIE, VD2 DI ENED 3
DILETERIND AT ABEHEIZOWTOFEZHNT 5,

CITRIES DHEICHESTUTDRTI A—F %25,

Br=tr?A—4, By=tr’B—-4, y=trABA'B™' -2
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4: 282 DFEHIG &A% 3 DIEHIL THER I N BB 7 7 4 V1 Jid
Flammang-Rhin 12 & 2D 5.C, Hubd TH) OHFIZA>TWT, ZERE X417z pleating
ray IZHE-> T 5 b DBEBEOEMMN 7 74 VL bz,

GI3 A, BOMEZEEL TWEDT, B, 3ERTHL, ZITIITDALET R
By DIER T TEE S, ZO~yFDHIcH B5MN 7 74 V#EE2TRTY A
F7 Y 7T EOVBHEHETH B,

9, EME RS A FHDO BRI TOESEZATRETH D Z EBDLr> T,

o EIEE T, ZDERNGHADREIZ 2 M LT, §XTOA 1 7 L3

{oou] (532)  (0)'<)

MR L. B 59 £ 2 onERTiE R <. D IR TEIT[—1,2|NIch 5,

DX BHRM2 AT TRALHEAIIZS &9 & 15909 HFEMEL Tw5 2 &R, Z2DY
A b &2 Flammang-Rhin 2] ICXk>THZ 6Tz, £ LT, BEEHICMHNE2 D
MEEIRE &A% 3 DK EIRED IS > T2 87 A =% (7)) 22 T oHRL 72\
B, ZDODHIENINE ThI o7,

L2 L., 2@ Martin K5 D ~ i &, 255 D3 Series [ + Tan K & W28 L 7z diagonal
slice IARENCFALC & DTH S Z &%z, BHAFTTHENPD S 2 LTS, £ I T,
pleating ray & Flammang-Rhin Dz /7 70y b LTAIE T A, EDRDPEMI
THDHIZOEDPRDMRRT 2EFREREZ 72, (M4) ZomifRix, AMS @ Notices
D 2016 4E 11 5 DERMICD 22> 72 [1, 5], IR T Notices DIHYFE D J7 & Rz ERL L
T 7B RFEL L, BEEOREE o7,
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ZOHMartin K& 1Z, 220D OICE T9 050 ICREZIELEEIC, V»WoO

HEENIZ 72 2 2> (Riley slice IZA 2 22) FIZDOWTOFHEEERD LFATIT>TWw3

1

W

—_

o=

o AL o7 T O —FIFERERRALLOVHHETH S LKL TV 2,
= Xk
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it O GARSAEF O A HIA I DN T
Fril S5 (BRESRY, AACHRRRARIFI A DC)*

FEONAEIDIAI L 1F, ZDBREOEBRIEEGB T HED DRI DOREND HHHER I D Z &
Thsb. BEBROIIEMDIAAZFEST S (T dd) ik LT, moaR
W82 L B 751k e BESUCh o T Z2R5 0 bR 2 HiEN I LHIBENTWS. —7, B
GIARE DA D IARIC T BEX 5 Z B9t LT, IR EQ Y —0cDET
B HE Y — NIV B ORGP DOFIREM TN TE . £ UGRE, BEAT VT«
VHOBEGNRELTETED, HATIVT o VEHICET 2 ROOLITICHNE X
bNEKDICEoTz. ZDO—DE LTEBRFRICETENSEMTIVT « VREDA D I
X, FOH D EEE T 5 C & TIREEEDIAADIEFE T Z FET S, EW0H g
DONH 5. ARTIE, FITEARFERE ORI AR S I WHEFRRI O N A RE T
BN T 5. Z L C, Ml Birman-Hilden 773 I8 #4578 & 15 /4 7 )V T ¢ VEER
fi>T, &2MOEUGERE ORI DIAHDFIET 2DENZTEICTRETE 5,
EWV S AR G & FEE ORI 24819 5.

1. HEOEGERF & EFE

AR T g T, plDOY—7 52t 5, bEOESE) 2 & DA miinz St &
LY. ARRTHE S AR, TS ZfEd T elcd . i sh  OR#EE¥ Homeo, (S? )
i, i S, DrEN I 2RD, v — 7 Ri0EAEZED, B ETIIEEG G E LB
MBGARD, BIGOBRICE > TEITHOI L THS. i S OBREEEE Mod(S? )
L&, AR Homeo, (S7 ) %2, MHEGRICA Y b Ey 7GR GG K59 ERT
DEACE DB TSNNSO ETHS. Mod(Sh ) & p JORFREENE IR HER] Y
20N, TOMEFRIDOKZ PMod(S),) & & EMEBEERRE LV 5. BURKARE Mod(S;,)
RIS pRDT LA FEELWT, B, LEld.

FARHARE ORI OYERRID B SIS NTeMRGEZFET LK 5. SRRl DWW TR G4
BEOEMENBRIE M ZEESRUTE LY. UFOfil11, 1.2, 1.3 Tl S, S % dhi,
PP %ZZNTNS, S D=V kG LT 5.

1.1. I— 7 2D=H)

o2l S O —7 e d 5. [HEFHId: S — ST LT, (id)H(P) =P\ {x}
MK DIIDEE, ROFETEEINNEENS:

FEE 1.1 (Birman). 1 — m (5, %) — Mod(S) — Mod(S") — 1.

1.2. IBFRDBEE
WEFER S - SITHUT, o(P) C PHDS \IntN(u(S)) M Sy icfHD e &, X
DESERIMEENS.

i 1.2. 1 — Z — Mod(S) — Mod(S") — 1.

AW RHITE: (FRRER5:18J13327) OB ZZ I 26 D TH %,
2010 Mathematics Subject Classification: 20F36, 20F38, 57M12
F—U—F DGR, AREDIAR, EAT VT« VRE
* T 739-8526 JNESIRAULETHIL 1 TH3E 15 JLERAIEGIHAI RSN
e-mail: tkatayama@hiroshima-u.ac.jp
web: https://takuyakatayama.web.fc2.com/index.html
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T T CTIntN(o(9)) 1l " OE Il o(S) D “To /NS VIt ONERTH 5.
1.3. FEFIRAYIEEHIA >
HZoNAEEH . S — SICRLUT, o(P) c PPhD S\ IntN(«(S)) D E Diifh
E S5 & S5 & ShyDWITNELFAMICIZRSAVE E, ZIEMRIIESHAH; L
V9.

EHE 1.3 (|23, Theorem 4.1]). JFHERAVHDIARDGHE T 2 FIAAHERE 1, 0 Mod(S) —
Mod (") 13 B4,

EHE 1.4 ([2, Theorem 1.1]). g S Ol g2 6 LA L, SOz 29— 1L FET 5.
S' O 2g — 1D FIE, SEBEREEY—I 8z 1D ERDEd%. 2O
& &, PMod(S) 5 PMod(S") NDALEDOIFHIAGAERRII < — 7 (D=, BiFto
HZ, JFMHERINBLDIAH DN HIFEENZHERIO G TH 5.

i DIE A FRH 78 & SEFH O OMODARZFET 2 DD, EHLF
HETH 2B OME TARTIINIBEALRNDT, [1]ZRTHEZZWV. FIZIERD
EHDHI OIE I A RRE 2 > TR b N 5:

EIE 1.5 ([1, Theorem 1], [11, Section 2]). fEED g > 21X LT, ¢ > gMFEL T
Mod(Sy,) < Mod(Sj) ).

277 S OBAGFERED T DRI & & OHERBUS DOV TIE, ROFEELHIS
N3,

EE 1.6 ([10, Theorem 7). &L g > ¢’ &5, Mod(S),) A5 Mod(S) ;) NDIEED
HEFRIOBUIE (g £2D & X)) £IIBONEDEL2 (=208 X)TH 5.
1.4. HRITR>ARBDMY &ht

2 DDMHEZEFUCIR > THED BbE 5 2 & T, MEDOMHDIAAIEENS. AFETIE
ROFNZZAES .

B 1.7, dhim S2, ( ICHIR S8 2B ICin - T BbE % &, Bl S0, Wb n%.
COIED BRI HAGEHERT ¢: Mod(S2_, 5) — Mod(S0,) ZiFEd %. i S2_,
DB TATE HAEARIRRZ T NEN G, 6, £ 5 (K1) &, 15T, € Kerp D225
IZ%. TCTC, Tp, i3 HMPARER 5, ICBId % Dehn twist.

AR TR AREN T BRWHEMEBMRZEZ RO T, AENEWD SHEITERT S
Ticd %, T Tlhim EORMAIR o HEERNTHS LIE, ahERIDDIY—7
MELEDT A AT EEDRNEEZEZNS.

FEHE 1.8 ([23, Theorem 4.1]). EDHID pIcDNT Kerg = (T, T,.') DD LD,

1.5. Birman—Hilden 75 #7Z&
HH I D I 978 | X BAGSERE DR O (I A8) MDIAAZFE T AT LhdH 5D, TO/NEIT
X, XROEMDOFFIHOE A R 5.

FE1.9. g>10DL X, XHKDITD.
(1) BLn <2975, B,1EMod(S0)) IcCH®IATNS.
(2) BLp<29+2751F, Mod(S),) & Mod(S9) ICRAHIIC HDIAT NS .
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b1

B2
1: BEFRICIR o T BAEEARIAR 81, Bo.

%;é%

2: XD TIZHIH D 7-[EE T, 2 2RIV x 1FX =T /. 5§ ¢ D Birman-Hilden 77U
53, &, KofhiiZzEsicin-> THY GhE% 2 L TRENS S5 D Birman-Hilden
IS SS ) PN TN S

212 T NH ST E NS Birman-Hilden 7458 2 E N T BNz,

T 1.9 (1) DFEHORZE. BRBn D n < 29 %Mz &3 5. 52, OHLiliZzE LD,
COWNCRET % m-llfisr 25X 5. CO7DEERIE 29D D, i@ p: S2 5 —
Spog MEBNS. T 7 AN=LAENFZROFEMEBTZEH 7Y, Homeo, (S; )
DI #E% SHomeo, (52, ) &add. T TTRMEGR f: 52, = S2 | (BT 7 A/N—
2RO EIE, plr) = p(a/) DD ILDET Dz, 2" € S5, (ITH LT p(f(z)) = p(f(z))
MWIRDALDEERV S, T 7 AN=LMENTZRD S, OFRHEERIE, M S;,, D
A EMI 2 ROFMHERZFET 5. WIS, 7 S;,, DT ZRDRMERE, 77
47 S o DT 7 AN=EAENTZRDOFEMBRIC) 7 N9 5. fE> TRFHERM
SHomeo (52, ;) — Homeo, (S ,,) Z1F%. Birman-Hilden #iFilc &b, S7 |, DEF
FRICAY by IIRT 7 AN—Z2RDEHGBDI > TG A BN L&, TDE
HFEGANDAY FE—ET 7 A N—ZRDFEHEFBROMERIREIC K > THETE5DT,
O RGHHERRE B SR TR e R R

d: SMod(S;_; 5) = Mod(S; ,5,) = Bag

BB, T T THHREBDEESMod(S2_, ) 1d, Mod(S2_, ) DEBHHD S B, RET
ELTT 7 AN—TRDEMESZ E N5 XS RN R TR TCH 5. ETilk
N2V T " el bBieE25E, COINEMTHLT NS, LLEICKDH
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BDIATH
d™': Byy — Mod(S2_, )

MEo5N5.

&5, ER 1. DUEFIUZ I SMod(S2_, ) = Bog ICHlIfid % &, By A Mod(SY )
ICHDIAE NG, TNRRT DI T, Ty OFTRT, ™ A SMod(S2_, ) i@ Lz &
ELTm = 1283 X. T, HARTET,™ W SMod(S2_ ) ICBLzE L&
5. THT, ™ EEBIERE Mod(S]_, o) DHULDITTH AN 5, FNFEIIHEE SMod(S2_, )
DHLLDTLTE D%, Bog DHLLEIKIEINT, SMod(Sz_, ) Tl (T, Tp,) lcF LW, T
DI (T, Tp,) (I T T, DR 2 7edICiEm = 1 TRINBE ST, PRIk
D, By ldMod(S2) ICH®IATNG. B, — Byy THBHME, FIRAMES. O

C OHITIIHFED Ty FAHEE (1) DEHBHARE Mod(S?_, o) DEBIEETIIIR NI,
SIFRERSIHE SMod(S2_, o) D2 & B MBI IRND, —fRINCIIFRE Rt Z 7 F25
BRECE S RN AR SRV, E5ICEAE, EEORMEMSICH L TY 7 MHTEE
T5EVIDEDHIDRRIRETATH .

ERR 1.9 (2) DFEADKIEL. p =29+ 20L&, SO DLz LD, TOICBIT S
r— s Z2EZ%. TOTDEERIE 29+ 20D D, TIHTE p: S0 — S0 y40 DT
5N%. TOLETIESMod(S),) DILTHY, #.SH,,,, DHFEHRZFLET 5. Eo
T, "l & [FIRROEG (cf. [7, Section 9.4]) ZZ ML TIEL W) 29 5 &,

SMod(Sgo)/(ﬂ = MOd(Sg,QgH)

IMFENB. Mod(S2) BELHISNTVE XS ICHRERTHZND, 12EEENH
BRESEGR Y RE H 28D, HNSMod(S9,) & SMod(S0 ) OHEMHREE I #ECH D, Lol
TZERRH LT Mod(SY) 540) DHEBIEEER DR L L THOIAE NS, BT, Mod(S)a,.,)
DEBRFEEERIHET Mod (S0, ICHEDIAE NS & DDFEET 5.

RS, p<29+1DLEREZD. T LA FBEPB, 1 (Byo1 D (p— 1)-KAFREE
ANOD HIRTEHEF T DKL) INERIE PB,- = PMod(S),) x ZZEDT LICHERT 5.
P19 (1) KD B,y — Mod(Sp,) A5, Mod(S9,) i& PMod(SY,) 2T RIS FiD.
PMod(Sg,) & Mod(S),,) DAIRIEIER IR 5, Mod(Sp,) D Mod(S2 ) ND AR
DIAHIMES N O

AR 1.10. p> 20L&, Mod(S),) @RLNTLZED, B, 1ITi3RACIUTHERVDT,
Mod(Sp,) TDE DI B, ICFEEDAT N, U LAIRIEEERDHF PMod(S) ) %2
UL, B, ICHEDAE NS,

Birman-Hilden BFHIC DWW TIE, [22]IcE &®HH5NTEHE D, Birman-Hilden I K 3 i
s X A [7]1C & FEFH ORI E NN TV S.

T LA REED S GAGBREANDYERANC OV TITFEL KRS NTE D, Castel [6] 1,
T LA RO S~ — 7 fi7a LM O BASSERFAN ORI Z RO T T 5.

EE 1.11 (Castel). g >1&9%. TOELE, B, M Mod(S),) ICHDIAZNZ DD
NEA T <29 THS.
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2. (RIIESHIAHDIEE

AEHEDIAA DI 2N D1, BAGSHERFOIEEAE R 7 HE DR T AL7% “something”
ZHEZIE XV, ZO “something” & LTI, £9EGHEHOREIREOQAI—RTHD
%. BEGOIRETRYV—IUT cd(G) L 13, BEIRTTY— HY(G, M) BMEABICE 3
KOG MM 2B ENTEBRLn DERAED & TH 5. BFHIRLCIUTHD
5EZOOIAREDI—=RITH 0 lIl/5D T ENHILENTVED, B Uivuchix
TNEXZ0aREQI—JoehVERICE 22 EH 5. Serre DEHE [25, Theorem 9.2]
ICENE, QChDRVEOIRED Y=t TOAEEER RO aRER Y —
ToTE—8T 5. BEmcBWVTIE, ARIEEE B2 Lk ChdfiEE s C &
£H0, BIEFRIIRUNDOGRWVEIREEGE it ZRD. 22T, BEEORE IR
T V=Xt ved(Mod(S)) %, RACNDEWERIEEER O IREO Y=ot e L
TEFRTNUZL, Serre DTEHIC X D well-defined TH 5. BAFFROIRMIREOD I —
Kytid Harer iC K> CRIEEN TV 5:

FEE 2.1 ([9, Theorem 4.1)). 29 +p+b > 275 51Z,

49 —5 (p+b=0)
ved(Mod(Sp,)) =14 4g+p+2b—4 (p+b>0)
p+2b—3 (g =0)

#H DB GIAAENICHOIAE NS L E, ved(H) < ved(G) HD LD, it T,
AR RED V=IO A OAADEE L LTS TN TE 5.

i & B —N)VER D BEOD i i BE RS AR I AR AR DA A DREE & UTES C
IWCTE%.
TEE 2.2 ([5, Theorem Al). Hili S? O BulerEHENATH S LS. TDEZE, Mod(S! )
ICHSDIAE NS HH Y — NIV O R & FEEIE 3g — 3+ p + 2b

Ivanov—McCarthy [11, Theorem 1] (ZGAGHEHRFD H NDHDIARNFEHIT T i D
Mo RN BAE NS T &R L, GERHED co-Hopfian THBH T &Z/RLic. 97
b, GEFEFOHMEDIAARTH AR LAV, E5IC, Shackleton [24, Theorem
M &> T, HHT —NVEDROREBEENEL L, REEED T REV2DDE
BRREORNCIE, RAEMDIARDMAE L RN EAGEEIRE N, TORRICEK D, +
I EME IR BAGSERE DT E O A RIBEGE 0 B co-Hopfian & W9 FHENENMND.

3. BV IV 1
BZ6NTHMT7 I 7T LT, TITHMT52EA7 IV« V8L IEROFRICKD
EZ6N5HTh5:

AD) = (v1,v2, ... v | {vs, 05} € E(D) R 51 vwjo; ot = 1).

T T{v,ve, ..., 0.} & ED)EENEFNT DIEEES, LEATHS. L%, 757
P DOESESZ VD), HESGZ BED)ICKDEET. HH7—N)UEE HHEEHEZNZTN
SERT ST, WIS T R EMATIVT « VEETH D, —fROBEMATIVT 4
FEEHBE? =)Vt HHBEOMICMIE T 2R EBH e TES. HATIVT 1V
BHI[4)IC K D ERIN, RYISMRBINCIIZEI NIZD, UREREIREL TV
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AEDREROMEL H > T, BMZL OFHEMRLICHIE S NIRD . Rl kExR
ORI, Agol, WiselZ X 2 A BRARETEN 3 JOT AR ZRARICIE T 2 AT 7 4 )\—TF
MOETEMERE EBbNs. KT, Agolld 3 Kyt MHIZ IR DILARENE S 77 )V
T A VEENOIAIDIARZZ E DT & 72" T LT, 3XITENIZ A DE R 478 T
St EORMR EREEDMFET ST LR LT, THUTDOWTIITHEAKIC X S fial
12| BB BDTELELESBIBL TV EREE 0. ARTRE LAEMAT VT« VDD
RO MEHERRE (i O BAGERE) NDHDIAFCHLIEN D 5. ROMEIXEM T VT«
VEO—DORBMNREETH 5.

R 3.1. ARBEATIVT 4 VB, GZEE, H7%Z GOEMRBEER DRI TS, & LAW
GICHBDIAENS 56X, Al HICHDIAENS.

4. BIREBRODEL L TOEAT IVT 1+ VB
4.1. BEHAHEE
Z OFITIERORECDONTEZ .

FH%E 4.1. 525N 57 Ll SO, 1M LT, A(T) & Mod(S9,) ICHIIAE N B Ay
Shzees XK.

ARRAERE BT —N)VEED Dehn twist 2> THEITE 5 K 21, HEEEA HiED
BASEREOTM B LTEBHTELZ N ELI MBS NT V. EEE, XOEHIC
KO Bt 2 BESERE O e UCRBICHETE 5.

REE 4.2 ([7, Section 3.5]). i S &SP ICHMHTIERL, x(S) < 0%z d &9 5.
ZLTC, akpZsS LOFMAtME TS, CDLE,

B
Mod(S) > (T, Ts) = { Bs (i(a,f)
B

T T Tila, B) i al BORMZENAZ AL

LOEBICENTi(a,8) =1 TH>TE, T, & T D2Fx L NIFEE 2 DHAME I
ERMICIES. ZO—tTH 2 [BHRHFICHE VT Dehn twist D7 RKEERHZ &
NEEATIVT 4 VBEZERE LTHRIETE 5] LW @D, Koberdalc K- T
AERHE N7z, T D Koberda DEMZARBE(IC, HiEZERE L LS. il S OMiEs
S7C(S) &id, THRESZ S FORENHEMEAIMBRO Y P E—HH2hOTTHE L
L, 2204 Y FE—¥ila|, [5] BSEZIES DIFRETCa & BORINSSEM 0D E X &
EDTGOENET 7T THA. TI7TDHFEMDER ¢: V(T) —» V(IV) NERBTH
X, TICBWTHZRAEEDTERDNRY v,v, € V(DITHR LT é(vy) & ¢(vg) B
MCBNCLHZERD LE RV, A5 Z2EIRICT 570 ¢: T - 1" eEL e, 79
TOMERTL¢: T — TV DT IVBBHIAFTH 5 LIX, ¢ WHHT, DD o(v1) & d(vy) D
M BWTCHZES K5 BAEEDTERDONRT v,v, € VID)IZH LT, v & o HTICE
WTlERZ EERNY, TZTOTIVERSTZ7 809,

T 4.3 ([21, Theorem 1.1)). T ZHh¥R7Z 7 C(S) ) DTNV T ST L, V(T) =
{or, ... o0} £T B TOEE, TOREGZARLICHLT, T, ... T & Mod(S),

vt
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WG T LT 1+ VBEAD) BT 5. 2T, T, &A1 B3 5
Dehn twist.

FRIENS, RTOEATIVT 4 VRN OEMN S BICRL NS DI TR,

TEE 4.4 ([20, Theorem 3]). 3¢9 —3+p>4DEE, HBTFTTIHLTL £C(S],)
THBMAI) — Mod(S9,,).

DX TEATIVT « VREOFHENRIE 41 OffRZ#H L S LTWS. TERT 7
GRS T T DT IVEGT TS5 T TRIRWD, EATIVT « VRIS BAGBRIC DA K
N5l EVSHNCONTE, BURTRIXIZEDLO—RLEEICE EX>TED, F1%
DIHRNEENS.

5. BEAVIVT 1« VEDIBHIAH DIZER, & T D H GO imrviEIR
EA T IVT 4 VB D BB DIARE, HiFRT 5 7 2> THA G DN
WG B EMTE 5. BEATIVT 4 VEOHDIAH ) A(T) — Mod(S) H (KK)
FEEFBRET LIE, TOSESvICHLUT, o) WEWICA#7 Dehn twist DfEE L
TEREND & EZ2VS. Kim-Koberda I (KK) &7 i 72 3 1l IAH MY “FEHERY” T
BT tZRLI.

EHE 5.1 ([18, Lemma 2.3]). GABNTEMATIVT 4 VEHOMDIAF ¢: A(T) —
Mod(S) IZH LT, (KK)Z&f2z 7z 3 8SDAFI o A(T) — Mod(S) WFIET 5.

Kim-Koberdald, COERZM > TS Z 7 OREHNEMTIVT 4 VDN EE
BHREANDOHDIAFC KT B EEFICIE 5 T & Z/R LTz [18, Theorem 2.1]. 7z, EBE
5.1, BRI T MBI T TOWMT T 7L BT T, 7T 7R “SAHMERR
ZHZTHWAEDLEEZS.

Definition 5.2. 757 "5 T NOTHROMB OIS ¢: V(T') & V(D) BT 5 T D%
BERETH S LIE, ¢DPROENZHT L ERNS: BV TUERESFEOTE
HOXRT v € V(IIY) L vy, e VI I LT, up € ¢(v1) MDuy € ¢(v2) B, uy &
u WFTICB N TARES.

557 DEMHERAIE, & LERTH S5 5BEHOEKD YT 7 OHERKITH 3.
BTN T DARERBIOME, [17, Figure 6] Ic BN THZ DT, ZE5%EH
TIFLLW.

Bl 5.3 (B7T7 Py DA TT T Cs NDILDIAR). 8 HMDIEY T 7 Py DA
{v1, v, V3,04, V5, V6, V7, 08} & Uy {vs, v} € BE(PR) &%, £z, 5THROKRE T Z T
Cs DIHRZ {uy, ug, ug, ug,us} £ L, {uui} € E(Cy) £9 5. ¢(v;) =u; (1 <j<5),
d(vg) = u1, ¢p(vr) = ug, ¢(vg) = uz LIEDB LTI T TDUERITL ¢: Py — C5 215
% (K 3%Z21K). tbAA, ¢ BZMERUTHS. COTTT7OREREIL, o
AP ) A(CE) — A(PS) WikEd %75 7 DUERIRITE $H % (Casals-Ruiz—Duncan—
Kazachkov). T C°C, P{ldEYathmothin s <7 O7)VaEgin 7 <o7 & UTHEH
ENTVWBEEE-STE KL, £99 % & P{OTHRIE Dehn twist 72 & EZ 5.

77T OMT 771 &i&, HREGV(I)%Z V(D) &L, BEGE BE(I) =
v, v} | {vi,0e} & E(D)}y 575 T7DTETH5. XD, (KK) &%
72 9 HDIARZHAEDEMNCHERL KD 0S8 DTH 5.
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e 5.4. T Z2HT 25789 5. (KK) &2z HbdIAF ¢: A(T) — Mod(S)
&, HIRRT ST DC(S) DH BT IVEHD T T T TICH LT, 7T T DR ZAMHER
¢: (I') & (D) ZiAET 5.

AERH. BODIATI o DY (KK) &b 2 milc 9 &35, EATIVT 1 VHOERT Z 7 T O
HOTHR ulc R U T, (u) & Dehn twist DI TH 5. £ T, ¥(u) (u e V(I)) DE
RICHIN S Dehn twist 25289 2 ARE M HEAMEAIIRROE S

Vii={ve V()| ThEH2ulci L Ty(u) DERICENS }

ZEZ, T2V DC(S)ICBWTHETSHRIIVED 72795, W7o 7 (1)
DIEM v € VISR UTT, H(u;) DFERICHNS K 5 5T DR TOTEN u; ZXHHE A,
COXSE ¢ LFEL. WhepldEBAA—MRINCITEBR L U TIERINZVDZENT
EHDIRV. Tl oMNT T TDRMERRTH S L 2RTH. () lcB Tz
BALEDTEHEDRT v e V() Ly e V() 2 LS. FLT, fFEICw € ¢(vy)
Ewy € P(v)ZED, wy Ewy MTICBNWTUEES T 2T, REXD, TH v
Euld () CBNTHZRES DS, IV TEAZED T, 16> T oy & v EAREAHIFEEA
e LTI DEHRNK D ICEHTERY. TN Z v & vy ($IERHE7E Dehn twist
G 5. CTOHFEFEE D (KK)FME2HS &, () & (ws) 1d Mod(S) IZFHBWT
JERHITCH B T LRI T EMNTE S (RIS DWW T [17, Proposition 3.4] D%
SILTIELYY). VWX, IFHERBTHEZ20D, w & w ZEATIVT 12 VEEAT)IC
BOTIERTHRINUIARSEV. §bb, TILBOWTw, & wy iddZEST, #iJ
FITCBNTLZERS. LLEICKD ¢ 12 AmTER. O

CDRAMERIIZ NS 2 & T, EATIVT « VNS ODMDIAHDIEER T > &
DERRZTENTES. RiF, WEHERICH T 2EORDS FFEHOBLUTH 5.
fnd 5.5 ([17, Proposition 3.9]). T 2GR 7 57, P, ZHEBnDET 7T 9%, 7
Z T ZAMEERR ¢ (T7)° & (1) DY (KK) SetF 217 9 HDIAF A(T) — Mod(S) Bk
HXNhied5d. T, VEHERT ST C(S)DERIZ VDTS5 T Thsb. TDk
&, (EEDO T IVHSIAF 12 P, — T LTI IVEDIAR L P, — (I DFIEL T,
pol=uL.

BT IVT « VREOMOIAR L, 75T OWFEO MR & ORIRIEMIC EHIA I [19] T
FARENTNS.
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R56. I ZHETTTOHITTTLd%H. TDLE, AT) < Mod(S),) 5T <
C(S5,).

€T, Koberda DMBDIAHERE DY L, THNET T TOHT T TDEE, AT)
S GERIRENDBDIARDEAET BN, MK 7 TN T DT IVEGT T Z T
PMFAET 208D, LWVSMENREENS. THET I TOMT 7D L Zid, i
MR IC K > THIRI R HICERZA OREZ RIS 2 T LN TE, ROEHZ1T5.

T 5.7 ([17, Theorem 1.3]). A(P5,) < Mod(S) ) &2 7z@icld, HARE m HROA
L2 EMRET I THS.

(0 ((g:p) €{(0,0),(0,1),(0,2),(0,3)})
2 ((9,p) € {(0,4),(1,0),(1,1)})
m<4q p—1 (9=0, p>5)
p+2 (9=1,p>2)
[ 29+p+1 (92>2)

BT I 7077 T7UNCE, "RIET T T L 1T T OO T Z 77Dk
X, HRNAZICRE 41 2 TENTE 5. ROEHIZ (17, Theorem 1.4 (2)]1
D Uiimz A % LAIHTE 5.

EE 5.8. A(CS) X Z — B, 7257eDIliEm <n+ 155 NRETRTHS.

PR I DO BAGSHARFIC DWW TIE KDL D VL D.

EHE 5.9 ([16]). A(CL) x Z — Mod(S2) %5 1edIclE, m <29+ 175% T & DRAEE
TR TH%.

6. T
D Birman-Hilden 73 I E 2 0% L @ 1.9DME SN D TH -7z, TOHITIE
ROEHZFHHT 5.

EIE 6.1 (Katayama-Kuno). g > 1D EE, XD (1), (2) MO ILD.
(1) &L B, A Mod(S) o) ICAHMICHBDIAE N D5, n < 29K ILD.

(2) &L Mod(Sg,) 5 Mod(Sp o) ICARARMICHDIAT NS B, p < 29+ 2HKD
AS}

AEAA. (1) B, A Mod (S0 ) ICfARICHiDIAE NIz 9 5. bbb, B, DH% ARG
BORIRE H 3 Mod(S90) ICHDAENT LTS, g=1DEE, Mod(S),) = SL(2,Z)
FAERICIE A TH O (FREEE T CHBBICA 5L 0DH %), B; 3REE2
ODHMET =NV 2 Z80 5, SL(2,Z) IABHDIAHZ E DT Lid7Ay. @58 K
D ACE,) X ZD B, ICHOIAENZ D, FHE3.1ICKD ACE ) x ZW HICHHD
AEND. o TIREERD, A(CS,,) x ZIF Mod(S2) IC B HDAEND. Ko TEH
5950, n+1<29+1, §hbbn<29%55.

(2) REAHOORGE (1) EFARETH B, g =1DEE, Mod(SY,) = SL(2, Z) I3ARHNC I
HHIRECH D, Mod(S),) & p > 5D & EREE2 DHIMT — NV FE 728, Mod(Sy,)
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X p >5D& ESL2,Z) I DIARZE DT LRV, ¢g>20DE ZITFLFOX
SSRGS AUT K. Mod(SP,) 1S A(Pe_)) MHDAT NS T & & A(PE) — Mod(SY)
BABRKOMMD29+1THAHTENEp—-1<29+1, TExbDEY <29+2HES. O

7. S1EDFE
7.1. 182N T

BY 7.1, i S I S 5~ — 7 SESHLTEbND LTS, COLE, Mod(S)
5 Mod(S) I AABIRE AT G AFAET B 70 ?

& A DIARDNIZNE S, Birman DR SEEINIAENCE A A LWV, &L
RADIAF N D 575 5, RIHDASHOH UKL L X 5D THIFL.
7.2. 4FIlCDWT
MR 4.1 RS ZR0IC, Z8ZF8 7))V ALDEET 2 ED 2R S OIEEREA
5. RIS 7 C(S) EHRT ST T MNEZ 6N EIC, TINC(S)DTIVEDTT ST
K2 ESDZHET 27 )TV ALWMFET 5.

7.2, 412 7))V T ZLIEFAET 20 ?

HHI DY A5 51 E S ORINOREIZHEEMN TH 5 [20, Theorem 2]. —Hk DA
DEGEIEZHRF I TIE 7V TV ZLDMFET 20 ENEZITIETRE DT,

X7z, ©H4.31F, Dehn twist 2> T3 D, it Anosov BAGFHZ WO T & [AIEED
ERNMEENS. EEH5E T RIEEZENIEATIVT ¢ VEZAERT 5T &N
DBD, TOERNGEEE ENTZFTRKEL ENUETEODNETD > TWiENEHIE
HNB. Dehn twist M2 DD E EF 22 ENE 159 THS. Dehn twist D3 DD E F
g, ENEERZEEZENIEATIVT « VEZERT 5D ? 2 DD Anosov 5.
BHAD & ZITITESRLS [8] DWITEN D % .

7.3. 5EICDOWT
B 7.3, TS (MU 5.4) DD ED XK S FIEDIAADFEENMIHTE 725507

7.4. 6 FlTOWT
BRFRTCIERDO XIS TRETHENHATH S XS IEDbNS.
FH 7.4. n X7 LA REE B, WEBFARE Mod(S) ) ICRARMICEDIAT NS X 51,
Son TDEDETZIZ S, D Birman-Hilden 73S A S 1< JEFBR X 724 “FI7E
NS DA NS .

FHIEATIVT 1 VOISR D R->TED, o TAHRMICE Tt < H
TLEo7. LM LZDORTHICIEHRRES LWL —A1 & LT Aramayona—Souto [3] A
HO, TNCERENEINTNS. MIC [15] 1BV URENEIMN TV S.
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Quillen rational homotopy theory revisited

Aniceto Murillo

Abstract

This paper surveys the main properties of the model and realization functors,

f
sset — dgl
(=)

which are based in the cosimplicial complete differential graded Lie algebra £ae.
This let us extend the Quillen approach to rational homotopy theory to non simply
connected spaces and to any complete differential graded Lie algebra.

Introduction

In his celebrated and seminal paper [21], D. Quillen developed the “Lie” approach to
rational homotopy theory. It is based in the construction of a couple of functors,

A
sset; —— dgly

(e

between the categories of reduced or simply connected simplicial sets, those with only
one simplex in dimensions 0 and 1, and that of reduced dgl’s, that is, differential graded
Lie algebras positively graded. These functors are defined as the composition of several
pairs of adjoint functors (the upper arrow denotes left adjoint), in fact Quillen pairs,
with respect to the corresponding model category structures,

G Q 0 N*
A: ssetq SgPo schg sla; dgli: (—)o-
w S P N

Here, sgpg, schg and sla; denote respectively the categories of connected simplicial
groups, connected complete Hopf algebras, and reduced simplicial Lie algebras. Each
of these pairs induces Quillen equivalences on the corresponding homotopy categories
when localizing on the family of rational homotopy equivalences in ssety, sgpg, and on
the family of quasi-isomorphisms in schy, sla;, dgly [21, Thm. I].

The complexity of the functors A and Quillen realization (—)g strongly contrasts
with the conceptual simplicity of the pair of adjoint functors in which the Sullivan
“commutative” approach to rational homotopy theory is based [3, 22]. These are defined
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by the PL-forms 7(—) on simplicial sets and the Sullivan realization functor (—)gs on
commutative differential graded algebras (cdga’s henceforth):
(=)
sset __ cdga.
(=)s
Explicitely, given a cdga A, its realization is
<A>S = Homcdga(Ay JZ{.)

where o7, = o/ (A®) is the simplicial set of PL-forms on the standard simplices. In other
words, (A)g is “corepresentable” by ..

In fact, the lack of an Eckmann-Hilton dual of the simplicial <7 has puzzled rational
homotopy theorists since the birth of the theory. On the other hand, there are many
situations in a wide range of mathematics, from algebraic geometry to mathematical
physics, where a suitable extension of the Quillen functor to non necessarily reduced
dgl’s would be most welcome.

These problems are attacked in the work reviewed by this survey, whose departure
point is the following observation and subsequent general question raised by R. Lawrence
and D. Sullivan in [17]:

The rational singular chains on a cellular complex are naturally endowed with a
structure of cocommutative, coassociative infinity coalgebra and hence, taking the com-
mutators of a “generalized bar construction” it should give rise to a complete dgl (in
fact, all our dgl’s would be of this kind, see next section for a precise definition). What
is the topological and geometrical meaning of this dgl? Allowing 1-cells, what is the
relation of this dgl with the fundamental group of the given complex?

In the same reference they carefully construct such a dgl for the interval. It consists
of a free dgl, R

La1 = (L(a,b,z),0),

in which a and b are Maurer-Cartan elements representing the endpoints of the interval,
x is a degree 0 element representing the 1-cell, and

B
Oz =adb+ ) ﬁ ad” (b — a)
n=0
where the B,,’s are the Bernoulli numbers.

We begin by extending this to any simplex and construct, for each n > 1, a free dgl
Lan = (E(s‘lA”), ) in which s7'A"™ together with the linear part of the differential &
is the (desuspension) of the rational simplicial chain complex of the standard n-simplex
A™ and the vertices correspond to Maurer-Cartan elements. We then show that the
family

Lae ={Lan}tn>0

is a cosimplicial dgl and therefore, we may geometrically realize any dgl L as the sim-
plicial set
(L) = Homggi(Lae, L).
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On the other hand, The £ construction can be extended to any simplicial set X by
defining its dgl model as
,QX = COlimgex £A|g| .
—

It turns out that the model and realization functors

£
sset — dgl

(=
are adjoint and they extend the original Quillen functors in different directions, all of
them carefully covered by section §3. Here, we mention two:

On the one hand, (L) ~ (L)¢ for any reduced finite type dgl L. This shows that the
Quillen realization functor is representable by the cosimplicial dgl £ae which becomes
the Eckmann-Hilton dual of .@%,. Moreover, under no restriction, our realization coincide,
up to homotoy type, with any other known realization functor for dgl’s including the
Deligne-Getzler-Hinich simplicial functor [1, 13, 14].

On the other hand, unlike the Quillen A functor, our model functor reflects geomet-
rical properties of non nilpotent spaces. Indeed, the non trivial component (£%) of the
realization of the model of a connected finite simplicial set X has the homotopy type of
the Bousfield-Kan Q-completion of X [2]. In particular, Ho(£%), with the group struc-
ture given by the Baker-Campbell-Hausdorff product, recovers the Malcev completion
of the fundamental group 7 (X).

After that, we embed the model and realization functors in a suitable homotopy
theoretical framework. Indeed, we endow the category of dgl’s with a model category
structure for which a dgl morphism f: A — B is a fibration if it is surjective in non

negative degrees; f is a weak equivalence if M@( f): Nfé(A) 5 1\?6(3) is a bijection and
fo: A 5 BI(@) g a quasi-isomorphism for every a € 1\76@4); finally f is a cofibration
if it has the left lifting property with respect to trivial fibrations. As an immediate
consequence we deduce that the model and realization functor form a Quillen pair. In

particular, they induce adjoint functors in the homotopy categories,

£
Hosset _ Hodgl,
(=)

and both preserve weak equivalences and homotopies.

This survey is extracted from [19] and it contains the main results of a project which
begun some years ago in collaboration with U. Buijs, Y. Félix and D. Tanré to all of
whom I am deeply grateful. All of these results can be found in [4, 5, 6, 7, 8].

1 Differential graded Lie algebras

Throughout this paper we assume that Q is the base field. Direct and inverse limits are

denoted by colim and lim respectively.
— —
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A graded Lie algebra consists of a Z-graded vector space L = ®pez L, together with
a bilinear product
[,]: Lp® Ly — Lptq, p,qE€ZL,

called the Lie bracket, satisfying antisimmetry,

[2,y) = —(=1)F"[y, 2],

and Jacobi identity,
(=) [z, [y, 2] + ()M [y, [2,2]] + (=1)FI¥I [z, [, ] = 0.

Here, || denotes the degree of 2. The commutator operator [a,b] = a®@b—(=1)l*ltlp@q
is a Lie bracket on T'(V'), the tensor algebra on the graded vector space V. The free Lie
algebra (V') generated by V is the sub Lie algebra of T'(V') generated by V.

A differential graded Lie algebra is a graded Lie algebra L endowed with a differential,
that is, a linear derivation 0 of degree —1 such that 8% = 0. By abusing of notation we
say that a differential graded Lie algebra is free if it is so as graded Lie algebra.

Given a differential graded Lie algebra L, a Maurer-Cartan element is an element
a € L_; satisfying the Maurer-Cartan equation

Oa + %[a,a] = 0.

We denote by MC(L) the set of Maurer-Cartan elements which is clearly preserved by
morphisms. Given a € MC(L) the derivation 9, = 9 + ad, is again a differential on
L. Here ad, denotes the usual adjoint operator, ad,b = [a,b]. The component of L at
a € MC(L) is the truncation of the perturbed (L, d,) at non negative degrees,

LY = (L,&a)/(L<0 D J) = Lag® (LO N ker 8a) ,

in which J is a comBlement of ker 0, in Lyg.
The completion L of a differential graded Lie algebra L is

L=1lim L/L"

where L' = L, L™ = [L, L™ 1] for n > 2, and the limit is taken on the topology arising
from this filtration. An element @ of L is then a sequence @ = (a1, ag, - - - ) with a; € L/L?
and a; = a;_1 in L/Li"1 We write L(V) = IL/(T?) Each element of I/[:(V) can be seen as
a series ) xp with x, € L"(V) for all n.

A differential graded Lie algebra L is complete if the natural morphism L 51
is an isomorphism. Observe that, reduced differential graded Lie algebras, which are
concentrated in positive degrees, are always complete.

We denote by dgl the category of complete differential graded Lie algebras, dgl’s
henceforth.
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Given L = ]IAJ(V) a free dgl and v € V, we will often write dv = ), -, O,v where
d,v € L™(V). Observe that, if 6 is a derivation of L satisfying #(V) ¢ L=%(V) and
[0,0] =0, then ¢ =" % is an automorphism of L and in particular, it induces a
bijection on the Maurer-Cartan set.

Recall that given a dgl L, the Baker-Campbell-Hausdorff product * equips the vector
space Ly with a group structure. Since a*(—a) = 0 we often use the notation —a = a=!.

The gauge action, see for instance [18, §4], of (Lo, *) on MC(L) is defined by

(0) = Z ad;'(a) B Z ad’ (0x)

. ' .
= ! = (14 1)!

edds _ 1

ad,

2Ga = e (a) —

Here and from now on, 1 inside an operator will denote the identity. We denote by
MC(L) = MC(L)/S the orbit set, that is, the set of equivalence classes of Maurer-Cartan
elements modulo the gauge action.

Geometrically [15, 17], interpreting Maurer-Cartan elements as points in a space, one
thinks of z as a flow taking x Ga to a in unit time. For the more topological oriented
reader [10], the points @ and x Ga are in the same path component.

The Deligne groupoid of L has MC(L) as objects, and elements = € Lj as arrows
from 2z Gz to z.

A fundamental object, which illustrates all of the above concepts and facts, turns
out to be the starting point of our work:

Definition 1.1. [17] The Lawrence-Sullivan model for the interval, LS-interval hence-
forth, is the dgl R
Lar = (L(a7 b, ZL‘), a)a

in which a and b are Maurer-Cartan elements, x is of degree 0 and

> B, x
r = adsb+ Y~ ad?(b— a) = adgb + ajd
n. e

ﬁ(b—a),

n=0

where the B,,’s are the Bernoulli numbers.

~

Let (L(ap,a1,a2,z1,22),0) be two glued LS-models of the interval. That is, ag, a1

and ag are Maurer-Cartan elements, dr; = ady, (a1) + ﬁ%(al — ap) and Oxy =
adg, (a2) + eaijzil (ag — a1). Then, the “subdivision of the interval” is given by:

In [5, Thm. 2.3] the reader may find a complete description of the Deligne groupoid
of the LS-interval as two disjoint rational lines.

2 The cosimplicial dgl £a.
Given n > 0, let A™ be the standard n-simplex ,

Ap = {(io,---,ip) [0 <idp < - <ip <}, if p<mn,
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and denote by s~tA™ the graded vector space of desuspended rational simplicial chains
on A™ with the usual boundary operator,

p
o _E _1\ ~
dal()...’bp - ( 1) aio...ij...ip‘
Jj=0

Here, a,...;, denotes the generator of degree p—1 represented by the p-simplex (i, . .., i) €
A7. Consider (E(s‘lA”), d) the free dgl generated by s~'!A™ with the differential in-
duced by d.

For each 0 < ¢ < n consider the i-th coface map ¢;: {0,...,n—1} = {0,...,n} and
the i-th codegeneracy map o;: {0,...,n+ 1} — {0,...,n} defined by:

so={, wise =
and use the same notation for the induced dgl morphisms,
8 (L(s7'A™ ), d) — (L(s7'A™),d), o;: (L(s7' A", d) — (L(s7'A"™), d),
defined by

Silas ) =aqa with ¢, =
z( J0~--.7p) fo...Lp k {]k +1, if g >

, _ o). ity i 0illo) <o < oilly),
7ilat...t,) { 0 ’ otherwise,

The following is the core result on which our dgl realization is based.

Theorem 2.1. [4, thms. 2.3 and 2.8] There is a cosimplicial dgl, unique up to dgl
isomorphism,

Lae = {L€antnzo = {(Ls 7' A™),0) }nz0,

such that,
(1) For eachn >0 and eachi = 0,...,n, the generator a; € s LAP is a Maurer-Cartan
element, Oa; = f%[ai, a;).

(2) The linear part 8y of O is precisely the desuspension s~'d of d.

(8) The cofaces and codegeneracies are the morphisms d;’s and o;’s defined above.

3 The model and realization functors

Given a simplicial set X, identify as usual any simplex o € X,, with a simplicial map
o: A" — X. Here, A" denote the simplicial set whose p-simplices are integer sequences
0 <ip <--- <1y, <n. Then, X can be recovered from its simplices as the colimit

X = colimoexé“".
—
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Definition 3.1. The model of any simplicial set X is defined as the dgl
SX = COlimUeX £A|g| .
—

In fact, Theorem 2.1 is a special case of the following: It can be proven that the
model of X is the free complete Lie algebra

£x = (L(s71X),9)

where, abusing of notation, s~'X denotes the desuspension of the normalized chains
on X. Recall that these are the simplicial chains on X modulo degeneracies. In other
words, s~1X is generated by the non degenerate simplices of X. The differential O is
completely determined by the following:

(1) The non degenerate O-simplices are Maurer-Cartan elements.

(2) The linear part 9; of O is precisely the desuspension of the differential in the
normalized chains on X.

(3)If j: Y C X is a subsimplicial set, then £(j) = L(s~).
On the other hand the cosimplicial structure on £ae gives rise to the following.
Definition 3.2. The realization of a dgl L is defined as the simplicial set
(L) = Homggl(Las, L).
Theorem 3.3. the model and realization functors are adjoint,
£
sset _~ dgl.
(=)
The first results describing the homotopy type of the realization of a given dgl are
the following.
Theorem 3.4. [4, Thm. 4.6] For any dgl, (L) ~ U
MC(L).

Theorem 3.5. [4, Prop. 4.5] Let L be a non negatively graded dgl and z € MC(L).
Then, (L?) is a connected simplicial set and there are natural group isomorphisms

Tn(L*) = H,—1(L7), n>1,

e FO(L) (L?). In particular, mo(L) =

in which Hy(L,d) is considered with the group structure given by the Baker-Campbell-
Hausdorff product.

Finally, concerning the realization functor, we state that, under the usual bounding
and finite type assumptions, it extends the original Quillen realization functor (—)q
[21], and the realization (¢*(—))g of the cdga given by the Chevalley-Eilenberg cochain
functor €* on L [3]. This is the composite of the functors,

¢ = (—)ﬂ 0%¢: dgly - cdga and (—)s: cdga — sset,

where dgl; is the full subcategory of dgl of finite type dgl’s. The second one is the
Sullivan realization functor defined by (A)g = Homcqga(A, ).

7
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Theorem 3.6. [4, Thm. 8.1] Let L be a finite type dgl with Hy(L) = 0 for ¢ < 0. Then,
(L) ~(€*(L))s. If in addition L is reduced, (L) ~ (L)q.
This exhibits the Quillen realization as a functor representable by L£ae

We also show in [7, Thm.4.8] that, with full generality, our realization is homotopy
equivalent to the Deligne-Getzler-Hinich simplicial functor on L [13, 14].
We now analyze the main properties of the model functor:

Theorem 3.7. [6] For any finite simplicial set X,
MC(€x) = mo(XH).

Here, X+ denotes the disjoint union of X with a point. This, together with Theorem
3.4, gives,
mo(Lx) = mo(X ).

Moreover, we are able to determine the homotopy type of each of these components.
Theorem 3.8. [8, Thm. 2.7] Given X a finite simplicial set, <£g(> s contractible.
For the non trivial components we have:

Theorem 3.9. [8, Thm. 2.9] Let X be a connected finite simplicial set and let z € £x
be a non trivial Maurer-Cartan element. Then, <£§(> ~ Qu X, the Q-completion of X

/2],

In particular, by [12, Cor. 7.4], and taking into account Theorem 3.5 for n = 1, we
deduce:

Corollary 3.10. Hy(£%) is the Malcev Lie completion of the fundamental group w1 (X).

4 A model category structure on dgl

Henceforth, by model category we mean the original closed model category definition
of Quillen [20]. In the category sset of simplicial sets we consider the classical model
category structure, see for instance [2, Chap. VII], in which fibrations are Kan fibrations,
cofibrations are injective simplicial mpas, and weak equivalences are homotopy weak
equivalences. Then, we have:

Theorem 4.1. [8, Thm. 3.1] There is a model category structure on dgl for which:

o A morphism f: A — B is a fibration if it is surjective in non negative degrees.

e A morphism f: A — B is a weak equivalence if m(f) ﬁé(A) 5 MC(B) is a

bijection and f*: A* = Bf(9) is a4 quasi-isomorphism for every a € MC(A).
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o A morphism is a cofibration if it has the left lifting property with respect to trivial
fibrations.

Corollary 4.2. the realization and model functors, form a Quillen pair. In particular,
they preserve weak equivalences and induce adjoint functors in the homotopy categories,

£
Hosset —— Hodgl.
(=)

We end this section with the following important observation which compare our
model structure in dgl with other known model structures:

Remark 4.3. (1) One may consider in the category dgl the classical model structure given
on categories of unbounded chain complexes enriched with some algebraic structure, see
for instance [14, §2]. Fibrations are surjective morphisms, weak equivalences are quasi-
isomorphisms and cofibrations are morphisms satisfying the left lifting property with
respect to trivial fibrations.

Then, the zero map 0 — L(a), in which a is a Maurer-Cartan element, is not surjec-
tive but it is a fibration in our model structure. The same example is a quasi-isomorphism
but it is not a weak equivalence in our structure. Contrarily, consider the abelian dgl
L generated by a single cycle of negative degree. Then, the zero map 0 — L is a weak
equivalence in our structure but it is not a quasi-isomorphism.

(2) On the other hand, in [16, Thm. 9.16], A. Lazarev and M. Markl define a model
category structure on the full subcategory of dgl formed by the profinite complete dgl’s
where:

f is a fibration if it is a surjection.
f is a weak equivalence if €*(f) is a quasi-isomorphism.

f is a cofibration if it has the left lifting property with respect to all trivial fibra-
tions.

Here €* is a generalization of the usual cochain functor [16, §7]. In [8, Thm. 6.12] we
show that if f is a weak equivalence in this structure, it is so in our model structure.
However, this inclusion is strict: let L be the abelian Lie algebra generated by a single
cycle of degree —1. As observed in (1) the zero map f: 0 — L is a weak equivalence
in our model structure but ¢*(f) is not a quasi-isomorphism. Also, it is obvious that
the class of fibrations in the above structure is also properly contained in our class of
fibrations.

A final word

Needless to say what would be the natural continuation of the work presented in this
survey: the literature is plenty of deep results describing the non torsion behaviour of the
homotopy type of simply connected complexes, all of them using the Quillen approach
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to rational homotopy theory. Is it possible to extend these results to general complexes
by means of the new framework reviewed in this paper?

On the other hand, there are deep results concerning rational invariants of “highly
non simply connected” spaces. Illustrative examples include the Mumford conjecture on
the rational cohomology ring of the moduli space of Riemann surfaces, and the rational
homological stability problem in general, and that of configuration spaces in particular.
Would it be possible to use our new machinery to attack related problems?

We finish with another general question which may attract experts in various math-
ematical subjects to this new approach to rational homotopy theory:

Let R be a local commutative algebra with maximal ideal 9t and let k& = R/91. Let
A be an lk-vector space endowed with some additional structure. An R-deformation of
A is another such structure in A ®y R such that, modulo 91, it reduces to the original
one in A. The Deligne principle asserts that, whenever [k is of characteristic zero, every
deformation functor is governed by a dgl. That is, denoting by Def(A; R) = the set of
equivalence classes of R-deformations of A, there exists a dgl L such that

Def(A; R) = MC(L).

In words of Kontsevich, finding the appropriate L for a given deformation functor is an
art. Nevertheless, we may consider its realization (L) and think of it as the “homotopy
moduli space” of Def(A; R). Is it then possible to translate homotopy invariants of (L)
into properties related with deformation phenomena?
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