
λΠώϛϡϥʔۭؒ࿦ͷҐ૬زԿֶతଆ໘ͱෳૉղੳతଆ໘ͷҰҙԽʹ͚ͯ޲

஍ɹलथٶ

͜ͷߨԋͰ͸ɼ͕ࢲࡏݱऔΓ૊ΜͰ͍ΔɼλΠώϛϡϥʔۭؒ࿦ʹ͓͚Δ༷ʑͳ
ଆ໘ͷ౷Ұతͳཧղʹ͚ͯ޲ͷڀݚʹ͍ͭͯ࿩͢ɽ

1. λΠώϛϡϥʔۭؒ࿦ೖ໳

1.1. ఆٛ. X Λछ਺ gͷดۂ໘ͱ͢Δɽجຊ܈ π1(X)ͷ σ = {a1, b1, · · · , ag, bg}͕
[a1, b1] · · · [ag, bg] = id

Λຬͨ࣌͢ɼجຊੜ੒ܥ΋͘͠͸ඪࣝͱݺͿɽجຊ܈ͷج఺ͷऔΓସ͑ɼٴͼ߃౳ࣸ
૾ͱϗϞτϐοΫͳࣗݾಉ૬ࣸ૾ʹҠΓձ͏͜ͱʹΑΓX ্ͷඪࣝͷू߹ʹಉ஋ؔ
ΛೖΕΔɽ܎

2ͭͷछ਺ gͷϦʔϚϯ໘ͱͦͷ্ͷඪࣝͷͳ͢ର (X1,σ1)ͱ (X2,σ2) ʹରͯ͠ɼ
h(σ1)ͱ σ2 ͕ X2 ্ͷඪࣝͱͯ͠ಉ஋ʹͳΔΑ͏ͳ૒ਖ਼ଇࣸ૾ h : X1 → X2 ͕ଘࡏ
͢Δ࣌ɼ(X1,σ1)ͱ (X2,σ2)͸λΠώϛϡϥʔಉ஋Ͱ͋Δͱ͍͏ɽ(X,σ)ͷಉ஋ྨ
[X,σ]Λछ਺ gͷඪࣝ෇͖ϦʔϚϯ໘ͱݺͿɽͦͯ͠ಉ஋ྨͷू߹ Tg Λछ਺ gͷλ
ΠώϛϡϥʔۭؒͱݺͿɽ

.༺࡞ͷ܈ྨ૾ࣸ छ਺ gͷดۂ໘ Σg ͷࣸ૾ྨ܈

Modg = Homeo+(Σg)/Homeo+0 (Σg)

͸λΠώϛϡϥʔۭؒʹࣗવʹ࡞༻͢ΔɿΣg ্ͷඪࣝ σ0 ΛҰͭݻఆ͢Δɽ೚ҙͷ
x = [X,Σ] ∈ Tg ʹରͯ͠ɼ͖޲Λอͭಉ૬ࣸ૾
(1.1) hx : Σg → X

Λhx(σ0)ͱσ͕X্ͷඪࣝͱͯ͠ಉ஋ʹͳΔΑ͏ʹͱΔɽ͜ͷ࣌ɼ೚ҙͷ [ω] ∈ Modg
ʹରͯ͠

(1.2) [ω]∗([X,σ]) = [X,hx ◦ ω−1(σ0)]

ͱ͢Δɽ
छ਺ gͷดϦʔϚϯ໘ͷ૒ਖ਼ଇಉ஋ྨͷͳ͢ू߹ΛMg ͱॻ͖ɼछ਺ gͷดϦʔ

Ϛϯ໘ͷϞδϡϥΠۭؒͱݺͿɽఆ͔ٛΒࣗવͳશࣹ

(1.3) Tg ∋ [X,σ] %→ X ∈Mg

͕ఆٛ͞ΕΔɽఆ͔ٛΒ

ྫ 1.1 (छ਺ g = 0ͷ৔߹). KoebeͷҰҙԽఆཧʹΑΓɼछ਺ g = 0ͷดϦʔϚϯ໘
͸ϦʔϚϯٿ໘ Ĉ = C ∪ {∞} ͱ૒ਖ਼ଇಉ஋Ͱ͋Δɽނʹɼ

M0 = {1 pt} = {Ĉ}
Ͱ͋Δɽ·ͨɼπ1(Ĉ)͸ࣗ໌܈Ͱ͋ΔͷͰɼ߃౳ݩͷΈ͔ΒͳΔू߹ {id}͕ Ĉ্ͷ
ඪࣝͱ͑ߟΔɽ͜ͷͱ͖ɼ

T0 = {1 pt} = {(Ĉ, {id})}
Ͱ͋Δɽ
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2 ஍ɹलथٶ

ྫ 1.2 (छ਺ g = 1ͷ৔߹). छ਺ g = 1ͷดϦʔϚϯ໘͸ C಺ͷ֨ࢠ Lτ = Z⊕ Zτ
ʹΑΔ঎ۭؒXτ = C/LτʢIm(τ) > 0ʣͱͯ͠ද͞ΕΔɽ͜ͷͱ͖ C→ Xτ ͸ීว
ඃ෴໘Ͱ͋ΔͷͰɼLτ ͱ π1(X)͸ࣗવʹಉҰ͞ࢹΕ Lτ ͷੜ੒ݩ {1, τ}͸Xτ ্ͷ
ඪࣝΛ༩͑Δɽ͜ͷͱ͖ɼ

(1.4) T1 = {(Xτ , {1, τ})} ∼= H = {τ | Im(τ) > 0}

ͱͳΔɽ͞Βʹɼ

M1 = H/PSL2(Z)

͕஌ΒΕ͍ͯΔɽ

2. ෳૉղੳతଆ໘

Ahlfors-Bersཧ࿦ɼKodaira-Spencerཧ࿦ʹΑΓɼλΠώϛϡϥʔۭؒٴͼϞδϡ
ϥΠۭؒʹ͸ࣗવʹෳૉߏ଄͕ೖΔɽ͕ͨͬͯ͠ɼλΠώϛϡϥʔۭؒ΋͘͠͸Ϟ
δϡϥΠۭؒ಺ͷਖ਼ଇۂઢ΋͘͠͸ͦΕΒ΁ͷਖ਼ଇࣸ૾Λ͑ߟΔ͜ͱʹΑΓɼϦʔϚ
ϯ໘͕ਖ਼ଇʹม͢ܗΔ͜ͱΛఆࣜԽ͢Δ͜ͱ͕Ͱ͖Δɽ͜͜Ͱ͸ɼࣹӨߏ଄Λ༻͍Δ
͜ͱʹΑΓλΠώϛϡϥʔۭؒΛෳૉϢʔΫϦουۭؒ಺ͷ༗քྖҬͱ࣮ͯ͢͠ݱ
Δ͜ͱΛ෮श͢Δɽ͜͜Ͱͷۂ໘ͷछ਺͸ 2Ҏ্Ͱ͋Δͱ͢Δɽ

2.1. BersຒΊࠐΈ. ఺ x0 = (X0,σ0) ∈ Tg ΛͱΓݻఆ͢ΔɽX0 ͷ૾ڸ X0 ΛҰҙ
Խ͢Δීวඃ෴ D∗ → X0 ΛͱΔɽ͜͜Ͱ D∗ = {|z| > 1} ∪ {∞}Ͱ͋Δɽ͜ͷීว
ඃ෴ม܈׵ʢϑοΫε܈ʣΛ Γͱ͢Δͱɼఆ͔ٛΒ Γ͸୯Ґԁ൘Dʹ࡞༻ͯ͠ɼD/Γ
͸X0 ΛҰҙԽ͢Δɽ૾ڸରԠΛ༩͑Δɼ͖޲Λม͑Δ૾ࣸܗڞX0 → X0 ͸

D ∋ z %→ 1/z ∈ D∗

ʹΑΓ༠ಋ͞ΕΔɽ

2.1.1. Q(D∗,Γ)Λ D∗ ্ͷਖ਼ଇؔ਺ ϕͷू߹Ͱอੑܕ

(2.1) ϕ(γ(z))γ′(z)2 = ϕ(z) (z ∈ D∗, γ ∈ Γ)

Λຬͨ͢΋ͷͷશମͱ͢ΔɽQ(D∗,Γ)͸X0্ͷਖ਼ଇ ,Ε͞ࢹඍ෼ͷۭؒͱಉҰ࣍2
ෳૉϢʔΫϦουۭؒ C3g−3 ͱઢܗಉܕͰ͋Δɽ
ඍ෼ํఔࣜͷҰൠ࿦͔Β ϕ ∈ Q(D∗,Γ)ʹରͯ͠ɼ

(2.2) S(fϕ) = ϕ, fϕ(z) = z + o(1) (z →∞)

Λຬͨ͢Α͏ͳہॴ୯ࣹਖ਼ଇࣸ૾ fϕ : D∗ → Ĉ ͕Ұҙతʹଘ͢ࡏΔ͜ͱ͕஌ΒΕͯ
͍Δɽͨͩ͠ɼS(f)͸ f ͷγϡϫϧπඍ෼

(2.3) S(f) = f ′′′

f ′ −
3

2

(
f ′′

f ′

)2

Ͱ͋Δɽ͜ͷͱ͖ɼ

BX0 = {ϕ | fϕ ͸୯ࣹͰ͋Γɼfϕ ͷ૾ fϕ(D∗)͸ Ĉ಺ͷδϣϧμϯྖҬ }

ͱ͢ΔɽBX0 Λ (X0Λج఺ͱ͢Δ)ϕΞεεϥΠεͱݺͿɽBX0 ͸Q(D∗,Γ)಺ͷݪ
఺ΛؚΉ༗քྖҬͰ͋Δɽ
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2.1.2. ؆୯ͳ͔ࢉܭΒγϡϫϧπඍ෼ (2.3) ͸

S(f ◦ g) = S(f) ◦ g + S(g)
͕੒ཱ͢Δ͜ͱ͕Θ͔Δɽ·ͨ S(γ) = 0Ͱ͋Δ͜ͱͱɼγ ͕ϝϏ΢εม׵Ͱ͋Δ͜
ͱ͸ಉ஋Ͱ͋Δɽ͕ͨͬͯ͠ɼอੑܕ (2.1)ʹΑΓɼ

S(fϕ ◦ γ) = S(fϕ) = ϕ

͕Θ͔Δɽfϕ ͷҰҙੑ͔Β४ಉܕ

ρϕ : Γ→ PSL2(C)
Ͱಉมੑ

ρϕ(γ) ◦ fϕ = fϕ ◦ γ
Λຬͨ͢Α͏ʹͱΔ͜ͱ͕Ͱ͖Δɽ͜ͷ४ಉܕ ρϕ Λ ϕʢ΋͘͠͸ඍ෼ํఔࣜ (2.2)ʣ
ͷϞϊυϩϛʔͱݺͿɽ

2.1.3. ೚ҙͷ ϕ ∈ BX0 ʹରͯ͠ɼఆ͔ٛΒ fϕͷ૾D∗
ϕ = fϕ(D)͸δϣϧμϯྖҬͰ

͋ΔɽDϕͰD∗
ϕͷิू߹ͷ಺఺ू߹ͱ͢ΔͱDϕ΋δϣϧμϯྖҬͰ͋Δ͜ͱʹ஫

ҙ͢Δɽ͜ͷͱ͖ɼρϕ ͸୯ࣹͰ͋Γɼ૾ Γϕ = ρϕ(Γ)͸ Dϕ ʹਅੑෆ࿈ଓʹ࡞༻͢
Δɽ࣮ࡍɼΓϕ͸ٖϑοΫε܈ͱݺ͹ΕΔΫϥΠϯ܈Ͱ͋Γɼڥք ∂Dϕ͸ Γϕͷݶۃ
ू߹Ͱ͋Γɼٖԁʢquasicircleʣͱݺ͹ΕΔδϣϧμϯดۂઢͰ͋Δɽ
ͦͯ͠ɼρϕͱಉมͳ͖޲Λอͭಉ૬ࣸ૾D→ Dϕ͕ଘ͢ࡏΔɽ͜ͷಉ૬ࣸ૾͸޲

͖Λอͭಉ૬ࣸ૾
hϕ : D/Γ = X0 → Xϕ = Dϕ/Γϕ

Λ༠ಋ͢Δɽ

2.1.4. ϕΞεεϥΠε BX0 ͔ΒλΠώϛϡϥʔۭؒ΁ͷࣸ૾͕

(2.4) BX0 ∋ ϕ %→ (Xϕ, hϕ(σ0)) ∈ Tg
ͷΑ͏ʹఆٛ͞ΕΔɽ͜Ε͸ಉ૬ࣸ૾Ͱ͋Δ͜ͱ͕஌ΒΕ͍ͯΔɽ

2.1.5. ࣸ૾ (2.4)ʹΑΓ Tg ʹෳૉղੳతߏ଄͕ఆ·Δɽ͜ͷෳૉߏ଄͸௨ৗͷ Bel-
tramiํఔ͔ࣜΒఆ·Δෳૉߏ଄ͱҰக͢Δɽࣸ૾ (2.4)ͷ૾ࣸٯʹΑΓఆٛ͞ΕΔ
૒ਖ਼ଇࣸ૾

(2.5) Tg ∋ (Xϕ, hϕ(σ0)) %→ ϕ ∈ BX0 ⊂ Q(D∗,Γ)

ΛλΠώϛϡϥʔۭؒ Tg ͷ (X0 Λج఺ͱ͢Δ)BersຒΊࠐΈͱݺͿɽ

2.2. ෳૉղੳతଆ໘.

2.2.1. ͷΑ͏ʹλΠώϛϡϥʔۭؒه্ Tg ͸ෳૉϢʔΫϦουۭؒ಺ͷ༗քྖҬͱ
༩͑ΔࣜʹޙΕΔɽ͞ݱ࣮ͯ͠ (4.1)Ͱఆٛ͞ΕΔλΠώϛϡϥʔڑ཭ dT ͸ Tg ্ͷ
খྛڑ཭ͱҰக͢ΔʢRoydenʣɽ͞ΒʹɼλΠώϛϡϥʔڑ཭ dT ͸׬උͰ͋ΔͷͰɼ
ྖҬ BX0 ͸ٖತྖҬͰ͋Δʢ[6, Theorem 5.2]ʣɽͭ·ΓɼλΠώϛϡϥʔۭؒ͸ε
λΠϯଟ༷ମͰ͋Δɽ

2.3. ༺࡞ͷ܈ྨ૾ࣸ (1.2)͸ෳૉղੳతͰ͋Γɼ࡞༻ͷूݶۃ߹ʢҰ఺ͷيಓͷूੵ
఺ू߹ʣ͸ڥք ∂BX0 ͱҰக͢Δʢ[9, Corollary 1.7]ʣ. ϞδϡϥΠۭؒMg ͸ࣹӨ
୅਺ଟ༷ମʢيಓମʣͰ͋ΓɼࣹӨ

Tg ∋ (X,σ) %→ X ∈Mg

͸ෳૉղੳతͰ͋Δɽ
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4 ஍ɹलथٶ

3. Ґ૬زԿֶతଆ໘

͜͜Ͱ͸ɼλΠώϛϡϥʔۭؒ࿦ͷҐ૬زԿֶଆ໘ͷதͰ΋ແݶԕڥքΛඳࣸ͢
Δ Thurstonཧ࿦ʹ͍ͭͯ෮श͢Δɽ

3.1. .ํ͑ߟ ྫ 1.2Λ༻͍ͯλΠώϛϡϥʔۭؒͷແݶԕڥքΛҐ૬زԿֶతʹඳ
ࣸͯ͠ΈΔɽ

3.1.1. τʔϥε Σ1্ͷ୯७ดۂઢ͸༗ཧ਺ͱແݶେͷͳ͢ू߹ Q̂ = Q∪ {∞}ͱҰ
ରҰରԠ͕͋ͬͨ͜ͱʹ஫ҙ͢Δɽ͜͜Ͱ͸ରԠΛ

(3.1) Q̂ ∋ p/q %→ c(p/q) = −pA+ qB ∈ H1(Σ1)

ͱ͢Δɽͨͩ͠ ∞ = 1/0 ͱ͑ߟɼ{A,B} ͸୅਺తަ఺਺ A · B = +1 Λຬͨ͢
H1(Σ1) ∼= π1(Σ1) ͷجຊੜ੒ܥͰ͋Δɽ

3.1.2. {1, τ} ⊂ Lτ ʹରԠ͢ΔH1(Xτ ) ∼= π1(Xτ )ͷجຊੜ੒ܥΛ {Aτ , Bτ}ͱॻ͘ɽ
ͦͯ͠Σ1͔ΒXτ ΁ͷ͖޲Λอͭಉ૬ࣸ૾ΛA,BΛͦΕͧΕAτ , Bτ ʹҠ͢΋ͷΛ
Δɽ͜ΕʹΑΓ֤Xτ͑ߟ ্ͷ୯७ดۂઢͷશମ͸ɼରԠ (3.1)Λ௨͢͜ͱʹΑΓ Q̂
ͱҰରҰʹରԠ͢Δɽͭ·ΓɼඪࣝΛ͑ߟΔ͜ͱʹΑΓɼ͢΂ͯͷछ਺ 1ͷඪࣝ෇͖
ϦʔϚϯ໘ʹ্ͷ୯७ดۂઢ͸ɼQ̂Λ༻͍ͯҰ੪ʹϥϕϧ͚ͮΒΕΔɽp/qʹରԠ͢
ΔXτ ্ͷ୯७ดۂઢʢʹରԠ͢ΔH1(Xτ ) ∼= π1(Xτ )ͷݩʣ΋؆୯ͷͨΊ c(p/q)ͱ
ड़͢Δɽه

3.1.3. ෳૉฏ໘ C্ͷඍ෼ࣜܗ dzʹΑΓ༠ಋ͞ΕΔϦʔϚϯ໘Xτ = C/Z⊕Zτ ্
ͷਖ਼ଇ ඍ෼Λ࣍1 ωτ ͱॻ͘ɽରԠ (1.4)͸

Tg ∋ (Xτ , {1, τ}) %→
∫

Bτ

ωτ

(
=

∫

Bτ

ωτ

/∫

Aτ

ωτ

)
∈ H

ʹΑΓ༩͑ΒΕΔɽ

3.1.4. ֤Xτ ্ͷྔܭʢฏୱྔܭʣdsτ Λ dsτ = |dz|2/Im(τ)ʹΑΓఆٛ͢Δɽ͜ͷ
ͰͷXτྔܭ ͷ໘ੵ͸ 1Ͱ͋Δɽͦͯ͠Xτ ্ͷ c(p/q)ͷ௕͞͸

ℓp/q(τ) =
|− p+ qτ |√

Im(τ)

ͱͳΔɽ

3.1.5. ͸͡ΊʹɼH ∋ τ →∞ = 1/0 ∈ Q ⊂ ∂HͳΔൃࢄʹ͓͚Δඪࣝ෇͖ϦʔϚϯ
໘ͷୀԽʹ͍ͭͯ͑ߟΔɽ͜͜Ͱͷݱ৅͸ʢඪࣝΛద੾ʹऔΓସ͑Δ͜ͱʹΑΓʣҰ
ൠͷ༗ཧ਺ p/qͷ৔߹΋ಉ༷ʹ؍ଌ͞ΕΔɽ͜ͷୀԽʹ͍ͭͯɼେ͖͘෼͚ͯ࣍ͷ 2
ͭͷ৔߹͕͑ߟΒΕΔɽ

(1) ℓ1/0(τ) = 1/
√
Im(τ)→ 0Ͱ͋Δ৔߹ɽ

(2) ℓp/q(τ) = 1/
√

Im(τ) ≥ L0 ͱͳΔਖ਼ఆ਺ L0 > 0͕ଘ͢ࡏΔ৔߹ɽ

(1) ͜ͷ৔߹͸ɼLτ ͷجຊྖҬͱͯ͠ {0, 1, 1 + τ, τ}Λ௖఺ͱ͢Δฏ࢛ߦลܗΛߟ
͑ΔͱɼγϦϯμʔ C/Zʹ ॴҰ༷”ʹऩଋ͢Δ͜ͱ͕Θ͔Δɽ͜ΕʹΑΓɼ୯७ہ“
ดۂઢ c(1/0)ʹؔ͢Δϐϯνϯάมܗʢc(1/0)ʹԊͬͯ௵͢มܗʣΛ͍ͯ͠Δ͜ͱ
͕Θ͔Δɽ͞Βʹɼ͜ͷ৔߹͸ࣹӨ

T1 ∋ (Xτ , {1, τ}) %→ Xτ ∈M1

ͷ૾Xτ ͸ϞδϡϥΠۭؒM1 ͷதͰൃ͍ͯ͠ࢄΔ͜ͱ͸Θ͔Δɽ
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(2) ͜ͷ৔߹ɼIm(τ) ≤ 1/L2
0 Ͱ͋ΔͷͰɼ্هͷΑ͏ͳɼc(1/0)ʹؔ͢Δϐϯν

ϯάม͍ͯͬ͜ى͕ܗͳ͍ɽτ →∞Ͱ͋ΔͨΊʹ͸ Re(τ)→∞Ͱͳ͚Ε͹ͳΒͳ
͍ɽނʹɼτ0 ∈ HΛ n(τ) = τ − τ0 ∈ Zͱ 0 ≤ Re(τ0) < 1Λຬͨ͢΋ͷͱ͢Δͱɼ
|n(τ)|→∞Ͱ͋Δɽͭ·Γɼඪࣝ͸

{1, τ} = {1, τ0 + n(τ)}
͸Aʢ= c(1/0)ʣʹؔ͢ΔπΠετʹΑΓෳࡶʹͳ͍ͬͯΔɽͭ·Γɼ͜ͷ৔߹͸ඪ
Δ͜ͱ͕Ͱ͖Δɽ·ͨɼ೚ҙͷ͑ߟΔͱ͍ͯ͠ࢄൃ͕ࣝ p/q ∈ Qʹରͯ͠ɼ

ℓp/q(τ) =
|− p+ qτ |√

Im(τ)
≥ L0|− p+Re(τ0) + qn(τ)|→∞

͕੒ཱ͢Δɽͭ·ΓͲͷۂઢʹԊͬͯ΋ϐϯνϯάม͜ى͕ܗΒͳ͍ɽ
͞ΒʹɼIm(τ) ≥ L1 ͱͳΔ L1 > 0͕ଘ͢ࡏΔ৔߹ʹ͸ɼࣹӨ

T1 ∋ (Xτ , {1, τ}) %→ Xτ ∈M1

ͷ૾Xτ ͸ϞδϡϥΠۭؒM1 ͷதͰ͸ൃ͠ࢄͳ͍ɽ
Ұํɼτ → θ ∈ R−Q ⊂ Hͷ৔߹͸ɼRe(τ)→ θ͓Αͼ Im(τ)→ 0Ͱ͋ΔͷͰɼ

͢΂ͯͷ p/q ∈ Q̂ʹରͯ͠ɼ

ℓp/q(τ) =
|− p+ qτ |√

Im(τ)
=

√
(−p+ qRe(τ))2

Im(τ)
+ q2Im(τ)→∞

ͱͳΔɽ

3.2. ԿֶతෆมྔͰ͋ΔزతͳࡏଌΛɼ಺؍ͷه্ c(p/q)ͷXτ ্ͷ௕͞ ℓp/q(τ)Λ
༻͍ͯͲͷΑ͏ʹཧղͰ͖ΔͰ͋Ζ͏͔ɽಛʹɼτ → θ ∈ R−ZͰ͋Δ͜ͱΛ಺ࡏత
ͳزԿֶతෆมྔ ℓp/q(τ)Λ༻͍ܾͯఆ͢Δ͜ͱ͕Ͱ͖ΔͰ͋Ζ͏͔ɽ͜Εʹ͸࣍ͷ
ճ౴͕͋Δɽͦͯ͜͠Ε͕αʔετϯίϯύΫτԽͷํ͑ߟʹ௨ͣΔɽ

3.2.1. ɼఱԼΓతʹࣸ૾ɼࡍ࣮

(3.2) T1 ∼= H ∋ τ %→ [Q̂ ∋ p/q %→ ℓp/q(τ)] ∈ PRQ̂
≥0 = (RQ̂

≥0 − {0})/R>0

Λ͑ߟΔɽͨͩ͠ɼRQ̂
≥0 ʹ͸֤఺ऩଋͷҐ૬ΛೖΕ͓͖ͯɼࣹӨۭؒ PRQ̂

≥0 ʹ͸঎

Ґ૬ΛೖΕΔɽࣹӨۭؒ PRQ̂
≥0͸ϋ΢ευϧϑۭؒͰ͋Δɽ͜ͷͱ͖ࣸ૾ (3.2)͸࿈

ଓͰ͋Δɽ͜ͷ૾ͷดแ T1 Λ͑ߟΔɽ͜ͷดแΛఱԼΓతʹ T1 ͷαʔετϯίϯ
ύΫτԽͱݺͿɽ

໋୊ 3.1. ࣸ૾ (3.2)ͷ૾͸૬ରίϯύΫτͰ͋Δɽ

Proof. ɼࡍ࣮

A(τ) = ℓ1/0(τ) + ℓ0/1(τ) + ℓ1/1(τ) =
1 + |τ |+ |1 + τ |√

Im(τ)

ͱ͢Δɽ͜ͷͱ͖ɼࣸ૾

(3.3) T1 ∼= H ∋ τ %→
[
Q̂ ∋ p/q %→

ℓp/q(τ)

A(τ)

]
∈ RQ̂

≥0 − {0}

͸ࣸ૾ (3.2)ͷϦϑτͰ͋Δɽ೚ҙͷ p/q ∈ Q̂ʹରͯ͠ɼ

0 ≤
ℓp/q(τ)

A(τ)
=

|− p+ qτ |
1 + |τ |+ |1 + τ | ≤

|p|+ |q||τ |
1 + |τ |+ |1 + τ | ≤ |p|+ |q|
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Ͱ͋ΔͷͰɼ(3.3)ͷ૾͸ด۠ؒͷ௚ੵ
∏

p/q∈Q̂

[0, |p|+ |q|] ⊂ RQ̂
≥0

ʹؚ·ΕΔɽͭ·Γ (3.3) ͷ૾ͷดแ͸ίϯύΫτͰ͋Δɽ·ͨ؆୯ͳٞ࿦ʹΑΓ

RQ̂
≥0͸ୈҰՄެࢉཧΛຬͨ͢͜ͱ͕Θ͔Δɽ͕ͨͬͯ͠ɼ(3.3)ͷ૾ͷดแ͸ಛʹ͸

఺ྻίϯύΫτͰ͋Δɽ·ͨɼ(3.3)ͷ૾ͷดแʹ͸ 0 ∈ RQ̂
≥0 ͸ؚ·Εͳ͍ɽ࣮ࡍɼ

ఆ͔ٛΒ

max

{
ℓ0/1(τ)

A(τ)
,
ℓ1/0(τ)

A(τ)
,
ℓ1/1(τ)

A(τ)

}
≥ 1/3

Ͱ͋Δ͔ΒͰ͋ΔɽҎ্ΑΓ (3.3)ͷ૾ͷดแ͸ T1ͷϦϑτͰ͋Δɽނʹ T1͸ίϯ
ύΫτͰ͋Δɽ !

͜͜Ͱ {τn}n ͕ H಺Ͱൃ͢ࢄΔͱԾఆ͢Δɽ͜ͷͱ͖ɼࣸ૾ (3.3)ʹΑΔ૾͸఺
ྻίϯύΫτͰ͋ΔͷͰɼݶۃ

lim
n→∞

ℓp/q(τn)

A(τn)
= f(p/q)

͕ଘ͢ࡏΔͱͯ͠ྑ͍ɽͦͯ͠ τn → θ ∈ R̂ = R∪ {∞} ∈ H ͱͯ͠΋ߏΘͳ͍ɽࠓɼ
θ = r/s ∈ Qͷ৔߹ʹ͸ɼ

f(p/q) =
|− p+ q(r/s)|

1 + |r/s|+ |1 + (r/s)| =
|ps− rq|

|s|+ |r|+ |r + s|

Ͱ͋ΔͷͰɼ͜Ε͸ c(p/q)ͱۂઢ c(r/s)ͷزԿֶతަ఺਺

i(c(p/q), c(r/s)) = |ps− rq|

ͷఆ਺ഒͰ͋Δɽθ =∞ = 1/0 ∈ Q̂ͷ৔߹ʹ͸ɼ

f(p/q) =
|q|
2

Ͱ͋ΔͷͰɼ্هͱಉ༷ʹؔ਺ f ͷ p/q ʹ͓͚Δ஋ f(p/q)͸ c(p/q)ͱۂઢ c(1/0)
ͷزԿֶతަ఺਺

i(c(p/q), c(1/0)) = |q|
ͷఆ਺ഒͰ͋ΔɽҎ্ΑΓ τn ͕༗ཧ਺ʹऩଋ͢Δ৔߹ʹ͸ɼT1 ʹ͓͚Δ τn ͷ૾͸
Կֶతަ఺਺͕ఆٛ͢Δؔ਺ͷࣹӨྨʹऩଋ͢Δɽಉ༷ʹɼτnز ͕ແཧ਺ θʹऩଋ
͢Δ৔߹ʹ΋ɼͦͷݶۃ͸

f(p/q) =
|− p+ qθ|

1 + |θ|+ |1 + θ|

Ͱ͋ΔͷͰ θ͕ఆٛ͢Δؔ਺

Q̂ ∋ p/q %→ |− p+ qθ|

ͷࣹӨྨʹऩଋ͢Δɽ
Ҏ্ͷ؍ଌ͔Β࣍ͷ͜ͱ͕Θ͔Δɽ

ఆཧ 3.1. T1 ͸ Hͱಉ૬Ͱ͋Δɽ
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3.3. Ҏ্ͷ͜ͱ͸ߴछ਺ͷλΠώϛϡϥʔۭؒTgʹ΋੒ཱ͢Δɽ࣮ࡍɼSΛΣg୯७ด
ఆ͢Δɽ͜ͷͱ͖ɼxݻઢͷͳ͢ू߹ͱ͢Δɽ͜͜ͰΣg্ͷඪࣝσ0Λۂ = [X,σ] ∈ Tg
ʹରͯ͠ɼ(1.1)ʹ͓͍ͯఆٛ͞Εͨಉ૬ࣸ૾ hx Λ௨ͯ͠ɼX ্ͷ୯७ดۂઢͷू
߹Λ S ʹΑΓϥϕϧ෇͚͢Δ͜ͱ͕Ͱ͖Δɽ؆୯ͷͨΊɼX ্ͷ α ∈ S ʹରԠ͢Δ
୯७ดۂઢΛ αͱ͔͘ɽ
͜ͷͱ͖ɼα ∈ S ͷX ্ͷ૒ۂత௕͞ ℓα(x)Λ༻͍ͯࣸ૾

(3.4) Tg ∋ x %→ [Q̂ ∋ α %→ ℓα(x)] ∈ PRS
≥0 = (RS

≥0 − {0})/R>0

Λ͑ߟΔɽ͕࣍੒ཱ͢Δɽ

ఆཧ 3.2 (Thurston). g ≥ 2ͱ͢Δɽ͜ͷͱ͖͕࣍੒ཱ͢Δɽ

(1) ࣸ૾ (3.4)ͷ૾ͷดแ Tg ͸ 6g − ͱಉ૬Ͱ͋Δɽͦͯ͠૾ͷิٿͷดݩ࣍6
ू߹ ∂Tg = Tg − Tg ͸ S6g−7 ͱಉ૬Ͱ͋Δɽ

(2) ઢΛۂԿֶతަ఺਺Λ༻͍ͯ୯७ดز S ্ͷؔ਺ͱಉҰ͢ࢹΔ͜ͱʹΑΓɼ
S Λ PRS

≥0 ෦෼ू߹ͱΈͳ͢ͱ͖ɼ∂Tg ͸ S ͷดแ PMF ͱҰக͢Δɽ

ू߹ PMF ΛࣹӨతଌ౓෇͖༿૚ߏ଄ͷۭؒͱݺͿɽ࣮ࡍɼPMF ͷ֤ݩ͸ Σg

্ͷಛҟ఺෇͖༿૚ߏ଄ͱԣஅతଌ౓ͷࣹӨྨʹΑΓද͢͜ͱ͕Ͱ͖Δɽͭ·Γɼλ
Πώϛϡϥʔۭؒͷແݶԕʹ͸୯७ดۂઢͷू߹ͷʢ͋Δҙຯͷʣ׬උԽ PMF ͕
Կֶతର৅Ͱ͋ΔɽزΕΔɽ͜Ε͕զʑͷ͍͏Ґ૬ݱ

4. ٖ౳֯زԿֶ

͜͜Ͱͷɼٖ౳֯زԿֶͱ͸ɼϦʔϚϯ໘ͷٖ౳֯มܗΛ༻͍ͯͳ͞ΕΔλΠώ
ϛϡϥʔۭؒٴͼϦʔϚϯ໘ͷڀݚΛ͢ࢦɽ

4.1. ٖ౳֯زԿֶʹ͓͍ͯॏཁͳۃ஋త௕͞Λఆٛ͢Δɽ

4.1.1. ೚ҙͷ α ∈ S ͱ x = [X,σ] ∈ Tg ʹରͯ͠ɼඪࣝ෇͖ϦʔϚϯ໘ x্ͷ αʹ
ؔ͢Δۃ஋త௕͞Λ

Extx(α) = inf{Mod(A) | core(A) ∼ α}

ͱఆٛ͢Δɽͨͩ͠ɼA͸X ্ͷԁ؀ྖҬɼcore(A)͸ Aͷ֩ۂઢͰ͋Δɽ͞Βʹ
A͕ {1 < |z| < R}ͱ౳֯ಉ஋Ͱ͋Δ࣌

Mod(A) =
1

2π
logR

ͱ͢Δɽ͜ΕΛ AͷϞδϡϥεͱݺͿɽ

4.1.2. ࣹӨ

RS
≥0 − {0}→ PRS

≥0

ʹΑΔ PMF ͷ RS
≥0 − {0}΁ͷϦϑτʹ 0Λ෇͚Ճ͑ͯಘΒΕΔू߹ΛMF ͱ͔

͘ɽू߹MF ⊂ RS
≥0Λଌ౓෇͖༿૚ߏ଄ͷۭؒͱݺͿɽఆ͔ٛΒ F ͸ S ͷݩͷ (S

্ͷؔ਺ͱͯ͠ͷ) ਖ਼ͷఆ਺ഒ tαͷͳ͢ू߹ R>0 ⊗ S ΛؚΉަ఺਺ؔ਺

i(tα, sβ) = ts i(α,β)

͸MF ×MF ্ʹ࿈ଓʹ֦ு͞ΕΔɽ
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4.1.3. ఆ͔ٛΒɼ೚ҙͷ F ∈MF ͸ {αn}n ⊂ S ͱ tn > 0Λ༻͍ͯ

F (β) = lim
n→∞

tni(β,α)

ͷΑ͏ʹදࣔ͞ΕΔ͜ͱʹ஫ҙ͢Δɽ͜ͷ࣌ɼݶۃ

Extx(F ) = lim
n→∞

t2nExtx(α)

͕ {tn}n ͱ {αn}n ͷબͼํʹΑΒͣ F ͷΈ͔Βఆ·Δʢcf. [5]ʣɽExtx(F )Λ F ͷ
ɼࡍͿɽ࣮ݺ஋త௕͞ͱۃ

Tg ×MF ∋ (x, F ) %→ Extx(F )

͸࿈ଓͰ͋Γɼ͋ΔҙຯͰඍ෼ՄೳͰ͋Δʢ[13]ʣɽ

4.2. ೚ҙͷ x, y ∈ Tg ʹରͯ͠ɼ

(4.1) dT (x, y) =
1

2
log sup

α

Extx(α)

Exty(α)

ͱ͢ΔɽdT ͸λΠώϛϡϥʔ্ۭؒͷ׬උͳڑ཭ͱͳΔɽ͜ͷڑ཭Λ Tg ্ͷλΠ
ώϛϡϥʔڑ཭ͱݺͿɽ࣮ࡍɼλΠώϛϡϥʔڑ཭͸ٖ౳֯ࣸ૾ͷۃ஋໰୊ʹΑΓఆ
ٛ͞ΕΔʢྫ͑͹ [4]ΛΈΑʣɽࣜ (4.1)ʹΑΔಛ௃͚ͮ͸ Kerckhoff [5]ʹΑΔ΋ͷ
Ͱ͋ΔɽͦͷͨΊࣜ (4.1)ΛKerckhoffͷެࣜͱݺͿɽ
஋໰୊ʹΑΓఆٛ͞ΕΔͨΊɼۃ཭͸ٖ౳֯ࣸ૾ͷڑͷΑ͏ʹλΠώϛϡϥʔه্

λΠώϛϡϥʔ্ۭؒͷλΠώϛϡϥʔڑ཭ʹؔ͢Δڀݚ͸ٖ౳֯زԿֶʹ͓͍ͯج
ຊతͰ͋Δɽͦͯ͠ɼKerckhoffͷެࣜʹΑΓλΠώϛϡϥʔۭؒͷλΠώϛϡϥʔ
ԿֶʢExtremalز஋త௕͞ͷۃԿֶΛز཭ʹؔ͢Δڑ length geometryʣͱ΋ݺ
͹ΕΔɽ

5. ҰҙԽʹ͚ͯ޲

Կֶతଆ໘ͱෳૉղزԿֶΛ༻͍ͯɼλΠώϛϡϥʔۭؒͷҐ૬ز஋త௕͞ͷۃ
ੳతଆ໘Λ౷Ұతͳѻ͍Λ༩͑Δ͜ͱΛ͑ߟΔɽ͜͜Ͱͷٞ࿦͸ɼڀݚͷ్தͰ͋Δ
͜ͱΛཹҙ͍͖͍ͨͩͨɽ

5.1. ͜͜Ͱɼx0 ∈ Tg Λج఺ͱ͢ΔλΠώϛϡϥʔڑ཭ʹؔ͢ΔάϩϞϑੵΛ

⟨x, y⟩x0 =
1

2
(dT (x0, x) + dT (x0, y)− dT (x, y))

ͱ͢Δɽ͜ͷ࣌ɼάϩϞϑੵ͸࣍ͷҙຯͰඪࣝ෇͖ϦʔϚϯ໘ؒͷର਺తزԿֶతަ
఺਺ͱ͑ߟΔ͜ͱ͕Ͱ͖Δɽ

ఆཧ 5.1 ([10]). ΄ͱΜͲ͢΂ͯͷ [F ], [G] ∈ PMFʢ[]͸ࣹӨྨΛҙຯ͢Δʣʹର
੒ཱ͢Δɿ఺ྻ͕࣍ͯ͠ {xn}n, {yn}n ⊂ Tg ͕ xn → [F ], yn → [G] Λຬͨ࣌͢ɼ

exp(−2⟨xn, yn⟩x0) =
i(F,G)

Extx0(F )1/2Extx0(G)1/2

͕੒ཱ͢Δɽ

͜ͷΑ͏ʹۃ஋త௕͞ͷزԿֶͱλΠώϛϡϥʔۭؒͷҐ૬زԿֶతଆ໘͸ަ఺
਺ؔ਺Λ༻͍ͯ౷ҰతʹऔΓѻ͏͜ͱ͕ՄೳͰ͋Δɽ
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5.2. ෳૉղੳతଆ໘ͱ͸λΠώϛϡϥʔۭؒͷෳૉղੳతߏ଄ͷڀݚͰ͋ͬͨɽҰ
ൠʹෳૉଟ༷ମʢελΠϯଟ༷ମʣͷෳૉղੳతߏ଄͸ͦͷ্ͷਖ਼ଇؔ਺Λௐ΂Δ͜
ͱʹΑΓཧղ͞ΕΔɽλΠώϛϡϥʔۭؒ͸༗քٖತྖҬͱ૒ਖ਼ଇಉ஋Ͱ͋Δɽ͜
͜Ͱɼ͕࣍੒ཱ͢Δɽ

໋୊ 5.1 ([11]). F,G͕ Σg Λॆర͢Δ࣌ɼؔ਺

Tg ∋ x %→ − 1

Extx(F ) + Extx(G)

͸ Tg ্ͷෛ஋ଟॏྼௐ࿨ͳօؔط਺ (exhaustion funtion)Ͱ͋Δɽ

͕ͨͬͯ͠ɼλΠώϛϡϥʔۭؒͷϕΞεεϥΠεʹΑΔ࣮ݱ͸༗ք௒ತྖҬ
ʢhyperconvexʣͰ͋Δɽ͜͜ͰɼλΠώϛϡϥʔۭ͕ؒ௒ತͰ͋Δ͜ͱ͸ Krushkal
ॳʹࣔͨ͜͠ͱͰ͋Γɼ͜࠷͕[7] ͜Ͱͷٞ࿦͸ͦͷผূ໌Ͱ͋Δ͜ͱΛ஫ҙ͓ͯ͘͠ɽ

5.3. Demailly [2]ͷ݁ՌʹΑΓɼϕΞεεϥΠεʹ͸ϙΞιϯ͕֩ఆ·Γɼͦͷด
แͰఆٛ͞Εͨਖ਼ଇؔ਺Λڥք஋Λ༻͍ͯੵ෼දࣔ͢Δ͜ͱ͕Ͱ͖Δɽ

5.4. MinskyΒʹΑΔऴ૚༧૝ͷߠఆతղܾʢ[1]ʣʹΑΓɼϕΞεεϥΠεͷڥք
ʢϕΞεڥքʣͱ PMF ͸ “΄ͱΜͲ͢΂ͯͷ఺”ʹ͓͍ͯಉҰ͞ࢹΕΔɽ

5.5. MinskyΒʹΑΔऴ૚༧૝ͷߠఆతղܾͱ DemaillyʹΑΔϙΞιϯ֩Λ༻͍Δ
͜ͱʹΑΓɼPMF ͷ΄ͱΜͲࢸΔͱ͜ΖͰఆٛ͞ΕͨՄଌؔ਺Λ༻͍ͯɼʮڥք஋
໰୊ʯΛ͑ߟΔ͜ͱ͕ਖ਼౰Խ͞ΕΔɽ͜ͷ؍ଌΛجʹͯ͠ɼ౷Ұཧ࿦Λߏ੒͢Δ͜ͱ
Λ͍ͨ͑ߟɽ

5.6. ड़هԿֶతෆมྔΛ༻͍ͯɼز͸ɼϙΞιϯ֩Λඪࣝ෇͖ϦʔϚϯ໘্ͷࡏݱ
͢Δ͜ͱΛ͍ͯ͠ڀݚΔɽ

Demailly [2]ʹΑΕ͹ɼϙΞιϯ֩͸ଟॏௐ࿨άϦʔϯؔ਺ͷඍ෼ͱϨϏࣜܗΛ༻͍
ड़͞ΕΔɽKrushkalهͯ [8]Ͱ͸ y0 ∈ TgΛͭ࣋ʹۃଟॏௐ࿨άϦʔϯؔ਺ gTg (y0, x)
͸λΠώϛϡϥʔڑ཭Λ༻͍ͯ

gTg (y0, x) = log tanh dT (y0, x)

ͱهड़͞ΕΔ͜ͱΛࣔࠦ͞Ε͍ͯΔɽ
λΠώϛϡϥʔڑ཭ͷඍ෼͸ͦͷެ͕ࣜ Earle [3]ʹΑΓ༩͑ΒΕ͍ͯΔɽ·ͨɼ

λΠώϛϡϥʔڑ཭ͷϨϏࣜܗʹ͍ͭͯ͸ɼࡏݱɼTg ্ͷɼ͋ΔҙຯͰे෼Ұൠత
ͳ఺ʹ͓͍ͯ͞ࢉܭΕ͍ͯΔʢ[12]ʣɽ͜ΕΒͷެࣜΛجʹͯ͠ϙΞιϯ֩Λ͠ࢉܭ
͍ͨͱ͍ͯ͑ߟΔɽ
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